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UDC 629.12.053.11 

ON DYNAMICS OF ONE-ROTOR GYROCOMPASS WITH TUNED ROTOR GYROSCOPE 

907F0290B Kiev MEKHANIKA GIROSKOPICHESKIKH SISTEM in Russian, Issue 8, 
1989 (manuscript received 21 Oct 89) pp 3-9 

[Article by V. V. Avrutov, junior scientific associate, M. A. 
Pavlovskiy, doctor of technical sciences, and L. M. Ryzhkov, candidate 
of technical sciences, Kiev Polytechnical Institute] 

[Text]  Let us study the dynamics of a new type of correctable 
gyrocompasses—with two-race tuned rotor gyroscope (DNG) as the main 
sensitive element.  The layout of the instrument is shown in the figure. 
The platform is stabilized with respect to axes Ox and Oz by 
electromagnetic torque converters (PM) from signals of the DNG angle 
sensors (IU).  The "pendulum" and damping moments are generated by the 
electromagnetic torque converters of the gyroscope from signals of the 
accelerometer, whose axis of sensitivity is parallel to axis Oy. 
Correcting signals, which are generated by the computer of the control 
circuit from available information on the observer's latitude, the speed 
of the ship and on the angle of deflection of the platform with respect 
to axis Oy arrive at the torque converters of the DNG to compensate for 
the velocity error and the error due to inclination of the platform 
together with the object with respect to the axis of rotation of the 
gyroscope.  .Axis Oy is measured by the accelerometer, whose axis of 
sensitivity is parallel to the horizontal axis of rotation of the 
platform. 

1.  Mathematical model of instrument.  The equations of motion of a 
one-rotor corrected gyrocompass are found by having joined the method of 
derivation of the equations of the DNG [1], follow-up gimbals [2] and of 
the control circuit [3]. 

Let us write the linearized equations of the DNG with regard to the 
symmetry of the flexible suspension of the DNG in the form 

(B + b)ar -|- (A + 2b)lipr + Acar + h'a,. + /ißßP + 

+ [A -|- 2{a - c)]Öoy*r + (A - ß)cöwßr + (A — 2B)ajr = {1) 

= Mt- (D - b)o),- {A -|- a -|- b- c) Qax - (A -(-■ a-B- c)axmv; 



(ß + b) ß r - (4 + 2t) flar + Acßr + % - /iQcer + 

+ [4 + 2 (fl - c)] ßW/,ßr _ (/l _ ß) ^ar _ (/4 _ 2ß) co^ = 

= M* - (« -I- 6) in, -I- (/l -I- « -I- /»— c)ihoz -|- (/l  \-a-B-c)(o, 

where A and a are axial moments of inertia, B, b, and c are equatorial 
moments of inertia of the rotor and races of the DNG, Q is the angular 
rotational velocity of the drive shaft of the DNG, Ac is the residual 
stiffness of the gimbal suspension of the DNG, h is the viscous damping 
factor of rotation of the rotor, ar  and ßr  are the angles of rotation of 
the axis of the gyroscope rotor with respect to the body, M2 and Mx are 
projections of the totai control, correction and noise torque, acting 
from the direction of the body to the gyroscope rotor, onto axes Oz and 
Ox, and «ix, u)v,   and az  are projections of the angular velocity of the 
platform onto axes Oxyz. 

C\ xypc ,(i: 

KEY: 
1. Heading 
2. Angle meter 

3. Torque converter 
4. Accelerometer module 

Assuming that the kinematics of the platform is similar to that of the 
follow-up sphere of the corrected gyrocompass with liquid-torsion bar 
suspension of the sensitive element [3] and taking into account that 
angle 7 is deflection of the platform together with the object with 



respect to axis Oy, we write the projections of its angular velocity in 
the following form: 

w* = t06 + Pc + (V6c-(ac + fi>c)Y. 
(2) 

«ff = o>„-ayzc + (cüt + ac)ßc-|-v, 

f,,*r"-f0c-l"«c--w„Pc + (ßc+ogTI 

where *y> v  » and y,  are projections of the angular velocity of the 

object onto the axes of geographic coordinate system 0£//( [3] and a    and 
C 

ß    are the angles of rotation of the azimuth and horizontal follow-up 

gimbals. 

The equations of motion of the follow-up gimbals are [2]: 

/2äc + /l2ac-/VI,t4-^'c. (3) 

where /, ^ /. -|- ß ••{- b; Ix   - l% -i B -\- b\ Iv 1^     are the moments of inertia of 

the azimuth and horizontal follow-up gimbals, h2 and hx are the viscous 
friction coefficients in the axes of the follow-up gimbals, M  (i = 

3i 
= 1, 2) are the electromagnetic moments of the torque converter of the 
stabilization system, and Mq (q = (, £) are the torques of the 
perturbing actions. 

The electromagnetic moments are determined by the expressions 

'VfSl-^>K. 'W,,-Wftt(/>)ßr. (4) 

where Wh.(p)  (i = l, 2) are the transfer functions of the relief circuit 

regulators. 

The laws of position control of the sensitive element of the gyrocompass 
are taken according to [3]: 

Mz = - nfi + Af * + AU1;  Al, = - nsS -|- A I* + Mn
x ,      { 5) 



where 6  is the output signal of the horizon indicator, nx and nz are the 

scaling coefficients, Mkq are correction moments, and M q ( q = z, x) 
are the perturbing moments that cause drift of the gyroscope. 

Let the output signals of the accelerometer module (BA) be described by 
the following relations: 

(">. + ^) • X = ryp +1 vf <= '   g r    A    TXP ■ 
n 

where S  and \  are the signals of the north and east horizon indicators, 
respectively, Tx and Ty are the time constants, and Wf and W are the 

east and north components of acceleration of the object. 

Equations (l)-(6) are the input mathematical model of a one-rotor- 
corrected gyrocompass with DNG. 

It has become traditional to use the precession model of the device when 
studying the dynamics and accuracy of corrected gyrocompasses. However, 
this approach, when the DNG is the sensitive element of the gyrocompass, 
limits the study of the dynamic features of the device.  Let us 
construct an "integrated" model of a gyrocompass, which takes into 
account the dynamics of the sensitive element and of the follow-up 
gimbals, from which the compass and vibration models of the device, 
respectively, can be found as special cases of analysis of low- and 
high-frequency vibrations of the object. 

The absolute angles of rotation of the sensitive element with respect to 
the geographic system of coordinates are expressed in the first 
approximation by the following relations: 

a=ac-|-ar; ß = ßc + ßr. (7) 

Separating the relative angles of rotation of the gyroscope ar  and ßT 

from the last expressions, let us substitute them into the equations of 
motion of the follow-up gimbals (4) and (3).  Then 

»c iP) = <I>ac (/') a -I- % (p) Mv    pc (/,) = «>Pc (/.) ß + (De (p) M6;     (8) 

a,. (/,) = U)Br (/>)a --0)t (p)Mv    ß, (/;) - %r .(p)fi- %(p) Al,     (9 ) 



where 

<KC (/') = Wkl (/;) \IzP* •!- h,p -|- IF,, (/;)r\ 

^Pc (P) = HP*, (p) [/K/;* -I- ft,/; + Wkl (p)}~1; 

10) 

<!>„, (/;) = 1 _ (],ac (/,)t    ([)(V (/;) = , _ ^ (/)). ( j j j 

'»c (P) - f/2/>2 -I- ft2/; -|- Wk, (/,)]-',   (j)6 (,,),... l/xP* + Kp .,. i^f (/j)]->. (12) 

Let us write the initial equations of the sensitive element (1) in 
Laplace transforms at zero initial conditions with regard to (9): 

(13) 

(/s3 -f hs -|- Ac) (<D„ra — <Dt/Wt) ■ |- (Us + liQ) (%rf> — 0>eMg) - 

= Mz — lsoi2 — /7'xo^, 

(/s2 -|- hs -|- Ac) (iivr(J - <iyu£) — (//s -h /iß) (<r»a/« — «ty^e) = 
= M.r — /scor + H*a>z, 

where    /==ß+&.  //= (/i+26)ß;  //*= (d+a+&-c)Q;  s = /<o. 

The equations of motion (13) are the "integrated" mathematical model of 
a gyrocompass for a wide frequency spectrum. 

It is known that the error of reproducing the amplitude in the bandwidth 
of a closed system does not exceed the permissible value, while the 
amplitude-frequency characteristic decreases with a further increase of 
frequency.  The following relations are valid for these frequency bands: 

1) 0 < ii>  < u  —bandwidth: 

(IJac (to) « 1 => <l>ar («) -^ 0,   (.Ut ((.)) « AT1, 

%c ((»)"» 1 =*► i% (co) -* 0,   0)g (w) » /<f'; 
(14) 

2)   «' > w —outside bandwidth: 

«I>«c </») -> 0 => (!>«, (u>) » 1,  (Dc (co) ->• 0, 

U)Pc (co) -»- 0 =► <% (ro) « 1,   0)6 (co) -»- 0, 

6 

(15) 



where Ki (i = 1, 2) are the total amplification factors of the 
static-type relief circuit regulators. 

Using relations (14) and (15) and omitting the intermediate 
transformations, let us write equations (13) for two frequency bands. 
The equations of a gyrocompass in the bandwidth of a closed system 
assume the following form in temporary form 

H* (ß + ©e + ©„a — äv — co£v) = Mz + KT] (AcAfc -f- /iQA^), 
V ID i 

— H* (a + ©t — <D„ß + ßv + w6T) = Mx + /<r' (ÄcÄf6 — /iQ-1 f^). 

For vibrations at frequencies that do not exceed the bandwidth of a 
closed stabilization system, equations (13) are transformed to the 
following system of differential equations: 

la + ha + Aca + tfß + M2ß = M\ — Iuz — //*«,, 
(17) 

/ p -[. /tß -|- Acß — Ha — /tHa = >»I" — lus -|- W*MZ. 

Here ux and uz are the vibration components of the angular velocities of 

the platform ux  and ^z and M x a^d M z are the high-frequency components 
of the perturbation moments. 

Let us call the motion of the sensitive element with frequencies 
belonging to the bandwidth of the closed system compass motion, and let 
us call those outside the bandwidth vibration motion.  The follow-up 
gimbals track the position of the sensitive element with accuracy up to 
static errors in the case of compass motion. The follow-up gimbals, due 
to inertia, are unable to counter rapidly variable vibrations of the 
sensitive element in the case of vibration motion. 

Separation of the "integrated" model of motion of the device into 
compass (16) and vibration (17) permits one to determine the dynamic 
characteristics of a corrected gyrocompass with DNG. 

2. Analysis of compass motion.  The compass model of the device (16) 
assumes the following form with regard to the equations of moments (5) 

//*(ß + «o6 4- «y* — ay — o)tv) = — ",8 -\- M* + M" -\- 

+ /(I"' (kcM^ + /iGM£), 

- H* (a + w£ - ©„ß + ßY + WgT) = - M + W + Mn
x + 

+./<r,(Ac/W6 —/iQ/Ht). 

7 



Based on conditions of providing the position of dynamic equilibrium in 
the direction of the true meridian and in the plane of the horizon, we 
find ideal values of the correction moments 

AfÜ" = //* (o^ — ay — ©tv) — K — /Ci~' (AcAf c -|~ hQMj, 

MT -■= -- //* (w -|- \\y -(- on-) - M"x — fa1 (AcAL — hQMt). 

The following correction moments are realized in practice in a 
gyrocompass: 

(18) 

Al': --//(oyl- »s8y.)-AlS-|- AA1Z, 

M*x = — Ih\ — A'l* -I- AM*. 

(19) 

where AMX and A.MZ are the errors of the correcting moments due to errors 
of measuring the latitude and velocity of the object. 

The imperfection of the correction moments results in a methodical error 
of the gyrocompass: 

an — U~l sec cp _ COr _ „KOA + j£ (6«c - mößc) + Tr« (8Pc - möac)] (20) 

where ü is the Earth's angular rotationaql velocity, f  is the observer's 

latitude, (.iA — ill"/If*, coz——Al'J///* are the azimuth and horizontal drift 

of the gyroscope, fj^ = A^A'--', 6pc ="A1|/<-'  are the static errors of the 

follow-up gimbals, Tv ■■=-- If*(iiÜ)~A     is the time constant of the gyroscope, 

and m = nz/nx. 

Let us calculate as an example the error component of the gyrocompass 
(20), caused by the time constant of the DNG and by the static errors of 

the stabilization system.  Let us assume that T„ = 50 s and fi« — fin =0 I' 
r c  "c  ' 

/?; = 0)05; l/cos(|)==7-l0"5 s"' . We find in this case that a0 = 28.6'. 

Accordingly, disregarding such features as the time constant of the DNG 
and residual stiffness results in significant errors of the device. 
Therefore, it is recommended that the last terms from (18) be taken into 
account in the expressions of the correcting moments (19). 



3. Oscillating deviation of gyrocompass. Let us use the compass model 
of the device (16), having first discarded terms that contain static 
errors of the follow-up systems for simplification of computations.  Let 

there be rolling motion () = 0„,siii (<o<+e). The pendulosity of attachment 

of the center of gravity of the device 1 causes rotational acceleration, 

projections of which onto axes 0(  and Oj? are: Wi='6lcosK;   W^= — G/sin K, 

where K is the heading of the object. 

Omitting the intermediate transformations, we find the formula of the 
intercardinal deviation of the gyrocompass 

(a) = n.,/e„>* sin 2/< [V, cos (e2 - e,) - -i-cocos(E3-e,)] y 

X (4/izgL/cosfp |    1 -I- m*T-x |   (1 — T„Tj»z)z + coT;,    . {21) 

\~TTw2 ,       ' 
rAe e.! —- arctg är""~ ' ?2''"'''       g &Tx ' 

//* 
e3 = arctg (— <aTx);       T7 ^ — . 

The differences of deviation (21) from the known deviation [4] are 
manifested due to the structural features of the platform suspension: a 
two-axis suspension required introduction of algorithmic compensation of 
the gyrocompass errors, caused by heeling inclinations of the object. 
However, the constant value of perturbation < 6(X  + 7)>> as a result of 
calculation of which formula (21) is found, is manifested due to the 
inertia of the accelerometer—of the indicator of given inclinations. 

Thus, the frequency method of separation of motion permitted us to find 
the compass and vibration mathematical models of a corrected 
gyrocompass, convenient for analysis and which reflect the specifics of 
application of a DNG as the sensitive element.  Disregard of the time 
constant and of the residual stiffness of the DNG in the case of static 
regulators of follow-up systems results in considerable errors in 
determination of meridian, which should be taken into account when 
working out algorithms for the control and correction circuit. 

Study of rolling deviations of the device showed that algorithmic 
correction of the error of the gyrocompass due to rolling inclinations 
of the object and due to a two-axis layout of platform suspension does 
not correct the intercardinal deviation due to the inertia of the 
accelerometer-indicator of the given inclinations. 
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UDC 531.383 

SELECTING GEOMETRIC DIMENSIONS OF FLEXIBLE GIMBAL SUSPENSION ELEMENTS OF 
TUNED ROTOR GYROSCOPES 

907F0290C Kiev MEKHANIKA GIROSKOPICHESKIKH SISTEM in Russian, Issue 8, 
1989 (manuscript received 15 Oct 87) pp 10-13 

[Article by I. V. Balabanov, candidate of technical sciences, and A. N. 
Motornyy, junior scientific associate, Kiev Polytechnical Institute] 

[Textl The purpose of this article is to develop a method of 
determining the geometric dimensions of flexible elements (Figure 1) of 
tuned rotor gyroscopes (DNG) upon fulfillment of the following 
relations: 

1) the condition of strength upon exposure to impact Loads 

where [r] is the permissible tangential stress, p is the permissible 
impact load per flexible element, and Ai and Bi are the geometric 
dimensions of the flexible element (Figure 1) of variable (i = 1) and 
constant cross-section (i = 2); 

2) the condition of strength upon exposure to cyclic loading 

[<f]>0i=-|pr<P» (2) 

where [<r]  is the fatigue strength, f  is the permissible angle of 
rotation of the flexible element, c is the given angular stiffness 

coefficient of the flexible element with respect to the working axis, W 
is the moment of cross-sectional resistance of the flexible element, and 

11 



6 (3) 

3) the condition of conservation of the angular stiffness factor in 
a specific range is 

Cymin ^S; Cy ^ Cymax- 

Let us consider a flexible element of variable cross-section. For this 
element, 

r   —  2C  /d5/2R D-'/2 
(4) 

or 

_ 9ncy        5/2   ,/2 (5) 

where E is Young's modulus. 

/ 

Figure 1 

Substituting (3) and (4) into (2), we find condition 2 in the form 

12 



[o]>£4*/r"V W"1  A V- (6) 

If Bi = Boii let us derive from (1), (5), and (6) the expressions that 
give the range of selection of dimensions Ai and R with regard to 
constraints on the geometric dimensions of the flexible element: 

R>KuA±    (condition  2), 

A\i = 
16£y 

:7) 

9JI
2
 [a [2   • 

R > KizAi    (condition :i] , 

4£«p»   _. 
A12 — 

(8) 
12"   81nV2      [T]«' 

yrnln 

/CMi4f</?</Ci5^iii (condition  3) , 
4£252oi 

" Sl^max' O) 

Sln^ymln ' 

Ai < Aoi (constraint on dimension Ai);        (10) 

R < Ro (constraint on dimension R). (11) 

Let us consider a flexible element of constant cross-section. For this 
element, 

12LA>L* (12) Cy^TäT^ß. 

or 

p       1:V^ (13) ß2—      £ 

13 



Substituting  (3) and (12)  into (2),  we find conditon 2 in the form 

[o]>-f-i41L  V (14) 

If B2 = Bo 2, let us derive from (1), (13), and (14) the expressions that 
give the range of selection of dimensions A2 and L with regard to 
constraints on the geometric dimensions of the flexible element: 

L~^KiXA2 (condition 2) , 

Azl~ 2[oJ' 

^ ^ K^m   (condition  1) , 
EP 

(15) 

Ki 
(16) 

22"12cym,„W 

A'21^2 < L < KihA\ (condition  3), 

A 21  — XT)- .       A 5.5 

(17) 
l'2r ' x2-' """   \i)r > 

A2 < A 02 (constraint on dimension A2);        (18) 

L < Lo (constraint on dimension L). (19) 

To find the specific values of the dimensions from the above regions, 

let us introduce coefficients Kni = ^L (i = 1,2), that take into account 
/ntln 

the different structural and technological constraints on the values of 
the desired dimensions and that correspond to flexible elements with 
variable (i = 1) and constant (i = 2) cross-section. 

Let us write with regard to Bi = Bo 1 and B2 = Bo2 

Ik 



hence, 

(20) 

^'--ÄT^^/o, (21) 

It is easy to show that 

(p\^Un = aiml„Tlmi„ =. IGff(|'2 flu'/?-1; (22) 
9JX

2 

/,. — \       „ £ipP D_if _i 
lu2T2/mlM — Uon,jnT2niin — —~— jfc>02 L     . { ?S 1 

It follows from (22) and (23) that 

R = Rn\ (24) 

L = Ln. (25) 

Substituting (24) and (25) into (20) and (21) and making the necessary 
transformations, we find 

A   — i!'zpU3. (26) 

/l2=/^Lo
/2. (27) 

When selecting the values of coefficients Koi  and Ko 2 >  one must take 
into account that 

*&& Röm&<K0i<^ RöU2A]'U (28) 
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E<fB02   ,-1.2       ^ K     ^   E<\>B02   r-l/,-2 
(29) 

The method of selecting the geometric dimensions of the flexible 
elements of variable cross-section is based on relations (7)-(ll), (24), 
(26), and (28), while the method of selecting flexible elements of 
constant cross-section is based on relations (15)-(19), (25), (27), and 
(29). 

0,05 ßio 

A„W'H 

LJO'^l 

2  

Figure 2 

2.    M. 
'--.■/ 

^ 

0,05 

Figure 3 

0.'0 

.4,, y ■■'■•> 

To illustrate the foregoing method, let us consider a numerical example. 
Let E = 2-10" N/m2, p = 9.8 N, p =  1.74-10"2 rad, [r] = 46.3-107 N/m2, 
Iff]   = 72.5-10? N/m2, c  .  = 0.8-10"2 N-m, o    = 10"2 N-m, B0i = B02 = 

ymm ymax '    z 

= 2-10-3 m>  Aoi = Ao2 = 10-4 m( Lo = 2-10"
3 m, Ro = 10"3 m, K0i = 10, 

and Ko2 = 0.5. 
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As a result of the calculation, we find K\i = 4.2, K12 = 1.47-103 m~2, 
Kis = 0.94-103 m"

2, KM = 0.08-1020 m"*, K15 = 0.13-1O20 m"*, K21 = 2.4, 
K22 = 45-103 m'1, K23 = 36-103 m'1, K24 = 3.34-109 m"2, and K25 = 4.17 x 

109 m 

Let us use the derived values to construct regions for selection of 
dimensions Ai, R (Figure 2) and A2, L (Figure 3). These regions are 
shaded. Curve 1 in Figure 2 corresponds to the expression R = Ki1A1, 
curve 2 corresponds to R = Ki4A51, curve 3 corresponds to R = K)5A5i, 
while curve 1 in Figure 3 corresponds to L = K21A2, curve 2 corresponds 
to L = K2 4A3 2 > and curve 3 corresponds to L = K2 5A3 2. We find in the 
regions for selection of the dimensions points Mi (0.023; 1) (Figure 2) 
and M2 (0.034; 2) (Figure 3), whose coordinates are dimensions A|, R and 
A2, L, respectively. 

The studies permit the following conclusions:  if the overall dimensions 
of tuned rotor gyroscopes are identical (A| = A 2, Bi = Bg,  and 2Ro = L) 
and if the strength and stiffness conditions are fulfilled, the angular 
stiffness factor of the flexible element is less at constant 
cross-section than it is at variable cross-section.  It follows from 
this that the accuracy of a tuned rotor gyroscope with flexible elements 
of constant cross-section is higher. 
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[Text]  The method of induced rotation of the gimbal suspension of a 
gyroscope about the vector of the moment of momentum [1] is used for 
autocompensation of the instrument errors of free gyroscopes.  The 
purpose of this article is study of the possibility of applying this 
method to two-degree gyrotachometers (GT). 

Let us link the orthogonal coordinate system f^(', axes 7}  and ( of which 
are directed in the initial position of the gyrotachometer along the 
precession axis and the principal axis of the gyroscope, respectively 
(Figure 1).  Let us link system xyz to the movable part of the 
gyrotachometer such that axes y and z will coincide with the suspension 
axis of the gyroassembly and the principal axis of the gyroscope, 
respectively.  The body of the gyrotachometer rotates uniformly at 
angular velocity u  about axis (  with respect to coordinate system (TJ( 
(Figure 2) and a =  Qt. Let us assume for analysis of the dynamics of 
this gyrotachometer that the base rotates about axis ij  at constant 
angular velocity y. 

The linearized differential equation of motion of the gyrotachometer has 
the following form with the respect to the precession axis 

Iß + /P + Wz - /») (ß2 - wa sin2 Qt) + HQ + c] ß = 

= Ha sin Qt + (Iz + ly — Ix) Qco sin Qt. (1 > 

Here Ix, Iv, and Iz are the moments of inertia of the movable part of 

the gyrotachometer with respect to axes x, y, and z, H = IPZT is the 
moment of momentum of the gyroscope, IPZ is the axial moment of inertia 
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of the gyroscope rotor, y  is the angular rotational velocity of the 

gyroscope rotor (7 > <*'), f is the damping factor, c is the angular 
stiffness of the flexible element of the gyrotachometer, and ß  is the 
angle of rotation of the gyroassembly about the precession axis y. 

I      Q   a 

ix) L 
Ah 

Figure 1 

Figure 2 
Let us study the dynamics of the gyrotachometer in three cases: 

£22>o)2; i22<o)?; and Q = a.     In the first case, let us write differential 

equation (1) in the form 

ß -(- 2£(ö0ß + woß = Aw sin Qt, !2) 

where   2£c>0 =///,; ml = [c + HQ + (/, — lx) ß2] rf\A = [// + (/r + /„  — 4) ÖJfy 

The partial solution of equation  (2)   is as follows: 
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A® 
.sin(ß/ —q>), 

]/  (mg—Q»)»-h4£»«>20a " (3) 

where 

cp = arctg 2y»0Q/(<oö — ß2). 

It follows from (3) that the considered device behaves like a vibratory 
gyroscope, since it responds to constant angular velocity of the base u> 
by vibration with frequency ft, equal to the angular rotational velocity 
of the gimbal suspension. One can use the resonant operating mode to 
improve the transfer factor of the device. Resonance begins at <JQ = ft. 
Expression (3) then assumes the form 

-si" n(Q*-i) = _(4 + /1 + /„-7^cosM. ■'       2ta>aQ
u-p        2}~       [Q    r«*-Ti» —i»y —LU^«. (4) 

Since 7 > ft, regardless of the damping factor, which is selected on the 
basis of the required nature of the transition process, one can provide 
the necessary value of the transfer factor of the gyrotachometer by 
selecting the ratio between H and ft upon measurement of small angular 
velocities a.    The considered device differs advantageously by this from 
rotary vibratory gyroscopes, since its transfer factor and phase shift -f 
become less critical to small variations of #o or ft. 

The relation ft   = ui0  is fulfilled for the resonant mode of the 

gyrotachometer, i.e., 

«pea =-■  [c I- //ßpe3 -)- (/, — Ix) f),;.,] /-'. ( 5 ) 

Hence, we find at Ix = Iy the condition of dynamic tuning 

ßpe.,,,2 =  2^2/ _/*. ( 6 ) 

If there is no flexible element in the gyrotachometer (c = 0), formula 

(6) is simplified considerably:  QppnI = Ü; ßP„, = H(2Ix — /,)-'.  Formulas 

derived for a rotary vibratory gyroscope follow from expressions (5) and 
(6) as a special case at H = 0 [2, 3]. 
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When the device operates in the second frequency band (ft2 < i.'2), 
equation (1) assumes the form 

1$ -V /P -He -1- nii — Vt — 1«) «2 sin2 ill] p = A) sin ill, <7) 

and in the third case  (ft = u>) 

/,f>  ! /(' I -If -I- HQ -|- (/7 — Ix) o)2 cos2 ß/j p = /lco sin tit. (8) 

Using the trigonometric identities, equations (7) and (8) can be written 
in typical uniform form 

P I ^<»„P I - l<"i) !-'/ a>s 2ilt | p -- Ao sin Q/, < 9) 

where   «i - \c V mi -I- (/,.-- /.)i.>a/2] /.„'; </a = (/, — 7 J coa/2/„,      if ft2 « tf2,  and 

l/:,     ■:://„,     (.»ii      -|C|      in>-\(Iz~~Ix)lOV2\lyl,       if    ft     =      ft.. 

The dynamic stability of the gyrotachometer, the motion of which is 
described by linear differential equation (9) with periodic coefficient, 
is provided by selection of the damping factor f (or of the relative 
damping factor ( = f/2Iy<i/o ) according to the inequality T4] 

Cs> 1/8 [I -\-q^2-(l+2qo^y/2). <10> 

Calculation of (  by formula (10) shows that the dynamic stability of the 
considered device is easily provided by the parameters of serial 
gyrotachometers over a wide range of angular velocities w,  since qu/~2o ^ 
« 1. 

Assuming that inequality (10) is fulfilled, let us represent the partial 
T-periodic solution of equation (9) in the form of a segment of the 
Fourier series (T = J/ft) [4]: 

P - o„ + a, sin lit + lh cos $2/ + a2 sin 2ilt + b2 cos 2ttl. {11) 

Having substituted (11) into equation (9) and having set the 

coefficients at identical harmonics equal, we find n  = <70— b  = 0- a  = A A~'- 

bi - AjA-'; A, = A (co,1 — ß2);  A2 = — A (2£o)0Q - ql2)\      A = (wg — 

+ Ü- —q/2) (tog— «'-) -1- 2£o)„Q (2yo0i2 - <7/2). 
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Thus, the output signal of the device can be described at fi2 « i<2 and 
ti  = u  by the following mathematical expression 

P = £fc)sin(«/ + e), (12) 

where D = A{a\ + b\)U7\  e = arctg-^-. if the resonant operating mode of the 

gyrotachometer is used (uo  = ftpe3), formula (12) yields formula (4). 

Thus, a two-degree gyrotachometer with rotating gimbal suspension has 
properties of a one-cage rotary vibratory gyroscope (RVG) [2, 3]. The 
advantage of the considered device compared to a rotary vibratory 
gyroscope, besides those noted earlier, is the possibility of realizing 
a higher natural vibration frequency UQ, dependent on additional dynamic 

components of total stiffness cz=c-\~Htt-\- (/2—lx) (Q2—cö2sin2ß/). 
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[Text] Numerous studies of a gyroscope with flexible suspension [1-5] 
have not devoted attention to the acceleration of its rotor, which is 
important in solving the problem of reducing the readiness time of the 
devices. 

A method is proposed in this paper and the characteristic features of a 
gyroscope upon acceleration of its rotor are studied. 

Analysis of the nonlinear equations of motion, which correspond to 
different kinematic layouts of gyroscopes with flexible suspension 
(layouts in the form of a rotor with one- and two-race and inertialless 
flexible suspensions), permits one [5, 6] to write the generalized 
mathematical model of a gyroscope with flexible suspension in the form 

i|> H- b1% yO + (buf -f bu) ij: = e/Vl,, 
(1) 

(2) 
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where coefficients bjj are dependent on the inertial and elastic 
properties of the system. 

The differences of systems of differential equations (1) and (2) for 
different kinematic layouts of gyroscopes with flexible suspension are 
reflected in the specific type of coefficients bi j. 

As follows from system of equations (1) and (2), the motion of the rotor 
with respect to coordinates y  and f) is independent in linear 
approximation of motion with respect to the remaining coordinates. 
Thus, one can study the problem of acceleration of a gyroscope with 
flexible suspension by equations (2), while one can study the motion of 
the rotor with respect to the drive motor shaft by equations (1). 

