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Chapter 1
‘Introduction

The study of structural acoustics and fluid-structure interaction involves the solu-
tion of problems of acoustic radiation and scattering, elastic and structural wave
propagation, and their interaction. Only relatively few, simple cases can be solved
analytically and when the wavelength is of the same order as characteristic length
scales asymptotic methods usually cannot be employed. Thus, most configurations
of practical interest must be solved by standard computational tools such as bound-
ary element, finite difference and finite element methods. Exterior problems of wave
propagation pose a unique challenge to computation since the unbounded region is
inappropriate for direct implementation of computational techniques. The derivation
of mathematically sound continuous formulations that provide suitable bases for the
computation of solutions to exterior problems of acoustics is not a trivial task. The
performance of numerical methods that are then based on such a formulation, in
terms of accuracy and convergence, as well as computational cost-effectiveness, also
requires careful consideration. This work reviews recent developments in numerical
methods that address these issues. _ '

Acoustic problems, in addition to being of interest in their own right, can also be
considered as scalar models for elastic and structural waves. The time-harmonic case
is governed by the Helmholtz equation (or the reduced wave equation), with solutions
describing propagating and evanescent waves in acoustic fluids. In the evanescent
mode, time-harmonic acoustics are described by equations similar to many singular
diffusion problems. The solutions to these problems may contain sharp boundary lay-
ers, as in heat conduction with temperature-dependent strong sources due to chemical
reactions, diffusion problems in semiconductors and elastic materials on elastic sup-
ports. There is also general interest in the Helmholtz equation in an abstract setting
because of stability problems that are associated with its operator, namely, there is
potential loss of ellipticity with increasing wave number in the propagation region,
and a diminishing capability to characterize derivatives of the solution with increasing
decay rate (stability in the H' sense).

Numerical solutions to the reduced wave equation in exterior domains have been
sought primarily via techniques that are based on Helmholtz integral representations
of the problem, relating quantities on the physical boundary of the problem. Such
formulations are obtained by using fundamenta) solutions as weighting functions and
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employing Green's theorem, a procedure that typically is restricted to linear, isotropic
and homogeneous problems. These equations lead to direct [20] and indirect bound-
ary element methods [101] (see also the survey in [137]), with the benefit of a prior:
satisfaction of the radiation condition at infinity, and the advantage of seeking so- -
lutions over a domain that is of one dimension lower than the original form of the
problem. On the other hand, methods of this kind are known to encounter difficulties,
such as potential non-uniqueness of the solution of the continuous boundary integral
equations at characteristic wave numbers of corresponding, but physically unrelated,
interior problems. This is not a property of ezact solutions of the boundary-value
problem (see [139, p. 297], [153, pp. 55-60], and references therein), and will lead to ill-
conditioned discrete equations if left uncorrected. Countering this drawback requires
considerable ingenuity since the distribution of critical values becomes progressively
more dense for higher wave numbers and elongated geometries. In Chapter 3, results
pertaining to the uniqueness of boundary integral representations are reviewed in de-
tail. Although these results are well known, the manner by which they arise does not
appear to be fully appreciated. The resulting restriction of the application of these
methods in their original form to problems with wave numbers below a critical limit -
has been recognized practically since their inception ([22], [104, pp. 128-136], and
[105, pp. 498-500]), and over the years numerous remedies have been attempted.
Foremost among these are the following three approaches: The CHIEF method,
due to Schenck [130], in which the integral formulation is modified by adding equa-
tions to enforce solutions to vanish at points in the interior, thereby differentiating
fictitious solutions from the desired one; the advantage of solving the resulting over-
determined system of equations without significant addition in cost or complexity is
counteracted by the lack of rigorous criteria for selecting interior points and deter-
mining the limit of stability. The interior points must be sufficient in number and
judiciously located on one hand, yet too many points can degrade the conditioning
of the linear equations. The Burton-Miller approach [19] of combining the integral
equation with its normal derivative theoretically precludes non-unique solutions; while
conventional formulations lead to excessive computational cost of equation formation
(the impact of computations performed in [6] is examined in Chapter 7), recent work
[107] indicates that this difficulty may be overcome, although some implementational

. 1ssues (such as the need for C' interpolation) remain unresolved. The third approach

Is to replace the fundamental solution in the boundary integral equation with a mod-
ified Green function, [95] and [102]; however, this scheme is not simple to implement
and a correlation between the number of terms employed in the kernel and the modes
of fictitious solutions that are suppressed is not generally accepted.

