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Opdrachtnr.  : -

IWP-nr. : 771

Rapportnr.  : FEL-96-B265

Dit rapport beschrijft methoden voor de schatting van locale beweging in een reeks
opeenvolgende beelden. De methoden zijn gebaseerd op een globale minimalisatie
van een relevant foutcriterium m.b.v. de conjugate gradient techniek. De expansie
van het verplaatsingsveld geschiedt door het gebruik van basisfuncties volgens een
Fourier-transformatie of een cosinus/sinus-transformatie in plaats en tijd. Deze
representaties leveren automatisch een continu verplaatsingsveld op waarbij
subpixel verplaatsingen gedetecteerd kunnen worden. Het foutcriterium kan worden
gebaseerd op een verplaatsingsvector voor ieder beeldelement, maar ook op daarvan
afgeleide gelineariseerde versies in vectori€le en scalaire vorm, afhankelijk van het
gewenste compromis tussen rekentijd en nauwkeurigheid.
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1 Introduction

1.1 Motion estimation methods

In the past, a large number of methods has been developed for the estimation of
motion in image sequences. An early method is to search for the maximum of the
cross-correlation function [1,2]. This method might be less suitable if the images
contain a relatively large amount of low-frequencies [3]. Other methods were based
on a local minimization of the displaced frame difference {4, 5]. Block-wise
minimization of a uniform error criterion was also suggested [3]. The latter
block-matching methods have the advantage that they are very suitable for
implementation on a single integrated circuit. Therefore, block-matching methods
are often preferred for video compression schemes [6, 7]. Most implementations and
standards use only one resolution level, but multiresolution block-matching schemes
are being used more frequently now [8].

Some authors have suggested the use of edge feature detectors [9], as well as other
feature detection methods [10]. For low-resolution and/or noisy images, these
methods might be less suitable. Linearized forms of the displaced frame difference
methods are the gradient methods [11]. A difficulty associated with the gradient
methods is the aperture problem, i.e. ill-posed problem of finding the velocity
vectors normal to the object boundaries. To overcome the latter problems, additional
smoothness constraints have been used [12, 13]. The aperture problem is not limited
to gradient methods. It also manifests itself in, for instance, block-matching
schemes.

Several methods try to imitate the human visual system to a certain extent. Methods
using activation profiles were discussed by Waxman [14]. Spatiotemporal filters
using Gaussian bandpass filters were shown to be quite robust [15], at the cost of
high computational requirements. The local phase in these filters can be used to
arrive at stable motion estimation schemes [16—18]. Combinations of correlation
methods with relaxation-labeling methods were suggested in [19]. The trend is that
more and more motion estimation schemes are first trying to detect the contours or
objects and then try to perform motion estimation [20]. However, more work needs
to be done to arrive at stable and efficient methods.

1.2 Desired properties

Desirable properties of methods which are intended to determine motion between
images are described by [21]. The methods which are pertinent to our problems are:
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Multiresolution property. The motion estimation methods should be able to
estimate velocity vectors over a large magnitude range. In addition, the
methods should be able to handle a large range of object sizes.

Modest memory requirements. Global optimization methods often lead to the
solution of a large number of linear equations. The solution to this system of
equations is only possible for a small number of unknowns if direct matrix
inversion methods are used due to the prohibitive storage requirements.

Computational efficiency. The real-time constraint for contemporary video
formats imposes considerable difficulties, even for relatively simple methods.

Subpixel accuracy. Most hardware implementations only calculate integer
displacements, which might not be sufficient.

Convergence. Because of the large number of unknowns, many motion
estimation schemes are based on iterative schemes. The convergence of these
schemes is not always garanteed, however. This might lead to strange motion
vector estimates.

Robustness. The main application area of our motion estimation algorithms is
motion detection. The primary objective is to create a robust system, rather
than to provide a system which yields, for example, very accurate motion
VeCtors.
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2 Motion estimation with global minimization schemes

2.1 Iterative methods based on global error minimization

Most of the motion estimation schemes are based on the formulation of some kind
of continuity constraint, such as the continuity of image intensity. A property of the
continuity constraints is that they impose local requirements. A disadvantage of
methods using local requirements is that they are extremely sensitive to noise. In
this section we try to optimize the continuity constraints over the complete image.
An extension to incorporate continuity with respect to the time coordinate is also
given. The methods amount to the solution of a large system of linear equations.
Iterative techniques are essential for the solution of the problem, because the
required computer storage and computation time of direct matrix inversion methods
are prohibitive. The solution of the system of equations will be obtained with the aid
of a continuous version of the conjugate gradient technique. The latter technique
converges to the global optimum for the pertaining quadratic error criterion.