Let us assume that coefficient b3 0, which characterizes the stiffness of 
the flexible suspension, is large and the inertial properties of the 
rotor can be disregarded with respect to angle p, i.e., one can assume 

that 'if -  0 in equations of motion (2). 

The last equation of systems (2) is reduced by replacement of variable 

7 = z, 7 = z to an equation with separable variables z-\-m,.ftz'1 — me. 

Integrating this equation at initial conditions 7(0) = 0, 7(0) = 0, we 

find 

-1) — — 
' HI     - 

1    e2U- 

"'d) e2Ll+l (3) 

where L = mgmc 0• 

Having substituted (3) into the first equation of system (2), we find 

»-  8m«L       «*" (4) 
6.10  (<?2L'-|-1)2 

Let us estimate the effect of the inertia of the rotor during its motion 
along coordinate f  on the law of variation of angular velocity (3) and 
angle (4). 

Since there are no methods of constructing the general solution of 
system of nonlinear equations (2), they can be integrated numerically on 
the digital computer.  Let us solve this system by the fourth-order 
Runge-Kutta method, reducing to the form 
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y = (eAf8 (bi2 — l) — mg + mc0y* — &30&42<p)/(&t8 — 1), 

• •     , . (5) 
«P = K - '»COY2 + &30<P)/(&« - 1 )• 

After substitution of variables y = xu  tp = x2, y = x3,  (p = xt   we write 

7 = i„ cp.---i„ ^=-^3, x8-=x4. Finally, the canonical form of system (2) 

assumes the form 

2 <6> x3 = (eM3 (ft« — 1) — trig + mc0x3 — b3l)b42x2)/(bi2 — 1), 

*4 = (m? — mco x\ + ö30.v:2)/(642 — 1). 

Let us assume that the engine torque is constant. The value of mg = mgi 

on the first time interval (TTeK < O.870), and mg = mg2 on the second 

time interval (O.870 < 7TeK^• 

System of equations (6) is integrated numerically on the SM-4 digital 

computer with values of the parameters of 70 = 1,500 s"1, D42 = 1 N-m, 
b3o = 10"8 N-m, m n = 20s"

2, mg = 450 N-m and at initial conditions 

7(0) = 0, 7(0) = 0. 

The results, found analytically without regard to elastic deformations 
of the rotor with respect to the shaft axis by angle ip  and by the 
numerical method with regard to the flexible properties of the rotor, 
coincide. 

It is obvious from analysis of these results that the consideration of 
the inertia of the rotor results in additional vibrations along 
coordinate <p.    This must be taken into account when designing the 
suspension and in strength calculation of it. 

It frequently becomes necessary in practice to force acceleration of the 

rotor within a limited time t .  It is desirable that 7 approach 70 

smoothly (without jumps and vibrations), i.e., that it correspond to law 
(3). 

Function (3) can be approximated by a function of type 

v = To(1 _,-«') (7) 
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so that at 

Ktn V - Vo 

To 

< 0,03,    a • = 1//, (8) 
p ■ 

We find with respect to the law of variation of the angular rotational 
velocity of the engine shaft (7) with regard to (8) from system of 
equations (2) 

«P 
Yo^e 

-ni 

(9) 

mg = mc0y2 _ e- -at 
a2+ 0)2 ■y„a -|-2m "•nT?" •'»coy;/ 

-nf 
(10) 

The graphs of function m (t) at different values of t are shown in the 

figure, where curve (1) corresponds to t = 1 s, curve 2 corresponds to 

t = 0.5 s, and curve 3 corresponds to t = 0.1 s. 

,r., k' 

1.5     f,S 

It is also of interest to study the motion of the rotor with respect to 
angular coordinates 0  and ^, which characterize its dynamic properties 
as a gage of navigation instruments.  Let us first study the motion of 
the gyroscope in linear approximation. 

Let us rewrite system of equations (1) and (2) with regard to (7) in the 
form 
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$ + blty0Q + [bi3\i + Ml> = /W~°"Ö - bl3f0 (-2e-a< -f e--
a')^ 

— b15y0az [cos (?„/) cos (-^- <r°") — sin (y00 sin (-& <?—oc')J + 

+ *W~aH [cos (Y„0 cos ( J- e-
a') - sin (YoO sin (-i e-

a'j] + 

-a'i 
+ 2/t3t-ip + Y00-Voee   I; 

6 - ft«lVf +fM2 -I" M° = - W""'* - ^MYS (-2*-°*+ e-2«')0-(- 

ftjsT o"'z 
Yo_„-«M_l_™C A, A c in (Jo   „-«A I 
a sin(v„0cos -is-g-™ +cos(Yo0sin M«-e a -^20Vue_a'W2 X 

X sin (Y„0 cos (l- e-
K') + cos (Yü0 sin (-£ <r°") 

-2/i2ie + T„i|)-Y0e-B'iW. 

(11! 

The considered gyroscope based on a flexible suspension is a vibratory- 
system. As studies show, vibrations of the rotor with respect to the 
drive motor shaft occur with period that is considerably less than the 
acceleration time by coordinate 7. Therefore, complex motion of the 
rotor, consisting of rotation together with the shaft and deviation from 
it, can be divided into "fast" (vibrations with respect to the shaft) 
and "slow" (rotation with respect to the shaft, including acceleration), 
and one can use N. N. Bogolyubov's method of perturbations [7] to study 
the motion of the rotor upon acceleration, performing an averaging 
operation with respect to the "fast" time. The terms in system of 

-kat 
equations (11), which contain the multiplier e    (k = 1, 2) that 
characterizes the "slow" motion (acceleration), are assumed constant 
upon averaging, i.e., they are "frozen." Thus, we find a system of 
equations with coefficients, quasi-constant with respect to "fast" 
motions, in the acceleration phase for study of the motion of the rotor 
with respect to 0  and $. 

Having used the method of averaging [8], let us find the solutions of 
equations (11) in the form 

12] 
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Having made the necessary transformations and having completed the 
averaging procedure, we find a system of equations of first 
approximation 

c<::~- ~ ^7 <c< ^e"a' (''» + fh) - -1 ivrr " ^= -i- M -i- 

+ T° (- 2e~al + e-M)(bl3 -|- ftM)j} + i- Woz (1 _ e- ^ x 

To „-«A 
X si» (ite     j(*n -I- *,.0 - f-2" T««2 (1 - if") cos (^'j ({.„+&„),. (13) 

^ = - "2^7 Di (2Voe-B' (h + h3) + « fv^-«" x (/;I2 + 622) + 

+ y* (- 2e-«< -I- er™) (&13 -I- MI} -|- 4-?,^ (1 - <?-«') x 

x sitl (JL e-«/j (,,IB .,. ÖK) + i _i_ T()(0? (j _ ^.^ cos ji„,,-««j(/,is..f7,i5))i 

The equations for variables C2 and D2 describe the attenuating' 
vibrations of the system with second natural frequency and are of no 
practical interest in the given postulation of the problem [5]. 

As follows from analysis of system (13), the variable coefficients are 
determined by variation of the angular rotational velocity of the motor 
shaft during acceleration.  Therefore, the solution of equations (13) 
can be divided into two steps:  I—corresponding to acceleration of the 
motor shaft when system of equations (13) has variable coefficients and 
II—corresponding to motion of a system with angular natural rotational 

velocity close to constant (7c = const).  Equations (13) will have 
constant coefficients. 

The general solution of system (13) must be found to study the motion of 
the gyroscope in the transient mode.  Since the equations of the system 
are unrelated and since C( and Dj are complex conjugate values, it is 
sufficient to construct the solution of one of the equations of the 
system, for example, of the first equation. 

Let us rewrite it in the form 

C\ - Ct [a (0 -I- iv(/)] -I- / (/) -ig{i), (14) 

where 

"W---~-T„(/»2-|-/,3)e-^; 
V «> = -2^7 li^'M, + 6„) + TS(- 2C-*' -I- e"*»)(6IS + ,W; 
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/ (o = - T^rY,,0,z (1~~ e"a,) sin vtc~*')(/'15"'" ''2s); 

*(<) = - 4rw(i _g-«o cos (le-«') (&1B -h ft«). 

Equation (14) is a first-order inhomogeneous linear equation with 
variable coefficients.  Solving it by the method of variation of an 
arbitrary constant, we find in the first step 

where 

Cl=L + iM, (15) 

L = -y (1 — Kit + K2) [K3 (cos a + cos ß) + tf4 (sin a — sin ß) + 

-f- /C, (cos y + cos (p) -|- A'6 (cos y — cos <p) 4- Kn (sin 7 — sin rp) — 

— /C8 (sin v + sin ip)J + -i- Ä, AA; (16) 

M = -i- (1 — #!* — /C,) [/<C3 (sin a -I- sin ß) 4- Ki (cos ß — cos a) + 

4- K5 (sin Y 4- sin rp) 4- K6 (sin y — sin rp) + K7 (cos rp 4- cos y) + 

f/f8(cosT+cos(p)]+-i-^A2 

and a,  ß,   7, and ip  are time functions, while Kx (i = 1, 7) are 
coefficients that are dependent on the parameters of system (14) (they 
are not presented due to cumbersomeness), and A| and A2 are sums that 
contain terms of higher orders of smallness with respect to t. 

Let us find from (15) the conditions on the second step (t > t ) at t = 

= t : Ci = L* + iM*. 
P 

The solution of equation (14) on the second step has the form 

Ct = e -|-(|x + ni)+   s   "°      , (17' 
si2  r 'S11 

where 

|l = L*_       *il!»      ;       11 = M*- 
SH -T s12 Sll ^ Ä12 
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Let us derive from (14) and (17) the law of motion of the rotor over the 
entire time interval from the moment of acceleration until it reaches 
the steady mode 

Cl = L(i< t) + iM (t < M + e~ ~ """'»»-'P
1 

+ i (M* iiafii- 
s2, + s' 

snsm 

I ts16512 
2     I      2 SII + s12 

,2- + 
12 18) 

Taking relations (12) into account, we find from equation 

i|i = 2 cos y0t 

XL* 

L(t<L) + e 
— Sit('-'p) 

COS [—5-su(/-g 
sli5lo    1 

sn-Mi2J 
- sin — ~ö-sn(t — I) M* 5ü 

+ 2siny0f[M(*<y + e - — s.i('-'p) 
COS 

sl| + si2 JJ. 

-2~Su{t — tp) 

X M* 
s12$18 

sll + si: »11 "I   •>I2J 
•sin — _sn(f_fp) 

S18s12 

L* — 
snsie 

2   4- s2 
Sll -T *12 

X 

+ 

X 

+ 

sll + «12 

G=* — 2slny0t\L(t<tp) + e    2 cos fs"('-y 
X 

sll£l6 

H i ^2 
+ sin -2-Su(< — *p) M* — 

S12S16 

Sll + S12 J 

X 

+ 

X 

+ 2 cos y0t 

tjl* «12*10 

M(t<tp) + e 
- — «»<<- V 

cos | J- su (/ — /p)l x 

su + s12 
sin 2 Sü «-<P>J 

SiiSi 

sll + sl2 «II +«i: 

Thus, the law of variation of angular velocity (7) can be taken as the 
initial law in determination of the required torque of the motor in the 
forced acceleration problem (10). 

The motion of the rotor with respect to coordinates f  and 9  is a 
transient vibration process that results in increased dynamic effects on 
the flexible elements of the suspension.  This nature of motion should 
be taken into account when guaranteeing the strength of the suspension. 
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Shakhov, engineer, Kiev Polytechnical Institute] 

[Text] The dynamics and errors of vibratory gyroscopes (VG) with 
flexible suspension as a sensor of small angular deviations of the base 
or as an angular-rate sensor in the steady mode were studied in 
sufficient detail [1-3] in the case of a free rotor of vibratory 
gyroscopes. At the same time, problems of design of the angular-rate 
sensor (IUS) on a tuned rotor gyroscope (DNG) with the required speed 
[4] have hardly been studied. A model of the errors of the angular-rate 
sensors on tuned rotor gyroscopes with symmetrical flexible suspension 
is developed in this article. 

As shown in [4], a two-race DNG can serve as a sensor of small angular 
deviations of the base in the transient mode of the gyroscope, and as an 
angular-rate sensor in the steady mode. Errors caused by friction 
losses, asymmetry of the dynamic parameters, angular and translational 
accelerations and vibrations of the base, and also by cross-coupling due 
to inaccurate dynamic tuning, which as an effect only during an initial 
error distinct from zero, are inherent to DNG in both cases.  The speed 
of the DNG reaches several tens of seconds [4], which does not satisfy 
current requirements on the angular-rate sensor. Compensation feedback 
(OS) with respect to moment, by selection of the transfer function of 
which one can increase both the speed and can reduce the cross-coupling 
of the IUS, can be introduced. 

The equations of motion of the tuned rotor gyroscope can be written in 
complex form 

*i'P + (e3 -I- /7/)cp + (C + ie3y) cp = _ efi _ fe„Q _ /MA/(Hn + M0, 

weT = cc + iß;    Q = Qz + iQy]    ex = B3 + Cr;    e3 = /<3 + Kx; e, =        (1) 
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= (A, -|- A + d - ß,)f. ^ = (^3 + ZCjii     C = 2C6fl + (A - ßi 

-C,)Y2; M0 = Mx + i/W,;  t2 = — 1;  a, ß 

are angles of deflection of the rotor of the tuned rotor gyroscope in a 
coordinate system unbound to the drive shaft, Qy and Qz are projections 
of the vector of the angular rotational velocity of the base onto the 
axes of sensitivity of the tuned rotor gyroscope, Aj, Bj , and Cj are 
axial and equatorial moments of inertia of the center rings (j = 1, 2) 
of the flexible suspension (UP) and of the rotor (j = 3), kj are 
coefficients of the viscous frictional moments of the center rings 

(j = 1, 2) and of the rotor (j = 3), 7 is the angular rotational 
velocity of the drive motor shaft, Cg« is the angular stiffness of the 
flexible axis of the tuned rotor gyroscope, M, and M2 are the perturbing 
moments of the angular-rate sensor with respect to the axes of 
sensitivity, caused by parameters of both the tuned rotor gyroscope and 
of the elements of the feedback circuit, I  is the control current in 

the torque motor (MD) circuit, the functional dependence of which on 
time t and on the parameters of the tuned rotor gyroscope is determined 
by the selected feedback circuit, and K^ is the characteristic slope of 

the torque motor. 

Taking into account that the output signal in the compensation operating 
mode of the angular-rate sensor is the current in the torque motor 
circuit, we find from expression (1) 

A« = I— fe8Q -I- e& + Mo + ei<P — («s + mp — (C + ie3y)f]ft"'. (2) 

Hence, it follows that the angular drift speed Q is measured by the 
angular-rate sensor with some error, determined both by the dynamics of 
the tuned rotor gyroscope and by moments M0, determined by the 
characteristics of the angular-rate sensor. Let us compile a 
mathematical model of the errors of the angular-rate sensor in the 
steady operating mode, since the dynamic errors of the sensor are 
considerably dependent on the selected feedback circuit. To do this, 
let us introduce the following notations: mj is the mass of the center 
rings (j = 1, 2), of the rotor (j - 3) of the tuned rotor gyroscope and 

of the drive shaft (j = 0), 7rj={reM; rcjlfj\ rtill)      is the displacement 

vector of the centers of mass of the center rings (j = 1, 2) and of the 
rotor (j = 3), rj2x is the nonintersection of the flexible suspension 

axes, and w={Wx\  WV. W7*} is the vector of translational acceleration 

of the base. 
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The useful signal of the angular-rate sensor that characterizes the 

angular drift speed of the base is selected in the form /0— __(,Vc//(. .) 

The remaining elements of the right side of expression (2) are then an 
error of the sensor, which in the steady mode has the form 

/n = [M0 ~ (C + fesVM/GTA • <3> 

Let us consider the components of moment Mo, which determine the errors 
of the angular-rate sensor. 

The moments that occur in the flexible suspension of the angular-rate 
sensor during translational accelerations of the base (Wy = const and 
Wz = const) can be written in the form 

Mw = — ("VC3.T3 + 0,5Wjrclit1)^ — 0,5 [m3rllx -\- 0,5mtrc2x.)\r, 
W^Wz-\-iWv. (4) 

They characterize the error of the sensor, dependent on displacement of 
the centers of mass and nonintersection of the axes of the flexible 
suspension in the axial direction. 

The radial unbalance of the center rings and rotor of the tuned rotor 
gyroscope determine the errors of the angular-rate sensor in the case of 

action on the translational vibration sensor of the base U" — IF „_. ., ,. 

Wy=Wvn cos n2l;   Wz= W2„ cos n2i   at frequency relations u,=T; na = n3 = 2y. 

The perturbing moments can be written as follows after averaging on a 
time interval that considerably exceeds the period of natural rotation 
of the drive shaft: 

Ah (v) = 0-5 (I'Wcsxa + i'hrcm)Wxl); (5) 

A-h-K» - 0,25 (t!hrl2x  r m,rclxl -|- m2rc2_v2) (W„0 + iWJ. (6) 

As follows from expressions (4)-(6), the errors of the angular-rate 
sensor are dependent on the modulus and mutual orientation of vectors 

rcj (j = 1, 2, 3), which characterize the errors in manufacture and 
assembly of the sensitive element.  The center rings, the mass of which 
is comparable to that of the rotor of the tuned rotor gyroscope, have a 
significant influence on the errors of the small angular-rate sensor. 
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It becomes necessary in this regard not only to adjust the races 
dynamically to ensure the resonant operating mode of the tuned rotor 
gyroscope, but also to balance them statically. 

A quadrature moment *1 , the cause of which is correlation between 
KB 

displacements of the rotor upon elastic deformations, determined by 
asymmetry of the spatial arrangement of the pliable elements of the 
suspension, by rotations of their principal stiffness axes, by different 
dimensions, by violation of spatial symmetry, and by instrument errors 
in manufacture and assembly of the suspension, also occurs under the 
action of translational accelerations and vibrations of the base in the 
angular-rate sensor. Studies show that the effect of instrument errors 
in the quadrature moment of the angular-rate sensor increases 
considerably (tens of times) in the presence of pliable renter rings. 

Having denoted the stiffnes matrix of the flexible suspension by ||Cij||, 
where c, j (j = 1, 2, 3) are coefficients of the translational 
stiffnesses of the flexible suspension and Cj j (j = 4, 5, 6) are the 
coefficients of angular stiffnesses of the flexible suspension, let us 
write the components of the quadrature moment. 

The moment caused by cross-couplings between the translational and 
angular displacements of the rotor are 

AfKB, - 0,5m3 (CS2 + CM) {re3u3W„CT2l + irc3#W££). <7 > 

It is characterized by stiffness coefficients C52 and Cg3 and by radial 
displacements of the center of mass of the rotor of the tuned rotor 
gyroscope. 

The moment caused by correlation between the translational displacements 
of the rotor in the axial and radial directions is: 

AW C13 ___   C-i2   _2ü_ 22 r        

/Cs2 c*2 Ll"   C22— 4»i3v
2 ,Q] >22 

— 2 ~? 
C22 — 4y2»i3 

J 

m3{Wy + iWz). 

Expression (8) determines the total effect of the axial and radial 
unbalance of the rotor and of linear accelerations in these directions 
on the error of the angular-rate sensor. 

The moment caused by cross-couplings between the angular displacements 
of the rotor is: 
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KB3   = 2(A,-\/h)      C„ 
(r,0(m0 -|- HI3) -I- m,rc3zS)W,, -f- i {rtJmiy\- (9) 

where ryo and rzo is the displacement of the point of suspension of the 
rotor of the axis of symmetry of the shaft with respect to the 
rotational axis. 

Moment (9), characterized by stiffness coefficients C54 and C64, occurs 
upon displacement of the center of mass of the system with respect to 
the rotational axis of the drive shaft. 

The moment caused by dynamic unbalance of the rotor 6,>  and S ,  is" 

MKB, = 0,5/lj (i\ -1- 6||5) |(rt0 (HI,, -f /«.,) + rr3l3m3)Ws + i(r,,0 (m0 + w,) 

\-rc,v3m^2\(An+A3r 
(10) 

It acts along the suspension axes of the tuned rotor gyroscope at 
nonperpendicularity of the axes of the flexible suspension to the 
rotational axis of the shaft.  The noncoincidence of the flexible axes 
with the rotational plane of the drive shaft is caused by dynamic 
unbalance of the rotor or by instrument errors. 

Analysis of quadradure moment ,VIK„ = 2Z Mum    shows that the stiffness of 

the pliable elements of the center rings must be exceeded by an order or 
more with respect to the corresponding stiffnesses of the flexible 
elements of the suspension, when the center rings can be considered as 
absolutely rigid, to eliminate it.  The arrangement of the flexible 
elements of each center ring should satisfy the symmetry with respect to 
the rotational axis of the drive shaft, while the entire flexible 
suspension, after rotation by 90°, should be identical to some 
suspension, symmetrical with respect to the plane perpendicular to the 
suspension axis. 

Besides the above moments, a flexible element proportional to the 
product of rotor displacements with respect to two mutually 
perpendicular axes acts on the angular-rate sensor due to inertial 
loads. Taking into account that displacement of the center of mass of 
the flexible system is directly proportional to the effective 
acceleration, the perturbing moment in the body axes system can be 
written as follows: 
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Myt - '"i^JL (Cts^SLv-W,, -I- « ^2_^..'i n? 
Cu \   fM CM  "*' (11) 

where m4 is the reduced mass of the rotor of the tuned rotor gyroscope. 

As follows from expression (11), the translational stiffnesses of the 
flexible suspension in the axial and radial directions must coincide to 
eliminate moment Myz. This can be provided by rotating the principal 
stiffness axes of the pliable elements of the flexible suspension. 

Besides translational accelerations and vibrations of the base, angular 

vibrations with double rotational frequency of the drive iiv=Q0cos2yt; 

0Z ^Onsin2y/. also affect the errors of the angular-rate sensor. The 

perturbing moment caused by them characterizes the nonidentity of the 
center rings of the flexible suspension and its systematic component has 
the form 

/Vfn(2v) = 0,5 (A{ — By + 3Cy — A2 + B2 — 3C2)yQQ. (12) 

According to expression (12), there is no drift upon angular vibration 

of the base at frequency 2? in an angular-rate sensor on a two-race 
tuned rotor gyroscope with parameters Ai = A2, Bj = B2, and C( = C2. 
Thus, the symmetry of the inertial characteristics of the suspension of 
the sensitive element with respect to its axes makes the sensor 
insensitive to angular vibrations, the vector of which lies in a plane 
perpendicular to the rotational axis of the shaft. 

The residual stiffness (C ^ 0) and the viscous friction of the gaseous 
medium of the sensor make a considerable contribution to the errors of 
the angular-rate sensor. They cause a perturbing moment (see (3)) only 
upon deflection of the rotor from the zero position by angle <p: 

Me   = [2C66 + (Ay -By- Cy) f   +   iß^. ' 13 5 

Angle if  is a consequence of the action of the torque motor on the rotor 
of the tuned rotor gyroscope in a compensating angular-rate sensor in 
the absence of translational rotation of the base.  The current 
occurring in the circuit of the torque motor is determined by the error 
po between the angular deflection sensor (IU) of the sensitive element 
and the rotor of the tuned rotor gyroscope in its initial undeflected 
position, the noise Vo of the angular deflection sensor, and Uo of the 
electric circuit of the feedback circuit. Substituting these values 
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into (13) with regard to application of signals Vo and Uo to the angular 

deflections of the rotor l/,r= l/0/(-',„.; Uv=L-][U0/{Woo(p)KM   where K™ ny 
is the steepness of the angular deflection sensor, L"• is an operator of 
the inverse Laplace transform, and W (p) is the transfer function of 

the feedback circuit, we write 

Me = 12CB6 + (A1-B1- C,) Y2 + ie3y] (q>u + U9 + VJ. (14) 

This expression characterizes the errors of the angular-rate sensor, 
occurring in the presence of a feedback circuit. They can be reduced by 
selecting the elements of the feedback circuit and of the transfer 
function of the feedback. 

Thus, expressions (4)-(14) permit one to estimate the error of the 
angular-rate sensor if there are different perturbing factors, when 
they are substituted into expression (3), we find the mathematical 
models of the errors of the angular-rate sensor: 

;„ - 0,5 [2 (m3rc3x3 + Q,5mirclx.) (Wz + iWy) + (m3rl2x + 0,5m2rc2x2) x 

X {Wt + iW„) + (m-/c3y3 + nhrclyl)Wx0 + 0,5 (m3r12x + m^^ + 

+ m2rcM) {Wm -|- i\VzQ) + m3 £^±^ Wyrc3y3 + irc3z3m3 ^±^Wt+ 

A r*      /-» 

"'" ~Ä7+ä; "\reA ttr*° ('"°+ "h) + '"^srsWy + i (/■„„ (tn0 + /H3) -I - 

+ 'n3rc3y3) Wt) -I- ~-^-~^ (('zo ('"o -\-»<3) re323m,)Wv + i (ryo (,»„ + 
''o ~r ''s 

+ >n3) + rcmm3)Wz) + (-£»- rm/3 + ^i_ rc3z3 £*- (^T— X 
\    °22 ^°22 CM

   C„-4y*m, 

X rltx-2|ü _JM!fc2*L.\ m {w + iW) + 2 J^L iq^-c^ w Ca2  C22 —4v2m3/ 
c"    I     C22 «■ 

+ ,- ösgCn W^ _ {Ai _Bi + gCi _ ^ + fl2 _ 3Cj!)' Qo + 2 (2C66 + 

+ (4 - #i ~ C,)v» -|- fc3y) (To + VCy'   )• UV)]K£ + 6/, 

where <?I is the component of the output signal fo the sensor, dependent 
on the random variations of the parameters of the sensitive element and 
on the feedback circuit. 

This mathematical model permits one to estimate the error of the 
angular-rate sensor upon exposure to different factors, and to formulate 
according to given conditions the requirements on the static and dynamic 
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unbalance of the rotor and center rings of the sensitive element, to the 
elastic-mass characteristics of the suspension of a tuned rotor 
gyroscope, and to the parameters of the feedback circuit. 
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[Text] This article is devoted to description and study of the constant 
error component of a compensation pendulous accelometer with flexible 
suspension (MKA s UP), operating under spatial vibration conditions. 
The problems similar to that postulated have until now been solved 
without refining the structure of the control circuit of the 
compensation penduluous accelerometer and the final result of the study 
was an expression that describes the constant error component of the MKA 
under two-component vibration conditions [1]. 

The purpose of this paper is to find expressions that permit one to 
estimate numerically the constant error component of the MKA and also to 
determine the requirements on the parameters of the accelerometer, 
fulfillment of which permits one to prevent the appearance of this 
constant component, i.e., to make the MKA invariant to spatial 
vibrations. Let us turn to the matrix form of writing the equations of 
motion of a MKA with flexible suspension: 

(Al/;2 -1 C)q = — mQ {I) —u — R(/), (1) 

where M and C are matrices that characterized the inertial and elastic 
properties of the MKA, respectively, q is the column vector of the 
generalized coordinates, m is the mass of the movable part of the MKA, p 
is a differentiation operator, Q = HW (t) is a matrix that characterizes 

the influence of the horizontal component of acceleration, acting along 
the axis of sensitivity, on the MKA, u = U(p)q = DW(t)q is a matrix 
whose elements are determined by the action of the vertical and lateral 

components of acceleration (Ji7(/)r_ ^Q, Wy,(t), WnU)). 
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Assuming that all the elements of R(t) are small, let us find the 
solution of (1) by the sequential approximation method. The equation of 

the first approximation is (Mp?--\-C-\-U(p))qW——ml1Wr(t)- Its solution 

is 

</<» - — mil (Mp* -I- C + U (/>))--> Wv (t). (2) 

The equation of the second approximation is (Mp2-\ C -| 77(/;))c/<2>^-- ■■-DW{i)q^K 

The solution of this equation is 

qU) = _ DW (() </<') (Mp2 -|- C -r U (/>))"'• <3) 

The desired constant error component of the MKA is 

where (/„—{..'(0); <•>=-[ [r0( . )di     is a time averaging operator and T is 

the time during which averaging occurs. Substituting (3) into (4), we 
find 

<AMBU„> =- <- UaUW (0 </<» (C + U0)->). (5) 

With regard to (2) 

(ArtBH,> = {WK (0 St (/;) WV (/)) -|- <"?B (0 52 (/>) WY (0>.        (6) 

where s^VJ^nll (Mp* \ C-\- U(/>))-' (C-|-170)-'; S2=--U0D2mlI(Mp* -|- 

.i• c -i■ y (P))-' (c i- i/o)-'; ^(0 = *WB(0 + o2wB (t). 

Expression (5) permits numerical estimation of the constant error 
component at known parameters of the MKA.  It is obvious that the 
conditions of the invariance of the MKA to spatial vibrations have the 
form 

■ 51 = 0, V-=0. (7) 
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To make the arguments more specific, let us introduce the generalized 
calculated model of a MKA with flexible suspension. Analysis of known 
layouts of compensation pendulous accelerometers shows that they can all 
be represented by a single block diagram (Figure 1). 

(i)     i~2)_     "(i) 

 ELU— 
Figure 1 

KEY: 
1. Sensitive element 
2. Displacement sensor 

3. Amplifier-converting module 
4. Actuating member 

Figure 2 

However, the control circuit may differ considerably in different 
accelerometers.  Thus, a linear displacement converter (PLP) or angular 
displacement converter (PUP) can be used as a displacement sensor (IP), 
while a force converter or torque converter can be used as the actuating 
member (IE).  The layouts of the flexible suspension (UP) may also be 
different.  Let us consider two layouts when solving the problem:  a 
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flexible suspension (Figure 2, a and b) whose flexible elements 1 and 3 
connect the base 4 containing the sensitive element (ChE) of the 
accelerometer 2 by different methods. 

