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ABSTRACT 

Two algorithms are presented which allow for the unambiguous resolution of 

multiple undersampled frequency components in a signal. Digital signal processing 

is usually governed by the Nyquist criterion which limits the amount of informa- 

tion that can be unambiguously stored and recovered digitally to a spectral width 

no larger than half the sampling frequency. Both algorithms resolve a spectrum be- 

yond Nyquist by using additional information. The first method samples a signal 

more than once using a different sampling frequency each time. The second method 

utilizes a single sampling frequency which is used to sample both the signal and a 

band-limited version of the signal. When using multiple sampling frequencies, each 

sampling frequency yields a digital sequence which, in turn, has a unique spectrum 

when the Discrete Fourier Transform (DFT) is applied. The bin and amplitude infor- 

mation from each of the resulting undersampled spectra is then recombined to resolve 

the original spectrum. In like manner, when using a single sampling frequency the 

spectra of both the signal and its band-limited version are recombined to obtain the 

solution. Given a sampling frequency, both algorithms allow for the unambiguous 

resolution of a signal with a spectral width at least twice as large as that predicted 

by Nyquist. 
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I. INTRODUCTION 

A. BACKGROUND 

For a periodic discrete signal xp(nT) with a period of N samples or a discrete 

signal x(nT) that contains exactly N samples, a transform known as the discrete 

Fourier transform (DFT) is defined. The DFT transforms the N time-domain sam- 

ples to N frequency-domain coefficients where the frequencies are 2irk/NT where 

k = 0,1,..., N - 1 and T is the sampling period. The DFT coefficients X(k) are 

also periodic with period N. For actual computations using a digital computer, the 

continuous signal is digitized, the number of samples is limited, and the Fourier rep- 

resentation is obtained for a finite number of frequency values. The digitization of the 

signal is usually governed by the Nyquist criterion where it is assumed that the input 

signal must be bandlimited (0 < / < fs/2) before going into the analog-to-digital 

converter (ADC). The Nyquist theorem however, only places a limitation on the in- 

formation that can be derived from a single set of digitized data [3]. That is, a single 

set of digitized data limits subsequent analysis to an fs/2 bandwidth unless there is 

additional information available. With additional information, the frequency compo- 

nents / > fs/2, which appear ambiguously due to undersampling, may be resolved 

provided they are within the dynamic range of the algorithm utilized. 

B. UNDERSAMPLING 

There are several advantages to an undersampled system [4]. Among these are 

a reduction in the speed requirements on the digital section of the system, a relaxation 

on the analog anti-aliasing filter requirements, and the possibility of extending the 

capabilities of existing systems with relatively minor redesign. Also, a good deal 

of power and money can be saved in the analog-to-digital converter section.   The 



main problem in identifying the frequencies present in an undersampled signal is the 

resolution of the ambiguities. 

There has been a great deal of research investigating methods to either de- 

tect aliasing or to recover undersampled signals. Baier and Fürst [1] have proposed 

a method to detect aliased frequency components by utilizing two ADC's at slightly 

different sampling rates. The frequency components occuring in the resulting spectra 

are also slighty shifted and the difference in the two spectra allows for detection of 

the aliased frequency component. Barbarossa [2] has proposed a method which can 

recover an undersampled signal using time-frequency domain analysis and computing 

the Wigner-Ville distribution of the signal. Rader [10] has described an undersam- 

pling technique that can recover periodic signals by reconstructing the waveform using 

a set of trial sampling periods. The trial period which yields the waveform of small- 

est variation is then considered to be the correct period and the resulting waveform 

the correct waveform. Zoltowski and Matthews [13] have devised an algorithm for 

unambiguous estimation of both frequency and phase for a single frequency utilizing 

eigenvector information. To come more in line with real-time wideband processing, 

methods based on the use of phase shift information to resolve the ambiguities in a 

single frequency undersampled signal have also been investigated [12], [11]. Finally, 

Martin and Rasmussen [6] have proposed a testbed for evaluating the impact that 

ADC imperfections would have towards limiting digital implementations of under- 

sampling. 

C.      PRINCIPLE CONTRIBUTION 

Current research in the area of undersampling is limited in two principal ways. 

First, while methods exist that can unambiguously detect a single frequency none 

of the research proposes a dynamic range to its system or algorithm for detection. 



Secondly, no algorithm currently exists which allows for the unambiguous detection 

of a signal containing a spectrum of undersampled frequencies. 

The principal contribution of this thesis is to resolve both problems. This thesis 

presents algorithms which solve for an undersampled spectrum of frequencies. The 

algorithms are based upon the mathematical properties of the Symmetrical Number 

System (SNS) [9] and the relationship between digital signals and the SNS. Each 

of the algorithms developed are simple linear solutions with dynamic ranges which 

ensure no ambiguity in the resolved spectrum. 

D.      THESIS OUTLINE 

This thesis presents two algorithms which unambiguously resolve an under- 

sampled spectrum band-limited beyond Nyquist. For the first algorithm, it will first 

be shown that if a signal is sampled at two different sampling frequencies and the DFT 

is applied and normalized, two unique spectra result. Utilizing the bin and amplitude 

information of each spectrum as well as knowledge of how the real and imaginary 

frequency components alias into DFT bins, it is shown that the original frequency 

components may be unambiguously resolved utilizing a matrix multiplication. For 

the second algorithm, it will be shown that if both the signal and a band-limited 

version of the signal are processed, it is possible to resolve a spectrum of frequencies 

up to nearly twice the Nyquist rate. The band-limited version of the signal allows for 

the unambiguous resolution of frequencies below ^ which is then applied to solve for 

frequencies ^ < / < fs — 1 

Since the properties of the SNS are what the solution methods utimately uti- 

lize, Chapter II begins with a detailed look at the Symmetrical Number System (SNS) 

and its dynamic range for unambiguously detecting a tone frequency is introduced 

and proven.   Chapter III shows that the DFT encodes frequency information in a 



format that is exactly the same as the SNS which means that a digital sequence has 

the same properties as the SNS. Beginning to resolve undersampled frequencies, the 

properties of the SNS allow us to develop the architectures of Chapters IV and V, 

in which two and three channel architectures are introduced which unambiguously 

resolve a single frequency within the SNS dynamic range. Moving towards resolving 

multiple frequencies, Chapter VI shows that the DFT can be normalized and using 

the properties of the SNS, a method is demonstrated which resolves two undersam- 

pled frequencies in a signal. With the SNS and normalization, there is now sufficient 

information of resolve an entire spectrum of frequencies. In Chapter VII the bin loca- 

tions and normalized amplitudes are used to set up linear equations which solve for an 

undersampled spectrum with frequencies with zero-phase and no DFT leakage. Since 

real world signals have random phase, Chapter VIII removes the phase constraint 

and utlimately presents the first algorithm which resolves frequencies with random 

phase and no DFT leakage and band-limited at twice Nyquist. Chapter IX presents 

the second algorithm which requires only one sampling frequency but has the same 

dynamice range as the first algorithm. Finally, in Chapter X, the limitations of the 

two algorithms are explored and a possible direction for resolving the limitation is 

explored. 



II. THE SYMMETRICAL NUMBER SYSTEM 

A.      DEFINING THE SNS WAVEFORM 

In the SNS preprocessing, r different periodic symmetrical waveforms are used 

with periods based on r different, pairwise relatively prime, integer lengths m^m^, 

..., mr. For each integer, k, an r dimensional column vector Ak is formed by placing 

the value of the ith waveform at k in the ith position, 1 < i < r. It is then desired to 

find out the largest set of vectors AQ, Ai,...,Ak that are distinct. This sequence of 

k + 1 vectors forms the unambiguous output of the system. This number, k + 1, is 

called the dynamic range of the system. Dynamic range refers to the fact that each 

vector up to Ak is unique in the same way that frequencies up to /s/2 are unique and 

unambiguous when sampled and conventional methods are applied. 

The definition of the SNS waveform is given below. 

Definition 2.1 Let m be an integer greater than 1.    For an integer h such that 

0 < h < m, define 

ah = min{/i,m — h} . (1) 

This function is extended periodically with period m. That is, 

O'h+nm — ah (2) 

where n e {0, ±1, ±2,...}, and ah is called a symmetrical residue of h + nm modulo 

m. 

Let am be the row vector [ao, oi,..., am_i]. For m odd 

o,i,..., 
m 

j 

m 

.1". 
,...,2,1 

where |_zj indicates the greatest integer less than or equal to x. For m even, 

0"m — 0,l,...,y,y-l,...,2,l 

(3) 

(4) 



Both have size lxm and consist of the symmetrical residues elements ah, 0 < h < m. 

This shows the form of one period of length m. From this definition it is emphasized 

that it follows for any integers, h, k, ah - ah+k if and only if h = ±{h + £)(mod m). 

B.      DYNAMIC RANGE OF AN SNS SYSTEM 

Having introduced the SNS waveform, it is useful to introduce the dynamic 

range of an SNS system given its moduli. 

Theorem 2.1 Let mi,..., m,r be r pairwise relatively prime moduli, and let AQ, A\, 

A2, ■ ■ ■ be vectors formed by the symmetrical number system given in Definition 2.1. 

a) If one of the moduli (mi) is even, then the dynamic range of the system is 

M = min I ^ fl mu +   I!  mit \ ^ 

where j ranges from 1 tor-I and mi2, miz,..., mir range over all permutations 

of {2,3,...,r}. 

b) If all of the moduli are odd, then the dynamic range of the system is 

(1  j 1    r } 
M = min { - n mit + -   J]  mU } . (6) 

yl i=i z e=j+i      J 

where j ranges from 1 tor-I and m, ix, mi2,..., mir range over all permutations 

of {1,2,..., r}. 

