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Guoxiang GuT, Xiang ChenT, Andrew G. Sparksi, and Siva S. Bandal

May 1996, Revised June 1996

Abstract

Local output feedback stabilization with smooth nonlinear controllers is studied for parameterized
nonlinear systems for which the linearized system possesses either a simple zero eigenvalue, or a pair
of imaginary eigenvalues, and the bifurcated solution is unstable at the critical value of the parameter.
It is assumed that the unstable mode corresponding to the critical eigenvalue of the linearized system
is not linearly controllable. Two results are established for bifurcation stabilization. The first one
1s stabilizability conditions for the case where the critical mode is not linearly observable through
output measurement. It is shown that nonlinear controllers do not offer any advantage over the linear
ones for bifurcation stabilization. The second one is stabilizability conditions for the case when the
critical mode is linearly observable through output measurement. It is shown that linear controllers
are adequate for stabilization of transcritical bifurcation, and quadratic controllers are adequate for
stabilization of pitchfork and Hopf bifurcations, respectively. The results in this paper can be used

to synthesize stabilizing controllers, if they exist.

1 Introduction

Stabilization of nonlinear control systems with smooth state feedback control has been studied by
a number of people [3, 1, 2, 4, 9]. An interesting situation for nonlinear stabilization is when the
linearized system has uncontrollable modes on imaginary axis with the rest of modes stable. This is so
called critical cases for which the linear theory is inadequate. It becomes more intricate if the underlying
nonlinear system involves a real-valued parameter. At critical values of the parameter, linearized system
has unstable modes corresponding eigenvalues on imaginary axis, and additional equilibrium solutions
will be born. The bifurcated solutions may, or may not be stable. The instability of the bifurcated
solution may cause “hysteresis loop” in bifurcation diagram for both subecritical pitchfork bifurcation
and Hopf bifurcation [6], and induce undesirable physical phenomina. Hence bifurcation stabilization

is an important topic in nonlinear control.
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1 Control Analysis Section, WL/FIGC, 2210 Eighth Street, SUite 21, WPAFB, OH 45433-7531




Abed and Fu studied bifurcation stabilization using smooth local state feedback control [1, 2]. For
Hopf bifurcation, stabilization conditions were obtained for both the case where the critical modes
of the linearized system are controllable and uncontrollable. For stationary bifurcation, stabilization
conditions were derived for the case where the critical mode of the linearized system is controllable.
The uncontrollable case was investigated in [8] where normal forms of the nonlinear system are used.
In this paper we study bifurcation stabilization via local output feedback controllers that are smooth.
Throughout the paper it is assumed that the critical mode of the linearized system is uncontrollable.
Moreover it is assumed that only output measurement, a linear combination of state variables, is avail-
able for feedback. It should be clear that in practice measurement of all state variables is unrealistic,
especially when the underlying nonlinear system has high order. Often some of state variables are more
expensive, or more difficult to measure than others. Hence the bifurcation stabilization problem studied
in this paper has more engineering significance.

Two stabilization issues will be investigated. The first one regards bifurcation stabilization where
the critical mode of the linearized system is unobservable through output measurement. Stabilizability
conditions are established for both stationary bifurcation and Hopf bifurcation. In particular, it is
shown that nonlinear controllers do not offer any advantage over the linear ones for bifurcation stabi-
lization. Stabilizing controllers, if exist, can be taken as linear ones. The second one regards bifurcation
stabilization where the critical mode of the linearized system is observable through output measure-
ment. Observability is required if the previous stabilizability conditions fail that implies that additional
sensors have to be deployed. Stabilizability conditions are also obtained in this case. It is shown that
linear controllers are adequate for stabilization of transcritical bifurcation, and quadratic controllers
are adequate for stabilization of pitchfork and Hopf bifurcations, respectively. The results also provide
synthesis procedures for design of stabilizing controllers, if they exist.

The notations in this paper are standard. The collections of real and complex numbers are denoted
by R and C, respectively. If ¢ € C, its complex conjugate is denoted by ¢. The collection of real and
complex vectors with size n are denoted by R™ and C™, respectively. A matrix M of size p X m can be
viewed as a linear map from C™ to CP, and its transpose is denoted by MT. For m = p = n, M is said

to be stable, if all its eigenvalues are in the open left half plane.

