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PREFACE

This proceeding contains the papers presented at the 1991
Army Symposium on Solid Mechanies, held at Plymouth,
Massachusetts, November 4 - 7, 1991. It was the twelfth in a
series of biennial symposia with focus on solid mechanies
research achievements which impact defense system needs. The
symposia series which dates back to 1966 has been sponsored by
the Army Materials Technology Laboratory in its role as the US
Army lead laboratory for solid Mechanies research and exploratory
development.

Each symposium has its theme which emphasizes a particular
subject of interest. The theme of 1991 symposium is "Synergism
of Mechanics, Mathematics and Materials!® The need to interact
among these three disciplines are well known, and the derived
benefits have long been demonstrated. The symposium is organized
into seven technical sessions covering subjects from basic
research to applications. Many papers amplify the importance and
benefits of synergism among the three disciplines. These papers
have been subjected to the usual review process and revisions, if
any required.

The Symposium Chairman wishes to thank Dr. Gordon A.
Bruggerman, Acting Director of MTL and Dr. George H. Bishop, Jr.
Director of Materials Reliability Division of MTL for their
support and encouragement required to take on the task of running

the Symposium. I want to thank the members of The




Technical Program Committee particulér to Dr. Julian Wu of The
Army Research office and Professor Thomas C.T. Ting of University
of Illinois at Chicago, for many of the ideas for the symposium
and for putting together the individual sessions. I wish to
acknowledge Miss Karen Kaloostian, MTL Conference Coordinator for
the arrangements before and during the Symposium. Universal
Technolegy Corporation, the Symposium Administrator's effort for
assembling the programs, abstracts and the proceedings for

publication should be acknowledged.

Watertown, Massachusetts

SHUN-CHIN CHOU
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SYNERGISM OF MECHANICS, MATHEMATICS AND
ANISOTROPIC ELASTIC MATERIALS

T. C. T. Ting

Department of Civil Engineering, Mechanics and Metallurgy,
University of Illinois at Chicago, Box 4348, Chicago, IL 60680

INTRODUCTION

Anisotropic elastic materials are interesting materials. A simple
tensile stress applied to the material produces not only an extensional
strain but also a shear strain. Likewise, a pure shear stress applied to
the material produces a shear strain and an extensional (or compression)
strain. Therefore a loading which is symmetric (or antisymmetric) with
the xo—axis, say, in general does not produce a deformation which is
symmetric (or antisymmetric) with the x;—axis. There are surprises in
which anisotropic materials behave like isotropic materials. These will
be pointed out in the paper.

In contrast to isotropic elastic materials which have two elastic
constants, anisotropic elastic materials may have as many as twenty one
elastic constants. When two—dimensional deformations are considered,
the analysis still requires fifteen elastic constants. In view of this, there
is a wide spread and justifiable misconception that the analysis of
anisotropic elastic materials is much more complicated than that of
isotropic elastic materials. This is not necessarily true if one employs
the Stroh formalism. With the Stroh formalism the solutions to
anisotropic elasticity problems are in most cases simpler than those for
isotropic elasticity problems. The reason is simply that isotropic
materials are more than a special case of anisotropic materials. They are
mathematically degenerate materials.

Much progress has been made since Stroh’s two pioneering
papers appeared in 1958 and 1962 [1,2]. We will point out in the paper
the integral formalism of Barnett—Lothe [3] which allows us to compute
three Barnett—Lothe tensors S, H and L, which are real, without finding
the Stroh eigenvalues p and the associated eigenvectors a, b, which are
complex. We will also point out some identities which enable us to
convert certain combinations of p, a and b to S, H, L. and other real
quantities. Owing to these identities, several existing complex form
solutions are simplified to real form solutions and solutions are obtained
for some heretofore unsolved problems. As a result, many physically
interesting and unexpected phenomena, which have been shrouded in the
complex form solutions, have been discovered recently. Most of the
unexpected phenomena defy an intuitive explanation.
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The Stroh formalism is not only maihematically elegant and
technically powerful, but some of its mathematical quantities such as the
eigenvalues p and the eigenvectors a and b have physical meanings. The
mathematical structure of S, H and L provides us a rare insight into the
relations between anisotropic and isotropic materials.

For isotopic materials the in—plane displacement and the
antiplane displacement are uncoupled. The in—plane displacement (u;,
up) and the associated surface traction vector on any boundary I' are
polarized on the (x;, x;) plane while the antiplane displacement uz and
the associated surface traction are polarized along the x3 axis. For
general anisotropic materials under the assumption of two—dimensional
deformations, the us component is in general non—zero and cannot be
uncoupled from the in—plane displacements uy, us. This does not mean
that there are no planes or axes on which the displacement and the
surface traction are polarized. There are, as we will show, oblique planes
and axes on which the displacement and the surface traction are
polarized.

The synergism of mathematics and mechanics appears to work
very well for anisotropic elastic materials. Examples presented in the
paper illustrate that this is indeed the case.

1. THE STROH FORMALISM. In a fixed rectangular coordinate
system x; (i = 1, 2, 3) let uj, o3; be, respectively, the displacement and
stress in an anisotropic elastic material. The stress strain laws and the
equations of equilibrium are

% = Cijksk,s - (1.1)
Ciksk,sj = (1.2)

where a comma stands for differentiation, repeated indices imply
summation and Cjjxs are the elasticity constants which are assumed to
possess the symmetry property

C C C

ijks = Cjiks = Cijsk = Cksij -
For two—dimensional deformations in which u; (i = 1, 2, 3) depends on
X1, X3 only, a general solution to (1.2) is, in matrix notation,

u=af(z), z= x; + DXy (1.3)
In the above f is an arbitrary function of z, and p and a are determined
by inserting (1.3) into (1.2). We have
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{Q+p(R+RT

where the superscript T denotes the transpose and Q, R, T are 3x3 real
matrices whose components are

)+ p°T}a=0 (1.4)

Qix = Ciixr Rix = Ciiker Tik = Cioko: (1.5)

We note that Q and T are symmetric and, subject to the positiveness of
strain energy, positive definite. The stresses obtained by substituting
(1.3) into (1.1) can be written in terms of the stress function ¢ as

51 =49 %G2=91 (1.6)

in which
¢ =bi(z), (1.7)
b=(R" +pT)a=-Q+pR)a (1.8)

The second equality in (1.8) follows from (1.4). It suffices therefore to

consider the stress function ¢ because the stresses oij can be obtained by
differentiation.

There are six eigenvalues p and six eigenvectors a from (1.4).
Since p cannot be real if the strain energy is positive [4], there are three
pairs of complex conjugates for p. If p o % Py (a =1, 2,..,6) are the

eigenvalues and the associated eigenvectors we let

P =a, b

Im Py >0, po:+3 =Py ao:+3 ~ %o

at3 = ba’ (1.9)

(e = 1, 2, 3), where Im stands for the imaginary part, the overbar
denotes the complex conjugate and b is related to a  through (1.8).

Assuming that the p, are distinct, the general solutions for u and ¢
obtained by superposing six solutions of the form (1.3) and (1.7) are

3
u= E{aafa(za) + Eafa+3(za)},
o=1 (1.10)

3
¢= Z{bafa(za) + Faf01+3(201)}'
o=1

In (1.10) £, fs,..., fg are arbitrary functions of their argument and
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Z,= X + P Xo:

The above formalism is due to Stroh [1,2]. In applications all we
have to determine is the form of the arbitrary functions f o What

distinguishes the Stroh formalism from others is that there are relations
between a , and b o which allow us to find the solution easily and/or to

simplify the solution obtained. These relations and the Barnett—Lothe
integral formalism are presented next.

In closing this section we note that, in most applications, fa has
the same function form so that we may write

fa(za) = qaf(za)’
fors(Ze) =9,f(E,), @=1,2,3,
where q, are arbitrary constants. The second equation is for obtaining

real solutions for u and ¢. Equations (1.10) can then be written as

3 3

u=2 ReZa.aqaf(za), $=2 ReZbaqaf(za). (1.11)
a=1 a=1

2. THE BARNETT-LOTHE TENSORS. The two équations in (1.8)
can be rewritten as

SR IR IR

where I is tlie 3x3 identity matrix. Multiplying both sides by the matrix

1 o
—RT 1
leads to the standard eigenrelation [5,6]
N¢ = p¢, (2.1)
N, N a
N=| 1 A e=|], (2.2)
N, Nj b
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1T
N1 =-T "R7, N2 3
It is clear that N; and N3 are symmetric and N; is positive definite. It
can be shown that —Nj is positive semi—definite [7]. Moreover, —N; and
—Nj have the structure .

=17}, N,=RTRT —q. (2.3)

* 1 * * 0 *
—N;=|* 0 *|, -N;=|[0 0 0], (2.4)
* 0 * * 0 *

in which the * denotes a possibly non—zero element. These * elements
have surprisingly simple expressions in terms of elastic compliances [7].
The structure of Ny, N3 shown in (2.4) plays important roles in solving
problems and interpreting the final solutions.

The vector £ = (a, b) in 82.2) is the right eigenvector of N. It
can be shown that (b, a) is the left eigenvector. The left and right

eigenvectors associated with different eigenvalues are orthogonal to each
other. The orthogonality relations can be normalized such that

aa'bﬂ + ba-aﬁ = 5aﬂ (2.5)

where 6aﬂ is the Kronecker delta. Introducing the 3x3 matrices A and B
by

A= [31: ), a3]’ B= [bl’ b2: b3]; (2.6)

and employing (1.9), the orthogonality relations (2.5) take the form

I 0
- [ ] 21)
0 I

The two 6x6 matrices on the left are the inverses of each other and their
product can be interchanged. The interchanged product is

BT ATy 1A &

TKT

B B B

ABT + ABT = 1= AT + BAT,
(2.8)
AAT + ZAT = 0= BT + BBT.
Equations (2.8) tell us that the real part of ABT s I/2 and that
AATa,nd BBT are purely imaginary. Hence the three matrices S, H, L,
defined by

S=i(2ABT —1), H=2AAT, L = 2BB, (2.9)
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are real. It is clear that H and L are symmetric. It can be shown that
they are positive definite, the products

sH, LS, H s, sL™!
are antisymmetric, and the relation

HL-SS =1 (2.10)
holds [3,6].

The formulation presented so far assumes that the eigenvalues p
are distinct. If p; = ps, say, and a; = a,, the solution (1.10) is not
general. The matrices A and B would be singular and the orthogonality
relation (2.7) is not valid. Anisotropic materials for which p; = p; and
a; = a, are called degenerate materials. They are degenerate in the
mathematical sense, not necessarily in the physical sense. Isotropic
materials are a special case of degenerate materials for which py = p2 =
p; =i and a; = a; # a;. In many applications however the final solution
depends only on the three real matrices S, H, L defined in (2.9). Barnett
and Lothe [3] devised an integral formalism of these three real matrices
which circumvented the need of determining the eigenvalues and the
eigenvectors. Thus the problem of degenerate materials disappears. The
integral formalism is as follows. Define the three real matrices

Qu(0) = Cijksnjns’ Ry (0) = Cijksnjms’ Ty (0) = Cijksmjms, (2.11)
in which #is a real parameter and
n; = [cos, sinf, 0], m, = [-sinf, cosf, 0].

Equations (2.11) reduce to (1.5) when # = 0. Next consider the
incomplete integrals

9 0
f No(w)dw,
0

A
=
I
3=
%
2
—
E
joN
S
==}
——
=
I
Sy

(2.12)

L(6) = %j ~Ny(w)dw,
0
where

Ny(0) =T (OR' (), No()= T7(0),

N,(6) = R(OT ()R (6) - Q(0).
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Ni(0) reduce to Nj in (2.3) when § = 0. When 6 = 7 we have the
complete integrals S(r), H(7), L(r). Barnett and Lothe proved that S,
H, L of (2.9) are identical to the complete integrals, i.e.,

S =S(r), H=H(7), L=L(n). (2.13)
Thus S, H, L are called the Barnett—Lothe tensors and S(4), Hgﬂ), L(6
the associated tensors. In the sequel, dependence of S(4), H(6), L(4
on 6 will be given explicitly unless § = x, and dependence of N(6) on §
will be given explicitly unless § = 0.

As we see from the integrals in (2.12), there is no need to
determine the eigenvalues p and the associated eigenvectors a and b.
This is a remarkable result which has been widely used in the analysis of
anisotropic elasticity. It should be pointed out that there are cases in
which the final solution cannot be presented entirely in terms of
Barnett—Lothe tensors and their associated tensors. In that case we
have to modify the general solution (1.10) for degenerate materials [8,9].

For isotropic elastic materials use of (2.12) leads to

1-52
0 -1 0 = 00 kK 0 0
S=s100,H=l1701%20,L=p0n0,(2.14)
0 0 0 0 0 1 0 01
where p is the shear modulus,
. 1 s — 1-2v
1w 7T 200w)

and v is the Poisson ratio. For general anisotropic materials the
structure of S, H, L is more complicated. For orthotropic materials and
for monoclinic materials with the plane of symmetry at x; = 0, explicit
expressions of S, H, L are obtained in [10,11]. We will show later that, if
a proper oblique coordinate system is chosen as the natural base of the
tensors S, H, L, the tensor components Si;, Hii and Lj; for general
anisotropic materials have the exact expressions as that shown in (2.14)
for isotropic materials.

3. PHYSICAL MEANINGS OF THE EIGENVECTORS a AND b. Let
a’, a" be the real and imaginary parts of a,

a=a +ia".
A complex vector is also called a bivector [12,13]. The real vectors a’
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and a" span a plane. If & is obtained by multiplying a by a complex
factor elw where 9 is real,

in which

a’ = a’cosy — a"siny, (31)
3.1

a" = a’singy + a"cosy.

Thus the real and imaginary parts of a lie on the plane spanned by a’
and a". Therefore the plane is called the polarization plane of a, or
simply the plane a, which is invariant with the multiplication factor on

a. As 9 varies (3.1) show that a’ and a" trace an ellipse. A pair of
diameters in an ellipse is said to be conjugate if all chords parallel to one
diameter are bisected by the other diameter. Therefore the tangent at
the extremity of one diameter is parallel to the other diameter. It can be

shown that a’ and 2" form a pair of conjugate radii. One could choose a

9 such that a’ and a" are orthogonal and hence are the principal radii of
the ellipse [14].

It is clear that the bivector a and its complex conjugate a
define the same polarization plane.

Consider now the solution (1.3). The displacement u is a
bivector a multiplied by f(z). Regardless of the position (x;, x3), f(z) is a

complex factor of the form pe”p where p is real. Whether we take the
real or imaginary part of a f(z), u is polarized on the plane a for all
(xy, x3). Likewise, the stress function ¢ of (1.7) is polarized on the
plane b. If b is the surface traction vector on a curved boundary T', it

can be shown from (1.6) that

tp = g% (3.2)

where 7 is the arclength of I' measured in the direction such that the
material is located on the right hand side of I'. Equations (1.6); and
(1.6), are special cases of (3.2) when T' is the surface x; = constant and
x; = constant, respectively. Since ¢ is polarized on the plane b, (3.2)
tells us that the surface traction th is polarized on the plane b.

The general solution (1.10) or (1.11) implies that there are three
polarization planes a;, a; a3 for the displacement u and three
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polarization planes bj, by, by for the surface traction th For monoclinic

materials with the plane of symmetry at x3 = 0, a;, aj, by, by all define
the same plane, namely, the (x;, x2) plane. As to a; and by, their real
and imaginary parts are parallel. The polarization planes degenerate
into lines parallel to the xs—axis. The displacement associated with a3
and the surface traction tF associated with by are in the x; direction.