Despite ongoing efforts, a satisfactory resolution is apparently yet to be recognized
by the computational acoustics community, as evidenced by the profusion of recent
and current literature dealing with these topics, e.g., [26, 54, 100, 133]. Burton-
Miller formulations, when properly employed, appear to offer the most promising
basis for boundary-based computation in that non-unique solutions are rigorously
excluded. Traditional implementations of this procedure suffer from the shortcoming
of attempting to numerically integrate hyper-singular kernels, thereby exacerbating an
existing difficulty of boundary element methods in integrating weakly singular kernels
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(which come about by the use of fundamental solutions. and are analytically integrable
but often cause numerical difficulties. in particular when higher-order interpolation
functions are employed). These issues are circumvented in [107] by transforming the
Burton-Miller formulation into one in which no hyper-singular kernels remain, greatly
enhancing the appeal of this approach. An alternative is to employ a weak form of
the Burton-Miller approach which allows consistent use of C° approximation while
potentially remaining theoretically sound yet computationally competitive [97].

In this work we take a different course and review developments in finite ele-
ment methods for the Helmholtz equation in unbounded domains. Having reached a
high degree of mathematical and algorithmic sophistication, finite element methods,
which are based on variational formulations, have become the numerical technique of
choice for numerous classes of boundary-value problems, and are emerging as strong
challengers to entrenched traditional approximate solution methods in many others.
Finite element methods are not restricted to homogeneous, isotropic, linear prob-
lems, which is often the case for boundary elements. When applicable, boundary
elements do have an ostensible advantage. For example, in three dimensions they
require only surface discretization as compared to volumetric in the case of finite
elements, thereby reducing the number of equations to be solved. However, the re-
sulting systems of equations are nonsymmetric and dense, as opposed to symmetric
and banded in finite elements. The computational advantage in processing time and
storage requirements that would be expected intuitively is therefore not always real-
ized in the ranges of problem size to which direct and iterative solution strategies are
each applicable, rendering the two methods economically competitive for large-scale
computation (as demonstrated in Chapter 7). Nevertheless the task of discretization
is substantially simpler for boundary element methods, an important consideration .
in model preparation. In contrast to boundary element methods which are often
based on collocation and hence may be difficult to analyze, finite elements have a
rich mathematical background which can be used to prove convergence of numerical
solutions to the exact solution with mesh refinement (in Chapter 6), and at times aid
in method design (see Chapter 5). Finally, there is no theoretical limitation on the
applicability of finite element methods to high wave numbers in exterior problems, as
one encounters in boundary integral equations in their original form. The Galerkin
finite element method is capable of modeling increasingly higher wave numbers by
refining the mesh. However, this may become prohibitively expensive, and we will
explore in depth herein methods of achieving this goal by less costly means.

In the field of structural acoustics, the use of finite element methods in modeling
elastic solids is on the rise, coupled with (and on occasion supplanting) boundary
element methods to model the acoustic fluid, e.g., 8, 29, 117]. Two fundamental
impediments to the direct application of finite element methods to modeling acous-
tic fluids are the unbounded domain and the stability issues discussed above. The
utilization of exponential shape functions in so-called infinite elements was suggested
as a means to circumvent the difficulty associated with the exterior domain [17], see
Chapter 3. Other approaches convert the boundary-value problem to formulations
that are defined over bounded regions by introducing an artificial external bound-
ary with appropriate boundary conditions. Proper representation of the radiation
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condition then becomes the crucial issue. One approximation to the radiation condi-
tion was obtained by employing an asymptotic expansion of the far-field solution to
- generate a sequence of local boundary operators [15]. In a recent implementation of
this scheme, finite elements were used to model the transient response of an acoustic
fluid in an exterior domain coupled to a viscoelastic structure [123]. Numerous other
schemes have been proposed, many of which are surveyed in the exhaustive reviews
[1, pp. 95-116] and [40]. Once a boundary-value problem is formulated in a bounded
region, finite element methods may be employed for computation, taking advantage
of the wide range of applicability and rich mathematical structure inherent in these
techniques. - -