1.       Example of the SNS Dynamic Range 

Let m,i = 4, m2 = 3, and m^ = 5. We must minimize the set of values: 

i^i+m2-m3,  —^771,2 + 7723,  —-m3 + m2J = {17,  11,  13}. 

The dynamic range is the minimum value of this set, 11, as is verified in 

Table 2.1.   We see that An = Ai, and An is the first repetitive vector.   In other 



0    1 23456789 10 11 12 13    ••• 

m,i 0    1 2    10    12    10    1 2 1 0 1     ••• 

m% 0    1 10    110    110 1 1 0 1     ■•• 

777,3 0    1 2    2    10    12    2    1 0 1 2 2     ••■ 

Table 2.1: Integer Values for the m\ — 4, 777,2 = 3, and 777,3 = 5 

words, AQ, ..., Aw is a set of 11 distinct vectors and, AQ, ..., An is not a set of 

distinct vectors. This shows directly that the dynamic range of this system is 11. A 

repeated vector is called an ambiguity of the system. In the above example An is the 

first ambiguity of the system. 

C.  PROOF OF THE SNS DYNAMIC RANGE 

Before starting the proof of Theorem 2.1 it is necessary to express the general 

idea that will be used. Suppose that mi,...,mr are r positive pairwise relatively 

prime integers. Also suppose that 

Ah = 

r „1 

L uh J 

ah+k 
2 

ah+k 

lh+k J 

i-h+k (7) 

so that there is an ambiguity at the position h + k (since the vector is indistinguishable 

from that at position h), where h > 0 and k > 1. 

The key to the proof is that fact that Ah = Ah+k if an only if h = ±(h + 

k) (mod m,i) for 1 < i < r. Thus the proof involves systems of linear congruences and 

the Chinese Remainder Theorem [7]. The goal is to find the least value oih + k that 

is an ambiguity. In general all permutations of subscripts 1,2,... ,r must be worked, 

but for the sake of a clearer presentation the subscripts are not permuted. 



1.      Proof of Theorem 2.1a. 

Let mi = 2m be even. 

Case I: 

h = (h + k) (mod mi),        l<i<j    (< r) (8) 

h-=-(h + k) (mod m?:),        j+l<*<r (9) 

Case II: 

/i = -(/?, + £) (mod m?:),        1 < i < j (10) 

/i = (h + k) (mod mi),        j + 1 < i < r (11) 

Note that the two cases are opposite in terms of the plus or minus signs in the 

congruences. These would not be separate cases except for the fact that m,\ is the 

even modulus. 

a.       Case I 

Suppose congruences (8) and (9) are true, i.e., k = 0 (mod m*) for 

1 < i < 3- Since the moduli are relatively prime in pairs, k = 0 (mod Yil=i mi)- Note 

that k is even since m,\ is even. It follows that k = a Y\\=i m^ for some a € {1,2,...} 

so 

k j 

- = am JJmj . (12) 
z i=2 

Continuing on for the moduli m,i: the condition i > j + 1 is examined next. From (9) 

k 
h = (mod mi) (13) 

for j + 1 < i < r. Since these m* are pairwise relatively prime, the Chinese remainder 

theorem guarantees that there is a unique solution h (mod üL^+i mi) to tnis system. 

Therefore, there will be exactly Y\i=imi solutions (mod Tli=imi)- Let b' be the least 

integer such that 

b'  n  m,i - \ > 0 . (14) 

8 



Note that if we set 

h! = b'  n  mi-\, (15) 

then 

and 

0 < ht <   n  mi (16) 

k 
hi = -- (mod im) (17) 

for j+1 <i<r. This hx is the solution (mod TlLj+i mi)- A11 solutions (mod flLi m0 

are of the form 
r 

h=h1+i n mi (is) 

for 0 < b < 111=1 "•?,,. Using (15) the ambiguities, h + k, will have the form 

r T r k 
h+k=h1+i n ™,i+k=b' n m,i+~b n mi+-      (19) 

Using (12) 

/i + A; = am jj m* + 6  JJ  m» (20) 
i=2 t=j+l 

where 6 = 6' + 6 € {1, 2,...} and o € {1, 2,...}. 

b.       Case II 

Although the particulars of this case are different from those of Case I, 

the line of argument is the same, and the result is exactly the same: 

i r 
h + k = amj[mi + b  JJ  m» (21) 

i=2 i-j+l 

where a and b are positive integers. 

Now the two cases have been treated and it is evident that all the am- 

biguous values h + k, have the form (20) or (21) and these forms are indistinguishable. 

The least number of this form (or the first of many ambiguities) is found by setting 

9 



a = b = 1. Next it is shown that 

3 T 

m1[[mi+   IJ  mi (22) 
i=2 i=j+l 

is one of the ambiguities. 

Suppose 

™Y[mi<   I!  mi- (23) 
i=2 i=j+l 

We revert to Case I and set a = 1 in (12) so 

^=rnf[mi (24) 

Then, in (14) b' = 1, so 

zu = n ™»-! (25) 

and 
3 r 

h1 + k = m,Y[m,i+   H  mi (26) 
i=2 i=j+l 

is an ambiguity.  That is, the vector corresponding to hi is the same as the vector 

corresponding to hi + k. 

The alternative is that 

IJ  miKmflmi. (27) 
i=j+l i=2 

Now we use Case II with a = b = 1. We can set 

| = n -* • (28) 
Z i=7+l 

Then 

hi = mj\mi-
k- (29) 

2 

is positive, and 

hi + k = m JJ mi +   IJ  mi (30) 
?;=2 i=j+i 

10 



is an ambiguity. 

Recall that 
" 4 " ah+k 

2 
ah+k 

.<. . ah+k 

(31) 

if and only if h = ±(h + k) (mod m»), i = 1,... ,r. There are 2n possibilities for 

choice of plus or minus signs in these congruences. For j fixed we have looked at two 

possibilities and found the minimum ambiguity. All others can be found by varying 

j and by permuting the order of the moduli. Thus 

3 r 

M = min < m JJ mi; +  JJ mi (32) 
1=2 l=j+l 

is the minimum ambiguity. 

2.       Proof of Theorem 2.1b. 

Let mi,... ,mr be r odd pairwise relatively prime natural numbers.   Recall 

that 
41 

L ah J 

ah+k 
2 

*h+fc 

(33) 

if and only if h = ±(h + k) (mod m;) for 1 < i < r. Suppose h = (h + k) (mod m,j) for 

1 < * < j and /i = — (/i + fc) (mod m») for j + 1 < i < r. The first set of congruences 

implies that A; = 0 (mod m;), 1 < i < j. Thus 

k = aJl rrii (34) 
i=l 

for a € {1, 2,...}. The second set of congruences implies that 2h = —k (mod m,;) i.e., 

m,: - 1 
h = -k (mod mj) (35) 

for j + 1 < i < r.  Again the proof is split into two cases, this time depending on 

whether k is even or odd. 

11 



a.      Case I 

Suppose k even. Then 

k 
h = -- (mod m,i) (36) 

for j + 1 < i < r. Let b' be the least integer such that 

hi = b' f[ rm-^>0 (37) 

Note b' e {1,2...}. This is the unique solution (mod Tli=j+i mi) to tne set °f 

congruences (36). Every solution to the original problem is of the form 

h = b'  n  rrn + b  n  ™i-j (38) 

where 
j 

o < i < n mi ■ (39) 

By (34) and (38), all ambiguities h + k that arise from these values of h are of the 

form 

h+k=^timi+^ n mi (4°) 
where b = 2(6' + b) is an even positive integer. Note that k is even if and only if a is 

even. 

b.       Case II 

Suppose that k is odd. As in Case I, all ambiguities h + k that arise 

from these values of h are of the form 

h + k = ^f[mi + -   n  mi (41) 
^ 7;=1 z i=7+i 

where a and 6 are odd positive integers. 

Combining Cases I and II, note that the smallest value of (40), (41) is 

found when a = b = 1. Furthermore, when a = 6 = 1, and ni=i ™i < IILj+i mi triis 
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is an ambiguity: Let 

h = kfl mi-^tlmi (42) z i=j+i l i=i 

and k = ]\l=imi- It is easily checked that h = h + k(mod m,) for 1 < i < j and 

h = — (h + k) (mod m») for j + 1 < i < r. When n[=j+i mi < Ili=i m% we must solve 

the permuted problem: h = h+k(mod mj for jf + 1 < i < r and h = —(h+k)(mod mj 

for 1 < i < j. This time k = I^=j+lw,h and h = (1/2)nU^ - (l/2)Ili=i+i^i 

give the ambiguity at h + k. Since the solution to the problem involves looking at 

all permutations this gives the minimum ambiguity. This completes the proof of 

Theorem 2.1b. 

Theorem 2.1 provides the basis for predicting the dynamic range of 

any system which encodes information in a format identical to the SNS. In fact, in 

the next chapter it is shown that the process of digital sampling encodes frequency 

information into the SNS format which allows the DFT to be treated identically to 

the SNS. 
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III. DFT AND SNS RELATIONSHIP 

A. DIGITAL SAMPLING AND ALIASING 

Consider a single frequency signal sampled at two different sampling frequen- 

cies. Digital uniform sampling of an analog waveform with frequency / produces a 

discrete waveform which is symmetrical about the sampling frequency, fs/2. Assume 

for this system that the two sampling frequencies are /sl = 10 and fS2 = 11. After 

sampling, an analog input signal, x(t), becomes a discrete sequence, x(nT). This 

periodic sequence has a digital frequency given by u = 2n;(f / fs). A signal with dig- 

ital frequency 0 < u < -n is indistinguishable from a signal with digital frequency 

WK < Lü < (n + l)ir, n = 1, 2, 3,..., an effect known as aliasing. 