Limiting ourselves to consideration of a MKA with two degrees of freedom 
(X is linear displacement along axis Ox, 9  is the angular displacement 
with respect to axis Oy), let us write the equations of motion 
corresponding to (1) in a coordinate system whose center coincides with 
the center of stiffness of the flexible suspension: 

(/»//- |- C.„) .v -|- ml.p-0 ■- - — mWv (I) - /e„,.»Y, — /:n (/).        (8 j 

mL/Ax + ((/„ -|- mlJ) />2 -| Cy) 0 = — ml.W,- (/) - kncu (8zXl - 

— ezsVj —/Mii(0- 

Here » - /eii.-in'IM/'MPi (v -H^1) H" (Ws0)- where C and C are the linear and 

angular stiffness of the flexible suspension, ß)Um, knm\Ozz,   knc hnrhr. 

are the amplification factors of the linear displacement converter, 
angular displacement converter, force converter (PS) and torque 
converter (PM), respectively, Io + mL2 is the moment of inertia of the 
movable part of the MKA with respect to axis Oy, o^  and Sz  are the 

distances to the axis of sensitivity of the linear displacement 
converter and to the effective axis of the force inverter, respectively, 
$(p) is the transfer function of the amplification inverting module, 
F„(t) and M^t) are the force and moment caused by the influence of the 

spatial vibration of the MKA base on the stiffness of the flexible 

suspension, ß,,'ß2, yu  v2, f\, U    are constant coefficients that take into 

account the values of 0 or 1 as a function of the composition of the 

control circuit (ßi, ß2, Ti, \2, fi, U     are equal to 1 if the control circuit 

contains the PLP, PUP, PS, PM, and UP, respectively, shown in Figure 2, 
a, and the flexible suspension shown in Figure 2, b.  Otherwise the 
values of the coefficients are equal to 0). 

Let us rewrite equations (8) in the form 

A(p)x + B(p)Q = -m\Vv(i)-Fn(l), 

C (p) x + D (p) 0 - — mLWr (/) - MH (/). 

where 
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ß (P) - ml.p' + knnnku^ (p) Vl (Pi^ + ^^ 

C (P) = mLp* + knjmk„<fi> (;;) ßx (Tiöz + yM (10) 

" (rt - </„ + „*■),. + cy + ÄnmiÄn<ja) (/;) ^ + ßaCTz2) (? A + 

According to notations (10), the expressions for Si and S2 in formula 
(6) assume the form 

St = fzmbBkn}m% IM (p)]~l X [a1atl (ß2aZ2C0 — Pla,) + a,ogl X 

X(Pi-24—Paozz>!0)j, 

S2 = >n*knnn% |A0A (/;)]-> [«, (ß]öl2«4 _ fl,/^,,«, -|- P2o^ (WC,, -      ( H ) 

Vi2))-I- «2 (Pi«4 (L + /,aM) -p.a,«!,,- ß2azs (40 (/xa22+ L) - C0a12))j, 

where   «, = U? (/>) - ^ (/>);   cc2 = C (/;) - L/l (p); a3 = D0— C0az;   a, = 
= /J, — oz/l0; bK -= 2m.Ld.-K 

Expressions (6) with regard to (11) link the constant error component of 
the output signal of the generalized model of the MKA, caused by the 
action of spatial vibration on the MKA, to the values of the vibration 
amplitude and parameters of the MKA. 

Let us consider as an example two design layouts of a MKA with flexible 
suspension. 

First lajrout. An accelerometer contains a sensitive element on a 
flexible suspension (Figure 2, a), linear displacement converter, 
amplification-converter module (UPB), and force inverter.  Taking into 

account that    /, = ß1==Yl = iT /2 = ß2=Y2 = 0,     f°r this accelerometer,  we 

write 

S,=0, 
s, = »i-wr». IM ^j-, l(/opi + Cy) {Cia^ + c^ + n2] 

+ CnL (C.na, (L + a22) + Cy«12) „ «, {p) knmk} |(. ^ _ L) ^ (L + 

+ °*a-fli^)4-Cy(fl12-flIla2)|. 

Second layout.  The flexible suspension corresponds to Figure 2, b, 
while the control circuit consists of an angular displacement converter, 
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amplification-converter module, and torque inverter.  For this 

accelerometer, /i = ßi = y! = 0( ^ = p2 == y2 = 1. Then 

5X = mbBkrumOzxCliL<l)0a22 [A0A (p)\-\ (13) 

52 = mbfiknjnflzjfl>0Cji [A0A (/>)]-' [(/0/;3 -f- Cy)a1B + CnL + 

-I- ftiuinfenc1^ (p) <Jzz^zsOi2\. 

Expressions (13) show that a MKA, designed by the second layout, can not 
be made invariant to spatial vibrations due to variation of the 
parameters. This possibility is essentially present, for an 
accelerometer designed by the first layout.  Indeed, expression S| = 0 
means that the accelerometer will be invariant to lateral vibration at 
any values of its parameters.  The condition of invariance of the MKA to 
vertical vibrations (So = 0) reduces to imposition of additional 
requirements on the amplification factor of the amplification-converting 
module: 

<D (P) = WoP* + Cy) (Cnoza12 4 Cyan) + CnL (C.M oz (L + an) -|- 

-|-Cyß12)] [knckwm (f>z—L) (CAaz (L -]■ (?.,,— a,/rz) — Cy (anaz—a^))\. 

Calculations made for a constant flexible element with rectangular 
profile permit one to write with sufficient accuracy 

4> (/;) « CnL [W™ (6Z — L)1_I + h{Cnazalt -J- Cyan) pa x 

X [knckwm (öz — L) CnLaz). 

The physical  impracticality of the transfer function,  described by 
expression (14),  limits the practical application of the result. 
However,   if the system is subjected to low-frequency perturbations,  a 

static regulator with transfer factor   <l>o=CjiL|_/?nc£n.nn ^z—L)\~l    can be 

used in the control circuit to achieve invariance to spatial vibrations. 
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[Text] One of the main difficulties in study of the dynamics of 
thermomechanical systems of liquid bodies and solids is related to the 
infinity of the number of degrees of freedom of the liquid and to the 
nonlinearity of the equations of hydromechanics.  It can be overcome 
with approximation of an infinite thermomechanical system by an 
idealized model with finite number of degrees of freedom. The most 
preferable way of designing a finite-dimensional model includes 
replacement of the differential equations in partial derivatives by a 
system of ordinary differential equations of the Galerkin type. This 
direction is based on expansion of the solution of the initial equations 
to a finite series with respect to some, rather representative system of 
coordinate functions, which corresponds to design of an 
infinite-dimensional phase space of solutions onto a finite-dimensional 
space. 

For the temperature field 

7,(r,0=2/;(r)ö>/(0. r£ü, (i) 

where fj are functions of radius vector r, determined by their own 
projections in a suspension-bound coordinate system. 

The temperature field T(r, t) should satisfy the requirements of 
continuity at the interface of a solid and liquid body and the principle 
of minimum energy dispersion. Therefore, one can select the forms of fj 
as solution of a linearized equation of thermal conductivity 
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V2A(r) = 0, r6ß (2) 

at inhomogeneous boundary conditions /, (r) = f\• (r), i= 1,/»; r£<3Q and of 

the linearized equation of thermal conductivity with respect to the 
natural forms of temperature distribution 

at homogeneous boundary conditions /; (r)--U. i  - m -f- /. rfuU.  J = 1» ^ 

where V2 is a  Laplace operator, \^   is the eigen-value, and fj are the 
forms of temperature distribution in region ft. 

As is known [1], the Laplace operator is negatively determined, i.e., 

its eigen-values are A,.;<(). /—l,cc" This corresponds physically to 

averaging of the temperature through the region over time. We note that 
the longest are forms fj, corresponding to the least eigen-values Sj in 
absolute value. This is explained by the fact that the eigen-values ,lj 
determine the attenuation decrement of the corresponding form fj due to 
the diffuse nature of the process of thermal conductivity. 

The first group of expansion coefficients (1) 6/3, j = 1, m, 
corresponding to the forms of temperature distribution with 
inhomogeneous boundary conditions and given in the form of a time 
function, is the input effects of the thermomechanical model. The 

second group of coefficients i/J , j = m + 1, n, corresponding to the 
natural forms of temperature distribution with homogeneous boundary 
conditions, determines the variable states of the model. 

The region of liquid flow ft is generally complex in shape, and, 
therefore, the linear boundary-value problems (2) and (3) can be solved 
only by using numerical methods.  The finite element method, the main 
idea of which includes approximation of the continuous value by a 
discrete model, is the most convenient.  This model is constructed on a 
set of piecewise continuous functions, determined on a finite number of 

elements [2] y=ljy,, where E is the total number of finite elements 
r--.= \ 

The region ft occupied by the liquid can be divided into eight-nodal 
finite elements for a broad range of devices with floated spherical 
suspension of the sensitive element. 
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Solution of problems (2) and (3) on each element is represented in the 

form of the expansion />=^|,Vj' {/}<', where |.A''J =-=|A',A", ... ,VS| is a matrix 

of the linear functions of the shape of the element and {/)''— {h/0/3 ... /«} 

is the column vector of the values of {f}* in the approximation nodes. 

Functions of form N. can be written as follows: A'p = 0,12rj(-|-|c(.,) (l+ip|p) <J + 

-K£p). fi=l,8 in the natural coordinate system ( - l<c.'j, i|, £<1) 

Using the Galerkin method, let us find the approximate solution of 
differential equations (2) and (3). To do this, let us satisfy the 
condition:  the difference between the approximate and accurate 
solutions should be orthogonal to the functions used in approximation. 
Minimizing the discrepancy of the approximate solution by the basic 
function in region Qe, let us write for expressions (2) and (3), 
respectively 

J IN]'7 V2 [Nf dtte {f}\ = Kj J IN]« [N]e dQK {/}?, 

(4) 

(5) 

/ =/»+ 1,»;   / = ltn—nu 

Using integration by parts, let us reduce the order of the derivative in 
(4) and (5) and let us find a series of systems of linear algebraic 
equations with respect to the unknown values of the forms of temperature 

{f)i, i = 1, m in the approximation nodes 

[A]ifh = 0,    i*=hm, (6) 

and also the generalized problem for eigen-values 

M {/}* = MßJ {/}i. i = m+l,n,   .j=l,n — m. <7> 
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' E E 

Here [A\ — (J [A)e, [B] — (J W]e     are quadratic matrices of problems of 

linear algebra (6) and (7) whose dimension is equal to the number of 
approximation nodes N, where 

ÜC 

1   d[N\'T 3[/V]< 

p2        ÖÜ 00 

- 1 ^ 
an« 

5/ 
1   p2sin2ü     dip        dtp  / ' "n 

[B]f — \ \N]e  [N]sdQ    are the quadratic matrices of the finite element of 

dimension 8 and p,   0,  and f  are the spherical coordinates of the 
approximation nodes. 

The resulting matrices [A] and FBI are positive-determinate, sparsely 
filled and symmetrical with respect to the main diagonal.  The first 
property permits one to use iterative methods of solution. 

The upper relaxation method, which permits one to operate only with 
nonzero coefficients of a densely packed [3] matrix [A], can be used to 
solve the system of linear algebraic equations (6). 

The value of the j-th variable on the k + 1-th iteration is determined 
by the formula 

where q is a relaxation parameter. 

The criterion of the end of the iteration process is max | /'■+l — /: l < 

^F, k^.Iv    ]—l,N,    where f is the accuracy of calculating the form and 

Ii is the maximum number of iterations in solution of the system of 
linear algebraic equations. 
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Let us solve problem (7) by the power method [4, 5] 
(i j = /I"' j , and then 

Let us assume that 

[B){fh = ^lA]{f}j. (8) 

Thus, determination of the minimal eigen-value of problem (7) is 
identical to determination of the maximum eigen-value for problem (8). 

Let us construct two sequences of vectors {X}k and {Y}k such that 

{>'}* - Hi] {AV,, [A] {X}„ = {}■},,, k =1 !9) 

The sequence {XJk reduces [4] to the eigen-vector {f}|, corresponding to 
the maximum value fi\   of problem (8). Let us find the approximations to 
the eigen-value from the Rayleigh relation 

n =<o'Wi. {A-},,) ({)■},„ {A},,)-1, k = r 

Let us formulate the criterion of the end of the iteration process in 

(f*  — ll ) (fl )~ ^ ö, It — ], /2, where 6  is a previously given small number 

and I2 is a number that restricts the number of iterations. 

The eigen-vectors, corresponding to the higher eigen-values of \i, i = 

= 2, n - m, are determined by the above algorithm with regard to their 

orthogonality to each of the previous eigen-vectors {f}j, j = 1, i - 1, 
Let us assume for this at each k-th iteration of process (9) for the 
i-th eigen-vector 

i--i 

{X}h = {X}k--Va]{[}j. 
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where the unknown constants aj are calculated by the formula 

({X}*> W]{fh)({fh> Wlifh) ',/=l.f- i. 

The first three eigen-forms in the cylindrical region (Figure a, b, and 
c, respectively) were calculated to check the constructed algorithm for 
calculating the forms of temperature distribution with homogeneous 
boundary conditions. The difference of the results of calculations from 
the analytical estimates from [1] does not exceed 5 percent. 

The developed algorithm for calculating the forms of temperature 
distribution permits one to construct effective mathematical models of 
the dynamics of semi-aggregate thermomechanical systems. 
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[Text] A floated suspension (Figure 1) is a supported solid (float), 
immersed in a liquid and included together with it in the spherical 
cavity of a bearing solid (body).  The region occupied by the liquid 
between the surface of the float and the surface of the body cavity T2 
is multiply connected and branched.  Let us link to the float a closed 
surface F\, which separates the considered region into two subsystems: 
the float and liquid in region Qi with boundary Ti and the liquid in 
single-connected region Q%  with boundary V\   U T2.  Surface T\   consists 
of connectors in the liquid and in part of the surface of the solid. 

The purpose of the paper is to construct a mathematical model of the 
rotational motion of the float about a fixed point upon given rotation 
of the body and with a partially given field of the relative flow rate 
of the liquid on the connections, belonging to surface I\ . 

Let us link the frame of reference and the coordinate system to the 
float.  In this case, the rotation of the float will be transport 
[translator's note: several words illegible] of body T? and the flow 
region of the liquid will not vary over time. 

The complexity of studying the dynamics of mechanical systems that 
contain solids, interacting with a viscous liquid, is related to the 
infinity of the number of degrees of freedom of the liquid in 
combination with the nonlinearity of the equations of hydromechanics. 
The flow nature assumes the motion of the liquid with considerable 
Reynolds numbers, which eliminates the possibility of using linearized 
equations. One of the methods of solving the problem is to approximate 
the real infinite-dimensional system by a model with restricted number 
of degrees of freedom, which reflects the significant aspects of the 
dynamics of this system [1, 2]. 
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Figure 1 

Let us assume the velocities of the mechanical system as linear 

combinations of the limited number of forms f; (r), »Mr) (i — 1,77)  of the 

possible velocity distributions of the float and liquid in region Ü2  as 
the basis of kinematic concepts.  These forms can be established from 
solution of auxiliary boundary-value problems [3].  The speed of the 

liquid in subsystem 1 is y (r /, r,3 f. (r) x ?/(/) (r g Q, [J Pj)   and that in 

subsystem 2 is V2 (r, /) ^ ff, (r) co1' (0 (r £ U, IJ T, U 'Y)-     Here 

P , (o (i — ],n)  are the quasi-speeds of subsystems 1 and 2, respectively. 

Let B',(O' (('--- 1.3) be the components of the angular rotational velocity 

vector of the float, <*ii (i = 4, 6) be the components of the vector of 

the angular velocity of the body, let 8'. w' (i^--T,9)    be the components of 

the vector of the flow rate of the liquid through the connectors of 
surface T\, which determine the transport of the moment of momentum from 

region Qi to region Do. and let P'\ <o'' {i=-\0,n)     be the quasi-speeds 

that correspond to forms of motion of the liquid, generated by different 
boundary conditions in a fixed coordinate system, bound to the float. 

The quasi-speeds Mi  (i=r-1'. 3."»i+T, (i). which are variables of state of the 

model, must be determined, while quasi-speeds a>i   (i = 4, m), given in 

the form of time functions, are input actions. 

Systems of ordinary differential equations 

w' + rm^-Pf, (1) 
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grfoi -I a,fit1 + f ,ift(i)'m* = P,    ('. /', fe = 1. ") (2) 

describe the motion of the float and liquid, respectively [4, 5]. The 
components of the positive definite numerical tensors of second rank of 
kinetic energy in regions Q| and Q2 are determined with regard to the 
rotating frame of reference by the expressions 

(3) 

Here p  is density. 

The components of the positive definite numerical tensor of second rank 
of the dissipative function of the liquid in region O2 with regard to a 
rotating frame of reference have the form 

' -   '*)• (4) 

Here y is the kinematic viscosity of the liquid. 

The components of the tensor of third rank of dynamic connectedness 
between different forms of motion of the float and liquid are determined 
with regard to a rotating frame of reference by the expressions 

rm - o,5 J (f,Vfft + f,tVf.) fidpQ {i = 173. jt k = j^ jj. (5, 

?ihi = I'M* = f WhWQÜ   (1=1, 3; / = 4, n; k ----1,3).      (6) 

Coefficients Y7
ljk (i,j,k = ],/A  are determined by expressions (5) and (6) 

after substitution of indices 1 by 2 and of forms f by ip%. 
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I       2 
In equations (1) and (2), Pi and Pi are generalized forces corresponding 
to fi and <yi, respectively, and applied to the liquid. 

Let us exclude surface (contact) hydrodynamic forces, adding equations 

(1) and (2) with indices i = 1, 3 and subtracting equations (2) with 

indices i = 4, 6. Disregarding the variation of the moment of momentum 

of the liquid in relative motion through the float g{fi'' = 0 (i = 1,3, / — 4,») 

and the principal moment of Coriolis forces of inertia acting on the 

rotating float from the direction of the liquid 2ru;[e'V
e = 0 (r = 173), 

passing through it, we find the equations of rotational motion of the 
float only with respect to quasi-speeds w 

V \(f>„ + ]Ru) '<*' -I- V ihn + rm)«>W] + S [^'+ a»al + 

*-, -  /=* (?) 

n      3 0 
+ £ r,vMo*J + 2 V V r;A(D'(D* =-. o (i = l, 3), 

*=4 /=4 fc=l 

uh0220        2       0      22 

The dynamic model (2) and (7) is closed with respect to variable states 

&(i = T73, m + l,n) if the input actions ©'(£ = 4, m) are known given time 

functions. 

The vector of the relative angular velocity of the body in a rotating 
coordinate system, bound to the float, can be expressed by the vector of 
the absolute angular rotational velocity of the body in a fixed 

coordinate system a'a  (/ = 4.6): 

w '+3 = ^ofl
/-a>'  (t = 1,3). 

(8) 

xvhere [c*j ] is a matrix of orthonomal transformation of a fixed 
coordinate system to a movable coordinate system. Differentiating 
expression (6), we find the components of the vector of the relative 
angular acceleration in a rotating coordinate system 

co'+3 = — elkj'.o'ckjU>l+3 + cjcoH"3 — co' (i, /, k = 1, 3),       ^ g j 

where ei|cj are Levy-Chivit symbols. 
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The dynamic equations of state in quasi-speeds (2) and (7) are 
supplemented by three kinematic equations of rotation of the body about 
a fixed point with respect to Euler angles when expressions (8) and (9) 
are used [6]. Matrix [c*j ] is fully determined by the values of the 
Euler angles, which are independent parameters of orthogonal 
transformation. 

The structure of system of equations (2) and (7) was studied by method 
[5] for n = 22 forms of liquid flow with regard to the structural 
symmetry of region Ü2• Analysis showed that the tensor of inertia (3) 
is restored from 18 independent coefficients and dissipation tensor (4) 
is restored from 96 independent coefficients, calculated by the above 
expressions. The time of calculating functionals (3)-(5) on a computer 
is reduced by more than an order of magnitude. 

For numerical integration of system (2) and (7), it must be solved with 

respect to the arbitrary unknown quasi-speeds. Matrix fgij] must be 
inverted for this: 

12     2       2       2   

hi = ■ 
Su — gH.3,t   (» = 1. 3, / = //! + 1. n), 

/?» —gf./.l.a (' -'"+ L". /= 1'3)' 

8u   (i,j = m+l,n). 

Theoretical analysis showed that [gij] is a nondegenerate positive 
definite symmetrical matrix.  It turned out in study of the real values 

of coefficients [gj j] that the largest coefficients are located on the 
main diagonal of the matrix. The difference of the diagonal 
coefficients by five-six orders upon direct inversion of this poorly 
determined matrix [gi j] results in violation of the properties of 
symmetry and of positive definiteness to such an extent that numerical 
integration becomes unstable, while its results are uncertain. To avoid 
this, the inversion is made in three steps. 

1. Transtion from matrix fgij] to matrix [g*ij] is: 

gh = Tu8uTlh (10) 

the order of the diagonal elements of which is identical.  In expression 

(10) Tu .-= Ojj/V'ff' (;', / == 177}; 7n-\-\~7i),     where #ij is a Kronecker symbol. 
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M    t,n  (2) 

Figure 2 

KEY: 
1. s-l 2. s 

This transformation guarantees conservation of symmetry, positive 
definiteness, and also equality of the elements of the main diagonal to 
unity. 

2. Inversion of matrix [g*ij] by the numerical method of 
orthogonalization [7]. 

3. Determination of matrix [gij]"1 by the formulas 

87il=Tug,
lr

lTu- (11) 

One can ascertain the validity of relation (11) by a direct check. One 

can derive from (11) the equality gij =TTjig'tjT7i\      and having multiplied 

both the left and right sides of which by T, we find expression (10). 

The results of numerical simulation of the angular rotational speed of 
the float, which had cubic symmetry, at constant angular velocity of the 
body 

to , (0 - I s-l (i - 4) (12) 

and zero initial conditions, are presented in Figure 2. Upon rotation 
of the body» the liquid in region Q2 is gradually set into rotation, 
drawing the float after it, the angular velocity of which emerges to 
steady value 1 s"1 (curve 1). A similar pattern is observed (curve 2) 
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upon assignment by law (12) with i = 7 of a constant flow rate of the 
liquid through the connectors of the float, which determines the 
transport of the moment of momentum through surface T|. 

o,c' 

-0,5 

Y\>S>e-- 
Cj' 

f>c (2) 

Figure 3 

KEY: 

If the vector of transport of the moment of momentum of the liquid 
through surface T\   is not colinear to the vector of the initial angular 
velocity of the float, the results of calculations indicate the presence 
of a gyroscopic effect during the transition period (Figure 3). 

Calculations made upon approximation of region Oo by 1,140 eight-node 
spatial end elements (1,800 nodes), occupy 700 kbytes of the main memory 
of the computer and require 2.5 hr on the YeS-1060 computer. 

The model permits numerical study of the dynamics of a floated 
suspension on the computer and optimization of it by the given figures 
of merit. 
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[Text] One of the promising directions of improving' the accuracy of 
information measuring systems is compensation of the errors of measuring 
transducers (IP) by special j>rocessing Qf their signals.  If the 
parameters of measuring transducers are unstable, a necessary condition 
of the effectiveness of this method is estimation of the errors of the 
measuring transducers during functioning of them.  The principal 
capability of using bending oscillations of the body of an object to 
estimate the drift of measuring transducers is shown in [1]. 

Expressions that permit one to estimate the multiplicative and additive 
errors of measuring angular velocity transducers during functioning of a 
redundant measuring system, mounted on a rigid base, are found in this 
article. 

Postulation of problem.  Let us assume that two measuring systems, 
consisting of three one-degree accelerometers and three one-degree 
measuring angular velocity transducers, are mounted on a rigid movable 
base.  This type of system is described, for example in [2].  Let us 
denote the parameters of the systems by subscripts 1 and 2.  The axes of 
sensitivity of measuring angular velocity transducers and accelerometers 
of the first and second systems form orthogonal coordinate systems Oixyz 
and 02oxy, the unit vectors of which are mutually colinear.  The 
position of point 02 in coordinate system Otxyz is determined by radius 

T 
vector R = (Rx, 0, 0) .  Expressions must be found that permit one to 
estimate the additive and multiplicative errors of a measuring angular 
velocity transducer by the output signals of the measuring transducer. 
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To do this, let us present the output signals of the accelerometers 
a*i(k) and a*2(k) and of the measuring angular velocity transducers 
<t<*i(k) and i/*2(k) at k-th moment of time in the form 

a\ (ft) = [E -I- A/Ca,) a (ft) -|- Aax + lQi (ft); 
(1) 

a\ (ft) = (/: + AKc) (a (ft)-f co (ft) x (co (ft) X R) + s x R) + Aa2 (ft) +     (2) 

w; (fe) = (£ -|- A/<Wl) co (ft) + Acot + |öl (ft); (3) 
(o; (fe) - (£ -|- A/<M,) co (ft) + Aco2 + I«, (ft), 

where E is a unit matrix; 

(A/<;;.), 0 0 

A/<„-|       0 (AA'U), 0 

0 0 (AKU)Z 

i = a, co;    / = 1,2 

are matrices of the errors of scale coefficients of the measuring 

transducer, a= (ax, ay, azy;  cn = (co*, «.„, <oz)
T  are vectors of linear 

acceleration and of the angular speed of the base, e is the angular 
acceleration of the speed of the base, and A»i = const and Atfi = const, 
i = 1, 2 are vectors of displacements of the zeros of accelerometers and 
drift of the measuring angular velocity transducer. 

Disregarding second-order values, one can find the angular speed of the 

base from expression (3) in the form co(ft) = (E—AKai) (co*i (ft)— Acoi—£coi(ft)). 

Subtracting equation (1) from (2) and substituting the value i'(k), after 

transformations, we find 

Y(k) = H{k)X{k) + B(k)l{k), <4> 

where 
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Y (k) = a\ (k) - a\ (k) - co; x K X R) - e; X /?; 

Hu 

II Atf„ 

2W;/?,     2c„;/<T 

o      - /?,©; 
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0        0 0 
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0 
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o 

z 

0 

•co;«;/?. 

a" 0 0 

0 a' 
y, 

0 

0 0 * 

0 
-1 

0        *;.+»>;,**     ° 
o o        ^ + <»;,^ 

X = | Ao),,; AAMJ Af<a, I A/C„,! Aa2 - Ao, |T; 

S == I So) | bt>) I 1lfl, — 1)n, |  • 

Let us supplement equation (4) with a mathematical model of the vector 
of the desired parameters X, ordinarily determined during experimental 
studies of measuring transducers: 

X{k) = Q>(k\k—l)X{k—l) + #(k), (5) 

where $(k|k - 1) is the transient matrix of dimension 15 *  15 and ^(k) 
is white noise of intensity Q. 

Expressions (4) and (5) permit one to estimate the values of vector X, 

for example, using a Kaiman filter: X(k\k) = X(k\ k— 1) + K{k)[Y(k) — 

-   HX{k\k—l)\.      Here X(klk) is an estimate of vector X(k) at k-th 

moment of time, X(k|k - 1) is the predicted value of X(k) from the 
results of measurements on time interval [1, k - 1], and K(k) is the 
amplification factor of the filter. 
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When realizing the Kaiman filter to guarantee the convergence of 
estimates to the value of vector X(k), it is necessary that the rank of 
the matrix of observability M[0, k] be equal to the dimensionality of 
the estimated vector (m = 15 in the given case): 

AI [Ä.U] = [Q)'(k\0)HT(0),^(k\ i)//T(l), ...,Q)T(k\k— [)HT(k — l), 
(6) 

If {k)\ \H (0) <I> (k\0),H(l) Qi(k | 1) U)(k\k—l)H(k—l),H(k)). 

Analysis of expressions (5) and (6) shows that the components of vector 
X are observable through at least five measurement cycles at <I>(/|/- l) = 

= const, co(0^o3(/')^Ü; fl(i)^a(/)=£0; i, jr^\J£i=£}. 

Taking into account that the additive and low-frequency multiplicative 
error components of the measuring transducer during a measurement cycle 
are considerably less than the high-frequency components, observation 
data Y(k) can first be accumulated to increase the ratio of useful 
signal/noise and to reduce the load of the computer upon realization of 
the Kaiman filter.  The elements of H(k), contained in the expression 
for determination of vector Y(k), are ordinarily periodic in nature and 
the positive values are compensated by negative values upon summation of 
them at different moments of time. Therefore, the signs of the 
measurement results should be taken into account to increase the 
signal/noise ratio upon summation. 

The process of accumulation must be divided into four cyclically 
repeatable steps to guarantee uniform convergence of the estimates of 
all the components of vector X to the true values. The group of 
elements of vector X is set into agreement to each step and is added 
with regard to the signs of the elements of matrix H(k) so that there is 
rapid convergence of estimates of the corresponding group of components 
of vector X. Assuming that X(k) = X(k - 1), the vector of observations 
in this case is determined from the relation 

v(/)= v WJWY(Q~(  v \Vj(i)n(i))x + 

(M-I)l! 

-i- v Wj(i)B(i)m 

where n is the number of observations accumulated on one step, and 

ttMO-dmg(signa);, sign <,/, sign co^); W2(i) = diag(l, sign (to;«;.),   slgn^«^)); W3(i) 

=   dlag(signassigna*h, signa\)\ Wt(i) = E. 
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Expressions (7) and (6) permit one to estimate and compensate for the 
errors of the scale coefficients and drift of the measuring angular 
velocity transducers and accelerometers and thus to increase the 
accuracy of the measuring system. 
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[Text] The most effective methods of evaluating the state of complex 
engineering systems, for example gyromotors, are engineering diagnostic 
methods, based on decision-making theory. The purpose of the article is 
to solve the problem of classification of rotary systems (RS) with 
symmetrical ball-bearing (ShP) suspension. 

The state of a rotary system is determined mainly by the quality of the 
ball-bearing seat, i.e., by defects in manufacture and assembly of the 

ball bearing, which are described by random vector x = (xi, ..., xn). 

The ball bearing of the seat can be diagnosed by parameters xi, i = 1, n 
only upon disassembly of the rotary system, which is not always possible 
in practice. The basic direction of modern diagnostics of rotary 
systems is nondestructive.checking, which uses the determined functional 

relationships between the parameters of state xi, i = 1, n and the 
diagnostic observable signal z. The amplitude of the harmonic in the 
stiffness and vibration spectra of the rotary system will be this 
diagnostic signal z. 

