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Abstract

The alternating direction method of multipliers, and extensions thereof, can be
used to derive potentially parallel decomposition algorithms for convex program-
ming. This paper focuses on two kinds of problems, monotropic programs (includ-
ing linear programs) and block-separable problems. For block-separable problems,
the algorithm obtained bears some resemblance to an earlier method due to Spin-
garn, but solves a larger number of simpler subproblems at each iteration. Its fun-
damental operation is projection onto the epigraph of a convex function. For
monotropic programs, one obtains a compact method that has some interesting
properties when specialized to linear programming, and, for quadratic problems,
has been shown to be competitive in practice in a massively parallel environment.
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1. Introduction

Consider the convex programming problem

minimize f(x)+ g(z)

1
suchthat Mx=z , @)

where f: R — (oo, +eo] and g: RS — (oo, +oo] are closed proper convex, and M is some s X n

matrix. The alternating direction method of multipliers for (1) is the given by the recursions
: 2
xk*1 = argmin{ 100 +(pt, Mx) + & |Mx — 2] }
x .
2
ZF+1 = argmin {g(z) - (pk,z> + —%"Mxk""1 - z" } )
z

pk+l - pk + l(Mxk"'l __zk+l) ,

where A is a given positive scalar. This method resembles the conventional Hestenes-Powell
method of multipliers for (1) (see for example [1]), cxécpt that it minimizes the augmented

Lagrangian function
N |
Lyx,z,p) = fix) +g(z) + (p, Mx ~z) + 5 | Mx — 2 3)

first with respect to X, and then with respect to z, rather than with respect to both x and z simulta-
neously. Thus, x and z are effectively decoupled, and the method avoids difficulties arising from
the non-separable cross term 2z' Mx arising from the quadratié penalty in (3). Howe\?er, the
methodstill retains many of the theoretical convergence advantages of the method of multipliers

over algorithms using the simple Lagrangian Lyx,z,p) = fix)+g(z) + {(p, Mx - z) .

The alternating direction method of multipliers was first introduced by Glowinski and Marroco
[11], and by Gabay and Mercier [9]. Fortin and Glowinski [7] furthered the theory of the method,
and Gabay [8] demonstrated its relationship to the Douglas-Rachford splitting procedure for
monotone operators [13]. Eckstein and Bertsekas [4] have combined this relationship with some
proximal poinf analysis to obtain a generalization of the algorithm. A convergence theorem for

this generalized method is restated in Section 2 of this paper, and forms the basis of the following

[ o




analysis. Alternative analyses of the alternating direction method of multipliers may be found in

[10] and [2, pp. 253-261].

This paper presents two ways of transforming convex programs into the form (1), and then studies
the algorithms resulting from applying (2) and its generalizations. In both cases, significant

decomposition of the original problem and extensive opportunities for parallelism result.

The first transformation, analyzed in Section 3 of this paper, is applicable to monotrépic programs
[16], that is, separable convex programs having only linear constraints. It results in an algorithm
sometimes called the “alternating step method.” This algorithm has an interesting interpretation
when applied to linear programming, and has been shown to be computationally competitive for
certain kinds of quadratic-cost problems on massively parallel compﬁter architectures [6]. No
complete derivation of it has been published, although a preliminary analysis (based on the cur-

rent author’s early research) appears in [2, p. 254].

The second transformation, presented in Section 4, is for block-separable problems of the sort
studied by Spingarn [18]. The approach given here yields a method that solves a much larger
number of simpler subproblems at each iteration, each with far fewer points of nondifferentiabil-
ity. This algorithm is called an epigraphic projection method because the basic calculation in each
subproblem is projection onto the epigraph [14, p. 23] of a convex function. A preliminary,
unphblished analysis of this epigraphic projection method appears in [3].

Section 5 of this paper gives some closing observations.

2. A Generalized Alternating Direction Method of Multipliers

In this paper, || || denotes the usual euclidean norm in R”, and a -—;b will be a shorthand for

la —b]| <&. Convex analysis notation will be adopted from [14].

