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OVERVIEW 

Tensile stress-strain behavior has been widely recognized as the most important 

single property for ceramic matrix composites. In this study, the tensile failure mechanism 

of the ceramic matrix composites has been investigated. 

First, the dog-bone tensile specimens made of unidirectional ceramic matrix 

composite namely: Nicalon Fiber (S13C4O, ß phase) and CAS n (CaO-Al203-2SiO2) 

matrix with fiber volume fractions of 30% and 40% were tested in room as well as in 

elevated temperatures. All tests were conducted inside a chamber of a scanning electron 

microscope (SEM). Therefore, images at various magnifications revealing the intermediate 

tensile damage events in the composite specimen were obtained in-situ along with other 

testing data. Since the lens in the 5EM is always kept at least one inch away from the 

specimen during testing, with magnifications ranging from SOx to as high as 3000x, the 

heat on the specimen won't damage the electron lens. This makes it possible to obtain 

images while doing tensile testing in high temperature. The damage histories of the 

specimen at different temperatures were first observed on the monitor of the SEM and 

then captured immediately dither by Polaroid camera or video copy processor. Tensile 

stress-strain curves were constructed at different temperatures (starting from room 

temperature, then 250 °C, 400 °C. 600 °C and 700 <>C). AU tests exhibited a non-linear 

stress-strain behavior. The effect of specimen size (meaning specimens with different 

thickness or width in the gauge section) on the failure behavior was discussed. It was 

found that while thin specimens (about 0.0625 "-0.07 " in either thickness or width) tend 

to have a tail at failure, retaining some load carrying capability, thick specimens (greater 

than 0.0725" on both thickness and width) fail catastrophically, breaking into two pieces. 

The effect of temperature on tensile failure strength was found not quite significant wiüjin 

the temperatures tested. Micrographs taken at different loading and temperatures revealed 
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the details of damage process from first matrix cracking to multiple matrix cracking, 

sequential random fiber slipping and fiber breaking to eventual composite failure by 

sudden fiber pull-out and collective fiber breaking somewhere in the gage section. Matrix 

crack density versus ihe stress with different fiber volume fraction and at different 

temperatures was also studied. The results indicate that, for specimens with 30% fiber 

volume fraction, the matrix crack initiation stress is less than that of 40% fiber volume 

fraction. And the matrix crack density (defined as the number of matrix cracks per mm) 

for specimens of 40% fiber volume fraction is higher than that for those with 30% fiber 

volume fraction. It is also noted that matrix crack initiation stress was lower in high 

temperature than in room temperature for specimens of both 30% and 40% fiber volume 

fraction. 

Then, analytical models based on finite element method and the singular integral 

equation technique were used to explain the tensile damage behavior of the ceramic manix 

composites. The H-shaped crack geometry was used in the finite element model to study 

the interface progression and its effect on the tensile damage behavior. The results from 

finite element model compare well with the experimental results. The singular behavior at 

the transverse and interface crack tips were studied using singular integral equations. The 

stress intensity factors and strain energy release rates were calculated for various crack 

geometry and were used to explain the failure mechanism of the composites. The results 

from the singular integral equation technique predict that once the transverse matrix 

cracks are formed, they will propagate to the fiberAnatrix interface. This behavior 

conforms to the observed behavior. Both models assume that the composite consists of 

equal spaced fiber strips in the matrix material and the problem is simplified as two 

dimensional. 
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1    INTRODUCTION 

The research on ceramic matrix composite materials has intensified in recent years 

due to some of the appealing features of ceramics; such as great stability and resistance to 

oxidation under hostile (high temperature or corrosive) environments. In comparison to 

their metallic and polymer counterparts, ceramics, being brittle and low in tensile strength 

and fracture toughness, traditionally have had little use in structural applications. 

However, when reinforced with fibers, ceramic matrix composites exhibit an increase in 

fracture toughness and tensile strength in room as well as high temperatures [1-2]. A 

variety of ceramic matrix composite systems have been or arc being developed for 

engineering applications ranging from cutting tools to aerospace structures [3-4]. For 

examples, one can find studies on the following systems of ceramic matrix composites: 

C/glass [5), C/SiC [6], SiC/glass [7], SiC/LAS glass ceramic [8-13], SiC/BMAS glass- 

ceramic [13], SiC/alumina [14], SiC/mullite [15], SiC/SiC [16]. 

In the aforementioned studies, experimental results on damage behaviors of ceramic 

matrix composites were obtained by failing the specimens with either tensile or three-point 

bending loading at room or elevated temperature [9-12]. During the thermomechanical 

testing, the load vs. the displacement (and hence the stress vs. the strain) curves were 

recorded but only the postmortem damage patterns were identified by either a scanning 

electron or an optical microscope. It is well known that the stress-strain relations of most 

ceramic matrix composites under thermomechanical loading usually exhibit nonlinear 

behaviors. For such ceramic-matrix composites, the failure mechanisms that cause this 

nonlinear stress-strain relationship is more complex than that of their monolithic 

counterparts. They come from the results of multiple matrix cracking and sequential fiber 

breaking due to weak interfacial bonding between the fibers and the matrix. The 

approaches described above although proved important data to the overall understanding 
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of the failure mechanisms of the ceramic matrix composites, they fail to correlate the 

nonlinear stress-strain (and hence the stiffness reduction) behavior with the intermediate 

damage progression events inside the ceramic matrix composite specimen. A good 

experimental approach should provide information on the damage history of the specimen 

that can be used to correlate the nonlinear stress-strain (and hence the stiffness reduction) 

behavior with the intermediate causative damage events that occurred on the ceramic 

matrix composite specimen. Recently, in [17-18], the tensile behavior of a Nicalon/CAS II 

system was studied. Damage patterns were identified and micrographs were taken to 

capture the matrix crack propagation. However, these micrographs were not taken at the 

same location and therefore cannot truly correlate the damage progression with the 

nonlinear stress-strain behavior. And those studies dealt only with room temperature. In 

this study, experiments were conducted inside the chamber of a scanning electron 

microscope equipped with a custom designed tensile/heating substagc. This made it 

possible to direcdy observe and record in situ the progressive tensile damage behavior of 

the ceramic matrix composites from the very first matrix crack to complete fracture of the 

specimen at any location in the gage section. Test results for both room and elevated 

temperatures were obtained. One particular advantage of using SEM is for high 

temperature testing. Since in SEM, unlike in optical microscope, the electronic lens is 

always kept at least one inch away from the heated specimen, images can be obtained at 

magnifications as high as 3000x. without damaging the electronic lens during high 

temperature testing. This makes the technique very appealing for high temperature testing. 

Among the factors that affect the overall strength and toughness of the ceramic 

matrix composites, the following are generally considered the most important (a) the 

thermoelastic properties of ihe constituents (i.e., the matrix and the fibers); (b) the relative 

strength of the interface between fibers and matrix; (c) the volume fraction and 
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arrangement of the fibers; and (d) the ambient temperature. Based on the above 

considerations and observations during the test, two analytical models have been 

developed One model utilizes the finite element technique and is based on a periodic 

multiple-row H-shaped crack configuration. The other uses the singular integral equation 

method with periodic transverse and interface crack configuration. In both models the real 

problem is formulated in two dimensional domain. 

2   THE EXPERIMENTAL WORK 

The experimental work is vital in this study. It provides important insight and data 

for the understanding of the failure process of this type of composite material. And it also 

provides the foundation upon which analytical models are based. The technique used in 

this study is believed to be first developed in the area of experimental mechanics research. 

2.1      THE TESTING PROCEDURE 

Figure 2.1 shows a schematic drawing of the experimental set-up which uses a 

scanning electron microscope equipped with a tensile and heating substage to perform the 

micromechanical tensile testing of a ceramic matrix composite specimen under high 

temperature. In this study, a Hitachi S-2400 scanning electron microscope is used which 

is equipped with a custom designed E.F. Fullam tensile/heating combined substage. The 

specimen used is simple "dog-bone" shaped specimen such as the one shown in Fig. 2.2. 

The actual experimental set-up and tensile/heating substage are shown in Fig. 2.3. The 

material used in this study (Nicalon-fiber/CAS II matrix composite) was obtained from 

Corning Glass Works. Table 2.1 shows the thermomechanical properties of the 

constituents of the composite. Specimens of both 30% and 40% fiber volume fractions 

were tested. To study the size effect, we varied either the thickness or the width of the 



specimen for specimens with 40% fiber volume fraction. Fibers were unidirectionally 

aligned with the gage-length direction. The tensile specimens were made by first cutting 

the large rectangular ceramic matrix composite panel as supplied by Coming Glass Works 

into smaller rectangular plates using a Leco VC-50 Cari/Cut fine-mesh diamond saw. 

Then the gage section of the specimens was shaped using the same diamond saw with 

special a holder. The gage section of the specimens was grounded to its dimensions using 

a Dremel motorized hand-held grinder with silicon carbide and alumina oxide stones. 

Table 1. Properties of Nicalon fiber and CAS II matrix 

CAS II Matrix Nicalon Fiber 

Nominal Composition CaO-Al70^-2Si09 Si^C40 

Elastic Modulus Msi(GPa) 

25°C 13.8 (95) 28.3 (195) 

1000°C 13.5 (93) 22.9 (158) 

1200°C 11.7(81) 22.5 (155) 

Thermal Expansion(106/°C) 

5.0 (25°-1000°C) 3.1 (25°C-200°C) 

4.0 (25°C-1000°C) 

Fracture Toughness KTr(MPa m1/2) 

25°C 2.16±0.11 

1000°C 1.30±0.17 

Fiber/Matrix Interfacial Shear Strength 

25°C                 1                             15.7±2.0MPa 



To conduct high temperature testing, the bottom surface of the central part of the 

specimen as shown in Fig. 2.1, was placed in direct contact with the E.F. Fullam heating 

element (called heater) which is a rectangular plate made of ceramic material with fuse 

wire circuit inside. The maximum heated area of the heating element is 0.65"x0^5". It 

can sustain a maximum working temperature of 1100°C and is equipped with a water- 

cooled heat sink for continuous operation. Temperature is measured by three platinum 

30% rhodium-platinum 6% rhodium thermocouples and controlled by a stand-along DC 

power supply with adjustable voltage and current knobs. Since the whole operation is 

conducted inside the chamber of a scanning electron microscope (in this study a Hitachi S- 

2400) which is usually vacuumed at 1.5xl0"6 Pa or better, no heat-loss will occur due to 

thermal convection. The top surface of the specimen was first polished using fine-grade 

diamond paste containing 15-, 6-, and 1-micron particles until the surface was well 

finished and the fibers and matrix could be seen clearly under a Nikon UM-2 microscope. 

Then the specimen was cleaned using a Bronson ultrasonic cleaner for 10 minutes. Finally 

the bottom surface of the specimen was coated with silver paint to prevent electric 

charging and to achieve better image before it was mounted into the E.F. Fullam tensile 

substage. Because it is very difficult to drill holes in a ceramic composite specimen, the 

top and bottom ends of the specimen were mounted through stainless steel clamps with 

serrated teeth to the crossheads of the E JF. Fullam tensile substage. To help in alignment 

and prevent slippage during testing between the ceramic composite specimen and the 

serrated clamps, cyanoacrylate-based extra-strength epoxy was also applied on the clamp- 

specimen interfaces. The clamped specimen was then mounted to the tensile substage and 

was left to cure for at least 20 hours to ensure that the epoxy had hardened and was 

completely dry before testing. 



Finally, the specimen together with the tensile/heating assembly was placed inside 

the chamber of a Hitachi S-2400 scanning electron microscope which is also equipped 

with a backscatter detector to enhance the image. By using the X-Y staging control of the 

scanning electron microscope, micrographical patterns within the central gage area can be 

observed and recorded. The tensile substage is driven by a variable-speed motor which 

has a maximum speed of 90 rpm. Through a gear mechanism of 100:1 reduction ratio, the 

crosshead speed can be controlled within 0.127 mrnAnin (or 0.005 in/min). The tensile 

stage can provide a tensile load of up to 455 kgs (1000 lbs). The applied load was 

increased gradually until the specimen failed totally. The damage to the composite as the 

load increased was first observed on the monitor of the SEM. Then a sequence of 

micrographs were taken to get hard copies of various microcracking and damage patterns 

of the specimen at different loading levels. Since the specimen is very thin thickness 

(ranges from 1.0 mm to 2.0 mm or 0.04" to .08"), it is expected that failure wül occur 

through the thickness. Thus the recorded micrographs of the surface fracture can 

represent through-the-thickness failure of the specimen. Quality of the image and hence 

the quality of the micrographs was further enhanced by transmitting the image signal to a 

computer which is equipped with an Imaging Technology Advanced Frame Grabber 

(AFG) digital image analyzer hardware. With the help of the installed software, sharper 

images were obtained through the contrast and edge enhancement operations. And text 

can be added to the micrographs. 

The tensile stage is designed in such a way that when the load increases, the top and 

bottom crossheads move in opposite directions to minimize the shift of the observed site. 

This is achieved by machining the stainless-steel loading columns into worms of reverse 

directions. Thus searching and refocusing the damaged zone after each load increment are 

very handy. The applied loads were recorded by a miniature load cell equipped with a 



digital readout The relative displacements of the crossheads were measured by a high- 

precision, strain-gage-type extensometer which is also fitted with a digital readout The 

load-displacement data were recorded and converted into a stress-strain curve. The 

evolution of damage recorded by micrographs were identified with the corresponding 

stress and strain. Finally the ruptured specimens were observed under a Nikon UM-2 

universal measuring microscope for further postmortem examination. 

22    EXPERIMENTAL RESULTS 

2.2.1   Stress-Strain Relations 

Typical stress-strain curves for the room-temperature, tensile damage behavior of a 

Nicalon/CAS H with 30% and 40% fiber volume fractions are shown in Fig. 2.4 and Hg 

2.5 respectively. As depicted in these two figures, the tensile damage behavior of the 

ceramic matrix composite specimen  is characterized by a nonlinear curve made up of 

three sections. The characteristics are the same for all tests conducted in this study, even 

though microscopically these specimens might look quite different Upon load application, 

the relation between stress and strain was linear and its slope was equivalent to the 

stiffness of an intact Nicalon/CAS H specimen (18.15 Msi or 125 GPa for Vf = 30% and 

19.6 Msi or 135 GPa for Vf = 40% ). For specimens with 30% fiber volume fraction, the 

slope changed at about 25 ksi (Point A in Fig 2.4). While for 40% fiber volume fraction, 

the slope changed at about 30 ksi (Point A in Fig. 2.5). First matrix crack is believed to 

start at or slightly below of point A in both Vf = 30% and 40% cases. This can be further 

inferred from the relationship between matrix crack density and tensile stress as will be 

discussed later in this section. In most cases, matrix cracking initiates either at the edge or 

at a location where the fiber spacing is maximum. Fig 2.6 shows some micrographs taken 

during one test The second micrograph in Fig. 2.6 clearly indicates that matrix crack 
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initiated not from the voids but from the location where spacing between the two adjacent 

fibers is the largest. While in Fig. 2.7, matrix cracks initiated from both the edge and a 

location where fiber spacing is very large if not the largest The matrix cracks then 

propagate perpendicular to the fiber direction throughout the whole width of the gage 

section to form multiple matrix cracks. Unlike the monolithic materials where failure is 

controlled by a critical crack size, the failure of the composite goes through a process of 

damage accumulation. The composite is insensitive to the voids and can tolerate very large 

cracks before failure. At point B (35 ksi for Vf = 30% and 40 ksi for Vf = 40%), the 

development of multiple matrix cracks reached a saturated stage. Regularly spaced matrix 

cracks were formed in the whole gage section of the specimen. This happened with only a 

small increment of tensile stress (about 10 ksi, as can be seen from point A to point B in 

both Fig. 2.4 and Fig. 2.5). Further increase of tensile stress creates no or very little 

additional matrix cracking. Matrix crack opening, fiber debonding, breaking and slipping 

will dominate the rest of the failure process. Upon reaching point C (about 62 ksi for Vf= 

30% and 58 ksi for Vf = 40% ), one surface of the matrix cracks in the gage area started 

to open up with crack opening displacement far more larger than the rest of the matrix 

cracks. This then was accompanied by massive fiber breaking and pull-out in that surface. 

And the eventual separation of the specimen caused the load to drop substantially. 

Depending on whether the specimen is thin (either in thickness or in width) or thick, there 

might be a tail in the stress-strain curve at the load drop. Thin specimens tend to have a 

tail at failure as indicated in Fig. 2.5 where both thin and thick specimens were tested. One 

explanation is that thin specimens are prone to bending during the test This might be 

responsible for the lower failure strength and a tail at failure for thin specimens. For thick 

specimens, failure is always catastrophic. Fig. 2.8 shows the progression of damage for a 

thin specimen. At failure, the specimen (this occurred only for thin specimens) was kept in 
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one piece by the fibers. Further loading after failure was possible as shown in Rg. 2.9. 

Micrographs in Rg. 2.10 however, show the catastrophic failure of a thick specimen. 