B. DIGITAL FREQUENCY MAPPING 

The digital frequency of a sampled sinusoid can be mapped into the z-domain 

as shown in Figure 3.1a. For simplicity assume a sinusoid x(t) — 2COS2TTft and after 

sampling 

x(n) = 2 cos urn = ejujn + e~jujn . (43) 

If / = /s/4, this corresponds to w = ir/2. If / = fs/2, u = ir. Since the signal is 

real, the signal appears in complex conjugate pairs on the z-plane. For frequencies 

between /s/2 and fs, the frequencies map back to their conjugate on the upper half 

of the complex plane. If the frequency is increased beyond /s, a full trip is made 

around the unit circle and the mapping repeats. Figure 3.1b illustrates the mapping 

with each triangle representing a full rotation around the unit circle in the z-plane. 

The abscissa represents the input analog frequency while the ordinate represents the 

digital frequency mapping. Note that an infinite number of analog frequencies will 

map into each digital frequency 0 < u> < IT. 
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b) 

Figure  3.1:    a)Z-plane mapping of an input  analog signal,    b)  sampled 
frequency output. 

C.      DFT BINS AND THE SNS 

Recall that the DFT is given by: 

N-l 

X(k)=^2 x{n)e-j^nk'N)        k = 0,...,N-l. 
n=0 

(44) 

Application of the DFT to x(n) yields a discrete spectrum where X(k) is the energy 

contained in the signal at each digital frequency u = 2irk/N. The discrete spectrum 

X(k) has N indices with the digital frequency of each index given by: 

n  9    1 9   W2)   9   (N/2 +1) ,(N-2)        (iV-1) for N even , 

(45) 
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and 

'    0    1 9   (N - l)/2        (7V + l)/2 (TV-2)        (iV - 1) 
for AT odd . 

(46) 

The analog frequency corresponding to each index is obtained by multiplying each 

value by fs. Since signals with digital frequencies in the range ir < u < 2z are indis- 

tinguishable from signals with digital frequencies 0 < u < ir, the digital frequency of 

each index can also be written as: 

1 
0, 2TT 

N: 

(N/2)       (JV/2-1) 
Z7T — ,   Z7T- 

N N 

and 

n 9   1 9^LiV/2j   ?^W\ °>2*N'--->27T-ir->2n-ir 

n   
2   «   l 

2?r—, 2TT — 
N'      N 

n       2       0       1 
2TT —, 2TT — 

iV'      AT 

for JV even ,        (47) 

for N odd (48) 

where [xj represents the greatest integer less than or equal to x. More simply, the 

spectrum X(k) resolves into N integer indices and incoming signals will map into 

unique bins: 

0,1,- 
N_ N 
T'~2 -1, ,2,1 

and 
N      N 

0, !,-••,LyJ.LyJ."-,2,1 

for N even , 

for N odd . 

(49) 

(50) 

That is, since frequency indices greater than N/2 are redundant for real signals, 

the highest unaliased frequency that can be observed corresponds to the N/2 index. 

From the above discussion, it is clear that the DFT maps real signals naturally into 

the symmetrical number system [9]. In this case, the modulus described in [9] and 

in Chapter II is the sampling frequency, fs. The number of indices N is given by 

N = JSTL, where TL is the total sampling time. 

D.      ILLUSTRATING THE RELATIONSHIP 

Figure 3.2 illustrates the DFT mapping for two channels where fs\ = 10 and 
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fS2 = 11 for input frequencies / = 0 to 23. In this case, TL = 1 so N\ = 10 and 

JV2 = 11. In the figure, the abscissa corresponds to the incoming frequency while 

the ordinate corresponds to the bin the signal is resolved into. Table 3.1 displays the 

input frequency and the resulting DFT bin for each sampling frequency. Note that 

frequencies resolve as described in (49) and (50). By considering both channels, it is 

possible to unambiguously resolve signal frequencies in the dynamic range determined 

by the SNS, (0 < / < 15). 

Simply knowing that the DFT is in the SNS format and what the dynamic 

range is for any given sampling frequencies would be useless unless the information 

can be used to resolve undersampled frequencies within the dynamic range. The next 

two chapters detail two and three channel architectures as well as solution methods 

which will resolve a single undersampled frequency band-limited within the dynamic 

range of the SNS system. 
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Figure 3.2: a)DFT mapping for input frequencies f=0 to 23 for a) /sl = 10 
and b) /sl = 11. 
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Input 
Frequency DFT Bins 

/ /, = io /s = H 

0 0 0 
1 1 1 
2 2 2 
3 3 3 
4 4 4 
5 5 5 
6 4 5 
7 3 4 
8 2 3 
9 1 2 

10 0 1 
11 1 0 
12 2 1 
13 3 2 
14 4 3 
15 5 4 
16 4 5 
17 3 5 
18 2 4 
19 1 3 
20 0 2 
21 1 1 
22 2 0 
23 3 1 

Table 3.1: Input Frequency and Resulting DFT Bins for 2 Channel Exam- 
ple 
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IV. RESOLVING THE TWO CHANNEL CASE 

A.      THE GENERAL SETUP 

Figure 4.1 shows the block diagram of a two-channel receiver architecture to 

determine a single frequency /.  In this architecture the ADC sampling frequencies 

fsi and fS2 are relatively prime.   The DFT outputs are thresholded to detect the 

frequency bins. The frequency bins ai and a2 are then used by the SNS-to-decimal 

algorithm to determine the frequency of the input signal. Let m\ = fsi and m2 = /s2 

and suppose that the incoming frequency, / (unknown) lies within the dynamic range 

M of the SNS system (5), (6). Thus, / = ±ai(mod mx) and / = ±a2(mod m2). For 

each of these congruences either the plus or the minus is correct, but it is not known 

which. Thus, there are four sets of two equations: 

i) /   =   ax (mod mj), 
/   =   a2(mod m2), 

ii) /   =    a! (mod mx), 
/   =   -a2(mod m2), 

iii) /   =   —ai(mod mi), 
/   =    -a2(mod m2), 

iv) /   =    -ai(mod mi), 
/   =   a2(mod m2) . 

The Chinese remainder theorem [7] guarantees that each of these has a unique solution 

modulo mim2, and Theorem 2.1 guarantees that exactly one of these solutions lies 

within the dynamic range of the system and this is the value of /. In fact, it is only 

necessary to solve i) and ii), at most, because the solutions to iii) and iv) are the 

negatives of the solutions to i) and ii), respectively. 

Recall that in the standard statement of the Chinese remainder theorem we 

wish to solve for /, where / = a; (mod m,), 1 < i < r, and the m* are pairwise 
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Figure 4.1: Block diagram of a two channel receiver architecture to deter- 
mine a single frequency / 

relatively prime.   The theorem states that there is a unique solution modulo M — 

rm,im,2 - ■ -mr. A standard method of solution is to find integers bi such that 

Mbi 

m,: 
= l(mod mi) , (51) 

i = 1, 2, • ■ •, r-, in which case the solution 

/ = Mbiai/mi + Mb2a2/m,2 H h Mbrar/mr(mod M) (52) 

Returning to the two channel case, note that the values of &i and b2 depend 

only on m.\ and m2, and not at all on ±ai or ±02- Thus it may be assumed that 

the constants c\ = m,2bi(- Mb\/mi) and c2 = m162 are known, and that the SNS- 

to-decimal algorithm only needs to evaluate ±ciax ± c2a2 modulo M(— mim2), and 

pick the one value that lies within the dynamic range. 
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B.      SET-UP FOR A PARTICULAR TWO CHANNEL RECEIVER 

Let mi = 330 and m2 = 337. Then 

61 = -47   solves   337&1 = 1 (mod 330) , (53) 

and 

b2 = 48   solves   330&2 = 1 (mod 337) . (54) 

Thus, ci = 7712&1 = -15,839, and c2 = m^ = 15,840. Also, M = 111,210, and, by 

Theorem 2.1, the dynamic range of the system is mi/2+m2 = 502. These coefficients 

are hardwired and do not need to be recomputed. 

C. SOLVING A PARTICULAR CASE - THE WORK OF THE ALGO- 

RITHM 

Suppose that the frequency of the incoming signal is /, 0 < / < 501, and 

a\ = 59 and a2 = 66. By Theorem 2.1, / is the unique solution to ±(—15, 839)(59) ± 

(15,840)(66) modulo 111,210 that lies in the interval [0,501]. First try (-15,839) • 

59 + 15,840 • 66 = 110,939; this is congruent to -271 modulo 111,210, so case iii) 

solves / = 271. 

It is emphasized that this is the only computation the algorithm needs to 

compute. 

D. SPECIAL CASES 

In special cases there are even quicker solutions than given in section C. For 

example, suppose mi = 2p and m2 = 1p + 1. By Theorem 2.1 the dynamic range of 

the system is mi/2 + m2 = 3p + 1. Frequencies within the dynamic range will fall 

into bins as follows: 

(55) 
" 0 " 

0 

1—
1 
 

1—
( 

p 
p 

"p-l" 
p 

P-2' 
p-l 

' 0 " 
1 

" 1' 
0 

" 2 ' 
1 

P 

.P-1 . 
p+l terms p terms p terms 
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The top bin represents the sampling frequency of mi = 2p and the bottom m2 = 2p+l. 

Now suppose the incoming frequency, /, is resolved into bins a\ and a2, respectively. 

From the above it is clear that: 

{a\ if a,\ = a.2 
m\ — a\      if ai = 02 — 1 (56) 
777,1 + al if Ol = Ü2 + 1 

This makes the solution much more straightforward. 
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Figure 5.1:  Block diagram of a three channel receiver architecture to de- 
termine a single frequency / 

or 

/ = ±252 ± 70 ± 120    (mod 210) , 

but 252 (mod 210) = 42 (mod 210) so: 

/ = ±42 ± 70 ± 120    (mod 210) . 