2 Bifurcation Stability and Projection Method

This section considers the stability issue for bifurcated system using the projection method developed

in [6]. The system under consideration is the following nth order parametrized nonlinear system:

it:f(’)'am)’ f(770):0V77 (1)

where € R™ and 7 is a real-valued parameter. It is assumed that f(-,-) is sufficiently smooth such
that the equilibrium solution ., satisfying f(y,z.) = 0, is a smooth function of . Since f(7,0) =0

for all 4, z. = 0 is a fixed equilibrium point which is called zero solution. The linearized system at the




zero solution is given by

df (7, ze)
S (2)

Two different types of bifurcation will be considered in this paper and the determination of their local

&g = A(7)o, A("{) =

ze=0 '
stability will be discussed in the next two subsections.

2.1 Local Stability for Stationary Bifurcation

For stationary bifurcation, it is assumed that A(7y) possesses a simple eigenvalue A(7), depend smoothly
on 7, satisfying

A0 =0, X0 = F©)>0, (3)

while all other eigenvalues are stable in a neighborhood of ¥ = 0. It implies that the zero solution
ze(7y) = 0is locally stable for ¥ < 0 and becomes unstable for ¥ > 0. Furthermore additional equilibrium
solutions z. # 0 will be born at 7 = 0 that is a smooth function of 4 by smoothness of f(-,-). Such
bifurcated solutions are independent of time ¢, and is called stationary bifurcation. Thus v = 0 is the
critical value of the parameter and A(7) is called critical eigenvalue. The nonlinear system (1) at y = 0
is referred to as critical system. The bifurcated solution of the nonlinear system born at v = 0 may,
or may not be locally stable. For simplicity, only double points [6] will be considered in this paper.
It should be clear that stability of the bifurcated solution plays an important role for the dynamics of
the nonlinear system, and is hinged to stability of the critical system. A useful tool to determine local
stability of the bifurcated solution and of the critical system is the projection method developed in [6]
and advocated in [2].

Let £ and r denote the left row and right column eigenvectors of A(0), corresponding to the critical
eigenvalue A(0) = 0. Then ¢r = 1 by suitable normalization. Denote ¢ = £z, where z, # 0 satisfying

f(y,zc) = 0 is also an equilibrium solution of (1), or bifurcated solution. Then by [6] there exists a

Te(€) | o= | Tek o
{7(5)]_2[%} '

Since f(v,z) is sufficiently smooth, there exists Taylor expansion near the origin of R" of the form

series expansion

&= f(v,2)= L(v)z + Q(7)lz,z]+ C(7)[z, z,z] + - - - (4)

where L(y)z, Q(7)[z, z], and C(v)[z, z,z] are vector valued linear, quadratic, and cubic terms of f(v, z)

respectively having symmetric form in each of their entry, and they can each be expanded into

I

L(v)z Loz + vl + 7 Loz + - -,
Q(’Y)[xaa:] Q0[$,$]+7Q1($,$)+“-,
C’(’y)[:v,a:,x] = Co[x,x,x]+7C’1[x,x,x]+---,

where Lg, Ly, and Ly are n X n constant matrices.




Let A be the critical eigenvalue of L(7) at the new (bifurcated) equilibria. Then A=A=0aty=0
due to L(0) = A(0). There exists a series expansion [6]

:\i8i=5\18+:\282+-”.

Nk

Ae) =

Il
o

The computation of the first two coefficients of A can proceed as follows [2]:

o Step 1: Calculate A'(0) = £Lyr where X is a function of 7.
o Step 2: Set z.; = r, and calculate y; = —£Qo[r, r]/N(0).

o Step 3: Compute zep = —(¢14 + LT Lo) ' LT (1 L17 + Qol[r, 7]), and
Yo = "F%T) (v1€L13e2 + Y2LLar + 2£Qq[r, Tea] + 11£Q1[r, v] + LCo[r, 7, 7]).

e Step 4: Set \; = —11A'(0) and A = —272X'(0).
Local stability of the bifurcated solution is given by the following theorem [2].

Theorem 2.1 Suppose y; # 0. Then the branch of the bifurcated equilibrium solution is locally stable
for v sufficiently close to 0 if £Qo[r,r]e < 0 and is unstable if £Qo[r,r]e > 0. For the case y; = 0, then
the bifurcated solution is locally stable for v sufficiently close to 0 if Ay < 0 and is unstable if Aa > 0,

where

X2 = 20 (2Qo[r, ze2] + Colr,7,7]), Tey = —(£TL + LILo) LT Qolr, 7).