In summary, there are three independent (or three
one—component) solutions for general anisotropic materials.  The
displacement of a one—component solution is polarized on the plane a
while the surface traction on any boundary is polarized on the plane b.
To satisfy a prescribed boundary condition, all three one—component
solutions are in general needed. In surface waves, there are
one—component surface waves [15, 16] and two—component surface waves
[17, 18]. For Green’s functions for the infinite space due to a line force
and a line dislocation, there are one—component Green’s functions. The
latter will be discussed in Section 5.

4. THE S TENSOR. Of the three Barnett—Lothe tensors, the tensor S
is the most interesting one. By writing S as
s = L7Y(LS), (4.1)

S is the product of the symmetric positive definite tensor L"1 and the
antisymmetric tensor LS. It has the property that

trS=0, detS=0.

Therefore the eigenvalues of S are 0 and =is where
1 2y11/2
§ = {—gtr (S )} /2 (4.2)

Denoting the associated eigenvectors by e; and ejxie; where ey, e, e3
are real, we have

S(etie;) = 7is(esxies), Sez = 0. (4.3)

Thus e; is the right null vector of S and ejtie; are the right

eigenvectors. The new right eigenvectors €;xié; obtained by
multiplying es*ie; by a complex factor span the same plane as egie;.
Therefore the plane spanned by (ey, e;) is called the right eigenplane.

Let e, e2, e3 be the reciprocal of e;, e, e3 so that

ei-ej = §ij. (4.4)
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Consider the following tensor components of S, H, L :
S=Sije;eel, H=Hije;j®e;, L=Ljeisel. (4.5)

Using (2.10) and the fact that SH, LS are antisymmetric, the matrices
formed by Si;, Hii, Lij can be shown to have the structure given in (2.14)
where s, p, £ are now independent constants [19]. Thus as far as the
Barnett—Lothe tensors are concerned, anisotropic materials are identical
to isotropic materials if we choose an oblique coordinate system
represented by e;, e;, e;. For isotropic materials e;, e;, e; are unit
vectors in the direction of the xj, xs, x3 axis, respectively.

It should be pointed out that (e!, e?) and e3 are, respectively,
the left eigenplane and the left null vector of S. Do ej, ei have physical
interpretations? They do. They are explained in the next Section.

5. GREEN'S FUNCTIONS FOR LINE FORCES AND LINE
DISLOCATIONS IN THE INFINITE SPACE. There are several
interesting properties associated with Green’s functions for the infinite
space due to a line force f and a line dislocation with Burgers vector b
applied along the x3 axis. The basic solution is obtained from (1.11) by
choosing the function f(z a) such that

3 3
1 1
u=_ ImZaaqaln z, $=7 ImZbaqaln Z, (5.1)
a=1 a=1

Since 1n Z,, is a multi—valued function we introduce a cut along the
negative x;—axis. In the polar coordinate system

x; =r1cosf, X, =rsind, (5.2)
the solution (5.1) applies to

—-T<f<m 1>0.
Therefore
lnzazlnriivr at §==z7, fora=1,2, 3. (5.3)

Equations (5.1) represent three one—component Green’s
functions. For each a, u is polarized on the plane a, and the surface
traction tn is polarized on the plane ba‘ The discontinuities in u and ¢

across § = +1 are, respectively, the line dislocation b“ and the line force
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£ for the one—component Green’s function. Hence by (5.3),
a_ a_ '

which show that % is on the plane a, and f%is on the plane b o We
therefore have the result that the one—component Green’s function has u
and b“ polarized on the plane a a and has f% and the surface traction tn
polarized on the plane ba'

To obtain a one—component Green’s function we may assume an
arbitrary complex constant Q, Equations (5.4) then provide b* and f
required for the one—component Green’s function. Alternately we may
prescribe an f ¢ which lies on the plane b o Equation (5.4); can be

solved for q , and (5.4); gives the associated b®. To solve (5.4), for 1,
let the real and imaginary parts of ba and q a be written as

— shit — gy ||
ba" b&+1ba’ 9 = qc’x +lqa‘
We then have
o _ R N BN 1
f7=2(b)q’ —bray)
from which qQ, and qgl can be determined.

When f and b are prescribed arbitrarily, we need all three
one—component Green’s functions for the solution. Making use of (2.6),
(5.1) are rewritten as

u= %Im{A<ln z>q}, ¢= -}?Im{B<ln z>q}, (5.5)
in which

T
q = [Qh q2, Q3]
and

<In z> = diag[ln 2, In z,, In z3]
is a diagonal matrix. Equations (5.5) must satisfy the conditions
u(m) —u(—m) = b,

¢(m) —4(=m) = £
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which lead to
2Re(Aq)=b, 2Re(Bq)=f (5.6)

This can be written as

A q b
5|k~ Lt
It follows from (2.7) that
q BT AT b
H R U]
Hence
q=ATr+ BT, (5.72)
or
q, =3, f+b, b (5.7b)

Inserting (5.7b) into (5.4) gives us 6% and f%in terms of band f

We show next that the solution (5.5) together with (5.7a) can be
rewritten into a real form. Equations (2.9) are identities which convert
certain combinations of complex quantities involving A, B to real
quantities S, H and L. The following identities are useful for problems
related to line forces and line dislocations [20].

9 A<ln z>AT = —i[(In 1)I + 7S(O)]H + 7H(H)[I—iST],

2 B<ln z>AT = [(In 1) + 7S L(9)|[1—iS Y] + inL(6),
(5.8)

9 A<ln z>BT = [(In 1)I + 7S(6)][I —iS] + i7H(6)L,
9 B<In z>BT = i[(In 1)L + 7S (6)]L — 7L(6)[I — iS].

These identities allow us to convert the complex expressions on the left
to real quantities shown on the right which are obtainable directly in
terms of elasticity constants through (2.12) and (2.13). With the
identities (5.8), the solution (5.5) together with (5.7a) is converted into a
real form as
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ou = —% (In r)h — S(O)h + H()g,

20= 1 (lnr)g + L(Oh + ST(0)g, 59)

where

g=Lb—STf h=Sb+Hf (5.10)

From (3.2), the surface traction t g on any radial plane ¢ = constant is in

the direction of g which is invariant with the choice of the radial plane.
The infinite displacement ug at r = 0 is in the direction of h. Moreover,
the relation [14]

g-h: f-b

is easily established using (2.10) and the anti—symmetric property of LS
and SH.

We now present physical interpretations of e; and ei. Using
(4.5) and the discussions following (5.10), (5.10) can be written as

2rrty = g = [Lyj(el- b) — Sis(ej- f)]ed,
—2x(In 1) Lue = h = [Si;(ei- b) + Hii(ej- f)]es.

With the structure of Sij, Hij, Lj; shown in (2.14) and using (4.4), it can
be shown that if bis along e; and f is along e3, ug is in the direction of e;
and t g in the direction of e3. On the other hand, if b is on the right

eigenplane (e, ;) and f is on the left eigenplane (e!, e2), u, is polarized
on the right eigenplane and t 0 is polarized on the left eigenplane. More

relations between ey, e;, et,e? and b and f can be found in [14].

6. BIMATERIALS AND INTERFACE CRACKS. Let § = 6, be the
interface between two materials in the bimaterial. The half—space 6 <
6 < Bo+7 is occupied by material 1 and the other half—space fy—1 < 0 <
6y is occupied by material 2. They are rigidly bonded together along § =
0. For a line force f and a line dislocation b applied at the origin r = 0,
(5.9) is a basic solution which applies to both materials. We may add
constant terms to the right hand sides of (5.9) which produce a rigid
body displacement but no stresses. Therefore consider the solution

2 uy(r,) = — 7{In 1)h = [S,(6)-S(8o)]h + [Hy(6)Hs(0o)lg,

(6.1)
24,(r,0) = = (In 1)g + [Li(O)-L(60)]h +[ST()-ST(00)g,
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for material 1 in 8y < 8 < 6y+7. The subscript 1 denotes material 1.
The solution for material 2 is obtained from (6.1) by replacing the
subscript 1 by 2 while keeping the same constants g and h. It is readily
shown that the continuity of u and ¢ at § = 6 is automatically satisfied.
The discontinuity in u and ¢ across 6 = 6, + 7, which should be equal to
b and f, respectively, leads to two equations for g and h which are
independent of §, [21]. Therefore, the stresses obtained by substituting
¢; of (6.1) and similar equation for ¢, into (1.6) are independent of the
location 6y of the interface ! This unexpected phenomenon defies an
intuitive explanation even for isotropic bimaterials.

One of the most studied problems in anisotropic elasticity is the
problem of interface cracks in bimaterials [22—33]. Let x; > 0 be
occupied by material 1 and x; < 0 be occupied by material 2. The
interface crack of length 2a is located at

x3=0, |x4] <oa.

The bimaterial is subject to a uniform traction tr and —tp at the crack
surfaces x; = +0 and -0, respectively. The stress singularities near a

tip of the interface crack is proportional to r5 where 1 is the radial
distance from the crack tip and 6 is a constant depending on the material
property of the bimaterial. It is shown in [24] that there are three
singularities given by

1 1. 1 .
§=-5 —5+ir, and —5—iy,

where
1 1 1 -1
7=ﬁln—1—_-_l-j§=%tanh ﬁ,
.9 1/2
= [——-2—tr(S )] <1 (6.2)
In the above
§=D'w, (6.3)
_¢-1 -1 _ -1 -1
D_L1 +L2, W—SlL1 S2L2,

in which D is symmetric, positive definite and W is anti—symmetric.

Thus S has the same properties as the S tensor. The eigenvalues of S are
7if and 0 and the associated right eigenvectors are denoted by did; and
d;, respectively. The left eigenvectors can be shown to be D(drids) and
Dd, [34]. Hence do, Dd, are, respectively, the right and left null vectors
while the planes spanned by (d;, d;) and (Dd;, Ddy) are the right and left
eigenplanes.
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The two materials in the bimaterial are said to be mismatched
when W # 0. W = 0 if and only if # = 0 (and hence y = 0) [24, 25].
For mismatched bimaterials (v # 0), the displacement at the crac
surface is oscillatory. = This leads to the physically unacceptable
interpenetration of the crack surfaces.

When # = 0 the solution in materials 1 and 2 both have the
expression

u = Re {A<i(z)>B ™ }tp, 64
b = Re {B<i(z)>B ™},

f(z) = y z%—a®—z.

Of course A, B and z in material 1 and material 2 would be different.
There is no oscillation in displacement and the stress has the square root
singularities.

in which

The following results are taken from [34]. When 4 # 0, the
solution is still given by (6.4) if the applied traction tpis the null vector

of W, ie.,if

WtI‘ =0,
or, by (6.3),
Stp=0.

Thus when the applied traction is in the direction of the right null vector
d,, there is no oscillation in displacement. The crack surface opening

Au = u(xy, +0) —u(xy, 0), |xi1] < g,

is in the direction of the left null vector Ddy and the surface traction on
the surface x; = 0 outside the crack is in the direction of the right null
vector d,.

If the applied traction is not in the direction of d,, we
decompose it into two components. One is along the right null vector d,
and the other is on the right eigenplane (d;, d;). Explicit solutions
associated with the one on the right eigenplane can be found in [34] in
which the displacement is oscillatory. It suffices to mention that the

crack surface opening au lies on the left eigenplane of S while the surface
traction along the surface x, = 0 lies on the right eigenplane of S.
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DISCUSSION

We have shown that, in many respects, anisotropic elastic
materials have properties which are similar to, or generalization of, the
properties of isotropic materials. Analogous to the antiplane
deformations of isotropic materials, anisotropic materials have
deformations which are polarized in one direction while the surface
traction vector on any boundary is polarized on a different direction.
Similar to the in—plane deformations of isotropic materials, anisotropic
materials can have deformations which are polarized on one oblique
plane while the surface traction vector on any boundary is polarized on
another oblique plane.

Simple problems for which we thought we have understood them
thoroughly still yield new information due to the simplification of the
solutions by the Stroh formalism. For example, consider the Griffith
crack of length 2a located at x; = 0, |x;| < a in the infinite anisotropic
elastic medium. When the traction applied at the crack surfaces is in
the direction of the x; axis, the crack opening is in general not
symmetric with the x, axis as expected. However, the x; axis outside the
crack remains a straight line ?' €., the u; component of the displacement
along the x; axis vanishes). If the traction applied at the crack surface is

the null vector of SL—l, all three displacement components along the x;
axis vanish. If the applied traction is in the direction of the vector
formed from the second column of L, the hoop stress vector along the
crack surface is independent of x, [21].

Other interesting properties worth mentioning are the physical
implications of the eigenvalues p. For the Green’s functions for a
half—space subject to a singularity in the form of line forces and line
dislocations, the solution can be obtained by a superposition of the
Green’s function due to the same singularity for the infinite space and
several image singularities located outside of the space occupied by the
material. The locations of the image singularities are determined
exclusively by the eigenvalues p. Moreover, the locations of the image
singularities are independent of the nature of the singularities concerned
[35?. If the singularities are line forces and line dislocations, the image
singularities are also line forces and line dislocations. For degenerate
materials for which isotropic materials are a special case, two or more of
the image singularities coalesce into one singularity, creating a new
singularity in the form of a double force, a concentrated couple, and/or a
higher order singularity which are well known for isotropic materials [36]
but have not been satisfactorily explained in the past.
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1. Introduction

There are multiphase processes that are essentially isothermal with
kinetics driven by mass transport and stress, an example being coarsen-
ing or Ostwald ripening, in which a phase, quenched into a metastable
state, exhibits late-stage kinetics characterized by the dissolution of
second-phase domains with large interfacial curvature at the expense of
domains with low interfacial curvature. In [1] we developed a continuum-
mechanical framework within which such processes can be discussed. We
here discuss the results of [1].

We consider a two-phase system consisting of bulk regions separated
by a sharp interface endowed with energy and capable of supporting
force, following — and in certain respects generalizing — the framework
set out in [2-5]. We base our discussion on balance laws for mass and
force in conjunction with a version of the second law appropriate to a
mechanical system out of equilibrium. We assume that mass transport
is characterized by the bulk diffusion of a single independent species; we
neglect mass diffusion within the interface.

2. Theory without deformation.

We neglect deformation and bulk stress, but allow the diffusion po-
tential (chemical potential) to be discontinuous across the interface. We
develop a heirarchy of free-boundary problems at various levels of ap-
proximation, framed in terms of the departure u = g — o  of the
diffusion potential p  from the transition g, whichis the poten-
tial at which the phase change would occur were interfacial structure ne-
glected. For small departures from po the basic system of equations,
neglecting diffusional transients, consists of a PDE in bulk supplemented
by three interface conditions. The PDE has the form

divh =0, )
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where h, the mass flux, is given by

h = -D,Vu in phase a,

. (2)
h = —DgVu in phase 8,
with D, and Dg constant mobility tensors. The first interface
condition is balance of mass

h™-v-AV=h".v-BV=1J, (3)

inwhich h~ and h', respectively, represent the limitsof h
fromthe a« and S phases, A and B are constants rep-
resenting the density in the a« and B phases at the potential
Mo, ¥ is the unit normal to the interface directed out of phase «,
and V  is the normal velocity and K the curvature of the interface.
The second interface condition, essentially constitutive, characterizes the
net mass flux J  defined in (3):

J = =bu(@)V - bya(v)l], (4)

where by () -and  by(v) are conmstitutive moduli, while []
(in boldface) denotes the jump across the interface (f minus a). The
third interface condition generalizes the classical “Gibbs-Thomson rela-
tion” to situations in which the chemical potential is discontinuous across
the interface:

But — Au™ = f(V)K + div,e(v) — by; (v)V — bia(v)], (5)
where  f(v) is the interfacial energy,
c(v) = -8, f(v) (6)

is the surface shear, b;;(¥) and bj2(¥) are constitutive moduli,
and div; is the surface divergence.

