
iß- 

tf -/ 

REPORT NO. NADC-78259-60 

CERTIFICATION OF COMPOSITE AIRCRAFT STRUCTURES 
UNDER IMPACT, FATIGUE AND ENVIRONMENTAL CONDITIONS 

PART  II 

SCALE EFFECT IN FATIGUE OF COMPOSITE MATERIALS 

Pei Chi Chou and Robert Cronmen 
DREXEL UNIVERSITY 

Philadelphia, Pennsylvania 19104 

JANUARY 1978 \l,TTT m'-iryr, 
'-"■'-■^■U St 

FINAL CONTRACT REPORT 
1 July 1976 - 31 December 1977 
CONTRACT NO. N62269-76-C-0378 

Prepared for 
NAVAL AIR DEVELOPMENT CENTER 

Warminster, Pennsylvania 18974 



NOTICES 

REPORT NUMBERING SYSTEM - The numbering of technical project reports issued by the Naval Air Development 
Center is arranged for specific identification purposes. Each number consists of the Center acronym, the calendar 
year in which the number was assigned, the sequence number of the report within the specific calendar year, and 
the official 2-digit correspondence code of the Command Office or the Functional Directorate responsible for the 
report. For example: Report No. NADC-78015-20 indicates the fifteeth Center report for the year 1978, and prepared 

by the Systems Directorate. The numerical codes are as follows: 

CODE OFFICE OR DIRECTORATE 

00 Commander, Naval Air Development Center 
01 Technical Director, Naval Air Development Center 
02 Comptroller 
10 Directorate Command Projects 
20 Systems Directorate 
30 Sensors & Avionics Technology Directorate 
40 Communication & Navigation Technology Directorate 
50 Software Computer Directorate 
60 Aircraft & Crew Systems Technology Directorate 
70 Planning Assessment Resources 
80 Engineering Support Group 

PRODUCT ENDORSEMENT - The discussion or instructions concerning commercial products herein do not constitute 
an endorsement by the Government nor do they convey or imply the license or right to use such products. 

APPROVED BY:    /^Q^Wv^JSlI^-  DATE: // /Jfu^iJ^ /?7& 

m 



UNCLASSIFIED 

REPORT NO. NADC-78259-60 

CERTIFICATION OF COMPOSITE AIRCRAFT STRUCTURES 
UNDER IMPACT, FATIGUE AND ENVIRONMENTAL CONDITIONS 

PART II 

SCALE EFFECT IN FATIGUE OF COMPOSITE MATERIALS 

Pel Chi Chou 
Robert Croman 

DREXEL UNIVERSITY 
Philadelphia, Pennsylvania 

January 1978 

Prepared for 
NAVAL AIR DEVELOPMENT CENTER 

Warminster, Pennsylvania 18974 

UNCLASSIFIED 



V 

UNCLASSIFIED 
SECURITY CLASSIFICATION OF THIS PAGE (Wien D«l« Entered) 

REPORT DOCUMENTATION PAGE 
1.   REPORT NUMBER 

NADC-78259-60 
2. GOVT ACCESSION NO 

4. TITLE (end subtitle)   Certification of Composite Aircraft 
Structures under Impact, Fatigue and Environmental 
Conditions. Part II-Scale Effect in Fatigue of 
Composite Materials 

7.   AUTHORS pe±   chi   chQu   and 

Robert Croman 

9.   PERFORMING ORGANIZATION NAME AND ADDRESS 

Drexel University 
Philadelphia, PA 19104 

READ INSTRUCTIONS 
BEFORE COMPLETING FORM 

3.   RECIPIENT'S CATALOG NUMBER 

5.   TYPE OF REPORT A PERIOD COVERED 

Final Contract Report 
July 1 1976 - Dec. 31 1977 
6. PERFORMING ORG. REPORT NUMBER 

8. CONTRACT OR GRANT NUMBER(»J 

N62269-76-C-0378 

10.   PROGRAM ELEMENT. PROJECT, TASK 
AREA ft WORK UNIT NUMBERS 

II.   CONTROLLING OFFICE NAME AND ADDRESS '2-   REPORT DATE 
Aircraft and Crew Systems Technology Directorate 

Naval Air Development Center 
Warminster, PA 18974 

14.   MONITORING AGENCY NAME ft ADDRESSf// dltterent from Controlling Otlice) 

13.   NUMBER OF PAGES 
64 

15.   SECURITY CLASS, (ol thle report) 

Unclassified 

15«.   OECLASSIFICATION/DOWNGRADING 
SCHEDULE 

16.   DISTRIBUTION STATEMENT (ol thle Report) 

Approved for Public Release; distribution unlimited. 

17.   DISTRIBUTION STATEMENT (ol the abetract entered In Block 20, It dtlterent from Report) 

18.   SUPPLEMENTARY NOTES 

19.   KEY WORDS (Continue on reveree aide 11 neceeeary and Identity by block number) 

graphite/epoxy composite 
static strength 
fatigue life 
scale effect 
in-series model, in-parallel model 

statistical analysis 

20.    ABSTRACT (Continue on reveree aide If neceeeary and Identity by block number) JJjg   effect   of    size   On   the 

endurance limit of composite materials has been- found to depend on the statis- 
tical scatter.  For structures that can be considered as composed of a number 
of basic elements arranged in series, the fatigue life of the structure can be 
predicted if the distribution of the basic element is known. This prediction 
technique has been verified for graphite/epoxy structures constructed from 
three basic elements with central hole arranged in-series and subjected to a 
compression loading. 

DD ,5 FORM AN 73 1473 EDITION OF 1 NOV 65 IS OBSOLETE 
S/N 0102-LF-014-6601 

UNCLASSIFIED 
SECURITY CLASSIFICATION OF THIS PAGE (Whan Data Entered) 



SECURITY CLASSIFICATION OF THIS PAGE (Whit Data Entered) 

SECURITY CLASSIFICATION OF THIS PAGEfWhon Dmla Entered) 



>-* 

NADC-78259-60 

CERTIFICATION OF COMPOSITE AIRCRAFT STRUCTURES 
UNDER IMPACT, FATIGUE AND ENVIRONMENTAL CONDITIONS 

PART II 

SCALE EFFECT IN FATIGUE OF COMPOSITE MATERIALS 

by 

Pei Chi Chou 

Robert Croman 

Drexel University 
Philadelphia, Pennsylvania 

January 1978 

Final Report 

Contract No. N62269-76-C-0378 

NAVAL AIR DEVELOPMENT CENTER 
Warminster, Pennsylvania 18974 



NADC7B259-60 

Foreword 

This is part II of the final technical report for Contract No. N62269- 
76-C-0378, which is sponsored by the Naval Air Development Center, Warminster, 
Pa. The work was performed during the period of July 1, 1976 through 
December 30, 1977. Mr. Lee W. Gause was the contract monitor. 

The contracted study is under the title "Certification of Composite 
Aircraft Structures under Impact, Fatigue and Environmental Conditions"; 
parts I and II of the study are under the supervision of Dr. P.C. Chou, 
while part III is under Dr. A.S.D. Wang, both of Drexel University. 

This report concerns part II of the contract, the scale effect in 
fatigue of composite materials. It is a self-contained report including 
definitions of all nomenclature used, and its own introduction and conclu- 
sions. 

The authors would like to thank Dr. Edward J. McQuillen, Dr. James L. 
Huang and Mr. Lee W. Gause for the frequent technical discussions. The 
authors would also like to thank Mr. James Alper and Mr, Dinh Nguyen who 
helped conducting the experiments. 

i~lL 



NADC -78259«) 

Scale Effect in Fatigue of Composite Materials 

L-tf 

Table of Contents 

I. Introduction   

II. Equations for the In-Series Model   .......... 

III. Static and Fatigue Experiments   ,».. . . . . 

A. Specimens   
B. Testing Apparatus        
C. Testing Procedures  . . . . 

IV. Experimental Results      

V. Parameter Estimations  . . . . 

A. Interval Estimation for the Mean     
B. Point Estimation, Weibull Distribution   

VI. Analysis and Conclusions      ...   

Nomenclature  

References       . . .'  

Appendix A  The In-Parallel Model - Bundle Theory 

Appendix B  Detail Drawings for Gripping Anti-Buckling 
Guide Device 

Appendix C  Additional Data  .....   . . 

Page 

1 

5 

8 

8 
. 9 
10 

13 

16 

16 
17 

23 

27 

28 

29 

54 

60 



N ADC -78259.60 

I.  Introduction 

It is known that the endurance limit  (fatigue limit) of a material under 

fatigue loading decreases as the size of the specimen increases [1]. A large 

amount of test data for metals are available, and many theories have been 

offered, but none of the theories are satisfactory. For instance, in [2] it 

was found that for an Al-Cu alloy the fatigue limit of a large sheet (230 mm 

width) is only 50% of that of a small sheet (19 mm width).  In contrast, the 

fatigue limit for corresponding mild steel specimens showed that the large 

sheet has 85% the fatigue limit of the small sheet. Among factors mentioned 

that may contribute to the scale effect include maximum stress gradient, heat- 

ing of large specimen, surface stress, etc. No statistical theory was mentioned. 