(58) 

(59) 

First, 

/ = 42 + 70 + 120 = 232 = 22(mod 210) , (60) 

a value that can be discarded, because it and its negative are out of the dynamic 

range. 

Second, 

/ = 42 + 70 - 120 = -8(mod 210) . (61) 

Although -8 is out of range, the negative, / = 8, is in the dynamic range, so that 

/ = 8 is the correct frequency value. 
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VI. RESOLUTION OF TWO UNDERSAMPLED 
FREQUENCIES 

A.      DFT AMPLITUDE NORMALIZATION 

Consider a unit amplitude signal containing a single integer frequency. After 

sampling and forming an N point DFT X(k), the kth bin corresponding to the digital 

frequency of the signal will have an amplitude A(k) given by: 

A(k) _ / 
N if A: = 0, or iVeven/2 

A{k) ~ \ N/2      elsewhere l° } 

Dividing X{k) by A(k) will produce a normalized spectrum. 

Figure 6.1 shows two DFTs of an undersampled signal containing two fre- 

quency components with unknown amplitude and frequency. Figure 6.1a displays the 

frequency spectrum for fslL = 10 while Figure 6.1b corresponds to fs2 = 11. The two 

frequencies are known to lie within the dynamic range of the SNS system which in 

this case corresponds to / < 15. It is difficult to determine which two SNS pairs are 

valid by looking at the spectra of Figure 6.1. That is, either the bin pairs   \ , gl are 

correct or are correct. 

B.      BENEFITS OF NORMALIZATION 

The benefits of normalizing the DFT are shown in Figures 6.2a and 6.2b where 

each of the original spectra have been divided by Ai(k) and A2(k) respectively. In 

this case Ni — 10 and N2 = 11. It is now easy to see which magnitudes "match-up" 

and that is the correct set. Using the special case of two SNS moduli presented 

in Chapter IV, m,i = 2p and m2 = 2p + 1 where p = 5, it is determined that   * , 3 

corresponds to f=9 and f=14 with amplitudes 0.7514 and 0.6515 respectively. 

Theorem 6.1 Let fs\ and fs2 be any two relatively prime sampling frequencies. Con- 

sidering a signal containing two unknown integer frequencies with distinct amplitudes, 
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3 

Bin 

a) 

3 

b) 

Figure 6.1: DFT for two unknown frequencies for a) fsi = 10 and b) fs2 = 11. 

the N-point normalized DFTs reveal two unique bin pairs which, in turn, reveal the 

two frequencies provided they are within the dynamic range of the SNS system. 

C.      SPECIAL CASE 

The solution has a special case when the two frequencies alias to the same bin 

for one of the sampling frequencies. For example, incoming frequencies / = 3 and 

/ = 13 would both alias into bin 3 for /5l = 10 but into bins 3 and 2 for fs2 - 11. 

Normalization of the DFT will still produce accurate results as the magnitudes at 

bins 2 and 3 for fs2 = 11 will add up to the magnitude of bin 2 for /sl = 10 and the 
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Figure 6.2:  Normalized DFT for two unknown frequencies for a) /sl 

and b) fs2 = 11. 
10 

bin pairs will yield the correct frequencies. When two frequencies are received 

with identical amplitudes, Theorem 6.1 does not apply. 

Having shown that normalization allows us to "see" which bin pairs "match", 

normalization can also be used to measure how much energy went into each bin. If 

two frequencies land in the same bin, the normalized energy should essentially add 

together into that bin. This information along with bin location is used in the next 

chapter to solve for an entire spectrum of frequencies. 
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VII. INTRODUCTION TO RESOLVING MULTIPLE 
FREQUENCIES 

A.      SETTING UP THE SOLUTION 

The normalization of the DFT amplitude introduced in the previous chapter 

leads to the consideration of a method to resolve any number of zero-phase frequencies 

which have no DFT leakage. By zero-phase frequencies with no leakage it is meant 

that the DFT values will be all real and that each resolves its entire energy into one 

DFT bin with no leakage. 

Consider a bandlimited signal with frequency components that can range from 

0 to 10 Hz. The amplitude and frequency of any component is unknown except that 

they are integer frequencies. Let XQ, XI, ■ ■ ■ ,x10 represent the amplitudes of each 

frequency component from f=0 Hz to f=10 Hz. Assume that the signal is sampled 

at /si=10 Hz and /S2=H Hz and that the DFT is applied and normalized. Two 

normalized spectra will be formed, each containing undersampling ambiguities for 

/ > 5. Let the notation b^m represent the value of the normalized DFT coefficient 

for bin i, fs = m. From knowledge of aliasing it is clear that: 

&i,io = xi + x9 
&2,io = x2 + x8 

&3,io   =    x3 + x7 

&4.10    =     £4 + ^6 

65.10 = x5 

&5,n   =    x5 + x6 (63) 
64.11 = X4 + X7 

h,U = £3 + ^8 

&2.11 = X2 + Xg 

&1,U = X1+XW 

&0.11 = £o 

In other words, for fsi = 10, / = 1 and / = 9 alias into bin 1, while / = 2 

and / = 8 alias into bin 2, and so on. This forms a set of linear equations that can 
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0 0 0 0 1 
0 0 0 0 0 

be written as: 

01000000010 
00100000100 
00010001000 

0 10 0 0 0 
10 0 0 0 0 

00000110000 x5 = 65,11 (64) 
00001001000 
00010000100 
00100000010 
01000000001 
10000000000 

This is of the form Ax = 6 where x represents the actual amplitudes of each frequency 

component and 6 represents the total amplitude that is aliased into each bin for the 

two sampling frequencies. From (63) it is easily seen that the values x0 through xio 

may be uniquely solved for. To begin with XQ = 60,11 and X5 = 65,10- Then the values 

XQ, £4, x7) etc., may be solved for successively. Thus, A is nonsingular and x = A~lb: 

XQ ' &1.10 

XI 62,10 

Z2 63,10 

X3 64,10 

£4 65,10 

X5 = 65,11 

x6 64,11 

x7 63,11 

X8 62,11 

Xg 61,11 

ZlO . . 60,11 

x0 "    0 0 0 0 0 0 0 0 0   0   1" " 61,10 

Xi 1 1 1 1 1 -1 -1 -1 -10   0 62,10 

X2 0 1 1 1 1 -1 -1 -1 0   0   0 63,10 

X3 0 0 1 1 1 -1 -1 0 0   0   0 64,10 

X4 0 0 0 1 1 -1 0 0 0   0   0 65,10 

Z5 = 0 0 0 0 1 0 0 0 0   0   0 65,11 

XQ 0 0 0 0 -1 1 0 0 0   0   0 64,11 

X7 0 0 0 -1 -1 1 1 0 0   0   0 63,11 

Z8 0 0 -1 -1 -1 1 1 1 0   0   0 62,11 

X9 0 -1 -1 -1 -1 1 1 1 1   0   0 61,11 

. zio . . -1 -1 -1 -1 -1 1 1 1 110. . 60,11 . 

(65) 

From (65), it is now possible to reconstruct the original spectrum based upon 

the normalized bin values for the two undersampled spectra. Where before only 

frequencies from 0 to 5 Hz could be recovered, 65 allows integer frequencies from 0 to 

10 Hz to be unambiguously recovered. It can be noted that the A matrix is 11 x 11 

and that the additional equation for bin 60,io was not included. It turns out that 

including this bin does not add any additional information. 
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B.      EXAMPLE 

Suppose we have an incoming signal, 

s(t) = xo + xi cos(2irt) + X2 cos(47rt) + X3 cos(67rt) + x4 cos(87ri) + 

x5 cos(107r£) + XQ cos(127ri) + x7 cos(147rt) + x$ cos(167ri) + 

XQ cos(187rt) + x1Q cos(207r£) (66) 

All xn are unknown. The signal is sampled at /sl = 10 Hz and fS2 = 11 Hz 

and the DFT is applied to both with ^=10 and iV2=ll points respectively. This 

produces two spectra where any frequencies from 6 to 10 Hz are aliased into bins from 

0 to 5 Hz. Both DFT's are normalized and the results for bins 0 through 5 are shown 

in Figure 7.1a for /si=10 and Figure 7.1b for /S2=H- 

From the values in each bin it is possible to form the b vector 

bT = [0.894 1.211 2.072 1.960 0.384 0.903 2.762 1.283 1.526 0.878 0.218]        (67) 

and set up the equation x = A~1b which yields: 

xT = [0.218 0.047 0.679 0.751 1.441 0.384 0.519 1.321 0.532 0.847 0.831]       (68) 

The solution (68) can be compared with the actual values for the xn which is done in 

Figure 7.2. 

Figure 7.2a shows the normalized DFT spectrum that results from sampling 

the same signal at 20 Hz. Figure 7.2b plots the solution (68). The solution is exact. 

The solution method presented so far does little good if only signals with zero- 

phase can be resolved. In the next chapter, it is investigated how the imaginary 

components of a signal alias into bins and the results are used to generalize the 

solution for signals with random phase. 
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Figure 7.1:   Normalized DFT for frequencies from 0 to 10 for a) /si = 10 
and b) fs2 = 11. 
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a) 

Figure 7.2:  Frequency components and amplitudes:  a) actual and b) cal- 
culated 
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VIII. RESOLVING MULTIPLE FREQUENCIES: FIRST 
ALGORITHM 

A.      CONSIDERING RANDOM PHASE SIGNALS 

Thus far attention has been restricted to signals with zero phase. Conse- 

quently, the DFT yields an all real spectrum. When the frequency components have 

random phase, however, a modification to (65) must be introduced. 