We also establish global growth relations for solutions of the un-
derlying equations. In particular, solutions of the quasi-static equations
(1)-(6) consistent with the boundary condition

h-n on 92 (7)

satisfy

vol(R) = 0, { / f(v)da} <0. (8)
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Here Q4(t) is the region occupied by phase «, while s(t) =
0Q4(t) represents the interface. The relations (8) yield a formal justi-
fication for the statical Wulff problem, which, in the present context, is
to

minimize / f(v)da (9)
8
over all interfaces s=09Q, with vol(Q,) prescribed.

3. Theory with deformation and bulk diffusion.

We include deformation and stress, but limit our discussion to a
continuous potential and to a coherent interface. In addition, we consider
only infinitesimal deformations, neglecting inertia. We derive a quasi-
static theory analogous to (1) — (6). The bulk equations of this theory
are

DivT =0, divh =0 (10)

supplemented by (2), where T , the stress, is given by the stress-

strain relations
T = L4[E — Eg,] in phase a,

T = Lg[E — Egg] in phase 3,
with Lo, and Lg the (constant) elasticity tensors,

(11)

E = %(Vu + VuT) (12)

the strain tensor, and Eoo and Egg the (constant) stress-free
strains in phases a and B . The corresponding interface condi-
tions are

lu =W(E - Ey)]| - Tv-[Vulv + f(v)K + div,c(v) — b(v)V,
&V =[h]-v, [Tlv =0,
where W(E —Eg) is the strain energy, defined, e.g., in phase «
by 3[E — Ega] - La[E — Ega], b(¥) is a constitutive modulus, and

¢ is a constant. We consider solutions of (10) — (13) consistent with

(7) and the dead-load condition
u = 0 on a portion U of 82, Tn = T*n on the remainder, (14)

(13)

with  T*(= constant) prescribed, where , with outward unit
normal n, is the fixed region of space occupied by the body. We
prove that such solutions satisfy the global growth relations

vol(Q,) =0,

{/Q{W(E —E)-T*" (E —io)}dv + /af(u)da}' <0,

(15)




relations that suggest the following variational problem: given vol(4)
and boundary displacements g(x) on U,

minimize / {W(E = Eo) = T* - (E — Eq)}dv + / fw)da  (16)
Q 8

over all interfaces s = 3, and all displacement fields u that
are continuous across s andsatisfy u=g on U. Thisproblem
— a natural generalization of the Wulff problem - is purely mechanical:
the diffusion potential is not involved.

We also discuss a quasi-linear theory in which the elliptic equations
(2), (10)2 are replaced by parabolic equations. This theory leads to the
following variational problem, in which the diffusion potential plays an
important role:

T*.[Eo]vol(Qa)+/Q{W(E—E0)——T*.(E—E0)+Cu2}dv+/sf(u)da

(17)

subject to
—[AJvol(Q2s) + /{2Cu +G-(E—-Eg)}dv=m,
Q

over all interfaces s = 9, and all displacement fields u that
are continuous across 8 andsatisfy u=g on U. Here C
is a constitutive modulus having values C, and Cp in phase
a and B, while mgy is a prescribed constant.
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INTRODUCTION

Model reduction methods are useful in cases where the most complete
mathematical model known for some physical system is so intricate in its details
$0 as to become essentially intractable. Predictions from such models are "costly"
to extract and usually contain information well in excess of one’s needs. A model
reduction process mathematically produces a simpler model from the original
complex model such that the simpler model contains only the "essential physics"
of the physical system. (It is usually assumed that the source of the complications
in the original model is not associated with the applied external stimuli; that is, the
complications are inherent in the physical system itself.) An abstract mathemati-
cal framework [1-2] exists for systematically synthesizing simpler mathematical
models from complex ones. Model reduction methods which lie within this frame-
work have been applied to a number of diverse areas. As an important example,
model reduction methods have been applied, (under the names homogenization
[3-4], effective medium and self-consistent theories [5], variational bounds (for
bulk properties) theories [6], differential scheme [7], and others), to the synthesis
of effective macroscale constitutive relations from specified inclusion-matrix
scale constitutive relations for composite materials. The constitutive relations syn-
thesized reflect an “equivalent”, homogeneous material which responds, on the
macroscale, just as the original composite material does. Model reduction meth-
ods have also been applied to problems in nonequilibrium statistical mechanics [8]
and the reduction of particle (kinetic) models to diffusional (hydrodynamic-like)
models [9].

Most mathematical models of the physical systems of interest in engi-
neering and applied science take the generic form

Ag=f ¢))

and

q=2u, 2)
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where the physical system itself is modeled by the mappings A and Z, all of the de-
pendent variables of the mathematical model are contained in ¢ with a subset of them
contained in ¥, and where f contains the source or load functions driving the system
response. Equation (1) represents the material-composition-independent, fundamental
(usually conservation) laws of the system and its boundary conditions. Equation (2)
represents the constitutive relations for the specific material composition of the system.
The combination of equations (1) and (2) as given by

Lu=f, 3
where
L = AX, )

usually takes the form of one or more governing differential or integro-differential
equations, boundary conditions, and initial conditions (if relevant). (In the common no-
tation used here, Lu is shorthand for the mapping, by L, of  into L (u) . Similarly,
AZXu is shorthand for A (£ (1)), and so on.)

In model simplification one synthesizes a new mathematical model

Loy = f (5)

from (3) by a mathematical process [1]. The new model (5) is synthesized in such a
way that it does not have the complexity originally found in (3) which made (3) diffi-
cult. The new model (5) also approximates (3) in some sense, where the L eff mapping
is an "effective” version of the L of (4) and where Uy is an effective version of the u
of (2) and (3). In most cases it is desirable that (1) be preserved as part of (5) so that
one synthesizes [2]

Agy =f (6)

and
qO = zeﬂu 0 (7)
from (1) and (2), with
Ly = AZ,;. ®)

The g and Ee are “effective” versions of the g and X, respectively, of (1) and (2).
In this case the’'model reduction process becomes a synthesis of effective constitutive

relations for the particular material in question. The model reduction process special-
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izes to an homogenization, or smoothing, process in the common case of a system
composed of a heterogeneous material, such as a composite, for which X is spatially
rapidly-fluctuating and eff is spatially constant or slowly-varying.

The model reduction process of [2] is based on the idea of producing a E
for which the predicted responses u#, and g, of (6) and (7) are filtered versions, re-
spectively, of the predicted responses ¥ and g of (1) and (2). Specific filters are cho-
sen for a given problem by the person applying the model reduction process so as to
suit his information needs concering responses of the system over some given range
of stimulii. Taking P; and P ; as the mappings which act as the chosen filters for u
and g, respectively, means that

Uy = Pru 9

and

qo = Pyq . (10)

The P, and P ; mappings are idempotent, sothat P, P, = P, and similarly for P .
In addition, compatibility [2] between P ; and P means that they should commute
(with respect to mapping composition). At its most abstract level the general model
reduction process [2] is basically a search for a "solution" mapping €2 to algebraic
(with respect to mapping composition) equations of mappings given by

AZQP; = AP ZQP,; (11)

and by
P,QP, = P, . (12)
Obtaining the €2 mapping which satisfies (11) and (12) simultaneously constitutes the

bulk of the work in applying any model reduction process to a given model. Once
found, the solution mapping €2 can be used to construct Ze f by

5, = PeEQP, . (13

The €2 mapping can also be used to “reconstruct” the solution u to (1) and (2) from
the solution i to (6) and (7) by

(probably) to within an accuracy comparable to that of u; and to that with which Q
satisfies (11). (The €2 can usually be made to satisfy (12) exactly.)
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In general, there is no universal, systematic way known to the author to directly
solve (11) for the unknown mapping €2. This difficulty suggests an approach which
translates the problem of finding €2 into one that is more familiar and for which sys-
tematic means of solution are available. The group-homomorphic theory of model re-
duction is developed in this paper with this purpose in mind. The polynomial-basis [10]
and matrix-representation model reduction methods discussed in this paper can be most
economically understood within the common setting of the group-homomorphic theo-
ry. The basic idea of the group-homomorphic theory is to make the search for the {2
solution to (11) correspond to the search for a solution to governing equations of a kind
with which engineers and scientists are more familiar, such as boundary value prob-
lems. In other words, for agiven A, X, P »and P 5, one would like fixed, known set
G,f € G, mapping L*: G — G, and Q: G-—)H where H = {set of possible
mapping “candidates” for solving (11)}, such that Q (B) , for some B € G, satisfies
(11) as the solution precisely whenever 3 satisfies

B = f*. (15)

The search for £ then reduces to the search for solutions P to (15). The idea is to de-
sign the scenario such that (15) is something for which systematic solution techniques
are available, such as for boundary value problems.

DISCUSSION

An axiomatic approach to the group-homomorphic theory of model reduction
is taken since it is a flexible scheme under which new model reduction methods might
suggest themselves and under which some current methods can be unified. It is based
on the following set of definitions and axioms:

1. G is an abelian group.

2. ® is ahomomorphism which maps elements of G into an abelian group
of mappings H so that ® (B) € H foreach B € G. As a homomor-
phism, @ preserves the group operation of G so that
d(a+p) = ®(a) +D(P) foreach o€ G andeach f € G.

3. Wisanonempty set of mappings for whicha T,;: G — G mapping ex-
ists foreach T € W suchthat T® (B) = @ (TGB) is true for all
BeG.

The above collection of G, H, ®, and W will be referred to as a group-homomorphic
structure. For each group G and H in the structure, the binary group operation will be
denoted by addition, the inverse by negation, and the group identity by zero, with con-
text distinguishing between the groups. (An abelian group is one for which the group
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elements commute with respect to the group binary operation. Also,

®(-B) = —-D(P) forall e G and P (0) = 0 both follow [11] from the sec-
ond axiom. Some rigor has been sacrificed in the above definitions, such as precise-
ness concerning the ranges and domains involved, but too much formalism at this
point might obscure the main ideas involved.)

Foragiven A, X, P;,and P ; of (1), (2), (9), and (10) respectively, a model
reduction method can be constructed from a given group-homomorphic structure,
such that the problem of solving (11) reduces to that of solving (15), under the condi-
tions:

1. The mappings A, Z, P;, and P ; are each elements of W.

2. Afixedp€ G isknownsuchthat ® (L) P, = P, and IIp = |,
where IT is defined as I1 = (PL)  so that P,®(B) = O (IP)
foreach B € G.

3. To be consistent with the idempotent property of P; and P and the
fact that they must commute, the associated mappings IT and T" must
be idempotent and commute, where I' is defined as I" = (Po)
that P;® (B) = @ (I'B) foreach B € G, and hence

M =1,1% =T,and T = IT".

4.  The mapping I1 is also a homomorphism so that
M(a+p) = Ho+IIP.

With the candidate €2 mappings defined, as a function of B € G, by

QP =@+ [I-T]p) . (16)
equation (12) is automatically satisfied. This can be seen by

PLQ(B) P =P (1 + [T B)P,
= o (II{p+ [I-T]B}) P,
= QIIu+II[I-TIB) P,
=0(u+0)P, =0 (WP, =P, ,

where II[/=TT] = I—TI? = TI—TI = O has been used. Substituting (16) into
each side of (11) leads to
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AZQP, = @ (AGZG {n+ [I-TT11B}) PL
and
AP ZQP;, = ® ATz, {n+ [7-1] B} )PL .
Equation (11) is hence satisfied by
® (AgZs{u+ I-TIIB}) = ®(ATEg{n+ [I-TIB}),
which is equivalent to
0= (AgZg{n+ [[-TIB} ~ATZ; {p+ [I-TIB})
= O(L"B-/)
because, by postulate, @ is a homomorphism and H, the range of ®, is an abelian

group. The mapping 0 in the above relation is the zero element of H and the L* and
f are defined by

%
L" = AGZ;[1-T] - A TE, [1-TI] 17
and
ff=ATEu-AZ 0. (18)

Equation (11) is hence satisfied if B satisfies (15) for L* and f* as defined by (17) and
(18). Equation (16) and the solution B to (15) can then be substituted into (13) to give

Z= OCE{p+ U-TBHP, 9
as the effective constitutive mapping for this model reduction scheme.

The group-homomorphic theory is the underlying mathematical framework for
operator-polynomial methods of model reduction [12], from which the multiple scales
homogenization method can be obtained [12]. It also forms a convenient structure for
organizing symbolic programming implementations of model reduction methods [12].
The focus of this paper, however, is on variable basis model reduction methods, from
which the polynomial-basis and matrix-representation model reduction methods can be
obtained. The variable basis methods will be constructed in terms of the above group-
homomorphic theory. This requires some definitions with which to build the appropri-
ate underlying group-homomorphic structure.
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For a given abstract vector space V and a given (fixed) positive integer N, the
group-homomorphic structure associated with the variable basis methods consists of
the following sequence of definitions:

1.

Define S to be the scalar field associated with the vector space V.

Define V* = {all linear functionals: V — S'}. (The V* is called the al-
gebraic dual space associated with the vector space V.)

Define B o vy, YT ,and 1] as notational shorthand for the matrix mul-
tiplication of 3 and v, the transpose of 7, and the inverse of (square) 1,
respectively, for any given matrices B, 7y, and (square) 7.

Define (x, y) as notational shorthand for the M by K matrix

{x; (y )}, with (i, ) component formed by mapping y; into

X; ( ¥ ) forany y € V" and any ordered set x of M mappmgs each of
whose domain is V, for some positive integers M and K. (The values
of M and K will vary according to the x and y input to {x, y).)

Define G by G = V. so that, for any given B € G,B is an ordered
set of N elements of V. (Each element of G is to be viewed as a single-
row matrix.)

Choose fixed, known ¢ € V*V so that (b, 1) is a matrix of constant
scalars for any |l € and positive integer K.

Define ® by

D(B)f = Beo.)) (20)

forall B € G foreach fe VM for some positive integer M. (The value
of M may vary according to the f input, Note that ® (B) f is an ele-
ment of {span of components of B} and soeach § whose compo-
nents form a linearly independent set is a basis for each of the
components of the range of ® (B) , hence the name “variable basis”
method.)

Define W as the set of all mappings T such that

Tf=Le {y.f) 21

is well defined for some A € VK, some positive integer K, and some
ordered set Y of K linear mappings, each of whose domain is V, and
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where f € VY for some positive integer M. (The values of M and K
will vary according to the particular A and  used and according to the

f input.)

lsfxldeﬁnition any vector space is an abelian group with respect to vector addition. Since
is a vector space if V is a vector space then G is an abelian group. It is readily seen
that ® (o +B) = O (a) + D (P) so that P is a homomorphism. It is also readily
seen that

@ (F+8))={0,(F;+8)}
= {0,(F) +0,(g)}
= {0,()} + {0,;(g)}
= (¢, ) + (b, &)

because of the linearity of each of the components of ¢. This relation, along with the
distributive property of matrix multiplication, implies that ® () is a linear mapping
(and hence a homomorphism) for each B € G. In an appendix it is shown that, for any
TeW,

T(aey) = (Ta) ey (22)

is true forall o € VX and all K by J matrices ¥ of constant scalar components for any
given choice of positive integers K and J. This leads to

TOPB)f=T(Pe (0.
= (TB) * (¢,
= O (TR)f
forany T € W, with W defined by 8 above and ® by (20), upon using the choice

Y = {0, /)

in (22), for which 'y consists of constant scalar components for any given f. The W set
of this group-homomorphic structure hence consists of elements T such that

T® (B) = ©(TP) (23)
forall B € G, so that
T, =T
for this particular group-homomorphic structure. The result
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®P)eWw 24)

for each B € G follows from taking the choices
A=B
v=9¢
in (21). Relations (23) and (24) imply
@ ()P (P) = ®(P()P) 25

forallae Gand Be G.