Recently, the detrimental effect of size in composite material has been 

recognized and attempts by the statistical approach have been proposed. For 

instance, in Ref. [3] and [4] the ratio of strength of two specimens was 

assumed equal to the ratio of their volumes under stress. This, in essence, 

is considering that all defects or micro-flaws are arranged in series, and 

the weakest link breaks the chain. 

The concept of in-series and in-parallel arrangement in statistical 

studies is not new.  In classical reliability analysis the series-parallel 

arrangements are often used for engineering systems, see for instance Shooman 

[5]. These arrangements have also been assumed, sometimes implicitly, iii 

studying the strength of structures and materials, see [6]. It seems that 

they have not been used to study the scale effect of fatigue life. 

The goal of the present study is to obtain basic understanding of scale 

effect in the fatigue life of composite material structures. This basic 

understanding may be used to develop scaling laws such that the service life 
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of a full size structure may be predicted from tests of small size models 

or specimens. 

The full size structure is considered as consisting of n "elements". 

These elements may be statistically in-series, or in-parallel, or a combina- 

tion of these two.  If the whole structure fails when any one of the elements 

fails, then these elements are considered to be in-series. This is also 

known as the weakest-link theory. On the other hand, if after one element 

fails, the rest of the elements can still carry the total load, the elements 

are considered in-parallel; this is equivalent to a bundle of loose filaments,        j 

and amenable to the bundle theory analysis. ^ 

{ 
If the strength, or fatigue life, of the element has a small statistical ] 

scatter, or large Weibull shape parameter, then the mean strength or life        £L    \ 

of the n-element structure is not too much different from that of the element.        J 

This is true for both in-series and in-parallel arrangements. However, if 

the scatter is large, which is the case for fatigue life of composites, the 

n-element structure has much shorter life than the element. 

To substantiate this in-series/in-parallel model in relation to fatigue 

of composites, we have selected as the basic element a composite specimen 

with a single drilled hole, (Fig. 1). By arranging a number of holes in 

different arrays, we may accomplish in-series and in-parallel models. The 

present paper reports the results of the basic element and the three elements 

in-series cases, as shown in Fig. 1. This drilled-hole element was selected 

because it represents the rivet or bolt holes in actual structures, and it 

can be arranged in simple in-series/in-parallel models. Fatigue properties 

of riveted and bolted joints in composite panels are reported in [7] and [8]. 
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A. Geometry 

M »A 

Basic Element 

All Dimension in Inch 
(1 Inch = 25.A mm) 

End Tab 

r 

Test  -^ 
Section 

w 

x 
m 

Vz 
T 

3 In-Series 

JL 

B.   Properties 

Material:  Hercules AS/3501-6 graphite epoxy 

Layers:   12 

Layup:    [+ 45/0,,/+ 45 ]g 

Figure 1.  Specimen Geometry and Properties 
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The specimens were loaded in static compression and constant amplitude 

compression fatigue. The compression loading is used because it is known 

that graphite/epoxy composites have a shorter compression fatigue life as 

compared to tension fatigue, see Refs. [9] and [10]. The fatigue tests were 

at a constant amplitude of a        = 0, a   .    = -2800 lbf (-12.50 kN) (R = -°°). 

This maximum compression stress is approximately 74% of the mean static strength. 

Relevant properties and dimensions of the specimens are shown in Fig. 1. 

The in-parallel model of scale effect is in the developement stage. 

Pertinent material concerning this model and its verification is contained 

in Appendix A. 

^ 
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II. Equations for the In-Series Model 

In the traditional weakest link concept in material strength, the basic 

"link" is a flaw in the material, see for instance Ref. [11]. The present 

in-series model is of the same principle as the weakest link, except we use 

a structural "element" as a link. This element can be of a size in the same 

order of magnitude of the total structure.  It is well-known that the weakest 

link concept can be described in mathematical statistics by the extreme value 

theory, see for instance, Ref. [12] and [13]. We shall summarize the results 

for elements of Weibull distribution. 

Consider a basic element of Weibuil distribution, with a density function 

ka-l a(x-xQ) 
f (x) -  exp L-C^J (i) 

and a cumulative distribution function (CDF) 

Fx(x) = P(X < x) = 1 - exp - f-g-") J (2) 

where x = strength or life, xQ = position parameter, a = shape parameter, and 

ß = scale parameter. Then the CDF of an n-element in-series specimen can be 

shown to be 

Fv (x) - P(X < x) = 1 - [1 - P(X < x)]n (3) 
Xn 

The density function, f (x), of the n-element specimen is then 

a(x-x ) "    [ /x-x \ 1 
f (x) 0    U  0 (4) 

(ß/n1/a)a        W/ayJ (ß/nA,")a      LXeA 

Comparing Eq. (4) with Eq. (1), we conclude that the shape parameter a, and 

position parameter x0, of the n-element in-series model are identical to those 

of the basic element; the scale parameter ß is reduced from that of the basic 

(l/tx) 
element by a factor n 
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The mean strength or life is given by 

»- " (H1) ♦ "b ■ <» 

If the position parameter is equal to zero then the mean of the n-element 

in-series, p is related to the basic element mean, p by 
n 

p  \n/ 

I/o 
(6) 

The decrease of the mean is a function of the shape parameter, as well as 

the number of elements, n. For a value of a = 2, the strength or life de- 

creases a great deal; for n = 100, the strength of the in-series combination 

is only 10% of the basic element. For a large value of a, however, the 

decrease in strength is not too much. For instance, for n = 100 and a = 30, 

p is 86% of p. Eq. (6) is plotted in Fig. 2. 

Since for composite materials the shape parameter for static strength 

is between 10 to 30, and for fatigue life it is between 1 to 3, it can be 

seen that the size effect is more serious in fatigue life than in static 

strength, if the elements are in-series. In other words, a long coupon has 

almost the same static strength as a short element, but has only a small 

fraction of the fatigue life of the element. 

-3- 
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III. Static and Fatigue Experiments 

To verify the in-series model a number of static and fatigue tests were 

performed using both the basic element and the in-series specimen. 

A.  Specimens  All specimens used for this study were cut from a Hercules 

AS/3501-6 graphite/epoxy composite plate prepared at the Naval Air Development 

Center, Warminster, Pa. The plate consisted of 12 layers following a layup 

of [+ 45/02/+ 45]g. The overall measurements of the plate were 24 by 34 

inches (610 by 860 mm) with an average thickness of 0.072 inch (1.83 mm). 

End tabs were cut from plates prepared of 3M Scotchply 1003 fiberglass/epoxy 

with a layup of [02/90/02/90/02/90/02]. The thickness of the plates were 

0.080 inch (2.03 mm). 

The basic element was a 1 x 6 inch (25.4x152.4 mm) strip with a central 

1/4 inch (6.4 mm) hole. The in-series specimen had the same overall dimensions, 

but with three 1/4 inch (6.4 mm) holes. End tabs of length 1 1/2 inch 

(38.1 mm) were applied to the ends of both sides of each specimen, (See 

cutting procedure for method of application). The dimensions for the'basic 

element and the in-series specimen ar*given in Fig. 1. The portion between 

the end tabs was considered as the test section. 

The plate was cut into test specimens by means of a 5 13/16 inch 
t 

(147.6 mm) diameter diamond saw blade mounted on a Sundstrand Rigidmil. 

The blade was run at 715 rpm with a table feed rate of 1 inch (25.4 mm) per 

minute. The first step in the cutting procedure consisted of cutting the 

plate into 6 1/2 x 10 inch (165.1x254.0 mm) sections such that the 0° 

fibers were parallel to the shorter edge. Next 1 1/2 x 10 inch (38.1x254.0 mm) 

end tab strips of 0.080 inch (2.03 mm) thickness were bonded to both sides 

of the sections, 1/4 inch (6.4 mm) from each of the 10 inch (254.0 mm) edges. 

8 



> 

N ADC -78259.60 

The bonding agent used was Ecobond 51 combined with Catalyst #9, both 

manufactured by Emerson and Cuming Inc.  These sections were then squared 

off and cut down to 6 x 10 inch (152.4x254.0 mm) by taking off 1/4 inch 

(6.4 mm) along each of the 10 inch (254.0 mm) edges. Next the sections 

were cut into 6x1 inch (152.4x25.4 mm) strips. Each section yielded 9 

of these strips. 

Specimen holes were drilled with straight fluted solid carbide drill 

bits manufactured by Cleveland Twist Drill Co. First a pilot hole was 

made in the specimen with a 1/8 inch (3.2 mm) bit. This was enlarged with a 

1/4 inch (6.4 mm) bit. The bits show no noticeable wear after drilling 

in excess of 200 holes. 

After cutting and drilling the completed specimens were stored at 

room temperature and humidity until testing. 

B.  Testing Apparatus  All testing was performed on an Instron Model 1230 

Dynamic Test Machine equipped with a Model 836 remote control panel, a Model 

602 load and stroke controller panel, and a Model 860A function generator. 

This testing machine has the capacity of + 10,000 lbf (+ 40 kN) load which 

can be applied in the form of a sine input, triangular input, square input, 

or ramp input. The maximum reliable frequency for operating this machine 

is 30 Hz.  The Instron Wedge Action Gripping Jaws were used in conjunction 

with our own gripping and anti-buckling guide system (to be described later), 

For static tests a. Hewlett Packard Model 7045A X-Y Recorder was used. 

