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Abstract

We have developed an approach for numerical Monte Carlo solution of the
Wigner transport equation for a mesoscopic system. In particular, the Wigner
function (WF') formalism has been used to analyze the quantum dynamics of
charge carriers in presence of electron-phonon interaction in open mesoscopic
systems making use of the perturbation theory with the external fields in-
corporated into the unperturbed Hamiltonian. Wigner trajectories have been
identified both for the ballistic propagation and for the case in which electron-
phonon scattering is included. The concept of Wigner trajectories has been
used as a guiding line to face the problem of finding an equation for the WF in
a finite region inside given boundaries, using suitable boundaries conditions.
As a case of study a step potential profile has been considered. The current
as a function of the step potential as obtained with the WF corrected by the
effect of an electron-phonon scattering process is presented. On the coherent
transport standpoint, the role of the magnetic field on the condactance of

wells has been investigated.
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I. INTRODUCTION

A rigorous quantum transport theory of electrons in semiconductor structures including
both coherent propagation and scattering mechanisms is still lacking even though its need
has been recognized since many years. In particular we miss a theory feasible for numerical
calculations to be compared with experimental results and/or with results of the semiclassical
theory with the purpose of enlightening the different predictions of the two models.

The Wigner function (WF) approach [1] provides a rigorous quantum-mechanical tool
and constitues a direct link between quantum and classical descriptions of the evolution of
the system in phase space. In this approach however electron-phonon (e-p) interaction has
been treated using either relaxation time [2,3] or a classical Boltzmann collision operator
[4]. In this work several advancements in the efford to solve the above problem exactly are
presented.

The definition of the WF can be extended to include electrons interacting with phonons

as follows [5]:
fw (r,p, Nig, g t) = /dr'e"f""p (r +7'/2,ng;r —1'/2, n;) (1)

where 7 and p are the electron position and momentum, p is the density matrix for the
system formed by an electron and the phonon gas, and ngq is the occupation number of the
phonon mode gq. Trace over the phonon variables will lead to the traditional electron WF.

In what follows we discuss an integral equation for the above WF and apply it to study
quantum electron transport in open systems in presence of scattering. In particular suitable
boundary conditions can be used which restrict the analysis of the WF inside a finite domain.
Wigner trajectories have been identified also for the case of e-p interaction and constitute
a guiding criterion for replacing initial conditions with boundary conditions for the integral
equation.

Our theoretical model allows us to evaluate the correction to the WF due to the effect

of an e-p scattering event.



II. THEORETICAL MODEL

A three-dimensional system of indipendent electrons interacting with phonons is consid-
ered with translational invariance along two directions (z-y). The unperturbed Hamiltonian

H., of the system contains the electron Hamiltonian, including the potential profile and the

free-phonon term:
p?
H,=H.+H, = 5 V(&) + Y- alaghw, (2)
q

where p is the electron momentum, m is the electron effective mass, V (z) is the electron
potential profile (including the applied voltage), ag and af] are the annihilation and creation
operators of the phonon g with frequency wq. He_p is the e-p interaction:
H._, =) ihF(q) [aqeiq"" - aze“iq'r] (3)
q

where F'(q) is a function that depends on the type of e-p interaction. In the present work
polar optical phonons have been considered.

The staring point of our theoretical approach is the WF generalized to include phonons
in the system, in a single electron approach, as described in Eq.(1).

The time evolution of the density matrix is described by the Liouville-von Neumann

equation. Starting from this equation we derived the following integral equation for the

WEF:

fw (T,p, nq,n t) h3 Z fnnl ’r p) —1(0-’(1’1 nq)—w n ,’flq) (t— to)/d/’m /dp fnn, (r ,p)

n,n'

X fu (r',p’,nq,n;,to) = Z Fumr (, p)/ dt’ e—i(w(nng)—w(n';n))(t-t)

n,n'

X Z/dr /dp 'H'(nnq,mmq)fmn,( ,p)fw( ', p',mq, ,t’)

mmg

. :;m (T’,pl) fw (r/’pl, Ng, Mq, tl) 'HI (mmq, n’n;)} (4)

In the above equation H' = H'/ih, and H' (nng, mm,) are its matrix elements on the

basis {|@,nq)} of Ho. The coefficients fy,, (v, p) are given by



fim (D) = / dr' e F (r 4+ 7/2| ¢1) (6 1 — 7'/2) (5)

They allow to move from the WF to the density-matrix representation and viceversa. Finally
hw (n,ng) indicates the total unperturbed energy of the e-p system when the electron is in
the n-th eigenstate and the phonon bath is in a state with n phonons in mode q.

