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Abstract 

Constructing a model for data in V} is a common problem in many scientific fields, 
including pattern recognition, computer vision, and applied mathematics. Often, little 
is known about the process which generated the data or its statistical properties. For 
example, in fitting a piecewise linear model the number of pieces as well as the knot 
locations may be unknown. Hence the method used to build the statistical model 
should have few assumptions and yet still provide a model that is optimal in some 
sense. Such methods can be designed through the use of genetic algorithms. 

In this paper we examine the use of genetic algorithms to fit piecewise linear functions 
to data in II2. The number of pieces, the location of the knots, and the underlying 
distribution of the data are assumed to be unknown. We discuss existing methods 
which attempt to solve this problem and introduce a new method which employs 
genetic algorithms to optimize the number and location of the linear pieces. We prove 
theoretically that our method provides near-optimal functions and present the results 
of extensive expreiments which demonstrate that the proposed method provides better 
results than existing spline based methods. We conclude that our method represents 
a valuable tool for fitting both robust and non-robust piecewise linear functions. 

Key Words: Genetic Algorithms, Optimization, Statistical Data Analysis, Splines, 
Neural Networks 



1    Introduction 

One of the purposes of statistical data analysis is to determine a functional relationship 
between input and output variables given a dataset of noisy observations. The dataset, 
denoted as D = {(XJ, yj), i = 1,... , N}, is assumed to be a number of realizations of 
some underlying process combined with random noise, i.e. 

V = f(x) + e 

where e has mean zero. The problem of determining f(x) given a set of data points 
and various assumptions is relevant to many application fields including engineering, 
chemometrics, and materials science [1, 2]. 

The construction of a functional model for f(x), denoted by f(x), can involve classi- 
cal statistical tools such as kernel methods, regression, and splines [3, 4], as well as 
more recent techniques such as neural networks, radial basis functions, and genetic 
algorithms [5, 6, 8]. In using these tools the function f(x) is often assumed to be of 
a certain form and to meet certain mathematical requirements, such as continuity or 
differentiability. In 1Z2, the assumed form of f(x) is usually linear, piecewise-linear, or 
curvilinear. Since the linear models represent a subset of the piecewise-linear models, 
and any curve can be approximated by a piecewise-linear function, we chose to fit 
piecewise-linear models to our datasets. In this case, we cannot assume strict differen- 
tiability. However, usually it is the choice of technique, rather than the data or prior 
process knowledge, that motivates the placement of artificial mathematical restrictions 
on the final model [9]. It should also be noted that not all techniques can guarantee 
convergence to a near-optimal f(x). Given these considerations and our desire to opti- 
mize the number of pieces as well as their placement in the model, we utilized genetic 
algorithms as our primary model fitting tool. 

Genetic algorithms (GAs) are stochastic optimization tools from the field of artificial 
intelligence [11]. They are capable of finding near-optimal solutions to problems with- 
out the usual mathematical model restrictions [9, 10]. In this work we discuss how 
genetic algorithms were employed to fit piecewise linear models to data sets in 1Z2, 
where the number of pieces (or knots) as well as their placement are unknown. We 
first present the problem and discuss current methods for function approximation. We 
then introduce genetic algorithms and detail how GAs can be used to fit near optimal 
piecewise-linear functions. Several examples are presented with results, comparisons 
are made to existing methods, and areas for future research are mentioned. 

2    Problem Statement and Current Methodology 

Suppose we are given a data set D = {(xi, yi), (x2, V2), • ■ ■ , (XN, VN)} C TZ2 where the 
values (XJ, y;) are related by an unknown function / such that y; = /(xj) + e», where e* 
is a random error with zero mean and constant variance. We assume that 



• / is an /i*-piecewise linear function where h* is an unknown positive integer 
representing the number of pieces, 1 < h* < hmStX, hmax known. 

• The knot locations (zn,zi2),... , (z(h*+i)i,Z(h*+i)2) of/ are unknown (the end- 
points of / are also considered knots). 

The problem is to fit a function to the data such that 

• The fitted function maximizes the quality of the fit over all such /i-piecewise 
linear functions, 1 < h < hma,x, where the quality of the fit is determined by a 
specified function FF. 

FF is defined in such a way that the fitted function is 'close' to /. We make no 
assumptions regarding the smoothness of functions around their knots. 

Classical approximation theory suggests several methods for fitting piecewise linear 
functions, methods which involve building models from linear combinations of nonlinear 
functions [12]. Such linear estimators can be expressed as 

/>) = f>A(z,Xi)yi (1) 

where K\(x,Xi) is a weighting function which depends on some parameter(s) A [3]. 
Some examples include kernel estimates and series approximators (which we will not 
explicitly discuss), splines, locally weighted regression, and the more recent neural 
network and radial basis function estimates. 

A spline of order L with knots at (zu, Zi2),... , (ZRI, ZK2) is a function s of the form 

s(x) = ]rW + £*(* - Zii)(L-1} (2) 
i=0 i=l 

for 9i e 11, i = 0,... ,L - 1, and Sj e Tl, j = 1,... ,K [13]. In other words, 
a spline is a piecewise polynomial where the pieces are tied at knots in such a way 
that s satisfies certain continuity properties (e.g., the first L — 1 derivatives of s are 
continuous). As such they can be viewed as an extension of polynomial regression [3]. 
Different classes of splines can be formed by using different basis functions, e.g., B- 
splines, periodic splines, etc. Splines are useful when we want an estimate which meets 
a certain quality of fit (fitness) as well as a smoothness criterion. For example, we may 
estimate y by choosing / to minimize 

n-1E(v-/(*))2 + A/   f™dx (3) £fo - /(xi))2 + A / fWd 
i=i Ja 

for A > 0, m € {1,2,3,...}, and a < x» < b V i = 1,... , iV. The solution / is called a 
smoothing spline estimate, and A is the smoothing parameter. A determines the tradeoff 
between goodness-of-fit and smoothness. If, however, our fitness criterion is not of this 



form, a spline may not be the best type of estimate. Splines have applications in areas 
such as materials science [1], computer tomography [3], and military analysis [14]. 

To use (smoothing) splines for analysis, the order L of the spline, the number and 
location of the knots, the smoothing parameter A, the choice of basis, and the smooth- 
ing criterion need to be specified. This may not be a simple task. How to determine 
'optimal values' for these parameters is an area of active research. Methods designed 
to find a good estimate for A are computationally demanding [15] with GCV estimates 
tending to oversmooth the data [16]. m is often based on prior information [3] as op- 
posed to theoretical considerations. Schwetlick and Schütze [19] describe an algorithm 
which optimizes the location and number of 'free' knots but is computationally 'too 
expensive' to implement and involves the approximation of various parameters whose 
effects on the final estimate are unknown. Larson [14] finds a closed form for the min- 
imizing abscissa for unknown knot locations of an interpolating spline, but does not 
mention the optimization of the number of knots. Suchomski [20] and Kokkonis [1] 
have done some work with fitting least squares variable knot interpolating splines with 
the number of knots fixed. Mammen [4] addresses the stated problem with locally 
adaptive regression splines, finding the best fit for all A given a fixed order L but with 
knots restricted to the class of data points. 

Locally weighted regression, or LOESS [21], fits an estimate g(x) which uses a neigh- 
borhood of weighted observations whose values x* are closest to x. g(x) may be written 
as 

g(x) = ^/li(x)yi (4) 

where the k(x), i = 1,... ,N, depend on {xi,... , xN}, a neighborhood size q, a weight- 
ing function W, and a distance measure p. Local fitting allows the estimation of a wide 
class of regression surfaces, wider than that which can be estimated by polynomials. 
However, LOESS does assume that y has a normal distribution and that the estimate 
g(x) is unbiased. 

A recent development in functional approximation is the use of neural networks (NN) 
and radial basis functions (RBFs). Multilayer neural networks are function approxi- 
mators (in the sense of (1)) of the form, e.g., 

M 

fc,W) = Y,ßi9A<*i*) (5) 

where ßj,l < j < M, are the weights connecting M hidden units to the output unit, 
Oij, 1 < j < M, are weights connecting the input layer unit to the jih hidden layer unit, 
and the #/s are the hidden layer activation functions [12]. W represents the matrix of 
network weights. Because of the form of /, splines and kernel estimates are sometimes 
viewed as special cases of NN models. Another special case of NN models is based on 
radial basis functions where the approximation is produced by passing each x* through 
a set of basis functions (each containing a RBF center), multiplying the result by a 
coefficient, and then summing the results. In other words, 

M 

f(xk, W) = w0 + J2 wjr-mWx - c,||/r) (6) 



where </» is the radial basis function, {CJ : j = 1,... , M} is the set of RBF centers, r is 
a scale parameter, and p is the dimension of the data. Often <j> corresponds to a Gaus- 
sian density [5, 6]. Note that a radial basis function network (RBFN) is essentially a 
kernel method for regression. In general, NNs are easily programmed and, as a result, 
have become an almost universal optimization 'crank': simply toss in the data, add 
any number of parameters, and wait for gradient descent to produce the result [22]. 
However, there is no method for finding the best network architecture for a given prob- 
lem. Once an architecture has been chosen (heuristically), the system often requires 
numerous adjustments, supplied by an experienced user, and do have a tendency to 
overfit or overparameterize the data [22]. They may also get stuck at local minima, 
unlike GAs [5, 25]. Chen and Jain [12] report that backward propagation can be slow 
and sensitive to noise. They suggest a robust modification whose parameters are the 
focus of further study. RBFNs have been shown to outperform multilayer perceptrons 
(MLPs) [6] even though the choice of centers and the curse of dimensionality can make 
implementation difficult. It should also be noted that both NN and RBFN results lack 
interpretability [22]. 

A discussion of the advantages and disadvantages of the above methods led us to 
consider the possibility of using genetic algorithms (GAs) as a data fitting tool. GAs 
need three things to construct a model for a dataset: a way to calculate a response, an 
error function (i.e., a measure of quality of fit), and a set of parameter values. However, 
unlike splines, the values given to the parameters are not critical to the algorithm's 
result or its convergence - they only influence the rate at which the algorithm converges. 
By utilizing GAs we may discard the artificial requirements of differentiability and 
smoothness imposed on the functional form of the model by the above methods [9]. It 
is also possible to define the fitness (or optimization) function in such a way that the 
same algorithm can be used to fit both robust and non-robust functions - robust in the 
sense of being insensitive to outliers. In the case of piecewise linear models, the power of 
GA optimization allows not only variable knot placement but also a variable number of 
knots. Such variable models have been fit using Bayesian estimation as opposed to GA 
optimization [23, 24], but GAs can guarantee convergence to an optimal solution for a 
sufficiently large number of iterations [25]. Related works include those of Karr [2, 8], 
who has applied GAs to the problem of least squares (LS) and least median squares 
(LMS) curve fitting where the specific form of the curve is known (e.g., a polynomial 
of degree 2) and the data is noiseless, and Vankeerberghen [26], who have used GAs to 
obtain the parameters for specific, known laboratory system models (e.g., a hyperbolic 
model) which are nonlinear in the parameters. We intend to design a GA based method 
which fits both robust and non-robust near-optimal piecewise linear functions to data 
in ft2. 