For other error criteria, the conjugate gradient technique might be less suitable.
However, the quadratic error criterion is a natural choice for most physical systems
because it minimizes the energy difference between two quantities. If the data
suffers from severe outliers, then the robustness might be increased with, for
example, the mean-absolute-value error criterion. In this report only the widely used
mean-squared error criterion is used because it leads to sufficiently accurate and
stable results in nearly all cases of practical interest.

2.2 Vectorial displaced frame difference

The detection of motion can be based on Displaced Frame Difference (DFD)
methods. Picture element (Pel)-recursive DFD schemes have been derived in the
past. These schemes try to estimate the image motion on a pixel-by-pixel basis by
minimizing a local error criterion, the Displaced Frame Difference [4]. A
disadvantage is the poor convergence, if convergence is obtained at all. An
additional disadvantage is the susceptibility to noise. In this section we try to arrive
at a converging iterative scheme with improved stability where we minimize a
vectorial version of the DFD-error in a least-mean square sense, i.e., globally, with a
conjugate gradient technique. The only requirement is that the DFD can be
linearized with respect to the pixel displacement.
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2.2.1 Derivation
The starting point of our derivation is the formulation of continuity of intensity
according to
I(x,t) = I(x +d,t+ At). (2.1)

The deviation from this equation is expressed in the Displaced Frame Difference [4]:
dfd(x,d) = I(x,t) — I(x +d,t + At). (2.2)

To arrive at the desired results we introduce a vectorial version D of the standard
dfd according to

D = (Dz, Dy), (2.3)
with
{D;,D,} = dfd(x, {dz,dy}), (2.4)
in which
d: = (dg,0) (2.5)
dy, = (0,dy). (2.6)

The value of the displacement d will be searched for in an iterative way [22]. The
approximations of d at iteration n will be denoted by d(™_ A global error criterion
at iteration 7 is introduced as

J) =/ 1F ™) |2dx, @7
xS

where F(™ = D(x,d™). If J™ = 0, we have F() = 0,¥x € S, and we have
solved our problem, also in a local sense. We assume that D can be linearized, i.e.,

D(X, ad; + 8ds) = aD(x,d;) + BD(x,ds2), Vdi,da. (2.8)

This assumption can be justified on grounds of proportionality of the dfd with
respect to image shifts in a certain direction. The displacement field d(™ is
expanded in vectorial Fourier components o™ = ¢ ™ (k) according to

d™ = / - ¢ Mekxdk, 2.9)
-0

with k = (kg, k,) the spatial frequencies in the (z,y)-directions. The constraint that
d™ is real leads to symmetry properties in the spectral domain. In going from the
(n — 1)-st step to the n-th, we take

¢(n) - ¢(n—1) + n(n)g(")’ (2.10)
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in which g(™) are the search directions and n'™) is a variational parameter to
minimize J("). We obtain

F) — pln-1) _ ,,’(n)f(n)7 (2.11)
with
(X) ..
£f™ = _D <x, / g(%**dk) : (2.12)
—00
The error criterion can be written as
= / |FM1 — )£ 2gx (2.13)
xES
2
Jn=1) _ 277(")A(") + (TI(")) B™ (2.14)
with
A / FO-D) | gm) gy (2.15)
xeS
and
B™ = / 1) 2. (2.16)
XES

The minimum of J(™)| as a function of n("), is obtained at

A
(n) = 2 __ 2.
n IOR 2.17)
Using this particular value of ™ we get
A(n))2
(n) = y(n—1) _ (__ 2
J J IO (2.18)
and
Aln)
(n) — pln-1) _ (n) 2
F F 10 i, (2.19)
The latter expression leads to the orthogonality property
/ FM . £fPgx =0, (2.20)
XES
which will be used later. Using the expression for A™ and interchanging
integrations, we can write
o]
A = / st (Mg, (2.21)
—00
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in which
s = _ [ / D (x,F<")) e“‘"‘dx] . (2.22)
xES
The orthogonality property for F(™ and £(") leads to an orthogonality property in
the spectral domain:
(o)
/ s . gk = 0. (2.23)
bde o]
Up til now, the search directions g(") have been completely arbitrary. We take the
conjugate gradient directions
(n) = gln-1) ¢ _.A_(n)__ (n-1) n>2 (2.24)
g = T8 2
while
g =0, (2.25)