Upon reaching the maximum stress value, the specimen fails catastrophically with a very 

big crack opening at the failure surface. Observation on the failure surfaces of the 

specimens with 30% and 40% fiber volume fractions, indicated that there are significant 

differences in both the amount and the length of fiber pull-out between the two specimens. 

For specimens with Vf = 30%, both the amount and the length of fiber pull-out at failure 

surface are less than those with Vf = 40% as can be seen from Fig. 2.11 and Fig. 2.12. The 

lesser amount of fiber pull-out and the shorter fiber pull-out length is an indication of 

stronger interfacial bonding strength. This explained why the tensile failure strength of Vf 

= 30% is slightly higher than that of Vf = 40%. The smoothness of fiber pull-out surface 

as shown in Fig. 2.13 is evidence of non-chemical bonding between fibers and matrix 

which generally implies weak interfacial bonding strength. The fiber pull-out length and its 

amount also deviated substantially among the same batch of specimens as shown in Rg. 

2.14, implying that the fiberAnatrix interfacial strength may vary for the same batch of 

ceramic matrix composite specimens. This is also reflected by the fluctuation of the 

maximum tensile stresses (Point C) among these tests. 

Rgure 2.15 is a set of micrographs showing typical damage patterns of the specimen 

at different magnifications after the stress reached point B in the stress-strain curve. At 

close-up, one can clearly identify the matrix crack opening, fiber breaking, slipping and 

fiber bridging of the matrix cracks. Also from Rg 2.15, one can observe the typical "H" 

shaped crack pattern formed by intersection of the transverse matrix cracks with interface 

cracks during the failure process. This "H" shaped crack configuration will be used in the 

analytical models discussed later. Besides the easily identified matrix crack patterns, fiber 

breaking also exhibits some patterns as shown in Fig. 2.16 and Rg. 2.17. In Fig. 2.16, one 
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fiber breaks at a location away from the matrix cracks first, then a ray of breaking fibers is 

form along a line slanted away from the line of matrix cracks. Fiber breaking occurred 

mostly after the stress reached point B, i.e. after the multiple matrix cracks have been 

formed. Micrograph in Fig 2.17 gives another pattern of fiber breaking in which fiber 

breaking is randomly distributed throughout the whole gage section. 

The stress-strain relations of the Nicalon/CAS II composite at high temperatures 

will be discussed later. 

2.2.2 Matrix Crack Density 

Matrix crack density defined as the number of matrix cracks per 1 mm length in 

fiber direction, was used to characterize the failure process of the composite. With the 

help of the scanning electron microscope equipped with a backscatter detector, images 

reflecting the tensile damage pattern of the composite from the first matrix crack to the 

eventual failure of the composite were captured. Fig 2.18 and Fig. 2.19 are some 

micrographs showing the development of matrix cracks with increasing stresses for Vf = 

30% and Vf = 40% respectively. Based on the number of cracks counted in the frame 

shown in these micrographs and the associated stress level, the matrix crack density versus 

tensile stress curve was constructed as shown in Fig 2.20 and Fig 2.21 for 30% and 40% 

fiber volume fractions respectively. From the matrix crack density curves, it is seen that 

the matrix crack initiation stress is 25 ksi for Vf = 30% and 30 ksi for Vf = 40%. These 

results happen to coincide with point A on the stress-strain curves as shown in both Hg 

2.4 and Fig 2.5. 

2.2.3 Effect of Fiber Volume Fractions 
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As can be seen from the stress-strain and matrix crack density curves for 

specimens of both 30% and 40% fiber volume fractions, the fiber volume fraction affects 

the tensile behavior substantially. Matrix crack initiation stress is less for specimens with 

less fiber volume fraction (compare points A in Fig 2.4 and Fig. 2.5). This result is in 

agreement with that given in [19]. But the tensile failure strength for Vf = 30% is higher 

than that for Vf = 40% (points C in the stress-strain curves). This might be the result of a 

relatively stronger interfacial bonding strength for specimens with Vf = 30%. The matrix 

crack density was found to increase with increasing fiber volume fraction of the specimen. 

This finding also agrees with that reported in [19]. 

2.2.4   Temperature Effects 

The same specimens were tested in the SEM at 250 <>C, 400 <>C, 600 °C and 700 

OQ Fig. 2.22 and Fig. 2.23 show the stress-strain curves obtained at higher temperatures 

for fiber volume fractions 30% and 40% respectively. Within the temperature range tested 

( room temperature, 250 °C, 400 °C, 600 °C and 700 °C), no significant changes in 

ultimate tensile strength have been observed in the stress-strain curves. Fig. 2.24 and Fig. 

2.25 show the temperature effects on the ultimate tensile failure strength of the specimens 

for both 30% and 40% fiber volume fractions. There was a slight increase in tensile failure 

strength for Vf = 30% at T = 250 °C . Micrographs showing the final failure surfaces of 

the specimens with Vf = 30% at different temperatures are compared in Fig. 2.26. It is 

seen that both the amount and the length of fiber full-out are the smallest for T = 250 °C. 

This might explain why the tensile strength is maximum at T = 250 °C. For Vf = 40%, this 

increase of tensile strength happened at T = 400 °C. The phenomenon of slight increase of 

tensile strength might be the result of release of thermal residual stress and changing of 

interfacial bonding strength due to temperature. Matrix crack density did not show 
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significant changes with temperatures for Vf = 30%. Micrographs in Fig. 2.27 show the 

development of matrix cracks at T = 600 °C. Fig. 2.28 shows the relation between the 

matrix crack density and temperatures (ranging from room to 600 °C) for Vf = 30%. But 

for Vf = 40%, it was found that matrix crack density decreased with increasing 

temperature as shown in micrographs of Fig. 2.29 taken at T = 400 °C. Fig. 2.30 plots the 

relation of matrix crack density versus temperature for Vf = 40%. Matrix crack initiation 

stress also decreased slightly at high temperatures for Vf = 40%. Micrographs in Fig 2.31 

and Fig. 2.32 show the fiber breaking and slipping process in high temperatures. Since this 

composite is basically a glass based material, the stress-strain behavior is expected to be 

quite different when temperature reaches over 800 °C. 

2.2.5   Specimen Sizing Effects 

To study the size effect, specimens of 40% fiber volume fraction with different 

thickness and width combination were used in the tests. It was found that specimens with 

either relatively thin thickness or width (about 0.0625-0.07") tended to have a quite 

different failure pattern than that with thicker one (greater than 0.0725" in both thickness 

and width). For thin specimens, first, the tensile strength was quite lower than that of thick 

specimens; second, when the specimen failed, it had a tail in the stress-strain curve 

indicating that it still retained some load carrying capability and the specimen was kept in 

one piece by the fibers. The thick specimens on the other hand always failed 

catastrophically. A comparison of tensile strength between thin and thick specimens 

against temperature is shown in Fig 2.33. The discrepancy between the two cases might be 

the result of bending that might have occurred during the test as explained earlier. Size 

effect of the specimens on the flexural strength of unidirectional carbon epoxy composites 

has been reported in the literature [20-21]. Since there are some definite relations between 
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flexural strength and tensile strength, tensile strength will be affected by the size of the 

specimen as well. From the standpoint of Weibull failure theory, thick specimens tend to 

contain large defects, therefore they should fail at a lower tensile loading. Since the 

composite with a relatively weak interfacial bonding strength is insensitive to the defects, 

the opposite results were obtained here. The specimen didn't fail by one defect or crack 

when it reaches the critical size, but through the damage accumulation all over the gage 

section. For thin Nicalon/CAS II specimens with 40% fiver volume fraction, the stress- 

strain curves at high temperatures were shown in Fig. 2.34. 
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3  THEORETICAL MODELS 

As explained earlier, during testing, it was found that, after the initiation of 

transverse matrix cracks at point A (in both Figs. 2.4 and 2.5), with increasing load, 

regularly spaced multiple transverse cracks were formed. When the tensile stress reached 

a certain value, almost no new transverse cracks were generated until failure. During this 

process further transverse matrix cracks opening, fiber debonding, breaking and sliding 

at the fiber/matrix interface is believed to dominate the failure process. This typical 

failure feature is best described by the periodic H-cracks configuration shown in Fig. 

2.15. Two models, one using singular integral equation technique, and the other using 

finite element method, are adopted to either explain the failure mechanism or simulate 

the observed tensile behavior of ceramic matrix composites. 

The problem of concern is basically a three dimensional problem because of the 

distribution of fibers in the matrix. However, if one assumes that the fibers are made of 

composite strips of width 2Hi, the problem can be treated in two dimensions. 

3.1      Singular Integral Equations Formulation. 

It has been shown that the singular integral equation technique is a very powerful 

tool in dealing with crack problems. Fig. 3.1 is a sketch of the proposed mathematical 

model. It is assumed that fibers are equally spaced in a ceramic matrix, and that the 

thermomechanical and fracture properties of the fiber and the matrix are known. The 

model contains cracks perpendicular to as well as parallel to the fibers at the fiber/matrix 

interface and which are assumed to be periodic. By choosing different geometrical 

parameters, one can generate various crack geometries. For example: If one sets a^, 

a2=H2 and ^=0 in Fig. 3.1, then the model reduces to a geometry with periodic H-shaped 

cracks as shown in Fig. 3.2. This configuration closely resembles the actual cracked 

geometry observed in testing. 
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Fig. 3.1 Mathematical model 

Fig. 3.2        H-shaped cracks 
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3.1.1   Formulation of the problem 

3.1.1.1 Equilibrium equations 

The equilibrium equations expressed in terms of displacements for orthotropic materials 

are as follow: 

£♦«©♦«£-• (31b) 

where ß*. fa and ß3are material constants [23] 

Assume that the solutions are of the following forms: 

u(x,y) = u^Cx.y) + uP)(x,y) (3-2a) 

V(x,y) = v(D(x,y) + vP>(x,y) (3-2b) 

where 

uO)(x,y) =- P f(a,x)cosayda (3-3a> 
% Jo 

vO)(x,y) =z I" g(a,x)sinayda (3-3b) 
it Jo 

and 

u(2)(x,y) = - r h(a,y)sinaxda (3-4a) 
7C Jo 

v(2)(x,y) = - f ~ t(a,y)cosaxda (3-4b) 
% Jo 

here f(a,x), g(a,x), h(a,y) and Ka,y) are shape functions 

Substituting (3.3ab) and (3.4ab) into (3.lab), one gets the following characteristic 

equation: 

r4 + ß4r2 + ß5
2 = 0 (3-5) 

where fr-^"^"1     and ß5=Vfc/ß 



19 

and the roots are obtained as: 

rj = - r3 = Wi + iw2=V(-ß4+ß6V2 

r2 = - r4 = w3 +iw4 = "\/("ß4 - ßöV2 

where ßö=Vß42 " 4ßs2 

Then we have: 

f(a,x) = A(a)eric« + B(a)e-riO« +C(a)er2«x + D(a)e"r20« (3i6a) 

g(a,x) = ß7[A(a)eriax - B^e"1!«*] 

+ ß8[C(a)er2ax-D(a)e-r2ax] (3.6b) 

h(a,y) = ECoOeW/ßs + F(a)e-riay#5 

+ 0(0)^2^^5+ H(a)e-r2«y/ß5 (3.6c) 

Ka,y) = ß9[E(a)erlay/ß5 - F(a)e"rlay/ß5] 

+ ß10[G(a) eW/ßs - H(a)e-r2«y/ß5] (3.6d) 

Here two types of material will be distinguished according to whether the roots of 

the characteristic equation are real or complex. 

Material type I: where both rj and r2 are real numbers(w2=W4=0). 

Material type II: where rj and r2 are complex numbers. 

Applying symmetry conditions: 

u(x,y) = -u(-x,y) (3.7a) 

v(x,y) = -v(x,-y) (3.7b) 

we obtain: 

B(a) = -A(oc) D(a) = -C(a) (3.8ab) 

F(a) = -E(a) H(a) = -G(a) (3.8cd) 

Material type I will be considered because most materials fall into this category.. 

Based on the fact that both u and v vanish when y -»<*>, and that the problem of concern 

is symmetrical about the x axis, the displacement functions can be written as: 
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4 f"* u(x,y) = —     [A(a)sinh(wiax) + C(a)sinh(w3ax)]cosayda 
it Jo 

+-r[E(a)e"lwi|ay/ß5 + G(a)e-|w3lay/ß5]sinaxda (3.9a) 
it Jo 

4 f v(x,y) = —     [ß7A(a)cosh(w1ax) + ß8C(o0cosh(w3ax)]sinayda 
7t Jo 

- - f" [ßjsignCw^ECaJe-'wi'ay/ßs + ß10sign(w3)G(a)e-|w3lay/ß5]cosaxda      (3.9b) 
7t Jo 

3.1.1.2 Stress-strain relations 

ÜxHy 

then for orthotropic materials, under plane stress conditions' 

^>-E^ + Hj^ (3>10a) 

ay(x,y)=^ex+i^ey (3.10b) 

tXy(x,y) = GxyYxy (3.10c) 

where Ex, Ey, GXy, vxy and Vyx are the othortropic material constants. 

3.1.1.3 Strain-displacement relations 

In terms of u and v, the strains are given as: 

^"S ey=ä^and Yxy=(äy"+äx"} (3-llabc) 

Substituting eqns (3.9ab) into (3.11) and then into (3.10), the stress can be written 

as: 

2EX 
rcd yy^avfcy) = f°°[YiE(a)e-|wilay/ß5 + Y2G(a)e-|W3lay/ß5]acosaxda 

E-X Jo 

f   [2y3A(a)cosh(w1ax) + 2y4C(a)cosh(w3ax)]acosayda       (3.12a) 
Jo 

+ 

Ttd-VyyVyy) 
2ET      y(x,y) = ["[YsEfaJe-'wilay/ßs + Y6G(a)e"lw3lay/ß5]acosaxda 
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+ f   [2y7A(a)cosh(w1ax) + 2Y8C(a)cosh(w3ax)]acosayda       (3.12b) 

2^--Txy(x,y) = r[YUE(a)e-|wilay/ß5 + Yi2G(a)e-|w3lay#5]asinaxda 

+ f   [2y9A(a)sinh(w1ax) + 2y10C(a)sinh(w3ax)]asinayda       (3.12c) 
Jo 

The above expressions are for plane stress problems. It can also be used for plane 

strain problems with the following substitutions: 

V = "E^vyx' vxy = -5vxy. 

EyA = Ex       and     EXA = Ey# 

3.1.2   Boundary and continuity conditions 

At the interface(x1=H1, x2= -Ha) 

Oixx(Hi.y)=<y2xx(-H2,y) 0<y<«> (3.13a) 

'CixyCHi.yJ^xyC-H 2.y) 0<y<<» (3.13b) 

Ui(Hlty)=U2(-H2,y) 0<y<bj or b2<y<«> (3.14a) 

v^.y^v^-Hj.y) 0<y<b, or D2<y<«> (3.14b) 

^ixx(Hi.y)=P3(y) bt<y<b2 (3.15a) 

^ixy(Hi.y)=P4(y) bi<y<b2 (3.15b) 

At y = 0 (cracks normal to the interface) 

VJCXLOH) -HjOc^-ai and ajO^-cHj (3.16a) 

v2(x2,0)=0 -H2<x2<-a2 and a2<x2<H2 (3.16b) 

aiyy(xl,0)=-p1(x1) -a^^j (3.17a) 

a2yy(X2,0)=-p2(X2) -a2<x2<a2 (3.17b) 

tixy(xi,0)=0 -Ul<x.l<Hl (3.18a) 

t2xy(x2,0)=0 -H2<x2<H2 (3.18b) 

At xj = 0 or X2 = 0 

Hi(0,yH> 0<y^«> (3.19a) 
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u2(0,y)=0                           0<y<~                                         (3.19b) 

*Cixy(0.y)=0                        °^y^°                                         (3.20a) 

T2Xy(0,y)=0                        0<y<~                                         (3.20b) 

where pj(xj) is the  normal traction on the fiber crack surfaces (-a^^a, and y=0), 

p^Xj) is the normal traction on matrix crack surfaces (-a2<x2<a2 and y=0), p3(y) is the 

normal traction on crack surfaces along the interface (Xi*=Hlt b|<y^) and p4(y) is the 

shear traction on crack surfaces along the interface (xj=Hlt bt<y<b2). 

Define: 
avi(x1t0)                              9v?(x?,Q) 

<t>3(y)=^v1(+H1,y)-v2(-H2,y)],  (J)4(y)=^[u1(+H1,y)-u^-H^.y)]   (3.21abcd) 

Then, from (3.14ab) and (3.16ab), one can write: 

<j>!(Xl) = 0                           a^kHi                                     (3.22a) 

<])2(x2) = 0                           a2<lx2l<H2                                    (3.22b) 

<k(y) = 0                  0<y<b!          &       b2<y<°°                   (3.22c) 

<j>4(y) = 0                   0<y<b!&       &       ty^«*»                    (3.22d) 

Using eqn(3.9a) and (3.12c), eqns(3.19a,b) and (3.20a,b) are satisfied identically. 

