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ABSTRACT 

Elastic, elastic-plastic and experimental stress analyses and 
fatigue lifetime predictions are presented for thick cylinders 
containing multiple, axial holes within the wall. The holes are 
generally semi-elliptical (including semi-circular) and the 
cylinders are autofrettaged after introduction of the holes and are 
subsequently subjected to cyclic pressurization of the bore. 

Two potentially critical failure locations are identified: a 
fracture-mechanics based design methodology is proposed: 
elastic and elastic-plastic finite element (FE) analyses are 
undertaken. The elastic FE analysis predicts hoop stresses at the 
bore resulting from internal pressurization which are some 7% 
higher than those for the equivalent plain tube. For a given hole 
size and location and for nominal overstrains of 40% or greater 
the residual compressive stress at the bore is reduced by 
approximately 15% below the value for a plain tube of the same 
radius ratio. 

Two experimental investigations are reported, one based upon 
X-ray diffraction, to measure residual stresses, and the other 
based upon radial tube slitting, to measure opening angle. They 
confirm most features of the residual stress profiles predicted 
from FE analysis with the exception of high compressive 
residual stresses and stress gradients immediately adjacent to the 
hole boundaries. Appropriate use of the residual stress 
information permits prediction of tube lifetimes for cracks 
emanating from the bore and from the hole. For the geometry 
and loading under consideration the more critical location is 
predicted to be the hole boundary, the lifetime for failures 
originating from this point being some 60% of the lifetime for 
cracks originating at the bore. 

KEY WORDS 

autofrettage, crack growth, fatigue cracks, cylinders, 
channels, fracture (materials), fracture mechanics, residual 
stress, stress concentration factor, stress intensity factor 

INTRODUCTION 

The use of autofrettage to enhance fatigue lifetimes of thick 
cylinders subjected to internal cyclic pressurization is well 
known and relatively well understood. Recent work has 
addressed the problems associated with geometrical changes 
which remove the initial axi-symmetric nature of geometry and 
stressing of these tubes, namely: 

after a. Axial   erosion   grooves,   which   arise 
autofrettage, along the bore of the cylinder, [1]. 
b. Cross-bore holes normal to the tube axis [2] and 
inclined at an angle to the axis [3]. These holes 
likewise are introduced after autofrettage. 

The purpose of the work presented herein is to analvze. using 
elastic and elastic/plastic stress analysis methods and 

experimental measurements of residual stress, the fatigue 
behaviour of cylinders which contain a series of equally spaced 
holes orientated parallel to the tube axis and which were 
introduced prior to autofrettage. The cross-sectional shape of 
these holes may be somewhat arbitrary, but is shown 
diagramatically in Figure 1 as circular. 

The   overall   program   of work   was   phased   to 
development of simple models which might provide 

permit 
a design 
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methodology and would also provide a basis for checking and 
verifying results obtained from more sophisticated elastic and 
elastic/plastic numerical analyses and experimental residual 
stress measurements. 

A POSSIBLE DESIGN METHODOLOGY 
Experience indicates that two potentially critical failure 

locations are on a radial line at the point on the hole closest to 
the bore and on the bore itself. Assume pre-existing crack-like 
defects at the bore and hole of depth aB and aH respectively and 
positive cyclic hoop stresses of A(aB + p) and AoH respectively 
where a B and a H represent the positive part of the cyclic hoop 
stress loading at the bore and hole arising from cyclic 
pressunzation of the bore and p accounts for pressure infiltrating 
the bore crack. The stress intensity factor ranges at hole and bore 
are given, respectively by: 

AKH = 1.12A(ffH).y»§S" 

AKB = 1.12A(as + P)-y*Sj 

Now define a stress range ratio,RA as:. 

(1) 

(2) 

RA = 
Aflt 

MOB+P) 
(3) 

The expression for lifetime at any two potential fatigue 
failure locations is developed in [4]. The ratio of lives for failure 
solely from Location 1 (N,) and failure solely from Location 2 

(4) 
N2   _    f££i]   m   f fl i 
777 - [ AO2 J    -1 31J 

where m is the Paris' law exponent, often approximately 3, 
and Aa„ Ao2, a„ a2 are stress ranges and initial crack lengths at 
Locations 1 and 2 respectively. 