1.       Illustration of Random Phase by Example 

Consider a signal with integer frequency components from 0 to 10 Hz given 

by: 

s(t) = X0 + Xi cos(27r£ + <j>i) + x2 cos(47ri + <p2) + x10 cos(20?rt + 0io)      (69) 

where 4>n represents some random phase for each frequency component. If this signal 

was sampled at 20 Hz, DFT applied and normalized, bins 0 through 10 would have 

the values: 
co 
ci 
C2 

cio 

XQ 

XI cos(^i) + jx\ sin(^i) 

x2 cos(4>2) + jx2 sin(^2) (70) 

xio cos(^io) + jxw sin(^io) 

where Ck represents the complex value of bin n and Ck — at + jbk- If the same signal 

was sampled at 10 Hz, the DFT applied and normalized, the real part of each bin 

will be given by: 

01,10 
02,10 
«3,10 
04,10 
a5,10 

X\ COs(0i) + Xg COS(09) 
x2cos(cf)2) + x8 cos(</>8) 
£3 COs(</>3) + X7 COs(<^7) 
£4 COS(04) + XQ COs((j)ß) 
x5cos((p5) 

(71) 
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2.       The Imaginary Component 

Consider the imaginary component of each bin. If the DFT is treated as a unit 

circle as in Figure 3.1, then for /s=10 Hz, all frequencies below 5 Hz lie in the top 

half of the unit circle and appear, without aliasing, in bins 0 through 5 of the DFT. 

All frequencies from 6 to 10 Hz, however, lie in the bottom half of the unit circle and 

alias back to the top half into bins 0 through 5 of the DFT. Since the real part of the 

DFT is an even function, the real components of the signals add together into bins 0 

through 5. The imaginary component of the DFT is an odd function, however, and 

while the imaginary component of frequencies from 0 through 5 Hz add into bins 0 

through 5, the imaginary components of frequencies from 6 through 10 Hz subtract. 

In other words: 

&2,10 

fa,W 

&4.10 

&5,10 

zisin(0i) - xg sin(<j>g) 

x2sin(^2) - x8sm((j)s) 
£3sin03) - x7 sin(<?5>7) 

X4 sin(<^4) — XQ sin(^>6) 
x5 sin(05) 

(72) 

B.      SOLVING FOR REAL AND IMAGINARY COMPONENTS 

Based on how the imaginary components of the signals alias into the bins, it 

is again possible to form a set of linear equations. 

&1.10 

&2.10 

&3.10 

&4.10 

&5.10 

&5,11 

h,n 
&3.11 

&2,11 

&1,11 

&0.11 

I mag 

Z\ — Z$ 
Z2 — Z% 
Z3 — Z7 

%A — Z§ 
Zs 
z$ — z§ 
Z\ — Z-j 
Zz — Z$ 
Z2 — z% 
Z\ - Zio 

Zo 

\ 

(73) 

1/ 
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or 
0   10   0 0   0 0 0 0 -1 0 " " Yo - h,io 
0   0   10 0   0 0 0 -1 0 0 n 62,10 

0   0   0   1 0   0 0 -1 0 0 0 Y2 63,10 

0   0   0   0 1   0 -1 0 0 0 0 Y3 64,10 

0   0   0   0 0   1 0 0 0 0 0 YA 65,10 

0   0   0   0 0   1 -1 0 0 0 0 Y5 = 65,11 

0   0   0   0 1   0 0 -1 0 0 0 Ye 64,11 

0   0   0   1 0   0 0 0 -1 0 0 Y7 63,11 

0   0   10 0   0 0 0 0 -1 0 Y8 62,11 

0   10   0 0   0 0 0 0 0 -1 Y9 ^1,11 

10   0   0 0   0 0 0 0 0 0 . Yio. . 60,11 

(74) 

where Zn = £n(cos(<£n) + j>'sin (<£„)) = Xn + jYn and may be thought of as the 

normalized real and imaginary components of the signal for frequencies 0 through 10 

Hz. The solution (74) may be written as AjY — b. Ai has an inverse A~l which can 

be seen in the same manner as A had an inverse in Chapter VII and (74) may be 

written as Y = A~lb or: 

Yo ' "00000 0 0 0 0 0   1 " &1.10 

Yt 11111 -1 -1 -1 -1 0   0 &2,10 

Y2 0   1111 -1 -1 -1 0 0   0 h,w 
Y3 0   0   111 -1 -1 0 0 0   0 &4.10 

Y4 0   0   0   11 -1 0 0 0 0   0 &5,10 

Y5 = 0   0   0   0   1 0 0 0 0 0   0 65,11 

Y6 0   0   0   0   1 -1 0 0 0 0   0 64,11 

Y7 0   0   0   11 -1 -1 0 0 0   0 63,11 

Y8 0   0   111 -1 -1 -1 0 0   0 62,11 

Y9 0   1111 -1 -1 -1 -1 0   0 61,11 

Y10 11111 1 -1 -1 -1 -1   0 . . 60,11 

(75) 
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which solves for the imaginary component while the real component is solved as in 

(65): 

*0   " '    0 0 0 0 0      0      0      0 0   0   1" 0-1,10 

Xi 1 1 1 1 1   -1   -1   -1 -10   0 O2,10 

x2 0 1 1 1 1   -1   -1   -1 0   0   0 O3,10 

x3 0 0 1 1 1-1-1      0 0   0   0 O4,10 

x4 0 0 0 1 1-10      0 0   0   0 ^5,10 

x5 = 0 0 0 0 10      0      0 0   0   0 05,11 (76) 

Xe 0 0 0 0 -110      0 0   0   0 04,11 

x7 0 0 0 -1 -1110 0   0   0 03,11 

x8 0 0 -1 -1 -1111 0   0   0 02,11 

Xg 0   - -1 -1 -1 -1111 1   0   0 Ol,ll 

Xw . . -1   " -1 -1 -1 -1111 110. . O0,ll . 

nmar y, wl len the incc >min{ ?sigr tal has components with random phase, Doth the 

real and imaginary components may be solved separately by the equations above. 

C. THE PIVOTAL FREQUENCY 

An inspection of the specific case presented illustrates that the bin information 

at / = 5 Hz can be thought of as pivotal in that its accuracy affects the solution for 

the entire spectrum. Unfortunately, while the phase for the frequency component at 

/ = 5 Hz (in this case) is random, the phase of Z5 is not. In all cases for an iV-point 

DFT, where N is even, the imaginary component of the N/2 bin will be zero. Thus, 

although the real part of the solution will be accurate, the imaginary component 

will not. In order to solve this problem with the DFT for the simple case presented 

(/sl = 10 Hz and /& = 11 Hz), the signal is band-limited from 0 to 5 Hz, sample at 

11 Hz, apply the DFT and normalize. The value of this DFT at bin 5 will be the 

correct value which can replace the values in (75) and (76) for 65jlo and a5)1o. 

D. EXAMPLE 

Suppose there is an incoming signal, 

s(t)   =   0.218 + 0.047 cos(27rt +5.1369) +0.679 cos(47Ti +4.7491) + 
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0.751 COS(6TT£ + 2.9044) + 1.441 cos(87rt + 5.9776) + 

0.384 cos(10yrt + 3.9756) + 0.519 cos(127rt 4- 2.7604) + 

1.321 cos(147rt + 5.1817) + 0.532 cos(167rt + 4.3290) + 

0.847 cos(187rt + 4.4121) + 0.831 cos(207rt +. 6.2024) (77) 

Assuming these amplitudes and phases are unknown, the signal is sampled 

at /si = 10 Hz and fs2 = 11 Hz, the DFT is applied and normalized. Figure 8.1 

displays the real and imaginary components of the normalized DFT for /sl = 10 Hz. 

Figure 8.2 displays the real and imaginary components of the normalized DFT for 

fs2 = 11 Hz. 
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Figure 8.1: Normalized DFT components at fsl = 10 Hz:  a) real compo- 
nent and b) imaginary component. 
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Figure 8.2:  Normalized DFT components at /S2 = 11 Hz:  a) real compo- 
nent and b) imaginary component. 

Note from Figure 8.1b that 65,102 = 0 which is the imaginary component of 

the fifth bin for /si=10. This is not the actual value and the actual value must be 

obtained by bandlimiting the signal between 0 and 5 Hz, sampling again at 11 Hz, 

and applying/normalizing the DFT. This yields the correct value for 65,10 = —0.2844. 

Now we may form the two vectors: 

aT   =   [-0.2312   -0.1741   -0.1325   -0.8925   -0.2580   -0.7398    1.9717 

-0.9290    -0.2256    0.8476    0.2180] 
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and 

[0.7663   -0.1852    1.3546   -0.6266   -0.2844   -0.4775    0.7446 

0.6698   0.1306   0.0242    0.0000] (78) 

Solving X - Ar
la and Y = A{ 

xb yields: 

Z0 ' * 0.2180 

Zx 0.0194 - jO.0428 

z2 0.0249 - jO.6785 

Zz -0.7300+ J0.1765 

Z^ 1.3742 - jO.4335 

z*> = -0.2580 - jO.2844 

Zs -0.4817+ j0.1931 

z7 0.5975 - jl.1782 

z8 -0.1990- jO.4934 

Zg -0.2505 - jO.8091 

Zio . 0.8283 - jO.0671 

(79) 

A simple check reveals that this is the correct result. 

This simple example helps to illustrate the solution method. Systems have 

been simulated in which fsi = 1000 and /s2 = 1001 and exact results are attained in 

every case. One of the drawbacks of the solution is the need to band-limit the signal 

and sample a third time at fs2 in order to recover the phase of the frequency compo- 

nent at /si/2. An alternative method might be to simply not transmit that frequency 

or to use notch filters to eliminate that frequency and the problem associated with it. 

E.      REDUCING THE COMPUTING COST 

Concerning the computing cost of the algorithm, if two full matrix multipli- 

cations are used every time to solve for the spectrum, computing cost becomes a 

factor as each matrix multiplication requires 0(N2) multiplications and additions. 