The convex program (1) can also be expressed as




minimize f(x)+g(Mx) @
xeR"

and, attaching a vector of multipliers p € R” to the constraints in (1), one obtains a symmetrical

dual problem

minimize f (-M"p)+¢"(p)
peR’

, ®)

where the asterisk denotes the convex conjugacy operation [14]. A pair (x*, p*) € R? x RS is said
to be a Kuhn-Tucker pair for (1) or (4) if —MTp* e df(x*) and p* e dg(Mx*), where “0”
denotes the subgradient mapping. It is a basic exercise in convex analysis to show that (x*, p*) is

a Kuhn-Tucker pair if and only if x* is optimal for (1) and (4), and p* is optimal for (5).

We now present a convergence theorem for a generalization of the alternating direction method of

multipliers (2); a proof may be found in [4].

Theorem 1. Consider a convex program in thé form (1) or (4), where M has full column rank. Let
p0, z0 € R, and suppose we are given some scalar 1 > 0, nonnegative summable sequences { t4}

and {v;}, and

{pk}]:o=0 c (0,2), 0< mfpk < Suppg < 2
‘ k20 k20

Suppose {x*}, {z*}, and {p*} conform, for all k£ =0, to

w4 < argmind 700+ (9%, M)+ 4 x4 | ©
zk+1 ‘—-;c arg zrnin{g(z) - <pk,z> + %upkMxk"'l +(1—pg )zk - 2"2} @
pitl = pk+ A(pMxk+] + (1 - ppzk — zk+1) | ®)

Then if (1) has a Kuhn-Tucker pair, {x*} converges to a solution of (1) and {p*} converges to a

k—yoo

solution of the dual problem (5). Furthermore, {z*} converges to M( lim x¥ ) If (5) has no opti-




mal solution, then at least one of the sequences {p*} or {z¥} is unbounded.

The algorithm (6)-(8) reduces to the alternating direction method of multipliers in the case that

Py = 1 for all k, and all minimizations are performed exactly.

3. Monotropic Programming

A monotropic program [16] is a convex programming problem taking the canonical form

n
minimize Y k;(x;)

J=1
subjectto Ax=Db ' ©
xeR",

where the hj: R — (—o, +o9], j=1,...,n, are closed proper convex, A is a real m X n matrix, and

be Rm.

Since the Aj can take on the value + o, they may impose implicit interval constraints on the x;.
Thus, by using slack variables and manipulating of the 4j, any convex optimization problem with
a separable lower semicontinuous objective and a finite number of linear equality and inequality

constraints can be converted to the form ).

~ Given some monotropic program (9), define d(i), the degree of constraint i, to be the number of

nonzero elements in row i of A. If A is the node-arc incidence matrix of a network or graph, then
this definition agrees with the usual notion of the degree of node i in the corresponding graph. Let
A jdenote column j of A, and let A;. denote row i of A. The surplus or residual ri(x) of constraint

i of the system AX = b, with respect to the primal variables x, is b; — A;. x.

Now consider the conversion of (9) to the form (1). Here, f will be defined on R” and g on Rm~,

Index the components of vectors z € R™”" as zjj, where 1 <i<mand 1 <j < n. Then let

fx) =Y, hix) (10)
j=1




n
C={ze9§”m Zz,-j=b,- Vi=l...ma;=0=2;=0 (11)
=
0, zeC
_ 12
&(z) {+°°, 2eC (12)
r 717
diag (A;.)
r -
M= | diag (M) || (13)
diag (A;.)

where, for any vector v e R”, diag(v) denotes the n x n matrix D with entries djj = vj along the
diagonal, and zeroes elsewhere. It is easily confirmed that, under (10)-(13), problems (1) and (9)
are equivalent. Furthermore, unless A has a column that consists entirely of zeroes, the matrix M

of (13) has full column rank.

We now apply the generalized alternating direction method (6)-(8) to this reformulation of the
monotropic program. By the separability of f and the form of M, (6) can now be decomposed into

n independent computations of the form
k+1 <k 2 £\2
xj" =~ argminih;(xj)+| 3 pgay b+ 4 D (ax-2E)
&k %) i=1 ;%0

where g; =1 [</n. Now consider the computation of z**! in (7). For any z e R™”, and

1<i<m,letz; € R” be the subvector of z with components zjj, j=1,...,n. Let




n
z:ij =b,-,a,-}- =O=Zij=0} s

C;i={z;eR"
Jj=1

so that C = C1 X... X Cj. Finding Z*1 can be reduced to m independent calculations

Yk z;eC; i=1
Vm !