3    Genetic Algorithms 

Genetic algorithms are stochastic search methods which provide a near optimal so- 
lution to the evaluation function of an optimization problem [9]. They can be used 
to search complex, multimodal surfaces via steps which have been designed to mimic 
the processes of natural genetic systems. They work simultaneously on a number of 
possible solutions to help prevent the algorithm from getting stuck in a local optimum. 



With little adjustment - in most cases by only redefining the fitness function - GAs can 
be applied to a wide range of optimization problems. Thus it is possible to use the same 
basic algorithm to, for example, fit lines satisfying different optimization criterions to 
the same dataset. Situations in which the effectiveness of GAs has been demonstrated 
can be found in the literature of various scientific fields such as scheduling, classifier 
systems, and pattern recognition [10]. 

In GA algorithms, each possible solution is encoded as a string or chromosome; a set 
of such chromosomes is called a population. An evaluation (fitness) function provides 
a mapping from the chromosome space to the solution space. The algorithm starts 
with an initial population of a fixed number of randomly generated strings. At each 
iteration, three basic operations - selection, crossover, and mutation - are applied over 
the current population to yield a new population of strings. This cycle is repeated until 
some termination criterion is met, at which time the best string achieved is generally 
taken as the solution to the optimization problem. 

We will briefly outline the basic framework of a GA before discussing specific GA 
concepts that can be applied to our problem. 

3.1    Basic Framework 

For a more detailed look at the GA framework, we will discuss the stages of a specific 
GA model, the elitist model. Consider the problem of maximizing a function FF(x) G 
V, where V is a finite set and FF(x) > 0 V x G V. Each string S, built from members 
of a finite alphabet A = {«i,... ,aa}, corresponds to a value x in V and may be 
written as 

S = (71,72, • • • , ligth)\   7* e A V i = 1,... , Igth 

The number of different strings that are possible is algth. For our work we will be using 
binary strings, i.e., A = {0,1}, so algth = 2lgth. A random sample of size M (M even) 
is drawn from these possible strings with replacement to form the initial population 
Q. The evaluation or fitness value of each string S is fit(S) = FF(x) where x eV is 
the value represented by S. 

The first operation, selection, is modeled after Darwin's concept of 'survival of the 
fittest'. Strings from the population are selected and placed in a mating pool; the 
probability of selection for string j is p^ — fit(Sj)/J2iiifit{Si)- For example, if 
P^ = 12i=iPs\ M strings are selected and placed in the mating pool by repeating 
the following process M times: 

1. Generate a random number rndi from [0,1] 

2. If rndi < PP, select 5l5 for j = 2,... , M, if P^ < rndi < PS
U), select Sj 

Note that strings with low fitness values are rarely selected while some strings may be 
selected more than once. The mating pool is taken as our new population Q\. 

In single point crossover, or reproduction, pairs of strings exchange information, thereby 
generating two new offspring for the next population. All strings are paired at random 



in such a way that each string belongs to only one pair (hence there are M/2 pairs). 
If the given pair is denoted as 

/?=(/?!,..., ßigth) and T = fa,... , rlgth) 

and pc is the probability that a given pair of strings undergoes crossover, then the 
crossover operation may be described as 

1. Generate a random number rnd from [0,1] 

2. If rnd > pc, no crossover is performed. If rnd < pc, 

(a) Generate a random integer pos from [l,lgth-l]. 

(b) Strings ß and r are replaced by strings ß' and r' where 

ß' = (ßi,... , ßpos, Tp0S+i,... , Tigth) and r' = (TI, ... , rpos, /3pos+i,... , ßigth) 

Once this operation has been applied to each pair of strings, the resulting population 
is denoted Q2- Q.2 has M strings, some of which may have also been elements of Q\. 

Mutation involves the random altering of characters in the strings of Q2. Let pm denote 
the probability of mutation of a given character. Then, for each character ßi of every 
string ß, the mutation stage consists of 

1. Generate a random number rnd from [0,1] 

2. If rnd > pm, ßi is not mutated. If rnd < pm, 

(a) If ßi=0, then ßi becomes 1; else, ßi becomes 0. 

The mutation probability may vary over iterations, initially taking a high value, then 
decreasing to a pre-specified minimum, then increasing again in the later stages of the 
algorithm (see [29]). When the algorithm has little knowledge of the search space, it is 
encouraged to explore its domain through a high mutation probability. As the number 
of iterations increases the algorithm will move towards a solution, hence the mutation 
probability is decreased to allow a search in the vicinity of this solution. To avoid the 
attraction of the algorithm to a local optimum, the mutation probability is increased 
in the later stages to again allow for a broader search. The resulting population we 
denote as Q3. 

Note that through mutation, a given string can become any of the 2l9th possible strings. 

We now replace our initial Q with Q3 and repeat the above stages until the algorithm 
converges to a satisfactory solution. The stages we have discussed so far are common 
to all GA models. In the elitist model of GA's (EGA), a further operation, elitism, 
is added to ensure that as the algorithm is running knowledge about the best string 
obtained so far is preserved. In this way the algorithm can report at any time the best 
solution which has been achieved. The basic steps which are added to the above model 
to form the elitist model are 



1. Once the initial population Q has been generated, find the fitness value of each 
string S in Q. Let the string with the maximum fitness value fitmaxQ of all of 
the strings in Q be denoted as SmaXQ. 

2. Compare the fitness value of each string in Q3 with the fitness value of SmaXQ- If 
no string in Q3 has a fitness value greater than or equal to fitmaXQ, replace the 
worst string in Qs with SmaxQ- 

At this point, Q3 is taken as the new Q and the algorithm begins another iteration by 
returning to the first operation, selection. 

This basic framework can be modified to specifically address the problem of interest. 
One such modified algorithm which includes concepts which can be applied to our 
problem is the variable length genetic algorithm (VLGA). These concepts will be used 
to design an algorithm for our problem whose computational complexity is less than 
that of the VLGA. 

3.2    Variable Length Genetic Algorithm (VLGA) 

The variable length genetic algorithm was designed by Bandyopadhyay, Murthy, and 
Pal [27] for optimizing the number of hyperplanes needed to classify patterns in a 
multidimensional feature space. It is able to consider solutions with varying numbers 
of planes by using strings of varying lengths. For example, a set of h hyperplanes, 
1 < h < hm&x, hmax known, could be represented by the string 

S = (71,72, ■ ■ • ,lh*L)\   li^A V i = 1,... ,h*L 

where A is the set of possible characters and L characters (e.g., bits) are used to 
represent each plane. Hence the string length is not fixed but variable - for a given 
h e % = {1,... , hm&x}, the string length is h * L. The algorithm included the basic 
stages - selection, crossover, and mutation - as well as elitism, modified to handle 
strings of different lengths. The elitism stage ensures that the algorithm will converge 
to an optimal solution, theoretically. 

The fitness criterion was defined so that the set of hyperplanes with the maximum 
fitness value would (1) have the minimum number of misclassifications of any set of h 
hyperplanes, h £ %, and (2) use as few hyperplanes as possible in doing so. Hence the 
fitness function could be represented as 

fit(S) = (N- misss) + -^- (7) 
^max 

where N is the number of data points, misss is the number of points misclassified by 
the set of hyperplanes represented by S, hs is the number of hyperplanes represented 
by S, and /imax is the maximum possible number of hyperplanes. Hence maximizing 
the fitness function will yield a set of hyperplanes which is parsimonious yet minimizes 
the number of misclassifications. 



In designing the proposed algorithm we included an elitist stage , as was done in the 
VLGA, to ensure algorithm convergence to an optimal solution. The more important 
concept borrowed from the VLGA, however, is the form of the fitness function. The 
VLGA fitness function is based on two criteria - minimization of the number of mis- 
classifications and the number of hyperplanes. Similarly, we are interested in finding a 
solution which (1) is 'closest' to the majority of the data points yet (2) does so using 
the least number of lines possible. Hence the form of the proposed fitness function will 
mimic that of the VLGA fitness function. 

3.3    Convergence 

Bhandari, Murthy, and Pal [25] have proven theoretically that an elitist genetic al- 
gorithm (fixed length strings) will converge to an optimal string as the number of 
iterations goes to infinity. The two characteristics that are necessary and sufficient for 
algorithm convergence are 

• The optimal string from the present population has a fitness value no less than 
the fitness values of the optimal strings from the previous populations. 

• Each string has a positive probability of going to an optimal string within any 
given iteration. 

By including the elitist stage in the proposed algorithm, we will be able to ensure 
convergence to an optimal solution. This convergence is independent of the choice 
of values for the algorithm parameters (M, pc, pm) although these parameter values 
do influence the rate of convergence. There is no theory to indicate the number of 
iterations necessary for convergence. Two popular heuristic stopping rules are 

• Execute the process for a fixed number of iterations and report the best string 
found as the solution. 

• Execute the process until the fitness value does not show adequate improvement 
over a fixed number of iterations, and report the best string found as the solution. 

We will employ the first stopping rule in our GA based method. 

3.4    Piecewise Linear Fitting 

We have discussed the elitist GA and its convergence to an optimal string. This 
convergence led us to include elitism in our GA based method for finding a near- 
optimal solution to the problem of fitting an /i-piecewise linear function to a given 
dataset D in 1Z2. Designing such an algorithm required us to 'encode' each possible 
solution as a string, define the fitness function to reflect the idea of a 'properly' fitted 
function, and select values for the algorithm parameters (M,pc, etc.). How these steps 
were achieved will be discussed in Sections 4 and 5.1.1. 



We have yet to define the meaning of 'a set of lines representing a distribution' - this 
will be done in Section 4. This meaning is critical - if the given datapoints are from 
this distribution, then the representative set of lines is the 'ideal' solution which we 
seek. Note that the definition of any fitness function will be dependent upon the given 
dataset D. Thus, for the same dataset size N, we will get different optimal solutions 
depending upon the choice of D (assuming that all the steps mentioned above have 
been achieved) regardless of the specific form of the fitness function. However, if the 
datasets are from the same distribution, the results obtained by our method should 
be related. The nature of the relationship between these results needs to be explored 
in terms of the fitness function, theoretically. Lastly, the fitness function needs to be 
defined in a way that as the number of iterations and the datset size N go to infinity, 
the solution obtained will go to the 'ideal' solution. 

Sometimes the given dataset may contain 'outliers' which we do not want to influence 
our determination of the fitness of a given string. Note that the meaning of 'outlier' is 
unclear, yet we would like to define the proposed fitness function in such a way that the 
'outliers' do not contribute to its value. We shall, for the sake of convenience, assume 
that at most crit percent of the data points are 'outliers' and remove them from the 
fitness calculation. The value 1 - crit is referred to as the critical level. The value 
of crit depends on the given dataset and/or the user. If the dataset has no 'outliers', 
then crit may be taken as 0. 

The GA based optimization method to be proposed can be used for any given value of 
crit. Hence this optimization scheme may be described as robust from the point of 
view of not yielding to the influence of outliers [26, 28]. Theoretically, the properties 
of the fitness function - where the fitness function is defined with the intention of 
removing crit outliers - are to be studied. 