In this work, a computational formulation is derived by the DtN method proposed
by Givoli and Keller [41] for converting boundary-value problems defined over large
or unbounded domains to formulations that are suitable for domain-based computa-
tion. This procedure formulates a boundary-value problem in a bounded region by
imposing a relation between the function and its normal derivative on an artificial
boundary. The goal is for the solution of the DtN formulation to be the restriction -
of the exact (and unique) solution of the original problem to this bounded domain.
The investigation in Chapter 3, which rigorously shows that the DtN method achieves
this goal by devising an ezact and non-reflective boundary condition that is imposed -
on the exterior of the computational domain, was prompted by experience with the
difficulties related to non-uniqueness of boundary integral representations. Simple
criteria guaranteeing the uniqueness of solutions in practical implementation are also
presented in Chapter 3 and local approximations of DtN boundary conditions are
characterized. (A modified DtN boundary condition has been developed to circum-
vent these criteria yet lead to well-posed problems [53].) This study indicates that
DtN formulations provide a suitable basis for domain-based computation of solutions
to exterior problems. Employing DtN boundary conditions enables the development
of finite element methods that converge with mesh refinement for fized computa-
tional domains. Other details on the DtN procedure and its application to problems
of time-harmonic acoustics in exterior domains are presented in Chapter 3.

The degradation of stability that arises in the type of problems discussed herein,
and the resulting numerical pathologies, are addressed by employing a general tech-
nique that was developed precisely to counteract such difficulties and specializing it
~ to this application. This methodology, in which the process of designing finite ele-
ments is based on understanding the underlying mathematical framework, has given
rise to a profusion of new classes of methods, e.g., [27, 34, 35, 36, 71, 72, 76, 77, 87].
In such cases, additional quantities are introduced into the formulation in order to
demonstrate convergence of numerical solutions to the exact solution. By endowing
the method in this manner with a sound mathematical foundation its performance
on general configurations is guaranteed, and stability properties are enhanced while
maintaining higher-order accuracy. .

Such ideas were developed by Hughes and Brooks for problems of convective trans-
port [72], and originally referred to as ‘streamline-upwind /Petrov-Galerkin’ (SUPG,
also called ‘streamline-diffusion’ and ‘anisotropic balancing diffusion’). These meth-
ods were later extended to advective-diffusive systems [78, 93], applied to Stokes [75],
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and compressible and incompressible flows, e.g.; [79, 87, 94], and have since undergone
extensive refinement and mathematical analysis (for a review see [70]. and Johnson
[88, pp. 181-188, 199-204 and 259-268], and references therein).

In a more recent development, the concept of ‘Galerkin/least-squares’ has arisen
as a generalization of these ideas. This methodology is obtained by appending terms
in least-squares form to the standard Galerkin formulation. The added terms con-
tain residuals of the Euler-Lagrange equations of the boundary-value. problem usually
evaluated over element interiors, thereby preserving the consistency inherent in the
Galerkin method (an important ingredient in obtaining improved. convergence rates
with higher-order interpolation) as well as respecting regularity requirements on the
functions employed. The notion of Galerkin/least-squares crystallized in [76] and in
the application of ideas of this sort to abstract mixed problems by Franca and Hughes
(see [36] and references therein) and their colleagues, and was the key to recognizing
these techniques as part of a general framework.

In fluid mechanics, Galerkin/least-squares methods are identical to SUPG for
hyperbolic cases, but the analysis in the presence of diffusion is simpler [76]. For
mixed problems, critical stability conditions governing well-posedness are violated in
the Galerkin framework by many practically convenient interpolations. Under the
Galerkin/least-squares umbrella, general combinations of interpolations (including
equal-order ones) become convergent, either by circumuventing the stability conditions
in the case of Stokes [73], compressible and incompressible elasticity [37], Reissner-
Mindlin plate [74] and contact problems [12] (in which the constraints are on the
boundaries), or by satisfying these conditions in the application of variational prin-
ciples (such as Hellinger-Reissner formulations) to compressible and incompressible
elasticity [33], and structural models (see [36] and references therein). In a similar
application, mixed variational principles of linear elasticity with independent rotation
fields are modified to engender displacement-type formulations that converge for all
combinations of interpolations [71]. These formulations lead to membrane elements
with drilling (in-plane rotational) degrees of freedom in the two-dimensional case,
which may be employed to facilitate the analysis of shells. Galerkin/least-squares
methods have also been implemented as a crucial stabilizing ingredient in space-time
finite element methods both for first-order [76] and [93] and second-order hyperbolic
equations [77]. Parameters that are employed in many of these methods were char-
acterized in [61]. ' '