Additional equipment included a Tektronix 7623A Storage Oscilloscope and a 

Keithley Instruments 160 Digital Multimeter. 
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A method for gripping the specimen and for preventing buckling during 

loading was designed, and a sectioned assembly of this apparatus is shown in 

Fig. 3. As can be seen the bottom and top grips are held in place by the 

Instron Jaws. The gaps between the jaws and the grips are filled with shim 

stock. The top grip is stationary and the two vertical runners are bolted 

to it. The bottom grip is free to ride up and down in these runners. The 

applied load is transmitted by the actuator arm of the Instron through the 

bottom Instron Jaw to the bottom grip. The frictional force between the 

bottom grip and the vertical runners was found to be negligible (less than 

10 lbf or 44 N).  The anti-buckling guide also fits in the runners and is free 

to move up and down. The runners insure correct alignment of the top and 

bottom grips and the anti-buckling guide. Hence the test specimen will have . 

no initial crookedness. The clearance between the anti-buckling guide faces 

and the specimen surfaces of course varies from specimen to specimen but 

on the average is 0.003 inch, (0.08 mm). The section view shows that the 

specimen's ends are in contact with the grip floors. This insures that the 

load is applied on the ends of and along the axis of the test specimen. 

The figure also indicates that the rear gripping plates are held in place 

by 1/4 20 Allen screws inserted through the front grips . The rear anti- 

buckling guide plate is held to the front anti-buckling guide by four screws. 

Detail drawings of the grips and anti-buckling guide are presented in 

Appendix B. 

C*  Testing Procedures  All tests were run at room temperature with ambient 

humidity.  In order to reduce friction between the specimen and the anti- 

buckling guide, a thin coating of Molykote 44 grease, a heat stable silicone 

lubricant, was applied to the contact surfaces of the guides. 

10 
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For static tests the specimen was secured in the grips and the back 

of the anti-buckling guide was screwed in position. A compressive load 

of 10 lbf (40 N) was applied to the specimen and then the screws holding the 

backs of the grips and anti-buckling guide were torqued tight.  The load 

was then released. Next, operating in the stroke mode and using the ramp 

input a compressive load was applied to failure. The failure load was re- 

corded on the X-Y plotter. 

For fatigue tests, the specimen was secured in the grips and the back 

of the anti-buckling guide was screwed in place (hand tight). Small 

pieces of styrofoam were placed between the guide and the grips in order to 

damp out any vibration. Operating in the load mode a compressive load was 

gradually applied up to 100 lbf (440 N).  Then the screws holding the grips 

and guide in place were torqued tight. The load was then increased slowly 

until the desired mean load was obtained.  In the present test, the mean load 

is-1400 lbf (-6.23 kN). A sine wave cycling of the applied load with an 

amplitude of 1400 lbf (6.23 kN) was then started. For the first 10 cycles a 

frequency of 0.01 Hz was used. During this time the loading was rechecked 

with the use of the digital multimeter and oscilloscope to make sure that 

the specimen did not go into tension and the load was cycling between 0 and 

-2800 lbf (-12.50 kN).  The frequency was then gradually and slowly increased 

to 5 Hz. Periodically the loading was checked with the oscilloscope and 

screws retorqued as necessary. The specimen was run to failure and fatigue 

life was recorded in cycles by the control panel counter. 

12 
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IV.  Experimental Results 

This section presents the static and fatigue test results for the 

basic element, the three-in-series specimen, and several other arrangements. 

All specimens failed through a drilled hole. For each test, the ultimate 

load, or the fatigue life of each specimen is given in tabular form. The 

sample means and sample standard deviations are also calculated from the 

following formulas 

1  n 
Sample mean      x = — 1    x. (7) 

n i=l 

h 
Sample standard deviation = s = —y I (x±-x)       (8) 

where n is the total number of specimens tested in each case. 

Table I 

Static Strength and Fatigue Life of the Basic Element, 

Graphite/Epoxy [+ 45/02/+ 45]g 

Ultimate Static Compression Load, lbf (kN), (12 specimens) a. 

2950 (13.12)   3600 (16.01)   3900 (17.35)   4350 (19.35) 
• 3100 (13.79)   3630 (16.15)   3900 (17.35)   4600 (20.46) 

3250 (14.46)   3770 (16.77)   3940 (17.55)   4650 (20.68) 

x = 3800 (16.90) 

s = 550 ( 2.45) 

b. Compression Fatigue Life, Cycles, Max. Compression Load = 74% Basic 
Element Mean Static Strength, R -.-», Frequency - 5 Hz (10 specimens) 

17230        26230        78750       107880       127540 
20010        49460        83300       112120       128780 

x - 75130 

s = 44200 

13 
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Table la presents the static strength measured in lbf (kN) for the basic 

elements. The sample mean and sample standard deviation are 3800 and 550 lbf 

(16.90 and 2.45 kN) respectively. Table lb gives the fatigue life measured 

in cycles for the basic elements. The maximum compressive load to which each 

element was subjected was 2800 lbf (74% of mean static) while the minimum, 

load was 0. The mean and standard deviation of the basic element fatigue life 

were 75,130 and 44,200 cycles respectively. 

Table II 

Static Strength and Fatigue Life of the Three-In-Serles 

Specimen, Graphite/Epoxy [+ 45/0-/+ 45] 

a. Ultimate Static Compression Load, lbf (kN), (10 specimens) 

3000 (13.34)T*  3260 (14.50)T  3450 (15.35)B  3660 (16.28)B 
3150 (14.0DR   3400 (15.12)B  3600 (16.01)B 
3150 (14.01)T   3400 (15.12)M  3600 (16.01)T v 

x -' 3370 (14.99) 

s -, 220 ( 1.00) 

b. Compression Fatigue Life, Cycles, Max. Compression Load = 74% Basic 
Element Mean Static Strength, R - -<*>, Frequency = 5 Hz (9 specimens) 

47690 B 2090 M 15270 B 19990 M 29950 M 
5040 T 16090 B 24700 B 32740 B 

x = 21510 

s - 14200 

* Failed hole location, T = top, M =» middle, B = bottom. 

Table Ila shows the static strength measured in lbf (kN) for the three-in- 

series specimens. Also the position of the failure is given. The sample 

mean is 3370 lbf (14.99 kN) and the standard deviation is 220 lbf (1.00 kN). 

Table lib presents the fatigue life in cycles and the position of the failed 

hole for each of the three-in-series specimens subjected to the same loading 

conditions as the basic element fatigue specimens. Here, x = 21,510 cycles, 

and s = 14,200 cycles. 
14 
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We see that in the static case the mean strength of three-in-series 

specimen is 89% of the basic element mean strength. However, the mean life 

of the three-in-series specimen is 29% of the basic element mean life. It 

is evident that the in-series configuration greatly reduces the fatigue life, 

but has a much less effect on the static strength. 

Some additional tests were performed on specimens With different 

geometries than described above. This data is compiled in Appendix C. 

15 
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V.  Parameter Estimations 

A.  Interval Estimation for the Mean 

According to the in-serles model, the life and strength of the three- 

in-series specimen should be lower than those of the basic element. From 

the data in the previous section, it can be seen that indeed the sample 

mean life and mean strength for the three-in-series are both lower than the 

corresponding basic element values. The sample mean values, however, are 

random variables, dependent on the sample size, and by themselves have less 

statistical significance. In order to establish a confidence level on the 

hypothesis that the three-in-series and basic element specimens were from 

two different populations and that the three-in-series case has a lower mean 

value, we shall make interval estimations for the means. 

We shall assume that the random variable 

+        -  (x-y) /Ü 
Cn-1 s"  (9) 

has the Student-t distribution with n-1 degree of freedom.  Strictly speak- 

ing, this is true only when the population is normal. For practical pur- 

poses, it is a good enough approximation for non-normal distributions, [14]. 

Based on this assumption, we have estimated the confidence intervals for all 

four cases, and listed the results in Table III. 

16 
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Table III 

Confidence Intervals for Basic and Three-In-Series Specimens 

Fatigue Life 

Specimen Confidence Interval 
for Mean Life, Cycles 

% Confidence 

Basic 

3-in-series 

[43510, 106750] 

[10600, 32420] 

95% 

95% 

b.  Static Strength 

Specimen Confidence Intervals 
for Mean Strength 
lbf kN 

% Confidence 

Basic [3520, 4090] 

[3460, 4150] 

[15.7, 18.2] 

[15.4, 18.5] 

90% 

95% 

Three-in-series [3240, 3500] 

[3200, 3530] 

[14.4, 15.6] 

[14.3, 15.7] 

90% 

95% 

As can be seen the 95% confidence intervals of the population mean lives of 

the basic element and three-in-series specimen are disjoint, and the former 

larger than the latter. This implies that these sample means come from 

separate populations and the basic element has longer life. Table III also 

lists the 90% and 95% confidence intervals for the basic and three-in- 

series mean strengths. Here it is seen that the 95% confidence intervals 

overlap whereas the 90% intervals do not.  It can be argued, although not 

as strongly as in the fatigue case, that the strength results of the basic 

and three-in-series elements do indeed come from different populations. 