The present article deals with all of these theoretical issues. In the next section, the 
phrase 'a set of lines representing a continuous distribution' is defined mathematically. 
A function FF, which will later be taken as our fitness function, is also defined. We 
will be using the polar representation of a straight line for the purpose of coding. This 
polar representation will also be used in the development of our mathematical theory. 

4    Theory of Piecewise Linear Fitting in 1Z2 

4.1    Mathematical Formulation 

Our stated goal is to fit piecewise linear functions to datasets in II2. In order to do 
this, we need to mathematically specify exactly what it means for a set of lines to 'fit' 
a datset. Generally speaking, if we think of a given dataset as a realization of some 
random variable, we would like our set of lines to represent the center of the density of 
that random variable. The statement of this idea in mathematical terms is as follows. 

Let us assume that we have h* lines where 1 < h* < hm3x, /imax is a known positive 
integer. For each i, i = 1,... , h*, let the equation of the ith line be 
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x cos 9oi + y sin 0Oi = d{ Oi 

for some Q0i e (0, IT] and d0; € 7?-. Assume that the ith and (i + l)th lines intersect at 
the point (z(i+1)1,Z(i+i)2).  We denote the first knot as (zn,z12) and the last knot as 
(z(h*+l)l>Z(h*+l)2)- 

Let e0 > 0 and let the set Bi be expressed as 

Bi = \(x,y) :y e 
d0i - x cos 0Oj d0i - x cos 0O; 
 r—7 e0, 7—7 h eo 

sin 0<K sin 6»o; 
;ai G [zii,Z(i+i)i], i = 1,... ,/i* 

We denote Ufli Bi as B. The probability density function on ß is denoted by a : B 
[0, oo), where 

a{x,y) = | 
_ J aifo y)    a; G [zu, z(i+1)1], i = 1,... ,h* 

0 otherwise 

We define our probability measure P as P(A) = JA a(x, y) dx dy for all Borel A C 
Biß), the Borel a-field of B. 

Let (X1} Yi), (X2,Y2),... ,(XN,YN) be independent, identically distributed random 
vectors with density a, i.e., there exists a probability space (Q, A, Q) such that (Xj, Y;) : 
(ft, A,Q) -> ßßß),P), i = l,...,N, where Q(C) = P((Xj,Yi)(C)) V C E A. 

We also assume that 

1. For each i = l,... ,h*, 

ai(x,y) = \^2-i^PA-y)      ^|Z-W (8) 

(i.e., ai is symmetric about the line a:cos0Oi + ysin90i = d0i) 

2. at(x,y)>0V(x,y)eBiVi = l,...,h* 

3. a(x,y) and ai(x,y), i = 1,... ,h*,  are continuous. 

4. fBa(x,y)dxdy = 1 

In the above mathematical formulation, the primary assumption is the assumption of 
symmetry of the underlying density around a piecewise linear function (assumption 
#1). The other stated assumptions are ordinary properties of a continuous probability 
density function. 

We will fit a piecewise linear function to a given dataset by utilizing a GA to search 
for the function described above. Hence we need to represent our solution space in a 
way compatable with the search method of a GA. 
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4.2    Solution Space 

We are given a data set D = {(xi,yi), (x2,y2), • • • ,(xN,yN)} which is a realization 
of the random vectors (X;,Yi), i.e., Xi(w) = x;, Ys(w) = y; for some w G fi, i = 
1,... , N. Define x(i) = min{x;; i = 1,... , N}, x(JV) = max{x;; i = 1,... ,N}, y(1) = 
min{y;; i = 1,... ,N}, y{N) = maxfy^; i = 1,... ,N}. GAs try to find an optimal 
solution over a finite solution space. Thus the solution space, i.e., the collection of all 
fr-piecewise linear functions where h G H, U = {1,... , hmax}, needs to be discretized. 
To formulate the problem mathematically, we proceed in the following way. 

Let Lj denote the straight line 

x cos 9j + y sin 9j = dj 

where j belongs to an index set. Depending upon the given context, the notation Lj 
may also refer to the function 

Li   \        di —x cos 6i 

Let Lj^h represent an /i-piecewise linear function with pieces (Lj^h, £j,2,/i, ■ ■ • ,Ljth,h) 
where Lj>i>h denotes the ith straight line of the set of h straight lines, i = 1,... ,h, and 
each Lj^h satisfies the following properties: 

1. Ljti>h represents the straight line x cos 0j,ijh + ysm8j>ith = dj)ith where 6j>i>h (0 < 
dj'i'h < TT) is the polar angle formed when the polar axis is taken as the y-axis and 
the origin is taken as the intersection point between the y-axis and Lj>i>h; dj>i>h 

is the perpendicular distance of the line from the point (0,0). 

2. For every i, i = 1,... ,h - 1, Ljti>h and Iy,(i+i),Ä intersect and the point of 
intersection is (z^j+i^ijZ^+i)^). 

3. Zj,i,h,i = X(i), Zj,{h+i),h,i = X(jv), Zj-)iih)i < z^i+i),/»,! V i = l,... ,h 

4. Lj^h = Ljjiyh  if Zj,i,h,i <x< Zj,(i+i),h,i, i = 1, • • • ,h. 

The knot locations ((^,1^,1,^,1,^2), •• • , (zj,(h+i),h,i>zj,(h+i),h,2)) of any Ljt.th, 1 < h < 
^max, are not restricted to the datapoints {(xi,yi), (x2,y2), ■ ■ ■ , (xN,yN)}. 

For each h, 1 < h < /imax, let Ch represent the class of all /i-piecewise linear functions 
Ljrth which satisfy the above properties. Then \Jhcn £ft is tne collection of functions 
under consideration. 

Note that U^-HA 
is uncountable. In order to obtain a 'near optimal' function 

from this space, we need to 'suitably' discretize {JheH^h, i-e., larger discretizations 
should lead to finer representations of the solution space. We can achieve this by 
restricting the values of 9 and d. Let la be the number of bits used to express 6 
and let ld be the number of bits used to express d.   We restrict 9jtith to the values 
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{^T> fir> • • • ' 2'a >7r}- In specifying dj,;^, we utilize the rectangle red formed by 
the points (x^,y^), (x(N),y(i)), (x^,y^N)) and (a;(jv),y(jv))- Note that red contains 
the entire given data set. Let diag be the length of the diagonal of red and let lg be 
defined as 

p  — / x(i) cos ^ + y(i) s^n ^    if 0 < 0 < 7r/2 
6 ~ I X(JV) cos 0 + y(i) sin 0   if 7r/2 < 9 < it 

Then for a given 0j,i,/i, G^,i,/i may only take values within the set {dj^h =!«u + %i,/i<^: 

kj,i,h G {0,1,... , 2ld — 1}, 5 = diag/(2ld — 1)}. Note that a line with d = lg intersects 
red at the point (£(i),2/(i)), if 0 < 9 < ir/2, or the point (x^N),y^), if 7r/2 < 9 < IT 
(the value &j,i,/A 0 < &j,i,/i5 < diag, is sometimes referred to as the offset value). 

For each h, 1 < h < /imax let C°h(®,JC) denote the finite set of functions in Ch which 
satisfy these restrictions, where 9 has 0 possible values and k has JC possible values 
(note that Q = 2la and JC — 2ld). Then C^(Q,JC) may be expressed as 

C°h(Q, JC) = {Ljt.th G Ch : Ljtith is of the form 
xcos6jtith + Vsin6jtith = £gjih + kjjijh6 V i = 1,... ,h, 

hi* £{£,!£,..., ^^W^ *h hi,h e {0,1,... , 2ld - 1}, and 5 = diag/(2^ - 1)}. 

Hence {£°h(e,JC) : la = 1,2,...} and {££(0,/C) : ld = 1,2,...} represent increas- 
ing sequences of nested sets. For sake of clarity, we will henceforth specify L^.^ as 
Lfö^.frkj^h) and Ljt.th(x) as L(9jt.th,kji.)h){x). Note that 0jt.^ and kjt.th represent the 
vectors (6j,i,h, ■■■ , 6j,h,h) and (kjtlih,... , kjAh). 

For L(ejt.)h,kjt.ih) e C0
h(e,fC) we define 

Eefith{L(Ojt.th, kj^h)) = {(x, y):ye (L(0j,.,ft, fcj,.,fc)(^) - e> £(0:/,-,/» fy,-,/*)^) + e)> ^K &]} 

for a < b, e> 0, and let Ee{L{9it.^kit.jh)) = U&Ua<6Ee>atb(L(0jt.,h,kj,!h)). 

If we recall the piecewise linear function which lies at the center of the density of 
(x,y) and we denote it as /, i.e., 

f(x) - I ^f   x G fei> *(H-i)i],   for i = 1,... , h* 
nx)~\0 otherwise W 

then the support B of the density is equivalent to J5eo>Zll)Z(h«+1)1(/). 

Corresponding to Ee(L(0jt.th,kjt.th)) we define the set of piecewise linear functions 

4£) = iW,-fi,ki,-*) e A : PmHO^kj,*))) > 0.95} 

where P(A) = JAa(x,y) dxdy for A Borel, A C ^(5). £h   represents those functions 
Lißj^kj^h) G Ch for which the probability of the region {(x,y) : y G (L(dj>.>h,kjj.>h)(x)- 
c,L(0j^h,kjt.^{x) +e), x G [2n,2;(/i*+i)i]} is greater than 0.95.  Just as {£°h(Q,JC) : 
la = 1, 2,... } and {£°(0, JC) : ld = 1, 2,... } represent increasing sequences of sets, we 
have Ch

€l' C £h
e2> if ei < e2. These definitions involving Ee(L(Qj^h,kj^.^)) will be used 

to define our optimization criterion. 
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11  j,l,2,l ^,2,2,1      Z21 ^,3,2,1 Z31 

Figure 1: Support B = B\ \J B2 with center lines; Example function from C^Q, K) 

Figure 1 shows an example dataset where the support B = B\ U B2 of the density a is 
centered around a 2-piece linear function. A function from £° and rect are also shown. 

This completes an outline of the mathematical context of our problem. We now look 
at the function to be optimized. 

4.3    Optimization Criterion 

The function which is chosen to represent a given dataset is often that which minimizes 
the sum of the squared error (i.e., the least squares function). However, a criterion 
based on least squares often yields a solution that is not robust - outliers in the 
dataset can pull the least squares function away from most of the data points and 
hence away from / [26, 28]. For this reason we will not to use least squares as our 
optimization criterion. Instead, we note that our concept of a 'fitted' function is one 
which represents the center of a symmetric density function. Given a dataset D, if 
L(6j .h>, kj,;h') represents our 'fitted' function then the majority of the data points in 
D should fall within the region {(x, y) : y e (L(0j^h>, kjt.)h>)(x)-e, L(0jt.thi, kj}.jh>)(x) + 
e), x e [£j,i,/i',i,Zj,(/i'+i),fc',i]} for some 'small' e > 0. This observation is the basis of 
our optimization criterion. 