One can build idempotent mappings from @ for potential use as P, and P 4
candidates. For any fixed L € G for which (¢, )L} is nonsingular one has

D (e (o, py e (o, py = [@(e (o, pyHpl e (o,
= (e (o, )" o (0, )] @ (b, )"
= po{op)’

e p=ne (o hy"

a=p

Y=(0 1),
in (22) and (24) and by (20). This can be summarized by

O uHp' =p’

_ (26)
Wo=pe(ppy.

The mapping @ (L") is idempotent, as can be seen by combining (26) and (25), withl
o=p =p,toget
¢ 4 Q 4 =¢ @ 4 ’
(1) @ (1) ,( (R ) @
=®(p) .

The above group-homomorphic structure can be built into a model reduction
method for any problem (1) and (2) for which
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Ae W
e W

and for which the projector choice

Py =@ (pe(d,p)™) (28)

is taken for some fixed L € G so that @ (u’) P 1 = P, from (26) and (27). The
choice (28) implies

= Ope(o,n) ) (29)

because of (25), so that [T’ = P’ and 12 = I from (26) and (27). There is still a
lot of freedom remaining in (28) since one is still free to choose the [ and ¢. The model
reduction method based on (28), (29), and

P=PL,

(9

which implies
=11

because of (25) and (29), is always available. Other P ; choices, however, such as

Py = ®(ve{p,0)")

for fixed v € G, which in turn implies

T=0(e (0,

may be useful, assuming that ['TI = IIT" is satisfied for the particular choice of V.

The special case for which V is a Hilbert space offers certain simplifications.
For a given (bounded) linear functional W on a Hilbert space V, with inner product
(0,B) forany oo € V and B € V, the most general form for , by Riesz’s theorem
[13l,is W (f) = (fia) foran o € V uniquely determined by . The ¢,’s (compo-
nents of ¢ from definition 6) then have the form ¢, (f) = (f,z)) for each i, with each
z; uniquely determined by ¢,. The special case for which z = W in (28) makes P,
into a Mori-Zwanzig type of projector used extensively in model reduction in nonequi-
librium statistical mechanics and described in [9] for example. The most convenient
choice for [ in such a case is one whose (orthonormal) components satisfy
(”i’l—l !) =93 i where & is the Kronecker delta with components 1 for i = j and 0 oth-
erwise.
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The polynomial-basis model reduction method [10] consists of a variable ba-
sis method using (20), (28), and (29) for which the components of [ are polynomials
and the components of ¢ are (except for the first) averages of derivatives. As an ex-
ample, the specific case of first order polynomials 1, x; = x, x, = y,and X3 = z
in a cartesian coordinate system was used [10] to homogenize the problem of steady
heat conduction in an isotropic, heterogeneous material which obeys Fick’s law of
heat diffusion. In this case the ¢ and [t specialize to

I forj=1
O =Po| 9 forj=234
ox;_;
and
_ 1 forj=1
Bi= | u-pPox_,y forj=234 ,

where I is the identity operator and P is a linear, idempotent functional for which
Py (1) = 1.(The simplest physically meaningful P, is a volume average.) The pro-
jector choice

Po=r=q)(n)=<P0: )
n={1,0,0,0}

was used so as to produce constant effective thermal conductivities for an equivalent
(anisotropic) homogeneous material. In specializing to the periodic medium case the
same bulk properties are synthesized [10] as that from the method of multiple scales.
The commutation requirement

ITII=II'=T
is satisfied because of
(O, n)=9
pe{d,n)=n
Tu=n

for this case, where 0 is the identity matrix.

The matrix-representation model reduction method is also a variable basis
method for which the basis is constrained to the same subspace for all cases. The ho-
momorphism

(o) = ®(pe {0,y ea), (30)
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for @ from (20), is more convenient in this case than @ itself. The L € G in (30) is
fixed and the &, an N by N matrix of constant scalars, is allowed to vary. The compo-
nents of

B=pe(ppn oo

in (30) are hence each constrained to the subspace (of V') formed by the span of the
components of [l. The new homomorphism given by (30) has the two important prop-
erties

Y(@)¥(B) = ¥(aep), €y

for any two N by N matrices o and B of constant scalar components, and

PTP =¥ (1)
T= (0, Tuyo (¢, py (32)
P=®(ne{(p,p))

forany T € W, using the same | and ¢ as in (30). Equation (31) is proven by

W(a) W (B) =D (ke (pn) ea)D (e (o, oB)
= (D (pe (g, p) o) [pe(d,py " ep])
= O([®(pe(d,u) eaypl o [(o,p)" #B])
= O ([pe(dp)y eae(du) e (o) B])
=@ (pe(pp) eaep)
=¥ (aef)

and (32) by

PTP = PT® (pe (o, p)")
= (e (o ny O T (e (o p)™))
= O (D (e (dpy) [(T) o 61y
= O ([®(pe(d,ny ) (T e 1))
= @ (e (d,py o (0, T (6, 1))
= W ({0, Tude (9, n)™) .
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The N by N matrices of constant scalar components (algebraically) form a ring, call
it G’, with respect to matrix addition and multiplication. Equation (31) and

W (o+PB) =@ (pe (o, p) o [o+P])
@ ([pe(d,py oal+[pe(dp)y opl)

D (e (d,py oa) + D(pe(o,n) op)
= ¥(a) + ¥ (B)

establish ¥ as a homomorphism over the ring G’. (This method is hence ring-homo-
morphic as well as group-homomorphic.)

The projector P of (32) maps onto the subspace formed by the span of the
components of [L. The projector ©, defined by @ (T) = PTP for P of (32),
projects each T € W into an operator under which this subspace is invariant. The T
of (32) can be thought of as a matrix representation [13, p. 113] of the corresponding
T (of W) with respect to the basis consisting of the components of [L. In addition,
equation (31) shows that mapping composition corresponds to multiplication of the
corresponding matrices. The matrix representation T of T reduces to {(Tu M, )} for
the special case of a Hilbert space upon the use of Riesz’s theorem (as mentxoned ear-
lier) and orthonormal components for W.

If the subspace onto which P of (32) projects is “large enough”, so that PTP
is an adequate approximation to T for each T € W of interest, then a matrix-repre-
sentation model reduction method, with ¥ of (30) playing the role of ® and G’ play-
ing the role of G in the group-homomorphic setting, is feasible. An important
example consists of

P, =Py =¥ (%)

nNexT="n,
with the fixed matrix 7 playing the role of |1, and
(I-P)HLQP, =0 (33)

as the replacement for (11) for the case, assumed here, for which the complete system
mapping L of (3) is not to be subdivided into A and X. Equation (33) is equivalent to
the artifice of taking A — I and £ — L in (11). The importance of this example
stems from the fact that

QPP =¥ (Q)

Q' =n+[0-n]ePern,
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which makes €, as opposed to B, the unkown, to-be-determined matrix, leads to

[6—n] oL’ e Q' =0

as the matrix analogue to (33), where L’ is the matrix representation of L in the sense
of (32) with PLP = L. This reformulation of the matrix-representation model reduc-

tion problem into a discrete model reduction problem allows one to utilize a known sys-
tematic approach [1] to such problems.
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APPENDIX
Proof of T(Bey) = (TB) oy

Let \y have only a single component. For any single-row matrices Y and 3 of
equal length

W, Bey)) = w(Bev) = (W, Byey (A1)

is a statement of the linearity of \ for Y of constant scalar components only. This can
be extended to multi-rowed y’s of constant scalar components by

v, (Be)
= (y, {[Be (column 1 of y)], [Be® (column 2 of V)], ...})
= {y(Be (column 1 of y)),y (B e (column 2 0f v)), ...} (A2)
= {[{y,B)® (column 1 of y)], [{y,B)e (column 2 of ¥)], ...}
=y, B)ey .

where (A1) has been used for each column of 7. This, in turn, can be extended to
multi-component ’s by

(W, Bev)={{y, (Be)}
= {{y; B}

{{y, B} oy

= (y,B)ey .,

(A3)

where (A2) has been used for each component of . Pre-matrix-multiplying (A3) by
A produces (22) upon using (21).
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TIME RATES OF GENERALIZED STRAIN TENSORS
WITH APPLICATIONS TO ELASTICITY

Mike Scheidler

US Army Ballistic Research Laboratory
Aberdeen Proving Ground, MD 21005-5066

1 Introduction

Counsider a smooth motion with deformation gradient F. Since det F > 0, F has two
unique polar decompositions
F=RU=VR, (1.1)

in which R, the rotation tensor, is proper orthogonal, and U and V, the right and
left stretch tensors, are symmetric positive-definite; cf. [1-6}. The stretch tensors have
spectral decompositions

3 3
U:Z/\,-u,-@ui and V:Z/\ivi®vi, (12)

i=1 i=1

where the principal stretches A; are the principal values of U and V. The principal
directions u; of U are called the principal azes of strain in the reference configuration
or the Lagrangian triad; the principal directions v; = Ru; of V are called the principal
ares of strain in the current configuration or the Fulerian iriad. The numbers ; — 1
are scalar measures of strain in the principal directions. If I denotes the identity tensor,
then U — I and V — I may be interpreted as strain tensors.

For finite deformations, various other scalar and corresponding tensor strain mea-
sures have been proposed; cf. Truesdell and Toupin[l, §31-33A]. Here we focus on a
general class of strain measures introduced by Hill[6-8]. Hill takes as a scalar strain
measure any sufficiently smooth function f defined on the positive reals with the prop-
erties

fm=o0, fAQ)=1, f>0. (1.3).
Corresponding to the scalar strain measure f is a Lagrangian strain tensor
3
f(U)=> f)wow (1.4)
i=1
and an Fulerian strain tensor
3
f(V)=> f)viovi. (1.5)
i=1

59




Their principal directions are the Lagrangian and Eulerian triads, respectively, and
their principal values are the numbers f(A;). By (1.3), f();) is a strictly increasing
function of ); which differs from X; — 1 by a term of order (X; — 1)2:

F) =X —14+0((A = 1)%) . (1.6)

It follows that £f(V), for example, is an invertible function of V which differs from V —1I
by a term of order ||V — I||%

fV)=V-I+0(V-1) . (1.7)

Some traditional strain measures included in (1.3) are f(A) =lIn A and

3

fA)=FfHA)==-("-1), (1.8)
where n is some nonzero integer. For example, by taking n = 1 in (1.8) we recover the
strain tensors U — I and V — I. The Lagrangian strain tensor corresponding to the
choice n = 2 in (1.8) is the Green-St. Venant strain tensor

1
B(U) = 5(C-1), (19)
where
C=U’=FTF (1.10)
is the right Cauchy-Green tensor. The Eulerian strain tensor corresponding to the
choice n = —2 in (1.8) is the Almansi-Hamel strain tensor
1 -1
£2(V)=;I-B7), (1.11)
where
B=V?=FFT (1.12)

is the left Cauchy-Green tensor.

Hill’s class of generalized strain tensors has found important applications in the
formulation of constitutive equations and constitutive inequalities for elastic and plastic
material response; cf. Hill[6-9], Wang and Truesdell[3], Ogden[5], Havner[10], Nemat-
Nasser[11,12], Guo and Dubey[13]. In these applications it is useful to express the
time-rate of change of a strain tensor in terms of the stretching and spin tensors D
and W, which are the symmetric and skew parts of the velocity gradient. For some
choices of f, expressions for the time-rate of change of f(U) and f(V) follow easily
from well-known formulas for the material time derivative of C and B. For example,
the material time derivative of the Green-St. Venant strain tensor f2(U) is [1, §95]

f,(U) = FTDF = URTDR)U. (1.13)

The material time derivative of the Almansi-Hamel strain tensor f5(V) is

f2(V) = %(B‘1D+DB‘1+B'1W—WB“1); (1.14)
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this can also be written as [1, §95]
£5(V)° = D — £4(V) D — Df5(V), (1.15)

where
A°= A+ AW - WA (1.16)

is the Jaumann rate of a tensor field A.

Formulas of the type (1.13)—(1.15), which are written in direct tensor notation, will
be referred to as direct formulas for the time-rates. For a general strain measure f,
direct formulas for £(U) and £(V) or £f(V)° are much more difficult to derive and also
much more complicated than (1.13)—(1.15). On the other hand, Hill[6,7] found a simple
formula for the components of f(U)" relative to the Lagrangian triad. Hill’s component
formula and its analogue for f('V)° are discussed in Section 2. In Section 3 we indicate
how these component formulas can be used to derive approximate direct formulas for
f(U) and £(V)° as well as bounds for the error in the approximations. We then apply
the general results to the logarithmic strain tensors In'U and In V', which are obtained
by setting f = In in (1.4) and (1.5). In Section 4 we use the approximate formula for
(In'V)° to derive an approximate formula for the rate of the deviatoric stress tensor in
an isotropic elastic material. These approximate formulas provide good estimates when
the shear strain is small, with no restrictions on the volumetric strain. In Section b we
indicate how the component formulas for £(U) and £f(V)° can be used to derive exact
direct formulas for these rates analogous to the formulas obtained by Hoger[14] for the
case f = In.

2 Component Formulas

Hill[6,7] derived the following simple formula for the material time derivative of the
Lagrangian strain tensor f(U):

3
£(U) = Y Ly, A) Dijwi @ vy, (2.1)
i,j=1
where
Li(hi,25) = N f(h) if A=)

2205 f(A) = f()
A+ )\j A; — /\j

i A # A (2.2)

D;; are the components of the stretching tensor D relative to the Eulerian triad, or
the components of the rotated stretching tensor RTDR relative to the Lagrangian
triad. Observe that the term Lj(A;, A;) D;; in (2.1) is the ij-component of f(U)
relative to the Lagrangian triad. It turns out that the derivation of (2.1)-(2.2) given
by Hill[6,7] is rigorous only for those instants at which the principal stretches are
distinct. As described in detail in Scheidler{15], there are problems with the “limiting
process” proposed by Hill for obtaining (2.2) when ¢ # j and A; = A;. In discussing
Hill’s formula, subsequent authors have either repeated Hill’s argument [13] or simply
considered the case of distinct principal stretches only [5,10,11,12].
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There is an equally simple analogue of (2.1)-(2.2) for the Jaumann rate of £(V):

3
£(V)°= ) Ep(hi,3) Dy vi® v, (2.3)

t,j=1
where
Er(Xi, %) = XNfi(h) if A=

M4 ) = FO)
/\i+/\j /\i“‘)\j

i A £ (2.4)

Observe that the term Ef(A;, A;) Dy; in (2.3) is the ij-component of £f('V)© relative to
the Bulerian triad. Hill[6-9] did not derive formulas for the time-rates of Eulerian strain
tensors. For the case of distinct principal stretches a result equivalent to (2.1)-(2.2)
was obtained by Nemat-Nasser[11,12] using Hill’s methods.

In a recent paper [15], I showed that the above formulas hold for any C? motion
and any C! strain measure f, regardless of whether or not the principal stretches are
distinct. The proof utilizes a component formula for the derivative of an isotropic tensor
function due to Bowen and Wang[16] and Chadwick and Ogden[17],! together with a
theorem due to Ball[18] which is used to establish the sufficiency of the aforementioned
smoothness conditions.