Substituting eqns(3.18a,b) into (3.12c) we have: 
* 

E(cc) = >G(cc),       E*(a) = -*W(a) 
Yn                            Tu 

Then eqns(3.9a,b) and (3.12a,b,c) become: 

u(x,y) = — f   [A(a)sinh(wiccx) + C(a)sinh(w3ca)]cosayda 
7t Jo 

+- r E(a)[e-|wllay/ßs - ^e-|w3lay/ß5]sinaxda                      (3.9a*) 
ft Jo                                   Yl2 

4 f°° v(x,y) = —     [ß;A(a)cosh(Wiax) + ß8C(a)cosh(w3ax)]sinayda 
K Jo 



23 

-* rE(a)[Mgn(wi)e-|wilay^-?1P1osign(w3)e-lw3lay/ß5]coscxxda (3.9b*) 
% Jo »12 

^(l-VxyVyx)^^ = r E(a)[Yie-|Wllay/ß5. YX-lw3lay/ß5]acosaxda 

+ T PYsACaJcoshCWittx) + 2Y4C(c0cosh(w3ax)]acosayda (3.12a*) 

^(1-VxyVyx)   (xy) = f~ £(00^1'«*-yX-^lay/Pslacosaxda 
ZUy * Jo i 12 

+ r [2y7A(a)cosh(w1ax) + 2Y8C(a)cosh(w3ax)]acosayda (3.12b*) 
Jo 

^?--Cxv(x,y) = r E(a)Y11[e-|wilay/ß5 - e-^ay/Pslasinaxda 
2Gxy    ' Jo 

+ f°° [2y9A(a)sinh(w1ax) + 2Y10C(a)sinh(w3ax)]asinayda (3.12c*) 

Applying eqns(3.16a,b), at y = 0, one obtains: 

v1(x1,0)= -- r E(a)[ß9sign(w1)-J
1ß1osign(w3)]cosax1da a^^       (3.23a) 

11 % Jo Y12 

v2(x2,0)= -| J~ E*(a)[ß9*sign(w1*)-^ß10*sign(w3*)]cosax2da a^^       (3.23b) 

with 

♦,^^-;f Y^ajasinox^a, 

Wx2)=
§Xf2^^ J~ Y13*E*(a)asinax2da 

The inverse Fourier transform gives: 

1   f*1 
E(a)=—      ^(x^sinaxjdxj (3-24a) 

Jo 

1     f*2 

E*(a)=^      ^(x^sinax.dx, 0-24b) 
Jo 
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Substituting    eqns(3.24a,b)    into    eqn(3.9b)    respectively    and    applying 

eqns(3.17a,b), one can derive: 

pi M>dt + r ^AC^coshCwjOX!) + 2Y8C(a)cosh(w3ax1)]ada 

* f*2 M^jt + r [2Y7*A*(a)cosh(wi*ox2) + 2Y8*C*(o0cosh(w3*ax2)]ada 
1    J-aj  t_x2 Jo 

=-!ü^H2(x2) <325b> 
where Yi and Yi* are given in Appendix B. 

Substituting eqns (3.24a,b) into eqns(3.15a,b), one has: 

tt(l-VxyVyx)   ^ , ^ f" f^^inatdt^e-IWilay/ßs-Y^e-Iwslay/ßsjcosax^a 
2EX      nu/    «,-.H,JO Jo   Yi3 m 

+fim f°8[2Y3A(a)cosh(wiax1) + 2Y4C(a)cosh(w3ax1)]acosayda b^bj        (3.26a) 

r£-p<<y)« Hm f P^smatdty^e-KMSs - e-lwalay/ßslsinax^a 
2GXy *.-♦'«, Jo Jo   Yl3 

+lim r[2Y9A(a)sinh(w1ax1) + 2Yi0C(a)sinh(w3ax1)]asinayda   bj<y<b2 (3.26b) 

Applying eqns(A.5a,b), eqns(3.26a,b) can be further reduced to: 

£ iM, „        H,-t      'Au Ik! ,dt 

+Mm r [2Y3A(a)cosh(wlax1) + 2Y4C(a)cosh(w3axl)]acosayda 
^-»H,J0 

= ^(l-VxyVyx)y3(y) bi<y<b2 (3.26a*) 
-x 

and 



25 

pY»t»»CO ßs . & ]dt 

+Im f [2Y,A(a)sinh(wlox1)+2y,0C(a)sinh(wscut1)]asii>ay<la 

xy 

Applying eqns(3.14a,b), (3.13a,b) and (3.21a,b,c,d), one obtains: 

AC^sinhCWiOH!) + C(<x)sinh(w3ccHi) 

+ A*(a)sinh(wl*aH2) + C*(a)sinh(w3*aH2) = Rx(a) 0-27a) 

ßyAC^coshCw^!) + ß8C(a)cosh(w3aH1) 

- ß7*A*(a)cosh(w1*ocH2) - ß^CtcOcosKw^oHj) = R2(a) (3.27b) 

[YaACaJcoshCwiOcHj) + Y4C(a)cosh(w3aHi) 

- ?l1y3*A*(a)cosh(w1*cxH2) - X1y4*C*(a)cosh(w3*aH2)]a = R3(a) (3.27c) 

[YjA^sinhCw^j) + Yi0C(a)sinh(w3aHi) 

+ XflfA^y&MwfaSW + X2Y10*C*(a)sinh(w3*aH2)]a = R4(a) (3.27d) 

where R^a), R2(a), R3(a) and R4(a) are given in Appendix A. 

Solving eqns(3.27abcd) for A(a),C(a), A*(a) and C*(a), we have: 

^--ik^^^^  (3'28C) 

c^-a^^-^*^-^  (3-28d> 

where f(a), gi(a), h^cc), m^a) and ni(a) (1=1,2,3,4) are given in Appendix C. 

Substituting (3.28a,b,c,d) into (3.25a,b) and (3.26a*,b*): 
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rc      [^Kn(xi»t)]<l>i(t)dt+     K12(xltt)<|>2(t)dt 

+       K13(xl,t)(|>3(t)dt+       K14(xltt)<J>4(t)dt 
Jb, \ 

= J1~2ySf^Xl) "ai<Xl<ai °29&) 

I   K^Cx^X^iCDdn-^     [~+7tK22(x2,t)]<|)2(t)dt 
J-a, •'-«2 

+   I    KaCx^O^CDdn-       K24(x2,t)<j>4(t)dt K23(x2,t)<t>3(t)dt + 

ß:g^H^2) -W«. (3.29b) 

»"2 

K32(y,t)<|)2(t)dt 

'-"i •'•a2 

rK31(y,t)<|.1(t)dt + 
J-aj Ja 

K33'(y,t)(|>3(t)dt   +        K34'(y,t)<l)4(t)dt 
b, Jb, 

•^2 fa 

= (1"V^yVyy)P3(y) b1<y<b2 (3.29c) 2EX 

I   K^t^Odn-      K42(y,t)<j>2(t)dt 

+ I    K43
,(y,t)<()3(t)dt + K44'(y,t)<]>4(t)dt 

Jb. Jb, 
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r-p4(y) bl<y<b2 (3.29d) 
2Gxy 

where 

K„<M =;—£ Dc^x^Je-aCHrOß^w,! + kaCx^XfOCHrOMw,! ]da 

K12(x1|t) =-^f ^(xLaJe-aCHi-Oßs*^!*! + k4(Xl,a)e-a(H2-t)ß5*/lw3*l]da 

K13(xltt) = -^-f" [J^Xi.a) + J2(xlta) ]cosatda 
Tu71'0 

K14(x„t) =-r-f~ [JsCXi.a) + J4(Xl,a) ]sinatda (3.30abcd) 

KaiCxa.0 =7^r 0^0*^-0^1« + k,(xa,a)er«CHrt)Mw,l ]da 

K22(x2,t) o-V-r Ifc^o^-aCHrW/lwj*! + k8(x2,a)e-a(H2-t)ß5*/lw3*l ]da 
YM 

7CJ0 

K23(x2,t) =^f PsO*a) + J6(x2>a)]cosatda 

^(xx.t) =r^J~ [J7(x2.a) + J8(x2.a) ]sinatda (3.31abcd) 

+ lim A f" lh(yjt„o)e^Ii-OMwil + k10(y,x1,<x)e-«(H1-t)ß5/lwJl ]da 

K32(y,t) = lim ^J7 [kHCy.x^aJe-aCHrOßs^w^l + k^^x^aJe-aCHrOßs^Wa^jda 

™ -ft if «g«W> ♦ fS'^a) lMSO,da 

«=ft if (fS1»^+S^o) *—   (3-32abcd> 
lw,ly lw,ly 

+ Bm 1r[k13(y,Xl,a)e-a(H1-t)ß^wll + kH(y,x1,o)e-«(H,-Oß5flwsl]da 
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K42(y,t) = lim 1r [kjsCy.XLaJe-aCHi-Oßs^Wi*! + kl6(y,Xlia)e-a(H2-t)ß5*/lw3*l ]da 

w ■ äIT ÄÄ^+fS1"^]stao,da     (333abcd) 

The derivation of the terms Iq and Jj (i=l to 16) are given in Appendix C. 

Note that for t = y the integrals (3.32c,d) and (3.33c,d) are divergent. These 

divergent parts must be studied and separated by analyzing the asymptotic behavior of 

the integrands. 

After separating the singular parts in (3.32c,d) and (3.33c,d), eqns(3.29c,d) are 

finally reduced to: 

K3i(y,t)<t>i(t)dt+ I  K32(y.0<{)2(t)dt +^-<J)3(y)+      K33(y,t)<}>3(t)dt 

"i^J   &^m+ j  K34<y.t)<Mt)dt 

Jl-v^yVy,)^^ bi<y<b2 (329c,} 

rK^Cy.t^COdt+l  K42(y,t)<|>2(t)dt+|M     (^+^)<Mt)dt 
J-ii v-a2 Jb, 

K43(y,t)<|>3(t)dt--k<|>4(y) +        K^Cy.t^Wdt + 

= 2^HP4(y) Vx^ (3.29d*) 
xy 

where plt p2, p3 and p4 ^d K33(y,t), K34(y,t), K43(y,t) and K44(y,t) are defined in 

Appendix D The additional single-valueness conditions for each crack configuration will 

be discussed later. 
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3.1.3 Asymptotic Analysis of the kernels 

Depending on the crack geometries, some or all of the kernels might be 

unbounded as a -» ~. The unbounded kernels will affect the values of singularities at the 

crack tips. Therefore an asymptotic analysis is necessary to determine these singularities. 

Generally a kernel can be expressed as: 

KipKijs + %       (i j = 1,2,3.4) <3-34> 

where Kjjs is the unbounded part and Kjjf is the bounded part. 

Let Iq.. (xlfa) (i=l-8) be the asymptotic part of k^a), when a -» ~, then we 

have: 

K"s(M) =^f %.Cx^e***' + **.(MOe***" Ida 

«YnYiA» J0 

+ Jk- rcosh(w3ax1)e-aI(H'-tA/K,+HlK,,da 
«TUYM*™ JO 

+    1**    fcosh(w1ax1)e^Hft/h^^'1da 

+    **»    f;cosh(w3ax1)e"I(H--tft/lw^H'hv-qda 

i (H1-t)ßs/lwlH-H1lw1l 
" je^5[(Ht-t)ß5/lw, l+Hj IWlQ

2 -(wlXl)
2 

1 (H.-OB</lw1l+H1lw3l 
+ ic%[(H1-t)ß5/lw1l+H1lw3l]

2-(w3x1)
2 

i (H1-t)ßs/iw,l+H1lw1l 
+ % ^ [(Hi - t)ß5 /lw3 l+Hi I WjQ2 - (wlXl)

2 

. U ffl-Qßs/lwJ+HJwal (3#35) 
+ n ^[(Hj - t)ß5 /lw3 l+Hj I w3l]2 - (w3Xl)

2 
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Similarly one can derive: 

v- ,r A_II       (H2-t)p;/iw;i+HtiWli 
12s( l'}~ 7c^ [(H2-t)ß;/iw;i+H1iwln

2-(wlXl)
2 

i        (H2-t)ß;/iw;i+H,iw3i 
7c^4[(H2-t)ß;/iw;i+HliwJi]

2-(w3x1)
2 

1 (H2-t)ß>
s/lW;i+H1lw1l 

7c^s[(H2-t)ß;/iw;i+H1iw1i]
2-(w1x1)

2 

l        (H2-t)ß;/iw;i+H1iw3i 
7C^6[(H2-t)ß;/lw;i+H1lw3l]2-(w3xl)

2 

nsW)" TT^KH, -oßj/iwj+^iw;!]2 -(W;x2)
2 

1 (H1-t)ß5/lw1l+H2lwt
3l 

je 102[(H1-t)ßs/iw1i+H2iw;i]2-(w;x2)
2 

+ Ii (H1-t)ßs/lw3l+H2lW;i 
7C 103[(Hj -t)ßs/lw3l+H2lw;i]2 -(w*x2)

2 

U (H1-t)ßs/lw3l+H2lw;i 
% ^[(H,-t)ß5/iw3i+H2iw;i]2-(W;x2)

2 +-w~ ^T:
;F

.
5/
::

3
 "v r> ., 0.3?) 

K       (H2-t)ß;/iw;i-fH2iw;i 
2251 2,;

"TC 
109[(H2-t)ß;/iw1'i+H2iw;i]2-(W;x2)

2 

1 (H2-t)ß;/iw;i+H2iw;i 
7t no[(H2-t)ß;/iw;i+H2iw;i]2-(w;x2)

2 

+Ii       (H2-t)ß;/iw;i+H2iw;i 
7c ni[(H2-t)ß;/iw;i+H2iw;i]2-(w;x2)

2 

Ii       (H2-t)ß;/iw3
,i+H2iw;i 

je n2[(H2-t)ß;/iw;i+H2iw;i]2-(W;x2)
2 

+ ±\ \n2-i)p5/\Y/3\-t-n2iYf3\ (3.37) 

The asymptotic expressions for K31(y,t), K32(y,t), K41(y,t) and K42(y,t) are 

obtained as follow: 
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1 TJ  t Y H -t 

"5 H5 

+ Km ±f m. (y^^e^-*^ + kw- (y^a)^^*' ]da 

 L_rv 5d + w3iiv SdS , 
"^"Y™+(Hrt/

Y2V^+(Hrt? 

+ Km l2k+l4k.rcos(ay)e-«K".-')ß.M^(H,-xl>wlnda 

«.-", ff/u*.» ° 

+ fin Y*X» +VA» rcos(ay)e-g[(H'-°Pi/hy',+(H'-x')lw>qda 
X.-H,     7cyuXM    Jo 

__J_fv 5d .„Jtu* Ikt , 

CH,-t)Ps/lw,l ffl-Qßs/lw,! (338) 

^[(H.-OMw.lf + y2    P6[(H1-t)ß5/lw3l]
2+y2 

K32s(y,t)"p7 [(H2-t)ß;/iw;i]2
+y2 +p8 [(H2-t)ß;/iw;i]2

+y2     ^ 
lw,ly                  lw,ly 

!f    /vrt-J&J-r & & 1 K-M-^?^+(Hi_t)2 SsgfaJ 

V Y 

"^[(^-O^/lw.lf + y2 "Pl0[(H1-t)ß5/lw3l]
2+y2 (3'40) 

v y 
K42s(y,t)=* Pll[(H2-t)ß;/iw;i]2+y2" Pl2[(H2-t)ß;/iw;i]2

+y2     (3'41) 

Let Ji.Cx^a) (i= 1-8) be the asymptotic parts of J^x^a), as a -»<~, then we 

have: 

Kissel.*) = TTF 
[J

I- 
(X

I
,OC)

 
+ J2- (xi,a) 3cosatda 

J14KJ0 

- Y7(^73+^74+^7s) r cos(ot)c-aw,(H,-,,)da 
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-0       ^(H.-x,)      l0       w3(Hi"xi) (342) 
-^KCH.-x^+t* +Pl4[w3(H1-x1)]2

+t1 (3'42) 

Using the same technique we can derive: 

KHS(x„t) = Pl5[w(Hi _'x))2+(2 + Pl6[W](Hi _'x)]! + (2 (3.43) 

KMs(X2',)=p"[w;(H24)]!+.'+pM[w;(H24)]!+t' (M5) 

The coefficients Xj (i=85-112) and pj (j=5-20) are given in Appendix B. 

The asymptotic analysis for kernel K33'(y,t), K^'Cy.t), K43'(y,t) and K44'(y,t) is given in 

Appendix D. 