For the considered rotary systems, the dependence of z on defects of the 
ball bearing has the form [1] 

2 = Ita)2 -I- (x3xAy- -f 2A-1*2X,v4 cos x5] l'\ (1) 

where x\  and xa are the amplitudes of the harmonics of defects on the 
races of the first ball bearing, X3 and X4 are the amplitudes of the 
harmonics of defects on the races of the second ball bearing, and X5 is 
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the phase shift between the harmonics of defects on the races of the 
first and second ball bearings. 

Variables xi, i = 1, 4 are random values, distributed by Rayleigh law 
with probability density distribution [2] 

M") = nrexp(—rrrV ">°: (2) 
°i, \    % 

and the random value of X5 has uniform density 

/*.(")= 4"' »€(°>31). (3) 

where u assigns the phase space of the random values of XJ, i = 1, 5. 

All the random values of x;, i = 1, 5 are independent and accordingly 

the joint density /-> = (ut,..., ur>)  for random vector x = (xi , ..., X5 ) is 

determined by the formula [3] 

/x(«i. ..■.«»)= flM««)- (4) 

l^-A 

Since z is a function of x;, i = 1, 5, z is also a random value. The 
density f(z) of random value z can be determined on the basis of formula 
(1) by integration of joint density (4). Since the values of density 

(2) contain unknown parameters <rx , i = 1, 4, the joint density (4) will 

also contain them and this means that all <r , i = 1, 4 will go into 
1 

density f(z) in combination. The calculations become very cumbersome. 
Therefore, it is desirable to reduce the number of unknown parameters, 
which can be done on the basis of the engineering requirements on the 
ball-bearing seats.  Using these requirements, one can show how the 
dispersions of the defects on the inner and outer races are related to 
each other for each ball bearing, i.e., one can assign the number 71, 

i = 1, 4, which determine the ratios between <r     ,   i = 1, 4. As a 
'i 

result, all <rx are easily reduced to one unknown parameter $: 
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Oxt—ViO> (  i'4-  The density f(z, 0)  will then contain only one 

parameter 0. 

To find expression f(z, $)  in parametric form, let us find the 
distribution function z, using relations (l)-(4). By definition 

F, (s) = P{z<s}=-- P{l(Xlx2y + (x3x4y + 2x1xzxaxicos*,]'/* <s}, 

where P is a symbol of probability and s is the phase space of random 
value z. Let us introduce in formula (1) the substitution of variables 

»I — -^J-^2'  §2 — Xs%4>       §3 — COS Xg 
(5) 

Since the random values XJ, i = 1, 5 are independent, then £i, i = 1, 3 
are also independent. After replacement of (5), formula (1) assumes the 
form: 

2 - (it + Vi + 2^2y 1/2 (6) 

The densities of random values £j, i = 1, 3 are as follows: 

dy, (7) 

^(M)=wliexph^(^+f)]^       (8) 

/s»H = [jtVi—w2\-\ we(—1,1). (9) 

The distribution functions Fz(s) is found by integration of densities 
(7)-(9): 

I7z (s) - J J J /?, (". 0) ,r,:. (v, 0) ;h (w) dtidvdic, 
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where D5 is the range of integration found on the basis of formula (6): 

D„:{u2 + v2 + '2uvwy-<s. 

Turning to cylindrical coordinates and having differentiated F-(s), we 
find 

/(z.O) 
du 

■>..R    .. _( n PI V?08 » 
. OI'IM .L  H2     -^ 

(10) 

x A'u 
Y.v.üMy*-I-2H0-|-l)l/2 . 

x A'o 
z|l>| 

V.'iVi1'' (»a l-'iw-f- 1)"- 
rfi\ 

where Ko is a modified Bessel function of third kind |'7]. Having used 
the known approximations for Ko, we find 

/(z.0) = |)0-V"exp(--^-z dl! 

where the approximation error is j e j -<: 10"\ (; =-= 1,03806, p = (4^,:')/   3yfi). 

A series of independent measurements of signal z is performed to 

estimate parameter $  and sample {z;}*~i  is found.  Having sample {e.},L, 

and using the method of moments [3], due to which the computation is 
simple, we determine 

1 
N 

mz - -~ V z„ /;;, --- \ zf{z, 0)ih,    mz - mh 

(■-I o 

(12) 

where mz is the first sampling moment and m is the first theoretical 

moment. 

The theoretical moment nu. can be calculated in analytical form: HI, = 5£-I()2 

Having set m equal to the sampling moment mz, it is easy to find the 

estimate 0  of parameter $:     6 -  1.0075. 



One can turn after calculation of estimate $  to solution of the 
classification problem. To do this, let us use the Bayes criterion [4], 
since it is the most effective.  Let us compile the probability ratio 

h (z) _ \      \   _ (Cai — Cu) Pl        pip    i 
TW - A°' A°_ !cn~~=c^rp2  - ^i +'«- !»       (13) 

where fj(z) and fo(z) are arbitrary densities z of classes fij (suitable 
products) and Q2 (unsuitable products), respectively, Pj and Po are the 
given probabilities that classes fi[ and Q%  will appear, and {Cij}, 

i, j =  1, 2 are elements of the loss matrix when making the decision. 
In our case the probability that an unsuitable product will appear is 
very small: P2 €  Pi. However, the cost of passing a defective product 
is considerably greater than the cost of a false alarm: C12 > Co 1 . 
According to [5], one can select Ao  -  1 in this situation. 

The main difficulty of using the Bayes criterion is in the laboriousness 
of finding complex densities f|(z) and fa(z).  The procedure of 
numerically finding these densities analytically on the basis of 
functional relationship (1) and of a priori description of classes Qi 
and {}•)  is proposed in this paper.  The classes are described in 
practice, using the technical documentation for the ball bearing.  Based 
on the requirements on the ball-bearing seats, one can indicate the 

tolerance »j, i = 1, 4 for the i-th defect of ball bearing xx 
(permissible misalignments of the races, dimensions of the balls and so 
on).  It is thus easy to assign classes 0| and fio in the following 
manner:  1) the product belongs to class l)| at 0 < XJ < ai and 2) the 

product belongs to class Q? at x; > »i (at least for one i, i = 1, 4). 
We find the conditional density fi(z) with this assignment of classes, 
using formula (1) and taking into account the constraints on variables 

Xx:  0 < Xi < #i, i = 1, 4 accordingly, from the condition of 
normalization for densities (2) 

at 

ß,J/S((u)d«=l 
0 

one must find the normalizing coefficients 

P« = 1 — exp «, (0) 
—1 



After approximation, the conditional density fi(z) assumes the form 

IIP,        , (14) 

i^\ 

where 

V(z, a>) = HJ (O>) ZM«<)-I exp [— |i, (w) z'l«<u'»] [p2 (KJ)— p3 (W) |i4(ay) z^1"» ]; 

III v<2)      HI «<4) — 
pft(w) - vi" (a; + 1)%* [vf - (w + l)]v*  -|- gh,    /e = 1.4. 

Having calculated the densities f(z) from (11) and f|(z) from (14), the 

conditional density f2(z) can be determined by the formula 

• h(z)=-jr(f(z)-Pifi(*)). 

After substitution into (13), densities fi(z) and fo(z) were 

approximated at 9 -  1, a-, = 2.4426, i = 1, 3, a\  =  4.885, and i = 2, 4 
by simpler distributions while retaining high accuracy ( | e | < 8.1-10"5) 

/j (z) == p,z exp (— xtz),   f, (2) = p2z exp (— T2Z), (15) 

where Pl = 0,44564, T, = 2/3, 2 6(0,6,), 6, = 12,3;  forf,(z)and p2 = 2,119.10~2, 

T2= 1/8, z6(0,oo) for f2(z). 

Having substituted (15) into equation (13) and having solved it with 
respect to z, we find the number zo which separates classes Qi and O2. 
If there are probabilities that classes Pj = 0.9, P2 = 0.1 and h  = 1 
will appear, zo = 5.604999 will be found. Thus, the product is assumed 
suitable at z  < zo and is considered unsuitable at z > zo. 

The quality of recognition is evaluated by the probabilities of errors 
of first and second kind [6].  If the object belongs to class fli and is 
assumed to be an object of class IJ2• this error is called an error of 
first kind. On the contrary, if the object belongs to class Qs and is 
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erroneously related to class ft(, an error of second kind is made.  The 
most complete characteristic of the quality of recognition is the 
average risk R, which takes both types of errors into account. The 

P P 
probabilities of errors of first kind Q |, of second kind Q 2 and 
average risk R are determined in the following manner: 

z„ 0 

R - Pfin(f{  + Pfi^Ql 

Since we used the value Jo = 1» then C2 1 = Pi , C12 = Pz,  R = r(Qi -\- QP), 

where r = P&, r = 0,09, Qf = 1,05738%, Q% = 4,83152 %, R = 0,5889 %. 

Errors of the first and second kind and the average risk were small, 
which indicates high quality of recognition and permits one to recommend 
the suggested approach for solving problems of evaluating the state of 
symmetrical rotary systems. 
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[Text] Close attention has traditionally been devoted to study of the 
dynamics of precision gyroscopes. An object of detailed study is the 
influence of the parameters of ball bearing (ShP) imperfections on the 
position of the resonant zones of the devices [1].  The parametric 
effect on the vibrations of the devices as a perturbing factor have not 
been considered previously.  Study of the dynamics and calculation of 
the natural frequencies of a surveyor's gyrocompass upon the parametric 
effects of an imperfect ball bearing are the purpose of this paper. 

Let us take as the perturbing factor the deviations of the coordinates 
of the centers of curvature of the outer races in the axial 
cross-sections of the ball-bearing seat along the rotor axis from their 
true values when deriving the equations of motion of a surveyor's 
gyrocompass, which is the sensitive element (ChE) on a torsion bar 
suspension. Disregarding the interaction of the sensitive element with 
a rotating earth, let us assume that the rotor in the device makes only 
axial displacements and that its position in the device is ideal, i.e., 
there is no unbalance. 

Let us introduce into consideration a fixed coordinate system 0iX|Y]Zi 
(Figure 1), bound to the center of mass of the sensitive element without 
a rotor in the initial unperturbed position, and movable coordinate 
system OOXQYQZO, rigidly bound to the center of mass of the sensitive 
element without a rotor. The position of point 0o in coordinate system 

O1X1Y1Z1 will be given by vector n = n(xi, yi, zi) at an arbitrary 
moment of time. Let us rigidly link coordinate system C(i)(  to the 
center of mass of the rotor. The position of the rotor at arbitrary 
moment of time will be given in coordinate system OoXoYoZo. Let us 
determine its axial displacements by coordinate z. Let us give the 
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angular displacements of the sensitive element without a rotor by a 
system of angles of finite rotation #, ß,   j.    The sequence of 
revolutions is shown in Figure 2. Let us determine the rotation of the 
rotor along the axis of its own moment of momentum by angle 7 . 

zzzzmmi 

Figure 1 

Figure 2 

Let 1 be the length of the torsion bar, letli be the distance from the 
point of attachment of the torsion bar to the sensitive element to the 
center of mass of the sensitive element without a rotor, let I2 be the 
distance from the center of mass of the sensitive element without a 

rotor to the center of mass of the rotor, let W\  — {<o.r0, <'\vo- «'>.-„} and 

ei—{F.», ''!'O- 
EJ
V' be vectors of the angular velocities and accelerations of 

the sensitive element without a rotor in projections onto the axes of 

coordinate system O0X0Y0Z0, and let ^={co?, to,,, co;}  be ^e vector of the 

73 



angular velocities of the rotor in projections onto the axes of 
coordinate system C£iy(: 

*%.- 

1*. 
0 'i/o <>1, 

is the torque of the sensitive element without a rotor with respect to 
pole OQ, 

Ac - 
/f 0 0 

0 A, 0 

0 0 h 

is the torque of the rotor with respect to pole C, I Iv , and I, are 

the moments of inertia of the sensitive element without a rotor with 
respect to axes O0X0, 00Yo, and O0Z0, respectively, I,,   I , and I, are 

the moments of inertia of the rotor with respect to axes C>, C , and C,, 

and C\,Cn, CE; ^{jr.,,0,0}: ^(o.O.z}; *„ = -/,. 

Let us use the Euler-Ishlinskiy method to compile the equations of 
motion of the sensitive element. Considering the interaction between 
the bodies—a sensitive element with a rotor and one without a rotor—we 
find the following equations of motion in vector form: 

dt + (o x Kc = Mc, 

dt + % X Koa = Lot ~ M0o - (r0 + r)xQ. 

(1) 

Here M is the mass of the rotor, m is the mass of the sensitive element 
-* -» 

without a rotor, Q is a vector of forces acting on the rotor, P is the 
''...■' -* 

vector of forces acting on the sensitive element without a rotor, g is 
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free-fall acceleration, and WQ , W and MQ , M_ are vectors of the 

absolute accelerations and moments of the centers of mass of the 
sensitive element without a rotor and with a rotor, respectively. 

Let us write the components of vector U\   (see Figure 2): 

• • • 
(oA.o = ß sin v + acosß COSY-   %, = ßcosY — asinvcosß, 

coz„ = Y + asinß. 

The total potential energy of the sensitive element includes that of the 
sensitive element in the earth's gravity field II| and the energy of 
elastic deformation of the imperfect ball-bearing seat II2 [2]. With the 
adopted assumptions we write 

\\ = Mg (x* — x0) + mgxv 

2 2 — 
5/=. (3) 

wj= {(Pi + P*-Ps + Pl)
t + l* + (- l)/+Ve-(- i)'(ps-z°)]*- 

j_ 

— (P1 + P2 — Pi)}2 ■ 

Here pj are the parameters of imperfection of the ball bearing after 
V. F. Zhuravlev, z° is the tension in the gyromotor, n is the number of 
balls, K is Hertz's coefficient, x* is the coordinate of the center of 
mass of the rotor in coordinate system OiXjYiZi: 

^^-Vi + ^cosßcosY + zsinß. (4) 

When writing the potential energy, let us take into account that the 
introduced coordinates are related in the following manner [1]: 

xt — / — li = — /cos X cosn — /1 cos ß COSY, 

yl — — l sin H — lt (cos a sin Y + sin a sin ß cos Y). 

zt = / sin I cos H — /x (sin a sin Y — sin ß cos a cos Y). 

where \  and ft  assign the position of the torsion bar in O1X1Y1Z1 
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Hence, we find with regard to the smallness of the angular displacements 

*i = [</i'+ /, (Y + aß)]7(2/) + [zt + /i (ay - ß)]2/(2/) + /,ß*/2 + /xV2^.   <5 > 

Thus, the expression for the total potential energy with regard to 
(3)-(5) will assume the form 

n - (M + m) g {[y, + lx (y + aß)]2/(2/) + [zx + I, (ay - ß)l V(2/) + 

2   2 

+ /iß2/2 + /:Y2/2} -Mgx0(ßa + y2)/2 + Afgßz + -g- V /Oi {{p. + 

+P2-P3 + P4)2 + [2 + (- l)/+Vo - (- 1)' (PB - 2°)12} 2 

(6) 

— Pi — Pi + Pi) 

Let us find the expressions for the moments and forces on the right 

sides of (1). Denoting A\ = {Af,„ Mtt, Mg.}, Af0 = {A*E, Af„, Alc}, Qe = {Qt> Q*. Qc). 

Qo„ = {Q*„, Q</„. Qz„}> ^0, = {Pxa, PyB> Pz,}>     we write 

LXo = Q| = Qn - Q*„ = Qy. = 0, 
Ly, = (Al + m) g {[Zl 4. l, (ay - ß)J I, - //^}// 4- Afg (*0ß - z), 

*•*. = Mg*oY- (Al 4- m)g{[£/! 4- ;x (y 4- aß)] k + UifVl, 
Mi=Mx.cosyp + Mtts]nyp,   Mn = My,co$yp — MXos\nyp, (?) 

P„„ = - (Al 4- tn) g [yt + /,(Y4 aß)]//,    />„ = - (AI 4- m) X 

X g [Zj 4- /1 (ay - ß)l//,    Qc = Mgß ~ (** + ^pPs) z - KpPt. 

Here 

r ait 

~dT = (** + **PA) 2 4- tfp/v (8) 

where Kz» K , and K  are the coefficients of expansion of the elastic 

force acting in an imperfect ball bearing into a Taylor series. 
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Based on equations (1), (2), (6), and (7), we find the following 
linearized system of differential equations: 

Al{*$yylzlz}T = {fJ200Mi}- 19) 

Here   /, = 0;   /, = l2KvpJ{Iy, + /,); /, = KPpshn; U = - (M+m) X KPp6/(mM) - 

~   llKpPÄIy, + I»),  H = /CYp, /, = h = V- 

A, 

II    7'2 l!lP 0 0 0 0 

-;/,/> P2 1- fl8 0 0 -ßx fla 

o 0 /> 
2 -1-1\ ÖI 0 0 

0 0 CJ, />2 + C, 0 0 

0  c, 0 0 P2 -i- c, - A'„ 
111 

l2H2p A'! 0 0 ^2 p* -\-N 

where p is a differentiation operator; 

= (M + m) gUlKl,,, -|- 79)|;    B2 = | A?g/2 + (M + w)g/x (/ + /,)//]/ 

/(/„„ -|- /,);    ß3 = \Mg - kK0/(I!lB + Is)];   C, = (M + m) g/(/;i/); 

C2 - (AI -f «0 fi/i/('»/) + Mg/m;   Nx = - B2l + C2 + g; 

N2 = ■- C, -|- //?,;    A', - - B.JS + (m + M) Knl{mM). 

Setting the determinant of matrix Ai equal to zero, we find the 
following characteristic equation: 

Pw + dlP* + d2p« + dsP* + V2 + d5 = 0, (10) 

where 

rf, - 2C, + D2 -\- N3 + B2 -1- H.H,;    d2 = 2CXD2 + C? + 20^, + 

■ |-(Z)2A';1 -|- (2Cj + D2 + iV3) (S, + //x//2) + /Co^s/z/i - D1CJ1-B1C2 + 

+ AM + l-JiJhB,\    d, = C\L\ + 2CXD2NS + C\N9 + (2CA+CJ+ 
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-h 2C, A'3 - D A/i + AA) (Bt + A A) - (A + N,) AA'i + 

-[- (Bt 4 A A 4 A + A) A"„A'2//u + (A7! - /a AA)AAV'» + 

-1- B3C2N2 - ß A (A + £>2 + A) + (2Q + D.) (ß3A + l2HJI2B3); 

dt - C, (AA - ß A 4- AA/'») (D2 - AM 4- [C] A 4 2CtD2A^3 + 

-|- C'f A - C?A'i - N.DyCj, + (A + A) A A/'»] (ß2 + A A) + 

4- (C, -|- A> ß,/C0 (A - klLJU)lm 4- (A + A) (ßa - A) C.# i + 

4- U,A (2D2 + A - A/i) (/Vi + W»); d5 = (A,C? 4- C,K0NJm) X 

X (A - A/i) (ß2 "I- 
7/i A) + (C&NiKJm - C^HJLßJU/m + 

-I- C\Bah\ 4 C?/2 A A^ - Bfifijf,) (A - AM + AQA X 

x(AA-A/A)- 

The roots of characteristic equation (10) give us values of the natural 
frequencies. At 7 = yi = 0 

(,)i^ (ft/ft (Hftg3/ft)}'\ (11) 

co2,3 - {{g]-2g2 ± [(gf _ 2g,)=- 4te?
2-2glft)]"-}/2},/4, 

where 

ft - A -I- B2 I- C, -I- A A: ft =- — /«A A -I- A A 4 (m 4^I)x 
X /Co(C, -I- HxIIt)/(mM) -I- C,/VI- C,AA- Ö,A\ -|- K0.\'Jm- CJU 
ft - - A'^Aß, - A A - C, A AW/ 4 (AA'„7w - ßA)ff. 

Let us calculate the values of the natural frequencies of the sensitive 
element with the following input data: M = 0.6 kg, m = 0.9 kg, 1= 
= 0.16 m, li = 0.15 m, I9 - 0.16 m, I„ = 12.74-10-* kg-m2, Iv = xo "0 
= 13.72-10-'! kg-m2, Iz = 7.22-10-4 kg-m2, I = 58.8-10-* kg-m2, I0 = 

= 9.8-10-* kg-m2, H = 0.4 kg-m2/s, Kz = 0.43 kg/fim,  p5 = 43.5 jim,  and 
K  = 0.086 kg//mi2. 

Formulas (11) yield 0)j = 7,7 s -i; (0i = gii5s -1. (1)i = 8295 s--'. 

Comparing the value of ui  2 to the value of nutational frequency 

(o* = ///VA, 4-13) (/». -I- /a) = 107  s-», we see that u1
i  is less than 20 

percent less than <*»*, which is in agreement with known experimental 
results. 
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The roots of characteristic equation (10) yield refined values of the 

natural frequencies of the sensitive element: toj1.--6,5 s~'; w.l1 = 8.8 s ': 

©» = 24,4 s-'; w'1 = 83 s-'; (0^ = 8294 s-'. ■ 

Thus, one can calculate the fundamental natural frequencies with 
sufficient degree of accuracy by formulas (11). Consideration of the 
cross stiffness of the ball bearing K Ä in expansion (8) permitted us to zp 

determine the accurate values of the maximum resonant frequencies a  3 

and u- 5. Numerical integration of system (9 j by the fourth-order 

Runge-Kutta method at nutational frequency a  2 = 81.5 s"1 with 
perturbation amplitude of parameter P5 equal to 3.6 /«m showed the 
presence of a second parametric (harmonic) resonance of the studied 
system. 
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ON PARAMETRIC VIBRATIONS OF VIBRATION-INSULATED PENDULUM 

907F0290M Kiev MEKHANIKA GIROSKOPICHESKIKH SISTEM in Russian, Issue 8, 
1989 (manuscript received 21 Oct 87) pp 57-62 

[Article by L. M. Ryzhkov, candidate of technical sciences, Kiev 
Polytechnical Institute] 

One of the characteristic features of the dynamics of pendulum devices 
is the presence of unstable parametric vibrations upon vertical 
vibration of the base, which can be eliminated by Introducing the 
required damping into the system f1].  Let us consider these vibrations 
in a pendulum, vibration-insulated in the horizontal plane, studying the 
case when the vibration frequencies exceed the resonant, frequencies of 
the system. 

A body of mass M (the body of the device), connected to the base by 
springs that, perform the function of vibration insulator, moves in the 
horizontal plane (see figure).  A pendulum of length 1 and mass m is 
mounted in the body.  The base completes vertical vibrations at 
acceleration Wy = fW cos ftt, where e  is a small value. 

The equations of motion of the system are written in the following 
manner: 

(M + m) x + ml(p cos 9 -f h^x + cx — m/92 sin 9 = 0, 
(1) 

A>9 + /*2<P + ml (/(p + x cos cp — 'xif sin 9) + ml (g + Wy) sin 9 = 0, 
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where x is the displacement of the body of the device, sp  is the angle of 

rotation of the pendulum, Io is the moment of inertia of the pendulum, c 
is the stiffness of the elastic coupling, and hj and h2 are damping 
coefficients. 

Limiting ourselves to second-order values inclusively, we transform 
system (1) to the form 

V + ^1(f> + /ii(l + ',
!,)<P + fefe 'x = 0' (2) 

x + £k2x + klx + by = 0, 

where   /sx = 1/ -^ML • ßa = 1/ £—     are partial  frequencies,   I = I0  + 

ml -+- ml2', b — M,      ', fy = g~1Wu;  and £, ( are relative damping coefficients. 

Let us use the averaging method to solve the system of equations. Let 
us find the solutions in the form 

2 

9-2C^ + D^, (3) 

x-ZMCf + D/4*''). 
/=i 

.        few. 
where Cj and Dj are complex unknowns, i = y— 1; ^ = —' J0

2   is a 

coefficient of forms, aj o is the frequency of natural vibrations of 
system (2) in the absence of damping, and Wj is the vibration frequency. 

Let us introduce frequency tuning t jpj , having written 

«J = ©*,(!-«li). (4) 

Having substituted (3) into system (2), we find by the method of [2] 
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C^A-^e-^iR^-R^)), 

(5) 

where 

A = djVt — daol5     Rl = — ajAj — p (e «' + g-«») 4, — s,ß;;     7?„ = 

= —qjAj — fjBj;   d} = a,2foy;   o, = 2fo>,x/,    a, == AJeti/xy; 

ft2 ~~ ^/O 

P=4^r»°;   s = £*!»»;;   /w = g-W0;   Ai = CJel*'l + Dif
t*'1; 

Bj^Cje^i'-Dje-"*''. 

Analyzing expressions (5), we find that non-trivial solutions are 
possible in the cases 

R^-i^t) = _ nici — PDlt     </?!«"»•'> = — «A - pCi,     (/?ie-'ro>'> = 

= —«A,    <#/<"•'> = - u2D2; 
b ) 2o)a = Q: 

</?1e-to,') = _,i1C1)    </?!«'»•') = — u A.    </?1e-to-0 = - n2C2 - pD2, 

</?1fi'«^) = —a2D, —pC,; 
c ) o)2 + »! = Q: 

</?ie-to./) = _rtlci_pDi,     </?ie^> = -"A-pC2;    (/?,«-"">■'> = 

= — /iaCj — pD1(   (/^e"0»') = — «2D2 — pCt; 

cl) (o2 — cox = Q: 

<flie-"».<> = - «A - pC2;    </?1e'».'> = - ulD1 - PD2,    </?l(?-<ö.<> = 

= — n2C2 — pCa,   (/?1e'u«'> = - «2D2 — pDv \ 

where   «a = aa + sa; ua = aa — sa; a = 1,2. 
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The following relations occur for all four cases 

< /?8e-
to«'> = - (7i + ft) Cv     (R^*) = - (<h - /,) Dv    {Rte-">-<) 

= - faa + /a) Cv    W"*> = ~ (<7a ~ W D*' 

We assume that #2 > *'l • Cases b and c are of interest with respect to 
the considered postulation of the problem (II > 02). 

If condition 2«'2 = ft is fulfilled 

ACX = [-i>2 (a, + Sl) + d2 fa, + /J] C„ 

AD1 = [u,(a1 —s,) —djfax —/OJDp 

AC2 = - d, fa2 + /.,) C2 + i»! [fa2 + s2) C2 + püj, 

AD2 = dx fa2 — /2) D2 — v1 [(a, — s2) D2 ■+ pC2]. 

We find the conditions of stability of the solutions of system of 
equations (6), which is divided into two subsystems. Analysis of the 
first subsystem, which includes the first and second equations, shows 
that its solutions are stable. The condition of stability has the form 

£*! + «» u^\  Sfe2>0. 
W20— k\ '  k2~ Wi0 

Let us consider the second subsystem, having written it as follows: 

AC, + ulcC, + u1DD, = 0, u2CC2 + AD2 + u2DD2 = 0,      (7) 

where  uIC = dx fa. + A.) - »i (a* + «2);   u1D =-vlP; u20 = vlP;   u2D *=   _d1fa1_yg) + 

+ eq 

The following conditions should be fulfilled for stability of vibrations 

",C+M2D>0' U\CU2D — "2C"lD>°- 
(8) 
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The first inequality can be transformed to the form 

£*1«>20 Mi^_>o. 
(9) 

Since u'ao > k-2 and o>io < kd,   inequality (9) is always fulfilled. 

The second inequality can be written in the form 

(a£k2\x2 - £MI)
2

ö>2 + k\ (eri2)2 fox* - a^)2 - XiP2 > 0. (10) 

Let the frequency tuning £72 be equal to zero.  Inequality (10) is then 
simplified: 

CO, 
(ftj — tof0) co|0 

aiS -71 T27T 1" £*i > "9" fti^i/o- 
11) 

Thus, if inequality (11) is fulfilled, the vibrations will be stable. 
If damping in the vibration insulator is very small, inequality (11) is 
simplified considerably and the condition of stability is written 
thusly: 

(12) 

Accordingly, stability can also be guaranteed with small damping in the 
vibration insulator by appropriate selection of damping in the pendulum. 

Let us now consider the case 4»2 + «M = ft»  System of equations (5) 
decomposes into two subsystems: 

AC, + \cCt + KDZ = 0,  AD2 + K   Dt + Iß, = 0; (13] 

ADi + \DDl + %£2 = 0,     AC2 + K2CCZ + l3Dx = 0, (14; 

where  %{C = v2(fll + sa) — d2 (ft + A); \D = — va (ft — Sl) +d2 (ft — fj;    \c = «1C; 

A2D = «2D; A,X = w2p; ^2 = — V. ^3 = — ftp; ^4 = — h- 
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The characteristic equations of system (13) and (14) have the form 

A2p2 + A (kiC + \D) p + KiCl2D - KX, = 0; (15) 

A2p2 + A (\D + Xx) P + \D\c - X^s = 0. (16) 

Let us assume that €ij\   = eif?.  -  0. The conditions of stability for 
equations (15) and (16) are then written in the following manner: 

IK 
fei'     Ml  \ , „ L  ^k- + a. -J^r)>0. 

^ —®?0    «"M —R2 

j- —ii—I J- tk, ( a2 , '%- + ai „,2 _^ 

4<o10<o20 Uf^ 6*. + «#• ^3^ j Ur 
\ ^20   2 

«20  \^__J*i**>i—- 
•    + ^h-^rzr^j> (4_«,*„)(«4,-ft2

2) 

*"' T 6*1 + Jio 

The first condition is almost always fulfilled.  Nonfulfillment of the 
second condition means the presence of unstable solutions.  If damping 
in the vibration insulator is very small (( = 0), the second inequality 
assumes a rather simple form 

rw<
1       k~    6- (17) 

Since «Mo < «2 0, inequality (17) is not fulfilled at smaller values of 
rvo than inequality (12), and accordingly the unstable vibrations at 
frequency fi = tfio + ^2 0 occur at smaller values of the amplitude of 
vibration acceleration of the base than at frequency 0 = 2^2 0- 

Analysis shows that a pendulum, vibration-insulated in the horizontal 
plane, can make unstable parametric vibrations upon vertical vibration 
of the base. When vibration insulators with small damping are used, the 
stability of vibrations can be guaranteed by selecting the appropriate 
damping coefficient in the pendulum. 
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UDC 531.383 

GYROSCOPIC EFFECT IN SURFACE ACOUSTIC WAVES 

907F0290N Kiev MEKHANIKA GIROSKOPICHESKIKH SISTEM in Russian, Issue 8, 
1989 (manuscript received 10 Oct 87) pp 62-65 

[Article by S. A. Sarapulov, candidate of technical sciences, and S. P. 
Kisilenko, junior scientific associate, Kiev Polytechnical Institute] 

[Text]  The effect of uniform rotation of the base on evolution of the 
surface acoustic wave (PAV) and the possibility of developing a 
miniature angular velocity meter are considered in this article. 