It should be clear that local bifurcation for the case 7, # 0 is transcritical [10]. Thus the branch of
the bifurcated solution at ¢ > 0 has the opposite stability property as the one at € < 0. On the other
hand, local bifurcation for the case y1 = 0, and 72 # 0 is pitchfork [10], where both branches of the

bifurcated solution have the same stability property.

2.2 Local Stability for Hopf Bifurcation

For Hopf bifurcation, it is assumed that A(y) possesses a pair of complex eigenvalues A7), A7), depend
smoothly on v, while all other eigenvalues are stable in a neighborhood of ¥ = 0. Denote Ay) =
a(y) + jB(v) with a(y), B(w) teal, and j = /—1 imaginary. It is assumed that

a(0) =0, A(0) = juw, # 0, a'(o>=§§(0)>o. (5)

Thus A(y) is a critical eigenvalue, so is its conjugate. It implies that the zero solution z.(y) = 0 is
locally stable for ¥ < 0 and becomes unstable for ¥ > 0. Furthermore Hopf Bifurcation Theorem asserts
the existence of a one-parameter family {p.}, where 0 < ¢ < gg, of nonconstant periodic solutions of
(1) emerging from the zero solution at ¥ = 0. This is none stationary bifurcation. The positive real

number ¢ is a measure of the amplitude of the periodic solution and &g is sufficiently small. The periodic




solutions p.(t) have period near 27 /w. and occur for parameter values v given by a smooth function

7(e). Exactly one of the characteristic exponents of p. is near zero, and is given by
~ ~ ~ 0 ~ .
Me) = Age? + Mget -+ = Z Ao, (6)
—

Local stability of Hopf bifurcation is hinged to the first nonzero coefficient of A(e), denoted by Agn,
N > 1. Generically N = 1.

Let the Taylor series of f(7,z) be of the form in (4) where Ly = A(0). An algorithm to compute ),
is quoted from [1]. See also [5].

e Step 1: Compute left row eigenvector £ and right column eigenvector 7 of Lg corresponding to the

critical eigenvalue of A(0) = jw.. Normalize by setting £r = 1.

o Step 2: Solve column vectors y and v from the equations
1 _ . 1
—Lop = §Q0[r, 7, (2wl — Lo)v = 5620[7‘, 7).
o Step 3: The coefficient ), is given by
N 3
AQ = 2Re {2£Q0[’f', ,u] + KQO[’F, 1/] + ZECQ[T‘, T, 7’]} .

Theorem 2.2 Suppose all eigenvalues of Lo are stable in a neighborhood of v = 0 except the critical

pair of complez eigenvalues. Then the Hopf bifurcation is stable, if X < 0, and is unstable ifX>0.

3 Output Feedback Stabilization for Stationary Bifurcation

We consider first feedback stabilization for stationary bifurcation. The control system in consideration

has the form
= f(y,2)+g(z)u, y=cz, (7)

where f(7,z) is the same as in the previous section and g(-) is also a mooth function. It is assumed
that both control input u and output measurement y are scalar functions of time #. The Taylor series

expansion of (7) is given by
&= Loz + Lz + ulz + bu+ Qole, ¢l +4* Loz + 7Qu[e, @] + uQile, a] + Colw, z,a] + -+, (8)

where L2 and (1[z, ] are linear and quadratic components of g(z). It is assumed that Lo has only one
zero eigenvalue with rest of the eigenvalues stable, and that the bifurcated solution born at v = 0 is not
locally stable. The assumption on stability of the nonzero eigenvalues of Lo has no loss of generality. If
some of the nonzero eigenvalues of Ly are unstable, then linear control method, such as pole placement

[7], can be employed to stabilize those unstable modes corresponding to nonzero eigenvalues. It is the




unstable mode corresponding to the critical eigenvalue A\(0) = 0 that renders linear control methods
inadequate because of bifurcation.

We seek a local output feedback control law
w=K(y)=Kiy+ Koy + Kay® +---, K(0)=0, y=ecz, (9)

that stabilizes the bifurcated solution. Abed and Fu studied the same problem in [2] for the case of state
feedback where the critical mode of Lg is controllable. We will consider the case of output feedback
where the critical mode of Lo is uncontrollable. It should be clear that in practice, measurement of
all state variables is unrealistic. Moreover some of the state variables are more expensive and more
difficult to measure than others. Thus often only partial, or a linear combination of, state variables
are measurable. Under this circumstance, the critical mode of the linearized system may, or may not
be observable based on output measurements. Hence the problem considered in this paper has more
engineering significance than that of [2].

