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UDC 629.12.053.11
ON DYNAMICS OF ONE-ROTOR GYROCOMPASS WITH TUNED ROTOR GYROSCOPE

907F0290B Kiev MEKHANIKA GIROSKOPICHESKIKH SISTEM in Russian, Issue 8,
1989 (manuscript received 21 Oct 89) pp 3-9

[Article by V. V. Avrutov, Jjunior scientific associate, M. A.
Pavlovskiy, doctor of technical sciences, and L. M. Ryzhkov, candidate
of technical sciences, Kiev Polytechnical Institute]

[Text] Let us study the dynamics of a new type of correctable
gyrocompasses—--with two-race tuned rotor gyroscope (DNG) as the main
sensitive element. The layout of the instrument is shown in the figure.
The platform is stabilized with respect to axes Ox and 0z by
electromagnetic torque converters (PM) from signals of the DNG angle
sensors (IU). The "pendulum” and damping moments are generated by the
electromagnetic torque converters of the gyroscope from signals of the
accelerometer, whose axis of sensitivity is parallel to axis Oy.
Correcting signals, which are generated by the computer of the control
circuit from available information on the observer’s latitude, the speed
of the ship and on the angle of deflection of the platform with respect
to axis Oy arrive at the torque converters of the DNG to compensate for
the velocity error and the error due to inclination of the platform
together with the object with respect. to the axis of rotation of the
gyroscope. Axis 0y is measured by the accelerometer, whose axis of
sensitivity is parallel to the horizontal axis of rotation of the
platform.

1. Mathematical model of instrument. The equations of motion of a
one-rotor corrected gyrocompass are found by having joined the method of
derivation of the equations of the DNG [1], follow-up gimbals [2] and of
the control circuit [3].

Let us write the linearized equations of the DNG with regard to the
symmetry of the flexible suspension of the DNG in the form

(B - 0)at, + (A + 20)P, -+ Acar, -} her, + hQp, +
+- ‘[/1 -+ 2(a — g)]Qwy0, - (A — B)(:),,ﬁ, 4 (4 — 213)(0[,[3), =
=M,—(B—0b)o,— A+ a4 b— ¢) Qo — (A -} a— B — o0y

(1)




(B+0), — (A + 20)Qa, + Acp, + hf, — hQu, +-
+[A-+2(@— )] Qu,p, — (4 — B) (;)!,a, —(A—2B) (v)yt-x,. .
=M, — (B -|-b) ;nx A -Fa-b—0)Qu, 4 (A |- a— B — ) o, .

where A and a are axial moments of inertia, B, b, and c are equatorial
moments of inertia of the rotor and races of the DNG, ! is the angular
rotational velocity of the drive shaft of the DNG, Ac is the residual
stiffness of the gimbal suspension of the DNG, h is the viscous damping
factor of rotation of the rotor, er and #r are the angles of rotation of
the axis of the gyroscope rotor with respect to the body, M; and My are
projections of the total control, correction and noise torque, acting
from the direction of the body to the gyroscope rotor, onto axes 0z and
Ox, and @y, @y, and &, are projections of the angular velocity of the
platform onto axes Oxyz.

KEY:
1. Heading 3. Torque converter
2. Angle meter 4. Accelerometer module

Assuming that the kinematics of the platform is similar to that of the
follow-up sphere of the corrected gyrocompass with liquid-torsion bar
suspension of the sensitive element [3] and taking into account that
angle 7 is deflection of the platform together with the object with




respect to axis Oy, we write the projections of its angular velocity in
the following form:

Or = O + ﬁc + 0% — (a’c -+ m{;) Yo

. . (2)
0y =0~ 0.0, - (mg +oa)B, -y,

Wy == |- - (.)”ﬁ(: -1 (ﬁc -+ 0’5) T

where wf, w”, and wC are projections of the angular velocity of the
object onto the axes of geographic coordinate system 0{y( [3] and a. and

ﬁc are the angles of rotation of the azimuth and horizontal follow-up
gimbals.

The equations of motion of the follow-up gimbals are [2]:

1o - o, = M, M, (3)

I A e = M, 4 My

where Iz,—:lg-}-B--{-b;Ixr~1§»]-B~-{-b;l;,]a are the moments of inertia of

the azimuth and horizontal follow-up gimbals, h, and hy are the viscous

friction coefficients in the axes of the follow-up gimbals, M_ (i =
1
= 1, 2) are the electromagnetic moments of the torque converter of the

stabilization system, and Mq (q = {, {) are the torques of the
perturbing actions.

The electromagnetic moments are determined by the expressions

M, =W, (o, M, =W, (n)p, (4)

where W, .(p) (i=1, 2) are the transfer functions of the relief circuit
regulators.

The laws of position control of the sensitive element of the gyrocompass
are taken according to [3]:

M, = —n8 4 M - MY M, = —n6 | M+ M, (5)




where ¢ is the output signal of the horizon indicator, ny and n; are the

scaling coefficients, qu are correction moments, and an (qg=2, x)
are the perturbing moments that cause drift of the gyroscope.

Let the output signals of the accelerometer module (BA) be described by
the following relations:

1

_ _ W") . 1 W ) :
0= T,p1 (ﬁc Tt = T 1 ("E’“‘ ' (6)

where § and y are thé signals of the north and east horizon indicators,
respectively, Tx and Ty are the time constants, and W, and W” are the
l <

east and north components of acceleration of the object.

Equations (1)-(6) are the input mathematical model of a one-rotor
corrected gyrocompass with DNG. '

It has become traditional to use the precession model of the device when
studying the dynamics and accuracy of corrected gyrocompasses. However,
this approach, when the DNG is the sensitive element of the gyrocompass,
limits the study of the dynamic features of the device. Let us
construct an "integrated" model of a gyrocompass, which takes into
account the dynamics of the sensitive element and of the follow-up
gimbals, from which the compass and vibration models of the device,
respectively, can be found as special cases of analysis of low- and
high-frequency vibrations of the object. :

The absolute angles of rotation of the sensitive element with respect to

the geographic system of coordinates are expressed in the first
approximation by the following relations: '

o = Ol '}‘r/'r; r’ = c—}‘r”" . (7)

Separating the relative angles of rotation of the gyroscope oy ahd ﬂr
from the last expressions, let us substitute them into the equations of
motion of the follow-up gimbalsv(4) and (3). Then '