3.1.4 Normalization of the singular integral equations 

Using the following transformation formulae: 

x^a^, t=a1s, x2=a2r, t=a2S. -l£r£l,      -l£s<l 

y=^(bj-b^r + ffi+bj,       t=^-b^s + ^(bj+b,). 

then    t+y=|(b2-b1)[s+r+b0),b0=^^i -l<r<l,      -l<s£l 

Substituting above into the four singular integral equations, we obtain: 

-f!,[— +7ca1k»1(r,s)]<})r(s)ds+J1a2k^(r,s)(j)°(s)ds 
%J-i s-r •'-, 

+ ^^fya(r,s)<t>3
0(s)ds+^^f^ (3.46a) 

£ia1k^(r,s)^(s)ds+-£i[-|-+Jta2k^(r,s)](l)°(s)ds 
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b,- ̂ £ik^(r.s)<j>f(s)ds+^^J>^(r,s)^(s)ds = -^^^2(r)       (3.46b) 

J^k^r.sM^ds+j^^ 

-^-J1,(-J-+ ^-)^(s)ds+^^j'k^(r,s)<|>:(s)ds=^^P30(r)       (3.46c) 
27CJ-1 s-r   s+r+b0 2    *-» 2EX 

^^J^14(r.s)«fr)ds-^«Cr)+^tki(r,s)*;ö)dsB:^;« (3.46d) 

where superscript "o" is used to denote the normalized quantities. 

For orthotropic materials, the dominant parts of eqns (3.46c) and (3.46d) are 

coupled. In order to solve the singular integral equations numerically, it is necessary to 

decouple these dominant parts of eqns (3.46c) and (3.46d). Using the technique described 

in [22], first let: 

I« 
e _ «I 
"l«J 

and     A = 
"Pi 0 
2 B = 
0 Pi 

2j 

0 

Ps: 

Pi 
2 
0 

B' = 
0 

L2 

PL 
2 
0 

ai^31      a2^32 

.ai^4l      a2'C42 
K = b,-b, JS-33      Ä-34 

lc°     k° 

then eqns (3.46c) and (3.46d) are combined into: 

B ri <>ds    B' fi     <}>ds 

P = 

1—v v 
P3 2E, 

1 
2G„ ■P: 

M + If fi+If _J*_+fce&+r K^ds = P 
7ri J-«s—r   jriJ-is+r+bn   ■'-1        J~l 

(3.47) 
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Multiplying both sides of eqn (3.47) by A"1 gives: 

J_* A^ds+JLI« A^ds + f>A-.ceds+f' A-»K<Ms = A-ip     QM) 
Y    Tti-1-1   s-r      7tiJ-»s+r+b0    

J-» J~l 

Let     D = A_1B = 

;P2 0    -i 
P 

i£L     o 
LP4 

D'=A-1B'= 
0 -i* 

Pi 

-i& 0 
P4 

then the eigenvalues nlt2 of D can be determined from: 

D-Hl = 0 

ing:^_P2PL = 0->Hu=±|Ä=±i giving. ^ -w   .„^—w -c 
P1P4 Y P1P4        v» 

Now let R be a square matrix such that: 

DR = RA 

where: A = 
r1   0 

(3.49) 

(3.50) 

then we have R = 
Ü*-      1 

where Tii=-^,and'n2=^L 

Pl P4 

Introducing: <|> = R\J/, where   Y = V3 , then eqn (3.48) is reduced to: 

where 

1 j. Ayds +j_ p R-A-B Ryds + f-R-A-,ceds 

7riJ-» s-r    7ciJ-1     s+r+b0       
J-1 

+JIR_,A-1K<l)ds = R-1A-IP 

R-iA-iCs=[a|C,(r,S)   a2C2(r,s)l 
[a^Cr.s)   a2c4(r,s)J 

(3.51) 



35 

Pi P4 
)     a2(- 

P,       P4\% 

1       p4        PlW P<        KW 

V 

2    [k£(r,s)   kj(r, 

(3.52) 

b2-b, 

K,K 
^T    P4     Nil Pi    V%P4 P>     *P«       1*   Pk     P4 

^P4     P<      U   P!     P4 Pi     P<        V^ Pi %   P4 
(3.53) 

and R-JA ■lA-» = 
nil     mi2 

—ini!   —m2 

Pi  \PlP3p4 

\PlP2P4 P4 

(3.54) 

Finally eqns (3.46c) and (3.46d) are reduced to: 

T3        in J-\  '    s-r    K J-1        s+r+D0 

+ h=*Lfl kJ(ris)v;(»)ds+^r5L^k;(ris)v;(s)di 
2 

l-v„v 
= m, »y  yt 

1    2E. 
P3(r) + im2—-p4(r) (3.55) 

2G. 

«w-S^w^-^w^^Jl^fc»*^*^^*»5* 
+ iiTÜ. f' k; (r, s)¥; (S)ds+SLJL f' kj (r, s« (s)ds 
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= -imii-^LpJ(r)-m2-i-p4(r) (3.56) 

Note that the functions yl(r) and \|fj(r) axe related by the following relations: 

¥3°(r)=^[<l>30(r)-iÄ;(r)] (3-57a) 2 \TJ2 

V:(r)=i[-iA&(r)+<l):(r)]= -i /^(r) (3.57b) 

If both materials are isotropic, it is found that I— = 1, and the above relations 
V "Hi 

reduce to: 

V5<r)«|[ti«-i«Cr)] (3-57a*) 

VSOO = |[-i«0r> + ««] = -AR W (3.57b*) 

Now to expressing eqns (3.46a,b) also in terms of yl (r) and \|/J(r), we have: 

-f.t—+ra1k-(r,s)]<l>°(s)ds+fla2kr2(r,s)<I);(s)ds 

+ ^T^J*. rriV5(s)d8 + T, ^(s)]ds = ^p^Pifr) (3.46a*) 

f1a1k2\(r,s)<J)°(s)ds+-f1
i[—+«a2ki(r,s)]<E(s)ds 

J-l jjJ-l s_r 

i     *   * 
+^T^f, lT2V3(s)ds + T2v;(s)]ds =   "» p°(r) (3.46b*) 

where Tt = k° +i 1^ T, = k^~Ü*K 

T2 = ka+iJ—ka    and       T2 = k^-iJ^2- k^ (3.58abcd) 
V ^I V ^ 
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3.1.5 Determination of singularities for different crack geometry 

The stress singularity at the crack tip varies with the crack geometry, 

a) Embedded cracks (la^ Hlt |a2|< H2 and bt> 0) 

For embedded cracks, the crack density functions are of the following forms: 

A,,rt ff(0 AVtx g(0 

wj(t)- *?<*>    ^ ,   v°(t) = ?(t)    . (3.59abcd) 

where Fj0(t) (i=l,2,3,4) are bounded at crack tips, and because of symmetry cc^ and 

02=ß2- 

Substituting eqns (3.59a,b,c,d) into eqns (3.29a,b,c,d) and using the following 

formula [33]: 

¥ (z) .1 pifik- if—_&w—dt VnW   ic*> t-z       äJ«. (t-Zl)
a'(z2-t)p-(t-z) 

F.(z,)cot(icaB) Fn(z2)cot(7tßn)     | (360) 

(z2-z1)
p-(z-z1)

0-     (z2-z1)
a-(z2-z)p-       nV 

where Gn(z) is bounded at the crack tips. 

Then eqns (3.29a,b,c,d) give: 

F^cotQt«,) _ F;(1)CO^^^ (361) 

(2F(T+ir        (2)a'(l-r)a> 2y14Ey   FlW 

F2°(-l)cot(*«2) _ BTfflcotdca,) =_ «l-fo^ + bounded terms     (3.62) 
(2)°>(r+ir     (2)^(1-^        2Y;4E;   

P2W 

gfCr) C'1 rF;(-l)cot(7ta3)    F3
0(l)cot(7tß3) 

(l+rra-r)*       i       (2)^(1+^ (2)°'(l-r)P3 

= mip3(r) + im^Cr) + bounded terms bj < y < b2 (3.63) 

F4(r) C"1 rFr(-l)cot(7ca4)    F4°(l)cot(7cß4) 
(l+r)a«(l-r)p<       i      (2)^(1+^        (2)a'(l-r)p< 
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= - im,p3(r) - m2p4(r) + bounded terms       b, < y < b2 (3.64) 

From eqns (3.61) and (3.62), it can be easily shown that: 

«i-fc-y       0^ = 1 (3.65) 

These are the known results for cracks perpendicular to the interface [23]. 

Similarly, from eqns (3.63) and (3.64) we can derive: 

cotfrc^) = - iC = - i J&k.      coKicfc) = £- iJ^- 
VP2P3 VP2P3 

OOKIEOO = iC= i J&k.      ooK^ = - iC = - iß*- 
VP2P3 VP2P3 

Using the formula: 

2i      z-i 

We then have: 

cot-,(z) = -^rlog^4 (3.66) 

1 .      0     1    . 
03 = -+ICD,  ß3 = --ico, 

a. = - - ico,   ß4 = - + ico, (3.67abcd) 
2 2 

where co = — log(—-f) 
2%      1-C 

Eqns (3.67a-d) are of the same form as those obtained for interface cracks between 

two isotropic dissimilar media [24-29]. 

b) Matrix crack touching the interface(a1=H1,b1>0 and a2<H2) 

In this case, as Xj and t approach to Hlt the kernel kn(xltt) becomes unbounded. 

Let kjU(r,s) be the normalized kernel of kns(xlft), that is: 

H1(l-s)ßs/lw1l+H1lw1l kiu(r,s) — A.J5 
[Hjd-sJßs/lw.l+H^w^f-H^w^)2 
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H1(l-s)ßs/lw1l+H,lw3l 
[H1(l-s)ßs/lwll+H1lwJl]2-H;(wJr)2 

H1(l-s)ßs/lw3l+H1lw1l 
+ *«_     ....    .....    t_Hj(Wlr)2 

      HJW3I 
"88[Hl(l-s)ß5/lw3l+Hllw3l]

2-H2(w3r)z 

87[H1(l-s)ßs/lw3l+H1lw1l]
2-H2(w,r)2 

+ A.0 - * 

^'Wilj- 1 + 1 __] 
2&»    H,a-s+a+Ä   H.d-s+d-r)^-) 

Ps Ps 

XgglwJ.. 1    1 -1 

2ß,   [H,(l-S+(l+r)!^)   Hla-S+(l-r)^) 
ßs Ps 

2p?tH1(l-S+(l+r)l^) + H,a-S+a-r)!^)1 

ß,   '     ,v R 5 

h^[ 1 —5-+ 1 —-H (3.68) 
2&    H,a-s+a + r)^)   H.d-1+a-rÄ 

Ps Ps 

Substituting eqn(3.68) into eqn(3.29a) and moving the bounded terms to the right hand 

side of the equation, we have: 

1 f1 /  x   4. »w *»«lwi'r I + - 1 
«L{-r+*K>   2ßs   

[Hl0-s+(.+Ä   H,a-.+ a-rÄ 
Ps Ps 

„ A.gJwJr 1      1 -i 
2Ps    Ht(l-s+(l + r)    *    3)   Ht(l-s+(l-r)    '       ) 

Ps Ps 
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+ 7CH,^^1[ 1   9ft    %T ,«       ,«     JwJIw. L    „ ,.     ,,.    JW,IIWJL
J zPs    H^l-s+fl+r)    '     3)   H^l-s+a-r)    '       ) 

Ps Ps 

+^HÄ[ L-^r+ ^T]w(s)ds 
2
P'    Hl(l-s+(l+r)^-)   H^l-s+d-r)^-) 

ßS ßs 

1 —V   V 
 5LJL pj (r) +    bounded terms 

2YMEy 

Applying eqns (3.59a) and (3.60) to (3.69), and setting a^r^Y, we have: 

(3.69) 

F°(-l)cot(7tY) _ F^DcottTty)    XK Iw.l F°(l) 1     ,     1 
(2)*(l+r)* (2)'(l-r)'        2   ß5 J^T (1+0'    (1- 

(2)Tsin(7cy) 
J5 j 

X« lw,l 
- -      if a+r)T a-r)rJ 

2   Be 
(2)rsin(jry) 

lw1nw3i 

ßS 

, K 'w3l TO 

2   ßs " (2)7 sin (jry) 
IWJIW3I ^(l+rj^d-r)^ 

ft 

X«lwal TO) 1,1 
2 ß5  Jw*T a+oT a-tf ß< 

(2)Tsin(jry) 
J5 j 

1—v v 
 S-J5- P! (r) +    bounded terms 

2YMEy 

Multiplying both sides of eqn (3.70) by (l+r)Y and letting r -» -1, we have: 

(3.70) 



P R ßs lwtllw, 

ßs ' 

!I 
+Xn 

lw3l        1 ,«    lw3l     1     _n 

ßs 

.    ßs    J 
w; 

ßsj 

41 

(3.71) 

This result is the same as that given in [23]. 

c) H-shaped cracks (ai=Hi, bi=0 and a2>0) 

As a!-* Ht and bj-> 0, the transverse crack intersects with the interface crack and the 

kernels Kn, K13, Ki4, K3, and K41 become unbounded. Let a be the index of singularity 

at the point of intersection, then we have: 

Substituting above expressions into eqns (3.29a,c,d). we have: 

-        { + 71- 
JtJ-H,   t-Xl 

1 f* r^__... -^KL 1  L 
2ß.     —    . .-,       Jw,l\    „.     . . „,       jw. -] 

*    (H^t+CH.+x^^-)   (Hj-t+CH,-^)^«-) 
Ps Ps 

+ * %   t(Hl-.+(H1+x,)M^) + (H1-t+(H1-x,)^)] 

Ps Ps 

XnlwJr + %  "    3 [■ 
2ß5   ^.t+^ + ^iZfel)    ^-t+^-x,)™) 

ßs ßs 

,*»'*,!. 1 1 1 1     F»(t)    dt 
2ß5   ^.^^^   ^.^^.^i^/CH?-^ 

ßs Ps 
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A KIQH.-x,) lw,l(H,-x,) F3(t) 
Jo LPl3 Iw.l^-x^ + t2   PM

 lw3l
2(Hl-x1)

2 + t2Jta(b2-t)p' 

A      It         t .     F4(t)      . 
+ Jo LP" Iw^Oi,-Xl)

2 + t2   Pl6 lw3l
2(H1-x1)

2 + t2J ta(b2-t)p« 

=-^-x^xp1(r) +    bounded terms (3.72) 

PS F5 

(H,-t)ß5 (H,-t)ßs 

lw,l lw,l F,(t)     . 
+ p5(H,-t)2ß2 ■2+p6(H1-t)2ß2     2> (H2-t2)gdt 

Iw.l2        y IW3I2        y 

+PL A rvH PL f* JL+JL    ^(0    d 
+ 2<f>3(y)+2jcJo(t-y + t+y)

t"(b2-t)^dt 

1—V   V 
= SL-2-p3(y)      +    bounded terms (3.73) 

2Ex 

lwtly lw3ly 

Jk-r ßi ßs fH«     f   ni   -        
J^2^J^+^_t)2 + K^+(Hi_t)2] 

ß ' ßs 

+ p9(H,-t)2ß2   2
+Pl0(H1-t)2ß2   ,) (H2-t2rdt 

lw,P w3l
2 

2 h^MH+^V' 
p4(y)    +      bounded terms (3.74) 

2G 
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Multiplying both sides of eqns (3.72-74) by t« and letting t ->0, we then have the 

following three algebraic equations for F^,), F3(0) and F4(0) with a yet to be 

determined. 

,   cot(7ta) , Xa IwJ 1  , K IwJ 1 
(2H,)«      2   ß5 (2Hirsin(mX^Lr      2   ß5 (2Hirshl(ira)[!Ä!r 

. ^*7 l^l 1  . ht]^A I IF (H ) 
2   ßs (2HJasin(7üa)[™^r      2   ß* (2H1)

asin(7caX^]° 
P5 PS 

+—^frVr^W)+—^r^+rir^co)=o      (3.75a) 
2b5cosÄlwi'     lw3p 2b5sinÄlwiP    '^ 

AT 

+ £f-[cot(7ia)+—?—]F4(0) = 0 (3.75b) 
b$ sin(jua) 

-{^-[(^7)°+(T^T)a] + * ft if^iV+P1O
!
^(I

£L
:)

0
]} L-lEorF»(Hi) 

2yu   lw,l       Iwjl ß5   IwJ ß5   lw3l      (^^cosC—) 

+ £i[-cot(7ca)+—?—-]F3(0) + £^F4(0) = 0 (3.75c) 
b$ sin(7ia) bj 

Since FjOH^, F3(0) and F4(0) are generally assumed nonzero, therefore the 

characteristic equation associated with eqns (3.75abc) has to be zero. Numerical 

calculations indicate that a is 0 as expected- 
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3.1.6 Numerical solutions 

In this section, numerical procedures are outlined for solving the singular integral 

equations for different crack configurations as discussed in the previous section. The goal 

is to determine the stress intensity factors and the strain energy release rates for each crack 

configuration, at the crack tips. 