With feedback controller in (9), the closed-loop system has the form

& = Loz +yLiz + Q5lz, 2l + 7Lz + 1Q3z, 2] + Cole, 2, 2]+ - - (10)
where the linear, quadratic, and cubic terms are given by

LB = LO + bch, LI = L], L; = L2,
Qslz,z] = Qofz,z]+ L[izKice + bKs(ex)?, Q3z, 2] = Q4fz, z),
Cilz,z,2] = Colz,z,2]+ Ko(cz)?Liz + bKs(ce)® + Q1 [z, 2] Kyca.

We will establish stabilizability conditions for bifurcated systems where the bifurcated solution is un-

stable near ¥ = 0 in the next two subsections.

3.1 Unobservable Critical Mode

We consider first when the critical mode of linearized system corresponding to the zero eigenvalue at
7 = 0 is not observable through output measurement y = cz. Note that by assumption the eigenvalue
A(0) = 0 is invariant under feedback control because of both uncontrollability and unobservability of
the critical mode. Thus Lf also possesses the critical zero eigenvalue as Lg. Denote £* and 7* the left
row and right column eigenvectors for L corresponding to the critical eigenvalue. Then it is easy to see
that £* = £ and 7* = 7 due to again the uncontrollability and unobservability of the critical eigenvalue.
This can be seen from PBH test [7]. Denote A* as the critical eigenvalue of the linearized feedback

system at the bifurcated solution to be stabilized. It is a function of € = £*z, = {2, of the form
M(e) = Ne + Ae? + -+ . (11)

Clearly local feedback controller in (9) does not change the zero solution. Denote A*(y) as linearized

system matrix for the closed-loop system at the zero solution. Its critical eigenvalue is denoted by A*(7y).




Since L} = L,
dx*
dy
is also invariant under feedback control. It follows that the bifurcated solution z. = 0 of the closed-
loop system changes its stability and bifurcates at ¥ = 0 as well. The problem is whether or not the

bifurcated solution can be stabilized with output feedback control. The next result is negative for the

(0) = X(0) = %(0) >0

transcritical bifurcation.

Theorem 3.1 Consider the nonlinear control system in (8) with output feedback control law in (9).
Suppose that the critical mode of Lg is not observable through output measurement y = cxz. Then for
the case y1 # 0, i.e., £Qo[r,r] # 0, there does not ezist a feedback control law uw = K(y), y = cz, that
stabilizes the given branch of the bifurcated solution, and 5\{ = M1 is invariant under output feedback
control in (9).

Proof: The uncontrollability and unobservability of the critical mode of the linearized system at
7 = 0 imply that both £b = 0 and ¢r = 0, by PBH test [7]. Hence applying Theorem 2.1 to the

nonlinear system in (10) gives the first coefficient of the eigenvalue for the bifurcated solution:
X; = LQy[r, ] = £Qo[r, r] + £L1r Kqcr + b Ko(er)? = £Qo[r, 7] = M,

by again £b = 0 and cr = 0 that imply Qg[r,r] = Qo[r,r]. It follows that the sign of X% is the same as
1 that can not be altered by feedback controller in (9). |

Although the stability property of transcritical bifurcation can not be altered by output feedback,

the situation for pitchfork bifurcation is quite different. We have the following result next.

Theorem 3.2 Consider the nonlinear control system in (8) with output feedback control law in (9)
under the same hypothesis as in Theorem 3.1. Then for the case vy, = 0, i.e., 5\’1‘ = M\ = 0, there exists
a feedback control law u = K(y), y = cz, that ensures :\3 < 0, i.e., stabilizes the bifurcated solutions,

if and only if there exists K1 # 0 such that the nonzero eigenvalues of L{ remain on the open left half

plane and
X2 + 4£(Qolr, 2] — Qolr, z%5]) < 0 (12)

where Ky is the linear gain of the feedback controller, and

zer = (70 + LT Lo) LT Qolr, 7], @k = —(€7¢+ (LT L3 (L3 Qolr, 7], L = Lo+ bEe. (13)
If the above conditions hold, then stabilizing feedback controllers can be chosen as linear ones.