Substrates, which have anisotropic elastic properties, are ordinarily 
used in converters based on PAV.  But since the piezoelectric effect is 
only a small perturbation of the considered wave, which is primarily 
mechanical in nature [1], let us study the propagation of the wave along 
an isotropic substrate to simplify further computations, without 
disturbing the qualitative pattern of dynamics of the PAV. 

According to Newton's third law, the equations of motion of the PAV are 
presented in the form 

P -P- - ^ ^ + 2pe,nÄ -^ + P (Q A«k ~ 02«,) = 0     (1) 

(i,n,k,l= 1,3), 

where p  is the density of the substrate material, cinki is the tensor of 
the elastic constants, fink is Levy-Chivit density, 0 = {fti, U2, fig} is 
the angular velocity vector, u = {uj, us, U3} is the elastic 
displacement vector, and x1x0x3 is a Cartesian coordinate system. 

The circular frequency of the PAV «/ is ordinarily much greater than 
angular velocity ft.  Therefore, the third term of equation (1), which 
characterizes the Coriolis force of inertia, is on the order of 
smallness S  = il/ui Ü  1, while the first term that describes centrifugal 
forces is on the order of 6%. Let us further disregard consideration of 
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the effect of the centrifugal term of equation (1) on the dynamics of 
the PAV because of its smallness. 

Let us represent the generating solution of system (1) by the expression 

u, = a, exp [jk (bfa — vt)], (2) 

where »i is amplitude, v is the phase velocity of wave propagation, k = 
= u/v  is the wave number, and bi are direction cosines, corresponding to 
Cartesian axes xi. 

Let the surface wave be propagated along axis xi and be attenuated along 
axis X3. Then, according to [1], b| = 1, b?, = 0, and bg = b at the 
selected orientation of propagation of the PAV. The value kb 
characterizes the depth of penetration of the surface wave into the 
substrate. 

After substituting solution (2) into system (1), we reduce it to the 
following form: 

(r„ - 8upv* - 2/p -£- e(n(fin) a, = 0, 
(3) 

where I1» — l"1« — bhbncinM   is a Kristoffel tensor and S[\  is a Kronecker 

symbol. 

When a PAV is propagating in an isotropic substrate Cinki, there are 
only two independent, components en = \  + 2/t and C44 = //., where /( and fl- 
are  elastic constants (Lame parameters) of the medium. The constraints 
imposed by symmetry on the tensor of elastic constants results in the 
following expression: 

(Cu + Cttb2 0 (en—<?«)&» I 
r»= 0 cM(l+6») 0 ' 

\cn— ci4)b2 0 c44 + cn62 

Let us consider the characteristic equation of system (3) 

(i>2 + v]b* — u2) {v] + v)b2 — v2) — (oj — y?)2 b* - 46W = 0     (4) 
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as an algebraic equation with respect to b at given value of v.  In 

equation (4), vt — (cu/p)
l/2, vt — (c.,.,/p),/2  are the phase velocities of the 

longitudinal and transverse waves, respectively. 

It follows from the necessary condition of approach of the amplitude of 
the PAV to zero at X3 -* 00 that b is the root of the characteristic 
equation (4), lying in the lower half-plane, solving which by the 
perturbation method [2] with accuracy up to <r(£3)> we find 

{,<»=&<2> = -/(l--^-cr 2 \i/n 

\l/2 

where   a = 
v2,-v2 • 

Thus, the PAV is a linear combination of three partial waves: 

u, = V C,,«}"' exp |/ft {bT% - t'/)l. (5) 

where Cn are the amplitudes of the partial waves and a{n) i are the 
polarization coefficients of the components of the partial wave, 
determined from system (3). 

Let us use the boundary conditions on the free surface of the substrate 
to find the phase velocity of the surface wave: 

du, „ 
T    ^c       —ft. at *- — (), (6) ' im       °3mhl    $x n    ' \u / 

where T is the stress tensor. 

Having substituted solution (5) into boundary condition (6), we find 

dlnC n = 0, <7] 

where </,„ = ^„^"W". 
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The condition of nontriviality of solution of expression (7; 

(let|d,nj-0. 

is considered as an implicit equation with respect to v. 

At 0 = 0, equation (8) is transformed to the form 

„2 

1/2 

where v0 is the phase propagation velocity of the PAV with a fixed base, 
This wave is Rayleigh and its phase velocity can be approximated by the 
expression [3] 

"  0.75 — £« ' fe "~ v,   ■ 

If ft # 0, then, solving equation (8) with accuracy up to o{#2) by the 

perturbation method, we find u = v0 -|- Av = (1 -|- aö)v0,   where 

„ = _£i_  a  = (l-262)'-Sg[(l-»l')(l-'l'E')]'/2 
2a2 '   i (i_,,.|2)(1_g2) 

a   _   1 + ^-2^      (2   al/2      v^ 
2  [(l-i|2)(l-M2s2)]"'2 '     y< ' 

Since the maximum value of ( of a real isotropic solid is 0.5, then 
0.87 < rj  < 0.96 and accordingly a « 2.4. 

It was established as a result of studies that there are slight changes 
(on the order of 6-)  of the direction cosines b(n> to the value 

A5<" = Aft«» = -i (1 -ii»r,/sd. Ab<3> = - JL ■(l-^-,/8or upon rotation of the 

substrate at angular velocity ft and there are changes of the phase 
propagation velocity of the PAV v0, proportional to S,  by the value 

A^a^Q. (9) 

90 



As follows from [4, 5], there is a correlation between variation of the 
phase propagation velocity of the PAV Av, on the one hand, and the 
frequency of the autogenerators and phase signal of the delay lines and 
filters on the PAV, on the other hand, which is described by the 
following relations: 

I* *o  "IT' (10) 

where fo and $o are the autogenerator frequency and phase of the signal 
of the delay line or filter on the PAV at v = v0 and Af and A$ are 
variation of the frequency and phase, determined by Av. 

After substitution of expression (9) into relation (10), we find 

where L is the length of the operating section of propagation of the 
PAV. 

Accordingly, rotation of the base results in variation of the 
autogenerator frequency and phase of the delay lines and filters on the 
PAV. Thus, L = 2-10-2 m, v0 = 5-103 m/s, Af = 2.9-10-9 Hz, and A$ = 
= 4.6-10-13 rad at 0 = 10"2 °/hr. 

Thus, there are physical prerequisites for development of low-accuracy 
miniature angular velocity meters that use a PAV, with frequency or 
phase outcome. We note in conclusion that the sensitivity of these 
inertial data converters with the frequency layout is dependent only on 
the elastic constants of the substrate, while that with the phase layout 
is also dependent on its dimensions. 
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COMPUTER STUDY OF DRIFT OF CUSHIONED GYROSCOPE UPON ANGULAR VIBRATION OF 
BASE 
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1989 (manuscript received 21 Oct 87) pp 65-70 

[Article by S. Ya. Svistunov, candidate of technical sciences, and Ye. 
V. Semikina, junior scientific associate, Kiev Polytechnical Institute] 

[Text] Known specialized applications program packages for analysis of 
the dynamics of mechanical devices [1, 2] may not be used to design 
gyroscopic devices with regard to a real vibration-insulation system and 
the complex control circuit, which is ordinarily nonmechanical. This is 
caused by the constraint on the relationships on bodies in the Lagrange 
method of second kind, selected as the basic method for formulation of 
the equations of motion. 

This disadvantage can be overcome in the MTT-1 applications program 
package, which constructs a mathematical model based on general theorems 
of dynamics with representation of the device in the form of an oriented 
graph of relationships [3]. The general diagram of the proposed package 
is shown in Figure 1. The MTT-1  package permits one to formulate 
symbolic nonlinear differential equations of motion of a gyroscope and 
to solve them by using numerical methods. 

The input data for design are data on the structure of the device, the 
layout of shock absorbers and their parameters, the inertia-mass 
characteristics of the bodies making up the device, and the moments and 
forces acting on the components of the device. This information is 
represented in the form of operators of a specialized description 
language. This language is outlined in more detail in [4], 
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Figure 1 

KEY: 
1. Description of device in input language of package 
2. Formulation of equations of motion 
3. With digital coefficients 
4. With symbolic coefficients 
5. Write (read) model to archive 
6. Mathematical model of device 
7. Construction of canonical form of digital model 
8. Description of function of right side of symbolic model 
9. Calculation of eigen-values and vectors 

10. Correction of parameters of mathematical model 
11. Correction of parameters of numerical integration 
12. Substitution of numerical values of parameters 
13. Numerical integration 

The mathematical model of the device, which has the following form, is 
formulated from this description 

MX 4 NX + KX = Df {() + QP V, X,X) + 

+ Fl(t,X,X,X)+.Ft(t,X,X,X), 
(1) 

where ,AIfn, n]. N\n, ;/], K\n, n], D[n, ni], Q[n, mi]      are matrices with symbolic or 

symbolic-digital coefficients, X[n] is the vector of variables, f(t) is 
the vector of external perturbation, acting on the body from the 

direction of the base, P(t, X, X) is the vector of control, external 

moments and forces, and Fi(t, X, X, X), and F2<t, X, X, X) are nonlinear 
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functions that contain paired and triple products of variables, their 
derivatives and external perturbation with symbolic or symbolic-digital 
coefficients. 

This type of mathematical model is related to the fact that expansion of 
the matrices of direction cosines with grouping of terms by orders of 
smallness into a series is fulfilled automatically during formulation of 
the equations. 

Selection of linearized equations as the main equations for design is 
related to the need to study the dynamics of complex gyroscopic devices 
with small computer resources. 

Special procedures of analytical transformations above power series of 
the following type (the MTT-1 package) were worked out to construct an 
algorithm for formulation of the equations 

L = % k&W> 
i-\ 

where ki is a digital coefficient, ffj, ßk,  and 7S are variables and the 
first and second derivatives, and p = 0, 1, 2 is the exponent. 

The procedures of analytical transformations were subsequently modified 
(the MTT-1V2 package) for the case when 

3 

where k'i is a digital coefficient, and Qq are symbolic parameters that 
describe the inertial-mass characteristics of bodies. The MTT-1V2 
package exceeds the first version of MTT-1 in its capabilities, but is 
considerably inferior in speed. 

Retention of two similar program systems for formulation of the 
equations is related to the need to solve two design problems: 
selection of the parameters of the device and design of an optimal 
vibration-insulation system for a given device.  In the first case, 
symbolic equations of motion must be compiled for determining the 
dependence of the coefficients in (1) on the parameters of the device. 
The MTT-1V2 package fulfills this.  In the second case, with known 
digital parameters of the device, one must analyze the different layouts 
of the shock absorbers, one must select their parameters, and one must 
change the law of external vibration. The MTT-1V2 package can also 
solve this problem, but as experience shows, it is preferrable to use 
MTT-1, which operates two-threefold faster. 
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Consideration of the interaction between bodies is the most original 
part of the package. 

There are no constraints on the type of links in the formulation 
algorithm, and they are taken into account by substitution of codes of 
the moments and forces into the corresponding projections of the 
equations. A specific mathematical expression of the moments and forces 
is contained in special matrices or is formulated automatically by the 
package for description of the device. These expressions are 
substituted into the equations at the stage of constructing the 
canonical forms. This permitted one to work out special procedures of 
correcting the parameters of the mathematical model without changing the 
equations of motion. The parameters to be corrected include coordinates 
of the points of attachment of the shock absorbers, the coefficients of 
stiffness and damping of the shock absorbers, and external 
perturbations. 

 CT) 
3;IR!.!CHT npiifjopn 

(2) 
IY,   10   •" M-M2 

(3)Kopn\T 6,5 
(4)l'ap\:Kii;iiT pnMKn 3,7 
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(6)POTO[) 1,4 

ly, in li ii-iw2 

C,5 
3,4 

2,5 
1,4 

/-.•10—R1I-M2 

7,0 
3,6 

2,4 
1,0 

KEY: 
1. Component of device 4. Outer gimbal 
2. N-m2 5. Housing of gyrounit 
3. Body 6. Rotor 

A canonical form of the following type is constructed from the generated 
equations 

l'-/'(K, /), (2) 

where Y is a vector of the variables of state of the system. An 
accurate expression of function F(Y, t) can be found for equations with 
digital coefficients.  It is formulated in the MTT-1V2 package by a 
special algorithm at each step of numerical integration. 

System of equations (2) is subsequently solved by using numerical 
methods, which are selected automatically by control operators, which 
are a constituent part of the data preparation language. 

The MTT-1 package and its second version MTT-1V2 perform the entire 
cycle of study of the mathematical model from its formulation by 
description of the device to numerical solution on a computer.  This 
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permits the designer, changing the study control operators, to conduct 
various numerical experiments with a mathematical model of the device. 

The dynamics of a cushioned gyroscope with angular vibration of the base 
with regard to the real vibration-insulation system is studied in this 
article by using the MTT-1 package. A gyroscope in a gimbal suspension, 
mounted on spring absorbers, was selected as the object of study. Let 
us solve the classical problem of estimating the efficiency of the 
vibration-insulation system under resonance conditions. Analytical 
solution of a similar problem is given in [5, 6], which permits one to 
present comparative estimates. 

A layout of a gyroscope in a gimbal suspension and the orientation of 
the axes of the coordinate system correspond to that adopted in [6]. We 
assume that the axes of all the coordinate systems are the main axes of 
inertia of their own bodies, the origins of all the systems coincide in 
the initial position, and the inner gimbal is rotated by 30° about its 
own axis.  The moments of inertia with respect to their own axes are 
presented in the table.  The natural moment of momentum of the rotor is 
equal to 5.4-10"3 N-m-s.  The overall dimensions of the gyroscope are 
0.1 x 0.1 m and the axial stiffness of the springs is Ci = 1,617.7 N'/m 

(i = 1, 4). Damping moments with coefficients 9.8-10"6 N-m-s act along 
the axes of the suspension. 

Let us consider the motion of the body only along axis z. 
coefficient along this axis is equal to 1.1765-10"3 N-m-s. 

The dampened 

Let us compile complete nonlinear equations of motion of a gyroscope 
with regard to the nonlinearities up to third order of smallness 
inclusively, which are recorded in the archive. Using the method of 
step analysis of the mathematical model, realized in the package, let us 
increase the complexity of the model for the entire cycle of studies. 

a,pd (i) 

0,12 

10 a 0,06 

0 4-A fl - , 
Figure 2 

KEY: 
1.  rad 2. s 
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We find the frequencies of natural vibrations of the system in the first 
step by the linear model (it is found from general model (1) by 
eliminating part of the terms and this exclusion is performed 
automatically. With the selected input data, V\   = 208.12 s"1 and v^  = 
= 1,033.67 s-l. 

Let us determine the amplitude of the angular vibration velocity of the 
outer gimbal of a cushioned gyroscope with main resonance at frequency 
i>i. Let us first give the perturbation along axis z in the form wz  - 
-  4 sin (1,033.67 t) using the correction section.  Integrating the 
linear system of equations by the graphs which are constructed 
automatically, we find the desired value: A a 10 s*1, which is in good 
agreement with the results of analytical calculation performed by the 
formulas of f 61. 

The last step in analysis of a cushioned gyroscope is solution of the 
complete system of equations with nonlinearities up to third order of 
smallness inclusively. The results of the calculation are presented in 
Figure 2 (curve 1). 

The equations of a rigidly mounted gyroscope with the same law of 
perturbation of the base must be formulated to analyze the efficiency of 
the cushioning system. We should compile a similar task for a design, 
having taken from it a description the flexible elements. By 
integrating the linear system of equations, we determine the amplitude 
of the angular vibration velocity of the outer gimbal: A2 = 310 s"1. 
The results of integrating the nonlinear equations are presented by 
curve 2 in Figure 2.  Calculations show that the drift of a cushioned 
gyroscope is much less than that of a rigidly attached gyroscope.  It is 
essentially invisible at the selected scale.  The ratio between the 
drift of gyroscopes mounted rigidly and on cushions coincides with that 
presented in [ 6 ]. 

The use of the MTT-1 package for study of the drift of a cushioned 
gyroscope considerably reduces the analysis time. 
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ON AZIMUTH MOTION OF PENDULUM GYROCOMPASS DIKING EXPONENTIAL 
ACCELERATION OF ITS ROTOR 

907F0290P Kiev MEKHANIKA GIROSKOPICHESKIKH SISTEM in Russian, Issue 8, 
1989 (manuscript received 31 Oct 87) pp 70-74 

[Article by V. N. Fedorov, candidate of technical sciences, Kiev 
Polytechnical Institute] 

[Text] It was assumed during study of the azimuth motion of a 
ground-based pendulum gyrocompass (MGK) during acceleration of its rotor 
[1-3] that the angular momentum of the sensitive element (ChE) increases 
by linear law.  Linear law can be realized rather simply in the presence 
of a controlled drive of the gyromotor.  The dependence of the angular 
momentum on time in the case of uncontrolled acceleration is linear only 
during the initial segment of the acceleration curve [4].  The azimuth 
motion of the sensitive element of a pendulum gyrocompass is considered 
in this article with exponential law of variation of the moment of 
momentum, which describes the process on the entire section of the 
uncontrolled acceleration. The constant Mo and linear time-dependent 
Mit uncontrolled moments with respect to the vertical axis of the 
sensitive element are taken as perturbations. 

The system of precession equations that describe the motion of the 
principle axis of the MGK at small angles of deflection from the plane 
of the meridian has the following form upon variation of the angular 
momentum 

Ha -|- HU2 + (mgl + //£/,) ß = 0, 

(1) 

where H is the angular momentum of the gyroscope, mgl is the pendulosity 
of the instrument, U| and U? are the horizontal and vertical components 
of the earth's angular rotational velocity, respectively, a  and ß  are 
the angles of rotation of the sensitive element of the MGK in azimuth 
and in the vertical plane, and t is current time. 
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It is easy to find from system of equations (1) the equation of motion 
of the sensitive element with respect to the azimuth coordinate. With 
regard to mgl > HU|, it has the form 

Ha + 2Ha + mglUp = - 2HU2 - Af0 HjjL - MJ J^L . (2) 

Let the angular moment vary by the law H — Hm — (//„,— H0)e-U,   where Ho 

and Hm are the angular momentum at the beginning and end of acceleration 
and /I is the attenuation index of the exponential function. 

Let us introduce independent variable z = (1 —//„//„') e">J  (3(0)   zo = 

_ l _//„//"'). Denoting the derivatives of the desired function with 

respect to the new variable by a'  and a",  let us rewrite equation (2) as 
follows: 

z2 (z - 1) a" + z (3z - l)a' - U.tngll^Ii^a - 

= 2l/,X-'z + M0mgll-2H-;{\ -z)-1 + 

+ MsngtK-3!!^2 (1 - z)~' In (z0z-'). 

(3) 

Assuming [5] 

a =--zn'rU(z), (4) 

where p — Ujngl'k   lim       and i is an imaginary unit, let us write equation 

(3) in the form 

z(z - 1)U" + l(2i Vp + 3) z -(2iVp + 1)1 W + 

+ (2i Vp-p)U = 2U^~iz-'^ + (5) 

+ mglh-2lrf(M0 + Mtl~l In z0)z-"'-' (1 - z)_1 - 

— M1tnglX-3Hm'2z-n'';-i (1 — z)-11» z. 

A homogeneous equation, corresponding to (5), is a hypergeometric 
equation (Gauss equation) and has the solution 

i/^-c^^-i-CAW, (6) 
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where C[  and Co  are arbitrary constants and   t/,(z)— F(a, ft,  c, 2)     and 

U2(z)=r(n--c-\-l,   b—c+l,   2—c, z) are hypergeometric functions with 

parameters   a=i(p\ 6 = /fp-|-2; c = 2ii'p+l. 

The partial solution,   found by using the method of variation of the 
arbitrary constants,  can be written in the form 

*/„,„ (z) = 2UJT1 [U, (2) Q2 (z) - U2 (2) Qx (2)] + 

+ mglX-2H-2 (/W0 + MJTX In 20) [(/x (2) R2 (2) - t/Q (2) Rt (2)] ■ 

- M.mgir-'Hl [(/, (2) 52 (2) - U2 (z) St (2)], 

(7 

where 

uutod* D   , .      r     Uh2(z)dz ^<H^&^>=j a* (1-8)« A (i)   * (8) 

(1-2)SA(Z) 

c f    In2(/,, (z) dz 
SU2 (Z) = J 7713^7 ; A (z) = (1 - C) 2-' (1 - 2)—*- 

The general solution of equation (5) consists of the sum of the solution 
of the homogeneous equation, shown in the form of (6), and of partial 
solution (7).  Integration constants Ci and C2 are determined with the 
initial conditions 

2 = 20: U(z0) = U0; U'(z0) = U'0. (9) 

After simple transformations, the solution of equation (5) can be 
written as follows: 

v (2) = u^-i (2o) M {Zn) üi {z) _ u{ (Zo) ^ (z)] _ 

- ^A~' (20) [U2 (z0) Ut (2) - Ut (20) U2 (2)] + 

+ 2U^[Q% (2012) Ut (2) - Qi fc,, z) y2 {z)]+ <10> 

+ «*Ä 2H~2 (M0 + Mlk-> Jn 20) Wl (2,, z) ^ {z) _ 

~ /?, (*.. *) </, (2)] - AflflwA-^ [5i {Zo, z) Vi (z) __ Si K z) U2 (z)h 

where   QU2(z0,z), RU2(zQ,z), Su2(z0,z)   are integrals of type  (8) with 

integration limits zo and z. 
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Having determined on the basis of expression (4) the analytical 
correlation between (9) and initial conditions «(0) = flo and ß(0) 
of system of equations (1) 

= ßo 

U0 = a0z-°,   £/;=[ mg/ß0        j_j/j ■aan 
Z-U+a) 

let us write the desired solution of equation of motion (3) of the 
sensitive element with respect to the azimuth coordinate in the form 

a (z) = a0z
az0 "A ' (Zo) {U'2 {Zo) ^ {z) _ ^ ^ ^ {z)] + 

+ 2U2K-^ [U, (z) Qi (z0, z) _ u2 (2) Qi (2bf z)] _ 

Z \o 1 

wmMi-*.) + * ° 
x 

z„/  Z0A(Z„) 

Xtt/,(Zo)t/i(z)-^(2o)^W] + 

+ -Ä K + 4^ *o) Wi (*) K. (z0. *) - ^ (z) Ki (z„> z)] - 

-M1mgtzaK-3H^l- [U, (z) S2 (z0, z)-(/,(2) Sx (z0,2)]. 

The expansions of the hypergeometric functions and the integrals from 
them, for example, with respect to Chebyshev polynomials [6] and also 
direct integration of the equations of motion on a computer can be used 
upon numerical study of the motion of the MGK in the mode of an 
exponential increase of the moment of momentum. 

n-2 H,W'% H.-M-c (1) 
cxtl0'2,pad (2) 

KEY: 
1. N-m-s 
2. rad 

3. 
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The results of integration of system of equations (1) at mgl = 2-104 

g-cm-s, Ui = U2 = 5.161-10-5 s-it ß(0)  =  2.58-10"5 rad, a(0) = 5.2-10'2 

rad, Mo = 1.5-10'4 g-cm, and Mt = 2.5-10-7 g-cm-s-1 in the interval t = 
= 0-700 s are presented in the figure. Solid curve 1 shows the 
dependence of the angle of rotation of the sensitive element at azimuth 
on time in the case when the angular momentum varies by exponential law 

(curve 2). The dashed curves show similar functions (a -  a(t) and H = 
= H(t}) for the same initial conditions and perturbations when observing 
condition h = (Hm - Ho)X ,  where \  is the characteristic slope of 
acceleration of the rotor in acceleration law H = Ho + ht. 

It follows from the figure that the functions found in [1—31 can be used 
on the initial leg of the acceleration curve where it is described 
rather well by a linear function, upon study of the azimuth motion of 
the sensitive element of the MGK. The entire leg of the exponential 
accleration of the rotor is determined analytically by expression (10) 
of this article. 

BIBLIOGRAPHY 

1. Gleyzer, V. I., "Programmed Control of Angular Momentum of 
Gyrocompass," IZVESTIYA LENINGRADSKOGO ELEKTROTEKHNICHESKOGO 
INSTITUTA, No 152, 1974. 

2. Gleyzer, V. I. and Yu. S. Lukovatyy, "Synthesis of an Optimal 
Program for Acceleration of the Rotor of a Ground-Based Pendulum 
Gyrocompass," IZVESTIYA VUZOV.  PRIBOROSTROYENIYA, Vol 19, No 9, 
1976. 

3. Kargu, L. I., Yu. S. Lukovatyy, and V. A. Yablonskaya, "Accelerated 
Reduction of Ground-Based Gyrocompass With Linear Law of 
Acceleration of Rotor," Loc. cit., Vol 17, No 5, 1974. 

4. Pavlov, V. A., "Osnovy proyektirovaniya i rascheta 
giroskopicheskikh priborov" [Fundamentals of Design and Calculation 
of Gyroscopic Devices], Leningrad, 1967. 

5. Kamke, E., "Spravochnik po obyknovennym differentsialnym 
uravneniyam" [Handbook on Ordinary Differential Equations], Moscow, 
1976. 

6. Lyuk, Yu., "Spetsialnyye matematicheskiye funktsii i ikh 
approksimatsii" [Special Mathematical Functions and Their 
Approximations], Moscow, 1980. 

lOU 



UDC 517.9+518.6 

CONSTRUCTION OF DISCRETE MODEL OF MOTION OF SOLID IN FLEXIBLE SUSPENSION 
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1989 (manuscript received 11 Nov 87) pp 74-80 

[Article by A. S. Apostlyuk, candidate of technical sciences, and V. N. 
Sheludko, candidate of technical sciences, Kiev Polytechnical Institute] 

[Text] Those numerical methods which permit one to integrate the 
equations of motion at a high rate can be used to construct effective 
discrete models of motion of mechanical systems, and the requirement of 
high integration accuracy is not compulsory for these methods. 

Let us construct a discrete model of motion of a mechanical system, 
consisting of an absolute solid, connected to base N by shock absorbers. 
Each shock absorber is represented in the form of three mutually 
perpendicular elementary springs, articulately attached to the base (see 
figure). Following [1], let us assume that the springs are arranged 
along the principal directions at any moment of time, and that 
displacement of the body, perpendicular to the axis of this spring, does 
not alter its reactions. 
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Let us introduce the conditionally fized coordinate system 0(ij(  and 
Cxyz, invariably bound to the body, and the origin C of coordinate 
system Cxyz is compatible with the center of mass of the body, while 
axes Cx, Cy and Cz will be considered its principal central axes of 
inertia. Let both coordinate systems coincide at the initial moment of 
time. Let us denote by »ij, #ij , and 7ij the cosines of the angles 
formed by the axis of the j-th spring (j = 1, 2, 3) of the i-th shock 
absorber according to axes 0(, Oi),  and 0(. Let us select coordinates (, 
Tj,   (  that characterize the translational motion of the body with respect 
to the base and Euler angles 4,   $,   <p  that describe the rotation of the 
body about the center of mass as the generalized coordinates. 

In this case, the law of motion of the solid in the flexible suspension 
can be determined by using Newton's second law and Euler-Poisson 
equations: 

ml = F{, mx\ = F2;  ml = F3; 

(1) 

1) = 

hMz — Ui — '2) »V
W

J/ = ^ 'si 

sin ip ,  cos in ;. 
sTnO l°x "'' shTü (°";    ° ^ C0S I*'* ~" S1U f™»5 

cp = — sill 9 clg OcO;,. — cos tp ctg Ocop + ioz, 

where m is the mass of the body, I\,   I2, and I3 are the moments of 
inertia of the body with respect to axes Cx, Cy, and Cz, respectively, 

Pc = (i. '1- t) is the vector of the absolute acceleration of the center of 

mass, Fi, F2, and F3 are the projections of the main vector of the 
-> 

external forces F onto axes 0£, O7, and I(', and ux,   uy,  and uz  and M'1 , 
MS, and M'3 are projections of the vector of the instantaneous angular 

-♦ -+ 

velocity u  and of the principal moment of external forces M onto the 
axes of fixed coordinate system Cxyz. 

—* 

The principal vector F is the geometric sum of reactions of the shock 

absorbers and of the gravity of the body, while the principal moment M 
is the sum of moments of these forces with respect to the center of 

mass.  The reaction Ri of the i-th shock absorber is a function 
(generally nonlinear) of deformation of ui and of its first derivative 
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ui. Let us represent it in the form of [1] /?,(//,-, tii)=F;{ui)-\-Uih'ii) 

where Fi is flexible and Ui is dissipative forces, and let us consider 
the order of calculation of the principal vector and of the principle 

moment in equations (1).  If, for example, /7,;=—kijiir,, Ua=0 [i—\        \- 

j - 1, 2, 3), where ki j is the stiffness coefficient of the j-th spring 
of the i-th shock absorber, then the principal vector can be determined 
in the following manner: 

N     3 

Assuming that the stiffness coefficients ki j and coordinates xi, yi, and 
zi of the points of attaching the shock absorbers to the body (the 
latter are invarable in the bodcy-axes system Cxyz) are known, 

displacements i\=((\i, 6,2, 6,3) of these points with respect to the base 

is determined by vector equalities (see figure) 

8, = pc + Ar 1 — pi0       (i = 1,..., N), (2) 

where (V. = (£• 11' £)  is displacement of the center of mass with respect to 

the base, ri = {xi,yl,zi)   are the constant radius vectors of the points of 

attachment in coordinate system Cxyz, p,,, ~ (£,„, TJ(„, t,l0)    are the radius 

vectors of the points of attachment at initial moment of time in 
coordinate system 0£jj(t  and A is the matrix of transition from 
coordinate system 0^y(  to Cxyz. 