L 2
21 =~ argmm{ <p{-‘,z,—) +4 z(pkayxj”l +(1-py)zk - z;-j) }

To solve this problem exactly for each i, we attach a single Lagrange multiplier n'l‘“ to the con-

straint Z = b, defining C;. Some algebraic mampulat:ons of the Karush/Kuhn-Tucker
conditions yleld

nf* == Appn ) - X (14)

( ) Jj:a;j#0
+1
& Pz ”k
£+ = [peayxy ™+ (U-pz - = —=—, ;%0 (15)
0 ) : ay =0.

Finally, consider the multiplier update (8). For (i, j) such that g;; = 0, one has 51mp1y pk+1 = szj'

For ajj #0,

lejﬂ = lejc‘ + l(pkazj fﬂ +(1 "'Pk)zzj - 7-5“)

=ph+ l(—%[nij +f +1])
i

It is therefore possible to eliminate {p*} from the algorithm in favor of the lower-dimensional

sequence {#*} < R", obtaining

k+1
LK+ RS
R G

0-, ay=0

s a,j;tO




from (15). It now turns out that {z*} can also be replaced by a lower-dimensional sequence

{yk} = R, as follows:

Lemma 1. Assume that z0 is of the form

0, a,J=

for some y0 € . Define the sequence {yk} via the recursion
yol = (1-ppy* + pext+l V20 .
Then for all k > 0,
()

kY ) ..
2k = 1% a0 aj #0 (16)

0, a;=0
Proof. Assuming (16) holds, we have, when a;; # 0,
- ajj }Jc+1 - 3%5 ri(yk+1)
= a((L-poyf + pxfl) — i (bi—(As, y4*1)
= a(l-ppaipf + prapgh*l — 25 ((1 - po(bi— (Ais Y8 + pitb; — (A, xk+1))
= ol - polapf - Zi5riaR] + praipg+l — Fs a1 |
= a(l-pezt + paipt! — Lk ri(xtel)

So, (16) holds with k replaced by k+1, and the claim follows by induction. M

In view of Lemma 1, the method (6)-(8) reduces to




k+1 : o A )
Xj = =argmin hj(Xj)"(A.j, >x1 +5 2 @jiXj —| jjY¥ +-—;1—(i7'
€k Xj ira;;#0

o1 _ gk, s a7)
75" —m"+d(i)rz(x )

ylc+l - pkxk+1 +(1- Pk )yk‘

Collecting terms in the squared expressions and assuming A has no all-zero columns, one obtains

' k
k+1 _ : Alla I k 20 &h(Y)
R Y e R o
A 18
dd) _
yk+1 = pkxk+1 +(1- Pi )yk ,
where y0 € R7 and 70 € R™ are complctciy arbitrary. One may call this algorithm an alternating
step method because of the alternating updates to the primal variables xf and yk and dual variables
7k, The updates of the primal variables x; and y; are completely independent over j, and the
updates of the dual variables 7; are likewise independent over i. Thus, the method has the poten-

tial for massive parallelism.

Now consider the convergence of (18). Recall that the dual of the monotropic program (9) may be
written [16, Chapter 11]

n .
mﬁﬁm%h}(@j,x)}b% , (19)

where hj* denotes the convex conjugate of A;.

Theorem 2. Let { &)} < [0, =) be summable and suppose 0 < ltnf) Pr < ]scu]()) Pr <2.1f Ahasnoiden-
> >
tically zero columns and both the monotropic program (9) and its dual (19) have optimal solutions

with finite objective value, then any sequences {(x} and {7} conforming the recursion (18) re-




spectively converge to such optimal solutions. If (19) has no optimal solution, then, given any two
sequences { y" } and {n*} conforming to (18), one of them must be unbounded.
Proof. Suppose p;; = —m; whenever a;;#0. Then

- "

-M'p = |- 1Za,-j(—yr,-) = (A.®). (20)
z—a;;(,)m .

Applying basic convex analysis to g, we find that

’ otherwise

C, a;#0,0520 = p;=py
& , otherwise

dg (p) = {

T . —
g*(p)={—bt, Bxeﬁm.aij;eo:pij——ﬂi
+oo , otherwise .