Proof: Applying Theorem 2.1 again gives that

Ar = AQG[r, xko) + 2LCG[r, 7, 7] = AQo[r, 5] + 2LCo[r, 7, 7]
+20b (2K (er)(ealy) + Ks(cr)?) + 2 (LyasyKier + LarKa(er)? + Galr, rlKer)
= 44Qo[r, a%5] + 2Co[r,7,7] = Az — 4€(Qo[r, vea] — Qolr, 23,)) ,




due to again £b = 0 and cr = 0 where ., and z¥, are given as in (13). Hence the existence of a
stabilizing controller is equivalent to the existence of K # 0, such that the inequality in ( 12) is satisfied

and the nonzero eigenvalues of L remain on the open left half plane. |

It is interesting to note that although nonlinear feedback controller in (9) is employed, only the
linear term has the effect on stability of the bifurcated solution according to Theorem 3.2. Higher order
terms are unnecessary if bifurcation stabilization is the sole interest. Hence for bifurcation stabilization
with smooth output feedback control considered in this subsection, nonlinear controllers do not offer

any advantage over linear ones.

3.2 Observable Critical Mode

Suppose that the stabilizability condition in Theorem 3.2 does not hold. Then bifurcation stabilization
with smooth controllers is not possible. In this case we have to consider the case where the critical
mode is observable based on output measurement. Extra sensor or sensors have to be deployed so that
cr # 0 is valid. Clearly the nonlinear differential equation (10) holds with output feedback controller
in (9) for the case cr # 0 where the linear, quadratic, and cubic terms, have the same expressions as
earlier.

Consider first transcritical bifurcation. Without loss of generality, the branch of ¢ > 0 is assumed
to be unstable for v > 0. This is equivalent to \; > 0. Our goal is to seek a controller of the form
(9) that stabilizes the bifurcated solution for ¢ > 0. It is noted that by assumption the eigenvalue
A(0) = 0 is invariant under feedback control. Thus L also possesses the critical zero eigenvalue as Lg at
7 = 0. Denote £* and r* the left row and right column eigenvectors for L§ corresponding to the critical
eigenvalue. Then it is easy to see that £* = £ due to the uncontrollability of the critical eigenvalue.
Denote A* as the critical eigenvalue of Lg under feedback. It has the same form of the series expansion
as in (11). However r* # r in general due to cr # 0 by the observability of the critical mode. The next

result concerns with the stabilization for transcritical bifurcation.

Theorem 3.3 Consider the nonlinear control system in (8) with output feedback control law in (9).
Suppose that the critical mode of the linearized system corresponding to the zero eitgenvalue at v = 0 is
observable, Then for the case y; # 0, i.e., £Qo[r,7] # 0, there exists a feedback control law v = K(y),
Y = cz, that stabilizes the given branch of the bifurcated solution, if there exist K #0 aend r* € R"
such that

(Lo + bKq1c)r* =0, £r* = L, LLi7* >0, £Qqo[r*,r*]+ (fflr*)(lflcr*) <0, (14)

and the rest of nonzero eigenvalues of L§ remain in the open left half plane. If these conditions hold,

then the zero solution x. = 0 is stable for ¥ < 0 and unstable for v > 0.

Proof: Suppose that the conditions in (14) hold. Then Lgr* = (Lo + bKyc)r* = 0 for some Ky # 0

and nonzero vector r* € R" that implies that r* is the right eigenvector corresponding to the critical




eigenvalue for the feedback system at ¥ = 0. Denote A*(7) as the system matrix of linearized feedback
system at the zero solution, and A*(7y) as the critical eigenvalue. Then
dX*
dy

at v = 0. Hence the zero solution z. = 0 changes its stability at ¥ = 0, and the equilibrium solution of

(0) =LLi7" >0

the feedback system also bifurcates at 4 = 0. To determine stability of the bifurcated solution, we have

by the proof of Theorem 3.1, or an application of Theorem 2.1,
Xp = LQy[r*, 7] = £Qo[r*, v*] + LL r* Kier* + K o(er*)? = £Qo[r*, r*] + (LLy7*)(K1cr*) < 0

due to £b = 0 by uncontrollability of the critical mode and the condition of the theorem. It follows
that if the rest of nonzero eigenvalues of L remain in the open left half plane, the bifurcated system is
stable. |

