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Calculation of Fission Neutron Age in NaZrF5

One of the limits imposed on experimental measurements of the neutron
age of various materials is the size required for the experimental setup if
the age is too great. In the case of NaZrFs, a calculation has been made
to determine if this is a limiting factor in the measurement of age to
indium resonance.* In the calculation it is assumed that it is possible to
apply the Fermi age theory for the distribution of neutrons.

Method 9£ Calculation

For a monoenergetic point source of neutrons, the solution of the age

equation isl
-r2/4T
T
Q(r;t) = e e (l)
(Lﬁ733;2
where
r = distance from point source,
Q = number of neutrons emitted per second by the source,

q = neutron slowing down density.

The age C is definedt by
E
2 3 L ] \
Tg,,B) = | A(E) dEYE: (2)
3 f(l - cosB)

where
E = neutron energy,
E, = source energy,
A(E) = mean free path at energy E,
f = average loss in logarithm of energy upon collision,

cosf = average cosine of angle between nmeutron direction before and after
collision in lsboratory system.

¥ The age to indium resonance is the square of what is usually called the
"slowing down length" to indium resonance.

1 Jay Orear, A. H. Rosenfeld, and R. A. Schluter, Nuclear Physics, University
of Chicago Press, Chicago, 1950.
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The mean square slowing down length 5 Eé

hel
— / 2 q(r,¥)av
2 o

» is given by

R® = 2 (3)
/q(r,'&)dv
o
/r2 Q e—re/h’t‘unr2dr
o O (5a)
[ ﬁ—(hﬂ:ﬁ 5 e redr

In the case in which the source is not monoenergetic » its energy distribution

being described by £(E),

(r,E) °;3 £(zr) 2 =2/ 4 [e® )1 )]
q\r, = ! !

{lm EI(E’,E") - ’t(E,E")] 3/2 *)

where E" is some lower energy. If RE(E) is computed from Egs. (3) and (k)

it is found that
[e7=]

IféE*) =/f(E')dE'“C(E',E) (5)
E

The right-hand expression of Eq. (5) will be called the age to energy E for

the distribution £(E). Integrating by parts,
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ad )
' 0o
f£(g')aE' T(EVE) = - WE',E) | £(E")AE" +
E E' E'=E
© x©
agr & T(g',E) [ £(E")AE" (6)
dE'
E E'

Tt is reasonable to assume that the first term on the right-hand side of

Eq. (6) vanishes. Thus

oo
fod

U(E) =de' aT (g,B) [ £(B")aE" )
dE’
E E'
where Y(E) is the age to energy E for the distribution £{E). If the value
of d/AE is derived from Eq. (2) and substituted in Eq. (7,

o0

XQ(E')dE'._ﬁ_- f(E‘OdE" = 'Z(E) (8)
3§E'(1 - cosf)

El

E

Tor the case of a fission spectrum

£(E) = 1/ e sinh V2E

e
where E is the neutron energy (Mev). It is easler for the purposes of
integration to change verisbles by the transformation E = V2/2. Thus

/e
£(E)AE = E e / sinhV | Vav (9)
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2 -(v-1)3/2 _(v-1)%/2
‘Vé—- VdVe"V /2 sinhV EV-% elf [(V - 1l)ave ( ) / + dVe ( ) /

e

~(v+1)2/2 -(V41)2/2 (10)
- (V + 1)ave + dVe

hv'e] O

(E') / av' 1 ) (1?2 ()2
E')dE' = V-1 e
f dE Vz? e +

: v ~(w1)Pe -(vh)P)/e
- (V+ 1)e +e

. _G(V) (11)

V 2xn
where

2
a(v) = e_(v_l) /2[1 . vﬂ - e—(Vﬂ)E/2 [1 - F(V + 18 + ¥2n

for V£1

2 2
= e-@/@(v-l) E +F(v-1ﬂ - e-(v+1) /2 [:1 - F(V + @

- for V=1 (12)
%2 -t2
F(x) = e /2 /e v/ at (see ref. 2) (13)
Clearly G(0) = Y2x. Substituting in Eq. (8),
T(e) - / av(2x%/v) o(v) (%)