% (7) = Wag (o + Oy () My, B (p) = Dy, () B+ B, () My (8)

o, (p) = (l)ar (Mo -—-'(Dc (p) /HC’ b, (p) == (])pr Mmp— (h& )] /Hg‘ : (9 )
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where

Do (P) = Wi, () [1p* - hyp - W, (),

{10)
('Dﬁc (/)) == ‘W""z (p) [1.\',)2 ‘I' h.\/) "*— u”/lv'g (p)l—l;
(])a, (/)) = ] — (I)ac (/)), (D[;r (/}) =] — (I)ﬁc (/)), (11)
P (P) = 1p* - op -1 W (0))™, W (p) = 1 p® -+ hp -+ We, (017" (12)

Let us write the initial equations of the sensitive element (1) in
Laplace transforms at zero initial conditions with regard to (9):

(Is* -+ Tis - Ac) (D, 00 — DMy) |- (Is + hQ) (D f — DeMy) =
=M, — Is», — [l*o,,

(s - Nis | Ac) (P b — DeAly) — (ITs - hQ) (D o0 — DeMy) =
= M, — Isw, -+ T¥0,,

(13)

where  J—pyb; H=(A4-20)Q; 11*= (Ad-a--0—c)Q; s=jo.

The equations of motion (13) are the "integrated” mathematical model of
a gyrocompass for a wide frequency spectrum.

It is known that the error of reproducing the amplitude in the bandwidth
of a closed system does not exceed the permissible value, while the

amplitude-frequency characteristic decreases with a further increase of
frequency. The following relations are valid for these frequency bands:

1) 0 < w ¢ wn——bandwidth:

D (0) ~ 1= Dy (@) >0, Dy (0)~ K,

. (14)
(Dﬁc ()=~ 1 =y, (0)—0, Dy (0) ~ o
2) @) wn-~outside bandwidth:
Wy (@)= 0=>Dy_ () = 1, Dy (0)—>0,
(15)

P (@) >0 =Dy () ~ 1, g (0) >0,

6




where K; (i = 1, 2) are the total amplification factors of the
static-type relief circuit regulators.

Using relations (14) and (15) and omitting the intermediate
transformations, let us write equations (13) for two frequency bands.
The equations of a gyrocompass in the bandwidth of a closed system
assume the following form in temporary form

H* (B ++ o, + 0,0 — oy —og) = M, + Ki7' (Acdl; -+ hQM,), 16)

— B (0 4 0, — 0 + Py + 0,1) = My + K7 (Ack, — hQ11).

For vibrations at frequencies that do not exceed the bandwidth of a
closed stabilization system, equations (13) are transformed to the
following system of differential equations:

Iot + ey + Acos - HP -+ hQB = M2 — Ju, — H*uy, ;
(17)

1B+ P - Acp — Ho — hQex = Al — Tu, - H*u,.

Here ux and u; are the vibration components of the angular velocities of

the platform «; and ¢, and MBx and MBZ are the high-frequency components
of the perturbation moments.

Let us call the motion of the sensitive element with frequencies
belonging to the bandwidth of the closed system compass motion, and let
us call those outside the bandwidth vibration motion. The follow-up
gimbals track the position of the sensitive element with accuracy up to
static errors in the case of compass motion. The follow-up gimbals, due
to inertia, are unable to counter rapidly variable vibrations of the
sensitive element in the case of vibration motion.

Separation of the "integrated" model of motion of the device into
compass (16) and vibration (17) permits one to determine the dynamic
characteristics of a corrected gyrocompass with DNG.

2. Analysis of compass motion. The compass model of the device (16)
assumes the following form with regard to the equations of moments (5)

H* (B + o - oo — oy — ) = — 1,8 - ME 4 Mg -
+ K7 (MM, + hQM,),
— H* (oc + o, — (on[)) + by + (;)E'y) = —n,0 4 My -+ My 4
+ Kz (AeM, — hQAM,).
7




Based on conditions of providing the position of dynamic equilibrium in
the direction of the true meridian and in the plane of the horizon, we
find ideal values of the correction moments

MY = [1* (0, — ay — oy —M; —K . (AcM, -I- hS)ME),

(18)
ME s ] ((')t -1- ".3'\’ -}- (na'y) — My — KE' (AC/”E — ILQIWC).
The following correction moments are realized in practice in a
£yTrocompass :
ME -2 1 (o - n.Oy) — Mz - AM,,
(19)

ME = — Hoy — M-+ MM
where AMy and AM, are the errors of the correcting moments due to errors
of measuring the latitude and velocity of the object.

The imperfection of the correction moments results in a methodical error
of the gyrocompass:

oty = U=!'sec [- or — moa - -5 8, — mbpe) + T B — "“5%)} ©(20)

where U is the Earth’s angular rotationaql velocity, y is the observer’s
latitude, oy = M/H* o,= -—M'J/f{* are the azimuth and horizontal drift
of the gyroscope, ¢, = MeK, 8, ::'M&K;l are the static errors of the
follow-up gimbals, T, :-//*(i{)~! 1is the time constant of the gyroscope,
and m = nz/ny.

Let us calculate as an example the error component of the gyrocompass
(20), caused by the time constant of the DNG and by the static errors of

the stabilization system. Let us assume that TI‘ = 50 s and {iucz‘ﬁﬁrzo,l,;

m=0,00;, Vcosp=7-10"% s~1, We find in this case that aq = 28.6".

Accordingly, disregarding such features as the time constant of the DNG
and residual stiffness results in significant errors of the device.
Therefore, it is recommended that the last terms from (18) be taken into
account in the expressions of the correcting moments (19).




3. Oscillating deviation of gyrocompass. Let us use the compass model
of the device (16), having first discarded terms that contain static
errors of the follow-up systems for simplification of computations. Let

there be rolling motion 0=0,sin (of4+¢). The pendulosity of attachment
of the center of gravity of the device 1 causes rotational acceleration,
projections of which onto axes 0§ and Oy are: 1V§=61 cos K; Wy= —0Isin K,
where K is the heading of the object.

Omitting the intermediate transformations, we find the formula of the
intercardinal deviation of the gyrocompass

(o) = n [82w* sin 2K {7  COS (8 — &) — 5 neos (g —Eg)|

T ayo o2 —1
X {4/1.ng cosp | 10Ty | (1 —=T,T0%° -+ <u~T,\’ . (21)
l1-- T"T,(')z . L
rie €, = arclg ——“‘D‘Tz" S e, = arctg ol 1

es = arctg(—oT); T, = i

n
7

The differences of deviation (21) from the known deviation [4] are
manifested due to the structural features of the platform suspension: a
two-axis suspension required introduction of algorithmic compensation of
the gyrocompass errors, caused by heeling inclinations of the object.
However, the constant value of perturbation <§(yx + 7)>, as a result of
calculation of which formula (21) is found, is manifested due to the
inertia of the accelerometer--of the indicator of given inclinations.