Let ipj,-,h denote an /i-piecewise linear function where each piece V'j.i./u 
satisfies the properties listed for Zy,i,/i. For any e > 0, define 

,h, 

-e,ipj ,,>>y) = { o \V-^j,;h(X) \<e 

otherwise 

The proposed function to be optimized (i.e., fitness function) may then be stated as 

(10) 
N h 

FFe,N(">l>3,;h) = £2^„fc(xi>y<) + i1 ~ I ) 
i=\ hn 
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Note the similarity in form to the fitness function of the VLGA (Eqn. 7). Our solution 
space £°(6,/C) = Dken^-hi®^) f°r some © and £ represents the collection of func- 
tions under consideration. By the continuity of a(x, y), with £(e) = [}hen C\\ we know 
there exists some e* : C^ / 0 and £(e) = 0 V e < e* (i.e., there exists some function 
L(6jt.>h, kj^h) € Ch for some value h E % for which P(E£(L(0jt.th, kjt.)h))) > 0.95 when 
e > e* but no such function exists when e < e*). To balance accuracy and robustness, 
we specify that at least 95% of the data points in D (not necessarily 100%) fall within 
e* of the optimal function - our solution belongs to Ö-e*\ This is equivalent to setting 
crit = 5% (see Section 3.4). The choice of 95% is heuristic - it can be altered de- 
pending upon the characteristics of the dataset (e.g., the percentage of outliers) and 
the desired precision. Hence our goal is to use genetic algorithms to find an optimal 
/i'-piecewise linear function L{0j*t.zhi,kj*t.ihi) e C°(Q, JC) f] Oe*^ such that 

FFe.,N{L{03.,,h., fciV)hO) = T(0     t
ma* 0,n m FF*'."(L(e3.->h> *;.-."))        (U) 

where h' = min{h e U : df] ± 0}. 

We observe that if we require that the entire dataset D fall within e* of the optimal 
function then, for 6 and K, sufficiently large, as the number of iterations and N —> oo 
the optimal function should correspond to the least squares function. This will be 
discussed in more detail in the following section. 

For the sake of clarity, a function will be referred to as optimal if (1) (1 - crit)% of 
the data points fall within e* of the function and (2) of all functions for which this is 
true, the function contains the least number of lines. Note that this is different from 
an optimal solution. An optimal solution is the optimal string to which an elitist GA 
converges and it represents the string which maximizes the given fitness function. A 
function will be referred to as properly fitted (or proper) if at least (l-crit)% of the 
data points fall within e of the function for a specified e > 0 (hence optimal functions 
are also proper). Note that C^' represents the set of proper functions in CQ

h. Unless 
otherwise specified, crit will be taken as 0.05. 

Our goal can be attained if and only if 

1. Our search space C°(Q, JC) contains an optimal function as 0 -> oo and K. —> oo. 

2. An optimal solution represents an optimal function, i.e., a function such that at 
least 95% of the data points fall within e* of the function and of all functions for 
which this is true, the function contains the least number of lines. 

3. The proposed algorithm converges to an optimal solution. 

Statement #3 will be discussed in Section 4.5.2. Statements #1 and #2 will be justified 
in detail for the case /imax = 1 and these results will be extended to the case of 
/imax > 1, h* unknown, h* 6 %■ 
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4.4    Case hmax = 1 

4.4.1    Optimal Function in Search Space 

In the case where /imax = 1, h* and h! are both known to be 1. 

Recall 

£°(6, K) = {L(0jiltU kjtlll) e & :  L(0jtltU %i,i) is of the form 
arcosöj-,1,1 + 2/sinöj,!,! = £gjAil + kjtlAö, where 
9jtiti is one of 6 values, kj^i is one of K values} 

Let 

Vi = {L(0m,i,i,&m,i,i) e A : 3 (xT,yr) e red satisfying L(9mXU kmX1), 
0 < 9m,i,x < 7T, km,iti G ft}. 

Pi represents the set of all lines in L\ which intersect red. 

We will justify the following statements: 

I. For any fixed e > e* our class £?(6,/C) will contain a proper line (i.e., a line in 

d^) as 6 ->• co and /C -> oo. 

II. For any fixed e > e* the set of proper lines in C\{Q,K) increases to the set of 
proper lines in V\ as 6 —>■ oo and K —>• oo. 

Additionally, we will show 

III. For 0 < p < 1 let A&(p) = {£(0m>i,i, *W,i) G ^i : P{Ee(L{em,ltl, fcm>i,i))) > p}, 
and let e£ : ^(p) ^ 0 and A^(p) = 0 V e < e*p. Then for p = 1.0 and 
N —>■ oo, .A(£p)(p) converges to a unique optimal function I^öj.^i, %*,i,i) € Vi 

As the discretization of L\ becomes finer (i.e., as 6 —>• 00 and K —> 00), Statement I 
says that for any e > e* our solution space will contain a proper function, hence when 
e = e* our solution space will contain an optimal function. Similarly, Statement II 
indicates that for any e > e* our solution space will contain all proper functions (hence 
all optimal functions) which intersect red. Statement III says that as our critical level 
increases to 1.0 (i.e., as we require that a larger percentage p of the data points fall 
within e* of the 'fitted' function) and N —> 00, the set of optimal functions intersecting 
red decreases to a single function. This unique function is the least squares function. 

Note that we have restricted ourselves to considering only those functions which in- 
tersect red so our solution space is actually £5(0,/C) restricted to those lines which 
intersect red (and similarly for jß[e'). This is validated by the following theorem: 
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Theorem 4.1 For any e > e* and for 6 and /C sufficiently large, there exists an proper line 
-k(0?*\i,i>fcj**,i,i) £  A such that 

{(x,y):y = L(0j» i,i> fcj-,i,i)(^)» x G [*ii> *2i]} fl rect ^ 0 

A proof of Theorem 4.1 and a graphical representation of the proof are provided in the 
appendix. 

From Theorem 4.1 we know that if a proper function exists, then there exists a proper 
function which intersects rect. It follows that without loss of generality, given e > e* 
we can restrict ourselves to © and K, sufficiently large and only those proper lines which 
intersect rect, i.e., those proper lines which belong to V\. 

We now justify Statements I, II, and III with the help of the following propositions 
and theorems, the proofs of which can be found in the appendix. 

For simplicity, let p — IQ + kö for given 8 and k. 

Statement I will be justified if we can show that for 0 and K, large and any e > e*, 
given any proper line in V\ we can find a line in £?(6, /C) which is arbitrarily close to 
it. This is implied by Proposition 4.1 which states that given any line in V\ we can 
find a 9 and /C such that there exists a line in L\(ß,K) which is arbitrarily close to 
the given line. 

Proposition 4.1 Let £(0m,i,i,fcm,i,i) £ V\. Let f > 0. Then 3 (6e,/Q) such that 
V G > 6f and K > JC(, 3 L(6, k) for which 

1. L{9,k) e£?(6,/C) 

and 

2. | 9 - emAtl |< e/2 and  \p- pm,hl |< f/2. 

Now, given f > 0, we would like there to exist a 6^ and /Q such that for any 6 > 
G>£, JC > K,£, given any proper line in V\, £5(6,/C) will contain a line which is 
arbitrarily close to the given proper line. We know such a (6^,/Cf) exists by the 
following theorem. 

Theorem 4.2 For each f > 0, 3 (0f, /Q) :  for all 6 > 6^ and for all K > /C{, 
given any L(9m>itl, fcm>i,i) G Pi, 3 L(9,k) : 

1. L{9,k) e£?(6,/C) 

and 
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2. I 9 - 0m,i,i |< i/2 and  \p- pm>lil |< £/2. 

Thus given 6 and K sufficiently large and any e > e* we can get a line which is 
arbitrarily close to a proper (or optimal) line. Hence Statement I is justified. 

For the purpose of justifying Statement II, let {6; : 6* < 9i+i, i = 1,2,...} and 
{K,i : JCi < /Cj+i, i = 1,2,... } represent the possible values of 6 and K. For any e > 0 
we define 

Aei(p) = {£(%,i,i,%,i,i) € £S(e«,/C) : P(EeMej.tltl^iltl))>p} 

and 

Ae(p) = {L(0m%M, AVn',1,1) £ ^1 : P(Ee(L(9m*Atl, fcm.,1,1))) > p} 

and let At = At(0.95) and A = A(0.95). At represents the set of all proper lines 
which belong to £?(6j, /Cj) while Ae represents the set of all proper lines which belong 
to V\. We would like Aei -» Ae as i -»• oo. However, we first need that if 6 ->• oo 
and /C ->■ oo then any proper line which is the limit of any sequence of functions in 
V\ is contained in V\ (and hence belong to our search space). This is, in fact, true, as 
stated in Proposition 4.2. 

Proposition 4.2 For each i = 1,2,... , let 1/(0^,1,1) &ni,i,i) €  £?(©i, K>i) '■ 
9ni,i,i ->■ 0iim and £„.,1,1 ->■ fciim for some 0iim, 0 < 0iim < 7r, and &iim, 
0 < fciim < 00, as i —> 00. Let 

71 = {L(öum,fcum) : 3 a sequence {£(0^,1,1, fcni,i,i)}£i> £(0^,1,1,^,1,1) e £?(©;, ^Q) 
such that 0ni)M -» 0iim and kni^i ->- /ciim} 

Then given any e > e* the proper lines in V\ are the proper lines in T\. 

This implies that V\ contains any proper (or optimal) function which is a limit of a 
sequence of functions in V\. We may now justify Statement II. 

Note that the fitness function FFe<N : (0,7r] X [-M, M] ->• [0, 00) is continuous where 
for any line in 71, 0 belongs to (0, TC] and the distance of the line from the origin is less 
than M. With FFe>N continuous and bounded, we state Theorem 4.3. 

Theorem 4.3 Let Aeu z = 1,2,... , and Ae be as defined above. Then 
Aei —> Ae as i -> 00. 

Hence the proper (or optimal) lines which intersect red, are in the search space as 
6 —>■ 00 and /C —v 00. 

The above theorem holds for any A£(p), 0.95 < p < 1.0, and for any e E {e*}p=0.95, 
where e* : Ae*(p) ^ 0 and Ae{p) = 0 V e < e* (i.e., if we require that 96% of the data 
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points in a given dataset fall within e of our fitted function, then ej 96 is the smallest 
e > 0 for which such a function exists). With this in mind, we conclude with a theorem 
which justifies Statement III. 

Theorem 4.4 Let Ae{p) and e*p be as defined, 0.95 < p < 1.0. Then Aelo(1.0) 
converges to a single optimal line L(8j*titi, fcj*,i,i) as N ->■ oo. 

A graphical representation of this theorem is provided in the Appendix. 

Suppose we require that all of the data points fall within e\0 of the 'fitted' function. 
Then for 0 and /C large, as N —> oo our optimal function will converge to the least 
squares function. This implies that the proposed algorithm can be used to fit non- 
robust as well as more robust optimal functions. 

By justifying the above statements we have shown that our search space contains an 
optimal function. It remains to be shown that the optimal solution of the proposed 
GA is an optimal function for /imax = 1. 

4.4.2    Optimal Solution 

For any e > e* we know from the above section that we may choose 0 and K sufficently 
large so that a properly fitted function is contained in the search space C\{ß,K). 

As defined previously, let 

■Le1i(*j,i,i,*i,i,i)UJ'iWJ-| o    otherwise 

Since h takes only one value, we may drop the term (1 - j^) from Eqn. 10 and allow 

FFeMejcmejukfl)) = EiIi2;,L(0,l!feJ1)((xi,yi)) 

We write FFe^,&,K as opposed to FFttx to emphasize the dependence of the optimal 
solution on 0 and /C. 