For the case of interest here, identifying Location 1 with the 
bore and Location 2 with the hole, the above equation becomes: 

"H - f_Ll m f£ül 
1-m/2 

(5) 

Equation 5 will be employed later in the prediction of 
lifetimes and initial defect ratios from existing data. 

Since,for equal lifetimes at both locations, the ratio NHINB in 
equation 5 will be unity : 

RA 
EquaLUfetimes "(*] 

(1/m-1/2) 
(6) 

It is important to interpret this result correctly. It means that 
to protect against failure originating from the hole as a critical 
location the stress range ratio, RA, should not exceed the 
calculated value. It is therefore a maximum design value and not 

a target. 

ELASTIC FINITE ELEMENT ANALYSIS 
Several possible designs were analyzed using an elastic Finite 

Element program (RASNA). In all cases they consist of a cyclic 
array of 24 equally-spaced holes. The holes are of two possible 
designs, semi-elliptical (including semi-circular, this being Case 
1) and offset semi-elliptical (this being Case 2) illustrated m 

figure 2. 

A typical FE mesh for these configurations is shown in Figure 
3. Taking full advantage of symmetries it is only necessary to 
model some 360/(24x2) or 7.5 degrees of the tube. A pressure of 
406 MPa was applied to the bore whilst essential symmetry 
conditions were ensured by imposing 'u» = 0, T« = 0 on all 
radii of symmetry, where ue represents displacement normal to a 
line of radial symmetry and r» is the shear stress along this line. 

Table 1 gives stress concentration data. The maximum hoop 
stress occurs, on the hole boundary at the point closest to the 
bore. The stress concentration factors, K, at this location (based 
on hoop stress at the critical location in the absence of the 
channel, i.e. Lame's hoop stress) for Case 1 and Case 2 are 2.64 
and 2.07 respectively. These may be compared with the simple 
approach developed'in [5] and based upon an elastic biaxial 
stress field model which takes account of multiple holes and 
employs stress concentration data from [6, 7 and 8] which 
predicted 2.61 and 2.07 respectively. Agreement is considered 

good. 

An extended parameter study was also undertaken using FE. 
This involved varying the ellipse eccentricity and also 
deterrnining K, at locations A and B, Figure 4. These results are 
presented graphically in Figure 4 and numerically in Table 1 and 
indicate that the critical location on the hole boundary will 
always be the point nearest the bore. Nevertheless relatively 
high stresses can occur at point B, radially opposite the critical 
location on the outer tube. Point C (the sharp comer) is liable to 
produce a localized stress singularity. The significance of this 
point is discussed later in relation to plasticity effects. 

A plot of the hoop stress variation on a radial line from bore 
to hole is presented for Cases 1 and 2 (Figure 5). This includes 
the upper SCF limits of 2.61 and 2.07 reported earlier and also 
indicates that bore hoop stress is increased, as a result of the 
presence of the holes, by around 7% above the Lame value for a 
plain tube, also shown in Figure 5. 

The above results may be compared (for the case of the offset 
ellipse) with those obtained independently using the ABAQUS 
program which gave the results illustrated by filled squares in 
Figure 5. Agreement is within 2%. 
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Commentary 

1. The elastic FE results conform with the elastic 
predictions based on existing SCF data are reasonable. 

2. The critical location based on elastic stress 
concentration at the hole is the point on the hole nearest 
the bore, although at certain ellipse eccentricities the 
SCF at the point on the channel radially opposite the 
critical point exhibits stresses which are only 25% lower 
than the critical location. 