Thus, the frequency method of separation of motion permitted us to find
the compass and vibration mathematical models of a corrected
gyrocompass, convenient for analysis and which reflect the specifics of
application of a DNG as the sensitive element. Disregard of the time
constant and of the residual stiffness of the DNG in the case of static
regulators of follow-up systems results in considerable errors in
determination of meridian, which should be taken into account when
working out algorithms for the control and correction circuit.

Study of rolling deviations of the device showed that algorithmic
correction of the error of the gyrocompass due to rolling inclinations
of the object and due to a two-axis layout of platform suspension does
not correct the intercardinal deviation due to the inertia of the
accelerometer-indicator of the given inclinations.
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UDC 531.383

SELECTING GEOMETRIC DIMENSIONS OF FLEXIBLE GIMBAL SUSPENSION ELEMENTS OF
TUNED ROTOR GYROSCOPES

907F0290C Kiev MEKHANIKA GIROSKOPICHESKIKH SISTEM in Russian, Issue 8,
1989 (manuscript received 15 Oct 87) pp 10-13

[Article by T. V. Balabanov, candidate of technical sciences, and A. N,
Motornyy, junior scientific associate, Kiev Polytechnical Institute]

[Text] The purpose of this article is to develop a method of
determining the geometric dimensions of flexible elements (Figure 1) of
tuned rotor gyroscopes (DNG) upon fulfillment of the following
relations:

1) the condition of strength upon exposure to impact loads

S )
=% =75~ (1)

where [r] is the permissible tangential stress, p is the permissible
impact load per flexible element, and Aj and Bj are the geometric
dimensions of the flexible element (Figure 1) of variable (i = 1) and
constant cross-section (i = 2);

2) the condition of strength upon exposure to cyclic loading

c

[0} >0, = ~7 9, (2)

where [¢] is the fatigue strength, y is the permissible angle of
rotation of the flexible element, cy is the given angular stiffness

coefficient of the flexible element with respect to the working axis, W
is the moment of cross-sectional resistance of the flexible element, and

11




AlB,
V= (3)

3) the condition of conservation of the angular stiffness factor‘in;
a specific range is

Cymin < Cy < Cymax.

Let us consider a flexible element of variable cross-section. For this
element,

0 = g AV BRI (4)
or
BI==92? ATSPRY2, (5)
where E is Young’s modulus.
R
N

5,

Figure 1

Substituting (3) and (4) into (2), we find condition 2 in the form

12




4E —
[0] > 5 A"R™.

(6)

If By = Bg;, let us derive from (1), (5), and (6) the expressions that
give the range of selection of dimensions A; and R with regard to
constraints on the geometric dimensions of the flexible element:

R> KA, (condition 2),

16E2¢p? |
Kn = gapep

R> KA} (condition!1],

AEp® .
K = g
ymin

Ku/ﬁ <R< 1(1514? (condition 3),

4E2B),
Ky= 2.2
813y nax
4E®B?
Kig= —— 0
8in2c?

ymin

Ay

A

Agy (constraint on dimension A;);

o)
~

< Rp (constraint on dimension R}.

Let us consider a flexible element of constant cross-section.
element,

E 43
Cy = EEA2BZ

- or

l2c,A70L

!
t

13

(7)

(8)

(9)

(10)

(11)

For this

(12)

(13)




Substituting (3) and (12) into (2), we find conditon 2 in the form

[o] > —5— AL, (14)

If By = Bps, let us derive from (1), (13), and (14) the expressions that
give the range of selection of dimensions Ay and L with regard to
constraints on the geometric dimensions of the flexible element:

L> K, A, (condit.ioh 2),

£ (15)
B,
Ko =370
L>K22A§ (condition 1),
EP (16)
Ky = 196, T
NopA3 <L << K53 (condition 3),
. (17)
I,y == ._b_BL’?_ Kor = _%L
“e l253-‘mnx’ w 12Cymin’
As < A g9 (constraint on dimension Ay); (18)
L € Ly (constraint on dimension L). (19)

To find the specific values of the dimensions from the above regions,

g,
let us introduce coefficients Ky =™ (;—1,9) that take into account

imin

the different structural and technological constraints on the values of
the desired dimensions and that correspond to flexible elements with
variable (i = 1) and constant (i = 2) cross-section.

Let us write with regard to By = Bo; and Bs = Boo

. AL B, 372 py~1/2
I, == 2By g3z,

T T 3ap

- Ly B 25—t
Ko = i A3L7

1k




hence,

Jorp ( 20)

30y 12 A S 7 J .
/]' 1{ o ‘!Ii‘("l’;m ]‘0[ 101’

/11::1"”»] = I ([] [(0) - 102 (21)

It is easy to show that

(0?51)min = Ofmm'r]min == ‘!G—ﬁiﬂi Ba’R—_l; (22)
P 1y
(Uzrz)mln = OominTomin = (l‘ BozlL ! (23)
It follows from (22) and (23) that
R =R, (24)
L =L, (25)

Substituting (24) and (25) into (20) and (21) and making the necessary
transformations, we find

Ay = BBPRYS. (26)

Ay = FLY*. (27)

When selecting the values of coefficients Ko; and Kog, one must take
into account that

B R At <2000 R A (28)

3np

Imin =<z KOI =~

15




EqB —1 42 EgB —1 42
“'%pﬂ‘ LU lfl‘zmiu < 1(02 < ._2[[} %2 LO AZmax- (29)

The method of selecting the geometric dimensions of the flexible
elements of variable cross-section is based on relations (7)-(11), (24),
(26), and (28), while the method of selecting flexible elements of
constant cross-section is based on relations (15)-(19), (25), (27), and
(29).

0 003 410
A0, 107
Figure 2
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5 2., {
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// |
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Z . !
0 005 o
15 1Yy
Figure 3

To illustrate the foregoing method, let us consider a numerical example.