An initial investigation employing Galerkin/ least-squares technology to relax wave-
resolution requirements for problems of time-harmonic acoustics is presented in Chap-
ter 5. This work is later generalized in Chapter 6 exploiting the mathematical struc-
ture inherent in finite elements to design and analyze the methods proposed. The
demonstrated success of Galerkin/least-squares methodology in generating mixed fi-
nite element formulations that are mathematically rigorous, simple to implement and
computationally efficient is particularly promising in considering problems of struc-
tural acoustics and fluid-structure interaction, in which the coupling terms are similar
in nature to those found in abstract mixed problems.

Other alternatives to the basic Galerkin formulation may be constructed with-
out upsetting consistency. Douglas and Wang modified the Galerkin/least-squares
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method for Stokes flow presented in [73] by altering the weighting of the additional
terms [27]. This nonsymmetric formulation, which is stable under more lenient con-
* ditions than its Galerkin/least-squares counterpart, was later extended to advection-
 diffusion problems [35]. A modification to the treatment of the jump terms in [73]
is presented in [138]. Franca and Dutra do Carmo introduced a method they called
‘Galerkin/gradient least-squares’ in which the least-squares terms contain residuals
of the gradient of the governing differential equation [34]. This method is intended
for modeling complex boundary layer phenomena, such as arise in the analysis of thin

structures, and thus far was successfully applied to scalar singular diffusion problems

(also related to evanescent time-harmonic acoustics). In Chapter 5 the performance
of Galerkin/gradient least-squares methods on problems of time-harmonic acoustics
is evaluated and found to be comparable to Galerkin/least-squares in the entire range
of decay and in a portion of the range of propagation. '

In Chapter 2 boundary-value problems of structural acoustics in exterior domains
are introduced. Problems that are suitable for domain-based computation, obtained
via the DtN method, are characterized in Chapter 3 and properties of resulting con-
tinuous and discrete formulations are reviewed. Galerkin, Galerkin/least-squares and
Galerkin /gradient least-squares finite element methods are presented in Chapter 4.

In Chapter 5 we consider simplified inhomogeneous radiation problems—radiation
loading of acoustic media by prescribed boundary. conditions as induced by the vi-
bration of a structure (thereby emphasizing boundary conditions of the Neumann
type), with particular reference to exterior domains. We work in one dimension for
simplicity, but never embark on a course that would preclude multi-dimensional gen-
eralizations. Model problems are employed to examine the numerical formulations

and design the Galerkin/least-squares operator. We concentrate on Galerkin/least-

squares methods, but also examine the application of Galerkin/gradient least-squares
operators to this class of problems. In recent years, there has been a resurgence of
interest in the use of hierarchical p-version finite elements and spectral elements to
obtain high-resolution numerical solutions for structural acoustics. Results from a
complex wavenumber dispersion analysis provide a guide for the design of p- and
hp-version adaptive schemes, high-order preconditioners for iterative solution meth-
ods and the selection of optimal Galerkin/least-squares mesh parameters for elements
using high-order basis functions.

The initial work presented in Chapter 5 is then extended to more general settings.
The effect of nodal spacing and the performance of the methods proposed in multidi-
mensional configurations are investigated in Chapter 6, and the general convergence
of solutions obtained by Galerkin/least-squares finite element methods is presented,
with error bounds obtained for the case of unresolved waves, guaranteeing the per-
formance of these methods on configurations of practical interest. The performance
of the methods proposed is validated by numerical examples.