Define 

AFFetNyQ,K(L(öjXi,hiA)) = F^.W£(öi,i,iAi,i)) 

Note that 

limn-Hx, AFFtMejcmOjM, kjtltl)) = P(UUa<6 ^,6(^^,1,1,^,1,1))) = PiE^e^h^))) 

Given the convergence of the elitist GA, we know that by including elitism in the 
proposed algorithm we can ensure that it will find an optimal solution Lißj^kj^i) 
for a given £°(0,/C),  e,  N, and a sufficiently large number of iterations.   So let 

£(^M,i,&jM,i)e,jv be such that 
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FFe,N,B,K.(L(Qj*,i,u fcjM,i)e,tf) = max^^^^^o^) ^,9^(1(^1,1, %i,i)) 

where the dependence of an optimal solution on e and N has been made explicit. 
-k(#7*,i,:b%*,i,i)e,Ar also maximizes AFF^^^iLißj^^, %i,i))-  To determine whether 
the algorithm to be proposed converges to an optimal function, we examine 
limjV_+00i4FFe)Jv>e)jc(i(öj«,i,i,*;jM>i)e>Jv)  for e = e2jv  where 
^FJFe2JViAr,e,>c(^feM,i,^M,i)e2Jv)Jv) > 0.95. If lim^oo AFF£2NiNtej!C(L(0rxi, kj.tl>i)eaNtN) 
is at least 0.95, then the proposed algorithm does indeed converge to an optimal func- 
tion (i.e., the optimal solution represents an optimal function).  Theorem 4.5 states 
that this is indeed true. 

Theorem 4.5 Let e2N be as defined above. Then for appropriate 0 and /C 

limin^oo AFF£2JViAr(i(öj.)i)i,fcj.1i,i)e2W>jv) > 0.95 

The proof of Theorem 4.5 is presented in the Appendix. 

Hence we have established that for hmax = 1, 

1. Our search space £°(0, K) contains an optimal function as 6 —> 00 and K —» 00. 

2. The optimal solution represents an optimal function, i.e., a function such that at 
least 95% of the data points fall within e* of the function and of all functions for 
which this is true, the function contains the least number of lines. 

4.4.3    Remarks 

1. For large Qio and /C;0, | 0$—0j_i | and | &*—/c;_i | are both small, so an optimal line 
£(%,i,i, %,i,i) in £°(6i0,/Cj0) will be close to an optimal line L(0m*,i,i>fcm*,i,i) 
in V\ in terms of Euclidean distance. 

2. A search procedure based on the above mathematical formulation may be de- 
signed so that 6, K., and e are adjusted adaptively, i.e., in a way that is depen- 
dent upon the algorithm's result. For example, we may start with initial choices 
Oj0, /Cj0, and eio, and run the algorithm for a finite number of iterations. If we 
reach several proper results, we may reduce ej0; if we reach a single proper result, 
we may increase © and /C. We then repeat this process until a 'satisfactory' 
solution has been achieved, i.e., a 'fitted' function which reflects the center of the 
probability density function of the observed random variables with an acceptable 
level of precision. Note that if 6 and (or) K are (is) small or e is large, it is pos- 
sible for the algorithm's result to be close to an optimum in terms of probability 
but not in terms of Euclidean distance. Since appropriate values for 6, /C, and e 
are unknown apriori, we need to implement an adaptive procedure. 
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3. Recall that our requirement that 95% of the data points be within e* of the 
optimal solution is heuristic. Depending upon the particular dataset at hand 
and the desired accuracy of the solution, we may alter this criterion to better 
suit our needs. For example, we may choose our critical level to be 97% if our 
dataset has no outliers or 90% if our dataset has several outliers. 

4. In Statement III and its corresponding proof (Theorem 4.4) we justified that with 
a critical level of 1.0 and e = e* the algorithm converges to a unique optimum 
as N —> oo for a sufficiently large number of iterations. Note that this unique 
optimum corresponds to the least squares solution (which is nothing but the line 
represented by Eqn. 9 for h* = 1). Hence our method can be used to fit both 
robust (using an e criterion) and non-robust (using a least squares criterion) 
solutions. 

5. It is possible for our optimization problem to have more than one optimal solu- 
tion. For example, consider Figure 2 which shows a cross-section of the density 
of the observed random vector (X, Y). Suppose we have two parallel lines lying 
in the x — y plane, one located at the center of the interval marked with a number 
1 (crossing the x-axis at the star marked with a number 1) and one located at 
the center of the interval marked with a number 2 (crossing the rc-axis at the 
star marked with a number 2). The percent values on the graph indicate the 
percentage of the data points with an x value lying within the corresponding 
marked interval. Using these percentages we see that 95% of the data points fall 
within e of line #1 and 95% of the data points fall within e of line #2. Hence 
both of these lines would satisfy our optimization criteria (Eqn. 11). 

Figure 2: The existence of two optimal lines for a given data set 

6. We have assumed that the support of a\{x,y), B, is rectangular in shape. How- 
ever, B may have curved symmetric boundaries as opposed to straight lines. For 
example, let f(x) be as defined in Eqn. 9, i.e., 

/(*) = 
dm —x cos flpi 

0 
sin 0oi X E [Zii,Z2i\ 

otherwise 

21 



Then we could have B as shown in Figure 3. All of the above results except 
Theorem 4.4 hold for such a support B as long as the symmetricity of ai(x,y) 
is maintained. The symmetricity is essential due to the nature of FFe>N. For 
Theorem 4.4 to hold we also require that 71 7^ 72 (so that the center portion of 
/ has positive width). 

z 
11 21 

Figure 3: A dataset whose density has a support B with curved boundaries 

4.5    Case Lax > 1 

Having justified Statements #1 and #2 for the case hmgx = 1, we now consider the case 
of hmax > 1, h* unknown, and h* G W. We initially extend the results of Section 4.4 
to the case of /imax > 1, h* known, and h* G %. 

4.5.1    Optimal Function in Search Space 

Suppose h = h*, h* > 1, h* G H where h* is known. 

Recall that our search space is 

C°h*{Q,K) = {Ljt.yh* G £h. : L^h* is of the form 
x cos Qj^h* + y sin 9j>ith* = £9..ht + kjtith*6 V i = 1,... , h*, 

W e {£,g,... ,^=,i}, fciAfc. G {0,1,... ,2^-1}, and* = dia^/(2I--l)}. 

where each L(9jti}h*, kj,i,h*), i = 1,- ■ ■ ,h*, satisfies the properties listed in Section 4.2 
for Ljtith. 

With respect to optimization we can approach each Lj^h* as we did the hmax — 1 case 
with cti(x,y) as ai(x,y) and [2ji>2(i+i)i] as [211,212]- We then recognize £°»(6,/C) as 
simply Ufli U,- 4«(6^) where 
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rect 

L(8     ,k     ) 
1,.,3 1,.,3 

L(6     ,k     ) 
2,.,3 2,.,3 

-t- 

1,1,3,1      2,1,3,1 2,2,3,1 1,2,3,1 1,3,3,1 2,3,3,1 1,4,3,1 2,4,3,1 

Figure 4: Example functions from £3 

• £^^(0,/C) is £?(©,/C) restricted to [2^*,1,2^+1,^,1] 

and 

• the union is taken over all possible knot locations and over all possible pieces (any 
knot/piece combinations which contain pieces that do not intersect are removed). 

By the results of Section 4.4.1, for any i, j we can get arbitrarily close to any line over 
[zj,i,h*,i, Zj,i+i,/i*,i] intersecting rect, hence we can get arbitrarily close to any piecewise 
function with knot locations whose x coordinates are [zjtith*,i, ■ ■ • , 2J,(/I*+I),/I*,I] and 
whose pieces intersect rect. By taking the union over all possible knot locations with x 
coordinates [zjyi^*,i, ■ ■ ■ , Zjt(h*+i),h*,i] and over all j, we see that an optimal fo*-piecewise 
function is contained in £°, (©, /C) as 6 —> 00 and K, -» 00. 

By defining our search space as £°(©,/C) = U/ie« £°(©,£) (see Section 4.3) we can 
guarantee, using the same reasoning as in Section 4.4.1, that an optimal /i*-piecewise 
function, h* unknown, h* G 7i, will be contained in the search space as 6 —>• 00 and 
/C —> 00. 

To show that the optimal solution is a properly fitted function, we first consider the 
case of h* known. 

4.5.2    Optimal Solution 

If h* is known, h* e H, then for appropriate © and K the proposed algorithm is 
searching for a function L{Oj*t.th*,kj*^h*) e £°, (6,/C) DA*   which maximizes 

N 

FFe;N,ejc(L(Oj,;h;kj,,h.)) = T.^Mej^^.^i^Ji) + (1 
h* 

i=l K )        (12) 
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over all L{0j^h*,kj^h*) E £°,(6,/C). As was done in Section 4.4.2, we may drop the 
term (1 — jr—). The convergence of the elitist GA combined with the continuity of 
FFe>N ensures that Theorem 4.5 holds, i.e., 

liminfjv-foo^-P,-P1e2w,Jv(^(Öi*,.,/»•, fei*,-,fc0e2jv,iv) ^ °-95 

Hence the optimal solution does represent a properly fitted function. Note that for 
any fixed h, the algorithm will find an optimal function in £^(0,/C) f| ££ '. Hence an 
algorithm to find an optimal function in the /imax > 1, h* unknown, h* E% case could 
be designed as follows: 

1. Divide £°(6, K) into its component classes £°(6, K), C°2{S, K),... , ££max(
0>K)- 

2. On each class £°(6, K), h=l,... , hmSbX, use an elitist GA to find L(0j*,.>h, fcj.,.,/0 
where FF£*!N>e,tc(L(0j*t.th, fcj« ,.,&)) = max^ ^ ^)€C

0
h(e,K) FFf,N,ejc(L(Oj,-ji, kj,.,h))- 

3. Define Lopi = {L(öiV)i,feiVll),... ,L(0^,,hm^k^.thmJ}. Then the solution is 
taken as the function L{0j*t.th',kj*t.th>) E Lopt where 

FF?,N,Bjc{L(Oj.,.!h!,kj.i.fl))= max FF^^eAH0]*,^,^,^)) 

This type of GA we call a partitioned genetic algorithm. We have noted previously 
that, theoretically, the elitist GA will converge to an optimal solution for a sufficiently 
large number of iterations. It is easy to show (although the proof will not be given 
here) that the proof of convergence to an optimal string holds for this algorithm as well. 
This justifies Statement #3 (see Section 4.3); having previously justified Statements 
#1 and #2, we conclude that our research goal can be achieved. Due to efficiency 
considerations, we plan to implement a partitioned GA instead of a VLGA. However, 
the optimal string of the partitioned GA will represent an optimal function - by the 
same reasoning as above and by its relationship to the variable length genetic algorithm. 

