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ABSTRACT 

'*»       The root-mean-square angle technique reported earlier (NTO-635) 
% is extended to the calculation of buildup factors in iron, tungsten, 
t    lead, and uranium for 1,..., 8 Mev photons and a pure Compton acat- 

I     terer for 1, 2.5, and 10 mc2 photons. Computations are carried out 
to 20 mean free paths for the metals and kO mean free paths for 
the Compton scatterer. The behavior of the buildup factors as 
functions of the initial energy for the heavy elements is found 
to differ qualitatively from that for iron and the pure Compton 
scatterer. 
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GAMMA-TRANSMISSION IN  IRON,   TUNGSTEN,   LEAD, 
URANIUM,  AND A  PURE COMPTON SCATTERER BY 

ROOT-MEAN-SQUARE ANGLE CALCULATION 

by 

Leonard R0 Solon, J» Ernest Willems, Jr., 
Alan Oppenheim, Herbert Goldstein 

Introduction 

If the interactions of photons with matter were pure absorp- 

tion processes the attenuation of gamma rays through a material 

could be simply calculated on the basis of an exponential decrease, 

Thus for a plane monodirectional and monoenergetic source the 

fraction, f, of photon flux surviving a penetration x would be 

merely 

f = e °  . (1) 

Here p.    is the total macroscopic cross section of the photons 

for the given initial energy E <> 

In the Compton process, however, the photons are not absorbed, 

but merely degraded in energy and scattered from the incident dir- 

ection» These secondary photons must be included in the calcula- 

tion of the photon flux, and Eq. (1) for f must be replaced by 

= [l + B(Eo,juox)]e ^°  . (2) 

The quantity B is called the "buildup.factor" and is the ratio of 

the secondary, scattered flux to the primary, unscattered flux. 

If f refers to the particle flux then the corresponding buildup " 

factor is B^t   the "number buildup factor". If it is the energy flux, 

or intensity, that is involved, then the corresponding B is Bp, the 

"energy buildup factor". 



Because of the difficulty in obtaining a rigorous solution 

to the transport equation describing the secondary photon spectrum, 

several approximate methods have been developed. One which has 

received considerable attention describes the energy degradation 

as correctly as possible, but assumes the photons are not deviated 

in direction by the Compton scattering. This "straight-ahead" 

approximation has been treated in considerable detail in Refer- 

ence (1) and elsewhere. The so-called "R.M.S." method represents 

an attempt to improve the straight-ahead approximation by includ- 

ing, in some measure, the effect of angular deviations. Briefly, 

the method assumes that all photons of wavelength X are traveling 

at a single angle 0 to the forward x direction given by the root- 

mean-square angle deviation corresponding to X« Details of the 

method are described in References (2) and (10). The transport 

equation takes the form 

äitoja + „.ftOO.,,- p(x ,) = f     K(V,X?FU,X11 ix,   + K(l,X)e"
V 

a*       i-a-V Jx      i-U'-x0) (3) 

where the symbols have the following meanings: 

F(x,x)dX is the particle flux of secondary photons at distance 

x with wavelength in units of the Compton wavelength 

between X and X+dX, 

X is the wavelength corresponding to the initial energy* 

JDL(X) is the total macroscopic absorption coefficient, and 

K(X«,x) = A(^)2(^r + *L „ (X_xi) [2-u-x» )\ (lo 
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where A is a constant depending on the electron density of the 

medium. In terms of the secondary spectrum F(x,\) the number and 

energy buildup factors are given by 

.00 //is 
e ° F(x,X)dX 

*o 

(5) 

^"°X P(x,X) f 

o 

In Reference (2) it has been shown that solutions could be obtained 

to Eq» (3) if certain approximations were made for the dependence 

of u on X, and if the scattering kernel K were approximated by 

B^CXSX) = 2A^ eX'-X . (6) 

The validity of Eq. (6) is discussed in Reference (2). With these 

assumptions, buildup factors were calculated for an initial energy 

of 20 mc2 (10.2 Mev) for penetrations in lead out to 20 mean free 

paths« As shown in Reference (2) these results agreed much better 

with some exact calculations of Fano and Spencer than did the 

straight-ahead values.  It was therefore felt worthwhile to extend 

the computations to cover a wider range of elements and initial 

energies. The values so obtained will be presented here, along 

with a brief mention of the significance of the phenomena exhibited 

by the results. A later report will treat in detail the explana- 

tion for buildup behavior. 
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Buildup factors — number and energy — have been calculated 

for four substances: iron, tungsten, lead and uranium, at pene- 

trations of k,  7,   10, and 20 mean free paths (1 mean free path 

= l/p ). For each substance source energies of 1 to 8 Mev 

have been considered. In addition buildup factors were calculated 

for a pure Compton scatterer at penetrations of 4-, 8, 20, 30 and ko 

mean free paths for 1 mc2, 2«5 mc2 and 10 mc2 photons. A single 

geometry — a plane monodirectional source — has been used for 

all problems« 

The cross section data for iron, tungsten, and lead were an 

adjusted version of data furnished by Mrs. Charlotte Davisson in 

a private communication [Reference (6)J. The data for tungsten 

were  actually obtained by interpolating between tantalum and lead 

in Mrs. Davisson»s data» For uranium the cross section data used 

were obtained from Reference (3), Supplement 1. The Compton scat- 

tering data were obtained from Reference (7). 