B.  Point Estimation, Weibull Distribution 

It is well-known that the strength and fatigue life of materials can 

be best characterized by the log-normal or the Weibull distributions. In 

this study, the two parameter Weibull distribution is used to represent 

our results. The cumulative distribution function (CDF) has the form, 
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F(x) = P(X < x) = 1 - exp[- (I)0] (10) 

Having collected sample points x, the parameters can be estimated 

in many ways, for instance, method of moments, maximum likelihood, and 

regression.  In this study the method of linear regression was used to esti- 

mate a and 3. This technique requires an assignment of numerical values 

of P.^ (called the rank) for each x..  There are many ways of making this 

assignment but in this study the median rank method was used. Here the 

sample points are ordered from lowest to highest and then P. is assigned by 

the approximate median rank formula 

Pi = n + (L4' ±" 1 n (11) 

where n is the total number of data points comprising the sample. 

In using linear regression, let us transform Eq. (10), by taking the 

logarithm twice, into the form 

y' = ax' - a An ß (12) 

where 

x' = In  x (13) 

y* = £n £n [l-P(X<x)] ' <14> 
At x - x., the corresponding values of x' and y! can be evaluated from 

Eqs. (13) and (14). The quantity y^ is associated with the theoretical dis- 

tribution (10), evaluated at x.. The corresponding value from the approximate 

rank is given by 

1 
y. = in  An 

^i-i 
(15) 
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The difference y - y!, which represents the error, is squared, and 

sximmed over i or, 

A2= I  (y±-yi)2 

i=i 
n 

- I    (y. - ax! - a An 3)' 
1=1 

(16) 

This sum of the square of errors is then minimized, by forming the two 

2 2 equations 3 A /3a = 0 and 3A /33 = 0. Solving these two equations yields 

the two unknown parameters as 

n        , n    n 

a = 
E Xi yi " n 2 Xi ^ yi 1-1 1      1-1   1=1 (17) 

3 - exp 

r n                n 

a I    xi ~    I    yi 
i=l            1=1 

n a (18) 

Table IV gives the values of a and 3 for the four cases. Values of 

the mean u and coefficient of variation are also listed and were obtained 

from the formulas 

u - 3r 
(^ 

(19) 

c.o.v. = 
(^y^m 1/2 

r2(^) 

(20) 

19 



N ADC -78259-60 

Table IV 

Estimated Weibull Parameters for 

Basic Element and Three-In-Series Specimens 

a.  Fatigue-Life, cycles 

Specimen        a 3 y 
cycles     cycles      C.O.V. 

Basic 1.36     87840      80400 
Element .74 

Three-in-series    1.09     25390      24700 
.93 

b.  Static Strength, ibf (kN) 

SpeClmen        "       Ibf'(kN)    Ibf'fkN)     C-°-V' 

Basic 7.6       4040       3800 
Element (17.97)     (16.90)      ,15 

Three-in-series    16.2       3470       3360 
(15.44)     (14.95) .06 

The Kolmogorov-Smirnov goodness of fit test was used to see how well 

the Weibull distributions described the data.  In all cases the fitted 

distributions were acceptable at a significance level of 5%. 

Fig. 4 presents the Weibull CDF for the fatigue life. The solid 

curve represents the CDF for the basic element and the dashed curve the three- 

in-series. The ten data points for the basic element are plotted as x*s 

and the nine data points for the three-in-series are given as open circles. 

It can be seen that the scatter for both the basic element and three-in- 

series specimen is large.  The Weibull distributions fit the data points 

fairly well. 

Fig. 5 shows the CDFs and data points for the static strength.  Once 

again the solid curve and x's are for the basic element; the dashed curve 

and open circles give the three-in-series information. The static strength 

is seen to have much less scatter than the fatigue life. 
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Looking at the estimated population means we find that the static 

strength of the three-in-series specimen is 89% of that of the basic ele- 

ment. However, the fatigue life of the three-in-series is only 31% of 

the basic element. These percentages are seen to be in general agreement 

with those discussed in the previous section that were calculated from 

the sample means. 
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VI. Analysis and Conclusions 

From the theoretical analysis, it can be seen that once the distribu- 

tion of the basic element, Eq. (2) is known, the distribution of the in- 

series specimen can be calculated from Eq. (3). This is done for both the 

static strength and the fatigue cases, and the results are presented in 

Table V.  They are also shown in graphical form in Figs. 6 and 7. The 

calculated ones are labeled "predicted", while the fitted experimental ones 

are labeled "experimental". 

Table V 

Comparison of Measured and Predicted Properties 

of Three In-Series Model 

ä.  Fatigue Case (Large scatter, small shape parameter). 

Three in series 
Basic Element 

Predicted Measured 

Shape Parameter 1.36 1.36 1.09 

Mean Life 
cycles 

80400 35900 24700 

b.  Static Case (Small scatter, large shape parameter) 

Three in series 

Basic Element 
Predicted Measured 

Shape Parameter 7.6 7.6 16.2 

Mean Strength 
lbf (kN) 

3800 
(16.90) 

3290 
(14.63) 

3360 
(14.95) 
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For the life of the three-in-series specimen we see from Fig. 6 that the 

shapes of the experimental curve and predicted one are close; however the 

predicted mean life is 45% higher than the experimental.  One possible 

explanation for this is that the stress distribution is non-uniform along 

the length of the specimen and the bottom hole is subjected to higher load, 

and therefore has shorter life than the other two. This is born out by the 

fact that in the three-in-series fatigue case over 50% of the specimens failed 

at the bottom hole. 

In the case of the static strength the shapes of the experimental and 

predicted are different, but the mean strengths agree to within 3%. 

Based on the results and analysis presented in this report the follow- 

ing conclusions can be drawn, 

A. The statistical scatter of strength and life of a basic element is 

one of the main reasons for the decrease in strength and life for larger 

structures.  In other words, the scale effect in fatigue can be explained by 

statistical considerations. 

B. In general, a large structure contains many small elements which are 

statistically arranged In a combination of in-series and in-parallel modes. 

For certain special structures, a simple in-series arrangement can be assumed. 

In the present case, the three-holed specimen is truly an in-series model, 

and its life and strength calculated from theory are in good agreement with 

measured data. 

C. The larger the scatter of the strength or life among specimens, or the 

smaller the Weibull shape parameter, the larger their decrease for large 

structures due to the scale effect.  Since in general there is more scatter 

in fatigue life than in static strength, the scale effect is more pronounced 

in fatigue.  It is also observed that there is more scatter in fatigue life 
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for graphite composite materials than for metals. Consequently, fatigue 

data obtained from small composite coupons must be used with caution 

when applied to larger structures. 
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Nomenclature 

CDF Abbreviation standing for cumulative distribution function 

C.O.V. Coefficient of Variation 

f(x) Probability density function 

F Force applied to a bundle of fibers 

F Breaking force of a bundle of fibers 

F(x) Cumulative distribution function 

n Number of fibers or elements (as a subscript - the number of 
elements in series; as a super script in parenthesis - the 
number of elements or fibers in parallel). 
Also total number of data points in a sample. 

n' Number of surviving fibers or elements 

P(X<x) Cumulative distribution function 

P. Median rank 

s Sample standard deviation 

x Value of strength or life 

xg Position parameter 

x Sample mean 

xT Value of breaking force of a fiber 

X Strength or life of a basic element 

Xn Strength or life of an n in-series element 

XW The failure load of the bundle/n. 

a Weibull shape parameter 

3 Weibull scale parameter 

a Population standard deviation 

y Population mean 
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Appendix A The In-Parallel Model - Bundle Theory 

The in-parallel model of scale effect considers a number of basic ele- 

ments (fibers) arranged in parallel so that if one or more break, the sur- 

vivors will carry a redistributed load. The theory for this model is based 

on the bundle theory of Daniels [15]. The model is applicable to both the 

static and fatigue modes of loading. However the existing set of equations 

of the bundle theory can be applied only to the static case and is reported 

in this appendix. In order to apply the bundle theory to the fatigue case, 

additional development is needed. 

The Exact Formula The cumulative distribution function (CDF) of the fiber 

*~     under a static load is 

Fx(x) = P(X <_ x) (A-l) 

where X is the breaking load of the fiber.  Grouping n fibers together in 

parallel will form a bundle.  If this bundle is subjected to a static loading 

and if after any fiber failure the survivors share the load evenly then the 

distribution of the bundle is 

n r, 
F ,,(x) - P(X(n) < x) = 11   (-l)n-mn![p(X £f) ^ 
X(n) ~    m=l r '-    rl- 

- r2    r       rm / 
!r ''"r !   (A-2) 

/    m 

,(n) _ where X^  = the failure load of the bundle/n.  The r.'s are integers 
l 

greater than or equal to one such that 

m 
I    r. = n ■  (A-3) 

i=l 1 

where 0 < m £ n.  The inner sum in Eq. (A-2) indicates the sum over all 
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combinations of r subject to the condition given in Eq. (A-3). 

For two fibers arranged in parallel Eq. (A-l) reduces to 

P(X(2) <_ x) - 2P(X £2x)P(X £x) - [P(X £ x)]2 (A-.4) 

As the number of elements or fibers increases Daniels' exact formula quickly 

becomes unmanageable. We have expanded Eq. (A-2) for values of n up to 

n=7. For the case of n=7 the expression contains 64 terms. The expanded 

formulas and the associated computer program listing are given at the end 

of this appendix. However, as the number of elements becomes large, 

P(X   _< x) approaches a normal distribution and its mean can be expressed 

in a simple formula.  This will be derived below. 