In view of (20), it follows that the dual problems (5) and (19) are equivalent in the sense that

f -M'p)+g () = hi((A;x)) b

whenever p;; = —; for all i, and that if pjj #pj; for any i, j, and I such that a;j and a;; are nonzero,
then £*(-M"p)+ g (p) =oo . Thus, if x* and m* are respectively optimal for the monotropic pro-
gram and its dual, then x* and z* = Mx* are optimal for (1) and p* defined by p;-;- = —7:? is opti-
mal for (5), so (x*, p*) form a Kuhn-Tucker pair in the sense of Theorem 1. Since A has no zero
columns, M has full column rank, and Theorem 1 with Ui = \/Eek and v, = 0 for all & gives con-
vcrgenép of {x" } and {pk} in algorithm (6)-(8). By the derivation above and the equivalence of |
the primal and dual problems, this implies the convergence of {x*} and {n* } to their respective

optima (note that nothing is said in this case about convergence of {y]‘}). When the monotropic

-10-




dual (19) does not have a finite optimum, then the dual equivalence already shown implies (5) has

none either, and one can again invoke Theorem 1. W

The method (17) is based on an underlying alternating direction iteration (6)-(8) in which some
variables, namely {pk} and {z*}, have dimension mn. However, it reduces to a form in which all
the variables have dimension either m or n. A convergence proof involving only the lower-dimen-

sional sequences would be very appealing, but so far none has been found.

Consider now the (completely general) linear programming problem

minimize ¢'x
subjectto Ax=b
I1€£x<u ,

where ce R*, be R™, 1 € [—oo, ), u € (—oo, «]* and A is an m X n real matrix. This can easily
be converted to the form (9) by combining the constraints I < x < u with the objective function. It
then turns out that the variables of (19) are the usual lincai programming dual variables. The min-
imization step of (18) may then be done exactly in closed form, and the method reduces after

some algebra to

k+1
Xj

: k
= max</;,minq #4;,y; + -
g {f Y H =0 P

+1 AP, (k41 @D
mt =+ Sk
i) -
Setting py = 1 for all £ yields the even simpler method
k+1 r, 1 |m an(x*)| cj-A. -k

Xj+ = max lj,min uj,xj+ ) Y J - - J

la;|" =1 4O A
(22)

K+l _ ko APk k4l
mf = mf e o

-11-




Here, each primal variable x; is first adjusted by terms proportional to its reduced cost

cj- A jT;", and the amount of violation of constraints in which it is involved. Then, it is pro-
jected onto its valid range [l ol j] N R. After this, each dual variable is adjusted proportionally to
any remaining constraint violation, and the process repeats. Primal feasibility, dual feasibility, and
complementary slackness are not maintained; instead, all are gradually satisfied as the algorithm
progresses towards a fixed point of the recursions (21) or (22). The algorithm is highly parallel;
indeed, the only need for communication between processors responsible for the various primal

and dual variables in the computation and dissemination of the surpluses r,-(xk).

Linear programming algorithms of this type are also known to have linear convergence rate —
see [5] and [3]. However, they were tested in [3] and found to converge very slowly in practice on
the majority of NETGEN-generated [12] minimum cost flow problems. However, (18) may also
be done in closed form when the cost function in quadratic, and for NETGEN-like quadratic prob-
lems, computational tests have been quite encouraging; see [6] for details of both the specializa-

tion of the algorithm and its performance.

4. Block-Separable Problems: an Epigraphic Projection Method

Let us now turn to a more general class of convex programs, as studied in [18, Section 4]. Let
{1,...,n} be partitioned into d > 2 nonempty subsets Nj, j=1,....d, and let nj = | N;j| for all j. For any
x € Rn, letxj€ R7 denote the subvector of x with components Xg> g € Nj. A convex program is

called block-separable if for some such partition, it takes the form

d
minimize Zhoj(xj)
Ut 23)

d
subjectto Y hi(x;)<0 i=L..,m ,
j=1

where the h;; are convex functions on R for i=0,...,m and j=1,...,d. To simplify the analysis,

assume that the hyj are finite on K% for i > 1. For the hy;, assume, slightly more generally than in