3 Approximate Direct Formulas

The component formulas presented in the previous section can be used to derive ap-
proximate direct formulas for the time-rates of generalized strain tensors. An example
of such a formula is

f'(z) + 2f"(x)

f(V)° = —2?f"(z) D + 5

(DV 4+ VD) + 0(e,?) . (3.1)
Here & can be any positive number, and ¢, is the largest of the distances from z to the
three principal stretches:

€z = mMax, |A; — . (3.2)
By neglecting the remainder term O(e,?) in (3.1), we obtain an approximate formula for
f(V)°. As the notation indicates, this remainder term is of order £,2, i.e., ||O(g,?)||/ €.
remains bounded as £; — 0. While this limiting behavior is of theoretical interest, it
1s of little practical use since it provides no information on the size of the remainder
term for a given (nonzero) value of ¢,. What is needed is an explicit bound on the
remainder term in (3.1). It can be shown that

'(2) + Amaz | /" (2)]
(/\max -+ /\min)/2

loE)] <o)l | £ b Bhmer maxf7]| 2 (33)

for any z > 0. Here Ap;n and Ap,e are the minimum and maximum values of the
principal stretches; § = 1/2 if f” has constant sign and é = 1 otherwise; max|f"’|

I Cf. also Wang and Truesdell{3, §6.4] and Ogden([5, §6.1.4].
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is the maximum value of |f’”| over the smallest interval containg z and the principal
stretches. To derive (3.1)—(3.3) and the results below, we use the component formula
(2.3)~(2.4), Taylor’s formula applied to f’ with Lagrange’s form of the remainder, and
a variation of the Taylor-Lagrange formula due to Hummel and Seebeck[19]. Details
can be found in Scheidler{20]. The error bound (3.3), which is new, is sharper than the
corresponding bound in [20]. The derivation of (3.3) is similar to the derivation in {20]
but requires a bit more work; details will be reported in a forthcoming paper [21]. It
is also worth noting that the derivation of the bounds in [20] utilized the assumption
that ¢; < z; for some choices of z this places restrictions on the motion. The new
bound (3.3) holds for any C? motion and any C® strain measure f.

As mentioned above, we are free to choose the parameter z in (3.1). The simplest
choice is £ = 1, in which case ¢, is just the maximum of the absolute values of the
principal strains A; — 1. Of course, better approximations will generally be obtained
by choosing z to lie between Apin and Apgg. It is easily shown that

%(/\ma:v - )\min) S &z S /\ma:c - /\min ) if )\min S T S /\ma:v . (34)
Since (Amaz — Amin)/2 can be interpreted as the mazimum shear strain, (3.4) states
that ¢, is bounded below by the maximum shear strain and bounded above by twice
the maximum shear strain, provided that z lies between the minimum and maximum
principal stretches. Then regardless of the volumetric strain, (3.1) yields a good ap-
proximation to f(V)° if the maximum shear strain is sufficiently small. The best
choice for z in (3.1) will depend on the particular application of the approximate for-
mula. We mention three reasonable choices for z, all of which satisfy the condition
Amin < ¢ < Apaz. First, we could take z to be the arithmetic mean of the principal
stretches:

1 1 1
2=z +da+h)= U=tV (3.5)

Second, we could take z to be the volumetric stretch, which is defined as the geometric
mean of the principal stretches:

1/3
z = (A1 Aah3)!/3 = (det U)/3 = (det V)'/3 = (det F)1/3 = (39-> : (3.6)
p

where p, and p are the densities in the reference and current configurations, respectively.
Finally, we could take

1
2>0 5(/\maa: + )‘min) ) (37)

Z =ming; =
in which case €; = (Amaz — Amin)/2 is the maximum shear strain.

Since the left stretch tensor V = (FFT)!/2 is an irrational function of the defor-
mation gradient F, a formula analogous to (3.1), but with V on the right-hand side
replaced with B = FFT may be more useful for computational purposes. The result
is

fvy = 2@ ‘2’“'2f"( )p 4 [f4(z) =) )] (DB+BD)+0(c.%) . (3.8)

The bound (3.3) does not apply to the remainder term in (3.8), but a similar bound can
be obtained [21]. By utilizing Hill’s component formula (2.1)~(2.2), analogous results
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can be obtained for f(U)". Indeed, (3.1) and (3.8) remain valid under the replacements

f(V)° = f(U), D - RTDR, V — U and B — C. Of course, the remainder terms

are different in this case, but they satisfy the same bounds as before [20,21]. '
Now consider the logarithmic strain tensors. For f = In, (3.1) and (3.8) reduce to

(InV)° =D+ 0(e,?) . (3.9)

Furthermore, in this case we have the following simple bound for the remainder term

in (3.9):

2 i)‘max )\maz_ >2
o)) < i $ 32 (322 -1) (.10

This follows from (3.3) by setting f = In and choosing z as in (3.7). Similarly,
(InU) = RTDR + O(e,?), (3.11)

where the remainder term in (3.11) also satisfies (3.10). Observe that Apas/Amin, and
thus the bound (3.10), is independent of the dilatational part of the deformation. Also
note that since

/\ma:c 2 /\max - /\min
—-1= 12
/\min /\min 2 ' (3 )

Amaz /Amin — 1 is @ measure of shear strain which is independent of the dilatational
part of the deformation. By means of his component formula, Hill[6,7] showed (at
least for distinct principal stretches) that (In U)’ differs from RTDR by a term whose
components are of order (A;/A; —1)2, and he observed that this remainder term is inde-
pendent of the dilatational part of the deformation. Using a different method, Gurtin
and Spear[22] proved that for a family of motions depending on a small parameter ¢,

(InV=D4+0(E?) if F-I=0() & F=0(). (3.13)

We can easily recover this result from (3.9) and (3.10); cf. [20]. Neither Hill nor Gurtin
and Spear obtained bounds for the remainder terms in their approximate formulas.

4 Approximate Rate Equation for Isotropic Elasticity

Isotropic solids such as polycrystalline metals and ceramics exhibit elastic response
only for small shear strains. Under the assumption that the shear strains are within
this elastic range, we will give a rigorous derivation of an approximate rate equation
for the deviatoric stress tensor. The assumption of small shear strains is often seen as
justification for invoking the linear theory of elasticity, in which

T. = 2u,E, . (4.1)

Here T denotes the Cauchy stress tensor, the constant pu, is the shear modulus, E is
the infinitesimal strain tensor, and an asterisk subscript denotes the deviatoric part
of a tensor. For terminal ballistics applications the linear theory is invalid for two
reasons. First, material rotations may be large, in which case the linear theory fails to
be properly invariant. Second, the high pressures generate large compressive volume
changes, and it is known (see below) that large volumetric strains can influence the
deviatoric stress.
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A properly invariant consitutive equation for the deviatoric stress can be obtained
simply by replacing E. in (4.1) with the deviatoric part of any Eulerian strain tensor:

Ty = 2pf(V)s = 20,V + O(||V = 1}}?) (4.2)

where the equation on the right follows from (1.7). Thus, to within terms of order
||V — T||?, the constitutive equation (4.2); is insensitive to the choice of the strain
measure f. Note, however, that ||V — I||? is small iff both the shear strains and the
volumetric strains are small. For large volume changes, the constitutive equation (4.2);
is sensitive to the choice of the strain measure; in other words, different strain measures
will yield different deviatoric stress/volumetric strain effects. Thus for a given material,
use of (4.2); would require the determination of an appropriate strain measure f. We
will take a different approach below.

For finite deformations, the shear modulus p of an isotropic elastic material is
commonly defined as follows. Let ¢s(p) denote the shear wave speed in the material
when it is under hydrostatic compression at density p, so that T = —pI, where p is the
pressure, and A\; = Ay = A3 = (po/p)l/S. Then

_ PN 2

p=p(p) = lp) = pes(p)”- (4.3)
If po = f(p,), then the shear wave speed in the undeformed material is given by
es(po) = v/ Mo/ Ps, in agreement with the linear theory. For sufficiently low pressures

(= 1GPa or less), ¢s(p) is typically obtained from ultrasonic measurements with the
pressure generated in a piston-cylinder apparatus. Such experiments reveal that cg,
and hence g, increases with density, or equivalently, with pressure; indeed, for many
solids 01/ 0p|p=0 lies between 1/3 and 3 [23,24]. Direct measurements of the shear wave
speed are difficult to obtain at high pressures. For metals and ceramics, Steinberg et
al. [24,25] have proposed the following constitutive relation? for y:

p 1/3
/1=uo+ap(7°> : (4.4)

where the constant a = 9u/dp|p=0. The relation (4.4) is based on theoretical calcula-
tions. For pressure-density relations appropriate to metals and ceramics, (4.4) implies
that p increases with p, whereas 9 /0p decreases with p. Steinberg et al. [24,25,26]
have found that (4.4) yields results consistent with wave profiles from plate impact
experiments. For example, for 6061-T6 aluminum at a pressure of 41 GPa, (4.4) pre-
dicts that the shear modulus increases by a factor of 3 and that the shear wave speed
increases by a factor of 3/2. Steinberg et al. [24,26] found that calculations based on
(4.4) correctly predicted the arrival time of elastic release waves in Al shock-loaded to
41 GPa, and that the calculated elastic release arrived much too late when the pressure
dependence of p was reduced by 75%.

Any class of constitutive relations intended for high pressure applications should
be general enough to accommodate any physically reasonable shear modulus function
u = fi(p). One such class is given by (4.7) below. The analysis is based on the following

2They also include a linear temperature dependence. They find that the temperature term is
typically on the order of 10% of the pressure term in shock-wave experiments.
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formulas for fi, which are valid for any isotropic elastic material:3

() = ii.?fi-ﬁ)
e = 5 \an T~ ay

e
= 2\aN Ay

for any distinct 7,5 € {1,2,3}. Here t; and t; are the principal stresses and the
principal deviatoric stresses, respectively. In particular, from (4.5); it follows that the
shear modulus is completely determined by the deviatoric response of the material. On
the other hand, there are infinitely many constitutive relations for T. which yield the
same shear modulus. With the aid of (4.5) it may be shown that [21]

A1=A2=As=(pPo/ P)Y/3

(4.5)

Alz)\Q:)\az(po/p)l/C‘

2

T, =2a(p)(In V), + O ((A”‘—f - 1) ) (4.6)
/\min

for any isotropic elastic material with shear modulus g = j{p). It follows that two

isotropic elastic materials have the same shear modulus iff the deviatoric stress in

these materials differs by a term of order (Amaz/Amin — 1)%. In particular, for a given

function f the constitutive relation

T, = 2i(p)(In V), (4.7)

has the following properties:

1. This relation defines a material whose deviatoric response is isotropic elastic with
shear modulus p = fi(p).

2. For any other isotropic elastic material with shear modulus g = (p), the devia-
toric stress differs from (4.7) by a term of order (Amaz/Amin — 1)

The component form of (4.7) is

= 2?’“(21n)\,--—1n/\j —InAg), (4.8)
for any permutation (ijk) of (123). Then from (4.5); it is easily verified that the shear
modulus for such a material is indeed equal to p. It is interesting to note that the
properties 1 and 2 above fail to hold if In'V in (4.7) is replaced by any other Eulerian
strain tensor f(V), or equivalently, if the logarithm function in (4.8) is replaced by any
other scalar strain measure f. This can be verified with the aid of (4.5).

For the remainder of this section we focus on the constitutive relation (4.7). On
taking the Jaumann rate of (4.7), we obtain

*

T2 = 2u(InV)?+2a(InV).
= 2,u(an)‘j+%T*, (4.9)

3Cf. [3, (5.25)), where an equation equivalent to (4.5);, but in terms of the squares of the principal
stretches, is derived for acceleration waves. As discussed in [2, §73], acceleration waves obey the same
laws of propagation as infinitesimal plane waves.
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where the second equation follows by solving (4.7) for (In V). Then from (4.9)2, (3.9)
and (3.10), it follows that

! A771(]2 2
TC = 24D, + /%T*+0<(:\—-——-— 1) ) , (4.10)

min

where an explicit bound for the remainder term is given by the expression on the right-
hand side of (3.10). Therefore, to within a term of order (Anaz/Amin — 1)? the material
time derivative of the deviatoric stress tensor is given by

T, =2uD, + ET, + WT, - T,W. (4.11)
7

Alternate expressions for the term fi/p are

g _10p. pop K Op
—=——p==—(-trD)= — —(~trD s 4.12
popop’ uap( ) uap( ) (412

where
=p= (4.13)

is the dulk modulus. For many metals and ceramics, % %‘é ~ 1-10. In view of {(4.12), 3,
the right-hand side of (4.11) involves three different rates: D,, a measure of distortional
strain rate ; —tr D, a measure of the rate of compression; and W, a measure of the
rate of rotation. In general these rates are independent, so that none of the terms in
(4.11) should be omitted.

From the above results we may draw the following conclusions. Within the elastic
range of an isotropic metal or ceramic with shear modulus p (as defined by (4.3)),
the constitutive relation (4.7) provides a good approximation to the deviatoric stress
T., and (4.11) provides a good approximation to the time-rate of change of T,; in
particular, these approximations are good regardless of the volumetric strain. Further-
more, for metals it is typically assumed that prior plastic deformation does not alter
the elastic properties of the material. Then regardless of the amount of prior plastic
deformation, the rate equation (4.11) is also valid during elastic unloading since the
terms in (4.11) do not involve the original reference configuration.

In most hydrocodes used for terminal ballistics simulations, the rate equation for
deviatoric elastic response is T, = 2p,D, + WT, — T.W; f. [27, §11.1]. Clearly, this
provides a good approximation only at low pressures or for materials with constant
shear modulus, conditions which typically are not satisfied in such applications. Stein-
berg and Lund[28, eq. (4)] use a rate equation for T, which reduces to T, = 2uD, .
when the response is elastic. While they account for the pressure dependence of i via
(4.4), their rate equation omits the other terms in (4.11). For the simulation of uniaxial
strain plate impact tests, the rate equation T, = 2uD, is probably sufficient, since in
this case W = 0 and the (j/u)T, term in (4.11) is much smaller than the 2uD, term.