Substituting these expressions in Eq. (2.21) and using the orthogonality relation Eq.
(2.20), we obtain

o0
A = / 15~V 12k (2.26)
—00

A preconditioned version of the conjugate gradient scheme is obtained by
introducing a preconditioner P and its adjoint P* [23] according to

() _ prpetn-1) 4 A ()
g = P*Ps +1_4(n——-ﬁg ,n > 2, (2.27)
while
) = p*ps(®. (2.28)

The preconditioner is chosen in such a way that it approximates the inverse operator

_of the problem at hand. Substituting these expressions in Eq. (2.21) and using the

orthogonality relation Eq. (2.20), we obtain
oo
A = / | Ps1) |2 dk. (2.29)
—CQ

Useful results are often obtained by using the inverse of the least-squares diagonal
[24].
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2.2.2 Properties

A few observations can be made regarding the properties and the implementation of
the iteration scheme.

e Provided the linearity assumption holds, the error J (n) decreases at each
iteration step provided A > 0. From Eq. (2.29) we can see that A s real
and positive, unless s(n=1) vanishes. However, in the latter case we have
arrived at the exact minimum in the iteration n — 1.

e The evaluation of D for different displacements can be performed with
interpolation of I, such as with bilinear interpolation.

e The major computational task at each iteration is concerned with the
evaluation of four two-dimensional Fourier integrals which can be computed
efficiently with forward and inverse FFTs.

e Memory requirements are modest: the iteration scheme is a full 2D
least-squares minimization scheme without the memory requirements of
standard matrix inversion methods.

e Motion compensation is possible by using the results for the k; = 0,k =0
component.

e The problem should be scaled properly because of the non-linear dependence
of D on x.

2.2.3 Iteration scheme

The complete iteration scheme can be found below. The iteration scheme will be
started with zero estimates.

e Initialization
d® =0

F® = D(x,0)
J© :/ “F(O)“?dx
x€ES

¢(0):0
n=>0

o Start iteration
s = _ / D (x,F™) e
XES

n=n+1
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o
A = / 15~V dk

~00
(0 =
g™ = % n=l
sl 4 Al n > 1

o8] ..
¢ — _p (x7 / RORS dk)
—00

B(”)=/ £ )12 dx
xES

AM)
(n) —
n B

p = (=D 4 W)
F) — pn=l) _ p()g(m)

J) = Jn=1) gl 4

e End iteration

ao = [ T eergi

2.3 Gradient method with smoothness constraints

The detection of motion can also be based on spatial and temporal image gradients
[11]. The equivalence of gradient methods and correlation based methods has been
noted [25]. The gradient schemes try to estimate the pixel motion by minimizing a
local error criterion based on the continuity of image intensity [11]. The velocity
vector is obtained by a global minimization of the gradient equation with a conjugate
gradient technique. Smoothness constraints are imposed which simultaneously
minimize the variation in the estimated velocity in space and time. Additionally,
simplified schemes are given which are based on the normal component of velocity.

2.3.1 Derivation

We start our derivation by recalling the so-called gradient equation, which can be
obtained from linearization of Eq. (2.2) (see [11]):

B I(x,t) + v(x,t) - VI(x,t) =0, (2.30)

where we have used v = d/At, and §; denotes differentiation with respect to time.
Pixel-wise solution of this equation for v leads to serious problems: if the gradient
approaches zero then the result becomes unbounded. To overcome the latter
problems, we define a global error criterion which is minimized in a least-squares
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sense by imposing smoothness constraints, as in the error criterion of [12]. In this
case, however, we also impose a smoothness constraint in the time direction. The
total error criterion becomes:

J=/ dt/ {[6tI+v-VI]2
teT XES
o (Ve + V0, 7] + Bl0v]?} dx, 231

The error criterion is minimized with a conjugate gradient technique. The global
error criterion at iteration n is written as