About half of each inverse matrix is zeros and the solution could be hard-wired more 

efficiently to reduce flop counts. 
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F.      GENERALIZING THE SOLUTION 

Having presented the solution method by example, it is necessary to generalize 

the result for any two sampling frequencies. 

Theorem 8.1 Given fs\ = N\ where Ni is an even number and fS2 = N2 — Ni + 1, 

it is possible to form two N2 x N2 nonsingular matrices Ar and Ai which solve the 

system of equations ArX = a and A{Y = b given by: 

0 1 0 0 •■ 0 0 0 0 ■• 0 0 1 0 
0 0 1 0 •• 0 0 0 0 ■• 0 1 0 0 
0 0 0 1 •• 0 0 0 0 •• 1 0 0 0 
0 0 0 0 •• 0 0 0 0 ■• 0 0 0 0 

0 0 0 0 ■• 1 0 1 0 •• 0 0 0 0 
0 0 0 0 •• 0 1 0 0 •• 0 0 0 0 
0 0 0 0 •• 0 1 1 0 ■■ 0 0 0 0 
0 0 0 0 ■• 1 0 0 1 •• 0 0 0 0 

0 0 0 1 ■• 0 0 0 0 •• 0 1 0 0 
0 0 1 0 •• 0 0 0 0 •• 0 0 1 0 
0 1 0 0 •• 0 0 0 0 ■• 0 0 0 1 
1 0 0 0 ■• 0 0 0 0 •• 0 0 0 0 

XQ 

XI 

x2 
x3 

X ATl/2-1 
X Wi/2 

Ni/2+1 
Ni/2+2 

-XjVi-3 

■XjVi-2 
XN1-I 

XNX 

0-3, JVj 

04,JVi 

aN1/2-l,N1 
aN1/2,Nx 
aN-i./2,N2 

aN1/2-l,N2 

a3,N2 
a2,N2 
al,N2 

ÜO,N2 

(80) 

0 1 0 0 •• 0 0 0 0 •• 0 0 -1 0 
0 0 1 0 •• 0 0 0 0 •• 0 -1 0 0 
0 0 0 1 •• 0 0 0 0 •• -1 0 0 0 
0 0 0 0 •• 0 0 0 0 •• 0 0 0 0 

0 0 0 0 •• 1 0 -1 0 •• 0 0 0 0 
0 0 0 0 •• 0 1 0 0 •• 0 0 0 0 
0 0 0 0 •• 0 1 -1 0 •• 0 0 0 0 
0 0 0 0 ■• 1 0 0 -1 •• 0 0 0 0 

0 0 0 1 ■• 0 0 0 0 •• 0 -1 0 0 
0 0 1 0 ■• 0 0 0 0 ■• 0 0 -1 0 
0 1 0 0 ■• 0 0 0 0 •• 0 0 0 -1 
1 0 0 0 •■ 0 0 0 0 •• 0 0 0 0 

Vo 

Y2 

Y3 

rNi/2-l 

Y, 
rjVn/2 

Ni/2+1 

^JVi /2+2 

VjV:-3 

XlVi-2 
YNl-i 

YNl 

&2,ATj 

&3,JVi 

&4.JV! 

°JV1/2-l,iV1 

^N1/2,N1 
bNi/2,N2 

bN1/2-l,N2 

H,N2 
b2,N2 

bl,N2 

bo,N2  . 

(81) 
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The inverses of Ar and A{ exist and the linear system may be solved X = Ar
la 

and Y = A~xb given by: 

Xo 
Xl 
x2 
x3 

x iVi/2-l 
X JVi/2 

Ni/2+1 
JVj/2+2 

XNX-3 

XNX-2 

XNI_-I 

XN± 

0 0 0 0 •• 0 0 0 0 ■• 0 0 0 1 

1 1 1 1 •• 1 1 -1 -1 •• -1 -1 0 0 

0 1 1 1 •• 1 1 -1 -1 ■• -1 0 0 0 
0 0 1 1 ■• 1 1 -1 -1 •■ 0 0 0 0 

0 0 0 0 ■• 1 1 -1 0 •• 0 0 0 0 
0 0 0 0 •• 0 1 0 0 •• 0 0 0 0 
0 0 0 0 •• 0 -1 1 0 •■ 0 0 0 0 

0 0 0 0 •• -1 -1 1 1 •• 0 0 0 0 

0 0 0 -1 •• -1 -1 1 1 •• 0 0 0 0 

0 0 -1 -1 •■ -1 -1 1 1 ■• 1 0 0 0 

0 -1 -1 -1 •■ -1 -1 1 1 •• 1 1 0 0 

1 -1 -1 -1 ■• -1 -1 1 1 •• 1 1 1 0 

aN1/2-l,N1 
aN1/2,N1 
aNx/2,N2 

aN1/2-l,N2 

&3,N2 
a2,N2 
al,N2 
a0,N2 

(82) 

Yo 
n 
Y2 

Y3 

Y, 

Y, 

JNTl/2-l 
YN-,/2 

Y, 
JVi/2+1 
JVi/2+2 

YNl-3 

YNl-2 
YNl-! 

YNl 

0 0 0 0 •• 0 0 0 0 •• 0 0 0 1 
1 1 1 1 •• 1 1 -1 -1 •• -1 -1 0 0 
0 1 1 1 •• 1 1 -1 -1 •• -1 0 0 0 
0 0 1 1 •• 1 1 -1 -1 •• 0 0 0 0 

0 0 0 0 ■• 1 1 -1 0 •• 0 0 0 0 
0 0 0 0 ■• 0 1 0 0 •• 0 0 0 0 
0 0 0 0 •• 0 1 -1 0 ■■ 0 0 0 0 
0 0 0 0 •• 1 1 -1 -1 •• 0 0 0 0 

0 0 0 1 •• 1 1 -1 -1 •■ 0 0 0 0 
0 0 1 1 •• 1 1 -1 -1 •• -1 0 0 0 
0 1 1 1 ■• 1 1 -1 -1 •• -1 -1 0 0 
1 1 1 1 •■ 1 1 -1 -1 •• -1 -1 -1 0 

t>2,Ni 

t,JV1/2-l,W1 

1>N1/2,N1 

t>N1/2,N2 
bN1/2-l,N2 

b3,N2 
b2,N2 

h,N2 

bo,N2 

(83) 

All methods for solving undersampled signals so far have required at least two 

sampling frequencies. The additional complexity is a trade-off for the additional infor- 

mation gained. In the next chapter, however, a second algorithm is introduced which 

requires only one sampling frequency and simplifies the overall solution considerably. 
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IX. RESOLVING MULTIPLE FREQUENCIES: SECOND 
ALGORITHM 

A. BACKGROUND 

So far the solution method has required that an undersampled signal be sam- 

pled more than once with a different sampling frequency each time. It is, however, 

possible to undersample a signal more than once with a single sampling frequency 

yet still recover the original spectrum. In fact, the groundwork for such a system has 

already been laid in Chapter VIII. Recalling the discussion in Chapter VIII, Section 

C, the problems encountered with the pivotal frequency required that the signal be 

band-limited between 0 and 41 to recover the actual value of bin c/^ , . It appeared 

to be a waste of time but a necessary evil to recover the correct bin information for 

this pivotal bin. Options discussed to remove this apparent constraint were to not 

transmit the frequency or use a notch filter to eliminate it before processing. 

B. USING THE BANDLIMITED SPECTRUM 

Consider a signal s(t) which contains frequency components from 0 to / Hz 

of unknown magnitude and phase. Previously, the solution would have required that 

s(t) be sampled at both /si = / Hz and fs2 = f +1 Hz in order to recover the original 

spectrum. As discussed, the solution would also require that s(t) be additionally 

bandlimited between 0 and f/2 Hz in order to recover the correct value for c/^ f  . 
2   >Jsl 

Discarding all information gained from the band-limited spectrum, (82) and (83) 

would then be used to solve for the original spectrum. In fact, the solution method 

wastes time because the band-limited spectrum has no aliased components and the 

bin values correspond to the actual values for ZQ, Z\,..., Z i. 
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Zi C
1,HL 

z2 C
2,11L 

Zz c3,Ht 

ZA C
4,HL 

[Zs\ . C5,11L  . 

1.       Recovering the First Half of the Spectrum 

Consider a signal, s(t) containing frequency components from 0 to 10 Hz. If 

the signal is first bandlimited between 0 and 5 Hz and then sampled at 11 Hz, the 

actual frequency coefficients are given by: 

(84) 

where Zn = Xn + jYn represents the actual real and imaginary component at the 

frequency of n Hz and cnjsL = anj3L + jbnjsL corresponds to the value of the nth bin 

at a sampling frequency of fs. The additional L subscript denotes that this is the 

band-limited version of the signal. 

2.       Recovering the Other Half of the Spectrum 

Suppose that on another channel the signal s(t) is not band-limited. If s(t) is 

sampled at 11 Hz and the DFT is applied and normalized the real components will 

go into bins as: 

Xi + Xio 
X2 + Xg 

%3 + ^8 
x4 + x7 
X5 + XQ 

00,11 

fll.ll 

02,11 _ 
03,11 

04,11 

. a5,ll  . 