5 Exact Direct Formulas

In this section we indicate how the component formulas for f(U)" and f('V)° in Section 2
can be used to derive exact direct formulas for these rates. For brevity we focus on
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f(V)°, although a similar analysis applies to f(U)". For more details we refer the reader
to the forthcoming paper [29]. Let A be any tensor coaxial with V and such that two
principal values of A are equal iff the corresponding principal values of V are equal.
By (1.2)2, these conditions are equivalent to

3
A:Zaivi®v,~ a; = aj iff/\,':/\j, (51)
i=1

where a; are the principal values of A. Then the Jaumann rate of (V) can be expressed
in terms A and D as follows:

f(V)° = anA’DA?+07(A’DA + ADA?) + as0(A’D + DA?)
a11ADA + alo(AD + DA) + ageD, (52)

where the coefficients a,, depend on the strain measure f and the principal values of
A and V. Some useful choices for A are V, B, f(V), some other Eulerian strain tensor
(e.g., In'V), or the deviatoric part of any of these tensors. Regardless of the choice for
A, the coefficients a,,,, have the form

N
Amn = Z:Brilj;z(alva?va3) Ef(Ai’Aj)’ (53)
';JS=JI

where N is the number of distinct principal stretches, E;(};, A;) is given by (2.4),
and B3], are rational functions whose form is independent of A; various expressions
for the B, are given in [29]. If N = 2 we assume that A; # Xy = )3; in this case
g2 = ag; = az =0. If N =1, 1ie,if V = Al then the only nonzero coefficient in
(52) is Qoo = Af’(A)

There are three key steps in the derivation of (5.2)-(5.3). The first step is to show
that (2.3) is equivalent to

N
f(V)° = Y E;(\,))P;DP;, (5.4)

i,j=1

where P; (i = 1,..., N) is the ith eigenprojection of V| i.e., the perpendicular projec-
tion onto the eigenspace of V corresponding to the eigenvalue A;. The second step is
to note that, in view of (5.1), A and V have the same eigenprojections. The third step
is to employ the explicit formulas for the eigenprojections of a symmetric tensor A; cf.
(30, §79]. For example, if N = 3 then

P1 - A—GQI A—a31, (55)

ay—az a;—as

with analogous formulas for P, and P3. If N = 2 then

— A —
A-al 4 p,=fzal (5.6)
a; — as az —a

P, =

If N =1 then P; = I. Substitution of these formulas for the eigenprojections into
(5.4) yields (5.2)—(5.3).
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For the rates of the logarithmic strain tensors, results of the type (5.2)-(5.3), with
A = V, were obtained by Hoger[14]. Hoger utilized her direct formula for (InU)  to
obtain the first rigorous proof (for f = In) of Hill’s component formula (2.1)-(2.2) when
the principal stretches are not distinct. In the derivation of her direct formulas, Hoger
utilizes results from Carlson and Hoger[31] and Hoger and Carlson[32]. The approach
outlined above appears to be more general and substantially simpler, and also yields
more compact expressions for the coefficients oy .

6 Discussion

We have shown that the component formulas for the time-rates of generalized strain
tensors provide a useful tool for deriving direct formulas (either exact or approximate)
for these rates. In principle, one could also derive the approximate formulas in Sec-
tion 3 from the exact formulas in Section 5. However, for the case of distinct principal
stretches the complexity of the direct formulas makes such an approach impracticle.

Our formulas for the time-rate of change of Eulerian strain tensors have been ex-
pressed in terms of the Jaumann rate (1.16). Another corotational rate in common use
is the one obtained by replacing W with € = RRT in (1.16). It can be shown [20,21]
that the approximate formulas (3.1), (3.8), (3.9) and (4.10) are valid for this corrota-
tional rate as well. The remainder terms in these formulas are different, of course, but
they satisfy the same bounds as before.
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EXTREMAL MICROSTRUCTURES FOR COMPOSITE MATERIALS

Robert V. Kohn and Graeme W. Milton
Courant Institute of Mathematical Sciences,
251 Mercer Street, New York, NY 10012

1. Introduction

The macroscopic properties of a composite material depend in a
subtle way on the geometry of the microstructure. One way to explore
this dependence is through geometry-independent bounds on effective
moduli. Composites with extremal behavior are of special interest. They
arise naturally, from certain types of coherent phase transitions; and they

arise synthetically, in problems of structural optimization.

Recent mathematical activity has led to new methods for bound-
ing effective moduli and new classes of extremal microstructures. This
progress has been achieved over a period of years, through the combined

effort of many individuals. Here we survey selected aspects of this work.

2. Composite materials.

A composite is a mixture of distinct materials on a length scale small
compared to that on which the loads and boundary conditions vary, but
still large enough for continuum theory to apply. We consider exclusively
linear models of material response, e.g. thermal conductivity, electrical
resistivity, or linear elasticity. Material interfaces are considered to be
perfectly bonded; thus in the elastic setting the displacement and the
normal component of stress are continuous at material interfaces.
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The effective moduli of a composite describe its macroscopic behav-
ior. There is an extensive theory, in both the mechanics and mathe-
matics literatures; see e.g. [1-5]. It makes little difference whether the
microstructure is random, periodic, or of some other form. The effec-
tive conductivity ay, for examp'le, relates the macroscopic (i.e. locally

averaged) current j to the voltage gradient V¢:

(1) = au(V9) . (2.1)

Similarly, the effective Hooke’s law C, relates the macroscopic (locally

averaged) stress o to the strain e(u) = (Vu + VuT):

(o) = Cule(w)) . (2.2)

Here (-) represents averaging — over an ensemble if the composite is
random, over space if it is periodic, or interpreted via weak limits in a
more general mathematical context. The effective conductivity a, is a
second-order tensor; the effective Hooke’s law C, is a fourth-order tensor.
They can be anisotropic, even if the composite is made from isotropic

materials, due to anisotropy of the microstructure.

3. New methods for bounding effective moduli.

The recent mathematical progress has been facilitated by a number
of new methods for bounding effective moduli. One is a Fourier-space
version of the well-known Hashin-Shtrikman variational principle, e.g. [6-
10]. Another is the “translation method,” which derives new variational
principles from classical ones by the subtraction of a null-Lagrangian (or,

76



more generally, a quasiconvex quadratic form), e.g. [11-13]. A third uses
the fact that the effective moduli depend analytically on the component
properties, e.g. [14,15]. And a fourth uses linear fractional transforma-
tions to encode geometric information such as volume fractions into the
definition of the effective tensor, e.g. [16,17]. (These references represent
a mere sampling of the literature in each area.)

Much of the recent progress has focussed on bounds which are op-
timal. To show that a bound is optimal one must find a microstructure
that achieves it. So it is important to have a sufficiently large class of
microstructures with explicitly computable effective properties. This is
provided by the construction known as sequential lamination. Its basis
is the well-known fact that the effective moduli of a layered composite
are explicitly computable. It is natural to iterate this, layering together
materials which are themsevles composites. This idea goes back at least
to Bruggeman [18]. It was rediscovered by various individuals and ap-
plied to prove the optimality of many different bounds. Two particular
developments have been very important. One is an especially convenient
formula for expressing the effective moduli of a sequentially laminated
composite, introduced by Tartar for conductivity [11] and extended to
elasticity by Francfort and Murat [19]. The other is a method for search-
ing the class of sequentially laminated composites numerically to find a

microstructure that is extremal for some particular purpose [20].
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4. Examples of optimal bounds and extremal microstructures.

We now describe two specific successes of the theory.

4A. Mixtures of two elastic materials.

The following question arises naturally in structural optimization,
see e.g. [21-23]. Suppose we are given two elastic materials with Hooke’s
laws 4 and Aj respectively. They are to be combined in specified volume
fractions €, 1 — 6 to form a composite A,. How should the microstructure
be chosen so as to maximize the rigidity of the resulting composite? Of
course, an elastic material which is rigid for one type of load may be soft
for another one, so to specify the problem completely we must specify
either the (macroscopic) stress ¢ or the (macroscopic) strain e. The goal

1s thus to find either

n}lax(A*e,e) = f1(8,¢) (4.1)
n}qin(A:la, o) = f2(6,0) (4.2)

as A, runs over all possible effective moduli attainable by mixing A; and
Ay in the specified value fractions. We emphasize that the symmetry of
A, is not restricted in (4.1)-(4.2). If e (respectively, o) is not isotrop-
ic then there are preferred spatial directions, namely those of principal
strain (stress), so the optimal A, will not be isotropic.

The Hashin-Shtrikman variational principle applies if A; and A, are
“well-ordered”, i.e. if Ay — A; is a positive definite Hooke’s law. It yields
a pair of explicit, concave optimizations for evaluating (4.1) and (4.2) [9].
The conditions of optimality determine examples of extremal sequential-
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ly laminated microstructures. In general (for 3-dimensional composites,
made of two anisotropic materials) the concave optimization will proba-
bly have to be solved numerically. It can be solved explicitly, however,
in several interesting special cases; these include when A; and A, are
isotropic and either (i) the sﬁatial dimension is 2 [23-25], (ii) the spa-
tial dimension is 3 and both materials are incompressible [7], or (iii) the

spatial dimension is 3 and one material is degenerate or rigid [26].

When e and o are isotropic, (A4e,e) and (4;10,0) can be viewed
as “generalized bulk moduli.” In this case the optimal bounds (4.1)-
(4.2) reduce to those established long ago by Hashin and Shtrikman [27].
However, unlike [27] our bounds do not assume that A, is isotropic. Such

generalized bulk modulus bounds can also be found in [6,14,19].

The examples (4.1)—(4.2) are merely special cases of a much more
general theory [9]. It can handle upper as well as lower bounds, and sums

of energies as well as a single energy.

Similar bounds can also be proved using the translation method [24~
26]. That approach has the advantage of applying in some cases where
Ay and A, are not well-ordered. However, it has the disadvantage that
we lack a direct connection between translation bounds and optimal mi-

crostructures.

A problem analogous to (4.1) arises in the modeling of coherent phase
transitions. There energy minimization is due to thermodynamic consid-
erations. The distinct phases have different stress-free strains as well as

(possibly) different Hooke’s laws. The special case of two phases with
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identical Hooke’s laws has been studied extensively in the metallurgical
literature, e.g. [28-29]. A treatment from the present viewpoint is given
in [30]. Not surprisingly, the Hashin-Shtrikman variational principle per-
mits one to consider the case when both the stress-free strains and the

Hooke’s laws are distinct [31].

4B. Conducting polycrystals.

A polycrystalline composite ié one consisting of a single, anisotropic
material, mixed with itself in various orientations. We focus here on
effective conductivity rather than elastic behavior. A natural question,
analogous to (4.1)—(4.2), is to seek polycrystalline composites of maximal
or minimal effective conductivity.

The problem may be formulated more precisely as follows. Consider
an anisotropic material with conductivity tensor «. We may suppose that
a is diagonal, so the basic material is completely determined by its three

principal conductivities:

a1 0 0
& = 0 (6] 0
0 0 a3

Now consider a polycrystalline composite made from this material. We
suppose for simplicity that it is macroscopically isotropic, i.e. that the
effective conductivity has the form a, . What are the smallest and largest
possible values of a,?

The optimal upper bound turns out to be

1.
oy < -?;(al +ag +a3z). (4.3)
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This bound is easily derived from classical variational principles; it was
shown to be optimal by Schulgasser [32] using a version of sequential
lamination.

The optimal lower bound is more interesting. It is
Oy Z Qmin , (44)

where ampiy is the unique positive root of the equation

Q; — Ompin

i— 2a; + otmin

=0. (4.5)

The only known proof of (4.5) makes use of the translation method [33].
The bound was shown to be optimal for a uniaxial basic crystal in [33],
and for a general basic crystal in [20]. Interestingly, the construction used
for the uniaxial case does not suffice for the general case. The optimal
microstructures described in [20] have a sort of self-similar structure.
They were discovered with the aid of a computer search for sequentially-
laminated geometries of high resistivity.

‘The bound (4.4)-(4.5) is not in fact restricted to macroscopical-
ly isotropic composites. If a,; are the principal conductivities of an

anisotropic polycrystal then one can show that
3

Ui — Omin
; T (4.6)
On the other hand, (4.6) is not always optimal in the anistropic setting
[34].
There are also some analogous resuits for elastic polycrystals. These
include bounds in the generalized bulk modulus of an anisotropic poly-

crystal in two or three space dimensions [35], and bounds on the effective
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shear modulus of an isotropic elastic polycrystal in two space dimensions

[36].
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INTRODUCTION

The mechanical response of a typical brittle elastic solid weakened by a
diffuse distribution of microdefects can be divided into three distinctly disparate
phases. During the initial phase, characterized by a rather dilute concentration of
defects, the material hardens when subjected to quasistatically increasing me-
chanical forces or temperatures. As the defects multiply and grow, the
specimen's stiffness (overall elastic moduli) decreases even though the tangent
modulus remains positive. The subsequent phase occurs as a result of
microdefect interaction. Phenomenologically, this phase is confined to a narrow
neighborhood of the apex of the stress-strain (or, more accurately, force-
displacement )curve, as the specimen's overall tangent stiffness approaches zero
value. In the subsequent, or softening, phase the specimen's tangent modulus is
negative.

The partition of the mechanical response into the above three phases is
by no means formal. As the recent large scale numerical simulations [1, 2]
clearly indicate, the succession of phases is directly related to the extent of the
microcrack clustering within the solid. From the micromechanical viewpoint,
these three phases (regimes) are characterized as follows:

(i) In a carefully manufactured material subjected to moderate external
loads and temperatures the microdefect concentration is dilute during the initial
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phase of a deformation process. The spatial fluctuations of stress and strain
fields are confined to narrow neighborhoods of widely spaced defects. The
probability that the stress concentrations may be enhanced by interaction of
microdefects is rather remote. Consequently, the exact positions of the micro-
defects within the specimen has little or no relevance to the macroresponse. As a
result, during this phase the microdefects influence the macroresponse
principally through their volume averages. The material is within this range
macro-homogeneous, simple and local.

(i1) As the external loads are increased, new microdefects are nucleated
and the already existing ones grow larger. The probability that the distance
separating two growing microdefects becomes small enough to influence their
further growth through interaction becomes more substantial. Thus, the distance
between microdefects becomes an important parameter, defining not only the
macroresponse of the solid but, more importantly, its propensity to failure.
Non-locality becomes a significant feature of the macroresponse and the macro-
fields become less homogeneous. In the neighborhood of the apex of the force-
displacement curve, the deformation process is strongly influenced by the
largest macrodefects. In general, a macrodefect (macrocrack or shear band) may
form in two ways. Firstly, a macrodefect can form as a result of the loss of
stability of a single microdefect of preferential geometry (brittle phenomena
such as splitting). The second alternative emphasizes coalescence of a large
number of interacting microdefects (localization or quasibrittle failure). A
particular specimen may fail in either of these two modes depending on the
temperature level, strain rate or the degree of lateral confinement. It is important
to note that a material is not brittle or ductile per se. The degree of brittleness or
ductility is a result of a set circumstances, i.e. loading and thermal environment
to which the specimen is subjected.

(iii) During the softening regime (in strain controlled experiments) the
deformation process is entirely dominated by the geometry of the largest cluster
of defects spanning the entire specimen. The geometry of this defect is defined
by the extreme statistical momenta of the initial distribution of micro-defects.
Consequently, the response in the softening regime is essentially
nondeterministic since it depends on the unlikely events (see the experiments on
concrete specimens reported in [3] ).

Analyses of the material behavior in these three regimes are substantially
different. Hence, it is unlikely that a single method incorporating all possible
alternatives can be made simple enough to be appealing in applications. The so
called mean field theory (MFT) models are suitable for the analyses of systems
in which the macro-response is primarily influenced by the volume averages of
the micro-fields. In contrast, the percolation theory provides an eminently
suitable and computationaly efficient framework for the consideration of
systems near the percolation threshold (phase transition).
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RELATIONS BETWEEN MACROFIELDS

One of the principal tasks in structural analyses of solids containing
microdefects is to determine the expressions relating macrostresses and
macrostrains. Assuming that the volume averaging is justified the incremental

form relating volume average stresses o(x) and volume average strains €(x) is
in the isothermal case

de = S:do + dS:c + deP ¢))

where S(x,H) is the fourth rank compliance tensor and deP the conventional
plastic strain tensor. The components of the compliance tensor S depend on the
concentration, shape, size and orientations of microdefects as defined by a set
of parameters constituting the recorded history H, at each material point Thus,

the total increment in strain de is a sum of elastic and inelastic strain increments
de = dee + die )

The inelastic increment of the strain (as history is recorded H — H + dH,
implying dissipation of energy)

die = dS: o + deP @)

incorporates both brittle and ductile components, i.e. changes in compliance
(attributable to change in microcrack density) and plastic strain. The elastic
strain increments are defined by the first term on the right-hand side of equation

(1).