The Large Bundle Theory  The large bundle theory, which was presented by 

Daniels, can be derived by simple considerations.  The result is limited, 

however, to the mean strength of the bundle.  The standard deviation of the 

normally distributed strength was given by Daniels after a lengthy statistical 

derivation.  In the following, we shall derive the mean strength expression 

and present Daniels' standard deviation formula without derivation. 

Consider a bundle of fibers subjected to a force F.  Each fiber will 

experience a force x where 

x = £■ (A-5) 

and n' is the total number of surviving fibers currently in the bundle. 

Let the probability that a single fiber breaks under the force x be 

P(X <_x), 

P(X < x) = 
rx 

f(C)d£ (A-6) 
0 

where f(?) is the probability density function. 

30 



f(C)dC (A-7) 
x 

NADC-78259^0 

The reliability is given by 

R(x) = 1 - P(X <  x) - 

The total number of fibers surviving will ben', 

n' = n R(x) = n[l - P(X £x)] (A-8) 

where n is the total number of fibers originally in the bundle. 

The relationship between the force applied to the bundle, the force 

experienced by each surviving fiber, and the number of original fibers is 

obtained by substituting Eq. (A-8) into Eq. (A-5) and rearranging, or, 

F = n x[l - P(X £x)] (A-9) 

The breaking load F can be obtained by maximizing the force F in 

Eq. (A-9); this yields 

dx 

or 

■ß-  {nx[l - P(X < x)]} = 0 (A-10) 
ax — 

Performing the differentiation yields the equation 

[1 - P(X <_ x)] = x f (x) (A-ll) 

The value of x that solves Eq. (A-ll) will be designated as x . The 

corresponding value of the breaking load is obtained by substituting XT 

into Eq. (A-9).  Thus 

FT = n x [1 - P(X <. xx)] (A-12) 

Daniels shows that large bundles have failure strength that are of 

a normal (or standard) distribution. The mean strength y   is then given 

by F /n, and the standard deviation is 
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o(n) - x   l/*(X-XT)[1 ~ P(X ^ V3' 
Xx F n (A-13) 

When a Weibull distribution is assumed for the single fiber, the value 

of XT can readily be obtained from Eq. (A-ll).  The Weibull density and 

distribution functions are 

^a-l 

exp f(x) = 
a(x-x0)° 

e1- 

:sf 
and P(X <_ x)  = 1 - exp fflf 

(A-14) 

(A-15) 

We will further assume xn = 0. 

Substituting the Weibull distribution into Eq. (A-ll) and solving 

gives x 

x = 
T 

(CO 
1/a (A-16) 

The breaking force from Eq. (A-12) will therefore be 

'T-»^I7J«^0 (A-17) 

Then for large bundles, the mean and standard deviation will be 

(A-18) 

and » _ 3 
f
fl _ exp(-i)] exp(-i) a 

I/o n (A-19) 
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The coefficient of variation, C.O.V., is just the ratio of a  to y.  Therefore 

for a large bundle 

(n) _ C.O.V. 
[1 - exp(- ^)] 

1/2 

(A-20) 

n exp(- -) 

As can be seen the mean strength is independent of the number of fibers 

(or elements) arranged in parallel whereas a(n) and C.O.V.(n) are inversely 

proportional to the square root of n. 

Figures A-l-3 show the CDF of the bundle where the basic elements are 

Weibull with indicated shape parameter.  The distributions for n = 2,3,4, 

5,6,7,50,100, and 1000 elements in parallel plus the basic element are 

shown.  Values of shape parameter of the basic element used are 2,14, and 

24.  The plots have been nondimensionalized by the scale parameter of the 

basic element.  Also tabulated on these figures are the values of y/0, a/ß, 

and C.O.V. for each arrangement. 

interpolation for n=7 to 50  For small values of n, up to n=7, we have 

expanded and calculated the exact bundle formula.  For large values of n, 

the large bundle equations are applicable.  There is a need to have formulas 

for the intermediate range of n, say, between n=7 and 50. We shall attempt 

to do this by interpolation. Figure A-4 is a plot of the mean strength for 

both large bundles and small bundles.  The values for n=7 to 50 can be 

interpolated as shown.  Similarly, Fig. A-5 shows the corresponding plots 

for the coefficient of variation. 

Planned Experimental Work  In our experimental program, we intend to test 

Daniels' formula for three elements in parallel subjected to a static load. 

33 



MADC78259-60 

X! 

• •* m es r- CM CM vO st i-i m 
> C>J <Ti st o 00 vo sfr T-\ co CM 

o m CO CO CO CM CM CM r-H o o « • • • • • • • • . • • o o o o o o O o o o 

-tf -sr CM oo st a. VO a\ m i-H 
vO oo CM oo- vO st CO St CO r-\ 

e>|ca st CM CM i-H i-H. H i-H o o O • • • « • • • • • .• 
o o o O O O O o o O 

vO o o i-l m r-» st a» Cl CT\ 
00 CM m iH 00 vO m CM CM CM 

3-|aa oo 1"^ SO VO m in m st st st • • • • • • • • • • 
o o o O o c o o O O 

c 1-1 CM CO st m vO I-» o 
in 

o 
o 

o 
c 

u 
a) 

! u 
cd 

PH 

<u 
S" 
.ß 
W 

4J 
Ö 
0) 

u 
■M 

H 
CO 

P-i 

a) 
i-i 
a) 
o 

oo 
•M 

I 
W     P^ 

co     co 
cd    cd 

po   pa 

ii 
oa 

CD 

•M 
cd 

t-i 
3 

I 

a 
o 

•H 
4J 
3 

.O 
•H 
M 
W 
CO 

•H 
O 

O —       • 
CO 

m 
CM 

O 

CM 

O 

i-t 

cd 
u 
cd 

PH 

d 
•H 

co 
+J 
a 

§ 
w 
u 

•H 
CO 
cd 

pa 

M-l 
O 

co 

> 
u 
8 
c 
o 

•H 
+J 
3 

H 
4J 
CO 

a> 
M 

60 
•H 

00 

o o o 

CM 

o 

34 



N ADC -73259-60 

*- 

b|oa 

>     - 

a|oa 

0) 
> 
•H 
*J 
(0 

1 

o 
■rt 
■P 

•s 
4J 
n 

•H 
o 

oooocooocoNN<ncMO 
oooooooooo 

«* o r» <n o\ m 
« CO l>N VD vD 
o o o o o o •      ••••• 
o o o o o o 

o i-i r~. 
en cs o 
Q O O •      • • 
o o o 

officocoeococONNr» •   ••••••••• oooooooooo 

moo 
r-l  O 

T o 00 

o o 
sr 
o 

o ai 
• .      H 

rH H « 
u 
Cd 

PH 

Ö 
•H 

(0 
o\ 4-> • a o 01 

€ 
0) 

1-1 
pa 
o 

•H 
CO 
at 

00 CQ • 
o ö 

H-l 
O 

(0 
01 

& 
9 
o 

r- • c 
o o 

•H 
4J 
3 

.Q 
•H 
Vi 
4J 
CO 
•H 

vO Q 

w w 
o o 
•H T4 

CO   CO 
cd cd 

pQ pq 

«   « 
a co- 

in 

o 

o> 
M 

W 

O 

^ 

CN 

O 

35 



N ADC-78259-60 

> CM CM N NHOOi en rH vO • m m m io u-> ir> sr CM CM  O 
o o o o o o o o o O O • • • •   •   •   •   • • •          • 
o o o o o o o o o o o 

■-) <r> co co r~ \o «a- m f» tr> 
m si- sr st- sr si- si- CM rH  O ö|oa o o o o o o o O o o • • •   •   •   •   • • •      • 
o o o c o o o o o p 

co o ST CO Sf 00  CM a o o 
3-1CO. 

r^ m MNrlOO ft «a- sr 
cy. o\ <?> CT\ <J\ 0\ CTv 00 oo co • • •     •     •     •     • • •      • 
o o o o o o c O o o 

C i-i CM n sr m vo i~~ o o o 
o o 

4-J 
cd 

rH 

I 
Ü 

c 
o 

3 
.a 
•H 
M •u 
ca 

•w 

o 

M U 
<U <u 
+J u 
<U (I) a 
cd cd 
u n 
cd cd 

PM PH 

a) a) 
ftrH 
cd cd 
.fi o 
00 w 

4-1 ■p 
d 3 
cj <u 
§ i 

rH rH 
W w 

o o 
•H •H 
0) cn 
cd cd 

pq P3 

A 

ST 
CM 

II II 

Ö 00. 

rH 

er» rH • cd 
o M 

cd 
PH 

C 
•H 

co 
4J 
Ö 

00 <u • e 
o a> 

iH 
w 
u 

•H 
I» 
cd 

ca 
t~» a • 
o m 

o 
CO 
<D 

£ 
3 
o 

\a fi • o 
o ■H 

4J 
3 
.a 
•H 
H 
4-1 
co 

•H 
O 

u-> • 
o CO 

4: 
<U 
u 
3 
00 

•H 
fn 

«a- • 
o 

00 SI- CM 

O 

36 



N ADC-78259-60 

u 
0) 
4-1 

M 

tu 
0) 

s* 
W 

4J 

I 
0) 
H 
W 

U 
T4 

« 

c-l 

II 

Ö 

-        . 

