RL-TR-96-113
In-House Report
May 1996

CALCULATION OF THE DERIVATIVE OF

"THE PARABOLIC CYLINDER FUNCTION

Robert A. Shore, Thorkild B. Hansen

APPROVED FOR PUBLIC RELEASE; DISTRIBUTION UNLIMITED.

jgeToant 0%

Rome Laboratory
Air Force Materiel Command
Rome, New York

DTIC QUALTTY INSPEGTED 3




This report has been reviewed by the Rome Laboratory Public Affairs Office (PA) and is
releasable to the National Technical Information Service (NTIS). At NTIS it will be
releasable to the general public, including foreign nations.

RL-TR-96-113 has been reviewed and is approved for publication.

APPROVED:

DANIEL J. JACAVANCO, Chief
Antennas and Components Division
Electromagnetics & Reliability Directorate

FOR THE COMMANDER: %/Z_f_/ %: % /,

ROBERT V. McGAHAN
Acting Director
Electromagnetics & Reliability Directorate

If your address has changed or if you wish to be removed from the Rome Laboratory
mailing list, or if the addressee is no longer employed by your organization, please notify
Rome Laboratory/ERAA, Hanscom AFB, MA 01731. This will assist us in maintaining a
current mailing list.

Do not return copies of this report unless contractual obligations or notices on a specific
document require that it be returned.




Form Approved

REPORT DOCUMENTATION PAGE OMB No. 0704-0188

Public reporting burden for this coltection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching existing data sources,
gathering and maintaining the data needed, and completing and reviewing the collection of information. Send comments regarding this burden estimate or any other aspect of this
Collection of information, including suggestions for reducing this burden. to Washington Headquarters Services, Directorate for Information Operations and Reports, 1215 Jefferson
Davis Highway, Suite 1204, Arlington, VA 22202-4302, and to the Office of Management and Budget, Paperwork Reduction Project (0704-0188), Washington, DC 20503.

1. AGENCY USE ONLY (Leave blank) 2. REPORT DATE 3. REPORT TYPE AND DATES COVERED
May 1996 In-House Apr 95-Dec 95
4. TITLE AND SUBTITLE 5. FUNDING NUMBERS
Calculation of the Derivative of the Parabolic PE 61102F
Cylinder Function PR 2304
YT TA I3
{6. AUTHOR(S) WU 02

Robert A. Shore, Thorkild B. Hansen*

e R

7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES) 8. PERFORMING ORGANIZATION
Rome Laboratory/ERAA REPORT NUMBER
31 Grenier St RL~TR~96-113

Hanscom AFB, MA 01731-3010

s ————————
11. SUPPLEMENTARY NOTES

9. SPONSORING / MONITORING AGENCY NAME(S) AND ADDRESS(ES) 10. SPONSORING / MONITORING
AGENCY REPORT NUMBER

Rome Laboratory Project Engineer: Robert A. Shore/ERAA (617)377-2058
*Subcontractor for CUBRC

12a. DISTRIBUTION / AVAILABILITY STATEMENT 12b. DISTRIBUTION CODE

Approved for public release;
distribution unlimited.

13. ABSTRACT (Maximum 200 words})

The numerical evaluation of the derivative of the parabolic cylinder function, Dy,(2), is described
for the argument z = zexp(—in/4) and order p = 1/2 + iy, with = and y real. The case is needed
for calculating the currents excited on a parabolic cylinder by a transverse electric plane wave, and for
calculating the scattered far field pattern. Numerically accurate and efficient expressions for D;(2) are
presented for each of five regions into which the zy plane is divided.

14. SUBJECT TERMS 15. NUMBER OF PAGES
14
Parabolic cylinder function Derivative Numerical calculation 16. PRICE CODE
17. SECURITY CLASSIFICATION 18. SECURITY CLASSIFICATION 19. SECURITY CLASSIFICATION 20. LIMITATION OF ABSTRACT
OF REPORT OF THIS PAGE OF ABSTRACT
Unclassified Unclassified : Unclassified SAR
NSN 7540-01-280-5500 ' Standard Form 298 (Rev. 2-89
DTIG QUALIT.Y INSPEUTED 5 Prescribed by ANSE Std. 23(9-18 )

298-102




Contents
Introduction
Numerical Evaluation of D, (z)
Numerical Results
Conclusion
Illustrations
1  Definition of Regions A-E [6]. . . . . .. ...
Tables