Let E = 2-10!! N/m?2, p = 9.8 N, ¢ = 1.74-10°2 rad, [7] = 46.3:107 N/m2,
- D 7 2 v = R . -2 . - -2 . = =

[¢] 72.5-107 N/m?2, CYmin 0.8-1072 N-+m, CYmax 10-2 N-m, Bp, Boo

= 2-10"3 m, Agy = Agg = 104 m, Lp = 2:10°3 m, Ry = 10°3 m, Koy = 10,

and Koy = 0.5.
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As a result of the calculation, we find K;; = 4.2, K3 = 1.47:103 m~2,
Kig = 0.94-103 m~2, K ;4 = 0.08-10290 m-4, K;5 = 0.13:1020 m~4, K9 = 2.4,
Kag = 45-10%8 m~!, Kg3 = 36:103 m~!, Ko4 = 3.34:10% m~2, and Kiys = 4.17 x
x 109 m-2.

Let us use the derived values to construct regions for selection of
dimensions Ay, R (Figure 2) and As, L (Figure 3). These regions are
shaded. Curve 1 in Figure 2 corresponds to the expression R = KA,
curve 2 corresponds to R = K;4A%, curve 3 corresponds to R = Ki5A%,
while curve 1 in Figure 3 corresponds to L = KyjAy, curve 2 corresponds
to L = Ka4A39, and curve 3 corresponds to L = Kz5A32. We find in the
regions for selection of the dimensions points M; (0.023; 1) (Figure 2)
and Ms (0.034; 2) (Figure 3), whose coordinates are dimensions A;, R and
Ag, L, respectively.

The studies permit the following conclusions: if the overall dimensions
of tuned rotor gyroscopes are identical (A = As, By = By, and 2Ry = L)
and if the strength and stiffness conditions are fulfilled, the angular
stiffness factor of the flexible element is less al constant
cross-section than it is at variable cross-section. It follows from
this that the accuracy of a tuned rotor gyroscope with flexible elements
of constant cross-section is higher.

17
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[Text] The method of induced rotation of the gimbal suspension of a
gyroscope about the vector of the moment of momentum [1] is used for
autocompensation of the instrument errors of free gyroscopes. The
purpose of this article is study of the possibility of applying this
method to two-degree gyrotachometers (GT).

Let us link the orthogonal coordinate system {7({, axes 7 and { of which
are directed in the initial position of the gyrotachometer along the
precession axis and the principal axis of the gyroscope, respectively
(Figure 1). Let us link system xyz to the movable part of the
gyrotachometer such that axes y and z will coincide with the suspension
axis of the gyroassembly and the principal axis of the gyroscope,
respectively. The body of the gyrotachometer rotates uniformly at
angular velocity ¢ about axis { with respect to coordinate system {7(
(Figure 2) and a = {lt. Let us assume for analysis of the dynamics of
this gyrotachometer that the base rotates about axis 7 at constant
angular velocity ¢.

The linearized differential equation of motion of the gyrotachometer has
the following form with the respect to the precession axis

LB+ 1B+ [, — 1) (@2 — 0?sin® Q) + HQ +c]p =
= Hosin Qf + (I, -+ 1, — 1) Qo sin Q. (1)

Here Iy, Iy, and I, are the moments of inertia of the movable part of

the gyrotachometer with respect to axes x, y, and z, H = IPZ& is the
moment of momentum of the gyroscope, IP, is the axial moment of inertia
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of the gyroscope rotor, % is the angular rotational velocity of the

gyroscope rotor (& > ¢), f is the damping factor, c is the angular
stiffness of the flexible element of the gyrotachometer, and J is the
angle of rotation of the gyroassembly about the precession axis y.

Figure 1

Figure 2
Let us study the dynamics of the gyrotachometer in three cases:
Q2> 0?2 Q2<Ko’; and ) = ¢. In the first case, let us write differential
equation (1) in the form
B -+ 2w + 0if = Awsin ¥, (2)

where 2o, =f/l,; 0 =[c-+ HQ + (I,— 1) 175 A=1H -+, + 1, —1)QU7"

The partial solution of equation (2) is as follows:
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Ao
p

= sin (Qf — @),
]/,/ (mg__ QB)H -} 4@2")393 ( (p) | (3)

where
¢ = arctg 260,/ (w5 — Q7).

It follows from (3) that the considered device behaves like a vibratory
gyroscope, since it responds to constant angular velocity of the base «
by vibration with frequency {!, equal to the angular rotational velocity
of the gimbal suspension. One can use the resonant operating mode to
improve the transfer factor of the device. Resonance begins at wy = 1.
Expression (3) then assumes the form

’

o Ao . LAY 11. o
p= %%gsm(QL~7J_U—(§”FQ+J”—JQ7—wﬂN. (4)

Since 71 ¥ {l, regardless of the damping factor, which is selected on the
basis of the required nature of the transition process, one can provide
the necessary value of the transfer factor of the gyrotachometer by
selecting the ratio between H and {! upon measurement of small angular
velocities w. The considered device differs advantageously by this from
rotary vibratory gyroscopes, since its transfer factor and phase shift p
become less critical to small variations of wp or f{l.

The relation Qpes = ¢p is fulfilled for the resonant mode of the

gyrotachometer, i.e.,
Qpes == 1 b Hpes - (1, — 1) Q2] 15, (5)
Hence, we find at Iy = Iy the condition of dynamic tuning

H o (12 - Ae @1 — 1 )]*
2/_—T) : (6)

s‘217031,2 =

If there is no flexible element in the gyrotachometer (c = 0), formula
(6) is simplified considerably: Qe =0; Qe = /1(2[ ,—[,)~1. Formulas

derived for a rotary vibratory gyroscope follow from expressions (5) and
(6) as a special case at H = 0 [2, 3].
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When the device operates in the second frequency band ({12 € «2),
equation (1) assumes the form

LA b4 e HQ = (1, — 1) 0* sin® ] p = Ao sin O, (7)
and in the third case ({l = &)

LEE B 1 de -+ HQ 4 (1, — 1) 0% cost Q) p = Aw sin Q. (8)

Using the trigonometric identities, equations (7) and (8) can be written
in typical uniform form

[ 2o 1 lon b g eos 200 == Ao sin &, {9)
where o~ fc - HQ (I, 1)w%2] 15 go== (I, — 1) 0¥21,, if Q2 € ¢?, and
T RN RN/ S B (AR I TOL) | PR € o | RSN

The dynamic stability of the gyrotachometer, the motion of which is
described by linear differential equation (9) with periodic coefficient,
is provided by selection of the damping factor f (or of the relative
damping factor ( = f/2Iywo) according to the inequality [4]

G 17811 - guir® — (14 200779, (10)

Calculation of ( by formula (10) shows that the dynamic stability of the
considered device is easily provided by the parameters of serial
gyrotachometers over a wide range of angular velocities ¢, since quw 25 ¢

{1.