-♦ 

Deformation uij is equal to the scalar product of displacement Si  by 

unit vector pu — (au-, fin, Yu) » directed along the axis of the spring: 
—> —» 

uu — üijPij-    Assuming that the principal directions of the shock absorbers 

are parallel to axes 0£, Oij,  and 0(,  we write the projections of the 

main vector F onto the axes of fixed coordinate system 0(^( 

f; = -p^i   (/= 1,2, 3). (3) 
i=i 
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The expression 

(4) 
F'r, = ATFU 

determines the elastic force of the ij-th spring (F'ij) in coordinate 
system Cxyz (the superscript "T" denotes the transposition operation, 
while the prime indicates the assignment of the vector marked by it in 
the fixed coordinate system Cxyz).  Finding the moment of this force 
with respect to the center of mass C by the formula 

M;.. = r;xF;r (5) 

we find the principal moment from the expression 

ti'-Ztf'X^r <6) 

Having been given in one way or another the forces and moments of 
figuring in the right sides of equations (1), for example, by formulas 
(2)-(6), one can generally integrate equations (1), using any of the 
standard numerical methods of integration of the system of ordinary 
differential equations.  However, this approach is hardly suitable in 
real-time simulation.  It may be feasible to use difference 
approximation, based on the principles of discrete variational 
calculation [2, 3].  Let us assume that equations (1) can be written by 
Lagrange functions L = T - II (T and II are the kinetic and potential 
energy, respectively), which is dependent on the generalized coordinates 

T 
(their vector column q has the form q = [£, if,   (,   $,   $,   p]),  on 

velocities q and time t: 

d      iOL.    \ UL. Q 

(J       d<> *   \dq)        dq <7> 

It is known that equation (7) is a condition of the stationary state (of 

the approach of the first variation to zero) of the integral / 2
1 Ldt at 

the selected constant quantification step h = (t2 - t\)/v  (v  is the 
number of intervals), the integral can be approximated 
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E^VW-Ev«. (8) 

where t is the moment of the end of the tf-th interval and q is the 

value of the vector of generalized coordinates at this moment of time, 

while the vector of generalized velocities q is determined as follows: 
7» 

% = (%-%-Jlh       ^=1 v)' (9) 

.t., 
Sum (8) will approach symbol ]  "t  Ldt upon natural assumptions with 

respect to function L. Accordingly, a discrete analogue of (7), i.e., a 
difference relation that guarantees approach of the first variation of 
sum (8) to zero, will be the relation [2] 

"Uw,    äj    *»    °'     fl"1 "' do) 

which, together with formula (9), forms a discrete model of the dynamic 
system described by equation (7). Since the method of constructing the 
Lagrange functions for dissipative systems is sufficiently complicated 
(see, for example, [4]), the dispersion of energy in the system can be 
considered in the first approximation, having adopted the value 
exp(-nt)L as the Lagrange function, i.e., having approximated equations 
(1) by the following discrete expressions rather than by relations (10) 
[5]: 

_L (enn aVn _ £V\ _ 2hL ^ o 
"\   dg\l+l dqj ^ (11) 

where n is a parameter that characterizes the damping in the system. 

Having used expressions (9) and (11), let us construct the desired 
discrete model of motion of a solid on a flexible suspension.  To do 
this, let us determine sequentially the potential and kinetic energy of 
this mechanical system. 
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The potential energy of the system is: II = UF + IIP,  where 11- = 
r 

i N    3 

~ 2" ZJ 2J ';'"'/ is the potential energy of 3N deformed elementary springs 

and II = mq( is the potential energy of the body in a gravitational 

field. 

Let us consider this arrangement of the shock absorbers when the axes of 
the springs are parallel to axes 0£, Oij,  and 0(. Then 

N N N 

1=1 1=1 1=1 

We note that finding the partial derivatives of the potential energy 
with respect to coordinates ^, 0,  and p  is difficult, since it requires 
that the same derivates of matrix A be found. Therefore, taking into 
account that the derivates of II for these coordinates are moments of the 
elastic forces of the shock absorbers with respect to the axes of the 
corresponding rotations of the body, we write the following equalities: 

•ä-r- = M\ sin q> sin 0 + Mi cos q> sin 9 -f M'3 COS 9; 
o^ (13) 

■gg- = Af, cos«p — ;W2sincp; -^ = M3. 

The partial derivatives of potential energy with respect to generalized 
velocities are equal to zero. 

The kinetic energy of the system can be represented in the form 

T = -f- (I2 + ^ +12) + -j (/,«£ +1&„ + If®, 

and with regard to the relations 

cut = i|>sin9sin<p + 0coscp, ©„ = TJ)sin9coscp — 0sin<p, 

wz = i|) cos 9 -f [(p, 

one can write 
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T = -j (&2 + V? + C2) + Y Vi (i sin 0 sin 9 + 0 cos q>)a -f 
(14) 

-(- 72 (i|j sin 0 cos q> — 0 sin cp)8 + /3 ty cos 0 -f 9)»j. 

Further postulation of expressions of the kinetic and potential energy 
into formula (11) results in implicit difference equations of numerical 
integration. This can be avoided in the case of equality of moments of 
inertia 1\  and I2» which is found rather frequently in real designs of 
vibration protection systems. Then, differentiating (14), we find the 
following expressions: 

dT      n dT      n dT      n dT £     dT '     dT I 
01 ö11    A     dl dr\ of 

3*=°' "55" = M'2sin0cos0-/3(q>+ ^05 0)^0, |i- = 0;    (15) 

^- = 1$sin20 + 73 fo> + ^ cos 0)cos 0, 2L = /,0, 
dty dQ 

dT '       ' 
— = /8 (<P + * cos 0). 
dtp 

After substitution of relations (12), (13) and (15) into (11) and also 
after certain transformations, we find the desired discrete model of 
motion of a solid in a flexible suspension: 

e~ • •        • 
^'+1 = /lSin»e,+1 

lI^t si°2 9< + 7s («Pi + 1>I cos fyftcos 0,— cos 9,+,)+ 

^+I = *J + 4<+1; 

9,+, = e-"" {0, + A r(/i _ /3) ^ cos 0j sin Qt. 

ei+, = e, + Ae/+1; 
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<P,+I = — 1p| COS 8,+, + e~nh U, + ij., COS 0, — -jr -^ 

<P(+1 = «Pi + H+l- 

We note that the expression 11sin2 #i +1 , which brings greater errors to 
the calculations at small angles 6,  while it makes them possible at 

6-0,   is found in the denominator in the difference equation for $i + i . 
This can be avoided, having assumed that the movable coordinate system 
Cxyz is rotated at initial moment of time with respect to the fixed 
coordinate system by angle #., = 90° [6]. 

As studies showed, the use of difference equations (16), based on the 
principles of discrete variational calculation, is more effective in 
speed for simulation of the motion of a solid on a flexible suspension, 
described by equations (1), than the use of numerical integration of 
equations (1) by the Runge-Kutta method for the same purpose. 
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[Text] The reduced moments of inertia of the links must be calculated 
on a computer to control the motion of complex manipulation 
anthropomorphic-type systems with large number of degrees of freedom 
[1].  In view of the fact that the memory capacity and speed of modern 
computers do not permit this operation in real time, the problem of such 
equivalent representation of the links of a manipulator as solids 
arises, which would simplify considerably the solution of the postulated 
problem.  The purpose of the article is to outline a method of 
calculating the reduced moments of inertia of the links on mini- and 
microcomputers using construction of a system of material points, 
equimoment to arbitrary solids. 

An equal moment system of the fewest number of points, which is equal to 
four, can be constructed to solve the considered problem [2].  The equal 
moment nature is guaranteed by the coincidence of the centers of inertia 
and by the equality of mass and tensors (ellipsoids) of inertia.  If the 
principal central axes of inertia x, y, z are selected as the reduction 
axes, it is sufficient to require coincidence of only the axial moments 
of inertia.  These conditions are expressed analytically by nine 
equations 

4 

l i i 

2 mtx] = A, £ tntf = B, £ m-tz\ = C; 

4 4 4 

£/»,*;*/,-0, 2]/Htf|Z, = 0, J]mi.v« = 0, (1, 
l i ' 

4 4 « 
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where A, B, and C are the moments of inertia of the link with respect to 
coordinate planes yz, xz and xy, respectively. 

The desired system of four material points should belong to a 
second-order surface, which is an ellipsoid of inertia. Let us use the 
equimoment ellipsoid of inertia of the Legandre type, described by the 
following canonical expression, as this ellipsoid [2] 

ii-4-iL 4 JL — _L 
A   + B   i- C       M 

where M is the mass of the manipulator link. 

Since it is difficult to determine directly the coordinates (xi, yi, 
Z[),   ..., (X4, y4, Z4) of the four desired points, let us transform the 
coordinates according to the equalities 

*i = Äi-Hj. yi = -^ Pi,   Zi^-jf q,       (»=1,2,3,4).        (2) 

If one assumes that the masses of the four material points are identical 
and equal to M/4, one can write equations (1) with regard to (2) with 
respect to the new coordinates ji\ ,  pi , qi in the form 

4 

(3) 

5>? = 4,    £tf = 4,    \>? = 4; 
1 1 1 

444 

2 V-iPi = 0.  2 Pflt = 0.   Yi lliq>= 0; 

1 1 1 

i>=°> x^-o, v^^o. 

It follows from equations (3) that the ellipsoid of inertia of the four 
material points is a sphere of unit radius. To simplify the calculating 
procedure, let us select the desired points at the vertices of a right 
tetrahedron, lying on the sphere. 

It is insufficient to determine 12 coordinates jii,  pi, qi (i = 1, 2, 
3, 4) of a system of nine equations (3).  Taking into account that the 
axes of symmetry for a homogeneous solid are the principal central axes 
of inertia and by locating one of the points on axis z, we find 
additional relations: 

11U 



Mi = /»! = 0; <7x = V3. (4) 

We note that if the solid is homogeneous, conditions (4) vary according 
to the geometry of the mass. 

Solving algebraic system of equations (3) with regard to conditions (4), 
we find 

Turning to the initial coordinates XJ , yi, z\   from formulas (2), we find 

f'iC in. o \/'™  ■ /' C   \ 
ru- \ T\\ ' '» r-21 ;3AI • _ I MI" 

/2£. 
}' 

_2ZJ_ . 
3Af ' 

1/ Ü 
t     31 

I    CJ 
ÄJ I 

15) 

Formulas (5) permit one to determine the coordinates of the desired 
system of four point masses, equimoment to the manipulator link in the 
principal central axes of inertia x, y, z, bound to it. One can turn to 
the physical axes of the suspension (,   JJ,   (by parallel transfer of 
coordinate system xyz to values (0,   ?o» Co and by rotation by Euler 
angles a,  ß  and 7. The reduced moment of inertia of the link with 
respect to the axes of its suspension can then be calculated by the 
formulas 

(6) 
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Here ai j are the direction cosines that determine the angular 
orientation of axes x, y, z and that are dependent on the method of 
being given the Euler angles [3] and Ix, Iy» and Iz are the moments of 
inertia of the link with respect to the corresponding axes. 

The relationship between these moments of inertia and A, B, and C used 
earlier is determined by the identities 

A = Q,5(/y + It-Ix);    B = 0,5 (72 -\-lx-lv)\ 
C = 0,5 (/r-}-/„-/,). 

U) 

The derived formulas permit one to calculate the reduced moments of 
inertia of multilink manipulation systems according to the following 
algorithm. 

1. Find the mass M of links, the position of their centers of inertia, 
and the distances £o> ?o» and (o from these centers to the suspension 
axes of the links. 

2. Assign the Euler angles a,   ß,  and ? and calculate the direction 
cosines »ij for each link of the manipulator. 

3. Determine the axial moments of inertia of links Ix, Iy, and Iz and 
find A, B, C by formulas (7). 

4. Calculate the coordinates of four points by mass M/4 for each link 
by formulas (5). 

5. Find the moments of inertia of equimoment systems of material 
points, which replace the links of the manipulator, with respect to the 
principal central axes of inertia. 

6. Calculate the reduced moments of inertia of the links with respect 
to their suspension axes by formulas (6). 

Computer programs for calculating the reduced moments of inertia of the 
simplest type of links—parallelepiped, cylinder, truncated cone and 
triangular pyramid—were worked out according to the proposed 
algorithms.  The computation time on the SM 1810.41 microcomputer is 
2-10"3 s, which indicates the effectiveness of the algorithm. 
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[Text] The timely problems of modern instrument building include the 
development of devices, capable of operating stably at low-frequency and 
infralow-frequency, for example, seismic effects.  One of the promising 
ways of solving this problem is to use vibration insulators with 
stiffness correctors [1].  These correctors permit one to optimize the 
dynamic elastic characteristic of vibration insulators, without 
influencing their static capacity. Deviations of the parameters of the 
stiffness correctors from optimal values are inevitable in view of the 
different types of random factors. Therefore, real dynamic elastic 
characteristics of vibration insulators with stiffness correctors are 
always nonlinear. The given paper is devoted to analysis of some types 
of nonlinear vibration-protective systems with stiffness correctors. 

Let us consider a system with one degree of freedom, consisting of a 
vibration-protection object of mass m, attached to a base, vibrating by 
law h(t) = ho sin a/t by parallel-connected main spring of stiffness c, a 
viscous damper with viscosity coefficient /t and stiffness corrector, the 
characteristics of which are: c is the stiffness of the corrector 

spring, d is the maximum deformation of the corrector spring, and L is a 
geometric parameter. Let us take the displacement x of the vibration- 
protection object with respect to the position of equilibrium as the 
generalized coordinate. 

Let us introduce the dimensionless coordinate £ = x/L and dimensionless 
parameters a =  s /s and ß -  d/L. The dynamic flexible characteristic 

F(x, c, c , d, L) of the vibration insulator, consisting of the main 
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spring and stiffness corrector, is represented in the form F{x, c, c , 

d, L) = cLf((, a,   ß)  where f(£, a,   ß)  is the dimensionless dynamic 
elastic characteristic of the vibration insulator. Let us compile a 
differential equation with respect to vibrations of the vibration- 
protection object and let us reduce it to the form 

l + 2nl + k2f (6, a, ß) = /(ö2 sin wt, (1) 

where „ = ^m-   k = Vcjm; y = hJL. 

To find the approximate steady state solution of equation (1), let us 
use one of the linearization methods [2, 3]. Let us find this solution 
in the form 

6 = j4sin(c(rf —q>). (2) 

Let us replace nonlinear function f(£, a,  ß)  by the approximate function 

/(5,a,ß)«<7
a(i4,o,ß)6, <3> 

where q2(A, a,  ß)  are linearization coefficients. Having substituted 
(2) and (3) into (1), after transformations, we find 

A = ypW ft» 0TöTß)—p8]» + 46V; 14) 

q> = arctg \2bpl[q\A, a, ß) - />«]], (5) 

where p = üi/k  and 6 =  n/k. 

Relation (4) is an equation with respect to amplitude A and describes 
the amplitude-frequency characteristic (AChKh) of the system.  Relation 
(5) describes the phase-frequency characteristic (FChKh) of the system. 

Let us consider two types of stiffness correctors: crank (Figure 1, a) 
and cam (Figure 1, b) [1]. The dimensionless elastic characteristic of 
the vibration insulator containing these correctors is: 

/(E.a,ß)=[l— a + o(l—ßVVT^FjE. (6) 
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Having used Ya. Z. Tsypkin's formula [2], we find the linearization 
coefficient: 

9
2(/l,a,ß)= l-a + 4a(l-ß)[(4-/l2r1/2 + (l-^)-1/2J. 7) 

5???i%^^5JJ?^^7?J7JJ???^^^^^ ^^^^^^^':^^;:^>>^;;^;^^;w.^^ 

Figure 1 

A computer program that realizes with step by frequency parameter p the 
search for the roots of equations (4), where q2(A, a,   ß)  has the form of 
(7), with subsequent calculation of the values of f  and also of the 
amplitudes and phases of the absolute vibrations of the vibration- 
protection object, was worked out to study the characteristic features 
of the considered nonlinear systems.  Analysis of the results of 
numerical experiment, conducted by using this program, showed the 
following.  Equation (4) can have only one real root at small values of 
parameter 7,  which characterizes the intensity of the exciting effect, 
and the amplitude-frequency characteristic of the vibration-protection 
object hardly differs from that found when using linear theory.  A range 
of values of p, at which equation (4) has up to three real roots, 
appears with an increase of 7, the amplitude-frequency characteristic 
assumes a form typical for nonlinear systems:  the resonant peak (curve 
1, found at S -  0.1 in Figure 2) is deformed, and additional branches of 
the amplitude-frequency characteristic (curves 2 and 3 in Figure 2) 
appear, to which the vibrations with large amplitudes correspond. Study 
of the stability showed that curve 2 corresponds to stable modes, while 
curve 3 corresponds to unstable modes of induced vibrations. 
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«  P 

Figure 2 

With an increase of parameter 6  which characterizes the friction in the 
system, additional branches of the amplitude-frequency characteristic 
have a tendency toward fusion and displacement to a higher frequency 
region.  Figure 2 was constructed for cases when the amplitude of the 
induced effect is independent of frequency (y r const).  Under real 
conditions, the amplitudes of higher harmonics of the kinematic induced 
effect is ordinarily much less than the amplitudes of several of the 
first harmonics.  Thus, displacement of additional branches of the 
amplitude-frequency characteristic to a higher frequency range means the 
elimination of the danger of the corresponding large-amplitude 
vibrations occurring [3].  Curve 4 in Figure 2 was found at S =  0.2. 
There are no additional branches of the amplitude-frequency 
characteristic. At the same time, an increase of friction'results in 
some deterioration of the quality of vibration protection in the workin* 
frequency band. Accordingly, there is the problem of optimization of 
parameter b. 

A system with crank stiffness corrector on a low-frequency vibration 
bench, which permits one to increase the vibration amplitude of the 
vibrator to 15 mm, was tested for an experimental check of the results 
The system to be tested contained four air dampers with replaceable 
pistons.  Energy dissipation in the system was varied bv mounting the 
pistons with openings of different area.  Stable vibrations with"large 
amplitude, corresponding to the positive branches of the amplitude- '" 
frequency characteristics, were observed at low friction.  There were no 
nonlinear effects at high friction and also at small vibration 
amplitudes of the vibrator of the vibration table. 

Studies showed that the possibilities of large-amplitude vibrations in 
the working frequency band, which occur due to nonlinearity of the 
elastic characteristics of these systems, must be taken into account in 
design of vibration-protection systems with stiffness correctors.  To 
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eliminate the undesirable nonlinear effects, one should try to see that 
parameter r have a rather small value, while parameter S  have a rather 
large value. A decrease of ? at given ho is possible only due to an 
increase of L, i.e., due to an increase of the overall dimensions of the 
stiffness corrector. An increase of §  results in deterioration of the 
vibration protection quality in the working frequency band. Thus, 
selection of the parameters of vibration-protection systems with 
stiffness correctors is an optimization problem. 

BIBLIOGRAPHY 

Alabuzhev, P. M., A. A. Gritchin, L. N. Kim et al., 
"Vibrozashchitnyye sistemy s kvasinulevoy zhestkostyu" [Vibration- 
Protection Systems With Quasi-Zero Stiffness], Leningrad, 1986. 

Babakov, I. M., "Teoriya kolebaniy" [Vibration Theory1, Moscow, 
1958. 

Kolovskiy, M. Z., "Nelineynaya teoriya vibrozashchitnykh sistem" 
[Nonlinear Theory of Vibration-Protection Systems], Moscow, 1966.- 

122 



UDC 517.946.9 

MATHEMATICAL PROBLEMS OF DYNAMICS OF VISCOUS LIQUID IN GYROSCOPY 

907F0290T Kiev MEKHANIKA GIROSKOPICHESKIKH SISTEM in Russian, Issue 8, 
1989 (manuscript received 26 Nov 87) pp 87-91 

[Article by G. A. Legeyda, candidate of physicomathematical sciences, 
Kiev Polytechnical Institute] 

[Text] Calculation and design of modern floated gyroscopic devices are 
related to postulation and solution of convective heat transfer problems 
in a working liquid. Typical forms of the suspensions of the sensitive 
elements are a cylinder in a cylinder, and sphere in a sphere; 
therefore, the desire to maintain the greatest number of symmetries in 
the design results in study of axi- and central-symmetrical problems. 
The basis for using numerical-analytical methods in solving these 
problems is inforamtion about the existence of the solution in general 
and about its behavior at different moments of time. 

Theorems on single-valued solvability as a whole and on the asymptotic 
stability of the solution of a system of quasi-linear evolutionary 
equations that describe the thermoconvective dynamics of a viscous 
incompressible liquid, which fills an axisymmetrical cavity in a solid 
coaxial to it, are presented in this paper. The problem to be studied 
is formulated in terms of the current ^-temperature 8 function. 

1. If the liquid fills a cavity, which is the figure of revolution of a 

rectangle   r — {(r,z) |0</?</■</?,. hi<z<l^}     about axis Oz in a solid 

having the shape of a figure of revolution about axis Oz of triangle 

H={(r, z)|0</:</?r. //i<z<ttj(flJ</?2,'//1</ji</ij<//I)},   then the convective 

heat and mass transfer in it is described, as is known [1-3], by a 
system of equations 

Difo - rd (i|i, 7~2£h|i)/d (r, z) - vD2<|, - — yr6„ (r, z, t) 6 :iT; (1) 
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o[@t-r-id(ty,®)ld(r,z)}~l^e = 0,    (r,z,i)ZÜT (2) 

with initial conditions of type 

1> = %(r,z), (r,z)en;    0 = 0O(r,2), (r>z)6n.    t = Q 

and with boundary conditions 

(3) 

(4) t|) = £h|> = 0,   (r,z)edn;    6 = 0,   (r, z) 6 dU; t > 0; 

[9] = [We/an] = 0,   (r, z) g on;   * > 0, (5) 

where V2 = r-Wdr (rd/dr) + d»/dz"; D == rd/dr (r-'Ö/dr) + d W; D2 = DD; <? (<p, X)/d {r< z) 

dyldr dXIdz — dyldz dX/dr, nr=Jtx[0,TJ;   Ilr = [n[](n\n)]xlO,T\;     and n is the 

external normal to the boundary $J =  ff/j; [r] is a jump on the dx 

function t(r, z) € ff, equal to (T*—T'))3„  (the constrictions r by J and 

II, respectively, are denoted by T'  and r"), u,   7, /T , ^", <r" and <r' are 
positive constants that characterize the physical properties of the 
liquid and solid (/T $  /I", a'  ^ u"),  and t is time. 

It should be noted that rectangles were selected as I and 11 in problem 
(l)-(5) only for clarity. The theorems presented below are also valid 
when J  and II are arbitrary constrained areas with rather smooth 
boundaries and i  lags behing axis Oz by R > 0. 

Conditions $  = Df =  0 are not equivalent to classical conditions of 
adhesion of the liquid to a solid wall du  (these conditions are 
discussed in detail in [3]).  The conditions of adhesion will be 
fulfilled if problem (l)-(5) is altered somewhat, having replaced 
equation (1) and condition (4) by the equalities 

D (r-W^t) — D [r-'d (i|>, r~2D\\>)/d (r, z)] — D (r-2D2^) = — D (r-'0r), 

The single-valued solvability as a whole (with respect to t) of this 
problem is proved by the same scheme as problems (l)-(5). 
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2. Let Lp(7) be a Banach space, consisting of all functions p{r,  z), 
measured on x, and added with respect to x with superscript p > 1; Lp(x) 
is equipped with evaluation 

NiU = (jl«p|p^   (ll-IU-ll-U- 
n 

Following  [2,   4],   let us introduce Hilbert spaces  L2(n),   if (II), H7<i) 

W${Il), W$(n), Wj${n)   with scalar products 

(«P. *)„=■ J Vtyrdrdz-,   (6, x)n = j oQxrdrdz; 
« n 

(f' ^(D.n^ f (VTV*) "f"k;    (©. t)(i),n = f <*\®vcrdrdz: 
n n 

('P^V* = j r-*£hpr-iD$rdrdz; 

(«P' *)(3j.» = J V (r-*D<p) v (r-2Dt|>)rdrdz 
n 

and which correspond to valuations ||.||n, ||.||(i)n> ||.||(0jt (1= 1,2,3). 

The space w^l (n) (i = 1,2) consists of all elements of the Sobolev space 

V\712(x), which have zero sign on dir,  while W(3)
2.O(JT) consists of all 

functions <p  of space W32(x), for which the sign Dp  is equal to zero on 

ih  together with sign p  (since R > 0, the valuations HI«),« (i = 1,2,3) 

are equivalent to those of the corresponding Sobolev spaces). Space 
Win2.o(ir) consists of all elements of space W* 2 (II) with zero sign on 

Let us denote by l4;g(nr), Vl
2i(n

T),   Vslo(nT), V™(nT) (Vl
2i(II

r)) the Banach 

spaces of functions ^(r,z,t)   (8(r,z,/))  from C°(0, T; L2(n))f\L2(0, T;    W^(aj); 

V^o (nr) 0 Wl (0, T;   L2 (n)); C° (0. 7; HPg& (n)) n U?2 (0, T; W& (*)); C° (0, T; W$ («)) f) 

0 i,(0,7; lF$(n))x (C(0,r; La2(ll))n^(0,T; V^ (II)))  respectively, 

supplied with valuations 

I*lvW(n»-) = 0™f*rll * II" + IIIV* I ll„r, 

|^lvi;i(„r) = hNvi:0(^) + lH,*IU 

1 * '^■»(n7") = I * lv]-«(n»-) + max II * 11(8).» + III V^( I ll„r, 
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(lei^nry^niaxlieiln + lllveillnr), 

r 
where   || i|> ||2nr = WMp)nr,   (q>, *)„r = J («P. *)„ *J   ^i (0, T;   ff,(n))     is an ordinary 

o 
space [4]  of distributions from [0,  T]  in Hiff) with properties of space 
Hi   (with respect to t). 

T 
Finally,  let us denote by V3 • ^o .o (*  )  the space of functions f(r,  z, 

T 
t)  from V3•° 2•o(*  ).   for which 

T-h 

A"'  J IH»(r,z,/ + A)-i|J(r,Z,/)|i«2)iJ1d/A=r>0. 

The spaces VJ:g(IJr), Oil7)    and  W;i/2(Hr)c: l^;g(Or)    are determined in 

similar fashion. 

3.    Let us call the pair of functions  {$>,   $}, belonging to space 

V2'o(rtr)X^2',o(Hr) and which satisfies the following integral identities the 

generalized solution of problem  (l)-(5) 

I" r'vDtidrdz '"'■' + f [-r-l%D$ — <pd{$, r~2D^)/d{r, z)+ 

+ vr_1 i.VDll'V(P)l drdzdt = j 6(prdrdzcW; 

(6) 

( OOT rdrdz ' '''+ f [— roOx, — ad (i|>, 0)/d (r, z) T + 
ii      '=o  „/ (7) 

+ rk(yQvt)] drdzdt = 0 

V^ from [0, T] and arbitrary pair {<p,   r}  from vko{nT) x V^o(nr). 

It is easy to show that the classical solution of problem (l)-(5) 
satisfies relations (6) and (7) and that the determination is correct, 
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in other words, all the integrals in (6) and (7) have meaning (since 
R > 0, i.e., the axis of symmetry does not belong to a liquid-filled 
cavity). 

Theorem 1.     If the initial data of problem (l)-(5)  are such that 

1'n € Wiio (Jt), e0eL2(I"I),    it has a unique generalized solution (ij,, 0)g Vl[1
0
/2(nT) x 

x l4:ö/2(nr)      at arbitrary final solution T.    Moreover,   the following 

integral relations are valid for  (tJ,   6) 

2~' \ V2rdrdz\~^ + v j a2rdrdzdt = y^ Qvzrdrdzdt, 

2~l j | air \-rdrdz \tZ'ö+ v j | v (®/r) |2 rdrdzdt = y j dd/dr((o/r)drdzdt, 

2~' J" aWrdrdzfä + J h(sjO)2 rdrdzdt = 0 

and the valuations 

t U-3.g(„/, < Q || ^ ||(2).n + C/V || 0O ||n;    | 01 vI.o (n«, < C31| 90 ||n, 

in which constants Cj (,j = 1, 3) are positive and are dependent only on 

the coefficients of equations (1) and (2), and V = (vr, vz) is a 
velocity vector. 

The answer to the question on the behavior of the solution of system 
(l)-(5) at t -> oo yields the following confirmation. 

Theorem 2.  The generalized solution {j>,   8}  of the quasi-linear 
non-stationary problem (1)-(5) is asymptotically stable at K(212.i)(j) x 
x L2(Il), i.e. , 

iie||n<c4||e0||n<rc»', 

.♦|Pm,<C.^||.M^ + -e^^ll«.II'n(^-^). 

where the positive constants Cj (j = 4, 8) are dependent only on the 
coefficients of eauations (1) and (2). 
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4. The methods of [1-3] based on quantification with respect to t with 
subsequent linearization and splitting of equations (1) and (2) 
according to the following scheme are effective upon numerical solution 
of the problem of thermal convection of the liquid in gyroscopes: 

Dtyh — D^k-i — T [rd (%_,, r 2Z%)/<3 (r, z) + vD'tfo] = - xrydQJdr,        (8} 

a(6k —eft_0 —T[r-'a(^_„ eh)/d (r, z) + ly*®h] =0, (9) 

where  r is a time step,  k =  1, m is the number of the time layer,  and 

tk =/JT, eh = e(fft),"i|>„-i|> (/,,). 