A natural question is whether or not the equation (Lo + bK1c)r* = 0 admits a nonzero solution
r* € R"™. Since £b = 0 and £Lo = 0, the rank of L§ = Lo + bK;c is exactly n — 1 for any K, such that
the rest of the nonzero eigenvalues of L} remain in the open left half plane. Hence (Lo + bKyc)r* =0
does admit a nonzero solution r* € R™. The condition £r* = 1 is the normalization condition required
in using Theorem 2.1, while the condition £L}r* = £L;r* > 0 guarantees that the zero solution is stable
for v < 0 and unstable for v > 0, and thus 7 = 0 remains a critical value under feedback control. We
again note that stabilizing controllers, if exist, can be taken as linear ones because higher order terms
in (9) does not have effect on stability of the bifurcated solution.

For pitchfork bifurcation, i.e., A; = 0, the situation is again different. We adopt an approach as in
[2] by setting the linear term of the controller to zero. In fact, by the proof of Theorems 3.1 and 3.3,
the nonzero gain K7 will result in :\{ # 0, thereby changing the pitchfork bifurcation into transcritical
bifurcation for which only one branch of the bifurcated solution can be stable. Hence this is not a
desirable situation unless for some exceptional situations. It is noted that with Ky = 0, the eigenvectors
of L§ corresponding to the critical eigenvalue at y = 4* satisfy £* = £ and 7* = ». Hence both row
and column eigenvectors of the critical eigenvalue are invariant under feedback control. Since L* = L,
there holds £*Lir* = £L;r > 0. Thus the zero solution of the feedback system changes its stability at
v = 0. The stabilizability of the bifurcated solution is given by the following result.

Theorem 3.4 Consider the nonlinear control system in (8) with output feedback control law in (9)
under the same hypothesis as in Theorem 3.3. Then for the case y; = 0, there exists a feedback control
law uw = K(y), y = cz, that ensures ¥ =0 and :\’5 < 0, i.e., changes the pitchfork bifurcation from

subcritical into supercritical, if and only if £Ly7 # 0.
Proof: Suppose that £Lir # 0. Then by the proof of Theorem 3.2, there holds

Xs = 4Qp[r,zk] + 20C3[r, 1] = 44Qolr, ] + 20Co[r, 7, 7]
+24b (21(2(cr)(cx:2) + Kg(cr)S) +2¢ (fflcc:2]x"1cr + LirKo(er)? 4 Q4[r, T]chr) .




Setting K7 = 0 gives that A* = 0 and Ty = Tep. Hence we obtain
~; = 5\2 + 2ff117’f(2(c7‘)2.

Since cr # 0 and £I7 # 0, there exists K # 0 such that 5\3 < 0. Conversely, 5\1‘ = 0 implies that
K1 = 0. Moreover stability of the bifurcated solution implies that

i; = Xz + 2[i17‘f&’2(67‘)2 S 0,

that in turn implies that £L;7 # 0 by the hypothesis that Ay > 0. [ |

It is noted that terms of higher order than two do not have effect on stability. Thus the stabilizing

controllers can be taken as quadratic ones.

4 Output Feedback Stabilization for Hopf Bifurcation

It is assumed that the linearized system matrix A(7) as in (2) has a pair of complex (critical) eigen-
values A(y) = a(y) £ jB(7) such that a(0) = 0 and &/(0) > 0, while all other eigenvalues are stable.
As explained in the previous section, this assumption has no loss of generality. The problem to be
investigated in this section is stabilization of Hopf bifurcation with output feedback control, if the Hopf
bifurcation born at ¥ = 0 for the nonlinear system in (1) is unstable. We consider first the case when
the pair of critical modes corresponding to the pair of complex eigenvalues A(7) are both uncontrollable
and unobservable. According to PBH test [7], both left and right eigenvectors corresponding to the pair
of critical eigenvalues satisfy

b=4b=cr=crf=0.

It follows that when the feedback controller (9) is employed, L§ = Lo+bK;cretains the pair of the critical
eigenvalues tjw. at 7 = 0. Denote £* and 7* as the left and right eigenvectors of L§ corresponding
to the pair of critical eigenvalues, respectively. Then there hold £* = £ and r* = 7, and thus Hopf
bifurcation is again born at ¥ = 0 for which the zero solution becomes unstable as v acrosses 0 from

negative to positive [6]. The next result gives the condition on stabilizability of Hopf bifurcation.