3. The presence of the holes raises bore stresses above 
the Lame predictions by around 7%. 

ELASTIC-PLASTIC FINITE ELEMENT ANALYSIS 

In the final phase of the numerical analysis a full 
elastic-plastic Finite Element analysis was undertaken using the 
NISA FE package to perform a limited number of Elastic/Plastic 
calculations to assess the level of the residual stresses which are 
'locked' into the tube in the vicinity of the hole and elsewhere. 
Full details of the procedure are given in [9], 

hi this analysis a radial bore displacement equivalent to that 
required to achieve a given nominal percentage overstrain in a 
plain tube (i.e. one without axial holes) was applied to the bore 
of the cylinder and plastic flow permitted (based upon Tresca's 
yield criterion). A plot of the contours of plastic strain at the 
peak of a typical loading (for 60% autofrettage) is shown in 
Figure 6; these results are discussed later. The displacement 
condition was subsequently removed and the bore permitted to 
relax to a stress free state. This unloading is elastic in all the 
cases considered (i.e. there is no reversed yielding). 

The most interesting features of the residual stresses are 
shown in Figure 7 and Figure 8. The residual hoop stresses on a 
radial line from bore to hole boundary are particularly 
interesting. Figure 7 relates to equal 60% nominal overstrains 
applied to Case 1 and Case 2 geometries in which the stress at 
the peak of the autofrettage process is capped at yield magnitude 
(tensile) at the hole boundary. Subsequent removal of the bore 
loading produces elastic unloading with the stress concentration 
effect of the hole dominating the resulting residual stress field 
near the hole boundary. The hole with the higher SCF produces 
the higher magnitude of compressive residual stress since the 
SCF is effective during the entire elastic unloading process. 
However, at points removed from the hole boundary, and 
particularly near the bore, the residual stress patterns are 
effectively coincident. 

If a working (normally cyclic) pressure is now applied to the 
bore there is an elastic re-loading to a level below that which 
was achieved at the peak of the autofrettage process. Since the 
compressive residual stress at the hole is of greater magnitude in 
the case of the higher SCF, the maximum stress (and hence 
stress range) at the hole boundary is highest for the semi-ellipse 
(a somewhat surprising result). However there is a peak in the 
stress range some distance from the hole which is effectively 
coincident for both hole shapes.  For the semi-ellipse the stress 

range at this point is some 12% higher than that at the hole 
boundary whilst it is 22% higher for the semi-circle. The 
implication of this is that failure may initiate within the material 
a small distance from the hole boundary. However experience 
indicates that the more likely failure initiation locations are at 
the hole surface because manufacturing processes are far more 
likely to cause defects at a surface. 

Figure 8 relates to a fixed geometry (Case 1 - the 
semi-circular hole) and compares four examples of autofrettage 
arising from radial bore displacements equivalent to 20%. 40%, 
60% and 80% nominal overstrain in plain tubes. 

The elastic/plastic analysis gives a residual stress at ihe bore 
which is significantly lower than that for a plain tube [10]. The 
comparison is shown in Table 2. Thus, levels of bore residual 
stress in the perforated tube are, for overstrains exceeding 40%, 
generally some 15% lower than the equivalent figure in the plain 
tube. 

Figure 6, showing plastic strain contours for 60% nominal 
overstrain, provides additional convincing evidence for the effect 
of the holes upon the overstrain process. A 45 degree 'slip line' 
emanating from the comer of the hole is clearly visible, implying 
that a significant part of bore displacement effect will simply be 
lost as a result of this slip mechanism. By a simple iterative 
calculation we find that the value of 50% of yield predicted by 
the Finite Element analysis for 60% overstrain of a perforated 
tube would be caused by 44% overstrain of a plain tube. 

Commentary 
1. The Finite Element predictions of compressive residual 

hoop stresses at the hole are of greatest magnitude in the case of 
the higher SCF. 

2. For a fixed value of nominal overstrain and different hole 
geometries the residual stress patterns at points removed from 
the hole are almost coincident, with virtually identical values at 
the bore. 

3. The peak value of residual stress is slightly positive and 
occurs some 2.5mm from the hole. This is also the region of 
maximum applied plus residual hoop stress when the tube is 
repressurized to a working pressure below that required for 
autofrettage. Thus the stress range is maximum which implies 
that failures may initiate a small distance from the hole 
boundary. However experience indicates that the more likely 
failure initiation locations are at the hole surface. 