Let us apply the Galerkin method with a finite element Hermitian basis 
on triangulation Fh of domain II to system (8) and (9). The approximate 

solution of ft1  and Bh in domains Jt'= [Je  and n'1 = {_J e will be found 
ecu ecn 

in the form i|>*(/-> z,f) = N (r, z) jp (/), e* (r, z, t)=N (r, z) 0 (/), where 

ijj(0=r^i.^2.... .^m,}
r, 0(0 = {©I.©«. •••- ®"'*Y     are the desired values of the 

corresponding functions and of their derivatives at the nodal points of 

of domains Jh and nh, m^ = m.j (I1/,) (i ~ ],2),  e   is a triangular element of 

domain II, and /V (r, z) = {N\, ... , N,„)   is a vector of basic functions [2, 3], 

Using the known procedure [1-3] of the finite element method in 
combination with the Galerkin method and taking into account conditions 
(3)-(5), we find a system of linear algebraic equations of type Ax = B, 
where A is a square matrix with band structure, and B is a vector, and 

the desired values of vectors 7(t) or H(t) emerge as the unknown vector 
x. The given procedure can be generalized rather easily to solution of 
other initial boundary value problems for parabolic-type equations. 
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UDC 62.502 

DESIGN OF OPTIMAL FOLLOW-UP SYSTEM WITH COMBINATION CONTROL 

907F0290Ü Kiev MEKHANIKA GIROSKOPICHESKIKH SISTEM in Russian, Issue 8, 
1989 (manuscript received 9 Sep 87) pp 92-96 

[Article by V. V. Lyakin, candidate of technical sciences, and V. V. 
Tsisarzh, post-graduate student] 

[Text] An effective solution of the problem of improving the accuracy 
in design of follow-up systems is to use combination control together 
with methods of invariance theory.  The problem of designing an optimal 
follow-up system with combination control in the presence of random 
noise, based on the design system developed in [1], is solved in this 
article. 

Let the block diagram of the follow-up system with combination control 
have the form shown in the figure.  The system includes the controlled 
object with transfer function Wo(s), a regulator W[(s), master signal 
meter q(t) with transfer function W(s) and filter Wx(s).  The problem of 

optimal design includes determination of the transfer functions of the 
regulator Wi(s) and of the filter W,(s), which supply a minimum of the 

following functional in the class of stable closed systems 

/ = r(e2(0) + c{t/2(/)> (1) 

at given WQ(S) and W(s), at known statistical characteristics—noise 
R(t) and n(t) and with arbitrary variation of the master signal q(t). 
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Let us write the equations for a Laplace error transform for the 
combination follow-up system and control signal according to the block 
diagram 

e (s) = [ 1 - Fl (s) - F2 (s) W0 (s)] q (s) + W0 (s) F2 (s) n (s) + 

+ ll-Fl(s)]R(s); <2> 

U (s) = [F, (s) Wo1 (s) + ^2 (s)] q (s) + Ft (s) n (s) + Fx (s) Wo1  (s) R (s), 

where 

F, (s) = Wx (s) W0 (s) 11 + Wx (s) W0 (s)l-
1; 

Ft(s) = W(s)W*(s) [l+W^W^s))-1. 

(3) 

As is known [2], the transfer function of the closed system should be 
equal to unity to guarantee the absolute invariance of the system with 
respect to the master effect q(t). However, it is impossible to realize 
an infinite bandwidth in real systems; therefore, let us require that 
the following equality is fulfilled in the system to be designed 

Fi(*) + Ft{s)W0{s) = E(s), (4) 

where E(s) is some transfer function, close to unity in the proposed 
range of variation frequencies of the master effect. 

If the following ratio is added to equality (4) according to [1] 

«(s)/ri(s) + ß(s)F2(s) = a)(s), (5) 

where a(s) and ß(s)  are some polynomials of s, the system of equations 
(4) and (5) permits one to express transfer functions Fi(s) and F2(s) 
and functional (1) to be minimized by a single function $(s): 

F  M = [£(s)ß(s)-ttMs)q>(s)] 
lW    lP(s)-a(s)IF8(«)] 

i{,~   [ß(s)-o(«) W0{s)]   • (6) 

r  +).°°[| (D (s) — a (s) E (s) I = /, + /, 4- L.    ■ [ i q>(s)-a(s)£(s) w (s) 

-i- 
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+ T 

+ |1 
+j 

E (s) ß (5) - W^o (s) ft (s) 
$(s)-a(S)W0(s) 

SR{S) 

■n 
E (s) ß (s) - W0 (s) 0) (s)    ™_i , , 

P(s)-a(s)^,(«) °   w 

ds + 

SR(S) + 

+ ®(s)-a{s)E(s) 
ß(s)-o(s)B7,(s) 

'S„(S) rfs, 

where 

J^j-  j   |l-£(s)|2Sg(s)ds;    /„ = -£   J   |£(s)UV(s)rSy(S)ds J    J   ' ........      j 
-JO. -J. 

are components that are dependent only on function E(s) and the spectral 
density of the master signal Sq(s) and SR(s) and Sn(s) are the spectral 

noise densities of the error and master signal meters. 

Function $(s), which transforms the first variation of functional (6) to 
zero and which has bands only in the left half-plane s, is determined by 
the relation 

0(S) = [fl,(s) + B+(s)]D"
l(s). !7) 

Here D(s) is a function determined by factorization of the expression 

[rW0 (s) W0 (- s) + c] [A (s) A (- s)]"' [Sn (s) + SR (s)] = D (s) D(-s); (8) 

Bo(s) is an entire part (polynomial of s), B+(s) is a proper fraction, 
having bands only in the left half-plane s in the expansion 

T (s) D-1 (s) = B0 (s) + B+ (s) + ß_ (s); 

T(s) = E (s) [A (s) A (- s)]-1 [rW0 (s) W0 (- s) + c] [a (s) Sn (s) + 

+ ß (s)tfT' (s) SR (s)I - rW2 (- s) A"' (- s) SR (s); 

(9) 

A(s) = ß(s) —0(S)1T0(S); (10) 
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A minimum value of functional (6) is achieved 

+1 
/«m =/i +/, +-j-  J   [B-(s)B_(-s) + 

-1° 
,     E (s)E(-s){c + rWl)(s)WB(-s)]   „   , . „   .. 

+ ~[SR{s) + Sn(s)]W<l(s)W0(-s)      *«W *» W + 

+ rSR(s)- 
rSR(s)Sn(s)[E(s) + E(-s)] 

[SR (5) + Sn (s)] 

IS« (s) + Sn (s)\ [rW9: (s) r, (- s) 4- c]    J   d5'    S ~ *W' 

Example.  Let it be required to design the structure of a regulator 
Wi(s) and of a filter W*(s) of the control system of an inertial ob.ject 

with transfer function W0(s) — (\ + T0s)-\   combination control of which is 

achieved by signals from the error meter e(i)=q(t)—qc(t)+R{()    and free 

gyroscope q(t) + n(t).  The system should have first-order astaticism 
with respect to the master effect, i.e., there should be no static error 
in the system at constant master signal.  This requirement is satisfied 
most simply when the transfer function is selected in the form E(s) = 
= (1 + Tps)"1. Let us represent the noise of the error meter R(t) in 

the form of a random steady process of the white noise type with 
spectral density S_ = R2.  The initial error no and its systematic drift 

nit will be considered as the gyroscope error, i.e., 

n(t)^n0 + nit. (11) 

The spectral representation of the determinant process (11), according 
to [3], has the form 

Sn(s) lim 
Ö-+0 (6 + s) + {6 + s): + «i 

(Ö — s)? }- 
<«?- -«gs») 
(— s)2 (s)2. 

Since the solution of the design problem is independent of the type of 
polynomials »(s) and ß(s)   [1], it is convenient to assume that a(s)  =  0 
and ß(s)   = 1, and then A(s) = 1.  Substituting the necessary data into 
(7)-(10), we find 
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I „-2 

Here 

D(s) = (0 + ys) (tfs2 + ys + n1)(l + T^s 

i_ i_ JL 

e = (c + r)2;   T = C
2
70;   # --= (2/?^ + n0)

2;   T(s) = R*(c- 

,\—i 

- rT0s - Y«S») (1 - Tos)"1 (1 + TEs)-1; 

BQ (s) + B+ (s) + fl_ (s) = T(s)D (- s)-' = 
 RHc-rT0s-yW) (-s)» _ 
"~        (1 + TJJS) (9 - ys) (toa - ys +./«,) 

_ R   J_ ^1 I ^2 ,    __(dsL±ii*L_ • 
-°o-i-   (i + TEs)  "*"    10-Y«) (tfs'-J/s+n,)   ' 

O (s) = [ß0 (s) + ß+ (S)l D (,)"' =   rB(i + r^)(6 + Uff + v« + ",) 

"here    &() = ^ + A,TE;   bt = RyTl;   A, = R* (QTE-y) TJl (njl + */TE + /?)-'. 

The final purpose is to determine the transfer functions of the 
regulator Wi(s) and filter Wx(s), which are related to the introduced 

function $(s) by the relations 

lE(s)PU)- W'„ (s) <D (s)1 
Wi.® = ~WÄs)W{s)[\-E(s)\ + W9(')l® W ~ a W»   ' (12) 

|'P(s) — a{s)E(s)] 
^o (s) = w (s) {w0 (s) 1<D (s) - a (s)\ -|- p li) [ 1 - £ (s)] J 

Substituting the necessary data into  (12),  we write 

 g(i + r»s)(fc, + M  
w o (s) -    ^ (0 + vs) (Rs2 + ys + ,h) + s (6o + M 

«7 ^ _ 0 + r.»)[f^ + ti»+W  
*i W — -s (e + Vs) (Ks2 + ys + «,) + s (&„ + M) 

where _f, = rB (/?9 + 1/7 - ^- /ty; , fx = TE (yd + ynj; f0 = TE 0«i- 

The minimum value of the variance of error of the designed follow-up 
system will occur in the absence of constraints on the mean power of the 
control signal, at c = 0, r = 1, and will comprise 
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-fjco 

<e»(0)min = /1+^- | {B-.(s)B_(-s) + SH(s)Sn{s)iSK{s) + 

+ Sn(s)rl [I + E(s)E(-s)-E (s)-E(-s)]} ds,    s = jco. 

Substituting the necessary data into (13), after integration, we find 

.     TE[y{y + n1T0)-Rc1Y + nl{y-{.n1TllY ) 

The relations found in the article permit one to design physically 
realizable structures and parameters of the components of combination 
follow-up systems that guarantee the maximum achievable accuracy in the 
class of linear stationary systems with combination control. 
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UDC 681.51 

DESIGN OF REGULATOR ACCORDING TO GIVEN CHARACTERISTIC POLYNOMIAL FOR 
OBJECTS WITH PERMANENT PERTURBATIONS 

907F0290V Kiev MEKHANIKA GIROSKOPICHESKIKH SISTEM in Russian, Issue 8, 
1989 (manuscript received 22 Sep 87) pp 96-99 

[Article by Yu. V. Morozov, candidate of technical sciences, Kiev 
Polytechnical Institute] 

[Text] Let us consider a controlled object with perturbations acting on 
it, described by a linear matrix differential equation of type 

x(t) = Ax(()+Bu(t) + F, 

x(g = x0, xeRn, ue/r1, 
(1) 

determined in the open domain U C Rm. A and B in (1) are constant n x n 
and n x m matrices that characterize the dynamics of the object and the 
effectiveness of the control members, respectively, x(t) is a vector of 
the phase state with components xt(t), ..., xn(t), u(t) is a control 
vector with components ui(t), ..., um(t), F is a n-dimensional vector of 
constant perturbations, and XQ is a n-dimensional vector of the initial 
state. 

utt) 
±J-%5U- 

x(t) 

A block diagram of the system, corresponding to equations (1), is 
presented in the figure. 
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Solution of the problem of designing a regulator consists in 
determination of the control law u(t), which establishes the values of 
the control actions as a function of the phase vector [1]. Let us use 
the canonical representation of initial system (1) to design this 
regulator, as was done in [2] for the special case. 

Design. Let us assume that the phase vector x(t) is measured and that 
system (1) is controllable. After substitution of the variables 
according to the formula 

z(t) = Px(t), (2) 

where P is a constant n * n matrix, system (1) can be written in the 
following canonical form: 

MO — 
0     E1 MO 

+ 
0 

| u(0 + 
Fx 

MO ^21      ^22 z2 (0 E2 F2 

(3) 

where A21 is a m x m matrix, A22 is a m x n - m matrix, Ei and E2 are 
unjit n - m x n - m and m x m matrices, respectively, and zi(t) and 
Z2(t) are vector columns of dimension m, n - m. 

We note that the linear nondegenerate transform of coordinates (2) in 
the space of states of the linear system corresponds to ordinary methods 
of transformation of the block diagrams in automatic control theory. To 
find the law of control u(t), let us differentiate system (3) and let us 

substitute the variables y, (/) =z, (t),   y2(0=z,(/), y3(/) = z2(t), then 

Yi(0 

y2(0 

y3(0 

0 E 0 Yi(0 0 

0 0 E y2(0 -h 0 

0 ^21 A 22 y3(0 E 

u(0- (4! 

System (4) still does not yield a simple method of finding the law of 
control.  To achieve this, let us introduce the new control vector 

((y, u) by the formula 

1(0 = ^1(0 + ^2(0+ «(0- (5) 
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Let 

KO = - /CiYi (0 - tf2y2 (0 - K*y* (0. (6) 

and Ki (i = 1, 2, 3) are m x m, m x m and m x n - m matrices, 
respectively. 

We find from expression (5) with regard to equality (6) 

u (0 = - K1y1 (0 - (I<2 + Aai) y2 (0 - (K3 + A22) y3 (/). (7) 

Having substituted expression (7) into systems (4), we find a closed 
object + regulator system of type 

M0 

y2(0 
= 

y3'(0 

0 0 

0    0   £ 

Yi(0 

y.(0 

y.(0 

(8) 

where blocks K| and K? have dimension m x m, while block K3 has 
dimension m x n - m.  Integration of expression (7) in variables zi(t) 
(i = 1, 2) yields 

u (0 = - K! f z,di - (K2 + An) zx (0 - (K3 + A22) z2 (t). <9) 

Let us represent the matrix of transform P as a block matrix to derive 
the law of control (9) in the initial variables.  Expression (2) then 

assumes the form zi(t) =Pu\i (t)-\-P\zXt(t),  z2(<) =P9iXi (/)+P22X2(0- 

Let us substitute the values of variables into expression (9) and, 
reducing similar terms, we find 

u(0 = -||/CiPi,iK1P12l 

f \xdt 
6 

T 

\ x.2dt 

[(K2 + A21)Pn+(K3+A22)x      (10) 
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X P21] x, (0 - j(/c, + A„) P12 + (K3 + A22) P22] x2 (0, 

or in more compact form 

T 

u(0 = -/C1x(0-/C,Jxdf, (11) 
0 

where 

K1 = \\Ki + WR,-\-'An\\P\ <12> 

/C2 = |l^"1/
>u!^1P12|l, (13) 

Pil is a m x m matrix and Pi 2 is a m x n - m matrix. 

The derived law of control of the regulator uses no information about 
the perturbation vector. 

The first term of expression (11) is the law of control of proportional 
regulation and can be found independently of the perturbations acting on 
the object. 

Let us again return to system (4).  Our problem with respect to vector 

y(0 = (yi(0. y2(0. y*(t))    includes the fact of guaranteeing y(t) -*  0 at 

t -» 00 from any initial states y(0).  These conditions can be fulfilled 
if pair {A, B} is controllable [1]. The derived law of control permits 
one to change the dynamics of closed system (8), selecting coefficients 

Ki (i = 1, 2, 3) of the law of control of type (6). 

Having substituted (11) into initial system (1), we find a closed 
perturbed system, consisting of an object and regulator: 

7" 

x (t) - [A - ß/<2] x (0 - BKi j xd/ + F. (14) 

The law of control (11), which guarantees given dynamics to closed 
system (14), can be designed by using canonical representation of the 
initial system in the form of (8). 
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ALGORITHM FOR FORMULATION OF ORIENTATION VECTOR OF MOVING OBJECT, 
INVARIANT TO CONSTANT A PRIORI DATA ERROR 

907F0290W Kiev MEKHANIKA GIROSKOPICHESKIKH SISTEM in Russian, Issue 8, 
1989 (manuscript received 11 Nov 87) pp 99-103 

[Article by M. A. Pavlovskiy, doctor of technical sciences, G. Ye. 
Anupriyenko, scientific associate, and A. N. Klimenko, candidate of 
technical sciences, Kiev Polytechnical Institute] 

[Text] The continual increase of technical requirements on the accuracy 
of spatial orientation of moving objects makes the problem of working 
out algorithms for formulation of the components of the phase 
orientation vector timely with respect to signals of the discrete 
spatial position sensor, mounted on a movable object, the body of which 
is deformed.  This causes the appearance of signals of the sensor with 
amplitude comparable to the permissible orientation error.  An algorithm 
is known that permits one to formulate current values of the phase 
orientation coordinates of the body of the object in case of small 
deviations from the required spatial position and in the case of small 
absolute values of angular rotational velocity [1] (the spatial rotation 
of the object about the center of mass is described with sufficient 
accuracy by three mutually independent plane revolutions with respect to 
the principal axes of inertia of the body of the object).  This 
algorithm assumes that the acceleration of the object e , e  , caused by 

the effect of the controlling and perturbing moments, is given. 
Therefore, it is suggested that the parameters f and <r be identified 

y        ® 
periodically by an algorithm according to the data in [1].  It is 
obvious that interruption of the orientation process, caused by the need 
to identify parameters e    and en, is insufficient. 

y o 

Let us study the effect of the constant error of a priori data on the 
accuracy of formulation of current values of phase coordinates by the 
mentioned algorithm. 
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The equations of plane rotations of the object with respect to one of 
its principal axes and the corresponding equations of the filter have 
the form 

X = AX + Be- il) 

A-\ 
0 1 

[0 0J 

X = AX.+ Be + K(Z — EX); 

; B = 
ro 

1 
; e = (My + MB) /-*; Z = £X + £; 

(2) 

XT = (Xv  i2); X = (Xv X,); E = (\, 0); /<r = (Kv K2). (3) 

Here M and M are the controlling and perturbing moments, respectively, 

applied to the object along the control axis, I is the moment of inertia 

of the object with respect to the control axis, X and X are the phase 
vector and estimation of it, respectively, Xi and X2 are the angle and 
angular rotational velocity of the body of the object with respect to 
the control axis, K is the filter feedback coefficient, ( is the noise 
component of the data to be measured, f is rotational acceleration of 

the object, 7 = f + S(  is information about the angular acceleration of 
the object to be used in the filter, and ^ is the constant error. 

Since the influence of the error if on the accuracy of estimating the 
phase vector must be determined, let us subsequently assume that the 
noise component of the data to be measured is equal to zero. 
Eliminating Z from equation (2) and subtracting (2) from equation (1), 
we find 

X = (A — KE) X — B8e. (4) 

Since B<5e = const,   for the steady mode from equation  (4)  follows 

X =-- — (A — KErlB8e (5) 

Finally from (5) we find 
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X lycT : 

K2 
6e;    A"2yCT = *i- 6e 

/f. 
(6) 

Thus, the output of filter (2) will contain an estimation error caused 
by inaccuracy of the a priori-given data on the external moment applied 
to the object with respect to the control axis. It follows from 
relations (6) that the error in estimating the phase coordinates is 
proportional to the data error Se  about the acceleration of the object. 
Estimation error (6) can be minimized using a refinement of the current 
value of e with respect to the orientation device [1]. On the other 
hand, due to the inevitable measurement errors, contained in the 
instrument readings, the constant component of estimation error (6) can 
not be completely eliminated within the considered algorithm. This 
deficiency can be corrected in the following manner. Let us write the 
equation of motion in the object in the form 

X = AX + ße; A 

0 1    0 0 

0 0    1 ;   B = l 

0 0    0 0 

X = (Xv X2, Xs),       (7) 

where X3 = Se. 

In scalar form y  _ y     'v       v      —   ■ 
A,-A,, X2 = X3 + e, X3 = 0. 

The corresponding equation of the filter has the form 

X = AX -I- Bz -I- K (Z — EX);    Z - EX + £; 

£ = (1,0, 0); Xr = (Xv Xt, X3);  A"7' - (/<,, /<a. K3); f,  = fo, 0, 0). 
(8) 

Using the known method of [2], it is easy to ascertain the total 
observability of system (7) and (8). The equation for it with respect 
to the estimation error, which is found by subtracting (8) from equation 

(7) has the form x=(A—KE)X.     It is obvious that X = 0 in the steady 

mode, i.e., xt=Xu X7 = X2. X3=    Se.    Thus, filter (8), unlike filter 

(2), has no constant components of the error in estimation of the phase 
orientation vector. 

It should be noted that actuating members, having static relay 
characteristic and operating in the pulsed mode, are ordinarily used in 
real control systems of movable objects. The perturbing moment is a 
slowly variable time function and can be assumed constant with 
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sufficient accuracy with regard to the length of the accurate 
orientation mode.  In this case e is a piecewise constant value. 

Accordingly, the real value of the error of a priori data will prevent 
discontinuities of second kind at moments of variation of state of the 
actuating member.  It is obvious that this operating mode of the control 
system causes fluctuations of the observed values of the phase vector 
with respect to its real value. The amplitude of these fluctuations 
will be determined mainly by the inertial properties of the observer, 
while the frequency will be determined by the frequency of variation of 
state of the actuating member. The dynamic characteristics of these 
fluctuations are minimized during design of an observer [1]. The motion 
of the specific control system, into the circuit of which observer (8) 
is introduced, was studied by the mathematical modeling method. 

The model of the control process included models of the orientation 
device, filter, control signal shaping module, actuating member and 
object. The model of the orientation device was programmed in the form 

of operators US =KR*FI,  UD = UD*EXR(—H/TP)+US*(1.—EXP(—H/TP)), 

where US and FI are the output and input values of the static 
characteristic of the device, respectively, KR is the characteristic 
slope of the characteristic of the device, UD is the output of the 
orientation device, and H and TR are the integration step and time 

constant of the device. 

The model of the filter was programmed in the form 

X1 = X(1), 

X (1) = X (1) + H * (X (2) + K (1). (FIF - XI)), 

X(2) = X (2) + H * (X (3) + E + K (2). (FIF-XI)), 

X (3) = X (3) + H • K (3) * (FIF— XI), 

where X is the file of the estimates of angle, angular velocity and öe, 
K is the file of the filter feedback coefficients, FIF is the output of 
the orientation device, reduced to the dimensionality of the angle, and 
E = e + Se  is the anticipated value of the angular acceleration of the 
object on a given integration step. 

The model of the control signal shaping module (BFUS) is a mathematical 
description of a three-position relay with hysteresis, the input of 
which is a linear combination of estimates of the angle and angular 
velocity of rotation of the object.  The model of the BFUS was 
programmed in the following form: 

SIG = K1 »X(1) + K2.X(2), 

1F(ABS(SIG)-LT-S0)F = 0, 

IF(ABS(SIG)-GT-SS)F = SIGN(1.,SIG), 
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where SO and SS are the start and response thresholds, respectively, of 
the relay, and F is the output of the BFUS. 

A model of the actuating member (of the electric flywheel motor~EMD) 

was represented by operators M = -MY* *F-fMS,  MD=MD*EXP(—H/TD)-f 

+ M*(l. —EXP(—H/TD)),  where M is the anticipated value of the control 

moment at the given integration step, MY and MS are values of the 
starting moment of the EMD and of the moment of resistance, 
respectively, and MD is the moment of the EMD at a given integration 
step. 

According to equation (1), the model of the object was represented in 
the form of operators 

FI = FI + FIT • H + (MD/I . H ..2/2., 

FIT = FIT + (MD/I) • H, 

where FIT and FI are the angular velocity and angular rotational 
coordinate of the object, respectively, and I is the moment of inertia 
of the object with respect to the control axis. 

The results of simulation showed that estimates of the components of the 

phase orientation vector X| and X2 fluctuate with respect to the 
estimated values with amplitude not exceeding 15 percent. There is no 
constant error component. The accuracy of orientation of the object, 
controlled by using estimates of the orientation vector, formulated by 
filter (8), and by using ideally accurate values of the phase 
orientation vector, essentially coincide. 
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[Text] Let us consider in this paper the generalization of the Lame 
theorem [1] for the problem of the theory of elasticity of a rotating 
medium.  These problems were analyzed earlier only by the perturbation 
method [2, 3] or by other apporximation methods. 

The effect of rotation of an elastic medium as a whole on vibrations is 
reflected in the equations of motion, having connected after d'Alambert 
the inertial loads in a rotating coordinate system: 

(k + 2|i) v (V •") — flV X (V X Ü) - p {F + u + 2Q xu+ fi Xu) + o (Q2),    (1) 

where Q = {Q^., Qy, Qz}  is the angular rotational velocity of a body as an 
—v 

absolute solid, u--{ux, uy, uz}     is the vector of elastic displacements, F 

is the load vector, and X  and fi  are Lame constants. 

Let us assume that servocoupling in the form of a torque which 
compensates the effect of elastic vibrations on rotation at angular 
velocity—a given time function—is applied to the body. 

According to Helmholtz's theorem, representation in the form of the sum 

of the potential and eddy parts of the field « = «i + ut,  VX«,-0, 

y.„(^0 is valid, and this representation is unique.  It is equivalent 

to "/ =■- V'P. ui  = V X ij>,  where <p  and j  are the scalar and vector 

potentials.  In similar fashion, F = yU + yxA. Substitution of the 
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expansions into (1) yields U + 2/0 xV(v.«z)_ Wx(Vx«().  for the left 

side of the equations of motion. We find A = y(v.)_vx   with regard 

to the identity (X + 2^i) A«, _ ^ (Vx). 

The terms of the last equation are an expansion of the left side onto 

the potential and eddy components: (X  +2JI)V (A<p) — fiyx (Aip). 

Let us write the right side of equations (1) in the form of a similar 
expansion. Let us made the transformations on the example of the 

—t    -+ 

component  (H x u)x,  where   H r= 2Qd -\-dQ- 

(H x u)x = Hviiz — Htuv = (- H„% - Hzx\h),x + 

In view of V-?> = 0—the constraints which can be imposed on the vector 
potential (it will be determined with accuracy up to a time function), 

we write (HXu)^~. (//^_ Hy%_ HAt),x+ {//^_ //^ ,. H^x)ty .,.. {HAz _,. /,,,,, + Hz^x),z 

— -> 
We represent the other components of H x u in similar fashion. 
Integrating and omitting the additive time function, we find 

(2) 
c'jAxp = ^ -f. // xiji — //<p + A, 

where c, = [/ % + 2M , C/= |/ Ji is the speed of sound. 

Let the boundary value problem be solved for a fixed medium and let the 

functions AF^. = \F  > be found, which determine the solution tp = po^F _ 

■ty--=plf)Fi.  at u^i^t)F^ 2 = }{t)Fx.       7hen  uP°n rotation 

p0 + H-p = <?i%Po + fo> 

p+Hxp-HPo = c2
tXp + f 

(3) 

1^7 



or in the form of a quaterion equation 

where q = (p„?); tf = (0# )i g = (W)- 

Let us consider the special case of rotation about a fixed axis. 

Without limiting generality, let us assume that Qx--Q, Ry = Qt = 0, 

Hx = H.  Then (3) can be represented in the form of the direct sum of 
the subsystem 

A>— c1%p0 — HPx = h< 

Px — c2aPx + HPo = fx 

and of a subsystem similar to a Foucoult pendulum 

Py — c]%Py — Hpz = fy, 

Pz-c2
t%pz + Hpu = fz. 

In the case of the plane problem of elasticity theory  fl] 

;     .1   1~v u   ,4- 1+
%,„ = DM — HJV, ,-:> l,xx -\ 2        ,yy   '       2 " l °' 

—5— V,fx + v,yy n"      o        '*" 

(here D = d\-Q*;    fl. = 2Q.3, + 0*Q.; 0. = ((l-v.)p")   2 ^    * = "(l-?v»)p- * 

and E and v  are Young's modulus of first kind and Poisson's coefficient) 

similar results can be found with respect to functions &—      (utX-\-v,y), 

Y = _L(Uje_Uij/)( if the operations of taking the divergence of the rotor 

as well are applied to (5).  Then 
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Ae = De — H^y, 

(l-v)Ay = Dy + H& (6) 

and if one assumes that e = ^(/)Fx, y = qx(t)Fx,     then from (6) follows 

Dpx-H*qx + Wx = Ot 

D1x + H*Px + (l-v)%qx = 0, 

It is easy to find the solution of (7) similar to Foucoult's pendulum at 
v  = 0 and at arbitrary function ft(t). The characteristic equation of 

system (7) has the form (X — Q.2 — ü>.2
)((1 - v) x—Q 2—o2) _ 4Q2

a,* = 0,   at fl = 

= const, while the solution is 

/>I(0 = VM + K' c., 9X(0 = Q/°"
T
 + K. C. 

This solution is specifically applicable to the problem of vibrations of 
a disk in its own plane [1]. 

In the case of fluctuations of a thin ductile ring in its own plane, the 
solution of the equations of motion [4] 

d2(dw + v) + — d(dv — w) = Dv — Hifw, jgj 

— d3(dw + v) + -J- (dv — w) = Dw + H*v 

(here Q, = -£; x = kt; k2 = ^ ; e-=-L/A)2  J and S are the moment of 

inertia and cross-sectional area of the ring, R and h are the radius of 
the mid-line and thickness of the ring, v and w are components of the 
vector of displacements of the points of the mid-line in polar 

coordinates, and d - j^)  can be found in the form 

v = P'n (0 cos nq> + q'n (t) sin ncp, 
(9) 

w — q"n (t) cos ii(f> + p"n (I) sin «<p. 
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Having substituted (9) into (8) and having omitted subscript n, we find 

Dp' — Hq" + axp' + apa = 0, 

Dq' - Hp" + atf — aqa=0, {10) 

Dq" + Hp' + a2q" — aq' = 0, 

Dp" + Hq' + atp" + ap' = 0, 

where   0l = n« (l + -f): a* = "4 + ~T;   a = " (n' + "f )• 

It is easy to analyze the dependence of the solution of system (10) on 
the small parameter e by the perturbation method at ti  = const [5]. 