)5?(1-3535)15

V(E

2 W. F. Sheppard, "The Probability Integral,"” Brit. Assoc. Advance. Sci, Math.
Tgbles, Vol. VII, University Press, Cambridge, 1939.
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The advantage of Eq. (14) is that G(V) may be expressed analytically
while the other terms may be directly computed from the cross sections. This
with Eq. (14) it would only be necessary to do one numerical integration. With
Eq. (5) it would be necessary to first compute C(E',E) by numerical integration
and then perform a second numerical integration to obtain 't(E). On the

other hand, it is sometimes true that QZ(E',E) is available from experi-

mental data, in which case it would be advantageous to use Eq. (5).

Numerical Results

Values of G{V) that were computed are given in Table 1. To aid in the

integration, polynomial fits were made to a(v).

a(V) = 2.5066 + 0.1392V - 0.4708V° for 0 = V =1, (15)

a(v) 1.1785V for 1 = V<2 (16)

5.3535

2.6053 - 0.8044V for 2 = V=3 (7)

|

‘ a(v)
E =k.5

velh (18)

n
A

® & W
13

A

6(V) = 0.7249 - 0.1776V for

E=8

i
IN

| a(v) 0.0141V for V=<5

0.0709

A

E=12.5 (19)

Equations (15) through (19) give polynomial fits to G(V) for the ranges of V
indicated. The corresponding values of the energy in Mev are also indicated.
| The error in the quadratic fit is about 1%. The maximum error in Eq. (16) is

about 10%. In the remainder of the linear fits, the meximum percentage errors
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Table 1

Values of G(V)

v G(v) v G(V)
0.0  2.5066 1.0  2.1750
0.1  2.5062 1.5 1.4328
0.2 2.503k4 2.0 0.9965

* 0.3  2.4959 2.5  0.k905
0.4 2.14815 3.0 0.1921
0.5 2.4585 3.5 0.0595
0.6  2.4253 Lo  0.0145
0.7  2.3808 k.5  0.0028
0.8 2.3243 5.0 0.000k
0.9  2.2556
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become steadily worse, but the absolute error is about the same. Further-
more, in the integration,G(V) is weighted by a factor of 1/V so that the
lower values of V are more important. The value of Ej that will be used is
1.44 ev, the indium resonance energy. The corresponding value of V is 1.697 x
103, Strictly, the normalizing factor in Eq. (14) should be G EI(EOH
instead of |/2x, but since E, is so low no apprecisble error is introduced.

To evaluate Eq. (14) with the polynomial fits, another approximation was

made. By the theorem of mean value

V2 V.
] >
av(er?/v)a(v) _ 2 f V) av  (20)

v 5?(1-6‘659’)1/27 35(1-&%5)}5? v
1

Vi

where the bar over the expression in brackets denotes some value between Vl and
Vo. If the polynomial fits are used, the integral on the right-hand side
of Eq. (20) may be evaluated exactly. It is then possible to obtain upper
and lower limits for the integral on the left-hand side by using upper and
lower limits for the expression in brackets.

To test the accuracy of this method, the age in graphite (density =
1.6 g/cc) was calculated. The quantities ? and cosf are constant. Table 2
gives the maximum and minimum values of the quantity j”QLY)gféz_ from which

the age for graphite can be determined:

2
1.31 2 A 1
( 5)(7”57> 9N0X1°-2§ (33(1'—

2
(0.9%) % A 1 260 cu? (min)
G@? o, x 10-2%) {3 §(1 - cosB)
where

A = atomic weight of carbon,

362 cm® (max,)

0
O
0
@
l/
L

n
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Table 2

Maximum and Minimum Values of

2
/G V)rZav for Graphite
v

/ G(v)ay 22 x 102 (barn-2)
E(Mev) v Max. Min.
1.kk x 106 - 08| 13.710 573 473
0.08 - 0.5 1.947 8.5 k73
0.5 -2 1.146 34.6 8.5
2 - oo 0.285 34.6 34,6
Sum offEiY.‘)rd_V x 22 1.31 0.9k
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p = density of carbon = 1.6 g/cc,
Ny = Avogadro's number.
The average between the upper and lower limits gives an age of 311 cm? for

carbon which differs by only 6% from the experimental value® of 330 cm°.