For convenience representative data are assembled in Tables 

I and II. The cross sections are for elements of the following 

densities: 

Element Density (p = g/cm3) 

Iron 7.85 

Tungsten        19*3 

Lead 11.4- 

Uranium 18.7 
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- Cross Section Data 
TABLE  I 

for Iron,  Tungsten,  Lead and Uranium 

Energy 
(Mev) 

! 
Element* 

Fe ¥ Pb U 

0.25 0.9*1-5 9.25 6«675 llj-.Ste 
0«50 0.652 2.5I1-0 1*750 3*815 
1.00 Oolj-68 1*255 0.792 l«537 
2,00 0,336 0.83*+ 0,511 0.879 
3.00 0.281 O0760   ■ O.I+67 0.808 
*4-*00 0.258 0,760 0.14-71 O.827 
60OO O.237 0.819 * O.516 O.879 
8*00 0e23*+ 0*900 O.56O 0.935 

*    Cross sections are -1 in cm      for densities  listed in texte. 

TABLE II 
Cross Section Data for a Pure Compton Scatterer 
Energy Total Microscopic Cross 

Section x 10 ^ in cm :     (mc*) 

0.5 0.37*1-5 
loO 0.2866 
2o0 0.2090 
1+-.0 Oall+46 
6.0 O.U36 
8.0 0.09*+7 

10 «0 O.O817 

=8- 



Analysis 

The analytical work has been assembled in Appendix A» For 

convenience a glossary of the functions and parameters used in 

the R.M.S. procedure is presented below« A full discussion is con- 

tained in Reference (2). 

0(A) is a logarithmic energy variable = - ^n(l+XQ-X) 

jü(X) is the effective R.M.S. cross section = 1.^^^~J 

K(Xl,A) is the effective R.M*S. scattering kernel = jtjjt\J 

g is the Greuling constant. If K(X,X) = g ^ in an energy 

interval then F can be expressed in terms of the 

confluent hypergeometric function. This equation 

is equivalent to requiring that fö be a linear 

function of 0» 

For a pure Compton scatterer Eq. (3), after an obvious change 

of variable, has been used in the form 

X ") 
where 

y is the number of mean free paths S'ji x; 

m(x) = ß*Ä2 - g(v . a(x) is the total microscopic cross 
^o    ao 

section, a_ = a(Xrt); 
9 2 

k(x«,X) = 2aA^\ ex''\ where a = ~ = -^ ; rQ is the classi- 

cal electron radius = 2.80 x 10" ^ cm. 
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In Appendix A are collected tables summarizing the analytic 

properties of the approximation for each problem, i«e« the appro- 

priate g-value in each region, the subinterval in 0, the piecewise 

linear approximation to the R.MeS» cross section^, and finally the 

analytic solution» At the end of this Appendix are assembled' sev- 

eral representative sketches of ja versus 0  and the piecewise approxi- 

mations o 

Effects,,of the Approximations to J5 and K 

In order to test the effect of small variations in fitting ja 

with linear functions of 0S  the case of 2 Mev Y-rays in tungsten 

was worked with three different such approximationso The crudest 

approximation has g = 1 and only one region» A better approxi- 

mation has g = 0«735 and again only a single region« The third 

approximation, which was used to calculate the results reported 

in Appendix C, has two regions with respective g values of 1 and 

1/2. 

In the first approximation the analytic solution is 

F = KU0,A)xe 
F°  . (8) 

The second solution is 

F = K(XQ,X)xe ° 1F1[8265;2;(p0-ja")x]0 (9) 

For the solution F in the third approximation see Appendix B, 

where the new Laplace inversion required for this situation has 

been worked out» Buildup factors in each of the three cases are 

recorded in Table III. 
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TABLE III 

2 Mev Photons - in Tungsten     • - 

g=l g=0„735 
! 

g=l, 1/2 

F0
X 

% % % % .   % % 

k 1.77 1« J-£- l.lj-1 loOO ! lolj-8 lo03 

7 3 c 10 1-95 2 «29 1.614- | 2*55 lo79 

10 hek-3 2c79 3ol0 2«2hr I 3.61 2o5^ 

20 8,86 5.58 5»53 ko 09 7*1^ 5-05 

The differences existing between the buildup factors obtained 

by the various approximations are probably representative of the 

deviations to be expected from the uncertainties in the piecewise 

approximation to the cross section«. This type of calculation was 

not performed for each material or each energy« We areP howevers 

confident that most of the stray points in Figures G6P«<>ij>C10 are 

attributable to fortuities in the fit* In this connection it should 

be pointed out that for most attenuation calculations an error of 

25 percent in the buildup factor would be quite unimportanto 

To determine the sensitivity of the buildup factors to changes 

in the kernel a different approximation than (6) was used in several 

cases« This alternative kernel is 

*2 = 2A(^T 10) 

which differs from (6) in having no exponential dependence* This 

kernel has been used by Greuling and WeIton [Reference (10)1. Here 

again the changes in the resulting buildup factors were relatively 

inconsequential ( ^  20 percent in Bjjj ^ 15 percent in B™). A repre- 

sentative comparison for both approximate kernels is exhibited in 
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Table I? for 5 Mev photons in uranium« 