Assuming that inequality (10) is fulfilled, let us represent the partial
T-periodic solution of equation (9) in the form of a segment of the
Fourier series (T = 7/Ql) [4]:

P = ay+ a, sinQf -}- b, cos Q1 - @, 8in 2Q¢ -} b, cos 201, (1t

Having substituted (11) into equation (9) and having set the

coefficients at identical harmonics equal, we find @, = ay=b,=0; a, = AA™;
br o= AT A = A (@5 — Q) A= — A0, R —q/2); A= (0f—

0 g/2) (05— Q) -} 20,2 (20,2 — g/2).
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Thus, the output signal of the device can be described at 012 € ¢2 and
! = v by the following mathematical expression

p = Do sin (Q¢ -+ ¢), (12)

where [ — A(a}-t+ )% &= arctg -%‘; If the resonant operating mode of the

gyrotachometer is used (¢o = ), formula (12) yields formula (4).

pes3

Thus, a two-degree gyrotachometer with rotating gimbal suspension has
properties of a one-cage rotary vibratory gyroscope (RVG) [2, 3]. The
advantage of the considered device compared to a rotary vibratory
gyroscope, besides those noted earlier, is the possibility of realizing
a higher natural vibration frequency wg, dependent on additional dynamic

components of total stiffness cr==c+ Q4 ([,—1I,) (Q2—0?sin2Qf).
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[Text] Numerous studies of a gyroscope with flexible suspension [1-5]
have not devoted attention to the acceleration of its rotor, which is

important in solving the problem of reducing the readiness time of the
devices.

A method is proposed in this paper and the characteristic features of a
gyroscope upon acceleration of its rotor are studied.

Analysis of the nonlinear equations of motion, which correspond to
different kinematic layouts of gyroscopes with flexible suspension
(layouts in the form of a rotor with one~ and two-race and inertialless
flexible suspensions), permits one [5, 6] to write the generalized
mathematical model of a gyroscope with flexible suspension in the form

"‘" 4= Uyq 'YO + (blsi’q + 01y § = eM,, (1)

6— Daaph 4 (bag¥® -+ 030 0 = e

:’; _*_ (,):;)OA’Y .,{- [)42;1)' = Elllyy,
. . 2 )
P+ ¥+ bagP = eddy,

23




where coefficients bjj are dependent on the inertial and elastic
properties of the system.

The differences of systems of differential equations (1) and (2) for
different kinematic layouts of gyroscopes with flexible suspension are
reflected in the specific type of coefficients bjj.

As follows from system of equations (1) and (2), the motion of the rotor
with respect to coordinates 7 and ¢ is independent in linear
approximation of motion with respect to the remaining coordinates.

Thus, one can study the problem of acceleration of a gyroscope with
flexible suspension by equations (2), while one can study the motion of
the rotor with respect to the drive motor shaft by equations (1).

Let us assume that coefficient bgo, which characterizes the stiffness of
the flexible suspension, is large and the inertial properties of the
rotor can be disregarded with respect to angle y, i.e., one can assume

that y = 0 in equations of motion (2).

The last equation of systems (2) is reduced by replacement of variable
Y=z, 7= z to an equation with separable variables é#JNm22==”M-
Integrating this equation at initial conditions 7(0) = O, 7(0) = 0, we
find

1 (,’2[" —1

T PR ‘ (3)

where L = mgmco.

Having substituted (3) into the first equation of system (2), we find

8my L 2Lt .
b:m (eth _<|_ 1)2 . (4 )

Let us estimate the effect of the inertia of the rotor during its motion
along coordinate y on the law of variation of angular velocity (3) and
angle (4).

Since there are no methods of constructing the general solution of
system of nonlinear equations (2), they can be integrated numerically on
the digital computer. Let us solve this system by the fourth-order
Runge-Kutta method, reducing to the form
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o

¥ = (€M (bip — 1) — g - Megy® — bagh @) (byy — 1),
.. . (5)
@ = (11tg — MegY® + bayp)/(bye — 1).

After substitution of variables vy —=x, ¢=ux,, .Y:.xs, ;p: x, Wwe write
&::2h ¢::km £1:<xm izftxt Finally, the canonical form of system (2)

assumes the form

.;Cl = xa, '362 = JC4,
X3 = (eMy (byy — 1) — My + MeoXs — byybyeXa)/(baz — 1),

Xg = (Mg — Mg 3+ bagxa)/(bgy — 1)-

(6)

Let us assume that the engine torque is constant. The value of mg = mg;

on the first time interval (%Tex < 0.870), and mg = mg2 on the second

time interval (0.87¢ < &TeK).

System of equations (6) is integrated numerically on the SM-4 digital
computer with values of the parameters of &o = 1,500 s°!, byg = 1 N-m,
bgo = 10°% N-m, m.g = 20s-2, my = 450 N-m and at initial conditions
7(0) = 0, 7(0) = 0.

The results, found analytically without regard to elastic deformations
of the rotor with respect to the shaft axis by angle y and by the

numerical method with regard to the flexible properties of the rotor,
coincide.

It is obvious from analysis of these results that the consideration of
the inertia of the rotor results in additional vibrations along
coordinate y. This must be taken into account when designing the
suspension and in strength calculation of it.

It frequently becomes necessary in practice to force acceleration of the
rotor within a limited time tp. It is desirable that 7 approach 70
smoothly (without jumps and vibrations), i.e., that it correspond to law

(3).

Function (3) can be approximated by a function of type

"Y e '.\70(1 '—'e_a’) ( 7 )
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so that at
1<ty I"%‘ﬂ <003« 1t,. (8)
Yo

We find with respect to the law of variation of the angular rotational
velocity of the engine shaft (7) with regard to (8) from system of
equations (2)

\'> e
P == sr g (9)

. ot ’{)Otnbh . . ‘o —ut
Mg == teoyy — € | o — W% -1 ey} — meayie™ ™| (10)

The graphs of function m_(t) at different values of t. are shown in the

A p
figure, where curve (1) corresponds to t. = 1 s, curve 2 corresponds to
tp = 0.5 s, and curve 3 corresponds to tp = 0.1 s.
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It is also of interest to study the motion of the rotor with respect to
angular coordinates ¢ and ¢, which characterize its dynamic properties
as a gage of navigation instruments. Let us first study the motion of
the gyroscope in linear approximation.