[18], that

-12-




(X;)= : 24
hoj(x;) {+oo x;eCj, _ : =
where the Ay are finite and convex throughout R, and the C;j c R are closed convex sets. Let

C=C1X..XxCqc R,

We start by expressing (23) as a minimum problem for a sum of three convex functions. First,
some notation: let the components of vectors u € Rmd be written ujj, for i=1,...)m and j=1,....d.
Similarly, denote the components of vectors z e R™” by zjq, for i=1,...,m and ¢=1,...,n, and let H

be the mn X n matrix taking vectorsxe R"toze Rmn, where zig = x4 for all i and ¢. That is,

H=| . m times .

For any z € R™”, let z;j denote the subvector of z consisting of the zj4, g € N;. Now define func-

tions

d
FxeR"'> zhOj(xj)
Jj=1

d

0, Duj=0Vi=l..m
Jj=1

+o0, otherwise

F2:ue9imdl—>

0, (Zi)<u; Vi=1...m, j=1...,
%:(&u)eﬁt""‘xﬁ(”’di—){ i U). v = Leenrd
+eo,  otherwise .
F,, F,, and F3 are closed proper convex. Furthermore, the problem

minimize F(x)+ F, (u)+ F(Hx,u) (25)
xeR" .
ueR™

-13 -




is equivalent to (23) in that x is feasible with finite objective value in (23) if and only if there

exists u € R4 such that F{(x)+ F,(u)+ F3(Hx,u) is finite, in which case

d
R(x)+FR(u)+FHxu)= Y ki(x;)
j=1

Now consider how to convert (25) into the canonical form (4). One approach would be to set

f(x,u) = A(x) + F;(Hx,u)
g(x,u) = F,(u)

and let M bet the (n+md)-dimensional identity matrix. Applying algorithm (6)-(8) and setting
My = Vi = 0 for simplicity then yields (after considerable algebra) the recursions

1 =wnmep - +4 8wl ot oo

X jE‘R

it = max{v,’j LAk h,J(xk+l } 27)

¥ = pex**l+ - py* 28)

v115+1 - pku11;+1 +(1—- Pk)Vy Pr. z k+1 29)

d

S S AN 30

i i d El,uzl (30)

Here, {x*} and {y*} are in %", (u*} and (¥} arein Rmd with 3¢ 0 = 0 for all, and (x*} is in
JRm. Further setting py = 1 for all k and eliminating {y*) yields the decomposition method pro-
posed by Spingarn [18, Section 4]. Spingam's derivation is different, being based on the notion of
the partial inverse of a monotone operator [17,18], but the fundamental principle is the same as

that behind the alternating direction method of multipliers, as pointed out in [4].

One problem with the method (26)-(30) is that the minimand in (26) may possess a very compli-

- 14 -
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cated pattern of nondifferentiable points, mitigating against the use of standard unconstrained
methods to obtain x§+1 . Fundamentally, this difficulty arises because (23) has not been decom-
posed “vertically,” that is, with respect to i, even though it has been decomposed “horizontally,”

that is, with respect to j.

An alternative approach to converting (23) to the form (4) is to combine F and F», as opposed to
F; and F3. Because F depends only on x, and F, depends only on u, one thus preserves the struc-
ture of the three-way splitting embodied in (25), and the resulting algorithm achieves a more thor-

ough decomposition of the problem. We let

d d
Shix) ., Yu=0Vi=l...m

fx,u) = FA(x)+ K@) =4 j=1 j=1 (31)
+oo, otherwise '
H
= 32
M [ I] | (32)
gz, u) =F3(z,u) . (33)

In (32), M is of dimension (n+md) X (mn+md), and has full column rank from the definition of H.
Under (31)-(33), problem (4) is equivalent to (25), and hence to (23).