Using a partitioned GA, for each fixed value of h E % we find the string which maxi- 
mizes 

TV 

5Z^',L(fli,.,k,A*1.,k)(x»»yi) 
i=l 

i.e., the minimal number of points have distance greater than e* from the function 
represented by the chosen string. From the resulting group of strings we then select 
as our optimal string the one which represents the least number of lines. We observe 
that this optimal string will represent the function L(0j*t.th>, fej*,.,/i') E £°(6, K) which 
maximizes 

N                                                    h' 
FFsMejciHOj^h^kw)) = EX^(0jV,,^,,ftO(x^) + (! - I ) 

i=\ "max 

Noting the similarity between the fitness function of the partitioned GA and the fitness 
function of the VLGA (see Section 3.2, Eqn. 7), we conclude that an optimal string 
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from the partitioned GA will represent a set of lines that minimizes that number of 
points whose distance from the set of lines is greater than e* yet uses the least number 
of lines required to do so. Hence an optimal solution of the partitioned GA does 
represent an optimal function. 

4.5.3    Remarks 

1. We have justified the claim that for hmax > 1, an optimal function is contained 
in the search space of our algorithm and that our algorithm will converge to an 
optimal solution, where an optimal solution represents an optimal function. We 
have also established that for 9 and K large and critical level = 1 — crit = 1.0, 
the solution of our algorithm will converge to the least squares solution (i.e., the 
optimal solution with h* lines) as the number of iterations and N ->• oo. Hence 
our algorithm can be used to fit both robust and non-robust solutions. 

2. For 1 - crit < 1.0, the optimal solution to which the algorithm converges may 
have h' lines where h' ^ h*. However, a value of 1 - crit < 1.0 is useful when the 
given dataset contains outliers. 

3. As in the /imax = 1 case, for /imax > 1 we do not know an appropriate value for e 
apriori. Hence the proposed algorithm must include an adaptive procedure which 
will search for an appropriate value for e. In the next section the partitioned GA 
described above will be expanded to include this adaptive search. 

4. A given dataset of size N yields a corresponding estimate B^ of the support B of 
the probability density function of (X, Y). The proposed method, by estimating 
f{x) via maximization of FFe*tNt&tK, where FFe*tN>QtK depends upon the given 
dataset, essentially uses BN to estimate f(x). Assuming that 6, /C, and the 
maximum number of iterations are chosen sufficiently large, given a sequence of 
datsets of sizes N, N —>■ oo, we may characterize our estimation of f(x) as a 
maximization over the corresponding sequence of subspaces BN which belong to 
the interior of B and approach B as N increases. In this sense our maximization 
process is reminiscent of Grenander's method of sieves [34]. 

The theoretical foundation of our algorithm has been established. In the next section 
we show the results of implementing our algorithm on several datasets and discuss how 
these results compare to those of similar methods. 

5    Experimental Results 

5.1    Methods and Implementation 

5.1.1    Genetic Algorithm 

We applied to each dataset a partitioned GA with either % = {2, 3,4} or V. = {3, 4, 5} 
(we did not start with h = 1 because this choice for h was clearly inappropriate). 
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We utilized binary coding although an alternate coding scheme could have been used. 
Since we chose values for 0 and K which were fixed but very large (by specifying 
la = 8 and ld = 12), following remark 2 of Section 4.4.3 we implemented a partitioned 
GA which adaptively searched only for e. We refer to such a GA as a variable epsilon 
genetic algorithm. For each value heW, the variable epsilon genetic algorithm can be 
described as follows: 

1. Set the global parameters for population size M (M = 50), crossover probability 
Pc {Pc = 0.8), number of characters for representing angle la (la = 8), number of 
characters for representing distance or offset value ld (ld = 12), and the maximum 
number of iterations MaxNit (MaxNit = 20000). The selection for M depends 
on the computing power of the machine while la and ld depend upon the desired 
precision of our result. The mutation probability pm was varied as a function 
of the number of iterations - see Section 3.2 and [29] for more details. Further 
comments on parameter value selection can be found in Section 6. 

2. Choose the critical level = 1 - crit = percentage of data points to fall within e of 
the final fitted piecewise linear function, and a large initial value for e. The fitness 
value of each string (where each string represents a function L(0j^h, fej,.^) G 
£°(9,/C)) is determined by Equation 10. 

3. Run an elitist GA until either (1) (1 - crit) < (the maximum fitness value of the 
population)/(number of observations), or (2) the maximum number of iterations, 
MaxNit, is reached. If (1) occurs, then set e = e-0.01, Nit = iteration number 
= 1, and restart the elitist GA. If (2) occurs, report the function corresponding 
to the string with the maximum fitness value as the final result for the given 
value of h. 

4. Once the algorithm has been executed for each possible value of h, compare the 
results across h values and select the string corresponding to the overall maximum 
fitness value as the optimum string. 

Note that within each run of our algorithm the value of h is fixed. We then compare 
the results of each run of the algorithm for each value of h G % to determine the overall 
optimal string. 

5.1.2    Data 

The proposed algorithm was applied to the four generated datasets described in Table 1. 
Each dataset has normally distributed noise (denoted Nor (mean, sd)) and was designed 
with specific characteristics - dataset #1: no outliers, equally spaced knots; dataset 
#2: no outliers, unequally spaced knots; dataset #3: outliers, equally spaced knots; 
and dataset #4: outliers, unequally spaced knots. The datasets range in size from 50 
to 375 data points. 
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Set# N h* Generating Function Noise 

1 375 3 
C -2.0a;                         -1.0 < x < 0.0 

#(a;) = {     0.5a;                           0.0 < x < 1.0 
I -0.5a;+ 1.0                   1.0 < re < 2.0 

iVor(0,0.25) 

2 320 3 
(     3.88a;+ 10.44          -3.0 < x < -1.29 

g(x) = {   -1.74a; + 3.14          -1.29 < a; < 3.7 
I     3.77a; - 17.25            3.7 < x < 4.9 

Nor(0,1) 

3 60 3 
f -0.1a; + 0.6                  0.0 < x < 1.0 

p(a:) = <  -1.1a; + 1.6                  1.0 < x < 2.0 
1     0.8a; - 2.2                 2.0 < x < 3.0 

iVor(0,0.1) 

4 50 4 g(x) = « 

r     1.3a;+ 2                     0.0 < a; < 0.9 
0.05a;+ 3.125              0.9 < a; < 2.1 
-0.4a;+ 3.2                   2.1< a; < 4.3 

k     3.2a;-11.41               4.3 < x < 5.0 

iVor(0,0.2) 

Table 1: Experimental Datasets 

5.1.3    Comparison 

For each dataset the results of the variable epsilon genetic algorithm were compared 
to the results of three other piecewise linear fitting methods: 

1. b-spline: a b-spline of degree 2 fit using the functions bs and lm in the software 
package S-plus, version 3.3, release 1 [33]. The knot locations are equally spaced 
by default. 

2. Boor spline: The library pppack containing functions from de Boor [13] was 
downloaded from the Netlib repository (http://www.netlib.org/). The function 
12main was implemented to fit a b-spline of degree 2 whose knot locations were 
improved by the subroutine newnot. The number of iterations was set at 900. 

3. least-squares GA: a genetic algorithm which has the same global parameters as 
the variable epsilon GA but which fits a piecewise linear function by minimizing 
the sum of squared error. 

All three methods were applied to each dataset for each value h e %. Then for each 
method, the results for all h values were compared and the best result was chosen 
as the method's overall solution. We have not attempted to compare results under 
neural network based methods since we are fitting straight lines and not curves. We 
did not compare our results with those of other GA based methods [2, 8, 26] because 
the limited foci of these works were incompatible with that considered here. 

All experiments were run on a Sun Sparestation 5. 

Due to space constraints, for each dataset we discuss only selected results which demon- 
strate the relative strengths and weaknesses of our method. In the figures and tables, 
the phrase 'GA Is' refers to the least squares GA while the phrase 'GA eps' refers to 
the variable epsilon GA. 
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5.2    Selected Results 

5.2.1    Dataset 1 

This was our 'nice' dataset - no outliers and a generating function with equally spaced 
knots. Since there were no outliers, we used the sum of squared error (SSE) as a 
standard of comparison. The choice of critical level for the variable epsilon GA was 
95%. All four methods chose the correct number of lines; the least squares GA yielded 
the best fit, followed by the b-spline, the variable epsilon GA, and the Boor spline, 
respectively. We observe in Figure 5 that only the Boor spline appears to be unsatis- 
factory. The run times for the splines were almost instantaneous while the GAs took 
longer (approx. 20 minutes). It should be noted, however, that with h=3 our string 
length was 60, hence the number of possible strings was 260 « 1152921 * 1012! Despite 
this, the variable epsilon GA yielded an acceptable result within the initial 5 minutes 
of CPU time. 

Method SSE Method SSE 
b-spline 22.26 Boor spline 34.23 
GAls 17.89 GA eps 23.73 

Table 2: SSE values for Dataset 1, h=3 

Dataset 1, h=3 Dataset 1, h=4 

     b-spline 
     Boor spline 
 GA eps 
 GA Is 

■' sS-- ■ 
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•; 

     b-spline 
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 GA eps 

•   \l* ,\^. . 
!\>. vV'  • 
'  ■%.:       •        .. ■'. '-1.'^ *:. - ' 

% • •j^s^^^Z ■ ■■. ■ 
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-1.0 -0.5        0.0 0.5 1.0 1.5        2.0 -1.0 0.0 0.5 1.0 1.5 2.0 

Figure 5: Results of Dataset 1 for /i=3 and /i=4 

We observed that although the variable epsilon GA did not yield the best fit, it was 
the only method which yielded a very nice fit (SSE = 22.80) when the number of pieces 
was misspecified - when h was set equal to 4 although the generating function has 3 
pieces (h*=3)(see Figures 5 and 6). The algorithm was almost able to merge 2 of the 
pieces into 1. Note that in Figure 6, where the result of applying the variable epsilon 
GA on dataset 1 is shown for h = 4, it is very difficult to see 4 lines with the naked 
eye. Hence the variable epsilon GA was more robust against misspeducation of h in 
relation to the other methods. 
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Dataset 1, h=4 

-1.0      -0.5       0.0        0.5        1.0        1.5        2.0 

Figure 6: Result of eps GA on Dataset 1 with /i=4 

5.2.2    Dataset 2 

While dataset 1 had a generating function with equally spaced knots, this dataset had 
a generating function with unequally spaced knots - the middle piece was considerably 
longer than either of the end pieces. For this reason the fit of the b-spline was quite 
poor in comparison to the genetic algorithms' results. However, why the fit of the 
Boor spline, which varies the knot locations, was so poor remains a mystery. The best 
model from each method had the correct number of lines. The variable epsilon GA 
(with 1 - crit=95%) yielded the best model, followed by the least squares GA model, 
the b-spline, and the Boor spline. 

The failure of the least squares GA to provide the lowest SSE model was most likely 
due to insufficient iterations. Again, the speed of the spline algorithms was almost 
instantaneous, while the GA algorithms took about 5 minutes of CPU time to yield 
an acceptable result and about 15 minutes of CPU time to complete the maximum 
number of iterations. 

With this dataset, only the Boor spline failed to merge lines for a better fit when the 
choice of h was large. This suggests that the least squares GA would have also merged 
lines for dataset 1 but perhaps more iterations of the algorithm were required. The 
b-spline could not match the quality of fit of the GAs because its knot locations were 
fixed. 