TABLE IV 
5 Mev Photons in Uranium 

: 
Kl *2 

Fox B
N \ 

BN 
.i 
\ 
 i \ 

k I0OI4- 0.59 1,22 
■ 

0.61+ 

7 2.17 1.18 2.56 lc30 

10 3*68 1.9^ ^-.36 2.1^ 

20 12.36 I     6.06 1^.91 ;  6.79 

In estimating the relative merits of the two kernels, it should be 

noted that though K^ approximates the exact kernel somewhat more 

closely than £, over a larger energy range, the latter is a better 

fit over the energy interval which is overwhelmingly more important 

in the R„M.S. theory, ioe_e energies close to the initial energy» 

For this reason greater reliability is attributed to the results 

for K^K^o 

Behavior of the Buildup Factors; Conclusions 

Assembled in Appendix G are tables of the buildup factors 

for each of the elements, initial energies, and penetrations. The 

number buildups for the Compton scatterer are not included since 

this quantity, for a material in which no capture processes are 

taking place, is, of course, 

% = e   - 1- 
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The R.M.S. calculation obviously cannot predict this quantity 

since it introduces, in effect, an artificial "capture" for all 

photons scattered 90° or more« 

The behavior of the energy buildups with penetration in a 

heavy element (lead) is shown in Figures Cl,.o.-«>cl|-. Figure CJ> 

shows this behavior for a pure Compton scatterer« 

In Figures C6,..«,C10 are exhibited plots of buildup factors 

versus initial energies for the four substances and the pure 

Compton scatterer» The general trends are manifest« For sub- 

stances of large atomic number (Z - yk-)  the buildups increase^, 

achieve a broad maximum, and then decrease slowly for small and 

intermediate penetrations ( < 10 mean free paths) but increase 

monotonically for large penetrations (~ 20 means free paths)« 

For iron, on the other hand, the buildups decrease with energy, 

the rate of decrease falling off with diminishing penetration» 

This effect is accentuated in the pure Compton scatterer« 

A detailed discussion of the physical reasons for these trends« 

and of the validity of the RoM.S. calculations will be presented 

in a subsequent report» It may be mentioned here^, however, that 

it is felt that the decrease of the buildup with initial energy, 

for Compton scatterers, can be explained in terms of the nature of 

the energy degradation processes» At higher energies the scattered 

photons are very rapidly degraded to energies so low that they do 

not contribute appreciably to the buildup. This process is not 

nearly so marked at low initial energies, and the buildup is 

therefore relatively higher« With the heavier elements absorption 
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processes enter in addition to scattering» Thus at low initial 

energies absorption predominates and the buildup is correspondingly 

smallo The photoelectric absorption decreases in proportion to 

scattering as E increases, and an increase in buildup for given 

penetration is therefore expected. It is believed that the varia- 

tion for heavy elements can in large measure be explained by the 

varying proportion of absorption to scattering» 

-ik- 



References 

lo Jo E = Wilkins, Jr., A» Oppenheim and L« Solong The Transport 

Equation in the Straight-Ahead Case,, NYO-633* September 1950 

2o Lo R0 Solon and Je E. Wilkins, Jr«, Straight-Ahead and Root- 
2 Mean-Square-Angle Calculations for 20 mc Y~Rays in Lead, 

NYO-635, December 1950 

3e W. S. Snyder and Jo Lo Powell, Absorption of T-Rays9 ORNL-k-21^ 

March 1950 

In Go Ac Campbell and R. M. Foster, Fourier Integrals for Practi- 

cal Applications, D* van Nostrand Co», 19^8 

5c Go Young, Piece-Wise Greuling Solutions for Hydrogen, 0RNL-H-15* 

September 1959 

6. Charlotte Davisson, letter to H, Goldstein, December 1950 

7. R* Latter and H. Kahn, -Gamma-Ray Absorption Coefficientsg 

RAND R-170, September 19^-9 

80  So 0o Rice, Properties of a Sine Wave Plus Random Noise, 

Bell System Technical Journal, vol* 27^ pp. 109-157* January 

19^8 

9* Jo E„ Wilkins, Jr* and A. Oppenheim, Another Invertible Pieces- 

wise Greuling Solution to the Straight-Ahead Transport Equation, 

NYO-638, April 1951 

lOo  To Ao Welton, TID-256 (classified), 
00 

11« Go Placzek, The Functions E„(x) = / e^V du, MT-1, National 
-—-—— ;  n—:  l.""- ' !— ' 

Research Council of Canada, NoReC* No. l^k-7,  December 19^-6 

-15» 



Appendix A 

R cM.S. Approxima 
TABLE A-l 

tion for 1 Mev Photons in Uranium. 

Region 

1 

g 

-370 

X • Interval 

o5l^X-oo 

0^0^00 

Cross Section 
Approximation 

A =  1,072 

F0 = 1°537 

F(xsX)/K(XoSX) 

xe -Fox 

LF1|l~g52 5(po-p)xj 

TABLE A-II 
R•MoS« Approximation for 2 Mev Photons  in Uranium 

Region X 

»572 

•Interval 

.26^ 00 

0^JZ£oo 

Cross Section 
Approximation 

A = 1.072 

F0 = -879 

F(x,X)/K(XA,X) 

xe ^Vlt-S'^^o-F^l 

TABLE A-III 
__R <>Mo S. Approximation for 3 Mev Photons in Uranium 

Region 

1 +1 

X 
J: Interval 

»17-\-oo 
0^0^00 

Cross Section 
Approximation 

A = 1*072 

11 = »808 1 o 

F(x,X)/K(X„,X) 

xe IV 

Region 

TABLE A-17 
„Jü»If°s° Approximation, for q- Mev Photons in Uranium 

if 
X Interval 

013-X^.2142 

0^.088 

Gross Section 
Approximation 

F = AP+Po 
A = I0O72 

u   =  »827 

F(xsX)/K(X .X) 

xe "Po* [l+(^p0) f] 