3.1.6.1 Embedded cracks 

Figure 3.1 shows the embedded crack geometry. In this case, the normalized 

singular integral equations take the following form as derived earlier in section 3.1.4: 

1 fi    1 -f,[—+7ia1k'l(r,s)]<})°(s)ds+Jla2k°2(r,s)(j)0
2(s)ds 

7CM s-r J~l 

+ ^^ t   IT,v5(s)ds + Tiv5(s)]ds - —^JLpf(r) (3.76a) 

£ia1k2\(r,s)<})-(s)ds+-£i[-^:+7i;a2k^(r,s)]<l)°(s)ds 

+^T^f, M(s)ds + T2vJ(s)]ds = -^iä$r) (3.76b) 
2 ^Yl^y 

YBW+^JVOO—-^ f\Y:(s)-^^+fa1c1(r,s>t)r(s)ds+Jla2c2(r,s>))°(s)ds 
m J~x        s-r    K J-1        s+r+b0   •M J~l 

+ -^^£Ikr(r,s)V30(s)ds+^^-£ikJ(r,s)vl/:(s)ds 

= mli^2.p3(r)+im2-i-p4(r) (3.76c) 
2EX 2G,, 

VSW-^r-r.^s)—-£-1*^(8)     *K +f1a1c3(r,s)(|)r(s)ds+f1a2c4(r,s>i);(s)ds 
mM        s-r    TC 

J-1        s+r+b0   
J~l J~l 

+ -^^£1k;(r,s)^(s)ds+^i-£ik:(r,s)v:(s)ds 

= -im1i^£-Pj(r)-m2^-p4(r) (3.76d) 
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All the quantities are defined in section 3.1.4. Among the four equations given 

above, only three are independent since ^(r) and \j/J(r) are related through eqn (3.57b). 

The first three will be used. 

Equations (3.76a) and (3.76b) are Fredholm equations of first kind. Thus Lobatto- 

Chebyshev integration formula is used. Equation (3.76c) is a Fredholm equation of the 

second kind, and thus a Lobatto-Jacobi quadrature integration formula is used. 

:?(s) 
■s2 

Lettf(s)=-Pr. <t>;oo=-P 

"*   ^(S)=ÖT#^=(1-S)a(1+S4d^)(s) 

here    a = - ß3,        ß = - 03,        F3°(s) =]T dß^s) and     d, = (d,, + i d,,) 
N 

I 
1=0 

Using the methods described in [30,37], we have: 

£ {■^[-i-+7ca1Kri(ri,slc)]F1°(sk)+ a2WkK^(ri,sk)F2°(sk)} 

4       1=0     j=l Ml4cy 

(3.77a) 

A W       1 £ (a^K^r^F^) +^-[—5— + ^K^s,)]!?^)} 

»   • 

■£        1=0     j=l ZTl411y 

(3.77b) 

£Ä  £ Wrid1P1
(^(s,)    f«A  £ W^ipT^) 

Tti to    H SM_r>i *   w?   M       s»+r,i+bo 

n 
+ £ [a1c,(ri,sk)E;(sk) + a^ri^F^jW,, 
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+ ^rL£ t rrjfr^pw^if»^+T4(ryi,Syj)wrid,p{aÄ(syj)] 

= ml±^^p3(r,)+im2^-p4(ryi) (3.77c) 

where T3 = k?(ryi,syj), T4 = -i p-k^r^) and 
n 

Wk«™-*- (k=l,n) 
*    2 n-1 

Wk = -^- (k = 2,..n-l) 
n-1 

sk = cos[^^] (k=l,...n) 
(n-1) 

r, = cos[^] 0 = l,...n-D 
2(n-l) 

= 2^N![r(ß+l)fr(«4.N+2) 
51     T(ß+N+2)r(a+ß+N+3)   ^     H UJ 

2^N![r(g+l)fr(ß+N+2)        a 
yj     T(a+N+2)r(a+ß+N+3) UJ 

_ 2tt^r(a+N+2)r(ß+N+2)        1 
ri    (N+l)(N+l)!r(a+ß+N+3)[P1S

,JJ)(sxj)]2 w     *" 

the abscissa syj are the roots of the following equation: 

(l-syj
2)P^°(sJj)=0 

and the collocation points r^ satisfies the equation of the N-th order Jacobi polynomial: 

Pr_1'",J"1)(ryi) = 0 

W» and PiaW(Syj) (t=0,..N) are the complex conjugates of Wyj and ^afi\syi) respectively. 

At the interface, since a and ß are complex numbers, the weight Wyj, the abscissa 

Syj and the collocation point r^ will also be complex. The technique of using the complex 

weight, abscissa and the collocation points are not new. One can refer to [36-39]. 
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Note that generally d, U = 0....N) are complex numbers, and equation (3.77c) 

actually provides two sets of equations (for the real and imaginary parts). Together, 

equations (3.77a-c) provide 2(n-l)+2(N) equations. Since there are 2(n)+2(N+l) 

unknowns be determined, the following additional equations are required to insure the 

single valueness of the solution: 

£ <|>?(s)ds = 0,        £ $(s)ds = 0 and £ \|>3°(s)ds = 0 

These in turn provide four additional linear equations: 

k=l 

£ WkF2°(tk) = 0 
k=l 

£ Z Wjd1P1
(aß)(syj) = 0 (3.78abcd) 

1=0     j=l 

Note also that the last expression provides two sets of equations 

Once the values of l?^), E?(g (k=l,...n) and d, = cL^ + icL, (( = 0....N) are 

determined, the stress intensity factors can easily be calculated (see appendix E for details 

of the derivation): 

Defining the stress intensity factors as follow: 

for transverse crack in matrix and fiber 

at Xi = aK k(ai) = Lim ^2(x1-a1)O|y(x1,0) 

XJ-MJ 
at x2 = %: k(aj) = Lim fä^-ä^) a2y(x2,0) 

for interface cracks: 

at y=^    7r^hk^ - ii^n12EV"ki(bi) 
Ps^ VP1P2P3     2Ex 
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= Lim (bl -yr(y-b2)
p'[i--i-alxy(Hl,y) - Jj^"1   *f* ato(H^) 

y-b, pJ2Giy V P1P2P3     2Ex 

V P1P2P3       2Ex 
1JL 
P3 2GV 

= Lim (bi -y)*<y-b2)^[±_J-a   (H^y) - i P^-iJÄ^^.y) ] 
y-b2 P3 2G,, VPiPaPa     2E* 

After some lengthy calculations (see Appendix E), we have 

k(a1) = -^E^F°(l)>    Kajo-^^^l) (3.79ab) 
<l-vvv,J (l-v^) 

-7-^-W - sC^T1"^^^^ = VHFS<-1> (3.79C) 
Pa^G^ VP1P2P3     2Ex 

7-^-^2) - i LKIi^-k^ = -VT^F/d) (3.79d) 
PsZG,, VP1P2P3     2EX 

If the materials of both layers are isotropic, it can be shown numerically that 

P3 2G,,     \P1P2P3     2EX 

and eqns (3.79c,d) reduce to 

k2(b1)-ik1(b1)=2Gxyp3Vl::CrF30(-l) (3.79c*) 

k2(b2) - ik^ = ^G^PsVl^E/d) (3.79d*) 

The strain energy release rate at the interface crack tip can be derived as follows: 

AE _    2»     Izv^J_       J_L 

Ay   7^    2E.   P2      2G„p, 2J 

Again if both layers are made of isotropic materials, the above equation reduces to 

— = -M —-(k? + k2
2) (3.80*) 

Ay    7^20,, p3
kl      1} 
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It should be noted that when upper and lower interface cracks meet (that is ^=0), 

eqns (3.76a-d) should be modified before proceeding to the numerical solution. First the 

integral limits for interface cracks should be extended from (0, bj) to (-b2, b^. Then, using 

the following relations: 

ti(t) = «(-t) «(t) = - «(-t) 

Ki3(xi>t) = Ki3(xi,-t) KM(xi,t) = Ki4(xi>.t)   (i = l,2) 

Kj3(y,t) = Kj3(y,-t)    and     K^Cy, t) = K^y.-t)    0 = 3,4) 

eqns (3.76a-d) can be reduced to: 

1 fi    1 - f [—+Jtalk»1(r,s)]<t)°(s)ds+f a^Cr.s^CsJds 
KJ-I s_r J-i 

+ ^j\ [T,vJ(s)ds + Tiyl(s))ds = i^^-pf(r) (3.81a) 

f\ki(r,s)tf(s)ds+-f1
i[—+7ta2k^(r,s)]<t.°(s)ds 

J-I jjj-i s_r 

+ M, [T2^(s)ds + TiiRfrHds = -l^s-ri(r) (3.81b) 
2 *■* 2YMEy 

VsOO+^rf, V3°(s)— + f a^r.s^ (s)ds+f a2c2(r,s)<I>0
2(s)ds 

b, fi 
+ -^-J_i[k°(r,s)V°(s) + k°(r,s)v:(s)]ds 

2 

= mii^£.p3(r) + im2-i-p4(r) (3.81c) 
2EX 2G,, 

VSÖO-^rf,V°4(s)— + f a1c3(r,s)j)°(s)ds+f a2c4(r,s)<t>°(s)ds 

+ ^-£i[k°(r,s)V3°(s) + k4
0(r,s)xi/:(s)]ds 

2 

= -imiiZ^Lp3(r)-m2-i-p4(r) (3.81d) 
2EX 2G,, 
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The above numerical procedure and the single valuedness conditions can also be 

applied to solve eqns (3.81a-c). 

3.1.6.2 Matrix cracks touching the interface (a^H^ b^O) 

When matrix cracks touch the interface, the kernel I^,(xj,t) becomes unbounded. 

And the singular behavior at the crack tip changes. Now, redefining ^(s) as: 

(l-s2)T ♦?«-I-*T 

the power of singularity y can be determined from eqn (3.71). 

Since y is generally different than 0.5, in the numerical procedures described for 

eqns (3.78a-c), we now use the Lobatto-Jacobi quadrature for integrals containing <J>°(s). 

The rest of the definitions and numerical calculations in eqns (3.78a-c) remain the same. 

The modified version takes the following form: 

-A    w'       1 
£   {^i-. r4TO1KJig(liI8k)]If(8iH^kalKrif(li,^)ir(H)^WkKJ(li^IJ(yj 
S     A   sk-rj 

+ ^£  1 [T^.s^*!^^ 
Z        1=0     j=l ^JM^y 

(3.82a) 

a W 1 
£ {a^KiCr,*WCO +^-[-i- + 7ta2K^(ri,sk)]F2

0(sk)} 

Z        1=0     j=l ^Yl^y 

(3.82b) 

TO   1=0      j=l SH_ryi ^    1=0     H Sjj+ryi+bo 

+ S ^^(^^^^(S'JW, + a2c2(ryi,sk)I£(sk)WkJ 
k*l 
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*       1=0    j*l 

= mii^Lp3(r>i) + im     1   p4(r>i) (3.82c) 
2E * 2G 

where 

w. =2^(n-l)![r(l-Y)f 
k r(n+2-2y) 

Wk"       r(n+2-2Y)       [Pn
(rT)(s'k)l2 <k-2-nl> 

the abscissa s'k are the roots of the following equation: 

(l-s'k
2)Pa-2

T4"ir)(s,
k) = 0 

and the collocation points rj are the roots of the following equation 

Pil^-1)(r:) = 0 

The methods of evaluating the weight, abscissa Wk> tk for Lobatto-Chebyshev 

integration rule, Wj, Syj for Lobatto-Jacobi integration rule and their collocation points Tj 

and Tyj will be the same as those described in section 3.1.6.1. 

The single valuedness conditions become: 

2 w;ir(tk)=o 
k=l 

i wkij(ifc)=o 
k=l 

X E Wjd^CSy^O (3.83abcd) 
l=o    H 

The expressions for stress intensity factors and strain energy release rates given in 

the previous section can still be used in this case except for k^) 

Redefining     k(at) = lim 2T(x2+H2)ra2y(x2>0) 

we have (see Appendix E): 
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k(El)- (i-v;v;)sin(^)[^Bw;W/ßj ^'Iwihi/ß.f 

103n « '\iaV    101n i •i/ftiTJ (    } 

3.1.6.3 H-shaped cracks (a1=H1, b^O) 

When a.x = Ht and bt = 0, the transverse matrix cracks intersect with the interface 

crack to form H-shaped cracks as shown in Fig. 3.2. This configuration has been observed 

during the tensile test of the uniaxial ceramic matrix composites. Since the power of 

singularity at the point of intersection is zero, which has been confirmed numerically, §° (s) 

will no longer be singular at this crack tip. Also, the kernels KH, KJ3, K14, K31 and K^ 

become unbounded. In this case, because fy = 0, the numerical calculations will be based 

on eqns (3.81a-c) instead of eqns (3.76a-c). 

First, the singular parts of the kernels Kn, K13, K14, K31 and K^ in eqns (3.81a-c) 

will be extracted and integrated in closed form. Then the modified equations take the 

following form: 

-f, t— +™1k1°ls(r,s)](tf(s)ds + \\ a1[k1°l(r,s)-k1°lt(r,s)](l)r(s)ds 
7C-1   s—r *~l 

+ £ a2k^(r,s)(t)°(s)ds + -|-||i [TllY?(s)ds + flfv3
8(s)]ds 

+ ^f. t^-T,,)v°(s)ds + (Tj - fh)\K(s)]ds = ^-p^kpfW (3.85a) 

£ a1ki(r,s)tf(s)ds + -J[i [-^-+Ka2k
0

n(x,s)W2s)ds 

. i     *   * 

+ YL M«* + T2v3°(s)]ds =   ~>>p°(r) (3.85b) 
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VjM+^r f,V,°(s)— + f, a1c„(r,s)^(s)ds + \\ a^c^s) - cu(r,s)]<tf(s)ds 
mJ_l        s-r    J~l J~l 

+ £ a^r.s^sjds + ^-^[k^r.sJYsCsJ+k^r.sJv^sJlds 

= mii-^LPj(r)+im2-i-p4(r) (3.85c) 
ZJix xy 

where T.-k'. + iSk;, flf = k^-i^kr4, 

and ch(r,s) = [^ + i^J^] 
Pi P4 V*l2 

Now defining <|>°(s) = F°(s), the definitions for the rest of the displacement density 

functions remain the same as in section 3.1.6.1. Then we have: 

X { ^-[-rK + mlKZJLi.hy\*T(h) + aiWktKnÜÄ) - *Ti Ä.OWO £i       «   st—q 

a2WkK^(ri,slc)F^(sk)}+-^|; £ [T^s^W^i^^ + T^^WjjaiP!1*^] 
2  1=0     j=l 

T-E X {T1(ri,syj)-Th(ri,syj)]Wyjd1P1
(aW(syj) + [Tjfr^T^»W^pT^)} 

2   1=0     j=l 

= ^kP°(r^) (3-77a) 

-A .    . W 1 
£ {a^K^.sJF»^) +^-[—— + ^K^r^F^s,)} 
W 7Ü    Sk-I- 

N 1 *      * 

2   1=0     j=l ^Yw^y 

(3.77b) 

Jti  1«0     j=l SXJ~r>i Ä   1=0     J=l S»+ryi+b,> 
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k»l k»l 

k»i L 1=0    H 

+ T4(ryilSyj)W,d1PrW(syj)] = m1i^-p3(r^)+im2ii-p4(r>i) (3.77c) 

where 

Wk =—^— (k=l,n) 
n(n-l) 

W: =—- K-T (k = 2,..n-l) Wk     n(n-l) [Pn_,(s'k)]2 

the abscissa s'k are the roots of the following equation: 

(l-sk
2)P™(s'k) = 0 

Wk and s'k are the weights and abscissa of the Lobatto-Legendre integration rule. 

The collocation points r[ are the roots of the following equation 

Pilsen)=0 
Again, the methods of evaluating the weight and abscissa Wk, tk for Lobatto- 

Chebyshev integration rule; Wj,  syj for Lobatto-Jacobi integration rule and then- 

collocation points i; and r^ remain the same as those given in section 3.1.6.1. 

The remaining four additional equations take the following form: 

F^-l^O (3.86a) 

F°(1) = 0 (3.86b) 

J1   <]>°(s)ds = 0 (3.86c) 

and J_H,<()l(s)ds=|o
b2<|>3(s)ds (3.86d) 

The first two equations originate from the requirement that <)>°(s) remains finite at 

both crack tips. The third equation is deduced from the single valuedness condition for 



55 

embedded cracks in the fiber if % is not zero. And the last equation states the condition of 

continuity of displacement at the point of intersection. 

Eqns (3.86ab) can be directly used in the numerical calculations. Eqn (3.86c) can 

be written as: 

£ WkI?(tk) = 0 (3.86c*) 
k=l 

Using the fact that 

£<Ms)ds=^-£ tf(s)ds 

-fyt ^(s)ds 

2    cosh(rcco) 

we have 

Since I   <}>1(s)ds is real, therefore, 

Re(do) = 0 (3.86d*) 

This result gives the last equation that is needed for the numerical calculations. 

The calculation of the stress intensity factors at the embedded crack tips remain the 

same, and needs no further elaboration. 

3.1.7   Results and discussion for singular integration formulation 

It is well known that the interface bonding strength contributes to the toughness of 

ceramic matrix composites. A "weak" bonding strength generally improves the toughness 

of the composite. A direct indication of weak bonding between the matrix and the fiber 

interface is the existence of interface crack or defects either due to manufacturing or due 

to debonding during loading. In the experiment, it was observed that under tensile loading, 
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matrix cracks generated first and then propagated to the interface. Once the matrix cracks 

reached the interface, they did not penetrate through the fibers. This means the fracture 

energy available at the crack tip is less than the fracture energy of the fiber, and is larger 

than the fracture energy along the interface due the weak interface. Thus, the energy is 

released along the interface causing interface debonding or generating interface cracks. 