Let us rewrite system of equations (1) and (2) with regard to (7) in the
form
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‘!17 + blz'i?oé -+ [bla:i’g + byl = 1’12i‘oe—a’(.) — bm).'g (—Qe_a{ -+ e”‘sa{)qs —
— bysP0, [cos (o) (,OS( Yo “’) — sin (1,0) sm( ¥o —al):, i
b s (%) spon( B ]

- 2y [ — ) PO — Vot 'L
. P . . . . ( 1 1 )
0 — Daoya®p -+ [bza'}’g of b0 == — byyy e~ p — bzsyg (—2e~% - 20+

- Dgs ,y,,m [qm (¥ ,,1) cos( }" ) -}-cos (yot) sm( To )J ——bz-ﬂ"oe*“’mz X
X [ sin (\* {) cos ( ) + cos (Yof) sin ( “’)] —

— 2N, [(') + '-Yt)‘l’ - \'?oe‘“"ll)l-

The considered gyroscope based on a flexible suspension is a vibratory
system. As studies show, vibrations of the rotor with respect to the
drive motor shaft occur with period that is considerably less than the
acceleration time by coordinate 7. Therefore, complex motion of the
rotor, consisting of rotation together with the shaft and deviation from
it, can be divided into "fast" (vibrations with respect to the shaft)
and "slow" (rotation with respect to the shaft, including acceleration),
and one can use N. N. Bogolyubov’s method of perturbations [7] to study
the motion of the rotor upon acceleration, performing an averaging
operation with respect to the "fast" time. The terms in system of

equations (11), which contain the multiplier e—k(lft (k = 1, 2) that

characterizes the "slow" motion (acceleration), are assumed constant
upon averaging, i.e., they are "frozen." Thus, we find a system of
equations with coefficients, quasi-constant with respect to "fast”
motions, in the acceleration phase for study of the motion of the rotor
with respect to ¢ and ¥¢.

Having used the method of averaging [8], let us find the solutions of
equations (11) in the form

_ 22: Cieit 4 Do,
=1 (12)
2
0=13 % (C"I' —Dje ™1,
=1
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Having made the necessary transformations and having completed the
averaging procedure, we find a system of equations of first
approximation

él S (of {2\’0(’_ (Tt |- Trq) “lh T F Dy |- D)

2%]1

-+ '.yg (— 9p— 2 )by - Dya)]} - _;. \.’0('3 (1 —¢ ar') "

AN

. 1 *
gy, (I —e” )COS<?7 )([115 + b)) (13)

" € D
Dl e -m Dl {2\70(3 ol (112 ”f“ hﬂ) _+ T-(r—at ( 12 + b?ﬁ) 'ﬁ

X sin (%:3 e_at)(bls -} bys)

93 (= 207 - em200) (B - by} - 10, (1 — =) ¢

X&n(\°e—”)wm {bb)ht~L &o(l«qﬁ“ﬁmw(“’*wﬁh5+h)

The equations for variables Cy and Dy describe the attenuating
vibrations of the system with second natural frequency and are of no
practical interest in the given postulation of the problem [5].

As follows from analysis of system (13), the variable coefficients are
determined by variation of the angular rotational velocity of the motor
shaft during acceleration. Therefore, the solution of equations (13)
can be divided into two steps: I--corresponding to acceleration of the
motor shaft when system of equations (13) has variable coefficients and
II--corresponding to motion of a system with angular natural rotational

velocity close to constant (&c = const). Equations (13) will have
constant coefficients.

The general solution of system (13) must be found to study the motion of
the gyroscope in the transient mode. Since the equations of the system
are unrelated and since C;, and D; are complex conjugate values, it is
sufficient to construct the solution of one of the equations of the
system, for example, of the first equation.

Let us rewrite it in the form

Cy o= Cylu(d) -+ iw(t)] -1 [ (1) — ig (1), (14)
where

U ([) e ;;‘_' ’i’O (/l2 _l_ /13)6»— 744 ;

v(l) = h’?’“m) (01a - Dyy) -+ \’5(* 2¢ + e.,gm) (Dyg -F Da);

28




) =— 7{81‘1’“ Po0, (1 — =) sin (%—p—m) (D5 -1 Daa)s

gU0) = — g w0, (L — <) cos (To.e=) (g o+ b

Equation (14) is a first-order inhomogeneous linear equation with
variable coefficients. Solving it by the method of variation of an
arbitrary constant, we find in the first step

¢ =L+ iM, (15)

where

L

fi

5 (L= Kt 4 K [K, (cos o + cos B) -+ K, (sine — sin B) +
+ K (cosy 4 cos @) - K (cosy — cos ¢) - K; (sin vy — sing) —
— Ky (siny - sing)] + - AA,; (16)
M= _é (1 — Kyt — K.) [Ky (sino - sinf) 4 K, (cosp — cosa) +
+ K5 (siny - sinq) - K (siny — sin ) -} K5 (cos ¢ - cos y) -
+ Ky (cosy - c05 ¢)] - - A By,

and a, #, 7, and p are time functions, while K; (i = 1, 7) are
coefficients that are dependent on the parameters of system (14) (they
are not presented due to cumbersomeness), and A; and As are sums that
contain terms of higher orders of smallness with respect to t.

Let us find from (15) the conditions on the second step (t 2 tp) at t =

= tp: Cy = L* + iMx,

The solution of equation (14) on the second step has the form

g
— (5105 :
2 .
C,—e - (- i) - S19___, {(17)
Syg-1-isny
where
*# 513818 . 40— M* S12510
lL:‘L—‘-Q—-—T, = M* —
STt sty 1 Sio
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Let us derive from (14) and (17) the law of motion of the rotor over the

entire time interval from the moment of acceleration until it reaches
the steady mode

. - _;“ (5|z+‘.sn)(t—{p)
Co=LE<t)+iM@E<<t)e [

v S1iSyg
LF— =250+
st -k 81

(18)