4. For the hole size and location investigated the residual 
hoop stress at the bore is reduced by approximately 15% below 
the value for a plain tube of the same radius ratio for nominal 
overstrains of 40% or greater. This effect is ascribed to the 
reduction of constraint arising from the presence of the holes 
which results in a slip-line pattern dominated by the holes. 

PARKER ET AL 



X-RAY MEASUREMENTS OF RESIDUAL STRESS 

An experimental investigation using X-ray diffraction 
methods, applied to specimens of similar material and geometry 
subjected to 60% nominal overstrain, was undertaken. The 
results for the particular area of interest here, namely the 
residual hoop stresses on the radial line from bore to a 
semi-circular hole and beyond, are presented as discrete data 
points in Figure 9. 

The results presented in Figure 9 were obtained for a 
specimen having the same hole geometry as in Figure 2 but with 
a reduced bore radius (79.5mm) and a reduced outer radius 
(143.5mm), hence the ratio is 1.805. Figure 9 shows the 
measured residual stresses; these results were modified, by a 
simple vertical shifting, to ensure that equilibrium is satisfied by 
achieving equal areas above and below the horizontal axis. This 
leads to the conclusion that the compressive residual stress at the 
bore is 50% of yield. As noted previously a plain tube of this 
radius ratio requires 44% overstrain to achieve such a figure, 
and an ideal elastic/plastic plot for a plain cylinder of the same 
radius ratio subjected to 44% autofrettage is shown as a 
continuous line in Figure 9. Agreement in the important region 
of potential crack growth near the bore is good; the 44% line 
provides a slightly conservative bound and is recommended for 
design purposes. (Note: the bound is conservative since the 
stresses are compressive and the bound represents a lower 
proportion of these stresses near the bore). 

Agreement between experimental and Finite Element residual 
stress predictions is generally considered acceptable. The most 
significant discrepancy between the experimental results of 
Figure 9 and FE results of Figure 8 is in the immediate vicinity 
of the hole. Whilst a positive peak is evident from the 
experimental results, the sharp reduction to relatively large 
compressive residual stress is absent. This lack of compressive 
residual stress is believed to be real and somewhat unsurprising. 
In the case of autofrettage of a plain tube the high compressive 
residual stress at the bore predicted by the ideal elastic-plastic 
analysis is not achieved. This reduction is frequently associated 
with the Bauschinger effect [11] in which the yield strength in 
compression is significantly reduced as a result of prior yielding 
in tension. However, in the case of yielding in the vicinity of the 
hole this effect may be compounded by an extremely high stress 
gradient. No attempt is made at this stage to quantify or separate 
these two effects. 

RING SLICING ANALYSIS OF RESIDUAL STRESS 
In the safe fatigue life testing of autofrettaged tubes it is now 

common practice to cut relatively thin (25mm or thereabouts) 
ring samples and to slice these rings radially in order to measure 
the angle of opening. This angle of opening is a direct measure 
of the bending moment 'locked in' to the tube during autofrettage, 
and subsequently released as the tube is sliced. It is possible to 
calculate the opening for any given percentage overstrain of a 
plain tube based upon an 'ideal' elastic/perfectly plastic analysis, 
see appendix to [12]. Any reduction in opening below the 
anticipated amount is an indication that the desired 'ideal' 
autofrettage residual stresses have not been achieved. 

If material is removed from inner and/or outer radii such that 
the remaining (thinner) tube is composed entirely of material 
which has experienced plastic strain a straightforward 
superposition of the 'ideal' autofrettage residual stress fields 
indicates that this thinner tube contains precisely those residual 
stresses which would have been locked in by 100% overstrain of 
its final dimensions. Hence it is possible to predict the opening 
of such a thinner tube when sliced. 

A ring specimen of inner radius 82.5 mm and outer radius 
152.5mm was cut from a perforated tube containing 
semi-circular holes and the material beyond the holes was 
subsequently removed. Hence the remaining specimen 
resembled the geometry illustrated in Figure 10. Because of the 
loss of constraint resulting from the (now) multiple, external, 
semi-circular notches the specimen is assumed to have inner 
radius 82.5 mm and outer radius 108 mm (the radial distance to 
the nearest point on the hole). When cut, this tube opened by 
only 69.5% of the 'ideal' figure for 100% overstrain of such a 
tube calculated from the equations in [12]. 