Cost-effectiveness of numerical schemes is a primary concern in method design,
since it determines both the economics of computation and the limit of problem-
solving capabilities on existing computer technology. The demand for large-scale
problem-solving capabilities is growing with increasing interest in the numerical mod-
eling of realistic configurations, driving the development of sophisticated algorithms
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that are amenable to efficient implementation on modern vector and parallel plat-
forms. In Chapter 7 computational attributes of boundary element and finite ele-
ment methods are examined. Direct solution techniques are reviewed, and the cost of
employing such techniques to solve the equations arising from boundary element and
finite element analyses of a wide range of geometric configurations is evaluated and

compared. This study is repeated for iterative solvers, employing the GMRES pro-
cedure as a representative technique. The two solution strategies are then compared,
and the cost of equation formation is examined. This work clearly demonstrates that
finite element methods are economically competitive with boundary element methods
for obtaining solutions to problems of time-harmonic acoustics. - ‘

‘Finite element methods are capable of modeling problems of structural acoustics at
arbitrarily high wavenumbers providing that an appropriate level of mesh reﬁnemént
1s employed. However, direct solution techniques become prohibitively expensive
for the level of mesh refinement necessary at high wavenumbers. Iterative solution
strategies are an attractive alternative in these situations. Efficient methods for the
solution of large-scale matrix problems that arise from finite element methods for
structural acoustics are presented in Chapter 8. Results from a number of numerical
tests on both sequential and parallel computers are presented to highlight the superior
performance of methods considered. .

The Galerkin/least-squares method for the Helmholtz equation provides accuracy
and stability with lower resolution than the Galerkin method. A second mechanism
for enhancing accuracy is adaptivity, which is the subject of Chapter 9. An a poste-
riori error estimator and adaptive strategy are derived specifically for the Helmholtz
equation and the role of adaptivity in reducing the cost of computation is addressed.

Galerkin/generalized least-squares methods are developed and applied to model
the steady-state response of in vacuo and fluid-loaded Timoshenko beams in Chap-
ter 10. The goal of the new methods is to decrease the computational burden required
to achieve a desired accuracy level at a particular frequency thereby enabling larger
scale, higher frequency computations for a given platform. Methods for the in vacuo
response of beams are first presented. Numerical and analytic results for the method
. are then presented and compared to standard approaches. Methods for the coupled
problem are presented next followed by results. v

Chapter 11 presents the design of new space-time finite element formulations for
the solution of transient structural acoustics problems in exterior domains. The for-
mulation is based on a time-discontinuous Galerkin/least-squares variational equa-
tion for both the structure and the acoustic fluid together with their interaction.
The result is an algorithm for time-dependent wave propagation with the desired
combination of good stability and high accuracy. New time-dependent non-reflecting
boundary conditions for the acoustic wave equation are developed based on the exact
impedance relation of the Dirichlet-to-Neumann (DtN) map in the frequency domain.
Time-dependent counterparts are obtained through an inverse Fourier transform pro-
cedure. Optimal stability estimates and convergence rates are reported together with
a discussion of the positive form of the resulting space-time matrix equations. Rep-
resentative numerical examples involving transient radiation achieved by the new
method for structural acoustics.

C we pranted.




Chapter 2

Boundary Value Problems for
Time-harmonic Structural
A coustics

First, the boundary value problem for the coupled system is given. The acoustic .
domain of the original problem is infinite. Using the DtN boundary condition, an
equivalent problem on a finite domain is obtained which is amenable to computation.

The weak form of the problem is given next.

2.1 Strdng Form of the Exterior Problem

Consider an elastic body immersed in an infinite acoustic medium. The elastic body
occupies the domain , C R?, where d = 2 or 3 is the number of spatial dimensions
(Fig. 2.1). If the dynamics of the elastic body are to be approximated by a reduced
shell or plate theory, as will be the case in this paper, then the elastic domain is
parameterized by a surface if d = 3 or a curve if d = 2. The interior surface of the
structure is denoted by I'". The domain interior to Q, is assumed to be evacuated;
therefore only mechanical forces act on I'". The surface exterior to ), is denoted by
- I'. This surface (or curve) is the fluid-structure interface (sometimes called the wet .
surface) where the acoustic pressure loads the structure. The unit normal outward
- from the structure (inward toward the fluid) on I' is i € R%. The infinite domain
exterior to the surface I' is denoted by R C R% In Fig. 2.1, a finite fluid domain,
defined by the region Q; C R is pictured. Qs occupies the region between the surfaces
I' and OBgr, where 0Bp, is the truncation boundary of the fluid.
The boundary T is assumed to admit the nonoverlapping partition

r=rjurf . (2.1)