1

Values of D/ (z) at selected points in Figure 1: z = ze ™4 and p=—1/2+1iy

11

7




Acknowledgments

The authors thank Dr. John L. Blanchard for helpful conversations during the course of this
work, and Prof. Warren F. Perger for supplying the complex gamma function subroutine used in

the calculations. This work was supported by the Air Force Office of Scientific Research, Bolling
AFB, DC.

v




Calculation of the Derivative of the
Parabolic Cylinder Function

1 Introduction

This report describes the numerical evaluation of the derivative of the parabolic cylinder func-
tion, Dy (z), where Dp(2) is the parabolic cylinder function defined by Whittaker and Watson [1,
pp.347-349]. (See also [2, Ch.19], [3, Ch.46], and [4].) The numerical evaluation is for complex
argument z = ze /4 and complex order p = —1/2 + 4y, = and y real. This case is needed
to calculate the currents excited on a perfectly conducting parabolic cylinder by a transverse
electric (TE) plane wave, and the corresponding scattered far field pattern [5, Eqs. (7.47) and
(7.48)]. This is the motivation for this report, designed to complement the valuable communi-
cation of Blanchard and Newman [6] which treats the numerical evaluation of the same case of
the parabolic cylinder function itself, needed for the corresponding transverse magnetic (TM)
scattering calculations [5, Eqs.(7.12) and (7.13)].

2 Numerical Evaluation of D,(2)

We present expansions for Dp(2) for z = za, p= —1 /241y,  and y real, and o = e~"/4. The
discussion closely parallels that of Blanchard and Newman [6]. We adopt their division of the zy
plane into five regions, denoted Regions A-E, as shown in Figure 1, and give numerically useful
expressions for calculating Dy (z) for each of these regions.

Region A: |z| < 5, |y| < 4.

In this region, the exact power series for D (z) can be used, obtained by differentiating the
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exact power series of D,(2) given in [6]:

, 9~ (p+5)/2~2%/4 1 »p
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4
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= (2k)!

v < (-2)-(k-1-8
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[2k — 2(p + 1)] (\/iz)%jl

[2k+1—2(p+1)] (\/iz)%“} } (1)

for p # 0,1,2,..., and where I is the gamma function [2, Ch.6]. On a computer with 16 digit
double precision, this expression gives at least 6 digit accuracy in Region A if the summations
are continued until the terms decrease below 1 - 1071 in magnitude. The gamma function of
complex argument is also computed in double precision, using the relations (2) and (3), derived

using the recurrence, reflection, and duplication formulas for the gamma function [2, Ch.6], to
obtain I'(—p) and I'(1/2 — p/2) from I'(—p/2):

m\1/2 —(p+1/2 1 F(‘g)
=) S ) ?

: (% - g) = Coszzzz) ™ (1_.3) 3)

where * denotes complex conjugation.

Although the exact power series (1) for D;(z) is absolutely convergent for all z and y, the
terms of the sums grow very large before they become small if |z| or |y| is large, just as happens for
D, (z) itself [6]. The accuracy of (1) is then degraded by the process of subtracting large numbers
of comparable magnitude, and also eventually by the generation of numbers that overflow the
dynamic range of the computer.

Region B: z > 5, |y| < 2.

In this region, the asymptotic series
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Figure 1: Definition of Regions A-E [6].
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is used. This series can be obtained by differentiating the asymptotic expansion for D,(z) given

+_.

in [1, p.347] or, more easily, by using the recursion formula [2, Eq. 19.6.3]:

Dy(z) = 5 PDps(2) = Dya ().

The expansion (4) is valid for all p and for | arg(z)] < 37/4 whenp < 2 [1, p.347]. The summation

in (4) is continued until the terms start to increase in magnitude. At least five significant figure

accuracy can be obtained.

Region C: All z, and y > 2 except in regions A and E.




In this region we use a large order asymptotic expansion obtained by Olver [7]: !
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The terms given here give at least four significant figure accuracy, with the accuracy improving

as y increases. Additional terms in the expansion can be obtained using algorithms given by
Olver [7].
Region D: All z, and y < —2 except Regions A and E.

In this region we use the following large order asymptotic expansion obtained by Olver [7]: 2

/4s
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1Equation (6) is obtained starting with [7, Eq.(4.13)], identifying u with +/2ge’™/*, ¢ with —iz/(2,/7), and
using [7, Egs.(3.4), (11.6), (11.7), (11.8), (6.1), (4.12), (4.14), (4.16) , and Fig. (2b)]. See also [6, Eq.(6)] and 8,
Sect. 12.6.5].