Theorem 4.1 Consider the nonlinear control system in (8) with output feedback control law in (9).
Suppose that Ay > 0 with 5\(6) as in (6), and the critical modes of Lg is not observable through output

measurement y = cx. Define p* and v* by

1 . oo 1
_LSM* = 'Q"QO[Ta ?]7 (2.7ch_ LO)V = §QO[Tv T]’

where L§ = Lo+ bKyc. Then there exists a feedback control law u = K(y), y = cz, that stabilizes Hopf
bifurcation, if and only if there exists linear controller u = Kqy, y = cx, that stabilizes Hopf bifurcation.
Moreover the stabilizing gain Ky # 0, if exists, satisfy the condition that the none critical eigenvalues

of Ly = Lo + bKyc remain in the open left half plane and

10




X2+ KiRe {Eil (2rep™ + FCV*)} <0. (15)

Proof: Denote A\*(¢) as the function in (6) for controlled system, and \} as the first coefficient of

M (). Then direct computation gives
 Qjlz, 2] = Qolz, 2] + L1z Kycx + bKo(cx)?.

It follows that Q§[r,r] = Qolr,r] and Q§[r,7] = Qo[r,7] by c¢r = ¢ = 0. Using the formulas in previous

sections and the conditions £b = c¢r = 0 yield formula
5\’; = X+ K Re {Efll (2rep” + fcy*)} .

Since Az > 0 and A} involves only the linear term of K(y) in (9), stabilization of Hopf bifurcation
with nonlinear controllers in (9) is equivalent to the existence of linear stabilizing controllers in light
of Theorem 2.2. If stabilizing controllers exist, then ;\5 < 0 holds since :\; = 0 is possible for stability
of Hopf bifurcation under the condition \j < 0. Moreover the rest of eigenvalues of L = Lo+ bKjc

remain in the open left half plane by stability of the closed-loop system. |

The result in Theorem 4.1 is similar to stabilizability of pitchfork bifurcation in Theorem 3.2 where
nonlinear controllers do not offer any advantages over linear ones in terms of bifurcation stabilization.
Hence if the critical mode, or modes, of the linearized system are uncontrollable and unobservable,
linear controllers are adequate for bifurcation stabilization. In the rest of the section, we study the
case when stabilizability condition in Theorem 4.1 is not satisfied. Clearly additional sensors have to
deployed such that c¢r # 0 is valid in order for Hopf bifurcation to be stabilizable. Although linear
controllers can be investigated, it is much easier to consider the class of nonlinear controllers in (9)
where K1 = 0 as discussed in [1]. With Ky = 0, both critical eigenvalues and left/right eigenvectors

are invariant under feedback. Moreover L§ = Lo. The next result generalizes the result in [1] to output
feedback stabilization.

Theorem 4.2 Consider the nonlinear control system in (8) with output feedback control law in (9).
Suppose that Ay > 0 with (¢) as in (6), p,v as in Subsection 2.2, and the critical modes of Lo is
observable through output measurement y = caz. Then there exists a feedback control law u = K(y),

y = cz, that stabilizes the Hopf bifurcation, if and only if

Re {Eil (Fer + refF) cr} # 0. (16)
If the above condition holds, stabilizing controllers can be taken as quadratic ones.

Proof: With straightforward computation and using £b = 0, we obtain
:\; = X2+ K3Re {Ef}l (2rep + Fcl/)} .

Note that by Ky = 0, 4* = p and v* = v. Because Ay > 0, Hopf bifurcation of uncontrolled system is
unstable, Hence stabilization requires that 5\§ < 0 to hold that implies the condition in (16). Conversely,
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if (16) holds, then there exists K such that 5\3 < 0 that ensures stability of Hopf bifurcation for the
feedback system. Since only quadratic term of the nonlinear controller is involved in determination of

A%, the stabilizing controller can be taken as quadratic one. [

5 Conclusion

This paper discussed bifurcation stabilization using smooth local output feedback controllers where the
critical mode of the linearized system is uncontrollable. Stabilizability conditions were established for
both the case where the critical mode is observable, and unobservable through output measurement.
The results can be used to synthesize stabilizing controllers, if they exist. Although control systems of
the form (7) are studied, the results presented in this paper can be easily generalized to those of the

form & = f(vy,z)+ g(y,2)u, or & = f(v,z,u), with suitable modifications.
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