We now apply the alternating direction method (6)-(8). The role of the “xk» yariables will be
played by pairs (x*, u¥) € R x Rm4, the place of the “z¢” variables will be taken by pairs

(v, vk) € Rmn x Rimd, and the role of the multipliers “p¥” will be assumed by pairs

(pt, gk) € Rmn x Rmd, By the separability of x and u in (31), (6) decomposes immediately into

xk+1 . ;nin{Fl(x) + (pk,Hx> + %“Hx —zr ||2} (34)
uktl s :nin{FZ(u) + <qk ,u> + %“u - v"llz} , 35)

where /e + 62 = 1. In view of the structure of Fyand F, (34) and (35) may be satisfied by

~15-




setting

&

i=1

f“ argmm hoj(xj)+<2py,x >+
x;eR k)

ZZU

(36)

efi-bihfe e

@37
Next, one must apply (7), which now decomposes into md calculations of the form

argmin

~ k+1
“I"c {glj(zlj’vlj) <plj’zlj> szvzj 2"zy ka T+ pk)zlj)
S

Vij €

2
1 k

+ %( . . (pkuzlj+ +(1—pk)v,-j)) } .
Completing the square and rewriting,

pkxk+l +(1-py )z,kj + %—p{j)

{4k i
= arg min i i

v B k)<

l_} (—md

(38)
-l ez 1}

that is, one must project the point

k+1 k k
[Pexf™ + A= pe)zsi + 1 py xj*! p) AN -
= Pk — Pk +T )
1 A
Pt +(=p v ++ab g+t i) “\a
onto the epigraph

epihy = {("f"’) h

By <ob

Lemma 2. Suppose that 1:R! — R is convex and everywhere finite. Then the projection (y*, v¥)

of any (x, u) € R’ x R onto epi h can be accomplished by the following procedure

~16 -~




if h(x)<u
then (y*, v¥) :=(X, u);
else begin,

y* :=argminy {|ly — x||2 + (h(y) — u)2};

vhi=hyY;

end,
Proof. If h(x) < u, then (x, u) € epi(h), so (y*, v¥) := (X, u). Otherwise, (X, u) ¢ epi(h). Being con-
vex and finite everywhere, 4 is a continuous function, therefore 7)(y, v) = A(y) — v is continuous.
Now, epi & = {(y, v) | n(y, v) £0}, so int(epi k) = {(y, v) | n(y, v) <0} and the boundary of epi A,
bd(epi k), is {(y, v) | n(y, v) = 0}. The projection of (x, &) onto epi(h) must lie in bd(epi &), and
therefore must be of the form (y, A(y)). The suggested procedure minimizes the distance between

(X, u) and points of this form. W

In general, let the notation epp(k, (x, u)) stand for the projection of (x, «) onto epi k. Note that for

general convex functions taking the value + o, the procedure of Lemma 2 should be replaced by

y*i= arg;nin{"y x| +max?{0, a(y) - u}}
v*:= max{u, h(y*)} .

Here, such a situation is precluded by the assumptions on (23). In view of (36), (37), and (38), (6)-

(8) now reduce to the following recursions:

(39

Zzlj

=1

¢kx] =1

x§+1 = arg;n? hoj(xj)+<2plj,x >+

k+1 (vlj ZVIIJ /,L[qu qul] (40)

z{;+1 o pxs ™+ (- pp)zf + 4 bl o
= €pp
+1
A7) & TP ok a1
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1
pi! = pf + A(oex§™ + (- pyzf - 2) 42)

a5 = g + Ao + - pvE - (43)

where {¢;} and {6;} are nonnegative, summable sequences. This method will be called an epi-
graphic projection method because of step (41). The problem has been more thorpughly decom-
posed than in the method (26)-(30) in that no subproblem involves more than one function hyj.
Step (41), in particular, decomposes into md, as opposed to d, separate tasks, affording a large
potential for parallelism. Furthermore, if all the 4;; are smooth, then all subproblem minimands,
including those needed to implement (41), are smooth. By comparison, the minimand in (26) will

in general be nonsmooth, even if all the hj; are smooth.

In some cases, it may be possible to carry out the epigraphic projections (41) exactly; in other
cases, they might have to be performed approximately to some accuracy ¢ = 0. In the subroutine
outlined in Lemma 2, this involves finding some y y * such that h(Y)ﬁ h(y *), where

1’ o + ﬁk < ¢;.. Guaranteeing such conditions is potenually complicated in the general case, SO
we will not discuss this issue any further here; however, working out similar approximation con-
ditions for (26)-(27) seems much more complicated, due to coupling between hij. See [15] for

some exemplary approximate solution criteria.