Thus, if the classical problem of elasticity theory is solved, the 
problem reduces to analysis of an ordinary quaternion equation (4) upon 
rotation. Therefore, the results permit one to construct 
generalizations of known problems on surface and volumetric waves, and 
vibrations of disks, cylinders, and rings. 
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[Text] A non-autonomous system, described by differential equations of 
the following type, is given 

dx/dt = f (t, x), { j j 

where x = (xv .,. ,xnf    is a n-dimensional phase vector, j^x)=^ « xj 

...,fn{t,x))T  is a vector function, and f, (/, x) 6 Cr(/?x/?",'/?), i= (!,...,«), r>2; 

A = U0;*i] is a finite time segment, and to < t| < +oo. 

Let us consider along with them the following system of equations: 

M/,x) = 0, * = (l,...,Z.),L<n; (2a) 

dxjdt = fm(t,x),   m = (Z.+ i, ...,„). (2b) 

Let x'(t) be a solution of system (2) for 

x'm (t0) 6 At' (Xr' c /?""', / 6 A), (3) 

while x(t) is the solution of systems (1) for 
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*('o) = *;„('o). /" = (/+ 1 n), 
(4) 

Xl(t0)exn
Q, x'len,  t =<i,..../»), 

where II is some set and Xno C Rn is a set of initial conditions. 

Let us find the conditions at which the following inequality is 
fulfilled for t 6 A 

P(X'(0,*W) = H*'(0-X(0KB. (5) 

where   ^ _n ■ /,]; i0^.iE<i\\ e>0   is a sufficiently small number. 

Definition 1. The vector function x'(t) is called the manifold of 
system (1) at initial conditions (4) if condition (5) is fulfilled. 

Definition 2.  Points (t, x) of n + 1-dimensional space, which form some 
set En+1 and for which condition (5) is valid, is called the attracting 
e-neighborhood of manifold x'(t) of system (1). 

System (1) can be considered as a one-parameter group of transformations 

gt:x"+I-vX"+i    of phase space Xn+1, generated by vector field f(t, x), 

which maps a [translator's note: one word omitted] set X'i (x, (t0)£ X'o) 

into some finite Xni [translator's note:  part of item missing].  Let 
Xni be measurable according to Jordan [1]. 

Definition 3. Manifold system (1) has /«-invariance of finite set Xni 
with respect to some initial Xnr> if:  1) there exists such a moment of 

time t€Ä that all the integral curves emerging from Xovf>te,    belong 

to En+1, i.e., X"£E"+1; 2) (j,X7<v,  where /I is a n-dimensional Jordan 

measure, c > 0 is a sufficiently small number, which is a Jordan measure 

of the cross-section of set En+1 by hyperplane T = ((t, x):t - t( = 0). 

Let us introduce the following geometric constructions into 

consideration.  Let there be given hypersurface Sk = ((*ft; ^x): xh — fh (t, x) = 

= 0), where xk is a derivative of function xfc at point (t, x), be given 

in space Rn+2. Hypersurface \\  of space Rn+1 will be the intersection 

Sk and hyperplane yh _. ((^h, f, x): xk = 0) . Let us be given the set of 

dimensionality n + 2G"k
+2{xh,t,x) cz I?H   such that Gn

k
+2(]Sh ^= 0, Vh£Gn

k+
2. 
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Let   Gfc4"2 (1 Uh = Hfe    if, x)   be some set of dimensionality n + 1.    Hyperplane 

Uk divided Gn + 2k into two sets G+k- and G"k such that if   Shf\G%+2£Gt, 

thenfk(t,x)>0V(t,x)ent;      if     Sh f] GZ+26C?r,   then   /h(/>  x)<0v(^   x>  e 

f U'ki  where ll+k and II "k are sets by which nn+'k is divided by 
intersection Vk.    Set II+k is determined as an orthogonal projection of 

each point (xh,t,x)£(Shf)(jk+2)    onto Uk, for which xk > 0; II"k is 

determined in similar fashion, but with the condition xk < 0. 

Let us consider hypersurfaces V+k and Vk such that if x(t) € (V+k, V"k), 
x'(t) e Vk, then 

\dxh{t)ldt\ = \dxk{t)ldt\   V/6A. (6) 

We shall say that point (t, x) is higher than Vk with respect to Uk, if 
its coordinate xk is greater than the corresponding coordinate x'k of 
point (t, x') 6 Vk, found by intersection of straight line P with V'k, 

where (p,vh) = Q, p£P, vh 6 Vh, (t, x) £P.      In similar fashion, t(x) is found 

below V'k with respect to Uk, if xfc < x'fe.  If all the points of some 
set A lie higher (lower) than Vk, then A is higher (lower) than Vk with 
respect to Uk. Let us also introduce the definition of motion of 
integral curve x(t) to some hypersurface B with respect to Uk, if all 
the points (t, x) 6 x(t) are located above (below) B and in this case 
xk(t) is a decreasing (increasing) function of t. Let us require that 
V+k lie above V'k, and let V"k lie below V'k with respect to Uk- The 
following existence theorem is valid. 

Theorem. Let f] n£+1 = II, where II $  0 and ^A, n Ft ^ 0, |/ ^11, k = (\ 

for t € A. Then x(*)eE
fI+1:  upon fulfillment of the following 

requirements: 

a) if the arbitrary point (t, x) of curve x(t) belongs to n_k, it 
is higher than V+k, and if (t, x) € II+k, it is lower than V"k: 

b) the inequalities lM'.x)|> \dx*ldt\, k =(1,..., /), where x^(t) * Vk 

are valid for point (t, x) € x(t), located above (below) V+k(V"k). 

Proof. Let us consider the condition when (t, x) € x(t) belongs to fl~k- 
According to a), point (t, x) lies above V+k- Let us project curved 
x(t) orthogonally onto Ufc. We find part of the cylindrical hypersurface 
Ck in Rn+I, the generatrices of which are orthogonal to Uk, while the 
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directrix is a projection of x(f) onto Uk- Let C,, f] V? = \~ (t), Ckf\Vk = 

-  xk(t). The points belonging to x(0>x+(0- xfc(0 differ only by 

coordinate xk, and xh(()>x+ (/)>x\\t).     However, dxh/dt = M*>x)<° and, 

accordingly, x(t) moves toward Vk and V+k with respect to 1%. Let 

xf (t) — xk
k(t)<.8ft y/£A, where #k is some positive number. Let us consider 

the difference 

xk - x\ = xh (n - x\ (o + j (fk (t, x) - dxydt) dt, u e it'-, u i 

According to a) andb):   xh(t') — **(/')> 0,   fh(t,x) — dxkjdt<0,       while 

Xh{t) — xf{t)>0.    Therefore,  either x(t'k)   € V+k at some t'k or 

lim (xh(t) — x^{t)) — 0.   -j^is means that moment of time tk <• is found such 

that   V/»<'<+°° l**(0 — *A(0l<6fc>   fe=(1.....0-      The path of the 

arguments is the same for  (t,     x)e.x(i)eil? .    Let   y*€ Ae (/e = max(^,... , 

t'ö))\xh(t) — 4(0l<6ft> ft = (l>-->0-    Let us consider the limits 6fe->0, te-+t0. 

We find     x(06^h» ft = U> •••>') within the limit.    Accordingly,   the 

equations of subsystem (2a) are satisfied.  Equalities (2b) are 
. ..... , automatically due to the fact that x(t) is a solution of fulfilled 
system (1), while equations (2b) coincide with n - 1 last equations (1) 

Thus, t = to, x(t) = x'(t) at ^k = 0 and one can write ^nJ * (0 = x' (/) 

or lim(o(/,8) = 0, where #(t, 8)  = x(t) — x'(t),8 = (61,...,8l,ie — QT. 
6-»0 

Having selected vector 8  as sufficiently small, we find u!  with small 

coordinates i/i(f) for t < t < tj.  Let us assume that e = ||co(/, 6)||0, 

where ll«C 6) ilo = max (max Kl). The  following conditions are then 

fulfilled:  |xi (t)-^(0|<e V^Ae, i = (1,....«). i.e., x(()eF"+i.      The 

theorem is proved.. 

Let us transform condition b) to a more convenient form.  Let the 

Jacobian   '1""''') ^=0 y (t, x) 6 H, then according to [ 2 ] , we find from 
o (Xi,... i x^) 

subsystem (2a) xfc=«Ph('.*i> - •**-»'**+' xn)< k=([ D 
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The complete differentials are 

dx,, 
Ot '    Z_J dx ji-i dx    dxm- 

m=|   m 
(7) 

Writing subsystem (2b) by differentials and substituting them into (7), 
we find 

«"-O+ST?-/. «•*>)« 
m=l 

Now condition b) can be written as follows: 

irft(/,x)|<i/,i(/,x)i   v('.*)eii, 

where ,. l\(/,x) d'v,. v-i       difk 

~fa      Im \*> x)- dt 

!8) 

The equations of hypersurfaces V+k and V~k have the form 

l/h(^x)| = |l\(/,x)|. (9) 

The following important corollary follows from the theorem.  In order 
for non-autonomous system (1) to have manifold properties with respect 
to x'(t) according to k equations, it is necessary that 

0/1 C x) 
dxi x=x'(/) 

<0, / = 2/-+!,/• = (0,1, 2,...), ft = (l,...,/).   (io) 

For proof, let us expand function fk(t, x) in the neighborhood x'(t) 
into a series. Let us gather together the terms by odd powers x*k - 
- x'k(t) and taking into account that fk(t, x'(t)) = 0, we find 

/.«.*)= s^ 
• 7T . OX' 

(xk-xM + R(x-x'(t)), 
x=x'(t) 

r = (0,1,2,...), 
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where R(x - x'(t)) are higher-order terms, 
follows. 

Hence, condition (10) also 

It is obvious that contraction x(t) toward the manifold is reduced, 
since only in condition (8) the sign of the inequality is replaced by an 
equality. Since fk(t, x) approaches zero along the manifold, then the 
greater fk(t, x) is, the narrower the attracting f-neighborhood is. 

Intersection of hyperplane T — ((t,x):t — ll = 0) and of set En+I forms a 

closed sphere Bflix'it),   t)   [3], measurable according to Jordan. Let 
pBn  = ß and then one can assume that Xnj = Bn and, accordingly, /iXni = 
= v,  where v - ß.    The property of /*-invariance for systems having 
manifolds can be used in design of controlled dynamic systems, invariant 
to initial perturbations. 

Example. 

de fi + C£-Q,5pi*S a    [v* dh mv2 sin 9 

dm ß 
dh  ~ Dsinö ' 

1 
R3 + h I ctg 6; (ll! 

(12) 

where 

a R — C ^o-0,5pw2S — (u -|- glv) mv sin 0 

0,5/?-1-/1.0,5py2S 

Table 1 

h m e 

1,0 
1,2 
1,4 
1,6 
1,8 
2,0 
2,1 

100,0000 
99,9226 
99,8357 
99,7483 
99,6678 
99,5914 
99,5510 

0,3190 
0,2315 
0,1898 
0,1853 
0,1991 
0,2088 
0,1769 
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Table 2 

A <V,/de|0=e'<A> 

1,0 —48,81 
1,2 —49,17 
1,4 —48,49 
1,6 —45,10 
1.8 -41,35 
2,0 —39,83 
2,1 —46,78 

Table 3 

n m' 0' 

1,0 100,0000   0,3252 
1,2 99,9220   0.2301 
1,4 99,8348   0,189-1 
1,6 99,7474   0,1856 
1,8 99,6670   0,1991 
2,0 99,5900   0.2085 
2,1 99,5500 0,1751 

Functions (R,  p, v, Cxo,   Ca
Y, A, g,...) are complex functions of h; 

therefore, spline interpolation was carried out. The initial system was 

first reduced to dimensionless form and »»0 = 100.  00e[0,03; 0,32] was 

integrated at h, = 1, H2 = 2.1. The results of integration with initial 
condition with respect to 0O,  equal to 0.319, are given in Table 1. 

To determine the manifold, let us set f,(h, m, 0)  equal to 0 and let us 
find 

sin9' 
Nam' — (N;!m'a — 4iV3m'2 (h\ — W3m'2))l/2 

2N3m'2 ' (13) 

where 

..      ■(/? + C?--0,5po»5)« 
W1=  . _ {R — Cxo-0,5pv*Sy, 

r - R^frJ(°< 5Apv*S + 0,5/?). A' 

157 



Having substituted (13) into (12), we find the equation for the manifold 
(0'(h),  m'(h)). Using condition (10), we write 

Mi 
dö m=m'(h) 

The results of estimating the order of this value are presented in 

Table 2. 

Let us compile Table 3 for the manifold. As one can see from Tables 1 
and 3, the difference in absolute value between variables m and m , V 
and 9'  does not exceed 0.001. 

The absolute difference $,  m at point h = 2.1 did not exceed 0.0075 upon 
variation of 90  in therange of [0.03; 0.32]. Thus, the convergence to 

the manifold is also good. 
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[Text] The purpose of this article is to study the effect of the delay 
T  on the maximum bandwidth of a digital follow-up system (TsSS). 

To solve the postulated problem, let us introduce into consideration the 
discrete transfer function of the error of the digital follow-up system, 
which, according to the expressions found in [1], has the form 

Wo (z, 0) = q0 (z, 0) q-x (2, 0) = [ I + ^ (2> 0)J-1; (1, 

Wl(z,0) = (l-z-l)D{z)ZlWH(p)e-x»]. (2) 

Here qy(z, 0) and q0(z, 0) are the corresponding z-transformations of 
the control signal; and errors of the digital follow-up system, Wc(z, 0) 
are the transfer function (digital follow-up system) according to the 

error signal at moments of closing the pulsed element, Wrp(z, 0) is the 
transfer function of an open control circuit, D(z) is the discrete 
transfer function of the control program, Z is a symbol of 
z-transformation of the reduced continuous part WH(p) = W0(p)p-', and 

Wn(p) is the transfer function of the continuous control object of the 
digital follow-up system. 

Let us use the method of the modified z-transformation when accounting 
for the delay r  in the digital follow-up system [2]. This method, with 
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quantification time T0 > (r  + 6),  yields the following expression for 
the transfer function of an open control circuit: 

C(z-0) = (z-l)z-ir(z,e), 

where 

2lB7T / N (3) 

WT(Zie) = ZelWV(p)]; e = 87,oU. (4) 

and Z is a symbol of modified z-transformation. Let us estimate the 
t 

bandwidth of the digital follow-up system at known delay r, having 
considered the case of a digital follow-up system, of sufficient 

interest for practice, with continuous control object W0(p) = (l+^ip)"1 

and with physically realizable control algorithm D(z), the transfer 
function of which, when using a bilinear operator z = (1 + w){1 - w), is 
represented in the form 

n. .  fed 4-7» (1 + 7» 

where T3, T4, and T5 are the time constants of the control algorithm. 
The transfer function of open control circuit (3) of the digital 
follow-up system with regard to (4) and (5) will then be described by 
the following expression: 

wr fe(l-ttQ(l + 7>)(l + 7»(l + 7» t 

where T,' = (l+rf-2de)(l-dr1;  T2 = (1 + d){\ —dfh     d = exof-a); a = TJ71', 

f = *T-J0. 

One can show that the transfer function of type 

k(l-w)-(\ + T[w) 
^» = w(l+T3w) ' U) 

tvhich can be found in a digital follow-up system by selecting the time 
constants of the control algorithm (T4 = 1; T2 = T5), will be optimal. 
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It follows from analysis of a stable digital follow-up system with 
transfer function (7) that the maximum permissible cutoff frequency will 
be determined by the expression 

^W-c^^-r^ + i^} (8) 

where a = or-1; V = xT~l 

The maximum permissible cutoff frequency in the digital follow-up system 

is cocp(0)=2t-1arctg-2-  at S -  0 (Tn = r). For convenience of further 

analysis , let us introduce into consideration the proportionality 

constant m =CöCP(ö)<DCP(0)-
1
,  which, with regard to (8), will have the 

form 

m = 
1 

(1 + 0) 
arctg • 1 + (*qv-0 

(l-e-v) 
arctg" (T)- (9) 

Formula (9) permits one to reach conclusions about the considerable 
influence of the time constant Ti of the control object W0(p) on the 
proportionality constant with delay r  in the system. The dependence of 
(9) on parameters <r  and v  is shown in the figure. 

} H5     0,¥     0,3    0,2 
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The maximum permissible cutoff frequency of the digital follow-up system 
(at given delay r) can be increased with an increase of quantification 
time To by a small value i in a digital follow-up system in some 
practical situations. 

1. If the dynmamics of the control object Wo(p) is characterized by a 
"small" time constant (i>  > 1) (considerably less than the delay in the 
system), the bandwidth of the digital follow-up system can be increased 
due to the fact that the proportionality constant (9) will have an 
extreme value with respect to parameter <r.    The lower the inertia of the 
control object (T| 4L  r), the less the value S  should be. 

2. If the inertia of the control object is large (Ti » T),  an increase 
of the quantification time Tn by value S  (To = T  + 6)  does not result in 
an increase of the cutoff frequency of the digital follow-up system. 

The relations found in the article permit one to design digital control 
algorithms for follow-up systems (with known delay in them) and to 
determine the optimal quantification time To, at which the maximum 
transmission frequency of the digital follow-up systems is provided. 
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{ud}UDC 629.12.053.11 

On Dynamics of One-Rotor Gyrocompass With Tuned Rotor Gyroscope. V. V. 
Avrutov, M. A. Pavlovskiy, and L. M. Ryzhkov, p 3 

The dynamics is studied and the accuracy of a one-rotor correctable 
gyrocompass, based on a two-axis indicating stabilized platform and 
two-race tuned rotor gyroscope (DNG), is analyzed.  Separation of the 
complete model of the device into compass and vibration permitted us to 
determine the characteristic features of the dynamics of a gyrocompass 
with DNG.  Analysis of the compass motion showed the dependence of the 
instrument error on the drift, time constant and residual stiffness of 
the DNG, and also on the static errors of the follow-up systems.  The 
two-axis suspension of the platform led to differences of the 
expressions of intercardinal deviations of the studied device and of a 
one-rotor gyrocompass with rigid torsion bar suspension.  1 Figure, 4 
references. 

{udJUDC 531.383 

Selection of Geometric Dimensions of Flexible Elements of Gimbal 
Suspension of Tuned Rotor Gyroscopes. I. V. Balabanov and A. N. 
Motornyy, p 10 

A method of selecting the geometric dimensions of the flexible elements 
of a tuned rotor gyroscope upon fulfillment of impact and cyclic 
strength conditions and stiffness requirements on the flexible elements 
is presented. The comparative characteristic of the DNG with flexible 
elements of variable and constant cross-section is given.  3 References. 
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{udJUDC 531.383 

Study of Dynamics of Two-Degree Gyrotachometer With Rotating Gimbal 
Suspension. V. S. Yevgenyev, A. V. Yeroshenko, and S. G. Bublik, p 14 

The dynamics of a two-degree gyrotachometer with induced rotation, 
mounted on a uniformly rotating base, with different relations of 
angular velocities, is studied.  It is shown that this device has the 
properties of a one-race rotary vibratory gyroscope (RVG). The 
conditions of dynamic tuning of the gyrotachometer are found and its 
advantage is compared to the RVG are indicated.  2 Figures, 4 
references. 

{ud}UDC 531.383 

Dynamic Effects in Gyroscope Mounted on Flexible Suspension Upon 
Acceleration of Its Rotor. A. V. Zbrutskiy, L. Yu. Akinfiyeva, S. Ya. 
Svistunov, and I. B. Kushnirenko, p 17 

The motion of a gyroscope with flexible suspension on a rotating base 
during acceleration of its rotor is considered.  Separation of complex 
motion into "fast" and "slow" with subsequent use of the averaging 
operation is suggested to study the dynamics of the gyroscope.  A 
solution of a system of differential equations of motion of a rotor on a 
flexible suspension, which describes the motion of the rotor over the 
entire range from acceleration to reaching the established mode, is 
constructed.  1 Figure, 8 references. 

{ud}UDC 531.383 

Errors of Angular-Rate Sensor on Tuned Rotor Gyroscope.  A. V. Zbrutskiy 

and S. A. Shakhov, p 24 

A mathematical model of the errors of an angular-rate sensor on a tuned 
rotor gyroscope with two-race symmetrical flexible suspension is found. 
The effect of errors in manufacture and errors of the feedback circuit 
on the accuracy of the readings of the instrument.  4 References. 

{udJUDC 531.768 

Error of Pendulous Compensation Accelerometer With Flexible Suspension 
During Operation Under Spatial Vibration Conditions.  A. M. Ionin and V. 

M. Slyusar, p 29 

The mechanics of the occurrence of the constant component of the error a 
pendulous compensation accelerometer (MKA) with flexible suspension, 
exposed to spatial vibration conditions, is studied.  Expressions are 
found that permit numerical estimation of the constant error component 
of the MKA.  The requirements on the parameters of one of the 
accelerometer circuits, fulfillment of which permits one to make the MKA 
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invariant to spatial vibrations, are formulated.  2 Figures, 1 
reference. 

{ud}UDC 532.516 

On Calculation of Temperature Field in Floated Suspension. A. S. 
Kireyev and A. N. Mikhaylovskaya, p 34 

Finite element postulation of the problem of determining a 
three-dimensional temperature field is presented. A calculating 
algorithm is described and the results of calculation of several eigen 
forms of temperature distribution in the cylindrical region are 
presented.  1 Figure, 5 references. 

{udJUDC 531.313:532.58 

Study of Rotation of Solid in Floated Suspension.  A. S. Kireyev, Yu. V. 
Radysh, and A. I. Yurokin, p 38 

The kinematic model of rotation of a solid in non-canonical geometry in 
a floated suspension, which takes into account the nonlinear nature of 
the equations of motion of a viscous liquid, is worked out.  The 
characteristic features of integration of the derived equations are 
considered. The results of numerical calculations are presented.  3 
Figures, 7 references. 

{ud}UDC 621.391 

Using Redundant Information to Estimate Errors of Measuring Angular-Rate 
Converters. A. A. Leonets, p 44 

Expressions are found that permit one to estimate the multiplicative and 
additive components of the errors of measuring angular-rate converters 
during functioning of the measuring system, consisting of two measuring 
converter modules of the same type, mounted on a rigid object.  2 
References. 

{udJUDC 621.391:531.383 

Bayes Approach to Problems of Estimating Condition of Rotor Systems.  V. 
Ye. Petrenko and A. N. Belyakov, p 47 

The distribution density of the signal probabilities was found in 
parametric form on the basis of nonlinear dependence of the diagnostic 
signal on defects of the ball-bearing seat of a rotor system.  The 
problem of approximating this density is solved. Estimation of the 
unknown parameter of signal density is found by the given sample. 
Approximations for conditional densities of class of suitable and 
unsuitable products are constructed. The threshold of separation of 
classes is found as a result of using the Bayes criterion and the 
probabilities of errors of first kind, of second kind and the average 
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risk in making the decision are calculated. The proposed approach can 
be used to solve problems of nondestructive diagnostics of symmetrical 
rotor systems.  7 References. 

{udlUDC 531.383 

Dynamics of Surveying Gyrocompass. V. Ye. Petrenko, S. A. Zakharenko, 
and A. Ye. Ponomarenko, p 52 

Approximate analytical functions that permit one to calculate the 
natural frequencies of a surveying gyrocompass during parametric 
perturbation due to imperfection of the ball bearings are found.  2 
Figures, 2 references. 

{ud}UDC 539.30/32 

On Parametric Vibrations of Vibration-Isolated Pendulum. L. M. Ryzhkov, 

p 57 

The vibrations of a pendulum, vibration-insulated in the horizontal 
plane, during vertical vibration of the base are considered.  It is 
shown that unstable vibrations may occur upon excitation at frequencies 
which exceed the resonance frequencies of the system.  Expressions are 
found that permit one to select the damping coefficients in the pendulum 
and in the vibration-protection system, which guarantee stability of 
fluctuations.  1 Figure, 2 references. 

{udJUDC 531.383 

Gyroscopic Effect in Surface Acoustic Waves.  S. A. Sarapulov and S. P. 
Kisilenko, p 62 

The effect of uniform rotation of a base on the evolution of surface 
acoustic waves was studied.  The functions that link the variation of 
frequency and phase of the autogenerators and delay lines or filters on 
surface acoustic waves to angular velocity are established.  5 
References. 

{udJUDC 513.36:681.3.06 

Computer Study of Drift of Cushioned Gyroscope During Angular Vibration 
of Base.  S. Ya. Svistunov and Ye. V. Semikina, p 65 

The results of using the MTT-1 applications program package in study of 
the dynamics of gyroscopes with regard to a vibration-insulation system 
are presented.  The behavior of a three-degree cushioned gyroscope 
during angular vibration of the base, the drift of the gyroscope in 
resonance modes, on shock absorbers and with rigid mounting on the 
object are analyzed.  The results of analytical studies and the results 
of operation of the package are compared.  1 Table, 2 figures, 6 
references. 
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{udJUDC 531.383 i 

On Azimuth Motion of Pendulous Gyrocompass in Exponential Acceleration 
of Its Rotor.  V. N. Fedorov, p 70 

The motion of the sensitive element of a ground-based pendulous 
gyrocompass in the horizontal plane during exponential acceleration of 
its rotor is considered.  The law of azimuth motion of the sensitive 
element is found as a solution of the hypergeometric Gauss equation at 
non-zero initial conditions.  1 Figure, 6 references. 

{ud}UDC 517.9+518.6 

Design of Discrete Model of Motion of Solid in Flexible Suspension.  A. 
S. Apostolyuk and V. N. Sheludko, p 74 

A procedure for designing a digital model of motion of a solid on a 
flexible suspension, based on the use of the discrete analogue of 
differential Lagrange equations of second kind, is proposed.  The model 
permits one to take into account the nonlinear nature of vibrations and 
can be used in real-time simulation of vibration-protection systems.  1 
Figure, 6 references. 

{ud}UDC 007.62 

Algorithm for Real-Time Calculation of Reduced Moments of Inertia of 
Multilink Manipulation Systems.  S. G. Bublik and V. S. Yevgenyev, p 80 

A method of computer calculation of the reduced moments of inertia of 
the links of anthropomorphic-manipulators using the design of a system 
of four material points, equal moment to arbitrary solids, is outlined. 
Realization of the algorithm on a microcomputer showed its effectiveness 
and the possibility of use in control systems of complex multilink 
manipulation systems.  3 references. 

{ud}UDC 628.517 

Nonlinear Effects in Vibration-Protection Systems With Stiffness 
Correctors. B. I. Genkin, N. I. Nagulin, and A. G. Arkhipov, p 83 

Nonlinear vibrations of systems with stiffness correctors are studied. 
The possibility of vibrations with large amplitudes occurring in these 
systems in the working frequency band is shown.  Ways of correcting 
these vibrations are discussed.  2 Figures, 3 references. 

{ud}UDC 517.946.9 

Mathematical Problems of Dynamics of Viscous Liquid in Gyroscopy.  G. A. 
Legeyda, p 87 

167 



Problems of single-valued solvability as a whole and of the asymptotic 
stability of the three-dimensional problem of thermoconvection in the 
presence of axial symmetry are studied. Estimates for generalized 
solution of {{*, 8} in the corresponding norms are found. The essence of 
the numerical analytical method of solution, based on finite difference 
quantification of the equations over time t and the use of the Galerkin 
method with finite element Hermitian basis with respect to spatial 
variables is outlined briefly.  4 References. 

{udJUDC 62.502 

Design of Optimal Follow-Up System With Combination Control. V. V. 
Lyakin and V. V. Tsisarzh, p 92 

The problem of designing the transfer functions of elements of a 
follow-up system with combination control according to the master signal 
in the presence of random noise is solved. A formula is found for 
calculation of the variance of the error of the system to be designed. 
An example of designing a combination follow-up system is presented.  1 
Figure, 3 references. 

{udJUDC 681.51 

Design of Regulator According to Given Characteristic Polynomial for 
Objects With Continuous Perturbations. Yu. V. Morozov, p 96 

Algebraic design of a regulator using the canonical form of representing 
the initial system of linear differential equations that describes the 
motion of the control object with regard to continuous perturbations is 
presented. The synthesized design has the property of isodromy.  1 
Figure, 2 references. 

{udJUDC 629.7.05(075.8) 

Algorithm for Formulation of Orientation Vector of Moving Object, 
Invariant to Constant Error of A Priori Data.  M. A. Pavlovskiy, G. Ye. 
Anupriyenko, and A. N. Klimenko, p 99 

It is shown that the known second-order estimator for the control system 
of orientation of a solid, making small revolutions of the object with 
respect to the principal axes of inertia (the plane problem), forms 
current values of the phase vector with constant error at constant error 
of a priori data on the mass-size characteristics of the object and of 
the modulus of the moment applied to the body of the object. A method 
of synthesizing the algorithm for a third-order estimator, free of the 
indicated deficiency, is presented.  2 References. 

{udJUDC 581.383 

General Solution of Problem of Theory of Elasticity of Rotating Medium. 
S. A. Sarapulov, p 103 
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The possibility of generalizing the Lame theorem for the problem of the 
theory of the elasticity of a rotating medium is shown. Special cases 
of rotation about a fixed axis, the plane problem of elasticity theory, 
and vibrations of a thin ring are considered.  5 References. 

{ud}LT)C 531.01:513.83 

Manifold Properties of One Class of Non-Autonomous Systems. N. S. Sivov 
and M. K. Sparavalo, p 107 

A new class of non-autonomous systems, which have special properties in 
a certain range, which are called manifold properties, is considered. 
The existence theorem of systems of this class is proved.  The concept 
of the independence of a finite set of the system, characterized by a 
Jordan measure, with respect to some initial concept, is formulated. 
This concept is called //-invariance.  3 Tables, 3 references. 

{udJUDC 531.768 

Optimization of Quantification Period in Digital Follow-Up System With 
Given Delay. V. M. Slyusar, V. V. Tsisarzh, and V. M. Rechkin, p 112 

The effect of delay in a digital follow-up system on the maximum 
bandwidth is considered. Relations are found that permit one to 
determine at given delay the optimal value of the quantification period 
in a system, at which the maximum cutoff frequency of the digital 
control system is provided.  1 Figure, 2 references. 
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