„2ll4-2^x^oo 

,O88=s0£ 00 
Pl ,921 Replace ju in Region I 

above by ju-, <> 
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TABLE A-V 
R»MoSo Approximation for 5 Mev Photons in Uranium 

Region 

I +8 

0' ■Interval 

.102^. 186 

0*0^.088 

Cross Section 
Approximation 

A =  1*072 

F(x,X)/K(A0,X) 

^5ü~ x   + "—TT-" x   , 

\ 21<Pfo)5   6     35Cpf,/   5 + —Ti—~ x      —jf— i 

, 35(^o)3 > + 
21(P^o}I T3 + £_— x _ +        ^ x 

.  7(A-F0
)    2   .  .. ^ox 

21 x    + x e 

II +1 o l86^x^oo 

c088^oo 

H 38yo6 Replace jü in Region I above 
by p1o 

~J~ 

TABLE A-VI 
RoloS. Approximation for 6 Mev Photons in Uranium 

Region g 

oe 

-Interval 

. 08^X^.171 

0^0^«090 

Cross Section 
Approximation 

A = 1*072 

p0 = «878 

F.(-XpX)/K(X0,X) 

rne     xi [21/xcrn 

•(A) = SAin^^-y 

II +1 ,171^oo 

,090^0^ 00 

Replace X in Region I above 
by Tii» X1 = o 171 ® 
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TÄBIE A-VII ' " 
R-M.S. Approximation for^ Mev Photons in Uranium 

Region 

I 

-Interval 

,073^x^.098 

Cross  Section 
Approximation 

p. = -A0 + Fo 

A =  le072 

n0 =   -903 

F(x,X)/K(X0>X) 

xe -px 
[i+0vn> f] 

11 00 ,098^x^.159 

,025^.090 

jSn =  »876 (^o"iTl) ifxj e ?1\(2l/^p^') 

+ h 
.x 

x     e    X I1(2/7frxT) fTxJ 
■ l-(x  -x_) 

X]^ = .098 

III +1 .15 9£\£oo 

.090^jZ^oo 

Replace X in Region II above 
by X2»    X2 =  0I59* 
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TABLE A-VIII 
R.M.S. Approximation for 8 Mev Photons in Uranitim 

Region 

-2 

^-Interval 

0^0^,0625 

Cross Section 
Approximation 

Ji = -A0 + JIQ 

A = 1.072 

/*0 =  *93? 

P(x,\)/K(X0,X) 

xe-^ [l+(/i0-p) f J 

II +2 .122^.201 p. =  A0 + b 

b = .801 

xf 
xe 

(^o f^i] -Wj T' 
FI = .868 

III +1 .201^00 

.lk-75-f^oo 
h. = »959 Replace jS_in Region II 

above by juu» 
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TABLE A-IX 
R.M.S. Approximation for 1 Mev Photons in Lead 

Region  g X 
f Interval 

Cross Section 
Approximation P(x,X)/K(X0,X) 

I , x 

L 

.51^00 

0^0^00 

ja = IlA0+|uc 

A =   «6692 

po =  o792 

xe ^o2^"Fo)x 

+ I, ?(p-p0) x 

Region 

TABLE A-X 
JitM?J?»  Approximation for 2 Mev Photons in Lead 

+ .768 

 i„_ 

0' -Interval 

O26^x^oo 

0^0^00 

Cross Section 
Approximation 

F = Y 0+Fc 
A = .6692 

F0 =  °5H 

F(x,X)/K(X0,X) 

xe -P, 
x  r 

° lplL1"g52'(J1o"?i)x. 

TABLE A-XI 
R* 1LS. Approximation for 3 Mev Photons in Lead 

Region e 0' ■Interval 
Cross Section 
Approximation F(x,X)/K(X0,A) 

+1 , ¥j±\± 00 

0^0^00 

A = «6692 

K     = A67 

xe -Po
X 

.20» 



TABLE A-XII 
.„J^i-^S«-J^PXQ^Pa^Jig^.-fo:r.:A Mev Photons in Lead 

Region 

4-2 

0' •Interval 

,13^.2115 

0^*085 

Cross Section 
Approximation 

p. =  A0 + fiQ 

A = «6692 

F0 = -H-71 

P(x,X)/K(X0,X) 

xe^ox^i+(ß^xo)  I 

1: .211^X^00 

. 08 5'^ 00 

^ = o^28 Replace ju in Region I above 
by ji^ 

Region 

TABLE A-XIII 
RoM.S. Approximationfor ■? Mev Photons in Lead 

00 

0 -Interval 

,102^X^.1^6 

0^0^,056 

Cross Section 
Approximation 

po =   »14-92 

F(x,X)/K(X0#X) 

x ^o^Ii[2^(n |TxJ 

J.X +2 „156^X^.211 

O05'6^oll5 

jü. = A0 + b 

A = 06692 

b =   0I4-5I4-5 

III «211^X^oo 

c 115^ 00 

P2 =   .5315 Replace p. in Region II above 
by ^ 
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TABLE A-XIV 
R.M.S. Approximation for 6 Mev Photons in Lead 