2Equation (7) is obtained starting with [7, Eq.(8.15)], identifying p with 2/]yle™*"/4, ¢ with z/(2+/|yl), using
[7, Eqs. (8.16),(7.4), (11.21), (8.18), (8.19), (4.14), (4.16), (8.13)], and [2, Eq. (10.4.9]. Equation (8) is similarly
obtained starting again with [7, Eq.(8.15)], letting 4 — u*" , and using [7, Eq.(5.24)]. See also [6, Eqgs.(7) and
(8)]. For general background on these expansions see [9, Ch.11].
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where Ai, Bi, A7', and Bi' are the Airy functions and their derivatives [2, Sect. 10.4], and g(¢'a)
is defined as for Region C. The other quantities are defined by
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For |t — 1| < 0.25, ® and ¢ should be computed by the expressions given in [6], while for

|t — 1| < 0.05, the following expansions, obtained using Mathematica, should be used for Co, Ci,
and D]_Z
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The terms given here give at least four significant figure accuracy for D, 5, (zc) in Region D.
Region E: z < -5, =3.5 <y < 3.5.
In this region we use the relation, valid for all z and p, obtained from [1, Sect. 16.52]:

1V 2

! — i V7i/2 ry .
D (z) = —e"™Dj(—z) — = (_p)e(”+ mRD_(—iz) (9)
For p = —1/2 + iy and z = ze~/4,
7 iy Z‘V 2m i ! x
Diy(z) = —"™D}(—2) — F—_pie"’*” 2D>(~2) (10)

where D;’D(—z) is calculated as above for Regions B, C, or D.

3 Numerical Results

To illustrate the accuracy of the expansions we have presented, in Table 1 we compare the
results obtained with the expansions for Regions B-E with the Region A results for 12 points
on the perimeter of Region A (see Figure 1), corresponding to the results given by Blanchard
and Newman [6] for the parabolic cylinder function itself. Table 1 gives the values of z and y,
the region whose expansion was used in the calculation, the calculated value of D,(2), and the
number of significant digits. The exact power series results for Region A have been checked with
Mathematica and are correct to the number of figures shown.

4 Conclusion

In this report we have presented numerically useful expressions for calculating the derivative of
the parabolic cylinder function, D) (z), for the special case p = —1/2 + iy and z = ze~*"/4. This
case is needed for calculating the currents excited on a perfectly conducting parabolic cylinder
by a TE plane wave, and for calculating the scattered far field pattern.




Table 1: Values of D, (2) at selected points in Figure 1: z = ze”"/* and p = —1/2 + iy

Point | z | y | Region D, (z) Significant Digits
1 0] 4 A -0.214019E+02 - 10.867551E+01 6
1 0| 4 C -0.214038E-+02 - 10.867624E+01 4.1
2 51 4 A -0.292821E+02 - i0.586851E+-00 6
2 5| 4 C -0.292820E+02 - 10.586872E+00 4.7
3 ) 2 A 0.557884E+01 - 10.146969E+-01 6
3 ) 2 B 0.557885E+01 - i0.146966E+-01 5.5
3 51 2 C 0.557886E+01 - 10.146962E+01 5.2
4 51 0 A -0.103126E+01 + 10.437434E+00 6
4 51 0 B -0.103126E+01 + 10.437433E+00 6
) 51 -2 A 0.197734E+00 - i0.775546E-01 6
5 51 -2 B 0.197733E+00 - i0.775537E-01 )
) 51 -2 D 0.197735E+00 - i0.775577E-01 4.5
6 5| -4 A -0.384484E-01 + i0.378112E-02 6
6 5| -4 D -0.384484E-01 + i0.378114E-02 5.7
7 0} 4 A -0.214019E+02 + i0.867551E+01 6
7 0| -4 D -0.214033E+02 + i0.867600E+01 4.3
8 -5 -4 A 0.581438E+04 - 10.235691E+-04 6
8 51 -4 D 0.581437E+-04 - 10.235691E+-04 6
9 -5 -3.5 A 0.424382E+04 - 10.236275E+03 6
9 -51-3.5 D 0.424382E+04 - i0.236275E+03 6
9 -51-3.5 E 0.424382E+04 - 10.236275E4-03 6
10 |5 O A -0.190613E+01 - 10.437434E4-00 6
10 |-5| O E -0.190613E+01 - i0.437433E+-00 6
11 -5 3.5 A -0.112470E+02 - 10.159690E+-02 6
11 |-5| 3.5 C -0.112468E+02 - i0.159688E+-02 5.7
11 |-5| 3.5 E -0.112470E-+02 - i0.159690E+02 6
12 |-5] 4 A -0.214258E+-02 - 10.199681E+02 6
12 (-5 4 C -0.214258E+-02 - i0.199680E+02 6
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