Application of Method to NaZrF5

—

In an application of this method to the compound NaZrFs the density was
taken as 4 g/cc,lL and the quantities f and cos@ were taken as the average of
the quantities for Na, Zr, and F weighted by the cross sections and the relative
amount of each element in the compound. Table 3 gives the maximum value of
the quantity x2/3 $(1 - cosB) for the energy range listed; Table % gives the
minimum value for the same quantity. In these calculatlons 12.5 ==, From

Table 3 the upper estimate on the age may be obtained by

(89.372 x 107°) [2= — A °. 538 cm?
Tox eNo x 1072
where
A = molecular weight of NaZrFS,
@ = density of NaZrFs = 4 g/cc,
N, = Avogadro's number.

Similarly, the lower limit is estimated from Table 4 as 328 cm?. The average
between the upper and lower limits is 433 cm2 which gives an estimate of the

age in NaZrFsg as
T (1.4 ev) = 433 + 105 cm? = 433 (1 + 0.25) cm® (21)
The number 105 is the difference between the mean and either the upper or

lower estimates.

% J. B. Hill, L. D. Roberts, and G. E. McCammon, "Slowing Down of Fission
Neutrons in Graphite,” ORNL-187 (Jan. 19, 1949).
4 W. K. Ergen, personal communication.
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Table 3

for NaZrF5

v)A%av

GV

35(1 - cos)V

22/5¢(1 - 2089 x 107 j’? e
(barn™2) LV
E(Mev)
1.4 x 107 to 2 x 1073 5.5 9.0770
2% 107  to2.5x 1070 2.8 0.2803
2.5 x 1073 to 3 x 107 0.9 0.2293
3x 1077 to k x 1073 2.5 0.3616
kx 107  to 6 x 1073 3.0 0.5099
6 x 100  to 2.5 x 10-2 bk 1.7957
2.5 x 10™2 to0 1.0 x 1071 3.3 1.7534
1.0 x 1071 o0 1.1 x 1071 0.5 0.1176
1.1 x 1071 to 2.5 x 1071 3.5 0.9962
2.5 x 10™* to 3.5 x 107} 1.7 0.3928
3.5 x 107 to 5 x 107F 2.4 0.3390
5x 1071 to 2.0 13.0 1.1460
2 to ~e 8.2 0.2846
Yo
Sum of 62/51;(1 - Gos8) x 103 / %V_) av 89.372

Vi
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Table 4
Minimum Value ofJ/ G(V))PaV
38(1 - cos6)V
for NaZrF5
v
A°/3£(1 - cosB) x 107 2 o(v) .
(barn'E) vy v
E(Mev)
1.4 x 1070 to 1.6 x 1073 b 8.7965
1.6 x 1070 to 2.2 x 1073 1.8 0.4001
2.2 x 1077 to k x 1077 0.78 0.7487
b x 100  to6x 1077 1.6 0.5099
6x 107  tol.5x 1072 3.0 1.1531
1.5 x 1072 to 2.4 x 1072 3.11 0.5912
2.4 x 102 t0 8.3 x 1079 2.6 1.5535
8.3 x 1072 to0 1.35 x 107} 3.7 0.6007
1.35 x 1071 to 2.1 x 107% 2.6 0.4791
2.1x 107 tokx 107t 1.4 0.7525
bx 10l to5x10t 2.0 0.247k
5x 107Y  to 2.0 2.3 1.1460
2.0 to 4.5 7.8 0.2519
k.5 to oo 8.2 0.0%27
. A
Sum of I—x2/5§(1 - c0s8) x 1of] U/P E%ll av 54,522

Vi
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