Region 

I -2 

0 -Interval 

,085^.13^ 

0^0^.050 

Cross Section 
Approximation F(x,X)/K(X0,X) 

f =  -A0 + /i0 

A = c6692 

xe -px l+(p0-p) |] 

II +2 .13^X^.198 

.050^0^.120 

p. - A0 + b 

A = .6692 

b = »M-l-9 

xe A ll+Cja^-2^) I 

III +J- .198^00 

0120^0^ 00 

P2 = °529 Replace ja in Region II above 
by p2 
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TABLE A-XV 
RoM .So Approxim] pit ion for 7 Me\ r Pnotons  m Leaa 

Region g 0-Interval Cross Section 
Approximation F(x,X)/K(X0,X) 

I ~2 „073^x^.127 ja = ~A0 + p0 xe~^[l+(po~p)f 
0^^.055 A =   .6692 

P0 = «537 

' 

_ _ „ _ . _ _ «V            D-«°             —M.            W—.            •—             —» u ___._- „    —    —   ~   —,   —   —   —   —    —    —.-. —   "™*-~ 

11 +2 .127^X^.206 h = ^00 xe"PlX(l+(j5+ii -2jaO f , 

„055^.1^-3 
! 

HI +1 «206^X-oo F2 = «559 Replace ja in Region II above 

Region 

•r 

11 

TABLE A-XVI 
R.M.S.  Approximation for 6 Mey Photons  in Lead 

Cross Section 
Approximation 

00 

0 -Interval 

,0614^0,106 

o^£<,oio 

,106^x^.1^5 

,0^0^. 08k 

+ Pc 11 = ■ 
r     , ~ *~     '"o 

A =?   o6692 

fi0 =   .560 

p.,  =   O502 

F(x,X)/K(X0,X) 

xe *px 

III 

IV 

+2 

+1 

.1^7^.20? 

,08^jz£ .152 

=205^x~oc 

3lp26(Zfcco 

ju. = :'A0 + b 

A =   .6692 

b = Bkk6 

= «5k8 

-2y 

e-^x((p.-^) ^-j Z&rfpZ. 

+ , <&. 

f(X2 
Ac .1^-5 

Replace ja in Region III 
above by jEL 



TABLE A-XVII 
R.M.S.  Approximation for 1 Mev Photons  in Tungsten 

Region g ^-Interval Cross Section 
Approximation F(x,X)/K(Xo,A) 

I t-^591 o 51^00 

(£0^00 

P = f1 0 + Fo 
A =  I.I52 

-|Li x       r                           1 
xe         1F1|l-g525(|Lio-iä)xJ 

p0 =  1*255 

Region 

II 

g 

TX 

+ 3L 
2 

TABLE A-XVIII 
RsM.S. Approximation for 2 Mev Photons  in Tungsten. 

0° 
•Interval 

sli6*A*oo 

o2)4-7^0^oo 

Cross Section 
Approximation 

A = 1.152 

p0 =  »890 

p = IlA0+b 

b =   .3209 

F(x,X)/K(X0,X) 

See Appendix B for analysis 

TABLE A-ZIX 
R.M0S0 Approximation for 3 Mev Photons  in Tunesten 

Region g w-Interval Cross Section 
Approximation F(x,A)/K(X0,X) 

I +1 . 17- A~ 00 

O=?0^oo 

A =  I.152 

|i0 =   «760 

-Fox 

xe 

 _ 
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Region 

TABLE A-XX 
R.M.S. Approximation for g- Mev Photons in Tungsten 

^-Interval 

.13^X^.1976 

0^^.070 

Cross Section 
Approximation 

f = A0 + ji0 

A =  1.1^2 

p0 =  .760 

P(XAVK(X0,X) 

xe^°X[l+(pp0) f] 

II +1 ,1976^00 

,070^0^00 

p^ =  .81+1 Replace ja in Region I above 

—~-— 

Region 

TABLE A-XXI 
R.M.S«. Approximation for 5 Mev 

0" ■Interval Cross Section 
Approximation 

Photons in Tungsten 

F(xsx/K(X0,X) 

00 ,102^X^.138 

Q£0£„O37 

F0 = -787 
•n x_ 

ftxT e ~ H1
2/
W^1 

II +2 ,138^x^*203 

,037^.106 

p = A0 + b 

A =  1,152 

b = .7hk 

(p-/io)^e J42^h3 
"Po +lik)e ro\[^*?] 

X-.     =     «I38 

III +J. <,203^X-co 

. 106^0^ 00 
F2 = .866 Replace ß.  in Region II 

above by p^* 
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TABLE A-XXII 
R«M«S« Approximation for 6 Mev Photons in Tungsten 

Region -Interval Cross Section 
Approximation F(X,X)/K(X0,TO 

oo .085^.18 

0^,100 

A = 1.152 

Po = '8l9 
"F°X J2^] 

?(A)=2Ainirl. 

II +1 . 18^ 00 

o 100^0^ 00 

Replace X in Region I 
above by X-jo X-, = .18. 

TABLE A-XXIII 
R. M. S. Approximation for 7 Mev Photons in Tungsten 

Region 

II 

III 

-a. 