Referring back to the experimental residual stress results of 
Figure 9 it is possible to confine attention to the radii range from 
82.5 mm to 108 mm. By superposition the net force over this 
range was put to zero and the locked-in bending moment was 
calculated numerically. This moment equated to 71% of the 
moment arising from 'ideal' 100% overstrain. This gives further 
support to the validity of the experimentally determined residual 
stress measurements. Furthermore, because of the extreme 
sensitivity of the bending moment calculation to changes in 
stress near the inner radius and the hole boundary of the thinner 
tube, this is taken as support for the assumption that the residual 
stresses near the hole do not exhibit the large downturn 
predicted by the FE analyses. 

Recommendations 

In order to achieve conservative design it is recommended 
that: 

a. Zero residual hoop stresses be assumed at the hole; this 
will also ensure that the full stress range is identified in the 
event of slightly tensile stresses. 

b. Bore residual hoop stresses equivalent to those determined 
by the Finite Element analysis be assumed to exist in the 
perforated tube. 

c. Elastic cyclic loading higher than that for a plain tube must 
be used at the bore and hole; this requires bore hoop stress some 
7% above that for a plain tube, and hole hoop stress some 264% 
above that for a plain tube at the equivalent location. 

IMPLICATIONS FOR FATIGUE LIFETIME 
Data relating to fatigue lifetimes at the bore of plain and 

perforated tubes are presented in Table 3. 
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Referring to Equation 4 and recognising that the stress range 
at the bore in a plain, tested specimen is analogous to A(X\ it is 
possible to calculate the stress range at the bore in the new 
design which contains axial holes, by recognising that this is 
equivalent to A(T2 ■ For this calculation we assume that the 
initial cracking that could be caused by heat checking, is 
identical in both cases. Hence we can calculate, via equation 5 , 
a predicted lifetime for the perforated design using the 
elastic-plastic FE results discussed previously. These predictions 
are shown in the right hand column of Table 3. Information is 
provided for two values of yield strength. 

Turning now to the lifetime at the hole we can use Equation 5 
again, but this time we assume zero residual stress at the hole, a 
stress range due to the SCF of 2.61 calculated previously and use 
the equation to calculate the ratio of the initial defect sizes. A 
ratio of 58.8:1 (bore:hole) is obtained, which confirms the 
relatively large initial defect size at the bore resulting from 
neat-checking' during initial firing.These data are presented in 
Table 4. It is also possible to calculate lifetime for the 
semi-elliptical hole with its SCF of 2.07. An improvement in 
lifetime by a factor of two is predicted as a result of the 
semi-elliptical design. 

Commentary 

1. The design methodology provides good predictions of 
lifetimes for failure from the bore for a range of autofrettaged 
tubes with varying internal cutouts, radius ratios and percentage 
overstrains which had similar pre-existing defects. 

2. These predictions are all in excess of the experimentally 
determined lifetimes for cracks emanating from the hole based 
upon an initial crack length at the bore some 58.8 times that at 
the hole. For the semi-circular design the average ratio of 
lifetime at the bore to lifetime at the hole is approximately 1.6 . 

3. Assuming that the residual stress at the hole boundary is 
zero or slightly positive there is approximately a factor of 2 
increase in lifetime as a result of changing from a semi-circular 
to a semi-elliptical hole. 

SUMMARY AND CONCLUSIONS 

This work addressed the fatigue lifetimes of thick cylinders 
containing multiple, axial holes within the wall. The holes are 
generally semi-elliptical (including semi-circular) and the 
cylinders are autofrettaged after introduction of the holes and are 
subsequently subjected to cyclic pressurization of the bore. 