(85) 

while the imaginary components go into bins as: 

&0.11 

&i,ii 

&3,11 

&4.11 

^5,11  J 

0 1 
Vi- Y1Q 

Y2- -Y9 

Y3- -Y8 

YA- -Y7 

Y5- -Ye\ 

(86) 
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Substituting the values for the Zn's from (84), (85) and (86) may be re-written 

as: 

and 

-^10 

X9 

Xs 

X7 

Yw 

Y9 

Y8 

Y7 

Y6 

Combining (84), (87), and (88) yields: 

Z0 

Zx 

Zi 
Zz 
ZA 

Zs 
Zs 
Z7 

Z& conj 
Zg 

Zw . 

fll.ll' ~ al,Hz, 

«2,11 " - a2,Hi 

fl3,H " - Ö3,lli, 

Hn " - <HiiL 

05,11 " - «25,111,  _ 

(87) 

&2,11 - ^2,11L 

h,n ~ &3,iii 

&5.11 ~ &5,11L 

C0,11L 

cl,ll£ 
c2,llz, 
c3,llz, 

C4,11L 

c5,lli 

'   C5,ll — C
5,HL 

C4.ll — C4,11L 

C3.ll - C3,11L 

C2.ll — C2,11L 

V chll - ci,nL / 

(88) 

\ 

(89) 

As can be seen, the solution is much simpler requiring only one sampling frequency 

and far fewer computations. 

C.      GENERAL SOLUTION 

Figure 9.1 displays a possible architecture to resolve an undersampled signal 

using the method described. The incoming signal is split into two branches. The 

top branch is the band-limited branch and solves for the first half of the spectrum. 

This information is then combined with the information from the bottom branch to 

recover the undersampled spectrum. 

The solution (89) can be generalized: 
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Theorem 9.1 Let the sampling frequency of a system be fs where fs is any odd num- 

ber. A spectrum containing frequencies between 0 and fs — l Hz may be unambiguously 

recovered provided that a copy of the signal is also band-limited to recover the spectrum 

between 0 and jf^- This information is then used to recover the other half of the 

spectrum as in: 

Z0 

Zi 

Z2 

Z fs-l     9 
2     -Z 

Zh=l-l 
2 x 

Zfs-1 
2 

Z fs-l 
2 

Z/.-i 
2 

+ 1 

+2 
'fs-l +3 

Zfs-3 
Zfs-2 

Zfs-1 

C0,fsL 
CUsL 
C2JsL 

Cfs—1    g f 
2        ^JsL 

Cfs-1 -UsL 

Cfs-1   f 
2     >JsL 

C fs — 1   f C fs — 1   f 
2     iJs 2     >JsL 

Cfs — 1     i   f C^j  
2 1'JS 2 

Cfs-1     04—  Cfs-1 

conj 

--l./sZ, 

V 

--2J. 

c3,fs ~ c3JsL 

C2,f, ~ C2JsL 

Cl,f. ~ ciJsL 

2,fs. 

(90) 

where Zn = Xn + jYn and cn<m = an,m + jbn,m- 

It would be nice to know that (9.1) puts the Nyquist criterion to rest once and 

for all but a fair treatment requires that the problems with the methods described 

be explored. The next chapter discusses the current limitations of the algorithms as 

well as potentially resolving the same limitations. 
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Figure 9.1: Channel architecture to resolve an undersampled signal utiliz- 
ing a single sampling frequency 
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X. PROBLEMS WITH THE SOLUTION 

A. SIGNALS THAT CAUSE DFT LEAKAGE 

So far only frequencies which directly resolve into single bins without leakage 

have been considered. There is a problem with the solution when the incoming 

frequency components lie in between DFT bins and leakage occurs. When the DFT 

is applied to a sequence with frequencies that correspond directly to DFT bins, the 

result is that the components resolve all of their energy into the bins of the DFT. 

This is not so with frequencies that "straddle" bins. 

B. DFT LEAKAGE EXAMPLES 

Consider a signal containing just one frequency at 2.3153 Hz, given by: 

s(t) = cos(27r(2.3153)t) (91) 

Note that the signal has zero phase. Unfortunately, instead of resolving into just bin 

2 when sampled, the side-lobes of the DFT distribute a portion of the energy into 

many bins. 

1. Algorithm of Theorem 8.1 

Using the algorithm of Theorem 8.1, the signal is sampled at both 10 and 11 

Hz, the DFT and normalized with results shown in Figure 10.1. Displayed are the 

real and imaginary components of the DFT. These DFT results along with (82) and 

(83) yield the spectrum shown in Figure 10.2a for the real part and Figure 10.2b for 

the imaginary part. The result is clearly inaccurate. 

2. Algorithm of Theorem 9.1 

The algorithm of Theorem 9.1 is not nearly as inaccurate for a single frequency. 

Figure 10.1c and Figure 10.Id correspond to both the band-limited and normal spec- 

trums which would be used to solve for the original spectrum. The answer would be 
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exact. The algorithm's strength lies in the fact that half of the solution is determined 

exactly in the top branch of Figure 9.1. The solution is not totally immune to the 

effects of DFT leakage however. As an example, assume a signal s(t) has frequency 

components in \ Hz increments from 0 to 10 Hz (0, .5, 1, 1.5, ..., 9.5, 10). The 

sampling frequency is 11 Hz. Figures 10.3a and 10.3b display the real and imaginary 

spectra of the band-limited version of the signal after sampling and DFT normaliza- 

tion while figures 10.3c and 10.3d display the non-bandlimited spectra after sampling 

and DFT normalization. Utilizing (90), the original spectrum is calculated and plot- 

ted in Figures 10.4a and 10.4b while Figures 10.4c and 10.4d show the actual values. 

The solution is inaccurate. 

C. LEAKAGE AND SOLUTION INSTABILITY 

It is not too difficult to discern why the solution methods are unstable. One 

might think that perhaps the leakage from all the other frequencies would somehow 

combine in such a way that the relative magnitudes of the resulting spectrum would 

remain intact. Unfortunately, the symmetrical number system and the linear solutions 

presented both depend on nearly all energy being within the bin that it is expected 

to be in. As an example consider if an incoming frequency at 2 Hz correctly processes 

totally into bin 2 at 10 Hz but somehow processes into bin 3 at 11 Hz. Whereas the 

correct solution is for all energy to be at f = 2 Hz in the final spectrum, this small 

bin error will result in calculating that all energy belongs to f = 8 Hz. 

D. SOLVING THE PROBLEM? 

What is needed ideally is some sort of transformation that places all energy 

in the expected bins without leakage. For instance, for /sl = 10 it is desired that 

/ > 9.5 and 0 < / < 0.5 to resolve into bin 0, 0.5 </ < 1.5 to resolve into bin 1, 

• ■ •, and 8.5 < / < 9.5 to resolve totally into bin 9. Clearly no such transformation 
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exists which will resolve a spectrum exactly without leakage. There is one direction, 

however, that may contain some promise. 

Consider again our signal, s(t), with a single frequency at 2.3153 Hz. Sample 

again at 10 and 11 Hz but this time sample for 100 seconds instead of just 1 second. 

Applying the DFT and normalizing, the DFT now has a bin resolution of 0.01 seconds 

instead of just 1 second. This means that any incoming frequency at any integer 

multiple of 0.01 Hz will resolve exactly into a single bin while all others will cause 

leakage. The results of the DFTs are shown in Figure 10.5. Figure 10.5 shows the 

effect of increasing the bin resolution which has the effect of containing the energy 

within the area of interest. The sidelobes decay well before they "leak" much into any 

of the other bin boundaries. Still, while the energy is now contained in the region of 

interest, there needs to be a method to recover the overall real and complex portions 

of the signal that belong to each integer bin. In the case studied, the goal is to find the 

energy that resolves into the five bins for fsi = 10 Hz and /S2 = 11 Hz, respectively, 

and use the linear equations presented to solve for the spectrum with a bin resolution 

of 1 Hz. 

For the algorithm of Theorem 9.1 the same benefits apply. In fact, increasing 

the bin resolution may hold even more promise. The algorithm holds up fairly well 

when only a little leakage occurs but falls apart when leakage increases. 

It should be emphasized that 10 and 11 Hz have been used as sampling fre- 

quencies throughout for simplicity of presentation. Preliminary study has shown 

that a separation of 1 between the two sampling frequencies gives the best dynamic 

range with the lowest sampling frequencies. It can be shown easily, for instance, that 

the dynamic range of the algorithm of theorem 8.1 is still 0 to 10 Hz for sampling 

frequencies of 10 and 12 Hz. 
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Another aspect of theorem 8.1 is that, unlike the multiplicative nature of 

the dynamic range with the symmetrical number system, the dynamic range of the 

solution is additive. It depends upon the number of linearly independent equations 

that can be set up based upon the number of bins for each sampling frequency used. 

For this reason, this algorithm would be most cost-performance efficient using just 

two sampling frequencies as presented. 
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Figure 10.1: Normalized DFT of sinusoid at / = 2.3153 Hz: a) real com- 
ponent for /si = 10 Hz, b) imaginary component for fsi = 10 Hz, c) real 
component for f& = 11 Hz, and d) imaginary component for fs2 — 11 Hz. 

57 



0.5 

ü 
•a 
u 

(A 

-0.5 

 1 

°   T 

i  "■ 

> 

—i— 

o o 

  T  

o 

 1  

0 O             f*i 

 -   i 

6 

i   L   i   i  

4 6 

Frequency (Hz) 

10 

a) 

S 
6 

1  1 

) 
—i— i —i— 

0.5 - - 

>   T <Tt 9 9 9       o 
W 

 i 

i 
i   i   1  -i  

Frequency (Hz) 

b) 

10 

Figure 10.2:   Spectrum calculated for single frequency at 2.3153 Hz:   a) 
real component and b) imaginary component 

58 



.,0.4337 

-1   L= L. 

i 0.6075 

Ö-0.298 6-0.3565 

©1.27 

0 0.5 1 1.5 2 2.5 
Bin 

3.5 4.5 

6-0. 578 

-©- 
-0.05602 

-©- 
i-o. 