The boundary of the structural domain admits the partitions

M, =I5 UT;. | (2.2)
where ¢ = 1,...,n4os with ny,; being the number degrees of freedom of the structural

model.
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Figure 2.1: Geometry for elastic structure in acoustic medium.
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All variables are assumed to undergo time harmonic vibrations of the form e~
where 7 = /=1 and w is the angular frequency. With the geometrical definitions in
hand we move to the formal statement of the strong form and the definitions involved
~ therein. , |

The strong form of the exterior structural acoustics problem is: find the displace-
ment vector u : {1, — C™ and the acoustic pressure p : R — C satisfying: the
governing differential equations:

Lsp = f in Q; and R (2.3)
Lou = q-n0°plr in Q, ,
essential and natural boundary conditions:
P =g on Fg . (2.5)
Pn =h on T | (2.6)
U; = g; on P;', 1= 1,...,ndof , (2.7)
B;u = h; ‘on f“ t=1,...,n45 , (2.8)
plus a consistency condition relating I‘{ and ';  ,see below;
continuity of normal displacement at the fluid-solid interface:
n-Vp =pwi*-u  onl ; (2.9)
and radiation conditions expressed either as:
Lm r02(p, — ikyp) =0 (2.10)
or through the Dirichlet-to-Neumann map as: = . A
pn =-—Mp on dBr . (2.11)
The pressure, p, satisfies the Helmholtzequation, (2.3), where L; := -V?% — k2,

V2 is the Laplacian, the acoustic wave number is defined as ko = w/co where g is the
speed of sound in the fluid medium, po is the density of the fluid, and f:8y - C,
the acoustic sources are restricted to ;. :

The structural matrix differential operator, £L,, is left as generic; symbolically it
represents the governing differential equations of the structure which interface the
fluid on T and all attached substructures. The structural response may be modeled
using the equations of linear elasticity; this case is presented in the thesis of Abboud
[1]. The applied mechanical forces are given by q : Q, — C™/. As the displacement
~ vector may contain rotational and translational degrees of freedom, we define n® €
R"™ef, the unit vector which when dotted with the displacement vector yields the
normal displacement. The effect of the acoustic pressure acting in the normal direction
on I' is denoted by A®p|r.

The given functions which define the boundary conditions are g : I‘g — C,
h : F}; — C, g : F;.- — C and &; : [';, = C. The normal derivative is defined
as p,n:= Vp-n where n is the unit outward pointing normal from the domain £
V is the gradient operator and the inferior comma denotes differentiation. On the
fluid-structure interface, there is a consistency condition relating natural boundary
conditions on the pressure (on I'}) to essential boundary conditions on the normal
structural displacement (define as s ). For the remainder of this paper, we en-
force natural boundary conditions on the pressure through the essential boundary
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conditions on the normal component of the displacement. The components of u are
u;. B; is vector differential operator which operates on the displacement to yield the
natural boundary condition. However, the exact form of the natural boundary condi-
tions in (2.8) cannot be explicitly written down until we fix the governing differential
equations for the structure (this is just a consequence of the abstract and formal
nature of the presentation given in this chapter; these terms will be explicitly defined
when applied to a problem). »

The radiation condition, (2.10) , (see e.g., [96]) is stated in terms a radial variable,
r, where r 1s the distance from the origin of a spherical or polar coordinate system.
This condition requires that the scattered pressure is outgoing at infinity. Application
of this form of the radiation condition, however, is not suitable for domain based
calculations. Therefore, an artificial boundary, 8Bg, is introduced. The artificial
boundary is obtained by holding constant the radial variable of a Helmholtz separable
[114] coordinate system (e.g., the radius for a spherical system). On this special
class of boundaries, one may write the exact impedance boundary condition, (2.11),
imposition of which results in an problem equivalent to the original one posed on the
infinite domain, R. The integral operator which relates the Dirichlet pressure data
to the Neumann normal derivative data on the separable surface is the Dirichlet-to-
Neumann (or DtN) map, is M. The use of the DtN map to truncate finite element
calculations for exterior acoustics was probably first described by Feng [30], but the
methodology was crystallized in the work of Givoli and Keller [41, 98]. The application
of the DtN for exterior acoustics problems is discussed in detail [56, 41, 98]. The DtN
formulation is valid only for acoustic sources f € Q f-
Remark: '

1. The above formulation assumes that p is purely outgoing. The inclusion of
plane wave excitation of the structure and fluid is straightforward. First one
sets p = p°° 4+ p'™® where p*°! is the unknown scattered pressure and p‘*
is the known incident plane wave field. By using the fact that p'™ satisfies -
the homogeneous Helmholtz equation, a formulation for p*°** and u which now
includes inhomogeneous terms due to the incident pressure is obtairied.