00 

+2 

£ •Interval 

.073-^.09^ 

0^0^.021 

.09^A^«13^- 

.021^.063 

Cross Section 
Approximation 

A =  I.I52 

Fo =  -8*2 

JI   =  e8c4 

,131^x^.195 

,063-0^»130 

p = A0+b 

A =  I.I52 

b =   .731 

F(x,X)/K(Xrt,\) 

xe -px 

x 

„   l-(xn-x„) 

-P0x( (ji-j;:L)xi2[2t^f?^7l 
f(xp 

+ \fe 
J2i/x^(Ä2)' 

x2 = .13I4- 

iv +1 .195-x^oo 

.130^0^00 
P3 =  .881 Replace p in Region III 

above by p~. 
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Region 

TABLE A-XXIV 
R.ML.S« Approximation for--8 lev 

-1 

Photons in Tungsten 

0 -Interval 

,06^X^*111 

o*0^*oks 

Cross Section 
Approximation 

A =  1.152 

Po =    -9°0 

F(x,X)/K(X0,X) 

xe ^>jax 

II +2 .111^X^.203 

.0^8^.15 

p. = A0 + b 

A = I.152 

b =    .73^ 

jS-L =     «789 

xe -Flx[l+f (W" 

III +1 .203^X^00 

.15^00 

^2 =  -9°7 Replace fi in Region II 
above by p^" 
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R 
TABLE A-XXV 

.M.Sc Approximation for 1 llev ' Photons in Iron 

Region 

I 

g 

+1 

"k ^-Interval Cross Section 
Atjproximation F(x,X)/K(X0,X) 

o5"l-X-oo 

0^0^00 

A    =  o5i|21 

ja     =  el+68 

"PoX 
xe 

Region 

TABLE A-XXVI 
üoM»So Approximation for 2 Mev Photons in Iron 

■Interval Cross Section 
Approximation F(x,X)/K(X0,X) 

+1 ,264^ oo 

0^0^00 

A =   .5i421 

P-0 =   036 

xe -Po X 

TABLE A-XXVII 
  RoM.S. Approximation Xo_r Jl Me¥ Photons  in .Iron ., 

Region 

I +J. 

tf 
»Interval 

• I?- A- 00 

O^co 

Cross Section 
Approximat ion 

A = «5^21 

Po = "281 

F(x,X)/K(Xrt,X) oa 

xe 
»11 x 

' o 

Reg' 
ion 

II 

__. 

TABLE 
R,oM«So Approximation 

g 

1 

X 
0' Interval 

*1 

s J-3™ A— © JL*/ 

C^(^8043 

.17^X^00 

c 0^3^ 00 

Cross Sec- 
tion Appro» 
ximation 

ji = j A0+JU 

A = «5tei 

Po =   *2^8 

'O 

p^    =      e289 

A-XX7III 
'or 4 Mev Photons in Iron 

F(x,X)/K(x.\) 

[3+2(p-(i0)x]l0[(p.Po> 

l+2(^-Fo)xj 1^(^)1 

Replace ja in Region I above by 
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TABLE A-XXIX 

Region 

JLl GJLVJ. 

g ^-Interval Cross Section 
Approximation F(x,X)/K(X0,X) 

I +2 e102^X^oai4-'l2 p. = A0 + p0 

A =   *5^21 

xe"P°X[l+(pp0) f ] 

Po =   >2k6 

II +1 o lk-12£\£ oo 

.O^jZ^oo 

ü, = o 268 Replace p. in Region I 
by jäj. 

above 

R.M oS. Approxiin, 
TABLE A-XXX 

ation for 6 Mev Photons  in Iron                          

Region g ^-Interval Cross Section 
Approximation F(x,X)/K(XoSX) 

I +2 e08^X^o3i42 

0^0^«oi+o 

. p = A0 + n0 

A =   .5^21 

/a0    =  .237 

xe"F°X[l+(p-Fo) f] 

II +1 c 12l4-2^X^ co p-L =   «259 Replace 5 in Region I above 
by p-j/ 
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R.M »S. Approxims 
TABLE A-XXXI 
ition for 7 Mey Photons in Iron 

Region g ^-Interval Cross Section 
Approximation F(x,X)/K(X0,X) 

I 

II 

+2 

+ 1 

0^0^.057 

.128M^oo 

,057^00 

p. =  A0 + FQ 

A = ,514-21 

jlQ  = .23I4-5 

Fi = °265 

xe^X[l+(p^o)|J 

Replace jü in Region I above 

Region 

TABLE A-XXXII 
RoM.S. Approximation for 8 Mev Photons in Iron 

g 0 '-Interval Cross Section 
Approximation P(x,X)/K(X0,X) 

I 

II 

+2 ,06^\^„158 

0^.099 

+1 . 158^00 

. 099-0^ 00 

P= -A0- +Mo 
A =   «5^21 

.23I4- 

xe "Po X 
[l+CjI- Po'i 

o 

jL =  »288 Replace fi in Region I above 
by jij^. 
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Region 

TABLE A-XXXIII  2 
R.M.S. Approximation for 1 mc Photons 

in a Pure Comnton Scatterer _ 

+1 

0 ■-Interval 

l»0*X-oo 

O^co 

Cross Section 
Approximation 

m = 2a0 + 1 

a =  *85S4 

a    =  .2866xlO*"2%m2 

F(y,\)AU0,X) 

ye ,-y 

TABLE A-XXXIV 2 
R.M.S« Approximation for 2.5 mc    Photons 

in ..a Pure, Cora-ptön Scatterer'  