3™ = / dt / (IFCR + B2 + )2 + [FE)) d
teT xES

(2.32)
where

FM = 8,I(x,t) + vV (x,t) - VI(x,1), (2.33)

F = o/2vof7) (2.34)

FM = gt/29,v(™ (2.35)

and v® = (v{™ ,vf”)) the approximation of v at iteration n. The velocity field v(™)

is expanded in vectorial Fourier components ¢ = ¢ ™ (k,w) according to
vin) = / dw/ pMelkx—vtge  xec S teT, (2.36)

with k = (kg, k) the spatial frequencies in the (z,y)-directions. The constraint that
v(™) is real leads to symmetry properties in the spectral domain. In going from the
(n — 1)-st step to the n-th, we take

$™M = (-1 4 nMgr) (2.37)
We obtain
(F 7 F(T’ly’t} {F(n 1) F(xny zl)} _ U("){f (n) f ,yt} (2.38)
with
= _vr. /oo dw /oo g gilkx=wt) gic. (2.39)
—o0 —o0
£{7) = —ia'/? / dw / kg{m etk x=t) gk, (2.40)




TNO report
FEL-96-B265 13
ftn ,61/2/ dUJ(lJ/ 1(kx wt)dk (241)
The error criterion can be written as
3 = (=1 _ gp(m Al) 4 <,,(n>>2 B (2.42)
with
Al — / dt/ (F(n—l)f(n) + R g 4 Fn-1 . fé") + an—l) .ft(") dx,
teT x€S Y 2.43)
and
= [ e[ (IR0 IR + 1) dx
teT XES (2.44)
The minimum of J(™), as a function of n(”), is obtained at
Al
(n) = 22 2.45
7 IOk (2.45)
Using this particular value of 7™, we get
A(n))2
() — yln-1) _ ( 2
J J PO (2.46)
and
P g (-1) g1y _ A ) e ,
{ Fy z, t} { Fz Wt } - (n) {f y1g y,t} (2.47)
The latter expression leads to the orthogonality property
/ dt / F ) L g g 4 B g 4 () f§n>> dx =0,
eT xES v v (2.48)

which will be used later. Using the expression for A™) and interchanging

integrations, we can write
/ dw / (D oMl (2.49)
in which

st = [ / dt / (—F<">azl—7;a1/2k-Fg”) +z‘ﬁl/2wF§;)) eitkex=wtlgx ) |
teT xXES (2:50)
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s = [/ / F(" Oy I —iat?k- F _;._1131/9 F(ﬂ)) ei(k'X—-wt)de ’
~ (2:51)

with F; = (Fm, Fyy). The orthogonality property for {F (), I o t} and
{r (n) f } leads to an orthogonality property in the spectral domain:

o> xX
/ dw / s . g™ gk = 0. (2.52)
—0o0 -0

Up til now, the search directions g(® have been completely arbitrary. We take the
conjugate gradient directions

Alm)

A8

g™ =51 4 g1 n>2 (2.53)

while
gt =5, (2.54)

Substituting these expressions in Eq. (2.49) and using the orthogonality relation Eq.
(2.48), we obtain

o [ee)
AP = / dw / sV %dk. (2.55)

A preconditioned version of the conjugate gradient scheme is obtained by
introducing a preconditioner P according to {23]

(n)
g = prpsn 4 A7 o)) ;5o (2.56)
A8
while
) = prps©, (2.57)

where P~ is the adjoint of P. Substituting these expressions in Eq. (2.21) and using
the orthogonality relation Eq. (2.20), we obtain

oo oo
AP = / dw / (| Ps(= 1|2 dk. (2.58)
-0 —00

Useful results are often obtained by simply using the inverse of the least-squares
matrix diagonal [24], such as in

_1/’)
pst) = U dt/ (102,117 + aHkH2 + Bw?) dx] s,
€T (2.59)
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Properties

The error J™ decreases at each iteration step provided A > 0. From Eq.
(2.58) we can see that A™) is real and positive, unless s(m=1) vanishes.
However, in the latter case we have arrived at the exact minimum in the
iteration n — 1.

The major computational task at each iteration is concerned with the
evaluation of four two-dimensional Fourier integrals which can be computed
efficiently with forward and inverse FFTs.

Memory requirements are modest: the iteration scheme is a full 2D
least-squares minimization scheme without the memory requirements of
standard matrix inversion methods.