In Eq. (4) the first term in the r.h.s. describes the ballistic coherent propagation from
the initial time ¢, to the observation time ¢. The second term describes the contribution of
the unknown WF to the “last” interaction vertex at any time ¢ between t, and ¢ followed by
the free propagation from ¢’ to t. Even though the equation is written for the entire system
and contains also the phonon variables, it has been shown that a Monte Carlo solution
allows for a proper average over the phonon coordinates, as long as hot-phonon effects are

neglected [6].

II1. WIGNER TRAJECTORIES

It is well known that a point-like electronic WF in phase space cannot represent a real
physical system, since it violates the uncertainty principle. We may however consider the
evolution in time of a 6 —like contribution to the WF 6% (r — r,) 6% (p — p,) fp (nq, n;) inside
Eq. (4). For free electrons its trajectory in phase space is the same as for semiclassical

particles. In fact, for a plane-wave basis the coefficients fy,,, are given by

e ki + ko,
Frikm (7, p) = ReF1—Rm) 743 <p - h(_l—Z—_)> (6)

and the ballistic evolution of the WF as given by the first term on the rhs of Eq.(4) yields
[7]:

fuw ('r,p, Ng, Mg, t) = fu ('r - ;[:l— (t—t.),p, nq,n;,to) e—i(w(ng)—w(ny))(t—to) (7)

where m is the electron effective mass and hw (ng) is the total energy of the phonon bath
in the state {ng}. The first factor and the exponential factor describe the free trajectory of

the electron and the time evolution of the free-phonon bath, respectively.

3



This result is not surprising since in absence of scattering and up to quadratic potentials
(harmonic oscillator) a differential equation can be written for the WF that coincides with the
Boltzmann equation, so that the dynamical evolution of the WF follows the same trajectories
of the representative points of a classical gas. This implies a deformation of the WF while
evolving in time due to the fact that, as time increases, the higher-momentum components
move faster than the lower-momentum components.

If phonon scattering is included, similar trajectories exist, with very interesting proper-
ties, as long as a single interaction diagram is considered without time integrations. In order
to prove this result let us calculate first the matrix elements of the interaction Hamiltonian
H' in Eq. (4). Assuming a constant potential and using again plane waves as basis set, we

have:

H' (nng, mmg) = (dn, ng| H' |dm, mq)

= Z Z F (q) H Mg + % (1 - U) an’mq’5"qmq—05 (kn —0q— km) ’ (8)

o=1,-1 ¢q q9'#q

where F (q) is the e-p coupling function. Here the products are taken over all values of ¢’
except @' = q.
Substituting Eqgs. (6) and Eq.(8) in Eq.(4) and using the §-function in Eq.(8) to perform

integration over the electronic wavevector, we obtain for the second term in Eq.(4):

3 , ¢ . )
Afy (r,p,ng, iy t) = I Y eitkn ka3 (p _plntEw) ; Fn )> / dt! e~z (ko=KL ) (1)
to

(27T)3 n,n'

Xe_i(w(nq)_w(n:'))(t—tl)Z/d'r"/dpl E ZF(q)

o=1,—-1 q

X H {\/mq + % (1 - 0') (an/mq/ 5nqmq—a

q9'#q
; ] k - knl
Xe—’L(k"_Uq_k",).r 53 (PI - h( = 0;1 ki )> fw (’r,;plv Mg, niptl)

: ! kn k !
__e“l(kn"kn'—fﬂl)“" 63 <p/ _ h( + ; + Oq)) fw (Tl,pl’ Ngy Mg, tl)

1
Jmat 2040 6mqm¢,,6n;,mq+a}. ©)




Performing integrations over electron coordinates and summing over the electronic states

we get:

Ao (rping i) = [ de 00RO S 5 S P (g) e (RO

mq o=1,—-1 ¢q

x H {\/ ; 1 - O') 6nqlmql5nqmq—o'

q9'#q

P hq
X fu (r—E(t—t’),p—a 5 , Mg, T, t)

h
—fuw (r— %(t—t’),p-&—a—g,nq,mq,t')

1
\/mq 2 (1 + U) 6m /nq nﬁ,mq+a} . (10)

Substituting Eq.(10) into itself we obtain the second-order term corresponding to one scat-

tering event. The second-order correction, e.g. for the terms corresponding to phonon

emission, results to be
t t’ . 2 ’ " : ! 1"
Afw (Z, Dz, g, qu, = 2%{ Z F nQ) / dtl/ dt” e_zq.p__%iqﬁ(t -t )ewq(t -t
a to to
X fu (2 — 22 (t — ') — pethal2 (! _ ¢") — puthg (¢" to),pz+hq,nq—1,nq—1,to)} (11)

The trajectories described by the above equation are represented in the diagrams con-
tained in Fig. 1. They correspond to the semiclassical trajectories where q/2 is transferred
to the electron at each vertex. As a result of the time integrations, however, a sum over

infinite trajectories gives the WF correction corresponding to a single scattering event.