Cross Section 
Approximation 

m = 2af + 1 

a = I.3I85 

a    =  ol868xlC~2^cm2 

o 

F(y,x)/k(\ ,X) 

ye -y 

Region 

TABLE A-XXXV 2 
ReM.So Approximation for 10 mc    Photons 
 JLri _a Pure C om/pt on Scatterer  

g 

+ .928 

0' ■Interval 

K 1^X^00 

(£jZ£oo 

Cross Section 
Approximation 

5 = %*+l g 
a = 3»Ollv7 

a. ,08l7xlO"2^cm2 

P(y,x)A(x0,\) 

ye"y
1F1 [l-g;2; (l-m)y] 
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•0 1.2 1.4 1.6 

Figure Al — Piecewise approximation to the R.M.S. cross section for 2 Mev 
photons in iron. 
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Figure A2 — Piecewise approximation to the R.M.S. cross section for 2 Mev 
photons in tungsten. 
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Figure A3—Piecewise approximation to the R.M.S. cross section for 10 mc2 

photons in a pure Compton scatterer. 
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Figure A4 — Piecewise approximation to the R.M.S. cross section for 5 Mev 
photons in iron. 
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Figure A5 — Piecewise approximation to the R.M.S. cross section for 5 Mev 
photons in uranium. 
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Figure A6—Piecewlse approximation to the R.M.S. cross section for 8 Mev 
photons in iron. 
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Figure A7 — Piecewise approximation to the R.M.S. cross section for 8 Mev 
photons in lead 
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Appendix B 

It is known that if K(X's,X) is separable, i.e. factorable as 

a product L(X8)M(X), the result of applying a Laplace transform to 

a function FCx^x) which satisfies Eq. (3) is [Reference (1)J 

/X 

I&LA1Ä1 . (Bl) 
p(X«)+s 

Ao 

Suppose it is true that there is a number X-, such that 

K(X,X) = f^ (X0 = X < Xx), 

i di; (B2) 

K(X,X)=^f (XX< X). 

By virtue of the definitions of K and 0S these equations can also 

be written as follows: 

K(XA) = % (0 = 0 <01), 

1    rl« (ß3) 
K(XPX) = f |jf (0j< 0), 

in which 0T  = - in(l+X -X^)»    Then it is clear that 

(Bl*-) 

K(X0,X) z      ^ 
f(.Sj,X) = p (X_ = X = X-i)<> 

(Fo+s) 

_ K(V^)(/Vs)1/2 i- 
f (s s X J — """■ o  _       T /o ( X -i  — X ) * 

c^+src/Li+s)1/2 x 

in which jü-, = iü(X-,),   and so    Reference  (i*-),  No. ^4-2J 

F(x,X) = K(X0,X)xe r° (XQ = X = X1). (B5) 
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To determine F(xPX) when A = Xp we observe that 

KaoJ^      " 9^o ] "Cp^+Tx^+S)1/2(p+s)1/2 

and hence [Reference  (14-)',  No»  219,  Noo  555] 

\ 

/ t 

KU ,71 ~ du. • 

,x 1/- ,!- 

(^o)e^f"e^e"^^ 

(B6: 

^(järja5y dy>.  (B7) 

0 

After a little manipulation^ this reduces to 

er° F(x.X) _ f     ^7(^+^2^)72^   ri^ 

o; 
op^r^yj [l+<pr/i0)xjdy 

Jo (BS: 

(fr-p0>    I   ye°"y(/ll+F*2/1°)/2Io[i(frJ5)y]dy0 

'o 

Let us no?/ define a function G(k,v) by the integral 

f 
G(k,v) = / e"uIo(ku)due 

^0 

(B9) 

This function has been found useful in other applications [Refer- 

ence (8)1 e  It has been studied and tabulated elsewhere [_References 

(8) and (9)J«> The only property of this function which we need 

here is the following [Reference (9)Js 
v 

(1-k2) | ue"uIo(ku)du = G(k,v) - ve-
v[lo(kv) + kl-^koj.    (B10) 

"0 
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In terms of this function G, it is now clear that 

C/(?SX) = mhsn" ((1 - ~h2+ 2h-OG(k,v) KU0,AJ F^i-^Fo  ^ 1-k (B11) 

2hve~v[lo(kv)  + kl1(kv)] 
+ _.      ,        _____ 

l-kr 

in which 

h =    ri f0- ,   k =      , -1        ,  v = £ (ju+pr2Fo)x. . (B12) 
F+Pr2Po wr2Po 

The tables of Reference (8) are inadequate for the computations 

reported in Appendix C of this report and so it is necessary to 

make use of the approximation [Reference (9)J 

<K*.V) = d-^r1/2 - & {*m%s ♦ ^h-^mf^M ,    (Bi3 
. ^ ) Uirkv)1^     ^kCl-k)]"1-7^    \ 

valid for k near one and v large, in whichH(t) is the error function 

/•*   2 

H(t) = — I e"u du. 
ft Jo 
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Appendix C 

TABLE C-I 
Buildup Fastors for Uranium (p =  18„7 g/cnr) 

JInitI d.O. Penetration (11 x) 1 
1     in im        .»»»..».»Mt« 

Energ 
(Mev 

V 
) 