In conclusion, for given macrostress ¢ and its increment, the rate of

change of the macrostrain de can be computed from (1) provided that the
effective compliance tensor S(H) and its rate of change dS, along with change
in the plastic strain, can be determined as a function of the change in the
recorded history dH.

This presentation will focus on the first of these two tasks related to the
formulation of the effective compliance tensor S(H) of an elastic matrix
weakened by a distribution of microdefects. In contrast to most of the existing
studies of this type the present one will not be limited to small-to-moderate
concentration of defects.
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MACROCOMPLIANCES - MEAN FIELD APPROXIMATIONS

The initial task in establishing the algorithms needed to compute the
macrostrains and their rates of change from expression (1) consists of a
rational, simple and reasonably accurate determination of the macro-compliance
S(H) of a macro-homogeneous solid containing a large number N of
inhomogeneities (voids, cracks and other microdefects). The problem is,
obviously, associated with local fluctuations in stress and strain fields
attributable to the microdefects. As shown in [4] these fluctuations can, at least
in principle, be rigorously determined solving a system of N coupled integral
equations. In cases of current interest N is, by definition, a very large number.
Moreover, the kernels of the above mentioned integrals are complicated
tensorial functions combining derivatives of the Green's function for
displacements and tensors of elastic moduli. Consequently, a rigorous solution
of the problem is feasible only when the matrix is homogeneous, isotropic and
linearly elastic and when the defects are of simple geometry forming regular,
periodic patterns.

In typical engineering materials neither of these conditions is satisfied.
Even when the stress and defect fields are originally periodic (as in the case of
plates joined by lines of rivets) the defect growth emphasizes increasing
disorder. As shown by [5, 6] a self-similar growth of an initially periodic crack
pattern represents a thermodynamically unstable path. Therefore, a physically
appropriate model must emphasize the randomness of the microdefect pattern
and pattern evolution.

In view of the extensive literature devoted to the determination of elastic
parameters of materials containing defects (see, for example books [4, 7, 8, 9]
and a long list of papers and state-of-art reviews) a comprehensive recital of all
relevant details and existing models might, indeed, verge on being redundant.
Nevertheless, a precis on main aspects of the theory, in the spirit of the recent
[10] summary is needed to provide for a better understanding of the
forthcoming arguments.

In general, most if not all of the existing models start from consideration
of a homogeneous, linearly elastic material occupying a finite volume V which
contains a statistically significant sample of microcracks and microvoids.
Assuming that the defects are small in size in comparison to the characteristic
length of the representative volume element V, it seems reasonable to assume
that the macrofields can be computed simply by volume averaging of the corres-
ponding microfields. In this case it can be shown [11, 12, etc.] that the
expression for the overall compliance tensor allows for the additive
decomposition

S(x,H) = S(x) + S*(x,H) 4)
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into the compliance tensor S of the virgin, elastic matrix and the compliance S*
attributable to the presence of the microdefects. The compliance tensor S* can
be determined in several different manners.

Derivation of expressions for the components of the compliance tensors
S* and S (and/or elastic parameter tensors C* and C) is a matter of
convenience and desired level of rigor. The expressions for the components of
the tensor S* can be often derived using the already available formulas for the
displacements in a point on the void perimeter. When formulas for the
displacements are not available they can be, at least in principle, derived from
the corresponding Green's function [4, 8]. More often than not these
derivations are too arduous to be truly competitive with other methods. The
other possibility is to apply the Eshelby inclusion method [8]. However, a
direct connection exists [12] between the Eshelby inclusion method and the
method based on the direct use of the expression for the displacements of the
points on the void perimeter.

Within the space constraint of this paper an exhaustive appraisal of
various mean-field models is obviously not possible. Instead it suffices to
discuss in a rather superficial manner the three most frequently used models.
The simplest model is the so-called dilute concentration (or Taylor's) model
which entirely ignores the microdefect interaction. In the case of the self-
consistent model each microdefect is influenced by the other microdefects only
indirectly through the use of the overall effective compliance. The so-called
differential method is based on essentially equipolent assumptions as the self
consistent method. Generally speaking, common to all mean field (first order
effective continua) theories are the following assumptions:

(a) the external stress field (far field) of each microdefect is assumed to

be equal to the far field (macro) stresses,

(b) the external fields for each microdefect weakly depends on the exact
positions of adjacent microdefects and is equal to the volume/area
averaged microfields, and

(¢) the characteristic length of the largest microdefect is small in compa-
rison to the linear dimension of the volume over which the averaging is
performed.

The first of these three assumptions eliminates the need for computing
local stress fluctuations. The second assumption represents a major
simplification by eliminating from considerations the exact position of each
defect. Simultaneously, this assumption limits the application of mean field
methods to low-to-moderate concentrations of microdefects. At higher
concentrations the interaction becomes more important necessitating knowledge
related to the statistics of distances separating the microdefects. The third
assumption is intuitively obvious. Consequently, the mean field theories are
inherently incapable of dealing with the critical states which are characterized
either by the emergence of a large cluster of coalesced microdefects or by a
macrodefect growing from a single microdefect of preferential geometry.
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The mean field estimates for the elastic moduli are available in the
existing literature for a host of defects of simple geometries. These derivations
are especially simple when the overall response is macro-homogeneous. In a
two dimensional, plane stress case of an elastic matrix weakened by randomly
oriented rectilinear slits of equal length 2a it is possible to derive the requisite
formulas in closed forms. Figure 1 depicts relative loss of elastic modulus as a
function of the [13] damage variable Na2 (where N is the number density, i.e.
the number of slits per unit area). First order self-consistent and Taylor
estimates are available in [14, 15, etc.]. The second order estimate [16] was
determined after substantial computations. The same is true for the so-called
replacement scheme [17].

1.0
—— Taylor method
—&— Differential method
0.8 ——®— Replacement scheme
—O— SCM
0.6 7 SCM - 2nd order
=
~
= 0.4 -
0.2 1
0.0 T 1
0.0 0.2 0.4 0.6 0.8 1.0
Na
Fig.1. Reduction of elastic modulus as a function of slit

concentration.

The analogous analyses are available for the elastic matrix in condition
of plane strain perforated by a large number of circular voids of radius a.
Figure 2 presents results summarized in [10] in addition to [18] computations
and experimental data from [19]. In both cases it was the macrostress which
was prescribed at the volume boundary.

Similar analyses are possible and available for rectangular and triangular
voids. The derivation of self consistent estimates in cases of defect induced
macro anisotropy [11, 12, 15, etc.] requires some computational effort and the
results are not always available in a simple analytical form.
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The advantages of the mean field theories are rather apparent from the
discussion above and they, at least partially, explain their enduring popularity
and omnipresence. The mean field models are obviously firmly based on the
underlying physics and geometry of the the microstructure. Secondly, the mean
field theory methods have an algorithmically appealing structure allowing for
establishment of relatively efficient computational schemes. Nevertheless, these
methods are not without shortcomings as pointed out in the literature. Some of
the principal shortcomings and deficiencies of the mean field models, having a
limiting effect on their applicability, are:

¢ Statement that the MFT are valid for low-to-moderate microdefect
concentration densities is meaningless in absence of a physically justifiable
quantitative criterion defining precisely the range of the concentration density
within which these methods provide sufficiently accurate estimates.

o In absence of such a criterion and "exact" solutions it becomes
impossible to select the most accurate model, i.e. with an exception of the dilute

concentration model the choice of a particular approximation simply becomes a
matter of preference.
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¢ Eliminating from considerations the exact location of each defect, i.e.
the distance between the defects and, thus, their direct interaction, the MFT
become unsuitable for considerations of phenomena dominated by defect
interaction (hot spots). For example, analyses of localization phenomena require
introduction of a length scale absent in MFT models.

¢ Assumption that each defect is exposed to the average, in contrast to
local, stresses becomes suspect for larger defect concentrations.

e The conclusion that macroparameters depends only on volume
averages of microdefects is, at the very best, correct for overall moduli. It is
intuitively obvious that the brittle rupture strength in most cases depend on the
largest defect, i.e. on the extreme moments of the defect distribution (or
unlikely events).

e Finally, it is seldom explicitly stated but nevertheless obvious that the
largest defect must be much smaller than the linear dimension of the
representative volume element (RVE). Otherwise, volume averaging makes little
or no sense at all. This, naturally, means that the size of the RVE must be
increased as the defects grow (assuming that one is actually appraised of the
size of the largest defect). This process can be, at most, continued until the RVE
becomes as large as the specimen itself unless in the meantime one of the
defects, unbeknown to the analyst, exceeds its critical size.

All of these shortcomings and ensuing limitations are generally known if
not always spelled out. Eliminating from considerations the position of defects
and local stress fluctuations is exactly the reason for the superior computational
efficiency of the MFT models. However, this efficiency is bought at the
expense of the rigor and limitations in the range of its applicability.
Unfortunately, the exact solutions of a very large system of coupled integral
equations is computationaly prohibitive. In fact, since the defects themselves are
typically of irregular geometry such a venture would make little sense as well.

Summing up all achievements and limitations of the mean field theories
Cleary in [14] with a sense of foresight stated that "until some tractable
probabilistic description has been achieved, it seems that a single isolated site
model of heterogeneities will have to suffice".

MACROCOMPLIANCES, PERCOLATION MODEL

According to available evidence the mechanical response in the neigh-
borhood of the apex of the force-displacement curve is characterized by
increasing heterogeneity of the stress and strain fields as a result of the
emergence of large clusters of coalesced defects. These clusters are typically of
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random geometry and their sizes are commensurable in length to the smallest
linear dimensions of the specimen itself. Once the volume averaging becomes
suspect, analyses of topologically disordered microstructures by extensions,
modifications and assorted reincarnations of the mean field, or similar
deterministic models becomes a lost cause. In agreement with [14] the only

rational strategy involves considerations based on the methods of statistical
nature.

A class of methods, steadily gaining popularity in many fields of
statistical physics dealing with critical phenomena, belongs to the general
framework of the percolation theory. As already stated the percolation theory
provides a powerful and efficient framework for the study of processes and
systems in the close neighborhood of the critical state (or percolation threshold)
defined as emergence of an infinite cluster. The principal objective of these
studies is focused on the determination of certain universal laws and quantities
which emerge from an otherwise random process and random geometry. All
processes and systems having identical or nearly identical universal parameters
form a universal class. These parameters are universal in the sense that they do
not depend on the microstructure of the specimen, i.e. details of the distribution
of defects, inhomogeneities, inclusions, etc..

Dilution of a homogeneous, elastic matrix by voids and/or crack-like
defects constitutes one of these universal classes. The percolation studies of the
problems and systems belonging to this class center on the determination of
critical lacunity (i.e. critical volume/area defect density) f.. and scaling law for

the specimen stiffness C o< Ifcc - fI' in the neighborhood of the percolation

threshold f — fce. The difference Ifge - fl is the proximity parameter and r
(typically not an integer) is the universal exponent. It is notable that the
percolation threshold f.. depends to some extent on the microstructure of the
material (i.e. distribution of bonds within the material microstructure). This is
not only expected but also a physically justifiable consequence of the fact that
the rupture depends on the crystalline structure of the material. In contrast, the
scaling laws for the stiffness C and some other parameters are truly universal.
In other words, the universal exponent r is for each of these parameters
independent of the details of the microstructure. Indeed, as a defect cluster
grows in size to a macrodefect (macrocrack, shear band, etc.) many times larger
than a grain the dependence of the deformation process on the microstructural
details becomes negligible. Naturally, the scaling laws in their simplest form
Ifce - fIF implicitly contain the assumption that in the close neighborhood of the
percolation threshold all parameters depend only on the infinite cluster and not
at all on the other defects and defect clusters. As a result, universal exponents
can be obtained from simulations and/or experiments only approximately.

The distinction between the elastic percolation studies and more
traditional inquires into conductivity (permeability) problems is readily
appreciated from the following physical argument. In terms of conductivity,
percolation takes place as soon as an infinite cluster at f = f; traverses a
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specimen, connecting its opposite sides (i.e. forming a bore-hole). The loss of
rigidity of the specimen will, however, occur only when the infinite cluster
transects the specimen into two or more finite size fragments. The
corresponding defect volume density f = f is in a three dimensional case larger
than f.. In two dimension the two percolation thresholds coincide with each
other, since a cluster which traverses a specimen transects it at the same time.

In general, universality depends on the dimensionality of the problem,
number of components of the order parameter exhibiting singular behavior and
the site connectedness. An order parameter is a mechanical variable
undetermined at the percolation threshold, i.e. a parameter which typically
exists only on one side of the percolation threshold. In the case of elastic
percolation problems, the specimen stiffness C(x) is a logical choice for the
selection of the order parameter since some of its components vanish at the
percolation threshold (critical lacunity). The number of the vanishing
components of the fourth rank tensor defining the specimen stiffness C will
depend on the defect shape and distribution (orientation).

The percolation thresholds fce and universal exponents are typically
determined by large scale Monte Carlo numerical simulations. The magnitudes
cited in the literature (and the subsequent text) refer to infinitely extended
systems. Since the numerical simulations on infinite systems are not possible
the theoretical values must be corrected using finite size scaling techniques.

Since the universality also depends on the connectedness range a
distinction must be made between the cases of: (a) non-overlapping
(impermeable or hard core) defects which may join into clusters only by sharing
part of their perimeters without intersecting and (b) the overlapping (permeable
or soft core) microdefects sharing part of their volume or surface.

The case of non-overlapping voids and/or cracks presents a much
simpler problem. For numerical simplicity voids are generally assumed to be
equal in size and shape. Void centers are assumed to occupy sites of either
regular or random lattices with probability of q = 1 - p. At a given fraction of
void occupied sites g, each void is, in average, connected to gz neighboring
voids, where z is the coordination number or number of nearest neighboring
sites. In other words, qbz is the average number of missing bonds per site of
the lattice. The superscript b stands for the bond percolation.

Conversely, the lacunity (porosity) f of the solid may be determined as a
product of the fraction of sites occupied by a void q° and the packing (filling)

factor v. Consequently, qcSv is the critical lacunity or average number of sites
occupied by voids at the percolation threshold. The shape of voids enters
computations via their packing (filling) factor v. Superscript s stands for the site
percolation model.
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The critical lacunity (porosity) f. of an infinite elastic plate containing
critical concentration N¢ (number of voids or slits per unit surface area) of voids
(plotted in Fig. 2 as point A) can be then written as

fc =V pcs = NC Avoid = (0.45%+0.03 (5)

As an example consider plates perforated by circular voids with centers
located on triangular and square lattices. According to the expression (5) the
ability of the plate to transmit external loads will be exhausted at emergence of
the infinite cluster, i.e. when the fraction of sites occupied by voidsis qc8 =1 -

0.5=0.5and qc8 =1 - 0.593 = 0.407, respectively for two considered lattice
forms.

The above result contradicts the estimates of the critical lacunity
computed on the basis of the cell method. Assuming that the periodicity of
defects persists up to the failure leads to a nonconservative estimate of qc = 1.0.
Thus, the preservation of periodicity requires twice as much energy as it is
needed in the actual process, emphasizing random distribution and growth of
defects. The result (5), supported by experiments [19], contradicts the
differential method estimates claiming that the macrofailure will occur only at
infinite void density. It should be noted that the critical lacunity f; is
independent on the microstructure of the material (lattice). The dependence on
the void shape is reflected through the packing (filling) factor v.

A much more complicated problem ensues if the void centers are
allowed to form a truly random network and when the voids are allowed to
overlap (intersect or permeate each other). The clusters shapes in this case may
assume a large spectrum of irregular forms typically observed in micrographs of
rupture surfaces.