# u 
00 
ti 

0 <D 
CO M 
<u 4-1 
X 

-*— 
CO 

CM 

—r 
o 00 

o 
NO 

o 
37 

o 
CM 

o 



NADC-78259-60 

u 
CO 

(U 

<u 
& 

CO 

4J 

S 

o 
CJ 

VO 

o 

H 
tt) 
H 

(0 
H 

co 

c 

w 

o 
m 
ö 
o 

M 
ct) 
> 
in 
O 

a a) 
u 

•H 
a) 
o u 

CU 

s 
M 

•H 

38 



NADC-78259.60 

The in-parallel model subjected to a fatigue loading is considerably 

more involved than the static case. This is primarily due to the fact 

that after some fiber failures, the loading in the remaining fibers in- 

creases, and the corresponding life distribution also changes. Further 

analytical work must be done before an expression to predict fatigue life 

can be presented. The experimental portion of this phase presents some 

special problems. One problem is the transient loading following a fiber 

failure may cause additional failures. Another problem is that the load 

in the surviving fibers, for n=3 or 4, may exceed the static strength. One 

testing procedure which may prove successful is to operate in the constant 

stroke mode. The minimum applied load will be 10% of the maximum. The three 

elements will be placed side by side in the gripping anti-buckling apparatus. 

When one specimen fails the test will be stopped and the remaining specimens 

rearranged so as to insure uniform loading. The test will then be restarted 

and run until the next specimen fails. After positioning the last element 

the test will proceed to total failure. The total life of the three-in-parallel 

arrangement will be recorded. 

Expanded Formulas for Small Values of n 

Eq. (A-2) has been expanded for values of n up to 7. On the following 

pages these expansions are given. Following these is the computer program 

listing used to evaluate P(X(n) <_x), u n and a 
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Expansion       0$       Eo. (A--*) 

rar     n — 3 

p3 = P<2C^ sx) * / - *y>£-<:3*/dri 
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Ptx^x) = -art* + MO*XP& + 4(*&cpb 

/^ - PO<:£ 4x> - J - Äjp £-c**&&rj 
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Expd/nsion      or     Eö.  (A~Z) 

■fee     n= v5" 

PI - PCX ± x> =- 7 -   ty*€-t*<fi¥ 1 
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Expansion      er       Eo. (A-2) 

for       n « k> 

V*^  N* 

> - 6o&tf(*bC>$- ~6o&&tf6>tf '-'6Q(s£fcp&Pb 

4~1Zod*tf'{p$tPbfoh +-J8oCf*&Cf*bO>&Pif+ WoCpgf-C&frtfCH} 
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A.=äX.^ = / - a^l-^Tj 

pz = f-oc ± %y = / .-^r~$&Tj 
P%= PCX± %> ^/ - ^»jc-e-^yj 

p^stx* %> -/ - ^ ^^rj i 

PiT^^Jf £ **> =/  - ^f-^j 
• 

P6^/^X^^ */■- e^C-^i^J 
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for       A = "7 

+ /oeO»?Y'>&*frt>2- f/o^^?)VM +/os>{p<tf&>&:m 
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Computer Listing for PCX   <_ x), -y   and o^ 

0PHHP4 /MF733« 

START OF SEGMENT 
- - DTMF NS TOTI "BT300T ~> T C3OTT"")» D f30rtT"TV 1300"i JllUt 1 ffO "JTVV t-JOtf") f  
IVäNC^üO   \ ' 

—NP-WI  
B = *a. 

^      Fortran for expansion of Eq. (A-2) for n = 2, 3, 4, 

5, 6, 7 is given on the following pages and is to be 

inserted in this location of program. 

> 

JL 

88 C m TTRUE  
50 lml 

_5 j C0NT Itltlf  
IFtT.LT.3)Gf1   TO   1000 
 rrCT^T7W'TG'CrT0"-70t)(>— 

U Ct.GT.Nt3-S)Gn   TO   1500 
 X1»0(I'Xi  

X?*o(I-1> 
  - X3s0tIJ "- —    —- 

 X5«o«^**— ■ —" 
X6=o(I*3> 

 Y 1st rr-?T  
Y2 = YO-l> 

— Y 3 s T-m : — — 
Y4 = YfI-H) 
 Y-5 ay t 1>"?1  

Y6=Y(I*3) 
'69 XsXi ■ "-    

YA = Y3 
-70 IFCT.FO.N?-3)Gn   TfT-2000       - —          
100        TFRMl = C(X-X?)*(X-X4)*CX-X5WX-Xft)*Yl l/( C Yl -X2)*C v 1-X 3 )*( X 1-X" )*C 
 l-x l- x-e, >-« r T r-xim  
116      Tt:PM? = ((x-xn*CX-X4>*CX-X'5>*(X-*h)*Y5>)/C(X?-Xl )*CX?-X3)*CX?-X4)*CX 

~"      l?-yiV*CX?»X63 J  
120 0FI^ = CX1-Xn*CX3'»X2)*(X3-X4)*CX3-X5)*CX3-y6) 
121 -   TFKM3A = (y-X?)*(X-X«f )»(X-X^)*(X»Xft)*Y3/UFfn  
122 TF»<M3B=fX-Xl)*(X-X4)*CX-Xb)*CX-y*)*Y3/0EN3 

-1« TF^M3C = {X-XT)TtfX-X2)'»<X-K51*(X-X6)*Y3-/'ÖFrNl  
Tr*M3D=CX-X1)*(X-X2)*CX-X4)*CX-yfi>*Y3/UFN* 
TE"M3F = (X-X1 )*(X-X2)*(X-X1)»t X-Y*i >» YIWOFNV- 
TFNWSSTFR-ISä+TF RM3d+TERM SOTEfivi3D+TFRM3F 
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^ 130      TERMa«((X-Xn*(X-X2)*(X-X«i)*(X-X<S3*Y4J/CCXö-Xl)*(X«-X2^*(X«-X3)*(Xv 
 14-X*Y*XTA -X6) -j      - - : 

140     TERH';g((»-Xl)»CX-X?)*CX'-X4)«(X-XO«Y5)/C(XS-Xl)»CX5-X2)»(X5-X3)»(X 

r>   — I5-X4T*XXT-"X7;TT " " 
150     TER'i*gCCX-Xl)»CX-X2)«CX-X4)«CX-XS)»Y6)/((Xft-xn«CX*-X2)»(X6-X3)*(X 
 rs-"5<Ti'i*cxA-x5V} : 

-, 155        CUNTlNUr ■ 
■ ^ TBO T)rKT*TFR«T*TERH2*TERH-3-»TrKH«"<:TrRMSTTEim-6 ] ~ 

XDtRT=X*DLRT 
-170 PRlRT~lfl0>XTYri.DER7TXOTRT : 

180  FORMiTClH »"X="*E15.ajlOX>,'Y="*rl5.8»10X»"nY/DXa"»FlS.B»10X*"XOE*T 
 rs"Ttr5T?n : : 

-VAh.rr'TaiJE«T' 
V(Ii=XDERT 

TB5—rn« MATT r l57* rcrsrenr 
190   l»I+l 
"200 GP TU 51 
1000  CONTINUE 

xi=otn— 
X2sO(I*l) 

-X3=öCT*rr 
X4=o(I+3> 

Tt5^örrfTT" 
X63oCI+5) 

-ri »vrrr 
Y?=Y(I*1> 

-y-i-Ytv*vr 
Y4=Y(I*3> 

~Y5«YCI+4)  
Y6=Y(I+5) 

-Xa-Xl : ■ "  

YA*Yl 
~t)rK"i = rx! *x? y* rxi *x 3) * c x l - x 4) * C"Y i-X5) * (xr-Ysr 

DFH9 = CX?-Xn*(X2-X3)*(X2-X4)*(x?-X5>*(X2«'V6> 
-Or+fTStTl"TTT*TT T* X2 T*t XT-Xff? *X Y*-X5>-»CX3-T6) 

0rNa = CX4-Xn*tX4-X2)*(X4-X3)*<Xft-X5)*(X4-X6) 
~Orf««; = CXS«Xn*tX5-X20*tX5-X3)*(x5-X4)*(X5-Y6)- 

DEfc*=CX6-Xl)*fX6-X2)*(X6-X3)*CX6-X4)*CX6-X5) 
TFHMlAsCX-X3)*(X-X4)*CX-Xb)»CX-Xfi)*Yl/UEN+  
TFKM1B = CX-X?)*CX-X4)*CX-XS WX-X6)*Y1/DFN1 

-rt^mtTsxr-xv^ t-x-x 3-5 »<x-x^->»tx«x/rt *Y I/DF-WI—— 
TFKMlD=Cy-X?)*CX-X3)*(X-X4)*(X-X6)*Yl/ÜFNl 

-TE«MlE=CX-X?)*CX-X3)*CX-X4)»(x*.X5)*Yt/OEKt— 
TfRMl=TFRMlA+TFRMia+TEKMlC+TERvlO+TFRMlE 