—{~-l'(/‘/[*—- 251351“ )]+ i516512

3 3 5
S+ sip i, + iy

Taking relations (12) into account, we find from equation

- — 5 Susll—1p) c .
P = 2cos y,t [L (t< tp) +e {cos [ — 5 Su (t— tp) X

J

w [F . SuSie ' Jocin| & R} % _ 519818 1]
gl e ) )1+

7 2
St sp2

. —_82— s“(t—lp)
+2sinyot[M(t<tp)+e {

5 [M* ____s,_@,?_] _din [_Q s (t— tp)] [L* _ ._s&]} 5-

2 2 2
sipt Sie sitF iz

cos [— —z—sl, (t— tp)-J X

_SLGEL?_.]
2 7|
sp1 1 Sjo

. — - sualt—1p) e
0 = — 2sin p,f [L (t<t)+e {cos [-— AN tp)] X

x[L*—— ilﬂﬂ——-] + sin [——g S (t — tp)] [M*— _SusSie_ N +

2 - 2 2 2
S” "*"‘ 312 S“ + 512 l

- ‘Ti" su({—'fp){

+ 2 cos ! [M (t<t)+e

X [M* —_-s”s‘!—] — sin [——} S11 (t——t,,)J[L*— Ts”i“—]} + S”’S’—z—]

2 2 2 2 2
sip -+ 572 511 -+ 879 ST atit)

cos l.—— % Spq (E— lp)] X

Thus, the law of variation of angular velocity (7) can be taken as the
initial law in determination of the required torque of the motor in the
forced acceleration problem (10).

The motion of the rotor with respect to coordinates ¢ and ¢ is a
transient vibration process that results in increased dynamic effects on
the flexible elements of the suspension. This nature of motion should
be taken into account when guaranteeing the strength of the suspension.

30




BIBLIOGRAPHY

Abramov, R. A., "Oshibki dinamicheski nastraivayemykh giroskopov"”
[Errors of Tuned Rotor Gyroscopes], Moscow, 1985.

Brozgul, L. I. and Ye. L. Smirnov, "Vibratsionnyye giroskopy"”
[Vibratory Gyroscopes], Moscow, 1970.

Vlasov, Yu. B. and O. M. Filonov, "Rotornyye vibratsionnyye
giroskopy v sistemakh navigatsii" [Rotary Vibratory Gyroscopes in
Navigation Systems], Leningrad, 1980.

Novikov, L. Z. and M. Yu. Shatalov, "Mekhaniki dinamicheski
nastraivayemykh giroskopov"” [The Mechanics of Tuned Rotor
Gyroscopes], Moscow, 1985.

Pavlovskiy, M. A. and A. V. Zbrutskiy, "Dinamika rotornykh
vibratsionnykh giroskopov" [The Dynamics of Rotary Vibratory
Gyroscopes], Kiev, 1984.

Kushnirenko, I. B., "Motion of a Gyroscope Motor Based on a
Flexible Suspension During Acceleration of It," MEKHANIKA
GIROSOPICHESKIKH SISTEM, No 7, 1988,

Bogolyubov, N. N., "Method of Perturbations in Nonlinear
Mechanics,"” TRUDY INSTITUTA STROITELNOY MEKHANIKI AKADEMIT NAUK
UKRAINSKOY SSR, No 14, 1950.

Bogolyubov, N. N. and Yu. A. Mitropolskiy, "Asimptoticheskiye

metody v teorii nelineynykh kolebaniy" [Asymptotic Methods in
Nonlinear Vibration Theory], Moscow, 1976.

31




UDC 531.383
ERRORS OF ANGULAR-RATE SENSOR ON TUNED ROTOR GYROSCOPE

907F0290F Kiev MEKHANIKA GIROSKOPICHESKIKH SISTEM in Russian, Issue 8,
1989 (manuscript received 10 Nov 87) pp 24-29

[Article by A. V. Zbrutskiy, doctor of technical sciences, and S. A.
Shakhov, engineer, Kiev Polytechnical Institute]

[Text] The dynamics and errors of vibratory gyroscopes (VG) with
flexible suspension as a sensor of small angular deviations of the base
or as an angular-rate sensor in the steady mode were studied in
sufficient detail [1-3] in the case of a free rotor of vibratory
gyroscopes. At the same time, problems of design of the angular-rate
sensor (IUS) on a tuned rotor gyroscope (DNG) with the required speed
[4] have hardly been studied. A model of the errors of the angular-rate
sensors on tuned rotor gyroscopes with symmetrical flexible suspension
is developed in this article.

As shown in [4], a two-race DNG can serve as a sensor of small angular
deviations of the base in the transient mode of the gyroscope, and as an
angular-rate sensor in the steady mode. Errors caused by friction
losses, asymmetry of the dynamic parameters, angular and translational
accelerations and vibrations of the base, and also by cross-coupling due
to inaccurate dynamic tuning, which as an effect only during an initial
error distinct from zero, are inherent to DNG in both cases. The speed
of the DNG reaches several tens of seconds [4], which does not satisfy
current requirements on the angular-rate sensor. Compensation feedback
(0S) with respect to moment, by selection of the transfer function of
which one can increase both the speed and can reduce the cross-coupling
of the IUS, can be introduced.

The equations of motion of the tuned rotor gyroscope can be written in
complex form

€10 - (05 - i1 + (C + iegy) @ = — e,Q — ieQ — Loz + M,
re =+ Q= ,+iQ); e =DB;3+C; e3=1IK;4 K;; 5= (1)
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=4+ A4+ C— Bl)\;; H=(A;+ 261)7'; C = 2Cg + (A, — B,

—CWs My=M,+iMy i=—1; a,

are angles of deflection of the rotor of the tuned rotor gyroscope in a
coordinate system unbound to the drive shaft, Qv and {1, are projections
of the vector of the angular rotational velocity of the base onto the
axes of sensitivity of the tuned rotor gyroscope, Aj, Bj, and C; are
axial and equatorial moments of inertia of the center rings (j =1, 2)
of the flexible suspension (UP) and of the rotor (j = 3), k; are
coefficients of the viscous frictional moments of the center rings

(j = 1, 2) and of the rotor (j = 3), v is the angular rotational
velocity of the drive motor shaft, Cgs is the angular stiffness of the
flexible axis of the tuned rotor gyroscope, M; and My are the perturbing
moments of the angular-rate sensor with respect to the axes of
sensitivity, caused by parameters of both the tuned rotor gyroscope and
of the elements of the feedback circuit, IMA igs the control current in

the torque motor (MD) circuit, the functional dependence of which on
time t and on the parameters of the tuned rotor gyroscope is determined
by the selected feedback circuit, and KMA is the characteristic slope of

the torque motor.