Consider now the convergence of (39)-(43). The proof requires a Slater condition similar to that

of [18], but modified to accommodate the more general h()j of (24).

Theorem 3. Consider the problem (23), where the h;; are everywhere finite-valued convex for
i = 1,...,m, and the hg; are as in (24). Suppose {#;} and { 6} are nonnegative summable sequences,

0< inf(‘) P Ssupp; <2, and the following Slater condition is met:
> k>0

d
3 % e ri(dom hyp)x...xri(domAgg) : Vi=1,....m, 3 h;i(%;) <0 . @)
j=1
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Then, if (23) has an optimal solution with finite objective value, the sequence {xk} produced by
the epigraphic projection method (39)-(43), with arbitrary initial conditions, will converge to a

solution of (23).

Proof. First consider, under (31)-(33), the problem

minimize f(x,u)+ g(M(x;u)) , 45)
(x,u)eR"xR™d

which is of form (4). If this problem has a Kuhn-Tucker point, then, in view of thé above deriva-
tion, setting . y; =+/d¢; and Vi =+md6) in Theorem 1 gives the desired result. So, it suffices to
show (45) has a Kuhn-Tucker point.

Suppose x* is optimal fbr (23). Then there must exist au* e R™4 such that (x*, u*) is optimal for

(25) and hence for the equivalent problem (45), that is
(0,0) € J[ f + g o M](x*,u*) .
Suppose it were true that
I[f + goM](x,u) = g (x,u) + M"Ig(M(x,u)) V(x,u) € R* xR™ . (46)

Then there would have to exist (p*,q*) € dg(M(x*,u*)) such that —M" (p*,q*) € If (x*,u*),
and ((x*,u*),(p*,q*)) would be a Kuhn-Tucker pair for (45). Sb, it suffices to prove (46).

Define the linear space

U={ueR™
j=1

d
Zu,-j =0QVi= 1,...,m} ,

so that
ri(ldomf) = ri(dom F1) X ri(ddom F2) = (ri(dom hg)) X ... X ri(dom hog)) X U .

Fori=1,...m,let

-19-




d
n==YhiX;)>0,
j=1

and define {i € R™ via i = hz-j(ij)+%. Then, i € U, and (X,d) € ri(dom f). Now,
dom(goM) = {(x, u) | Ayi(x) — i < 0,i=1,...m, j=1,..d} .
The hjj, i = 1,...,m, are finite and convex, hence continuous, so the functions
Mei(Xj> wif) = hijx)) — wjj

are also continuous. For all i and j,

ﬂij(ii’ﬁif)’—'"lf(ij)_('hj(ij)+%)=—%<0 .

It follows that there is an open neighborhood of (X, 1) that is contained in dom(g - M), and hence

that

(%,)) € int(dom(goM)) = ri{dom(g-M)) .
Therefore, (%,ii) € ri(domf) M ri{dom(g+M)), and
O[f +goM](x,u) = Jf (x,u) + I g o M](x,u) V(x,u) e R" x K™
by [14, Theorem 23.8]. Similarly, |
M(%, @) € int(dom g) = ri(dom g) ,
SO
9[g o M(x,u) = M"ag(M(x,u)) V(x,u) e R" x R™

by [14, Theorem 23.9]; (46) is thus established. W

Following Theorems 23.8 and 23.9 of [14], alternatives to the condition (44) are possible when

some or all of the hj; are polyhedral.
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5. Conclusion

This paper has attempted to demonstrate by example the power and generality of alternating

direction multiplier algorithms for decomposing convex programs, and thus parallelizing their

solution. The approach given here subsumes Spingarn’s partial inverse technique [17,18]; for an

explanation, see [4] or [3]. The key step in the alternating direction multiplier approach to decom-

position is careful conversion of the problem of interest into the form (1) or (4). The way this con-

version is done can strongly influence the degree of decomposition attained, as evidenced by the

comparison of method (26)-(30) to the epigraphic projection procedure (39)-(43).

So far, it is not easy to tell when methods derived in this manner will perform well in practice. For

example, the methods of Section 3 are impractical for linear-cost problems, but competitive for

quadratic ones. Perhaps future research will resolve such questions.
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