Motion compensation is possible by using the results for the ke =0k, =0
component.

It should be noticed that v is a vector with two spatial components. Therefore,
the total number of unknowns is twice the number of equations if standard
FFTs are used for computing the spatial and spectral integrals. As a
consequence, the number of spectral components should be limited to a
maximum of half the number of v-vectors.

For subsequent frames, the iterative scheme can be started with the result v of
the previous frame.

Iteration scheme

The starting value of the iteration scheme is not critical because the convergence is
assured. For simplicity, the iteration scheme will be started with zero estimates.

Initialization
viO =0
FO = g,1
0
Fo) . =0
JO = / dt / |FO)2dx
teT xES
p@ =0
n=2>0

-1/2
Py= {/ dt/ (|8x,yI|2 + chkH2 + 6w2) dx} ,
teT x€S
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e Start iteration

s = [ / dt / (~F0.1 —ia! k- T +if2wF) ei(k'x"“‘)dx]
teT x€S

*

*

sim) = { / dt / (—F<">ayf—ia1/2k-F§"> +z‘ﬁ‘/'2wF§;)) ei<k'x-w”dx]
teT x€S

n=n+1
o0 (o]
AP = / dw / | Ps V|2 dk
-0 —00
(TL) . PQS(O) n = ].
877\ prsin-b) 4 A’?,fz)l)g(”'l) n>1

f(n) =_VI- /Oo dw /Oo g(n)ei(k-x—wt)dk
—00 -
£0) = —ia!/? / " dw / " kgl)etex =) g
'Y —oo J oo y
£ = 46172 /°° dww/oo () gillex—at) g
-0 —QQ

B = / it / (171 + IED 2 + 1€ 12 + 16717 dx
teT XES

m _ AW
B®)
¢(n) — ¢(n—1) + 77(n)g(n)

F) = pn=1) _ () ¢(n)

Ui

n n-1 n
Fizt = ng,y,t) - 77( )f:g?y),t

30 = J(n=1) _ p(m) 4(m)

e End iteration

{oe] x
V(n) — / dLU/ ¢(n) ei(k-x——wt)dk
-0 —0oQ

2.34 Results

In this section we show an example of the algorithm of subsection 2.3.3 for two
images. Consequently, we set 3 = 0. The velocity estimates are obtained after
low-pass filtering of the images. It can be seen in Figs. 2.2 and 2.3 that the estimated
velocity of the middle part of the car is different from the estimated velocity near the
boundaries. Only the object boundaries normal to movement are detected. This is a
well-known problem [11] which can be attacked by incorporating other methods,
such as contour detection. For some applications, such as motion detection, it is not
very important to know the motion vectors that are parallel to the object boundaries.
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Figure 2.1: Two consecutive image frames.

Figure 2.2: Computed velocity of Fig. 2.1.
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e e

Figure 2.4: Image of Fig. 2.1 with superimposed and thresholded velocity.

24 Scalar velocity method

It is possible to reduce the number of unknowns by reducing the vectorial velocity to
the scalar velocity component in the direction of the spatial gradient (see also: [11]).
Without using the smoothness constraints, the continuity requirement of the
previous section can be written as

8 I(x,t) + ||v(x)|| || VI(x,t)]l cos 8(x) = 0, (2.60)
with § = Z(v, VI) the angle between the gradient and the velocity vector. If we
write

v(x) = |[v(x)|| cos 6(x), (2.61)
we obtain
oI (x,t) + v(x)||VI(x,t)]| = 0. (2.62)

Instead of solving for the two vectorial components of v we now try to solve for the
scalar component v. The iteration scheme will be given without derivation.

2.4.1 Iteration scheme

e Initialization
v® =0
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F(O) = atI
JO = / |FO)2dx
XES
#9 =0
n=0

e Start iteration
s = — / F® | VI|e**dx
xES
n=n+1

o0
A = / 157D 2K

-0
(n) . S(O) n= ]_
9= s 4 —-——A’(l,fi)l)g(""l) n>1

00’ .
£ = o) [ gt
-0

B = / |f(”)|2dx
XES

™ = D 4 p(m)g(n)
F = pn=1) _ pn) £(n)
I = gin=1) _ p(n) g(n)

:f\
1
N
3

e End iteration

™ = /oo ¢(n)eik-xdk

24.2 Example

The gradient method based on the scalar velocity was applied to recorded image
frames. Two consecutive frames can be found in Fig. 2.5. In Fig. 2.6, the computed
velocity is shown. Figure 2.7 shows the first image frame in which a detection limit
has been used to indicate image motion. The images have a size of 256 x 256
pixels. About six iterations were used. This is not critical, however: often only one
iteration leads to sufficient convergence.
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Figure 2.5: Two consecutive image frames.