 TEKH2=CX-X3>*rx*X4)#CX-X5)*(X-XfiV*Y?/nEW2- 
TERMl=(X-X2)*CX-X4)*(X-X5)*(X-XiO*Y3/nEN3 
 TP<M4= nr-xT) *TT-XI ) * cx-x5r*c x*yfii * Y4/orir4- 

TF»M5sCX-X2)*(X-X3)*(X-X4)*(X-y6)*Y5/0EN5 
 TFhM6=TT-X?)*(X-X 3 J*(X-X4 J *tX-X5)»Yfi/DtNfi- 

Gtl   TO   155 
1500- COhTIWUF  
1510     COMTINUF 
 xr»ött-5-l :  

X?a0CI-O 
 X 3 ■ <rt T-Ti —  

X4=o(I->) 
._ x 5 - a n * n ' 

X6=0(I) 
-ri^YTr-Tr 
Y?=Y(I-4> 
Y3»YXI»3> 
Y4=Y(I-?> 
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Y5=Y(I-1>     . 
Y6BY(I> "          ~        
X = X* 

-'Y A-»Y 6 '  
DF'Ms(X1-X?)*m-X3)*(Xl-X4)*f Xl-X5)*CXl-Y6) 

"T3F^9=T"x>-xn»rif2"-x3i*CTr-yfl7*ry?-y57*r>"7-T7n" 
DEHl=(XT-Xl )»(X3-X2)*CX3-XO*(x^-X55*(X3-X6) 
DF"4 = (X4-xn«CX4-X?)*tX4-X3 3*CX4*X5)*rX4-X6r 
DfNs=(XS-Xl)*CX5-X2)*CX5-X3)»Cx*-X4)*(XS-X6) 
DFNA=(XA-XI )*{y6-x2")*cx6-X3)*rv/.-x«y*(X"«-Y5r 
TFi<Ml = <X-X?WX-X3)*CX-X*)«(X-x5)*Yl/DENl 

~TF"M?"=TV-Tn■*T5T*X33 * CX-X'4T»TX-Y5T* Y77TTrW2 : 

Tf«M3=CX-Xl)*CX-X2)*(X-X/t)*(X-XS)*Y3/D£N3 
- TfkM4 = (X-xn*(X-X2)«CX-X3)*(X-xS)*Y4/0EN4  

TF«M5 = rx-Xn*(X-X2)*(X-X3)*(X-X£)*Y5/DEN5 
"TFKM6A=Cy-y?)*CX-X3)*CX»Xa)*CX-X5)*Y«/DFt<Ä  
TFKM6H = CX-X1 )*fX-X3)*(X-X4)»CX-X'i)*Yfi/UFNA 

-TFrtMETstY"T\T*XX»XZ>*tT-T6 )* C X-Y5 J*Yfi/Drrnr 
TF«M60=(X-X1)*(X-X2)*(X-X3)»CX-X5)*Yfi/UENA 
TFKM£F = CX"yi3*fX-X3V*(X-X2)*ry-X4)*Y6/DFTI/r 
TEhM6 = TFR"6a+TERMftB + TERMfiC + TERt.:fiO + TFRM6F 
DEKT = TFRMl + TERM? + TERM3 + TF.KM4 + TrR!.!5*TFRM«  
Xüt.RT = X*DERT 

-?ntm~rnorxmTOtm, XOERI  
ud^=x 
VANf 1 )=OFKT :  
VCl>=XDFRT 

IFCj.GT.NP) GO TO 2000 
-GTrTtrTTro  

2000 CONTINUE 
""  IDENT=0"

_ 

7009 CONTINUF 
 ARtXsO-.- 

NPM,SNP-1 

-0 0—vCr-T-=-l-rT»P+!l  
UU(T)»Uf1+1) 
VV ( T ) =V C I ♦ 1 J   
xit.r=uu(l)-u(i) 
YMin = (  VCI)+VV<I))/2. 
AUUfND=XlNC*YHIO 

-Apt-i-=Aont:Nti*/n?EA- 
PRINT?S»U(I )*VCI)»ADDENO#AREA 

 25 - F0RMATC1H" >"X = n»El5.B.lOX#,,Y=n>ri,>.8#10X>nAOOFNO=''»ri5.8»tt5X-r- 
1»AREAS",Fi5.fi) 

 30 CONTINUE •-—    
PRINT   4<1»ARFA 

—40 Fn^AT<r//>;H-->-"TME- TOT At' AREA- = M> Et 5rt>r 
IFlfOENT.OT.O)   GO   TO   7021 

  X M U s A R F A '- —   
0Ü   7001    I=1#NP 
V(lis(u(I}-XMU)»»2«VAN(I)- —   

7001      CONTlNtIF 
ITJtNT = r 
GO   TO   700V 

-7021      ST<»MA = Si3RTCARFA)      
CV=S1GMA/XKU 

     PR I NT 7P42/yKU#SIGMA*CV ■"   ;         - 
7042  F0KMATC18 ,"XMU=",E15.fl»" SIGMA = ",£H.&,"   CV=",FlS.fl) 
 CAl-1—EXIT  

ENU 
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Fortran for In-Parallel Model, n = 2 

flgfi l=.01«l»> "o : 

l*2»l.-EXP£-Aft62**B) 
PTW=g..»Pl«P2Vl»»2 
4_tO»A_«l 

_9   ^«»»frrCt- ,"--_is».Ft„r..>" Pl^'FlS.?'" Pr»='''-l5.>) 

Fortran for In-Parallel Model, n = 3 

AR(j_ = l #.5*AK(J1 

ARJ3-J.6*AKGJ 
Ptsl.-_XP(-AKU1**_> 

__P?»1.--XPCAH.*»*.) 

69. 

RTHaPl««!+-.*Pl*P?«P1-3.»P»»P?«»?-3.*Pl»»?«P3  
Ü("0*AKG1 
rt .Qgprn ,—;  
PRINT   d9,AKÜl,PX,PTH 

_F 0 KH'Ttm   ."AKul»",Em.-»"   Pi»".F1S.ft ."   PTHs".E15»0> 

Fortran for In-Parallel Model, n = 4 

ARG 1-.01 *(N  *I )  
Aft<S3=2.*AR-l 

Pi=1.-gxP<-AW6t**B? 
PZ = 1 .-6XPt-J»*«2*»B' 
P3=1.-gXPC-»*63»«B) 
P4 = l.-fX?,-/>ß64**«V 
Pffl=24.«l»4«P3»P2«J>» -12» *f>i»*Z*P2*r>l-l2.*l>4*f>l**Z*f'1"  

1 i_.*p4*pi»Pl .,2+4.*P2**-*Pl**.*lt,3**2*P|«*2M.*JP4*'»»**3"Pt**4 
«(N)sARGl 

PftlNT 89^AW»»*>l»PTft ■        
TT^ Fa**#rOn ,nAA6i**.Fis»t'" Ms"»g»y.<«" Pf R="»_is.g) 
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Fortran for In-Parallel Model, n = 5 

APG1 = .(11*(N   "n 
ARti?s5.*AKGl/fl. 
AKU^sS.«AKGl/^. 
APUft=S.*AK«l/?. 
ARG5eS.«A-<r,l  

"71 = 1 . -K*Pl-AHr, 1 **R) 
p?=i 

• P« = 1 

-rypc«ARr.?**m 
-FXPl-4tfG1**a) 

K * P ( - A t* n a * * « ) 
K5=1,-r*Pl-A«r,S**R) 
PKVat- 1**5*''>.»P'S«P1*»H"5.*P?**4*P1-10.*PA**?*P1**3  

T"~MÖ7*P3**.J*fJl**? 
 |?   »?0««Pti»P'*«Pl*«3 + :>O.*P5»p;>**3*P1+?0.*P3*»3»P9»P1 

£ 3+30.*M**?»P?**:>*Pl + 3i;.*PA**?*P**Pl**?+30.*P,5*P3**?«P 1**2 
•CiO.*PS*P't*P3*Pl **?-ft0t*P'>*P4*P?**?*Pl -C>0.*PS»P3**?*P?*Pl 

3+30.*f4**?»P?»*?*Pl + 3ii.«PA**?*P^*Pl**?+3f 
1 -fiO..PS*P'*«P3*P1 «»?-ftO.»P'>*P4*P7«»?*Pl -t 
t>   -60.*Pu**z*PJ*p?*Pt+12Ü.*Pl*P2»H3*P4*P5 

OdQsASr.l  
T(N5=PKV T(N0=PKV 
PRINT HQ*ARGI»PI»PFV 

ev        KOKMATMH »"»ftr.is'^ns.a»" Pi=»»Fis.fl»" PFV="»EI5.A) 

Fortran for  In-Parallel Model, n = 6 

AX£2^6. *AZ& I /5". 