IV. BOUNDARY CONDITIONS

Guided by the idea of Wigner trajectory introduced in the previous section, we face the
problem of finding an equation equivalent to Eq. (4) for the WF in a finite region inside
given boundaries. In fact, to solve the integral equation (4), we need to know the Wigner
function at any given (z,p,) at time ¢,. Such initial condition is not suitable for describing

an open system. In fact, by definition, a system is open when it can exchanges particles
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with the environment: this means that there is a boundary between the system of interest
and the rest of the universe. Therefore to model such a system the Wigner function has to
be known at the initial time ¢, inside the system and at all times on the boundary. From the
analytical point of view this request corresponds to substituting in Eq. (4) the integral over
the whole space by three terms. One term is identical to the original expression in Eq. (4),
with the integral over the initial condition limited to the points internal to the device. The
other two terms are evaluated at the two boundaries of the device. In the following we will
derive the expression of this terms for the case in which the eigenstates of the unperturbed
Hamiltonian are plain waves, considering, for the sake of simplicity, the one dimensional

case. Under this assumption the coefficients of Eq. (5) can be rewritten as

ot (2,02) = [ !0 i o112 i1

= eilkn—kuzg (pz L J; k"’) : (12)

Let us consider a device defined between z = —A4 and z = +A. We will analyse now the

ballistic term

f'lEJO)l (Z,pz,nq,n ) ann’ Z pz l(w("nQ) w )(t tO)/dZ /dpz nn' (z’pZ)

nn'

% fu (2,1, ng, nlpy to) (13)
Substituting Eq. (12) in Eq. (13), considering at first —oco < 2’ < —A, leads to

qu;o)l(z,pza Ng, n;, t)

h (27)?

. 1 /dkn/dk , ei(k"_k"')z(s (pz _ hkn + km) e—i(kn—kn,)ﬁ f’_"‘"_knL(t to)e—izq(nq—n )wq(t —to)
" 2

1 -4 r o —i(kn—k, )2 , kn + ks i(ki—ky )2 , ki + ky
, i(kn—k 1)z _ 1 1)z — e T
x—h (27r)2 /dkl/dk, /_Oo dz /dpze S| p, h——2 e 0| p, 5

y " k kl
o faprerseos g B g )

From the properties of the é-function we get

(14)



, t>to+";§1‘—“l,ifp;>0

Z<-A=2-Z(t—t)< —A= " (15)

t<to+’ﬂi‘—’*l,ifp;<0

Since in this specific case, particle entering the device from the left boundary, the condition

P, < 0 can not be verified, we are left with

—(-A
to<t—Z zg’ )<t,ifp’z>0. (16)
Setting
_, 2=(=4) A+ E(E-t)-(-4) 2 — (—A)
T—t—T—t— m A ——to—T (17)
m m m
yields

pl
—A—=2(r-t,). (18)

m

Then we can perform a change of coordinates from (2, p) to (,€) as follows:

d=-A-L(r-t), to<T<t —£_L(r_y¢) ¢
S ; det J = det =—-= (19
m
p=£ , €E>0 0 1
obtaining in conclusion:
fé;o) (z DeyNgy T / dt// d / pzhz.fnn ’pz) e—z(w(nnq)—w(nn ))(t t') nn’( A pz)
to m nn/
= Z fur (= 1(w(lnq) w(l'nty)) (¥ ~to)
w
/dZ”/dp fll' apz) f'w ( "aplzlanqvn;ato)
= _ann’ Z Pz / dt' e w(n%)—w( "Q))(t—tt)
rm’
oo prime pz * / / 1oy
X /0 dp, Ef""' (—A, D)) fuw (—A,pz, Ng, nq,t) . (20)
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The same procedure can be applied in the case +A4 < 2/ < +o0.
The details of the derivation for the terms including scattering events require a more

sophisticated analysis and are discussed in Ref. [7]. Here we simply report the final result:

fuw (z pz,nq,n;,t) =

_ann’ (z,p,) e i(w(nng)—w(n'ny))(t- to)/ dz?' /dpz fow (Z,0)) fw( ,pz,nq,n;,to)
+= ann’ 2,ps / dt! e~ ()= (n'n ) )(t=t) {[ / ™ a, pzfnnf( A, p.)