2.2 Weak Form of the Exterior Problem

The weak form of the exterior structural acoustics problem is given next. Denote the
space of square integrable functions on 2 as L2(Q) and the Sobolev space H™(1) as
the space of functions with all derivatives up to the mth derivative in LY(Q).

First we define the variational spaces necessary for the structural variables. Let
the space of solution vectors for the displacement be denoted by Sy where Sy = {ulu:
Qs — Chaes oy, € H™(8),u; = g; on 'y, where { = 1,...,n4,5}. The theory used
to describe the structural response determines the value of m; for the ith component
of u. The space of weighting functions, Vy, to which @ belongs, differs from Sy, only
in that the components of W, defined by %;, satisfy homogeneous essential boundary
conditions on Ty,. Let the solution space for the acoustic pressure be denoted by
Sp where S, = {plp : Q; — C,p € H'(Qy),p = g on T,}. The space of weighting
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functions for the pressure, V,, is the same as S, except that homogeneous boundary
conditions are indicated for the functions in V, on I',.

The weak form of the problem is: Given q, f, g, &, g; and h; for i = 1....,nuy
find u € Sy and p € S, such that forallT € Vyand p €V,

o/ (B,p) + (PA°, powu)r + (B, Mp)os, =L/(p) |, (2.12)
a’(U,u) + (U, A’p)r =L°(T@) , (2.13)
where

af(ﬁ?p) = (Vp) vp)ﬂj - k(z)(ﬁ’p)ﬂf ey (214)
L (p) = (5, o, (2.15)
L*(m) :=(T,q)e, + Tict’ (@, hi)r,, (2.16)

and ,
(W, q)e = /Q uqdQ -, (2.17)

the superscript ¥ indicates the Hermitian of the vector. The structural operator,
a’(-,-) represents an integral of the the potential and kinetic energy densities for
the structure which cannot be explicitly defined until governing equations for the
structure are given. Note that all of the operators are sesquilinear (i.e., conjugate
linear in the first slot and linear in the second).




Chapter 3

‘Analysis of Formulations
Underlying Computation

In the following, we analyze formulations for domain-based acoustic computation
that are derived by the DtN method for exterior problems. The acoustic field vari-
able in the Helmholtz equation is denoted ¢, representing the acoustic pressure of
velocity potential. The analytical results are derived in [58] and the numerical stud-
ies are presented in [63]. The DtN method was developed by Givoli and Keller [41]
for converting boundary-value problems defined over large or unbounded domains
to formulations that are suitable for numerical analysis. The DtN method typically
employs artificial boundaries of relatively simple geometric shape, allowing the prob-
lem in the exterior of the artificial boundary to be solved analytically. A relation
between the function and its normal derivative is thus obtained, and imposed on the
artificial boundary as an ezact boundary condition to the computational formulation.
Experience with the difficulties related to non-uniqueness of boundary integral repre-
sentations demonstrates the importance of investigating the continuous formulations
underlying computation. .

The DtN formulation is shown to possess non-reflective boundary conditions and
to give rise to exact (and, by implication, unique) solutions. Truncating the DtN
operator, which is often expressed in terms of an infinite series, may cause loss of
uniqueness at characteristic wave numbers of higher harmonics. Simple expressions
are derived to determine a sufficient number of terms in the operator for unique
solutions at any given wave number. Numerical studies confirm these results. A local
counterpart of the DtN map is shown to be unique for all wave numbers.

3.1 Properties of the DtN Formulation

We wish to compare solutions of the DtN problem in the computational domain
2y with boundary condition (2.11) to the solution of the exterior problem with the
radiation condition (2.10).

Theorem The DtN boundary-value problem has a unique solution for all wave num-
bers. Furthermore, this solution is the restriction of the solution to the original prob-
lem in the unbounded domain to the 