The actual role that the interface plays has drawn a lot of attention by both involved in 

research and manufacturing of ceramic composites. One can refer to [45,46] for detailed 

discussions. The goal here is to explain or simulate the damage mechanism of ceramic 

matrix composites by analyzing the interactions between matrix and interface cracks using 

different crack configurations. 

The numerical calculation for embedded crack configuration has been carried out 

first To check the correctness of the numerical procedure, some simple crack 

configurations have been studied first For periodic transverse cracks in the matrix and the 

fibers without interface cracks, the results match those given in [23,44]; For interface 

cracks without transverse cracks, if both Ht and H2 are set very large and the materials of 

both layers are isotropic, the problem is reduced to an interface crack in an infinite domain 

and the results from [25,43] for stress intensity factor at the interface were recovered. 

Table 3.1 gives the results of stress intensity factors at the interface for four different 

materials combinations. As can be seen from the table, the two results are almost identical 

Also, the strain energy release rates at the interface for the above four material 

combinations were calculated using eqn (3.80*). For isotropic materials, the exact 

expression of the strain energy release rate at the interface was first given in [40] as 

follows: 

AE = 7C   o^+K.mxm+Kan,)   (k2   kl) (387) 
Ay     2 n^2[(l + K,)H2 + (1 + K2)^] 

where Hj and \i2 are the shear moduli of the fiber and the matrix respectively. 
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Table 3.1 Comparison of stress intensity factors 

Materials K,(b) 
a0Vb 

K?(b) 
a0Vb 

Layer 1 Layer 2 Results from 

[25] 

Results from 

eqn (3.79d) 

Results from 

f25] 

Results from 

eqn (3.79d) 

Aluminum Epoxy 1 1.0000 -0.1342 -0.13421 

Steel Epoxy 1 1.0000 -0.1443 -0.14431 

Steel Aluminum 1 1.0000 -0.09158 -0.091576 

Nicalon CASH 1 1.0000 -0.071076 -0.071074 

The results using eqn (3.80*) differed with that given in eqn (3.87) by a factor of 

V2. The strain energy release rates using both eqn (3.80*) and eqn (3.87) are compared in 

Table 3.2. The error is within 3 percent. Considering the fact that all the derivations are 

based on the orthotropic materials, and the isotropic behavior was approximated in the 

calculation, the results are quite good. Table 3.3 gives the Young's moduli and the 

poisson's ratios for the materials used in the calculation. 

Table 3.2    Comparison of strain energy release rates 

Materials Strain energy release rates 

Layer 1 Layer 2 2 AE .  „ 0_, 
 m (3.87) 
7t Ay 

V22AEin(3.80*) 
7C Ay 

Aluminum Epoxy 0.397614xl0"5 0.402399X10"5 

Steel Epoxy 0.384227xl0-5 0.389954X10"5 

Steel Aluminum 0.239708X10"6 0.239753X10"6 

Nicalon CASH 0.203262X10"6 0.208256X10-6 
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Table 3.3    Material constants 

Material Young's modulus 

E Ob in.-2) 

Poisson's ratio 

Aluminum lxlO7 0.3 

Steel 3xl07 0.3 

Epoxy 4.5x10s 0.35 

Nicalon 2.83xl07 0.28 

CASH 13.2x10' 0.28 

Next, the effects of the transverse and interface cracks on the tensile damage 

behavior of the ceramic matrix composite are investigated. Suppose there exist both small 

transverse matrix cracks and interface cracks or defects. First, let the matrix cracks be 

allowed to propagate and the interface crack be fixed at a small value b/H2=0.01. The 

stress intensity factors at both the matrix crack and the interface crack tips are calculated 

and plotted against the increasing matrix crack length. Fig. 3.3 shows the mode I stress 

intensity factors at the matrix crack tips versus the matrix crack length for both Vf = 30% 

and Vf = 40%. The stress intensity factors increased first and then decreased as the matrix 

crack approached the interface. The decrease of the stress intensity factors as the matrix 

crack approached the interface is because of the fiber constraint effect The mode I stress 

intensity factors at the interface, however, remained unchanged at first and increased 

rapidly as shown in Fig. 3.4 when the matrix crack approached the interface. Fig. 3.5 gives 

the strain energy release rate at the interface versus the matrix crack length for two 

different fiber volume fractions. The influence of fiber volume fractions can also be noted 

here. Next, let the matrix crack length be fixed (a2=0.9H2) and the interface crack length 

be allowed to increase, then the stress intensity factors at the matrix crack tips and 
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interface crack tips were calculated and plotted in Fig. 3.6 and Fig. 3.7. respectively. The 

mode I stress intensity factors at the transverse matrix crack tips exhibited a steady 

increase until the interface crack length reached a certain value O^Hj). Fig. 3.8 shows the 

strain energy release rate at the interface versus the interface crack length. The following 

conclusion can be drawn from the above two cases: If both matrix crack and interface 

crack exist in the composite, the matrix crack will first propagate because of the increase 

of stress intensity factors at the matrix crack tips and the low fracture toughness of the 

matrix. Then the crack will be arrested when it reaches the interface because of the fiber 

constraint effect. On the other hand, if the fracture toughness along the interface is small, 

the interface crack will grow due to an increase in the strain energy release rate at the 

interface. Once the interface crack or debonding length reaches a certain value, the fiber 

constraint effect is almost lost and the stress intensity factors at the matrix crack tips start 

to grow again as can be seen from Fig. 3.9 where b/H2 = 0.55. Eventually the matrix crack 

will reach the interface boundary. This has been observed during testing. Another 

important role that the interface crack plays, is to prevent the matrix cracks from 

extending self-similarly into the fibers. As can be seen from the test results, fibers do not 

break at the same locations as the matrix resulting in longer fiber pull-out length. The 

variations of the stress intensity factors versus the increase of matrix crack length for two 

different values of interface crack length are shown in Figure 3.9a and Figure 3.9b for 

fiber volume fractions of 30% and 40% respectively. 
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3.2    Finite Element analysis 

The H-shaped crack configuration is adopted and used to study the effects of 

interface cracking and its progression on the tensile behavior of ceramic matrix 

composites. 

3.2.1   Description of the H-shaped crack model 

From the experiments, it is observed that, after the appearance of initial transverse 

matrix cracks, the stress-strain behavior starts to become nonlinear. With certain increase 

of the tensile load (about 10 ksi), a regularly spaced multiple transverse matrix crack 

pattern is formed. Once this stage is reached, further increase of load generates few new 

matrix cracks until final failure. Therefore, during the period from which saturated matrix 

crack formed to eventual failure, interface debonding, matrix crack opening and sequential 

fiber breaking dominate the failure process. To capture the effect of damage accumulation 

due to interface debonding, a configuration of periodic H-cracks as shown in Fig. 3.2 is 

used where the interface crack length is allowed to increase with increasing load. The 

popular ABAQUS finite element code is used with strain energy release rate as the 

criterion for the interface crack propagation. First, the strain energy was calculated for a 

certain interface crack length, then the interface crack length is allowed to increase by 

releasing the node at the crack tip and the strain energy is again calculated. Thus an 

estimation of the strain energy release rate G at the interface crack tip can be (tetermined 

using the following expression: 

Un-Un+1 (n=0,l,2, ) 
tAD 

where Un and Un+! are the strain energies associated with the two subsequent crack 

lengths, AD is the interface crack increment and t is the thickness of the specimen. If this 

G value is greater than GCT (critical strain energy release rate), then the crack is assumed 
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to propagate. In practice, the GCT value at the interface is extremely difficult to measure. 

Here we estimate GCT by matching one point of the stress-strain curve with the calculated 

value. Table 3.4 shows the computed GCT for both Vf = 30% and Vf=40%. 

Table 3.4 Estimated critical strain energy release rate Gcr 

Fiber volume fraction L/2H, Estimated Gcr 

30% 2.5 85.36 Gbs/in) 

40% 3.0 62.70 (lbs/in) 

3.2.2   Finite element results and discussion 

Before the finite element calculation is carried out, one has to determine the 

matrix crack spacing L and the fiber spacing 2H2used in the model as shown in Fig. 3.10. 

The ratio L/2H2 affects the results significantly. Matrix crack spacing is determined by 

averaging the matrix crack length from the micrographs taken during the experiment It is 

found that the matrix crack spacing decreases with increasing fiber volume fraction of the 

specimen. The average matrix crack spacing for Vf = 30% was found to be L = 166 urn. 

And for Vf = 40%, the value is L = 111 um. The fiber spacing varies with fiber volume 

fraction, the fiber diameter and how evenly the fiber filament is distributed in the matrix 

media. The average fiber diameter for Nicalon fiber is about 16 um as measured from the 

test results. Consider the case where fibers are evenly distributed in the matrix media, 

then for Vf = 30%, 2H2 = (0.7)(16)/0.3 = 37.3 urn and for Vf = 40%, 2H2= (0.6)(16)/0.4 

= 24 urn. Therefore we have: 

L 

and 

2H, 

2H, 

= 166/37 = 4.44 

= 111/24 = 4.625 

forVf=30% 

forVf=40% 
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Considering the fact that fibers are randomly distributed in the matrix and that the 

fiber diameter is not constant, the above ratios were varied between 2.0 to 3.0 in the 

calculations. Fig 3.11 is a comparison of finite element results with the test results for Vf 

= 30%. Fig. 3.12 shows the comparison for Vf = 40 %. It can be seen that finite element 

results match the test results quite well at the start of the non-linear stress-strain curve. 

Then the two results deviate somewhat as the load is further increased. This is because at 

higher loading the fibers start to break as can be seen from the micrographs taken during 

the tests. This contributes to the flattering of the actual stress-strain curve. It may also be 

noted that the finite element results for Vf = 30% match the stress-strain diagram better 

than those for Vf = 40%. This can be explained as follows: with more fibers in the 40% 

fiber volume fraction specimen, more sequential fiber breakings occurred during the final 

stage of the experiment after the saturated multiple matrix crack pattern was formed. This 

can not be simulated by considering interface cracks only. Fig. 3.13 gives the stress 

distribution in both fiber and matrix near the interface crack tips. Fig. 3.14 gives the 

normal stress distribution along the interface 
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Fig. 2.1     Experimental setup 
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Fig. 2.2    Specimen geometry (Unit in inches) 
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No matrix crack has been observed 

Matrix crack initiated 
away from the defects 

Fully developed matrix crack 

Fig. 2.6  Another pattern of matrix crack initiation. 
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Fig. 2.7  Micrographs showing the location of the first matrix 
cracks initiation and their development 
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(A) at 30 ksi (B) at 40 ksi 

(C) at 55 ksi (D) at 20 ksi 

Fig. 2.8 Tensile damage of Nicalon/CAS II specimen with Vf=40% 
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Load = 60 lbs 

Load = 49.6 lbs Load = 33 lbs 

Fig. 2.9  Further loading of the specimen is possible 
after failure for thin Nicalon/CAS H specimen. 



76 

Location and the damage pattern just before 
major fracture developed. 

Major fracture on the specimen 

Fig. 2.10 Brittle behavior of the thick Nicalon/CAS II specimens. 
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Fig. 2.11 Long fiber full-out length for Nicalon/CAS H with Vf = 40% 

Fig. 2.12 Short fiber pull-out length for Nicalon/CAS H with Vf=30%. 
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Fig. 2.13  Very smooth surfaces on the fibers being pull-out. 
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Fig. 2.14 Micrographs selected from three test results for specimen 
with Vf = 30% indicating an different amount of fiber 
pull-out and the fiber pull-out length for different test. 
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(a) 

(b) (c) 

Fig. 2.15  Typical damage pattern for Nicalon/CAS II specimen 
taken at different magnifications: (a) 300x; (b) 800x; (c) 3000x. 
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Fig. 2.16 Typical fiber breaking pattern for Nicalon/CAS n specimen. 
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Fig. 2.17 Radom fiber breaking on Nicalon/CAS II specimen. 
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(a) 19.5 ksi (b) 32.0 ksi 

<*&■ "i. ''■ ".^ 

(c) 36.5 ksi (d) 51.5 ksi 

Fig. 2.18 Matrix cracks density vs. the tensile stress 
for Nicalon/CAS II specimen with Vf=30%. 
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(a) 28.3 ksi (b) 29.8 ksi 

(c) 30.81 ksi (d) 51.7 ksi 

Fig. 2.19 Matrix cracks density vs. the tensile stress at room 
temperature for Nicalon/CAS H specimen with Vf=40%. 
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Room temperature T = 250 °C 

T = 400 °C T = 600 °C 

Fig. 2.26     Final failure surfaces at different temperatures 
for Nicalon/CAS II with Vf = 30% . 
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(a) 25.9 ksi 

(b) 30.3 ksi (c) 52.0 ksi 

Fig. 2.27  Development of matrix cracks at T=600°C 
for Nicalon/CAS II specimen with Vf=30%. 
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(a) Pre-existing crack 
before loading 

(b) 21.1 ksi 

(c) 32.5 ksi (d) 40.8 ksi 

Fig. 2.29 Development of matrix cracks at T=400 °C 
for Nicalon/CAS II specimen with Vf=40%. 
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(a) 41.4 ksi (b) 50.2 ksi 

(c) 56.1 ksi (d) 64.1 ksi 

Fig. 2.31 Progression of fiber crack opening at T=400 °C 
for Nicalon/CAS II specimen with Vf=40% 
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(a) 47.4 ksi 

(b) 56.5 ksi (c) 64.1 ksi 

Fig. 2.32 Progression of fiber crack opening at T=600 °C 
for Nicalon/CAS H specimen with Vf=30% 
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Appendix A 

From eqns(1.9ab), one obtains: 

a"ffi,y) = - - r [ACcOsinhCv^aH,) + C(a)sinh(w3aH,)]asinayda 
oy        7c Jo 

^rpMljJSi^iwjIay/Bj     +i^A)e-lw3lay/ß5]sinatsinaH1dtda       (A.1) 
rcJo  Jo     Yl3        P5 PS   112 

8u?(:H2,y) = - r ^»(aJsinhCw,*^^ + C(a)sinh(w3*aH^]asinayda 
oy       7t Jo 

2 r p ^ J^Wl*lay/ß5%J*^ 
7cJo  Jo     Yl3 P5 P5   Yl2 

1^1,yL 1 f  [^ACcOcoshCv^aH!) + ß8C(a)cosh(w3aH,)]acosayda 
«y     7c Jo 

-;fftt>-^-^ 
+^^^signCwsJe-'ws'ay/ßslsinatcosaH^tda (A.3) 

P5 Yl2 

fyC-H?.^ 1 f[ß7*A*(a)cosh(w1*(xH2) + ß8*C*(a)cosh(w3*ocH2)]acosayda 
oy       7c Jo 

- iff ^wvw 
+ lQ'rlYl1lßio*sign(w3*)e-|w3*'ay/ßs*]sinatcos(xH2dtda (A.4) 

P5*Yl2* 

Using the following integral formulas: 

mm v *•• - 

I  e'atsinbt dt = ^g and     e"atcosbt dt=^j£ a>0 (A.5ab) 
Jo »o 

equations (A.1-A.4) reduce to: 

8Ul^I,'y) = - - f   [ACaJsinhCw.aH!) + CCaJsiiih^aH^asinayda 
°y        7c Jo 

?("H?,y) = - f [A^cOsinhCw^aH^ + C*(a)sinh(w3*ocH2)]asinayda 
»y      ic Jo 



'if1   = - f [kACcOcoshCw.aH.) + ßgCCa^oshCwaOcHi^acosayda 

^(-Hg'yL 1 r [ß7*A*(a)cosh(w1*ocH2) + ßg*C*(a)cosh(w3*aH2)]cxcosayda 
oy      TCJO 

where 
lw,ly lw,ly 

lw,*ly                  lwi*ly 

- „  ,       lw,»l. fe* k« 

lw,*ly                  lw,*ly 
lw,*l. ßs* ß<* . ,AÄM 

ßinsign(w,)lw,lyn Hd Hj+t  & " ßT_^«£+(Hrt)2   ^+(H|+t)j] (A.6C) 

B,n«sign(w,«)lw,«hr„» Ik! Ik"  „ 



Ill 

Applying (3.14ab) and (3.21cd) to eqns(A.l*)-(A.4*): 

My) = - — I  [A(a)sinh(Wi(xHj) + C(a)sinh(w3cxH1) 

+ A*(a)sinh(w1*aH2) + C*(a)sinh(w3*cxH2)]asinayda 

<J>3(y) = - f   [ßjACcOcosh^aH^ + ß8C(a)cosh(w3aH,) 
% Jo 

- ß7*A*(a)cosh(w1*aH2) - ßg*C*(a)cosh(w3*aH2)]acosayda 

Taking inverse cosine and sine Fourier transforms for both sides of eqn(A.7a) and 

(A.7b) respectively, one gets: 

ACoOsinhCWiCcH!) + CCoOsinh^aH!) 