1 468 

~Cr 

-2 
9041 

_| 1 
1.291 

'-0.2694 

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 
Bin 

b) 

u 

—\ 1 1 r 

1 L ©1.134 
Q 0.3201 

61.867 
T r 

1 
^ 

-1.144 -0.407 
-i- 

Q3.2974 

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 
Bin 

$1,855 

_£ 0.4062 _a°-2065 

-0.8361 
-1.326 

0.5 1 1.5 2.5 
Bin 

d) 

3.5 4 4.5 

Figure 10.3: Spectra of a signal with frequency components from 0 to 
10 Hz in 1/2 Hz increments: a) real component of sampled bandlimited 
signal, b) imaginary component of bandlimited signal, c) real component 
of sampled original signal, and d) imaginary component of original signal 

59 



-1 1  
0 1.27 

R 0.4337. 0-6075 

i L 
(j)0-8755(po.5965j 

5 
0.5267 

_1_ 
6-0.298 6-0.3565 

J-0.578 
_1_ _l_ -J_ 

^0.05045 

0.8457 
4 5 6 

Frequency (Hz) 

a) 

10 

ol i r 
057 1   - 

8>    0 —e— 
-0.05602 

468 

2. 
-03864   -°°6799-0.46231 -1   - I 0.9041 

_j_ 

1        -0.2694 
0-1.291 -1.49 ^ 

Frequency (Hz) 

b) 

10 

*£ 1 
o 

X o 
« -1 

u 1 

0.5238 

? 

1     1     1 
0.7925 >1.558 

l 

0.5378 

? 

1 

0.3453 

9 

1 l     l - 

0.4118- 

9 

i 

0    G 
-0.09748 -0.1253 

1     l     1 
-0.2063 

i     i i i 

(!) 
-0.2397 

i 

1-0.9942 

4 5 6 
Frequency (Hz) 

10 

-a 
3 

Q 1.444 

-0.06134    ft) 
^0.9164 

 I 1  

0.8323 

I 6-0.4916 
1.344 

_l_ 
■1.558 

15 ° 6~" 
-0.4248  -°1046-0.5108 

1 4 5 6 

Frequency (Hz) 

d) 

10 

Figure 10.4: Spectra of a signal with frequency components from 0 to 
10 Hz in 1/2 Hz increments: a) calculated real component, b) calculated 
imaginary component, c) actual real component, and d) actual imaginary 
component. 

60 



0.05 

g       OOOOQOOOOOOOOOOOOOOOIT)^ 

I   -0.05 I 
9QQO QOOnOOOOOQOOno 

2.1 2.15 2.2 2.25 2.3 
Frequency (Hz) 

a) 

2.35 2.4 2.45 2.5 

f      0 OOOOOOOQOOOOQQQQQftftQ^ t 
I ^rv eoooooooooooooo 

2.1 2.15 2.2 2.25 2.3 
Frequency (Hz) 

b) 

2.35 2.4 2.45 2.5 

0.05 

S   -0-05  - 
PÜ 

1 r 
Q 

OOOOQQQOOOOOOOOOOOOQO^ 

J 
9QQQOQQnononcinijoi?() 

2.1 2.15 2.2 2.25 2.3 
Frequency (Hz) 

c) 

2.35 2.4 2.45 2.5 

*       0 OOQOOQOOQOQQQQQQQQQ'?'? -$uv aooooooooooooooo 

2.1 2.15 2.2 2.25 2.3 
Frequency (Hz) 

2.35 2.4 2.45 2.5 

Figure 10.5: Normalized DFT with 0.01 Hz resolution of sinusoid at 
/ = 2.3153 Hz: a) real component fo /si = 10 Hz, b) imaginary compo- 
nent for /si = 10 Hz, c) real component for fS2 = 11 Hz, and d) imaginary 
component for fS2 = 11 Hz. 

61 



62 



XI. CONCLUDING REMARKS 

The essential contribution of this thesis is detailing algorithms or solution 

methods that may hold the key to recovering an undersampled spectrum using one or 

more sampling frequencies. Using the Symmetrical Number System and the Discrete 

Fourier Transform it is a very simple process to resolve one or two undersampled 

frequencies within the dynamic range of the SNS. Additionally, when only resolving 

one or two frequencies, each pairwise relatively prime sampling frequency multiplica- 

tively extends the dynamic range of the system. When resolving an entire spectrum 

of frequencies the solution becomes more complicated but it is still a straightforward 

process. The number of unique bins for each sampling frequency dictates the number 

of linearly independent equations that can be formed and hence dictates the dynamic 

range. Using at most two sampling frequencies demonstrated it has been shown that 

the spectral width that can be recovered using either method is approximately double 

the width predicted by Nyquist. 

Future efforts will attempt to resolve two important questions. First, is it 

possible to apply the solution to a signal which has frequency components that don't 

conveniently lie directly at bin frequencies? The answer to this question may lie in 

increasing bin resolution and then using a mathematical method to determine fairly 

accurately the total energy that actually belongs to each integer frequency. The 

second question: What happens when more than two sampling frequencies are used? 

The matrix solution for two sampling frequencies is very simple and the solution 

matrix has nice properties. That may or may not be the case when three or more 

sampling frequencies are used. 

In spite of problems that remain with the methods presented, the thesis is 

significant as it presents a direction for resolving an undersampled spectrum. Provided 
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that the leakage problem is solved, either or both of the methods may hold the key 

to greatly extending the ability to sample and resolve extremely high frequencies at 

relatively low sampling rates. 

64 



LIST OF REFERENCES 

[1] J. Baier and H.W. Fürst, "A Novel Method for Detection of Aliased Frequency 

Components in FFT-Based Spectrum Analyzers and Digital Oscilloscopes," 

IEEE Proceedings, Vol. 1, pp. 770-773, 1993. 

[2] S. Barbarossa, "Parameter Estimation of Undersampled Signals by Wigner-Ville 

Analysis," IEEE International Conference on Acoustics, Speech and Signal Pro- 

cessing, Vol. 5, pp. 3253-3256, 1991. 

[3] J.L. Brown Jr., "On the uniform sampling of a sinusoidal signal," IEEE Trans. 

Aerospace and Electronic Systems, Vol. 24, no. 1, pp. 103-106, Jan 1988. 

[4] G. Hill, "The benefits of undersampling," Electronic Design, pp. 69-79, July 

1994. 

[5] R.E. Leino, P.E. Pace, and D. Styer, "Resolution of Multiple Frequency Under- 

sampling Aliases," IEEE Signal Processing Preprint. 

[6] R.D. Martin and D.J. Rasmussen, "A Testbed for Evaluating Undersampling 

Techniques," IEEE Proceedings, Vol. 1, pp. 157-164, 1992. 

[7] I. Niven and H.S. Zukerman, An Introduction to the Theory of Numbers, 4th ed., 

John Wiley and Sons, New York, 1980. 

[8] P.E. Pace, R.E. Leino, and D. Styer, "Use of the Symmetrical Number System 

in Resolving Single-Frequency Undersampling Aliases," IEEE Signal Processing 

Preprint. 

[9] P.E. Pace, P.A. Ramamoorthy, and D. Styer, "A preprocessing architecture for 

resolution enhancement in high speed analog-to-digital converter," IEEE Trans. 

65 



Circuits and Systems II: Analog and Digital Signal Processing, Vol. 41, pp. 373- 

379, June 1994. 

[10] CM. Rader, "Recovery of Undersampled Periodic Waveforms," IEEE Trans. 

Acoustics, Speech and Signal Proc, Vol. ASSP-25, no. 3, pp.242-249, Jun. 1977. 

[11] J. Rozmaryn, "Undersampled wideband digital receiver," Proc. Tri-Service 

DRFM-Digital Receiver Workshop, 13-15 July, 1993. 

[12] R.B. Sanderson, J.B.Y. Tsui, and N. Freese, "Reduction of aliasing ambiguities 

through phase relations," IEEE Trans. Aerospace and Electronic Systems, Vol. 

28, no. 4, pp. 950-955, Oct. 1992. 

[13] M.D. Zoltowski and Cherian P. Mathews, "Real-Time Frequency and 2-D Angle 

Estimation with Sub-Nyquist Spatio-Temporal Sampling," IEEE Transactions 

on Signal Processing, Vol. 42, no. 10, Oct. 1994. 

66 



INITIAL DISTRIBUTION LIST 

No. Copies 

1. Defense Technical Information Center 2 
8725 John J. Kingman Road, Ste 0944 
Fort Belvoir, VA 22060-6218 

2. Dudley Knox Library 2 
Naval Postgraduate School 
411 Dyer Rd. 
Monterey, California 93943-5101 

3. Chairman, Code EC 1 
Department of Electrical and Computer Engineering 
Naval Postgraduate School 
Monterey, California 93943-5121 

4. Professor Phillip E. Pace, Code EC/Pc 3 
Department of Electrical and Computer Engineering 
Naval Postgraduate School 
Monterey, California 93943-5121 

5. Professor David Styer 1 
Department of Mathematical Sciences 
The University of Cincinnati, ML 25 
Cincinnati, OH 45221 

6. Captain Richard E. Leino USMC 4 
9801 PortsideDr. 
Burke, VA 22015 

7. Space and Naval Warfare Systems Command 1 
Department of the Navy 
PMW-178 
Attn: Captain Ristorcelli 
Washington, DC 20363-5100 

8. Space and Naval Warfare Systems Command 1 
Department of the Navy 
PMW-163 
Attn: Captain Connell 
Washington, DC 20363-5100 

67 



No. Copies 

9. Rome Laboratory/IRAP 1 
Attn: Bill Ziesenitz 
32 Hangar Road 
Griffiss AFB, NY 13441-4114 

10. Director, Training and Education 1 
MCCDC, Code C46 
1019 Elliot Road 
Quantico, Virginia 22134-5027 

11. Director, Marine Corps Research Center 2 
MCCDC, Code C40RC 
2040 Broadway Street 
Quantico, Virginia 22134-5107 

12. Director, Studies and Analysis Division 1 
MCCDC, Code C45 
300 Russell Road 
Quantico, Virginia 22134-5130 

68 