Method SSE Method SSE 
b-spline 610.24 Boor spline 836.31 
GAls 415.35 GA eps 351.57 

Table 3: SSE values for Dataset 2, h=3 
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Dataset 2, h=3 Dataset 2, h=4 
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Figure 7: Results of Dataset 2 for h = 3 and fo = 4 

5.2.3    Dataset 3 

The other strengths of the variable epsilon GA became evident when we considered 
datasets with outliers. Dataset 3 had equally spaced knots and contained a cluster of 
6 outliers. The outliers made the SSE criterion useless as a measure of fit, so we based 
our statements about the quality of the results on visual comparisons. Figure 8 clearly 
shows that the outliers caused difficulties for all methods except for the variable epsilon 
GA. The b-spline and the least squares GA showed particularly poor results. However, 
the parameter crit of the variable epsilon GA made it robust against outliers. 1 - or it 
was set at 90% to allow for the outliers - leading, in this case, to a superior fit. 

If 1 - crit had been set at 95%, as was done previously, the variable epsilon GA result 
would have been closer to that of the least squares GA (results omitted due to limited 
space). Even if the outliers had not been clustered, the variable epsilon GA would have 
reached a superior solution - see dataset 4 for an example with non-clustered outliers. 

As with dataset 1, only the variable epsilon GA yielded a very nice fit when the number 
of lines was misspecified as h = 4 instead of h — 3 (see Figures 8 and 9). Despite 
solution spaces with sizes of order 260 « 1152921 * 1012 for h=3, 280 « 1208925 * 1018 

for h = 4, and 2100 ?s 1267650* 1024 for h=b, the variable epsilon GA was able to yield 
a near-optimal result in about 20 minutes. This can be seen in Figure 9 where the 
result of the variable epsilon GA for h = 3 and the generating lines of Dataset 3 have 
been plotted for comparison. 

5.2.4    Dataset 4 

Our final dataset combined unequally spaced knots with the presence of 4 outliers 
which were not clustered. We set 1 - crit=92%. From Figure 10 it is clear that 
only the variable epsilon GA provided a reasonable fit. The Boor spline and the least 
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Dataset 3, h=3 Dataset 3, h=4 

A 
/ \ 

1   1/ /     / 
1    / 1    /l 1  /   1 
•/     1 
'/      1 
/        ' 

=-. /l   ;---: 

\i —    ' 

    b-splina 
    Boor spline 
 GA eps 
 GA Is 

^jj-- 
'*■■. .—^-■■>*" 

0.0 0.5 1.5 2.0 2.5 0.0 1.0 1.5 2.0 2.5 3.0 

Figure 8: Results of Dataset 3 for h = 3 and h = 4 

squares GA were adversely affected by the outliers, while the b-spline failed to capture 
the shape of the dataset. Again, the robustness of the variable epsilon GA proved 
essential for a proper fit. We also found that when the specified number of lines was 
large (h = A instead of h = 3) the variable epsilon GA was able to compensate for this 
by selecting pieces which almost merged. 

5.3    Conclusions 

The above results demonstrate that for 'nice' datasets (no outliers) the variable epsilon 
GA can provide a fit comparable to those of a least squares GA or splines. Although the 
variable epsilon GA did not always yield the 'best' result for nice datasets, it always 
achieved a satisfactory fit very quickly. When the number of pieces was large, the 
algorithm did a excellent job of decreasing the effective number of pieces by choosing 
lines which almost merged. By increasing the number of iterations and/or the string 
length, it is likely that even better results can be achieved. 

For datasets with outliers, the variable epsilon GA is capable of yielding results far 
superior to those of comparable methods. As with 'nice' datasets, if too many pieces 
have been specified the algorithm can almost merge pieces to yield a model with the 
appropriate number of effective knots. Despite large search spaces (e.g., on the order 
of 260 and 280) the algorithm can reach an acceptable solution in about 5 minutes and 
a near-optimal solution in about 20 minutes. The variable crit makes it possible to 
adjust for outliers while the variables 6 and /C provide some control over the precision 
of the final fit. By allowing e to be determined adaptively, our algorithm can find a 
result which (1) satisfies the critical value and (2) is closest to the majority of the data 
points with respect to other solutions. 

Thus the effectiveness of the variable epsilon GA has been conclusively demonstrated 
for fitting both robust and non-robust piecewise linear functions. 
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Dataset 3, h=4 Dataset 3, h=3 

     generating lines 
 GA eps 

0.0 0.5 1.0 1.5 2.0 2.5 3.0 0.0 0.5 1.0 1.5 2.0 2.5 3.0 

Figure 9:   Result of eps GA on Dataset 3 with h=4; Comparison of eps GA with 
generating lines on Dataset 3 with h=3 

5.4    Remarks 

1. Since the solution given by the variable epsilon GA is the result of a random 
process, we decided to run an experiment several times on dataset 5 and examine 
the variability of the results. Dataset 5 contained several outliers, had equally 
spaced knots, and met the specifications in Table 4. 

Set# N h Function Noise 

5 60 3 
f     2.5z                    0.0 < x < 1.0 

g(x) = J   -4.0a: + 6.5           1.0 < x < 2.0 
1     3.5a;+ -8.5        2.0 < x < 3.0 

Nor{0,0.l) 

Table 4: Dataset 5 

A variable epsilon GA was executed 8 times with the global parameters set as 
in Section 5.1.1 and 1 - crit = 95%. The results are shown in Figure 11 and 
Table 5. 
Figure 11 does not appear to contain 8 functions because several results were 
identical. By examining the ranges of both the slopes and intercepts of the lin- 
ear pieces, the achieved level of consistency appears to be satisfactory. Table 5 
shows the ranges of parameter values of all fitted lines. For example, the slope 
and intercept of the first generating line are 2.5 and 0, respectively, and the ex- 
periments generated corresponding ranges of (2.41421, 3.02704) and (-0.188247, 
0.180099). Further research is needed to determine a more precise measure of 
variability of results. 
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Dataset 4, h=3 Dataset 4, h=4 
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Figure 10: Results of Dataset 4 for h = 3 and h = A 

Intercept 
Slope 

Piece #1 
(-0.188247, 0.180099) 

(2.41421, 3.027Ö4J 

Piece #2 
(6.64789, 6.91933) 

(-4.21080, -3.99222) 

Piece #3 
(-8.73460, -7.92068) 
(3.29656, 3.613547 

Table 5: Dataset 5 Results; Ranges for Intercepts and Slopes 

For our experiments we considered datasets where h* was either 3 or 4 and h was 
between 2 and 5. However, the values for h* and h that can be considered can 
be increased simply by increasing the available computational resources. Note 
that when h=A, the string length is 80 so the size of the solution space is on 
the order of 280. Yet we were able to achieve near-optimal results in 20 minutes. 
With greater resources, a larger solution space could most likely be handled in 
approximately the same CPU time. 

6    Conclusions and Future Research 

By using genetic algorithms we have devised a method for fitting piecewise linear 
functions to datasets in TZ2 which not only optimizes the number of pieces but also 
optimizes the knot locations. With the assumption that the probability density func- 
tion of our random variables is symmetric, the above theory shows that our method 
will lead to a piecewise linear function which 'fits' the given dataset. However, even if 
we do not make this assumption (so our only assumption about the data is that the 
underlying probability density function is continuous), our method will still yield an 
optimal fit for the given dataset, optimal with respect to the chosen fitness function. 

The proposed method yielded very good results in the presence of noise. The param- 
eter crit makes it possible for our algorithm to reach a near-optimal result even in 
the presence of outliers. The convergence of genetic algorithms has been shown for 
practically any choice of parameter values (e.g., M = 50, pc = 0.8, etc.) although the 
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Figure 11: Example of Variability of Results 

best choices are still a matter of contention. The formulation of an optimal stopping 
rule is a subject of ongoing research, although it is known that increasing the number 
of iterations leads to a result with better accuracy. 

As mentioned previously, we would like to develop a method for providing confidence 
limits for our results. It may also be possible to decrease CPU time by developing a 
heuristic for determining a 'best' initial value for e. The closer e can be chosen to its 
theoretical optimum, the less iterations and hence less CPU time will be required by 
the algorithm. Given the speed of the proposed method we believe it is feasible to 
extend the use of genetic algorithms to fitting curvilinear models and to datasets of 
dimension greater than 2. 
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8    Appendix 

Proof of Theorem 4.1: 

Let e > e*, 6, and K be given. 
Suppose 3 L(öj.,i,i, fcj.,1,1) : £(öjM,i> fci*,i,i) G £(e) and 

{(a;,y) : y = L(öj.,iii,%*,i,i)(a;), re G [zii,z2i]}p| rec* = $ 

Then either 

{(a;,y) : y G   [L(0j*,i,i, %M,I)(Z), L(0j.,i,u fcj.,i,i)(a;) + e], a; G [^11,^21]} f| red = $ 

or 

{(ar,y) : y G  [^(öjM.i.fcjM.iXaO - e,L(0iV)i, ^■.,i,1)(x)], a; G [£ii,22i]}f| reci = 0 

Assume without loss of generality that 

{(x,y) : y G   [i(Öj.,i,i,Ä;j.)iii)(a;) - £,£(0JM,I, fcjM.iXz)], a; G ^ii,^i]}fl rect = 0 

This implies that -^ ^£1 ^((x^y*)) > 0.95, where 

m((r Ql\\ -j
l   (x,y)£ {(X'V) '■ V e [^M,I, fciM,i)(a;),^.,1,1, ^-.^(a;) + e], x G [211,221]} 

VW3/JJ-j 0   otherwise 

Let (x,y) = (Eili <£((xi>yi)))_1 Ej(xj,yj) where the sum is taken over all 
(xj>Yj) £ {(&>?/) : 2/ e [L(%.,i,i,A;JM,1)(a;),L(^,1,i,%.,iii)(a;) + e],x G [^1, ^ill- 

Define L(6'i-,i,i, kj.*titi) ■ ^(^»,1,1, %**,i,i)is parallel to L(0j.,i.i> %*,i,i) andy = L(0r*,i,i, Äij.*,i,i)(x). 

Then 
{(a;,?/) : y G [£(0^,1,1, A^,i,i)(a;),L(0j%1,i, %*,i,i)(a;)+e], x G [211,221]} C EeMg.„Ail>k.„Ail) 

Thus £(0j**,i,i, fcj»,i,i) G £(e) and since y = L(0,*»,i,i, fcj« i,i)(x), 

{(a;,y) : y = £(0,-»,i,i, fcj*M,i)(a:)> x G [^11,^21]} flrect ^ 0 

For a graphical representation see Figure 12a.  Note that 95% of the datapoints fall 
within e of L(0j»,i,i, Äj*,i,i) while 95% of the datapoints fall within e/2 of L(0j**,i,i, &j*»,i,i). 
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Proof of Proposition 4.1: 

Let L(0m,i,i,A;m,i,i) G Vi and £ > 0 be given. Choose 9^ : 7r/2la = TT/9^ < f/2. 
Similarly,'choose £e : 5 = dia^/^1-» - 1) = dias/(£f - 1) < £/2. Then 3 L(9,k) G 
£°(9e, £c) : 2. is satisfied. Since for any h, h = 1,... , /w, {£°(9, /C) : la = 1,2,... } 
and {£°(9, K) : ld = 1,2,...} represent increasing sequences of nested sets, if L{6, k) G 
£°(%/Q), then L{9,k) G £?(9,/C) V 9 > 6f and V K > /Q. Hence 1 is satisfied. 4 

Proof of Theorem 4.2: 

Let £ > 0 be given. Choose 9e : TT/2
1
* = 7r/9e < £/2. Then for 0f(i) G {^ ... , TT}; 0f(i) < 

9ki+1) V i, i = 1,... , 9e - 1}, we have 10 - 0f(1) |< £/2, 

I ^(D - %(2) l< f A ■ ■ • > I öf(e€) — 7T l< SA So Siven any L(öm,i,i, fcm>i,i) G Pi we can 
choose 0f so that 3 0f(i) G {^-,... , 7r} : | 0m,i,i - %(i) |< £/2. 