Figure 2.6: Normal velocity computed from the two consecutive image frames.
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Figure 2.7: First image frame with indicated image velocity.

2.5 Scalar velocity method with smoothness constraint in time

As a last example, a scheme is given which uses scalar velocity, Fourier descriptions
in time only, and a smoothness constraint in time. Then, the error criterion becomes

7= / dt / {181 + o[ VI + Blow]? } dx. 2.63)
teT xXES

The iteration scheme will be given without derivation. An advantage of this scheme
is the relatively low computational complexity, because the temporal Fourier
transforms are one-dimensional and relatively short. For very short FFT’s, the
pertinent matrix may consist of only ones and zeros, which makes the scheme
interesting for hardware implementations.

2.5.1 Iteration scheme

o Initialization

0@ =0
FO = 5,1
FO =
JO = / |FO)2dx
xeS
© =0
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e Start iteration

s(")=—[ / dx / (FOUVI) +i8'w) e-iwfdt]
x€S teT

n=n+1l
A = /oo 15D 2dw

—00
(0) =
g(n) = SA(n) 1 " :
S(n_l) + m__l)g(n— ) n>1

S .
£ = v [ gemita
-0

fg(n) — _iﬂ1/2 /oo wg(n)e—iwtdw
—co
B™ =/ dt/ (If(”)|2+lff")l2) dx
teT XES
Aln)
n(n) o)
B

4 = (=D 4 ) g™
FO) = pln=1) _ ) ¢(n)

Ft(n) _ Ft(n—l) _ 7](n)ft(n)
g = y(=1) _ p(n) 4(m)

e End iteration

o0
e =/ Hmemivtgy

-—0Q

2.5.2 Multi-resolution analysis

The continuity equations of the preceding section are based on linearization of the
displaced frame difference. Therefore, large-scale movements can only be
determined from low-pass filtered images. In the present section, we define a
multi-resolution scheme where image motion is determined from subsequent
application of one of the gradient-based conjugate gradient schemes to low-pass
filtered images. Each subsequent conjugate gradient calculation is performed with
increasing cut-off frequency f, i.e., on a finer scale. After application of the
conjugate gradient scheme, we fall back on the displaced frame difference by
performing interpolation in the original image. The interpolated image, which is
based on the velocity vector defined in the previous step, is used as a basis for
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determining image motion on a finer scale. The basic idea is that we try to estimate
the motion vector needed to get from the first image to the second image. The
estimated second image is denoted by using a tilde above the different symbols. The
procedure can be summarized in the following scheme (the symbol ** denotes a
two-dimensional convolution):

e initialization
n=0
d% =0
IO (x, ¢ + At) = I(x,1)
o

= fc,min
e start iteration

T8 (.t + At) = LPR(FM) « I (x,1 + At)

I (x,t + At) = LPR(FM) + 1™ (x,t + At)
n=n+1
solve V(Fn) from I;‘n_l) — _?}"‘1) + vgl) ] Vfgl—l) -0
d™ = a1 4 Apvi)
I™(x,t + At) = I(x —d™, 1)
f& =240

e end iteration

2.6 Overall conclusion

Iterative techniques were applied to the estimation of motion in images. One method
is based on a direct formulation using the displaced frame difference. A method
which overcomes the scaling problems of the latter method is based on the
linearization of the displaced frame difference, using additional smoothness
constraints imposed on the vectorial velocity. An efficiency improvement results
from the definition of the normal image velocity, thereby reducing the number of
unknowns with a factor two. A continuous velocity field is an inherent property of
the techniques. Subpixel displacements can be obtained with all three methods and
multiresolution schemes are also discussed.

The computation of gradients, the setting of different filter characteristics and the
optional use of weighting functions require further study. Furthermore, special
precautions have to be taken to avoid folding contributions due to the periodicity
associated with the Fourier or cosine/sine transforms.
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