4 7 u   10 20 

*s % % % % % % % 

1 O074 0c60 1*06 0,87 lo32 1*11 2.06 I07S 
2 ic07 0o79 I066 io25 2ol8 I067 3»71 2 „93 
3 1.31 0o79 2o29 I.38 3*27 1*97 605I+ 3*95 
4- 1.17 

1.04 
O069 2.25 lo31 3o51 2o05 

1.9J4- 
9o02 5-01 

'-) 0o^9 2ol7 1.18 3*68 12 „36 60O6 
6 0c89 0.4-8 XoOO Oo98 3.26 1*64 12 «03 5»te 
7 1.04 O.50 C. 0 JLÖ lo02 3-71 1„70 12.8* 

15*94 
5,4-6 

8 0,71 Oc36 I063 O078 3o08 1.38 6 o02 

TABLE C-II 
Buildup Factors for Lead  Go = = 11.4 g/enr) 

initial 
Energy 

(Mev) 
4 

Penetrati 
/ 

on (^ 
20 

^  H ^ ^I % % % % \ 

1 ,1c 03 O081 l«5j+ 1*23 1«98 I060 3ol9 2 „64 
2 1.39 

lo41 
Oo97 2o2.8 I0IS2 3.11 2.22 5*62 {4-.10 

Ir' 0„85 2*4-7 lo|4-9 3*53 2ol3 7o06 4°26 4 lo29 0*76' 2o5'0 1A5 
1.34 

3 »93 2o25 10 «33 5e?'J- 
4 lel6 

lo04 
0c80 2o^l 

2 „40 
4«37 
4o54 

2o26 16.16 7«73 
V.' O055. 1.21 2ol9 23 «16 9-95 
7 O088 0*4-6 2.06 1,00 3°93 

4-038 
lc8l 20o7a 8*28 

8 0 0 81 0o4l io8q- O088 1*85 34-o63 JL^i * 00 

JLA1,.L tj J.O.. 

Energy 
(Mev) 

1 

I 
5 

y 
8 

TABLE C-III 
Buildup Factors for Tungsten (p = 19«3 g/cm3) 

lolO 
1.48 
I050 
io35 
lo22 
lo09 
0.97 
0087 

B, E 

O086 

0o90 
0o80 
0c68 
0c58 

0o44 

% 

Penetration (11 x) 
^°   10 

lc65 
>55 
>62 
,80 
-58 
>42 
,32 
-19 

% 

lc32 
1.79 
I058 
I061 

4-0 1 
1 
1 
1.02 

% 

2oll 
3.61 

\\-Xo 
k.38 

4*58 

% 

1. 
2. 
2< 
2< 
2, 
2« 
2< 

37 
33 
11 
08 

1.98 

% 

3*41 
7*14 
7 »49 

II0O8 

18 c 45 
31^8 
37=74 

20 

h 

2 
2.82 
5«05 
4» 52 
5«92 
7.49 
7 «89 

12.61 
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TABLE C-IV 
Buildup Factors for Iron {p =  7.85 g/cnr) 

Initial 
Energy 

(Mev) 
4- 

Penetration (11 x) 
7                       °10 20 

% \ % \ % "    \ % % 

1 
2 

I 
I 
I 

2.53 
2.21 
1.91 
1.81 
I.63 
1.4-6 
1.34- 
I.27 

1.72 
1*39 
1.15 
1.08 
0.95 
1.00 
0.75 
0.69 

4-4-2 
3.86 
3*34- 
3.36 
3.12 
2.79 
2.61 
2.55 

3..01 
2.4-3 
2.01 
2.00 
1.80 
1.59 
1.4-3 
1.& 

6.32 

I'M 
4-.83 
^■•33 
4-. 12 
4-. 10 

4-.30 
3.48 
2.87 
3.00 

2.44 
2.22 
2.09 

12.6JJ- 
11.04- 
9.53 

11.77 
12.20 
10.95 
10.83 
11.31 

8.59 
6.95 
5*75 
6.88 
6.86 
6.03 
5.62 
5.30 

TABLE C-¥ 
Energy Buildup Factors for a Pure Compton Scatterer 

Initial 
Energy 

(mc2) 

% 
Penetration (/aQx) 

4- 8 20 30 40 

1.0 2.05 4-. 10 10.25 15.38 20.50 

2.5 1.62 3.24- 8.10 12.15 16.19 

10.0 1.24- 2.4-5             6.00 8.92 11.81 

The buildup factors exhibited here have been obtained by numerical 

integration of the function F(x,X) except for those single region cases 

in which g = +1. Here the integrations were performed analytically 

with the help of the incomplete gamma function::; tabulated in Refer- 

ence (11), 
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Figure Cl — Energy buildups vs. penetration; 1 Mev photons in lead. 
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Figure C2 — Energy buildups vs. penetration; 3 Mev photons in lead. 

-45- 



Figure C3 — Energy buildups vs. penetration; 5 Mev photons in lead. 
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Figure C4 — Energy buildups vs. penetration; 7 Mev photons in lead. 
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Figure C5 — Energy buildups vs. penetration; photons in pure Compton scatterer. 
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Figure C6 — Energy buildups vs. initial energy; photons in pure Compton scatterer. 
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Figure C7—Energy buildups vs. initial energy; photons in iron. 
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Figure C8 — Energy buildups vs. initial energy; photons in tungsten. 
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Figure C9 — Energy buildups Vs. initial energy; photons in lead. 
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Figure CIO — Energy buildups vs. initial energy; photons in uranium. 
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