A comprehensive recital of the requisite continuum percolation theory
methods needed for these analyses would take much more space than accorded
to this precis. For the present purposes it suffices to mention that the critical
lacunity, i.e. fraction of plate surface occupied by randomly positioned circular
voids is independent of loading and dilution sequence. Large scale Monte Carlo
simulations [20, etc.] strongly corroborate this statement.

Using the so-called excluded area method [21] the total area of voids at
the percolation threshold is for the case of overlapping circular voids equal to

fc = (N Ayoid)e = 1.13 (6)

This result is somewhat deceiving since a large part of this critical area is in the
case of overlapping voids counted more than once. The actual porosity can, in

this case, be computed as being f; = 0.68 (point B in Fig. 2).
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Using similar methods [20, 22, etc.] the critical density of isotropically
oriented rectilinear slits of length 2a (allowed to intersect) is again derlved as a
threshold value of the Budiansky, O'Connell damage parameter

(N a2) = 1.40 )

The determination of the stiffness (or compliance) of an elastic specimen
perforated by a dense and random distribution of voids is, at first glance, a
formidable assignment offering little or no hope for analytical solution.
However, if the objective is limited to the analyses of states at the incipient loss
of stiffness, it suffices to focus on the consideration of weakest segments and
their contribution to deformability. This problem, in relation to solids weakened
by voids, is first addressed by [23] who mapped a perforated continuum on a
discrete random lattice (network) known as "nodes-link-blob" (NLB) picture.
In the case of circular (spherical) voids the NLB model is familiar under a
picturesque sobriquet swiss-cheese model.

The initial step in mapping the perforated continuum on the node-link-
blob model consists of constructing the Voronoi tesselation. Each edge of the
Voronoi polyhedra is the line equidistant from the centers of the two voids it
separates. If the two voids separated by the line do not touch or overlap, this
link has a finite strength. The links separating centers of overlapping voids have
zero strengths.

The entire structure is now approximated by macrolinks joined at nodes.
The distance separating the nodes are proportional to the defect size, i.e.

correlation length . Each macrolink consist of microlinks (narrow stretches of
segments separating the adjacent voids also known as cutting bonds) and thick
parts (blobs) surrounding the nodes. The blobs and microlinks are connected in
series. Taking a hint from the behavior of lattices near the percolation threshold,
it seems reasonable to assume that the deformability of a macrolink is governed
by its flexural stiffness as f tends to fce. Since the deformability of a link is
proportional to the cube of its thickness of the segment ,it seems reasonable to
assume that the contributions of blobs and thicker microlinks to the deformation
of a macrolink are negligible. Thus, the actual deformability of a macrolink is
dominated by the bending rigidity of thinnest microlinks. As the most flexible
microlink deforms some of the load is transferred to the neighboring
macrolinks. At the incipient loss of rigidity of the specimen every macrolink 1s
loaded up to its capacity. The ultimate loss of rigidity (elastic percolation
threshold) is, therefore, the result of a cascade-like sequential loss of bending
rigidities of macrolinks. Thus, it is possible to assume that at the incipient loss
of rigidity each macrolink has the same rigidity and carries identical load.
Consequently, subject to all of these assumptions, the scaling law for the
stiffness of the specimen at the percolation limit can be deduced from the
flexibility of thinnest segments separating the adjacent voids.
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After a long derivation , the scaling law for the axial macrostiffness for
the elastic plate perforated by circular voids is obtained is obtained in [24] to be

K ~ (f; - £)3-17 as f > f, 7

The extreme flatness of the stress-strain curve in the neighborhood of the
percolation threshold makes experiments very difficult. Nevertheless, results
measured by [19] are in close agreement with the analytical estimate (7).

SUMMARY AND CONCLUSIONS

In general, the mean field and percolation models are entirely
complementary in the sense that they apply in different regimes. In matching, or
coupling the estimates for the transport parameters (such as specimen stiffness,
diffusivity, conductivity, etc.) computed using the mean field and percolation
models a due caution must be exercised in interpretation of these estimates.
From the standpoint of the mean field theories, the macro compliance and the
average elastic moduli are entirely interchangeable. Knowing all components of
the compliance tensor S (or tensor of elastic moduli C) it is always possible to
compute unambiguously the overall (effective) elastic modulus E and Poisson's

ratio v. This is, of course, true as long as the correlation length & is much

smaller than the linear dimension L; of the representative volume element and
the smallest linear dimension Lg of the specimen itself.

Percolation theory, in contradistinction, deals with systems near or at

the incipient emergence of the infinite cluster & — oo. In the existing literature
devoted to statistical physics, which is much more plentiful than the list of the

herein referenced papers, the elastic percolation threshold is, somewhat less
fortunately, defined as a void volume/surface density at which the elastic or
bulk modulus vanishes. In fact, at this point the volume averages are
meaningless since no volume exists which contains the largest defect as its

characteristic (correlation) length & tends to infinity. For example, in a specimen
transected into two large fragments averaging their elastic moduli makes
absolutely no sense at all.

Thus a correct definition of the elastic percolation threshold would be
that at f = fcc when one or, perhaps, more components of the specimen
stiffness tensor C, defining its capability of transmitting forces in a given
direction, vanish. It is in this light that the results of the mean field and
percolation theories must be matched.

It is both notable and obvious that in absence of the percolation theory
or exact solutions organizing statistics generated by many computations and
experiments, the discussions related to the selection of the most accurate mean
field theory are not entirely rational. Specifically, the self-consistent model
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predicts that the elastic modulus of an elastic plate vanishes when the slit or void
density is finite (Figs. 1 and 2). The differential method, based on the same
fundamental assumptions, ascertains that the overall elastic modulus E
approaches zero only as the slit and/or void density tends to infinity. The
question of their relative accuracy, however, is not in their high defect
concentration limit. In fact, neither of two is supposed to be valid near that
limit. Even though the current percolation studies are suggestive in favoring the
self-consistent method, comprehensive examination of the cross-over regime
are necessary for more definitive conclusions with regard to relative merits of
individual mean field models.
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A STATISTICAL-MICROMECHANICS MODEL FOR PARTICULATE MATERIAL
Ching S. Chang

Department of Civil Engineering
University of Massachusetts, Amherst, MA. 01003

INTRODUCTION

Mechanical behavior of granular media is important in
many fields of studies such as soil mechanics, powder
mechanics, and ceramic mechanics. The mechanical behavior
of granular media has been studied by borrowing the stress-
strain models, such as elastic, elasto-plastic, or plastic
models, developed for continuum materials. These continuum
models consider neither the discrete nature nor the
deformation mechanism of granular materials.

A more rational approach should be one that considers
the granular system as an assemblage of particles. When
subjected to loading, the deformation of the granular system
results from particle deformation as well as slip between
particles. Along this line, the constitutive behavior of
granular assemblies is investigated using a micro-mechanics
approach, taking into account the interactions between
particles. Efforts in this direction can be found in
references [1,2,3,4,5,6,7,8]. However, these work have been
developed based on Ruess assumption of uniform strain.

Thus, the developed stress-strain theories can only be
applied to small deformation conditions. They are not
suitable in the modelling of failure/damage of granular
solid [9].

Effects of higher order strain including particle
rotation has been investigated in references [10,11]. Non-
uniform strain condition is a significant factor influencing
the overall behavior of the granular material, especially in
the condition of large deformation. Attempts of including
the effect of heterogeneous strain on the constitutive
modelling have been made in references [12.13].

Due to the complex nature of interactions among large
number of particles, it is necessary to employ statistical
methods to consider the non-local interaction within a
heterogeneous material. Therefore micro-mechanics and its
synergism with statistic theory is a viable way to model
such type of material. In this paper, development of such
synergism will be addressed and the derived constitutive
relationship is illustrated by comparing the predicted
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behavior with that measured from sand samples in experiments
under various stress conditions.

GENERAL: CONSIDERATION

For a granular material, it is possible to define a
representative volume element which consists of a large
number of particles. From a practical point of view, a
necessary characteristic of a granular material is
statistical homogeneity. A strict statistical definition of
this concept must be expressed in terms of n-point
probabilities and ensemble averages, see e.g. [14].

In such a representative volume, the space variation of
the field variable such as stress and strain are statistical
homogeneous, if the homogeneous boundary conditions are
applied, given by either one of

_ 0 _ 0
ui(S) = Eij Xj or Ti(S) cij nj (1)

where eij and ogj are constant strain and stress
respectively.

When strain eij is prescribed on the boundary, it
follows by Hill’s principle [15], that the strain averaged

over the representative volume Eij is equal to the strain

Eij' Conversely, when stress cij is prescribed on the

boundary, the stress averaged over the representative volume

6.. is equal to the stress o,
1] 1]

It is noted that the representative volume element is
completely analogous the infinitesimal element in continuum
mechanics. The infinitesimal element in continuum mechanics
is in reality a representative element which is composed of
a sufficiently large number of particles but has a size
sufficiently small in relation to the size of engineering
problem. This would imply that the classical field
equations of continuum mechanics are assumed valid. And it
is of interest to obtain the constitutive relationship
between the averaged stress and strain:

THREE-LEVEL MICROMECHANICAL APPROACH

Granular material can be viewed at three levels, namely,
1) representative unit, 2) micro-element, and 3) contact. 2
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representative unit is defined as an assembly which contains
large number of particles to be representative of the
granular material. FEach particle in the representative unit
is in contact with several neighboring particles. These
particles form a particle group, termed as micro-element,
which is an elementary unit at microscopic level. Each
contact within the micro-element between a pair of particles
is regarded as the basic unit of granular material. A
schematic representation of the three levels of granular
material is shown in Fig. 1.

MICRO-ELEMENT

REPRESENTATIVE

UNIT

INTER-PARTICLE CONTACT

FIG. 1. Schematic figure for three levels of granular
material

In the following, we first deal with the translation and
rotation of discrete particles which cause the micro-scale
discontinuity due to sliding and separation at contact
level. At micro-element level, the continuum concepts of
stress and strain are introduced accounting for the micro-
discontinuity. At representative volume level, the overall
behavior is obtained by averaging the behavior of micro-
elements with a homogenizing process.

DISCRETE BEHAVIOR AT CONTACT LEVEL

Granular soil is envisioned to be rigid particles
connected by imaginary elastic-plastic springs which allow
sliding and separation of particles. There are two modes of
movement for a particle: translation, us, and rotation, o, .

Based on the kinematics of two rigid particles of convex
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shape, the relative displacement AS?m and relative rotation

Ae?m between particle 'n’ and particle 'm’ at the contact

point ‘c’.
nm _ ., m_ , N m m_ ,n . n
A6i = Aui Aui + eijk(Awj rk ij rk) (2)
26T = 20T - Ao (3)
i i

where the quantity eijk = the permutation symbols used in
tensor representation for cross product of vectors.
The relative angular rotation, Ae?m, is related to the

contact couple. For simplicity, we limit our discussion to
particles with convex shape and neglect the effect of
contact couples. The relative displacement representing

spring~stretch at the contact point ‘c’, AS?m, is related to

the contact force, Af?m, by a incremental expression as

AT g AT 4¢P (4)
i i3 773 i

where K?? is the contact stiffness tensor and Af?m is the

residual force in excess of the contact strength in the
cases of particle sliding or separation. Shear contact
stiffness vanishes after sliding occurs and normal contact
stiffness vanishes after separation occurs.

EQUIVALENT CONTINUUM

Since the assembly consists of a large number of
particles, it is expedient to treat translation and rotation
of discrete particles as continuum fields. On this basis,
the discrete system can be transformed into an equivalent
continuum and its behavior can be described by the continuum
concepts of stress and strain.

With the absence of couple stress of the micro-element,
it has been shown [11] that an asymmetric deformation strain
can be defined for granular soil in terms of the continuum

variables u? . and Aa" in the following manner:
14
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n =N

n -_—
Ae .. = A + eijk boy (5)

u. .
1] 1]
The symmetrical part of As?j is equal to the symmetrical

part of displacement gradient, representing the usual
symmetric Cauchy strain of the micro-element. The skew

symmetric part of Ae?j represents the net spin of particles

(i.e., the difference between rigid body rotation of the
micro-element and the average rotation of particles).

The strain defined in this way not only is theoretically
more generic but also furnishes a convenient kinematic
relationship which relates strain to the spring stretch,

Aé?m, at the contact between the center particle 'n’ and its
neighbor particle 'm’, given by

ABi = Ag .. L. (6)

where, L?m is the branch vector joining the centroids of

particle 'n’ and particle '‘m’. Note that Lo r?c - r?c
and rpc= the vector measured from the centroid of the

14

particle 'n’ to the contact point ’c’.
The relationship between the contact forces and the
stress of the micro-element can be defined by employing the

theorem of stress mean [11, 16]. The local stress Ac?. is
expressed as the volume average of the dyadic product of
contact force Af?m and branch vector L?m

where Vn is the volume associated with the n-th micro-

element. Summation of the volume v over all micro-elements
is equal to the total volume of the representative unit,

such that V = ) V",
n
Based on the following relationships: (1) stress versus
contact forces (Eq. 7), (2) force versus spring-stretch at
contact (Eg. 4), and (3) strain versus spring-stretch at
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contact (Eq. 4). The constitutive equation for the micro-
element can thus be obtained in the following incremental
form:

n _ .n n n
Aoij = Cijkl Aekl + Aoij (8)
where C?jkl is the local stiffness tensor for the n-th

micro-element given by

n _ 1 nm _nm _nm
Cisk1 = T TZ L Ryp Iy (9)

The stress Ac?j in Eq. 8 for the n~-th micro-

element, resulting from the residual forces due to sliding

and separation, is given as follows;

aol, = Ly e
I 1 1

10
13 oy o)

HOMOGENIZATION PROCESS

Here, we consider a given volume to be representative of
the granular solid such that the boundaries of the said
volume are subject to displacements compatible with a
uniform overall strain. Under such conditions, Hill [15]
has shown that, for heterogeneous material, the overall
stress and strain can be expressed as the volume averages of
their corresponding quantities at local level.

Thus the overall stress and strain for the
representative unit, denoted by Aoij and Asij, are regarded

as volume averages of the local stress and local strain at
the micro-element level, such that

_ 1 n, n
Acij =5 2 % Aoij (11)
fe,. =3 TV Al (12)
iy v : ij

Corresponding to the overall stress and strain, it is
reasonable to define an overall stiffness tensor for the
representative unit such that the overall stress-strain
relationship can be expressed in the following form:

106



Acij = Cijkl Aakl (13)

It is noted that the stiffness tensor Cijkl is not the
volume averaged stiffness temnsor, Eijkl’ defined by
n

_ 1
13kl TV E v Cljkl (14)
n

In a heterogeneous material, the stiffness tensor at any
given point can be decomposed into two parts: the average
stiffness tensor of the volume and the fluctuation stiffness
tensor at this point, given by

Cik1™ Cigrat 8Cisk1 (15)

At any point in a heterogeneous medium, force
equilibrium must be satisfied, thus

Bo;4 3= Cygp188y 1) 3 =0 (16)

The equilibrium condition at point ’p’ can be expressed with
an integral form in the following manner:

jv Aclj ; (@) Aujm(p,q) dv(q) =0 (17)

*
where Aukm( p,q) is a weighted function. Here a function of

Green’s type is selected such that Au (p,q) represents the
displacement Auk at point 'q’ due to an unit force fm at

point ’p’ in a homogeneous medium with Eijkl' The selected

Green’s function satisfies the following equation:

- *
cijklAukm,li(p’q) + Smjs(p,q) =0 (18)

where 8§