nn’ 0

% fu (= A, Bl mgy ), / 0, 2 o (A1) u (A, g )
+ [ ar | A, 3 [H (g, 1m) e (2,01 o (9L i )
nm( ’pz)fw( l?p;>n(1’mq7 )Hl (me’ ’;)]} (21)

where again for simplicity a one-dimensional case has been considered, and —A and A are
the device boundaries.

In order to verify the correctness of the use of the boundary conditions for an open
mesoscopic system we have first evaluated the ballistic evolution of the first term in Eq.
(21) assuming a step potential profile, f, = 0 at t = t, inside the device, and a Maxwellian
local-equilibrium incoming distribution at the left and right boundaries. Results are shown
in Fig. 2 at different times after the initial condition.

At the longest times we recover for f,, the same result which is obtained without using
boundary conditions for a stationary infinite system, where f,, is evaluated by means of an

equilibrium density matrix diagonal over the scattering states.

V. APPLICATIONS

In order to evaluate the effect of an e-p scattering event on the WF we have performed an
iterative expansion of Eq. (21) up to the second order in the e-p perturbation Hamiltonian.
As a case of study we have considered a step potential profile. Integrations in time have

been performed analytically; the integrals over 2/, p/, and over the electron states have been
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evaluated with full numerical integration while the integral over the phonon modes has been
performed by means of a Monte Carlo selection. Space correlations for the evaluation of the
coefficients in Eq. (5) have been considered up to 40 nm. The steady-state WF for a 0.1 eV
step including the effect of an e-p scattering event is presented in Fig. 3. Fig. 4 shows the
current as a function of the step potential as obtained with the ballistic WF (solid curve) and
with the WEF corrected by the effect of an e-p scattering process (circles) switched on 50 fs
before the “observation time”. Comparison is presented with the outcomes of a semiclassical
calculation based on the Boltzmann equation. The quantum ballistic curve is always lower
then the corresponding semiclassical one, and instead of reaching a saturation value, rise
up to a maximum and then decreases. This is due to the fact that in the quantum picture
increasing the potential step leads, as a consequence of quantum reflection, to a decrease of
the transmission coefficient that is to a decrease of the current intensity. Finally, in both
quantum and semiclassical calculations the effect of the e-p interaction is, as expected, a

reduction of the current with respect to the ballistic case.

VI. COHERENT TRANSPORT IN MESOSCOPIC DEVICES

Concerning the study of coherent phenomena in open-boundary 2D systems, during this
last year, the research activity has proceeded both from the theoretical and the application
standpoints.

As for the first one, the inclusion of the magnetic field inside the numerical solver of the
2D Schrodinger equation has been achieved. This has allowed to investigate, for example,
the role of the magnetic field on the conductance of rough quantum wells [8]. While the
conductance of an ideal quantum well is greately deteriorated by the roughness present at its
surface, the presence of a magnetic field partly recovers it. The magnetic field modifies the
coherent behaviour of electrons leading to conduction properties that depend on its strength
[9].

We have analized a rough quantum wire, where the roughness is modelled with a gaussian



autocorrelation and the potential is zero inside the channel and infinity at the boundary.
In a rough quantum wire the magnetic field reduce the effect of roughness increasing the
conductance.

Fig. 5a shows the squared modulus of the electron wave-function for the case of an
electron in a rough channel. The carrier is in the fundamental subband, since it is supposed
to have total energy lower than the threshold of the first-excited subband, and is coming from
the left side of the channel. Getting close to the right boundary, since the channel becomes
wider, the electron moves into the upper subband. This produces a reflection of the electron,
and decreases the conductance. In presence of a magnetic field the electron approaches one
of the edge of the channel (Fig. 5b: positive magnetic field; Fig. 5c: same value of the
field as in Fig. 5b, but with negative sign) and the backscattering is strongly reduced. The
two situations shown in Fig.s 5b-5¢ are equivalent from the transport standpoint. In fact,
because of the Onsager relation, that is a consequence of the time inversion symmetry, the
conductance depends only on the absolute value of the magnetic field not on its sign.