A*64-*.*»f6l/3 

JPJLfLLL^X»'<-»£<, >«»&L 
^=i.-exPC-*Ä62*«a> 
P3=>.-EXPrf-A&S3«»8l 

Py=i.-trxP£-/tffejr»»B)> 

 PSX=-PM « *(t ** . »IPt »*» 1 » *JVt. *t>z * *s-*n *\s. «Par« «2«P 1 « *4  
l-H5.*P3**4*(>» **e+2ö. -ft»» *3 »p i *« 3 
2-30.»P*«PJ'Pl «M)-3a. "Pfc«fr2>»*»|»i -30. *P3»*4*P2»Pl  
3-*G.*P5**2"P4*Pl»*3-*ft. *N>'-M** t+t>\ «'3-*C.»P*"»*2«P2**3*Pi 

ff+12e.«P6*FS-*P4*Pt«>3+i2ft..P6*Mr,/»£.»3*Pi -^-c* 
«tlZg.»Pfe.^J*i-3»P2»Pi 
A + lW.*P***3*P3'P2»Pl-*-180.«^V»2.P4*P3*Pi**Z*l»«.*P5-*«2*P**/»2*«t»Pi 
^t8o.»i»S-* *Z..P*> *i**z~i>i «-i«i». »P*,P«-.P3»,?»P,.«.,  
fe*iao.*P6*P'f **e-P2««2'Pi 
9**ftS. »Pfc»p*«*z*P3» Pi««2.  
*-3tt« . »Afc»PJT.p^, P3»^* ♦ «2-3Ao. *M */*5"*<?^*P£**2*Pi         ~~ 
'3^o.»PA»PS,»P^ -■»g.»P,fc-Pi-afro..Ptt.P-4»«E»f3«rt»J>l  

*-3*d. *P.3>*2.*p.<f»P3»P2*Pi 
«yyao. «PA*py«P^»ff2»pg»pi 
*-J«.*P5"**l»P3*«2*Pj«»2 

,yo>=P5x 
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Fortran for In-Parallel Model, n ■ 7 

 AftbU.OUCN   -1) ■ 

X- 

ARI»2S7.*AK>J1/6. 

AHG3g^.»AKul/5. 
Am»4s7.*AKlil/4. 
ARii5»y.»At<olV3» 
AK<i6=7.*AKul/2* 
ARü7»7.*Artvil 
P1 = 1.-£XPI-AK.J1**ö) 

P2»l.'»LXPC-Ahu^*«BJ 
P3=l.*"LXPl-ArtliJ**B> 
P4»l.-liXPl" AKa4«»B) 
P5»l.-t.XPt-AKü!>**Ö) 

P6»l.-£XPfAKüC>*«B) 
P7=l.-tXK(-AKl>7**t>) 
HSVsPl»»7-7.»r7*Hl**o-7.«r2*«b»Pl -__ 

*-21.*Pb**2*P 1**3-21 ,*rj**3*f'l**2-3s.*P,5**3*Pl**4 
»-35.»P4*«4«P1**3  
**42»*Pf*P6*Pl**3 + 42.*P7*p<:*.<j*r'l + 42.*'i3**5*P2*Pl 
*+l»3.*Pt»««2«P3»Pi«*4 + iu:>.«h7*P3««2»h'i**q-Ma5.»P6**2*P2**a«Pi 
*«-lü3.*P7*PJ**4*''l****iü3,*Hq**4*i:'2*«2»Pl 
*+103.»P4**4«i*J»Pl**2  
**21U.*PO**2*P4**2*Pl**J+21u.»ro«*2*P3**3*Pl**2 
*»210.*p3«*3*P3**2*Pl »»* ..' .    . ■  . 
*«-l4i).*P3**J*P2**3*r i*i4u1*P3**3*P4*Pl**3 
«♦l40.«P7«H4«*3»Pl»»3  
*-210.*P7*P6*P3«Pl**4-*lU.*P7*Pt>*P2**4»Pl 
*-21U.»P7*>J3»»4«r2*Hl-<ilüt*pi>»*.4»p j*P2*Pl ' 
* -420. *P7*f o*P4**2* Hl** 3-4<lü.«K'/*P6*r3**J*P 1**2 - ■. 
«-4?0.*P7*P3»*2*P4*Pl*«J-42».«Po**;'*r'S«P4*Pl*«3  
*-4 20.*P3**3*P4*r2**2*^i~42o,*r'7*P4**3*P2**2*Pl 
*-42u.*P7»r3«*2*''2**3*''l-420.*e3*«3«e3*«2*P2*Pl  
*-420.*ft)**2*P3**J*f2*ül"4<iu". *P7*P«»*3*P3*P1**2 
»-42().«P3**j*P4*r'3*Hi««2-/t2u.*Ho*«,>«H'S«p;.j**3»Pl  
*-63d.*P7*P3**2*'J3**2*,'l**<i-o.iu.*Po»*.;r*';''3«H3**2*Pl**2 
**63U«*rJb» «2*^4» «2*^3 »ri*»2-b 30. *^o*«2«p4*«2*P2*««i»Pi  
•'♦ö«'u.*P7*Po*P.5*P4*^1**^*840. »K7*P6*P5*P2**3*PI 
*»04ü.*P7*t,o*PJ**3«rJ2*Pl»34u.»r'7«P4 + »3«P3*P?*Pl  
* + B4ü.*P3**3*P4*PJ*P2*P.l 
«♦l?Q0»*r7*rh*r3«P3**2*Pl»*<f-',12ou.»H7»?*»iJ&**?*H3*rl»*2 

»*?*P5*j*4*P3*fl*»2 
>*P,»**a*Pi 

«♦l?OQ»*r7*rh*r3«P3**2*Pl»*<f-',12ou.»H7»?*»iJ&**?' 
«♦1260.*P?*i-:>**2*rJ4*f3*»"l**2+12oO.*Ho**?*P5*i*4i 
«»12b0.«P6««2«P3«P4«^2*«2*>'l*l/!i>J.*H/»rls«*?*r/4< 
*+iy&0.*r'/*f,D*f-'4**>*l-y**^*rl + l>f>>i.*Wh**'>*H;i**J( * + 12öü.*r'/*Co*r4**2*r2**2*ri + i(;ou.*p6**?*P4«*2*iJ3*P<!«Pl 
«♦12&0.*P7«P3**<?»P3* *2«P2«P1+126U_.^£p.**2*PS«P3»»2»P2«P1 
*-232^.*P7*P6*P3*P4*P3*rl**2-232J.*H7*''fc*P5*P4*f'2*»2*Pl 
*-252U.*rV«r'b»H3«P 3 *«2*^2«PI -^-j,? J . *H 7*P*>«Pa * *?*."3*H2« Pi 
»-2520. 
**3040. 

♦ f 7* 
*?7* 

ri**2 
^0*^3 

*P4*PJ« 
»P4*fJ* 

^2*Pl- 
P2*i*l, 

■2i 2J *Ht>**? PS* P4* P3* P2* Pi 

U (.O ■ 
Y ( O = 

Hllbl 
PbV 

AKlil » 
-■—- 

PRINT PI.HSV 
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Appendix B    Detail Drawings for Gripping Anti-Buckling Guide Device 
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Appendix C.   Additional Data 

Some additional fatigue tests were performed with elements having 

different geometries. All tests were performed with the same loading con- 

ditions as described in the main body of this report. The first set of tests 

was performed with elements containing four 1/4 inch (6.4 mm) holes as shown 

in Fig. C-l. Table C-I gives the life and the failure location of these 

elements. The mean life is 5430 cycles. This is much less than the in- 

series model prediction life.  Due to the fact that all elements failed 

through the bottom hole it was concluded that its location was too near to 

the end tab and thus experienced a greater load than the other three. 

Several months later a series of fatigue tests were performed on ele- 

ments containing two 1/4 inch (6.4 mm) holes as shown in Fig. C-2.  The 

initial tests in this series were performed with configuration 1 type 

elements.  These all broke through the bottom hole.  The geometry was 

altered by moving the two holes further apart as shown as configuration 2. 

These also all broke through the bottom hole and had shorter life than 

configuration 1 elements. The lives for these two configurations are shown 

in Table C-II. 

In order to see if the position of the hole in an element affected the 

life, a series of three tests were performed with an element with a 1/4 

inch (6.4 mm) hole located near the bottom end tab as seen in Fig. C-3. 

Table C-III records the life for these tests. As can be seen the lives are 

much shorter than the lives recorded for the basic element (Table la). 
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This tends to indicate that the closer the hole to the bottom end tab, the 

greater will be the force seen by the hole and hence the shorter the 

life. 

The results obtained in Tables C-I-III tend to indicate that the 

stress distribution is not uniform throughout the total length of the 

specimen. Since the dynamic loading is applied by the accuator to the 

bottom of the specimen, the stress concentration at the bottom hole is 

greater than at the other holes. 

This evidence is of course not conclusive. Other plausible explana- 

tions can be forwarded. First the original basic and three-in-series 

elements were taken from one end of the plate whereas the elements discussed 

in this paragraph were obtained from the other end of the plate.  It is 

conceivable that the two ends of the plate had different properties and 

thus the elements taken from each constituted distinct populations. A 

randomized scheme of picking test elements of course would have eliminated 

this possibility.  Another explanation was that the tests listed in 

Tables I, II and Tables C-I-III were performed before and after respectively 

a major breakdown and repair of the Instron testing machine. Also, the 

gripping anti-buckling guide may have been inserted in the Instron improperly. 

In short, due to the uncertainties associated with Tables C-I-III no further 

analysis was attempted on this data. 
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