For any angle 6i{n) G [fj, ^±^], n = 1,... , 9f - 1 , the corresponding 

Piw e ^(.o'Tf^)]' 'C ^ Tf(-i) ^ 7^) ^ ^ Find 

i/ = max {sup {[jkn2) - 7f(ni)], n = 1,... , 6f - 1}} 

Choose /Q : J//£{ < £/4 and £{ = 2y for some y eK. Then given any L(6>m,i,i> &m,i,i) G 

Pi we can choose K^ so that 3 k^(i) G {0,... ,2K« - 1} : | p^(i) - Pm,i,i l< f A 

Hence given any £ > 0 and L(0m,i,i, kmX1) G Pi we can find 9^ and /C{ so that 
3 L{e^,kki)) G £?(9e,/Q) :| 0 - 0m,i,i |< f/2 and  | pm,i,i - p \< £/2. 

If L{0tm,kki)) G £?(9e,/Q), then L&(l),
fc*c«>) G £°(9,/C) V 9 > 6* and V K> Kv 

Hence 1. and 2. are satisfied.4ft 

Proof of Proposition 4.2: 

Define «Si = U~i C\{QhKi). Note Pi C «Si. Note that «Sx C 71 so Px C 71- Since we 
are requiring our proper lines which pass through red, the proper lines in Pi = the 
proper lines in 7i.<|b 

Proof of Theorem 4.3 

Note that C\{Qi,Ki) C ^(e^) V i' > i. Hence Aei C AeV V i' > i. Thus 
Aeiim = lim^oo Aei exists [30]. But Aeum is the set of optimal lines in «Si where 
Pi Q «Si C 7i. By Proposition 4.2, Aiim = A- ♦ 

Proof of Theorem 4.4 

Suppose 3 £(0j.,i,i,fcj*,i,i), Z(0j**,i,i,%",i,i) G A*0(1-0) : 
Z(0j*,i,i> Aj.,i,i) 7^ L(0j«,i,i, Aij«,i,i). Then for all possible values of (x,y) 

(x, y) G {(x, y):ye [L(0,-M,I, ^M,I)(Z) - ei.o» L(%M,i> ^M.i)^) + ei.o]} 

and 
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(x,y) G {{x,y) : y G [£(^-1,1, %**,i.i)(z) - e^.o» £(0j*M,i> kj",i,i)(x) + ei.o]> • 

Recall that for h* = 1, the support of Q;I(X, y) was defined as B where 

B = {{x,y):ye[^^^-€0l^^^ + €0]}     for    s€[*ii,;fci] 

As TV -> 00, e^ o —>• e0 since e* 0 is minimal and -F.Fe,jv is continuous for all e. Hence 
{(a;,j/) : y = ii^.i.i.^M.OW} ^ (O2^) : zcosÖi + j/sinöi = dx} and {(z,y) : 
y = i(öj-..,i,i,*;j*.,i,i)(x)} -> {(z,y) : xcos0X + ysin6X = dj Thus £(0jM,i,fcj«,i,i) = 
M0j**,i,i> %**,i,i)- ^ 

See Figure 12b for a graphical representation of Theorem 4.4. 

^r.u'Y.u* 

Tj,i,i'j.UlJ—-^■-^"••••t  1    :r^v: ■------'      5%  ; 

red 

Wf.U'Y.u' 

(a) (b) 

Figure 12: Graphical representations of (a) Theorem 4.2 and (b) Theorem 4.4 

Proof of Theorem 4.5: 

Given the continuity of FF£,N we know that as N ->■ 00, for each N large we may find 
eijv, e2jv, C3JV, 0 < euv < e2N < ew, such that 

. AFFeiN,N(L(ej.fltl,kj.tl,1)eiN,N) < 0.95 

. AFF^^L^^*^)^,») >0.95 

. AFF^^CL^.,!,!,^.,!,!)^.^) > 0.97 

Note that L{Qj*j_yi, kj*^i)eiNjN 0 £(£iw) while e3N is not minimal, i.e., there exists some 
e < e3N : £(£) ^ 0. Hence for our stated goal (see Eqn. 11) we are interested only in 
e2N. For each N there may be infinitely many such e2jv. For a given N and e let one 
such e2N be e*2N- Then we conclude 

\immiN^AFF€*2N,N(L{dj*^kj*titi)e*2N,N) > 0.95 

for appropriate 6 and /C. 4 

37 



References 

[1] P.A. Kokkonis and V. Leute, "Least squares splines approximation applied to 
multicomponent diffusion data", Computational Materials Science, 6, 1, pp.103- 
111, July 1996. 

[2] C.L. Karr and B. Week, "Improved Computer Modelling Using Least Median 
Squares Curve Fitting and Genetic Algorithms", Fluid/Practice Separation Jour- 
nal, 8, 2, pp.117-124, June 1995. 

[3] R.L. Eubank, Spline Smoothing and Nonparametric Regression, 1st Edition. New 
York: Marcel Dekker, 1988. 

[4] E. Mammen and S. Van de Geer, "Locally adaptive regression splines", Annals of 
Statistics, 25, 1, pp.387-413, Feb. 1997. 

[5] B. Cheng and D.M. Titterington, "Neural networks: A review from a statistical 
perspective", Statistical Science, 9, pp.2-30, Feb. 1994. 

[6] K. Warwick and R. Craddock, "An introduction to radial basis functions for sys- 
tem identification a comparison with other neural network methods", Proc. of the 
IEEE Conf. on Decision and Ctrl, 1, pp.464-469, Dec. 1996. 

[7] M. Werman and Z. Geyzel, "Fitting a Second Degree Curve in the Presence of 
Error.", IEEE PAMI, 17, 2, p.207, Feb. 1995. 

[8] C. L. Karr, D.A. Stanley, and B.J. Scheiner, "Genetic algorithm applied to least 
squares curve fitting", Report of investigations # 9339, U.S. Dept. of the Interior, 
Bureau of Mines, 1991. 

[9] S. Chatterjee, M. Laudato, and L.A. Lynch, "Genetic algorithms and their statis- 
tical applications: an introduction", Computational Statistics and Data Analysis, 
22, 6, pp.633-651, Oct. 1996. 

[10] L. Davis (ed.), Handbook of Genetic Algorithms, 1st Edition. New York:   Van 
Nostrand Reinhold, 1991. 

[11] CA. Murthy and J. Pittman,  "Optimal line fitting using genetic algorithms", 
Pattern Recognition, submitted, August 1997. 

[12] D. Chen and R. Jain, "A robust back propagation learning algorithm for function 
approximation", IEEE Trans, on Neural Networks, 5, pp.467-479, May 1994. 

[13] C. De Boor, A practical guide to splines, 1st Edition. New York: Springer-Verlag, 
1978. 

[14] H.J. Larson, "Least squares estimation of linear splines with unknown knot loca- 
tions", Computational Statistics and Data Analysis, 13, pp.1-8, Jan. 1992. 

[15] B.D. Ripley, Pattern Recognition and Neural Networks, 1st Edition. Cambridge 
University Press (1996). 

38 



[16] R.L. Eubank and P. Speckman, "Curve fitting by polynomial-trigonometric re- 
gression", Biometrika, 77, 1, pp.1-9, March 1990. 

[17] T.B. Nguyen and B.J. Oommen, "Moment-preserving piecewise linear approxima- 
tions of signals and images.", IEEE PAMI, 19, 1, pp.84-91, Jan. 1997. 

[18] P.L. Rosin, "Techniques for assessing polygonal approximations of curves.", IEEE 
PAMI, 19, 6, pp.659-666, June 1997. 

[19] H. Schwetlick and T. Schütze, "Least squares approximation by splines with free 
knots", BIT, 35, pp.361-384, Sept. 1995. 

[20] P. Suchomski, "Method of optimal variable-knot spline interpolation in the 1—2 
discrete norm.", International Journal of Systems Science, 22, 11, pp.2263-2274, 
Nov. 1991. 

[21] W.S. Cleveland and S.J. Devlin, "Locally Weighted Regression: An approach to 
regression analysis by local fitting", J. Amer. Statist. Assoc, 83, 403, pp.596-610, 
Sept. 1988. 

[22] L. Breiman, comment to B. Cheng and D.M. Titterington, "Neural networks: A 
review from a statistical perspective", Statistical Science, 9, pp.38, Feb. 1994. 

[23] D.G.T. Denison, B.K. Mallick, and A.F.M. Smith, "Automatic Bayesian Curve 
Fitting", Preprint, March 1996. 

[24] B.K. Mallick, "Bayesian curve estimation by polynomials of random order", 
Preprint, April 1996. 

[25] D. Bhandari, C.A. Murthy, and S.K. Pal, "Genetic algorithm with elitist model 
and its convergence", Int. J. Patt. Recog. Art. Intell, 10, 6, pp.731-747, Sept. 
1996. 

[26] P. Vankeerberghen, "Robust regression and outlier detection for non-linear models 
using genetic algorithms", Chemometrics and Intelligent Laboratory Systems, 28, 
1, pp.73-87, April 1995. 

[27] S. Bandyopadhyay, C.A. Murthy, and S.K. Pal, "Genetic classifier using variable 
string lengths", Pattern Recognition, communicated. 

[28] P.J. Huber, Robust Statistics, 1st Edition. New York: Wiley, 1981. 

[29] S. Bandyopadhyay, C.A. Murthy, and S.K. Pal, "Pattern classification with genetic 
algorithms", Pattern Recognition Letters, 16, pp.801-808, August 1995. 

[30] R. Ash, Real Analysis and Probability, 1st Edition. New York: Academic Press, 
1972. 

[31] V. Cherkassky, D. Gehring, and F. Mulier, "Comparison of Adaptive Methods for 
Function Estimation from Samples", IEEE Transactions on Neural Networks, 7, 
4, pp.969-984, July 1996. 

39 



[32] B. Mulgrew, "Applying Radial Basis Functions", IEEE Signal Processing Maga- 
zine, 13, 2, pp.50-65, Jan. 1996. 

[33] R.A. Becker, The new S language, 1st Edition. Murray Hill, N.J.: Bell Telephone 
Laboratories, 1988. 

[34] U. Grenander, Abstract Inference, 1st Edition. New York: Wiley, 1981. 

40 


