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BRIEF OUTLINE OF RESEARCH FINDINGS 

An analysis of transversely varying thickness modes in contoured quartz resonators with 

beveled cylindrical edges has been performed. The radial dependence of the eigensolution in the 

inner electroded region was obtained by the method of Fröbenius and in the outer unelectroded 

region by means of an asymptotic expansion about a point just outside the edge of the electrodes. 

The resonant frequencies of some harmonics and anharmonics of SC- cut quartz resonators 

including a TCXO were calculated along with the motional capacitance of harmonics and 

anharmonics which have no angular difference. Comparisons were made with an earlier treatment 

in which a rectilinear approximation was made. The influences on the mode shapes of both the 

inner and outer radii of curvature of the contours and the portions over which each was operative 

were exhibited. 

An analysis of the influence of an asymmetric air gap on transversely varying thickness 

modes in quartz trapped energy resonators was performanced. The thickness-dependent problem 

that transforms the inhomogeneity from the electrodes into the equation for transversely varying 

thickness modes was identified and solved. It was shown that the asymmetry of the gap has no 

influence on either the resonant frequencies or motional and static capacitances of the resonators 

and only the mean value of the gap does. The equation for transversely varying thickness modes 

was modified to account for the gap. 

The advantage and importance of using rotationally invariant nonlinear electroelastic 

equations for the description of piezoelectric resonators subject to biasing deformations (even 

homogeneous thermal) was shown3. This is a result of the fact that the general nonlinear 

description and even its linear limit can be referred to reference coordinates, to which an 

intrinsically linear description cannot. As a consequence, when the nonlinear description or its 

linear limit is employed, the influence of biasing states (even homogeneous thermal) can be 

determined without ever finding the biased geometry. Examples of the additional accuracy 

obtained with this description were given. 

An analysis of transversely varying thickness modes in trapped energy resonators with 

shallow and beveled contours and rectangular electrodes has been performed. The influence of 

both the contouring and the continuity conditions at the edge of the electrodes was included in the 

treatment. It was shown that the treatment should be used for contoured resonators with ordinary 

contours operating in the fundamental mode when the electrodes are of relatively small size. The 

results indicate why and when the analysis for the contoured resonator which ignores the 

continuity conditions at the electrode edges works as well as it does. It is shown that the treatment 

is applicable to the harmonics of a beveled resonator if the circle of intersection of the inner and 

outer contours is replaced by the circumscribed square. The influence of the radii of curvature and 

domain of the inner and outer contours on the mode shape was exhibited. 



The similarities and differences in the analytical description of the acceleration sensitivities 

of acoustic bulk and surface wave resonators have been noted and summarized5. The importance 
and advantages of the use of finite deformation theory over infinitesimal deformation theory for the 
accurate prediction of the behavior of both precision resonant devices was noted. It was noted that 

with such a description the influence of biasing states can be determined without ever finding the 
biased geometry. It was noted that the very useful equation for the accurate calculation of the 
perturbation in eigenfrequency due to a bias was obtained from the nonlinear description. The 
detailed analytical descriptions of the mode shapes of both surface wave and contoured resonators 

were presented and contrasted. 
The influence of the free edge on the vibration characteristics of a contoured, beveled 

cylindrical quartz resonator has been studied6. The associated analytical problem, which had been 
treated in earlier work, had to be reconsidered. The new treatment differs from that of earlier work 

in that the dominant condition at the edge of the resonator is satisfied and the approximation made 

earlier in the beveled annulus is not made in the new treatment, in which the solution is exact. An 
analytical procedure for the determination of the required diameter for a good resonator was 

identified and calculated results were compared with earlier work. 