+ A*(a)sinh(wl*aH2) + C^oOsinhCwj+aHj) = R^a) (A.8a) 

and 

ßyACoOcoshCWiCcH!) + ßgC(a)cosh(w3aHj) 

- ß7*A*(a)cosh(w1*aH2) - ß8*C*(a)cosh(w3*aH2) = R2(a) (A.8b) 

where 

+M r ^iG*y>sina5,dtdj'      (A-9a) 

R2(a)=^J *j(y)cosaydy+—J j   ^G3(t,y)cosaydtdy 

-^rr^(,,y)cosay<,tdy       <A%) 
Using the following integrals: 



IV 

fG^sinaydy = -^e-aOHrÖßs/lwil - e-aC^+Oßs/lw,!) 

+ f^e-oCHrOßs/'wsl - e-a(H1+t)ß5/lw3l) (A.10a) 
ZYl2 

rG2(t,y)sinaydy = -%r<Wrt)k*fl*i*l - e^-K)fc*/IW|*l) 

+ HiAe-aCH.-Oßs*^*! _ e-a(H2+t)ß5*/!w3*l) (A.10b) 
ZYl2 

f G3(t,y)cosaydy = IsignCw^ßgCe-aCHrOßs/lw,! _ e-aCHj+Oßj/lw^) 

-fsign(w3)ßÄe-a(Hi-t)ß^w3l _ e-a(H1+t)ß5^w3l) (A.10c) 
Z 112 

J"G4(t,y)cosaydy = fsignCw^ß^Ce-a^-tfßs*/!*!*! - e-a(H2+t)ß5*/lWl*l 

-?sign(w3*)ß10*2l4(e-a(H2-t)ß5*/lw3*l _ c-a(H2+t)ßs*/Iw3*l) (A.iOd) 
z Y12 

eqns(A.9a) and (A.9b) are finally reduced to: 

1  f^ 
Ri(a) = - 2^ I    <|)4(y)sinaydy 

— I   ♦.(OE-e-aCHrOßs/lwjl +^.e-a(H1-t)ß^w3l]dt 

tYisJ    Vl Y12 
+

 4CCYL 

H     ^«[-^-«(Ha-Oßs^w^l+^e-aCHrOßs*^*!]^ (A.lla) 
Yl3 J Y12 

+ 4ay] 

and 

Jb 

*2 

<j)3(y)cosaydy 



— I    ^iWtsignCw^ß^-aCHrOß^w^ _ sign(w3)ß1(X-a(H,-t)ßs/Iw3l ]dt 

*Yl3J «2 
+ 4ayL . 

-»1 

4aY,3*J 
<|)2(t)[sign(w1*)ß9*e-a(H2-0ß5*/>Wi*l 

- signCwa^ß^*^'06^2"0^*71^*1 ldt (A-llb) 
112 

Applying the continuity conditions (3.13ab) and (3.14ab), one derives the 

following: 

f°° 2[y3A(a)cosh(w1aHj) + y4C(a)cosh(w3aHi) 
Jo 
-XiY3*A*(a)cosh(w1*aH2) - X1Y4*C*(a)cosh(w3*aH2)]acosayda 

=_ Too fa1M)sinatdt[y e-lw,lay/ß5. Y^S-lw3lay/ß5]cosaHlda 

JoJoYl3 %1 

+ f~ fc ^^sinatdttY^e-'w^lay/ßs*. Y2^e-lw3*lay/ß5VsaH2da     (A.12a) 

JoJo   Yl3 Yl2 

and 

f°° a^C^sinhCw^!) + Yi0C(a)sinh(w3otH1) 
Jo 

+ X2Y9*A*(a)sinh(w1*aH2) + X2Yio*C*(a)sinh(w3*aH2)]asinayda 

__ Too (,a1Mlsinatdty [e-lwjltxy/ßs. e-'walay/ßsjsinaH^a 

JoJo Yl3 

_ Too fa, ^MOsinatdtynne-'wi*1^^* - e-lw3*lay/ß5*]sinaH2da (A.12b) 

JoJo   Yl3 

Applying inverve Fourier cosine and sine transforms to (A.12a,b) respectively, 

we have: 

[yjACoOcosh^ocHi) + Y4C(a)cosh(w3aH1) 



VI 

- X,Y3*A*(a)cosh(w,*aH2) - XlY4*C*(a)cosh(w3*cxH2)]a = R3(a) (A.13a) 

and 

[Y9A(a)sinh(Wi0cHi) + YioC(«)sinh(w3CtH,) 

+ X2Y9*A*(a)sinh(w,*aH2) + X2Yio*C*(a)sinh(w3*aH2)]a = R4(a) (A.13b) 

where 

R9(o>=-;f"fai^1(t.y)oo80Vdidy+|f~fai ^S2(t,y)cosaydtdy      (A.14a) 

'oJo hh 
and 

R4(a)=-f f~ fai|pS3(t>y)sinaydtdy -\ f~ fr ^^4(t,y)sinaydtdy        (A.14b) 
JoJo    13 JQJQ        " 

r      H^+t  ,Yl1s Hj+t  /A    1C   \ 

ß *2   ■H«»-»; ß *2   +MVV 

lw,ly Iw^ly 
ßs ßs 

S3(t,y) = Yii[(lwly)2 -felyJi ] 

02  +(Hrt)z      02  +(Hrtr 

lw,ly lw.,ly 

~Y"[(lw,lv)2 _       ~(lw,ly)» ] (A-l5c) 

-gf-+(H1+t)2   ^f-+(Hl+t)2 

lw,*ly lw,*ly 

A! 6t * 
] S4(t,y)-Yii*[/-iw *iv\2 riw,*lvl2 

yyp-wi-v I!^L+(Hl-tp 
'w,*ly 'w,*ly 

ß5* ßs* 
-Yu*[(|Wi^|y)2 ~(lw,»lyp ] (A15d) 

ß *2   -KHi+t)2        ß „,2   +(Hl+t)'t 



vu 

With the help of the following integrals: 

K(t,y)cosaydy - -^r«WM«t _ ^«Wh 

Jo 
.EMu&fe.a(Hrt)ß5/lw3l_e-a(H1+t)ß5/lw3l) (A.16a) 
+ 2Yl2lw/ 

f-S^cosaydy^f^e-aCHrOßs^*.. 

Jo 

l.e-aCHj+Oßs^Wi*!) 

0 
+ *Öii!i^e-^ (A.16b) 

2 Y,2*lw3*l 

f~S3(t,y)sinaydy = ^-«ßM' - *°QWW*h 
Jo 

.Hußs^e-aCHj-Oßs/lwjl _ e-aCHi+Oßs/Iw^) (A.16c) 
JL IWal 

f~S4(t,y)sinaydy = H-f^e-aCHrOß^*! _ e-a(H2* 

Jo 

t)ß5*/lw,*l) 

IQiL!&!,e-a(H2-t)ß5*/Iw3*l _ e-a(H2+t)ß5*/lw3*l) (A.16d) 
2 lw3*l v 

R3(a) and R4(a) are finally reduced to: 

^h^'-^-aWßs*M*l+3S^"a(H2"t)^<',dt 
13
 J-aj 

(A. 17a) 

and 

R. 

(A.17b) 
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Appendix B 

Definition of material constants for both layers. A superscript * will be used for the 

material in second layer. 

Yi=1+v2w1ßL       Y2=sl + ^Ao.      Y3 = Wi + Vxyß7 Y4 = w3 + vyxßg 

Ps P5 

Y5 = Vxy + £jp        Y6=vxy + ^-      Y7 = vxyw1 + ß7 Y«= vxyw3 + ß8 

Wi 
y9 = -1 + ß7w, Y,0 = -1 + ß8w3        

Yu = ~ V1 +sign(w1)ß9 
ßs 

Yi2 = -Y^ +sign(w3)ß10       Yi3 = sign(w1)ß9-^u-sign(w3)ß10 
Ps Y12 

y  _ 1 j- Ys     Y6 Yu j 
2 Y13     Y13 Y12 

x  E; 1-V\. 
1_EXI-V;V; *>-£- 

^     % 

*3=ß8Y3-ß7Y4 *4 = V^-ftY3 x5=xiY;ß7-ß;Y3 

^ = Y9~Yio ^7=Y9-^X2 XgsYg-YioA^ 

Aj = ^"3"7 ^10 = ^3^8 ^11 = ^3Y9 

^12= ^4 Xj3 = AjAg ^14 = Vfe 

^15 = ^-6P7 ^-16 = ^3P7 A17 = M*7 + A^8 

*18 = *-4p7 *19 = M*I  +^5)ßs ^20 = A5p\ 

^l^^fefc *22 = Y3I*7 ^23=P^8 

X24 = ^10^16 ""^9^16 A25 = A.i0A17 ^26 = ^12^16 ~ ^10^18 

^27 = ^9^20 ~ ^13^16 A^8 = ^9^-19 A29 = A,i2Xi9 - Xi3A,17 

^30 = ^13^-18 - ^12^20 A31 = A.nA.i6~"^l6 A32 = AnA.17 

A^j = A16A.i2 - A.nXi8 ^34 = ^9^22 ~ ^14^16 ^35 = ^9^21 

^36 = —A.14A.17 ~ ^21^12 ^37 = ^14^18 ~ ^22^12 Xjg = A15A16 - ß^Ag 

^39 = ^23 ^40 = ^15^-17 ~ ^12^23 ^41 = P\p\^12 ~ ^15^18 

X.42 = AgX-jg A43 = A^A^ Ä44 = ^3*18 



IX 

^45 ~ ^10^16 ~ ^11^16 

^48 = ^14^16 ~ ^-10^2 

^51 = A,uA-i9 + ^13^21 

^54 = "^10^23 

\s7 = ^19 

^60 = Y9(^4^19 ~ ^5^17) 

^«6 = Mß7^19 ~ ^5^23) 

X^9 = X5X17 - A4X19 

*71 = ^(ßl ftll - *9> + ß8^(Y9 - *7» 

^73 = ^2l(^10 ~ ^9) 

^75 = ^9^5 *" ^13^3 + ß J Qrfh ~ ^14^3) 

XJ-J = ß7 (X-ioßv - A.15X3) 

X19 = X3(K$t, -^sß?) 

^■46 = ^-11^20 ""^13^16 

Ä49 = A,i3Ä22 ~ ^14X20 

^52 = ^10$1$1 ~ ^15^16 

^53 = ^13*23 "" ^15^19 

Ajg = — A,4A,i6(A,g — Y9) 

Ktf = ~ A,4Xj6 

A,47--AuA,i9 

^50 " ~ ^10*21 

^53 = ^15^20 ~ ^13ß?ß7 

Xx - - "kj^o 

X59 = — A.5A.i6(Y9 - Kj) 

^62 = ^(Yj^n + ^4^21) 

A^j = XgCA^A^ — ß7A,i7) 

A^g = A,5X16 

^o = ^7 0-10-^ll) + ßg^4(^8-Y9)) 

^72 = ß7 (^ll^S ~ ^13) + ß« 0^12 ~ ^11^4) 

^74 = ^12^3 ~ ^10^4 + ß7 (^14^3 *" ^loYj) 

^76 = ^23^10 — ^) 

^78 = ßg (K\S^3 ~ Pi"?) 

^•80 = ^24 + ^25 + ^26 + ^27 ~ ^28 + ^29 

*81 = " ^70 ~^71 ~^72 + Sign(Wi)ß9(X73 + ^74 + X^) 

+ H(^6 + *77 + ^78) -T%(^43 " *57 + ^9> 

^82 = - ^58 ~ ^59 ~ Aeo + signCwJßjCXfij + X62 + X63) 

+ to.(X64 + X65 + A66)-^.(X67 + X68 + A69) 

Aj3 = -^-(^o + X,, + h,2) - ^-sign(w3)ß10( X73 + A74 + X„) 
Yl2 Yl2 

- ^f^f &76 + ^77 + ^78) + ^4-^43 " *57 + *79> 
Y12 M |w3| 

K = ^L(A58 + XS9 + Afio) - ^-signCwjJß,,,^! + X62 + A63) 
Y12 Yu 



^85 - YASI 
1 

YUYM^W 
^86 _ Y8^8J 

1 
YOYM^M 

^87 - Y7^83 
1 

YUYM^M 
^88 - 77^84 

1 

YUYM^-M 

Xg9 = - X,0 - ^7, - Xj2 - Sign(w*)ß,* (^3 + X74 + Xj5) 

- \y[&(Kl6 + K + *78> - ^Yn ]%(^43 - *S7 + ^79) 

XJO = - X58 - X59 - A.60 - sign(w[)ß*9 (A^ + X62 + A.63) 

~ ^lYl p^[(^64 + ^65 + k«) ~^2Yu 0[^67 + ^68 + ^9) 

*91 = %(^70 + ^71 + *72 ) + %sign(w;)ß[0 ^73 + X74 + *75> 
Yl2 Yl2 

+ hy^fkO^e + *77 + ^78) + ^Yn ft(^43 - >-57 + *79> 
Yl2 |w3| |w3| 

A92 = %(^58 + *59 + ><«)) + %sign(w3*)ß;0 (k6l + X62 + X63) 
Yl2 Yl2 

+ XlY2% Al(^64 + ^65 + *66) + ^Yu Ä(X67 + X68 + X69) 
Yu |W3| |W3| 

^93 = Y7^89   •„   1 ^94 = Y8^90   • „   * ^95 = 77^91   •       « ^96 = Y8^92   •       1 
7u7i4A'80 713114*80 TUTM^M 7I37MA,80 

A,, = -X45 - A.46 - X47 + sign(w!)ß9(X48 + X50 + X51) 

+ I ? 1 (A.52 + A.54 + A55) -   1     .  (A.42 + A-56 + A57) 
lwll lwll 

^98 = * ^31 ~ ^32 - ^33 + Sign(W1)ß9(X34 + X35 + 7^) 

+ H(*3I + *39 + *4<>) - l4^42 + *43 + *44> w, 



XI 

**9 = ^#-45 + *-46 + K)" ^"-signCwjJß^C Xa + Xs0 + X5l) 
Y12 Y12 

Yu   |w3| |w3| 

*100 = ^-(^31 + *32 + ^33) " ^""SignCwOßjoC ^34 + ^35 + ^fi) 
Y12 Y12 

" ~Z~ I   I ^38 + ^9 + ^ + 1   1 ^~ 42 ~ 43 + ^ Yl2    |W3| W, 

^101 ~ Vfr        .,, 

^103 = *99 Y7 • * 
YUTM^W 

^102 - *98 Yl .\ 

A-104 = ^100 Y«       .« 
YI3YMA'8O 

^105 = ~ ^45 ~ ^46 ~ ^47 - siSn(w[)ß 9 (^48 + ^50 + ^5l) 

"~ ^1 Yi ptr(^52 + ^54 + ^55) ""V/u T~4r(^42 + ^56 + ^57) 

^106 = ~ ^31 ~ ^32 ~ ^33 - signCWi^ß, (X34 + ^35 + X^ 

~ ^iYi r4r(^38+ ^39+ ^40) ~^2Yu r~^[(~^42 ~ ^43+ ^44) 

xm=%(^45+*«+x41)+%sign(W;)ß;0(x4g+xso+X5l) 
Yl2 Yl2 

+xi Y2%riT(^52+xS4+**>+^Y;, A(K42+xS6+xj 
Y12 |w3| |w3| 

• • 

^08 = %(^3i + ^32 + ^33) + %sign(W;)ß;0 Qiu + Xis + Xx) 
Y12 Y12 

+ ^1Y2    •  1~/T^38 + ^39 + ^40) + Xfln ]~/l(~^42 ~ ^43 + ^44) 
Yu |w3| |W3| 



XU 

A-109 -^105 Y7   •    • * 

^111 =^107 Y7    •    .« 
7j3IMAM 

P? = 

P9 

Y3^W ^74^90 

_ Y9^81 +Yl0^82 

HY13A.8O 

Pll 

Pl3 = 

Pl5: 

_ Y9^89 * YlO^-90 

Y7(X,73+X74+X75) 

Y7(^70+^71+^72) 

7ryMX 80 

Pl7 = 
_ Y?(^48 + *-S0 +^Sl) 

7CY14^g0 

Pl9 
_ Y7^45 + ^46 +^47) 

^14^80 

^110 =^106Y«   •    . » 
YUTM^W 

YUYM^W 

P6; 

P« = 

Pl0 = 

Pl2: 

Pl4: 

Pl6; 

Y3^83+Y4^84 

JCYu^-80 

_ Y3^91 * Y4A92 

nYu^» 

Y9^83 + YKA-84 

7lYl3^80 

. Y9^91 ~*~Y>0^92 

7tYi3^80 

^14^80 

■ Y8(^S8+^S9+^'«>) 

JCY,4XM 

Pl8 = 
_ Y8(^34 + ""35 ^*^36) 

JCY14A.8O 

rt     _   Yg(^31 + ^32+^33) 

JcyMAw 
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Appendix C 

f,(oc) = tanh(w*iaH2)tanh(w*3ocH2)  f2(a) = tanhCw^aH^tanhCwjOH!) 