The effect of the magnetic field on the conduction properties of rough channel is indepen-
det from the roughness. This can be seen studing a large ensamble of rough channels with
different roughness. In Fig. 6 it is shown the distribution of the conductance values over the
samples, at increasing magnetic field. The trasversal region in wich the electron is costrained
by the magnetic field is well indicated by the magnetic length {5 = W, where B is the
value of the magnetic field. The label L-inf in the first graph of Fig. 6 indicates the zero
magnetic field case, in the other two graphs the magnetic field increases, and the magnetic
length I takes the values L/2 and L/4, where L is the mean width of the channel. The
conductance distribution at zero magnetic field shows a tail at low conductance values that
is progressively reduced by increasing the magnetic field.

On the application side, the effect of channel quantization in silicon MOSFET has been
investigated. In particular, different devices, which are considered possible alternatives
to standard MOSFETs for the next ULSI generations, have been explored. In [10), [11]

threshold voltage shift, capacitance reduction, and mobility enhancement have been studied
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for highly non-homogeneous devices. In these devices, a low-doping layer is epitaxially grown
on a standard high-doping substrate. As can be seen in [10], [11], the presence of the epi-
layer doesn’t degrade the capacitance of the MOS while mobility is improved by the use of
low dopings. In addition, short channel effects are still under control through the buried
high doping layer.

The same kind of investigation has also been performed on single- and double-gate MOS
devices [12], [13]. In particular, the relevance of the so called volume inversion due to size
quantization, as opposed to the reduction of transverse effective field, in improving the

electron low-field mobility in such devices has been explored.

VII. CONCLUSIONS

In this final report we have presented the main results achieved under this contract.

A theoretical and computational analysis of the quantum dynamics of charge carriers in
presence of electron-phonon interaction based on the Wigner function has been applied to
the study of transport in mesoscopic systems.

We have shown the existence of Wigner trajectories both for the ballistic evolution of
the WF and for the case in which e-p scattering is included.

We have faced the problem of finding an equation for the WF in a finite region inside
given boundaries. We have proved that for the solution of the integral equation describing
the WF it is possible to substitute the knowledge of the WF over all space at a given (initial)
time ¢, with the knowledge of the same function inside the region of interest at #, and at all
times at the boundary for “entering” momenta.

From the application standpoint we have analyzed the effect of an e-p scattering event
on the WF for the case of a step potential profile. Results for the current in comparison
with semiclassical calculations are presented.

Concerning the study of coherent phenomena in open-boundary 2D systems, the inclusion

of the magnetic field inside the numerical solver of the 2D Schrédinger equation has been
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achieved. This has allowed to investigate the role of the magnetic field on the condactance
of rough quantum wells. It is found that in both structures the magnetic field reduce the
effect of roughness increasing the conductance.

Finally the effect of channel quantization in silicon MOSFETSs has been investigated. In
particular, different devices which are considered possible alternatives to standard MOS-

FETs for the next ULSI generations, have been explored.
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Fig.1 Example of the Wigner trajectories that contribute to the result in Eq. (4) for

real and virtual emissions of a mode q.
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Fig.2b Same as in Fig. 2a) at t = 40 fs.
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Fig.2c Same as in Fig. 2a) at ¢ = 80 fs.



Fig.2d Stationary Wigner function for a 0.1 ¢V potential step, as obtained by means of

an equilibrium density matrix diagonal over the scattering states.
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Fig.3 Wigner function for a 0.1 eV potential step, including the effect of an e-p scattering

switched on 50 fs before the “observation” time.
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Fig.4 Current as a function of the step potential. Comparison between quantum and
semiclassical calculations with and without e-p interaction. Wigner ballistic curve (solid
line), Wigner curve with e-p scattering (circles), semiclassical ballistic curve (dashed line),
semiclassical curve with e-p scattering (dotted line). Carrier density at the contacts n = 106

cm™3,

22



\
J
!

’ ! }
0 5 10 15 20 25 30 35 40 45 50
Length (nm)
Fig.5 Squared modulus of the clectron wave-function in a rough channel for the case of
a carrier in the fundamental subband having total energy lower then the threshold of the
first excited subband and coming from the left. a) No magnetic field; b) positive magnetic

field; ¢) nagative magnetic ficld with the same value as in b).
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Fig.6 Distribution of the conductance values over an ensamble of samples, at increasing

magnetic fields, normalized to the peak value (see the text for the meaning of the symbols).
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