A model for the prediction of lifetime based upon pre-existing 
crack-like defects at two potentially critical locations was 
developed. A comprehensive study, incorporating elastic and 
elastic-plastic Finite Element analyses, residual stress 
measurement by X-ray diffraction and tube opening tests on 
overstrained cylinders, has been described. Finally, fatigue 
lifetime comparisons and predictions were undertaken on the 
basis of these numerical and experimental results and of existing 
fatigue lifetime data. These various elements, when assembled, 
indicate: 

1. The critical location based on elastic stress 
concentration at the hole is the point on the hole nearest 
the bore, although at certain ellipse eccentricities the 
SCF at the point on the hole radially opposite the critical 
point exhibits stresses which are only 25% lower than 
the critical location. 

2. The presence of coolant channels raises bore stresses 
above the Lame predictions by about 7%. 

3. The Finite Element results predict significant 
compressive residual hoop stresses at the hole with 
greater magnitude in the ccsc of the higher SCF. 
However, the X-ray measurements of residual stress 
show zero or slightly tensile residual stresses at the hole. 
In this region Bauschinger and high stress gradient 
effects may operate separately or together to reduce the 
compressive stresses. 

4. For a fixed value of nominal overstrain and different 
hole geometries the residual stress patterns at points 
removed from the hole are almost coincident, with 
virtually identical values at the bore. 

5. The peak value of residual stress is slightly positive 
and occurs some 2.5mm from the hole. This is also the 
region of maximum hoop stress (and hence tensile stress 
range) when the tube is repressurized to a working 
pressure below that required for autofrettage; this 
implies that failures may initiate a small distance from 
the hole boundary. However experience indicates that 
the more likely failure initiation locations are at the hole 
surface. 

6. For a given hole size and location and for nominal 
overstrains of 40% or greater the residual compressive 
stress at the bore is reduced by approximately 15% 
below the value for a plain tube of the same radius ratio. 
This supports the hypothesis that it is loss of constraint 
from material beyond the holes which produces this 
effect. These results were compared with experimental 
(X-ray diffraction) data and other data from tube slicing 
tests, both of which reinforce the conclusion. 

These findings and recommendations lead to a predicted 
lifetime for a tube with axial holes and indicate that the critical 
location for fatigue failure is the hole boundarv. For 
semi-circular holes the ratio of lifetime at bore to that at hole is 
approximately 1.6. 
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LOCATION OF       Kt 
CASE b/a offset(aVa) A B 
1 (semi-circle) 1 0 2.64 1.53 

2 (offset ellipse) 2 0.5 2.07 1.51 

3 (semi-ellipse) 0.5 0 4.06 1.82 

4 (semi-ellipse) 2 0 2.04 1.48 

5 (semi-ellipse) 1.5 0 2.25 1.46 

6 (semi-ellipse) 2.5 0 1.91 1.4 

7 (semi-ellipse) 0.75 0 3.2 1.69 

Table 1: Effect of Hole Eccentricity on Stress Concentration Factor 

Percentage 
Autofrettage 

20 
40 
60 
80 

Percentage of 
Yield at Bore 
(Plain Tube) 

27T5 
47.2 
60.3 
67.6 

Pe/centage of 
Yield at Bore 
(FE Analysis) 

25 
39 
50 
59 

Table 2: Reduced Bore Compressive Hoop Stress 

R2 R1       Yield    overstrain Firing     Stress       Life(Plain Predicted 
Press     range(ID)   Tube)       (Perforated 

Design) 
(mm)      (mm)    (MPa)   (%) (MPa)    (MPa)        (cycles)    (cycles) 

Plain 142.2      89 1,240    60 

Perforated   152.4     84.5     1,240   *44 

Perforated   152.4     84.5     1,104   *44 

393 717.8 10,873 

406 605.6 18,150 

406 673.6 13,189 

'indicates overstrain for equivalent plain tube 

TABLE 3: Lifetimes for pre-cracked Tubes with 
Semi-circular Holes, Failure Originating from Bore 
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Figure1:Schematic Illustration of Geometry Considered 
(Note, Axial holes may be of various cross-sectional shapes) 

Axial Perforations - Geometry & Loading 
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Figure 2: Specific Hole Geometries Analysed 
Using Finite Element Methods 
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Bore to Hole - Bore Pressure 434 MPa 

Figure 6 : Contours of Plastic Strain at Peak of Autofrettage Cycle 
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