f3(a) = tanh(w*3aH2)tanh(w3aH,)    f4(a) = tanh(w*iaH2)tanh(w3aH1) 

f5(a) = tanh(w*1otH2)tanh(w1aH1)    f6(a) = tanhCwiOHi)1^^011!) 

f(a) = ^(a) + X^Ca) + X^f^a) + ^(a) - VsC«) + ^W 

gi(a) = k70tanh(w*3aH2) + k71tanh(w*1<XH2) + ^tanhCwjOfy) 

hi(a) = ^3fj(a) + ^(a) + ^(a) 

m^a) = ^(a) + ^(a) + ^8f4(a) 

n^a) = X43tanh(w*3ocH2) - X57tanh(w*i(XH2) + ^79tanh(w3aHi) 

g2(a) = XjgtanhCw*^^ + X^tanhCw^aHj) + X^tanhCwiOH!) 

h2(a) = ViC«) + *«&(«) + hiUW 

m2(a) = Vi(a) + VaC«) + Vs«*) 

n2(a) = X67tanh(w*3aH2) + X^gtanhCw*^^ + X^tanhCwjOtHj) 

g3(a) = X45tanh(w*3OH2) + X46tanh(w3aHi) + ^tanh^aHj) 

h3(a) = X48f3(a) + VjCa) + KW) 

m3(a) = Xs2f3(a) + X54f2(a) + X55f6(a) 

n3(a) = A.42tanh(w*3aH2) + X^tanhCwjaHj) + A^tanhCv^aHi) 

g^cc) = X31tanh(w*iCXH2) + X^tanhCwiOi^) + X33tanh(w3ocH1) 

h4(a) = X34f4(a) + XisUia) + X^Ca) 

m4(a) = X38f4(a) + V5(a) + VeC«*) 

n4(a) = - X42tanh(w*1aH2) - X43tanh(w1OH1) + X,44tanh(w3aH!) 
Y7cosh(w,ax,)    r     , v    .    ,   vr>, , „ 

k^'a) = 2cosh(WlaH1)f(a)Yl3
[-gl(a) ^«^W 

+ lwjmiw    lw^iWJ     + 2cosh(w3aH1)f(a)Y13
l &w 

+ signCw^ß^Ca) + ^fm2(a) - ^na(o) ] 
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.YiiT?ß5m ,aU YLI&_ (a)1 +     Y8Cosh(w,ax,)      Vn 

-^ign(w3)ßA(a)-^m2(a)+^2(a)] 

k3^a> = 2coS
TCwL*[ -gl(a) * Si*n(w^«a) 

-   lw;*7-i(a)-    ,Wi*,   »i(«)] +2cosh(w3aH1)f(a)Y13*
["g2((X) 

Y12* lw3*l mi(a) +   lWl*l   "i(oc) ] + ^oshCw^fCa)^,*1 Yl2*g2(a) 

-^4sign(w3*)ß10*h2(a) +^^fm2(a)+
lu^Ln2(a) ] 

Tj\ „.YiCOshCw^Qh^a) Yficosh(w3ax,)h?(a) 
•WW- cosh(WiaHl)f(a) -»2^1.^- coshCwsOtH^fCa) 

Y7cosh(w,ax1)g1(a) yRcosh(w<lax1)g?i(a) 
.i3(lxlW-- co^^cß^d) WiW--   cosh(w3aHi)f(a) 

^(^a) =2o<SlKw1«olUa)ru
t "g3(a) +sign(w')ß»h'(a) 

+sign(w1)ß9h4(a) + ^Jm4(a) - ^4(<*) l 

.YnY?ß5m tev +liifisI1 fo) 1      YR*coSh(w,*ax?)     v„ 
^KV^BC«) + 1^3«*) 1 + 2cosh(w3*aH2)f(a)Yl3

[ Ytt*
(a) 

- ^sign(w3)ß10h4(a)- ^lm4(a) + ^(a) 1 
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. ,     v       v7*cosh(w,*ax,)    , .   .   t.B4. , x 
k^a) -IDOSKW, W(a)Y,3*[ "g3(a)' Slgn(w^)ß«a) 

■   lWl*l m3(a)'    lWl*l   u3(a) ] + 2cosh(w3*aH2)f(a)Y13*
[ *(a) 

- sign(Wl*)ß9*h4(a) - YlffiW«> - Y'CH|^(a) ] 

Y,2* 'w3*l "*(o)+   W*i   "3( } ]    2cosh(w3*aH2)f(a)Y13*
[ y12*^a) 

+ffiign(w3*)ß10*h4(«) + ffl ffiW«0 +*i^<(a) ] 

Y7*cosh(w1*ax?)h,(a) yg*cosh(w,*(xx,)h4(a) 
J5W*> =   cosh^^aH^f^)        W2W-   cosh(w3*aH2)f(a) 

Y7*cosh(w1*ax,)g,(a) y^coshCw^ocxJ&fo) 
J7(x2,cy--   cosh^aH^a)      Jg^cy«-   ^(^aH^a) 

• i^W + taN0» + 2f(o)Yl,cosh(w,ali)1 T12
fe(a) 

- ^gn(w3)ß1(Wa) - ^Jm2(a) + ^n2(a) ] 
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Ti^fr*,» fart  rn%p5*  (0,,   ^cos^^osh^ox^ 
- Iw,*!  ^(a) -  V*l   "»(a)1    2f(«)Yi3* cosh(wJaH1)

L g*W 

- sign(Wl*)|y h2(a) - Ylffi%»(«) - YlCffi*"2(a> 1 

J,(y,a)=^osay J10(y.a) =^fcosay 

v ,„v    ,   JSjSnay.siiih(W|aX|) .Ou.  , .  ^„.rvOß Ji fort 

W1"0 + top1™] + 2f(a)YlJ smh(w!aH1)
1 Y,j82t ' 

- ^ign(w3)ß1(Wa) - ^m2(a) +^n2(a) ] 

k fvx    .   Jfcsinay_sinh(w,ax,) dcnfe.*« *h,(g) 
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■   Iwi*l mi(a)     lw,*l   u'(a) ] + 2f(a)y13*sinhCwjaH,)l g*W 

- sign(Wl*)ß9*h2(a) - Ylffi%rfa) - Yl1^%(«) 1 



XV1U 

Appendix D 

Consider the following integrals in eqns(1.29c,d): 

J»D2 *02 

K33'(y,t)<!)3(t)dt K34'(y,t)<|>4(t)dt 

b, Jb, 

J»b2 rh 
^'(y.O^CDdt K44'(y,t)<|>4(t)dt (D.labcd) 

b. Jb, 
where 

1 f    ch^ooci) ch(w,ocx,) K»,(w> - &;  [söÄJ'(y>a)+s^^1^00 ]cosa,da 

= to±f 
•Jo 

X,-»H,2TC I 
Jo 

Wiofii) f(«)     ch(w3aH,) f(a) Jcosaycosatda 

o 

chCw^x^y.h^a) ch(w,aXl) Y^a) 
WjOeHi) f(a) +ch(w3aH,) f(a)  Jl«>sa(t y)+cosa(t+y)Jda      (D.Za) 

o 

1 f   ,ch(w,ax,), ,    .    ch(w,ax,), .    v, . 
KM'(y,,) -to -     E^J^uGMO +^(^H>(*a) ]smcUda 

Jo 

= _limif    ch^ax,)^«)   ch^ax,)^) 
S*        ^hCwtOH,) f(a)   +ch(w3otH1) f(a) Jcosaysmaiaa 

Jo 

—Ä27C     W^,) f(a) ^(wsaHi) f(a) ][sma(t-y)+sina(t+y)]da      (D.2b) 
WO 

ir ./   x    i-    ! f   rsh(w,ax,) sh^ax,). 
K43'(y,t) = hm -      [^^JuCy.«) +^(^)J»4(y.«) icosatda 

Jo 
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= STC     WicH,) f(a)   +ch(w3aH1)  f(a)  J^«*«"1« 
wo 

C^27C I   ^(w^!) f(a)    ch(w3ocH1)  f(a) " 
Jo 

[CI 

.    1 r   ,sh(w,ax,), ,    v    sh(w3ax1)r ,    ...     . 

Jo 

_   I;III 1 r rSKw^xQYogXa)    sh(w,ax,) ying?(a), .      .    ^ 
=-^7C      W^,) f(a)   +ch(w,aH1)   f(a)   lsinaysmatda 

wo 

vi^27C I   ^hCw^i) f(a)   ch(w3ocH1)   f(a) J' 
Jo 

As a approaches infinty, we have: 

ch(w,o«,)rih,(«)   oMw^) y<h7(a) OWl(Hl.Xl) + ^-av^-x,)     (D.3a) 
chCw^j) f(a)     chCwjOH!) f(a)       ^ ^z 

ch(w,<a,)Tlg,(c.)   ch(w,ax,)M?(a)    ^aWl(Hl-x,) + ^-aw^.-x.)      (Mb) 
^h^ocH!) f(a)     ch(w3aHi) f(a)       ^3 ^4 

shCwjaxQY^Ca)     sh^ax,)^^£   aw(H x)   , e-aw3(HrXl)      m3c) 
Wi«^) f(a)   +ch(w3cxH1)  f(a)  "^e     '   *   ' +{*e uwc' 

[t^/fff + wW^Y,f(S S^iCHr*,) + ^-^(H^)     ^d) ^(wiOHt) f(a)     ch^aH!)   f(a)   J  ^7 ^8 

where ^i(i=l-8) are material constants and are expressed as: 

E = Y^+^+M  ^p<4aj 
^24 + ^25 + ^26 +^27 *~ ^"28 +^29 

£  = YAlAA)  (0 4b) 
2 ^24 + ^25 + ^26 +^27 ~ ^28 +^29 

5 „ Y^n+^i+^7?)  (D^ 
3 ^24 + ^25 + ^26 +^27 ~ ^28 +^29 

K   _ Y4^'i8+^9+^ffl)  P4J) 
^24 + ^25 + ^26 +^27 ~ ^28 +^29 

£   = 79^+^74+^)  ^^ 
5      ^24 + ^25 + ^26 +^27 ~ ^28 +^29 
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c Yin(A-sR+^o+A.fin) 

^24 + ^25 + ^26+^27 ~ ^28+^29 " 

Using the following formulas: 

and 

Hm       e"awi(HrXi)[cosa(t-y) + cosa(t+y)]da=7c[8(t-y) + 6(t+y)]      (D5.a) 
Jo 

Um I     e-awi(Hrxi)[sina(t-y) + sina(t+y)]da=q7-+^-) (D.5b) 
Jo 

The asymptotic values of eqns(D.2abcd) become: 

l™ —       [^1^1) + ^e-awsCHj-x^coso^.y) + C0Sa(t+y)]da 
Jo 

= -|-[5(t-y) + 8(t+y)] (D.6a) 

~ ^ 2TC I    K3e"awi(Hi_xi) + ^e-awsCHr^tsinaCt-y) + sina(t+y)]da 
Jo 

P2 / 1 1   v 

m 2TC       KSC"
0
"^!*!) + ^e-aw3(H,-x,)][_sina(t.y) + sina(t+y)]da 

Jo 

" S 2TC I     K7e_awi(Hrxi) + Sge-awaCHrXitycosaCt-y) - cosa(t+y)]da 
Jo 

lim 
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K44ty,t)<|>4(t)dt = -&<|>4(y) +       ^(y.t^Wdt (D.8d) 

where 

Jo 
teje-awi(Hrxi) + ^2e-aw3(Hrxi)]} [cosa(t-y) + cosa(t+y)]da (D.9a) 

K33(y,t)-lim^|     {[ch(Wi0tHi) f(a)   
+
ch(w3aHl) f(a)   ] 

K34(y,t)=-limf f    {[C^\yf{ 

- fee-awiCHi-Xi) + ^4e-aw3(Hrxi)]} [sina(t-y) + sina(t+y)]da (D.9b) 

,(a)   ch(w,ax,)Y1g,(a) 
f(a)     chCwjOH!) f(a) J 

K r.A   II... * r frSMw.axQYoh^a)     shCw^axQYinh^a) 
*43UW- urn 2   i    Uch(Wi(xHi)  f(a)    

+
ch(waH)   f(a)    J 

- [^"«WiCHi-Xi) + ^e-aw3(Hrxi)]} [-sina(t-y) + sina(t+y)]da (D.9c) 

K rvrt= «if rr
sh(wiaxi)Y9gi(tt) . sKw^ax,) Ying?(a) 

44ky'i;  "™2JC       
uch(w,ccH1) f(a)     ch(w3aH.)   f(a)    J 

Jo 
- ß7e-«wi(Hrxi) + £ge-aw3(Hrx J)J} [cosa(t-y) - cosa(t+y)]da (D.9d) 
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Similarly 

k(a2)- TC(I-V>;)^ 
2^   «a-v^r 

Now consider the stress intensity factors on the interface. 

From Eqn (3.55), we obtain: 

{^F^+t^-ü*** 

Appendix E   Derivation of stress intensity factors and strain energy release rates 

i)        Case of embedded cracks 

The stress intensity factors at the transverse crack tips are defined as: 

at x, = a,. k(at) = Lim ^-a^/M) (E-la) 

atxj-a»: k(a2) = Um>/2(x2-a2)a2y(x2,0) (B.lb) 

From eqns (3.29a), for Ix^ > aj we obtain: 

where o^(x1(0) is a bounded function, and 

From [33] if we introduce the sectionally holomorphic function q>(z) as 

<p(z)= —    ——dt Y       itJ-i t-z 
then we have: 

,x      SHQe** fi(ai> + (P(Z) (E.3) 
9W" (2a>(z+air ■ (2a1)

l/2(z-aiy'2    *"W 

Substituting (E.3) into (E.2) and from the definition of (E.la), we have: 

k(ai)..   »Lsli F, w - - -Ä;^W 

W>1 
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where   V;(s) =     ^(f)e^ 

Again from [33], we obtain: 

where Fn(r) is the principal part of \J/J (r) at infinity and is bounded. Therefore: 

Multiply both sides of the above equation by -i, then we have: 

Now if we define the following stress intensity factors at the interface: 

then we obtain: 

1    1 

In order to derive the expression for the strain energy release rate at the interface 

crack tip, we first express \j/|(r) in terms of kj and k2, then from (E.4), we have 

Noting also that: 
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x-^=[cos(Cölog(^)) + i sin(colog(^))] (E.8*) 

The oscillatory behavior in (E.8*) can be removed using the techniques described 
in [40,42]. Considering the fact that the stress intensity factors and the displacement 
derivatives just away from the interface crack tips should have definite values. Therefore 
we can chose T| and <; in such a way, 

(ölog(^) = 0 and colog(|) s 0 

In fact, for most material combinations, that above two quantities are indeed very smalL 
Then from eqns (E.7) and (E.8*), we have 

1    , ~     l    • 
* = iQiiH ^ = S^\ l 

Av =(vrV2) = 272-^===-——-^ 1      1    1 

and Au = (urU2) s 2V2-4---J-     VVj^ 

Assume the crack front was closed along the interface by an amount Aa 

then using the method given in [44], we obtain the increment of the strain energy: 
fl+Aa 

AE = 2J     [aÄAu(r-Aa) + a^vfr-AaMdr 

7TT^lp2     2EX       
l    P3 2G,,   ^        VF^T 

.2 -^    -IIZML kf+J__L_k*2]iAa 
^CTfc     2EX       

l    P3 2G,,   2J2 
Therefore, the strain energy release rate will be: 

^ =    *l JLhZÜL k?+ l-l-lfr (E.9) 
Aa    ;FCTP2     2EX       

!    P3 2G,, 

For Isotropie materials we have: 

1 i-VjyV« _ 1    1 
p2     2E,        p3 2G, 

then 
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M =    2i-i~i-[ k?+ k2
2] (E.9*) 

ii)       Case of transverse crack touching the interface 

Define the stress intensity factor 

k(aj)= lim 2T(x2+H2)Ya2y(x2,0) (E.10) 

from eqn (3.29b), we have 

<VM> =   nJuEf-   x f Ka.(x2,t)<l>i(t)dt + a;y(x2,0) (E.ll) 

where a![y(x2>0) is bounded function and 

x ,rt        fi(t) fiCt)^ 
^'"(H^-t2)'     (t-H^t+H,)' 

Again define: (p(z) 

then we have: 

-if* Mi* 
*J-H, t-Z 

cp(z)= Sfcatf S2L)   + cpo(z) (E.12) 
9W   CH^SHUCtfz+H,)*    (2H1)

Tsin7ry(z-H1)
ir    VoW 

Substituting (E.12) back into (E. 11), and then from the definition of (E.10), we have: 

k(ai)- (i-v;v;)sinW
[^nw;|Wl|/ßj ^Bwjwj/fcr 

+Xi03n i 'i/«iT    101n i -i,«iT J 
Ihlw.l/ßsJ |)w,|w,|/ß5J 

The stress intensity factors at other crack tips and the strain energy release rate at 
the interface crack tip remain the same. 

iii)      H-shaped cracks 

The derivation of stress intensity factors and of the strain energy release rates at 

the interface crack tip remain the same as those given in section i). 