Taking into account that the output signal in the compensation operating
mode of the angular-rate sensor is the current in the torque motor
circuit, we find from expression (1)

Tux = I— ie4@ -+ €2 -+ My -+ e — (e + iH)p — (C -+ et 1. (2)

Hence, it follows that the angular drift speed {) is measured by the
angular-rate sensor with some error, determined both by the dynamics of
the tuned rotor gyroscope and by moments M, determined by the
characteristics of the angular-rate sensor. Let us compile a
mathematical model of the errors of the angular-rate sensor in the
steady operating mode, since the dynamic errors of the sensor are
considerably dependent on the selected feedback circuit. To do this,
let us introduce the following notations: m; is the mass of the center
rings (j = 1, 2), of the rotor (j - 3) of the tuned rotor gyroscope and

of the drive shaft (j = 0), rej= {reixsi feins ey} 1S the displacement

vector of the centers of mass of the center rings (j = 1, 2) and of the
rotor (j = 3), rj2x is the nonintersection of the flexible suspension

axes, and \ﬁzz{“gﬁ\vm .} is the vector of translational acceleration
of the base.
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The useful signal of the angular-rate sensor that characterizes the
angular drift speed of the base is selected in the form Tom== —(lee/ K1) O,

The remaining elements of the right side of expression (2) are then an {
error of the sensor, which in the steady mode has the form

In = My — (C + iegi)glKar (3

Let us consider the components of moment Mo, which determine the errors
of the angular-rate sensor.

The moments that occur in the flexible suspension of the angular-rate
sensor during translational accelerations of the base (Wy = const and
W, = const) can be written in the form

My = — (Mgreaeg 4 0,501,101 )W — 0,5 (125715 - 0,505 ¢0,0) W,
W= W, o (W, (4)

They characterize the error of the sensor, dependent on displacement of
the centers of mass and nonintersection of the axes of the flexible
suspension in the axial direction.

The radial unbalance of the center rings and rotor of the tuned rotor 1
gyroscope determine the errors of the angular-rate sensor in the case of

action on the translational vibration sensor of the base W= W.q cos n,/:

uYy: ‘Vyﬂ COs ”.2[; W/z= “}'2” COS 112{ at frequency relations 1y —_—.‘\7; 112=113=2Y'

The perturbing moments can be written as follows after averaging on a
time interval that considerably exceeds the period of natural rotation
of the drive shaft:

) . 5
My = 0,5 (Mgl eaes -+ myteryn)Wso; (5)

Mgy = 0,25 (a9 b 170y - Mg g0} (W <1 iW ). (6)

As follows from expressions (4)-(6), the errors of the angular-rate
sensor are dependent on the modulus and mutual orientation of vectors
rej (Jj =1, 2, 3), which characterize the errors in manufacture and
assembly of the sensitive element. The center rings, the mass of which
is comparable to that of the rotor of the tuned rotor gyroscope, have a
significant influence on the errors of the small angular-rate sensor.
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It becomes necessary in this regard not only to adjust the races
dynamically to ensure the resonant operating mode of the tuned rotor
gyroscope, but also to balance them statically.

A quadrature moment MKB’ the cause of which is correlation between

displacements of the rotor upon elastic deformations, determined by
asymmetry of the spatial arrangement of the pliable elements of the
suspension, by rotations of their principal stiffness axes, by different
dimensions, by violation of spatial symmetry, and by instrument errors
in manufacture and assembly of the suspension, also occurs under the
action of translational accelerations and vibrations of the base in the
angular-rate sensor. Studies show that the effect of instrument errors
in the quadrature moment of the angular-rate sensor increases
considerably (tens of times) in the presence of pliable center rings.

Having denoted the stiffnes matrix of the flexible suspension by “ng“,
where cj; (Jj = 1, 2, 3) are coefficients of the translational
stiffnesses of the flexible suspension and Cj; (j =4, 5, 6) are the
coefficients of angular stiffnesses of the flexible suspension, let us
write the components of the quadrature moment.

The moment caused by cross—couplings between the translational and
angular displacements of the rotor are

Mgy = 0.5y (Cyy -1 Cog) (roayaW,Ca' -+ ircaz,,Wngf;l). (7)

It is characterized by stiffness coefficients C59 and Cs3 and by radial
displacements of the center of mass of the rotor of the tuned rotor

gyroscope.

The moment caused by correlation between the translational displacements
of the rotor in the axial and radial directions is:

A Gy G, G Cw
9 '2C22 c3y3 2(;22 c3z3 C22 12x%

ng —_ 4/713'}"2 . ( 8 )

- ) '
-9 (Ea _ms_v_c_s_J iy (W, -+ W),
‘22 (C,, — 4y2my

/‘ II{ pp T

Expression (8) determines the total effect of the axial and radial
unbalance of the rotor and of linear accelerations in these directions
on the error of the angular-rate sensor.

The moment caused by cross-couplings between the angular displacements
of the rotor is:
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Ao cmg4m4VN@%~pm944%Qh9W"+ivwmm+ (9)
44 ]

Mypy = — il o)

2
gy - mgregua) W,

where ryo and r;c is the displacement of the point of suspension of the
rotor of the axis of symmetry of the shaft with respect to the
rotational axis.

Moment (9), characterized by stiffness coefficients Cs4 and Cg4, occurs
upon displacement of the center of mass of the system with respect to
the rotational axis of the drive shaft.

The moment caused by dynamic unbalance of the rotor 69 and §¢ is:

Mygs = 0,5/‘13 (6() 1 61]») l(/'zo (1my - 1) -+ "r.’tzsmg)W’y -+ i(r,,;, (11 =+ 11tg) -3- (10)
1 Teayam )W, (A, -F Ay .

It acts along the suspension axes of the tuned rotor gyroscope at
nonperpendicularity of the axes of the flexible suspension to the
rotational axis of the shaft. The noncoincidence of the flexible axes
with the rotational plane of the drive shaft is caused by dynamic
unbalance of the rotor or by instrument errors.

Analysis of quadradure moment A, — 3 M,,; shows that the stiffness of
=
the pliable elements of the center rings must be exceeded by an order or
more with respect to the corresponding stiffnesses of the flexible
elements of the suspension, when the center rings can be considered as
absolutely rigid, to eliminate it. The arrangement of the flexible
elements of each center ring should satisfy the symmetry with respect to
the rotational axis of the drive shaft, while the entire flexible
suspension, after rotation by 90°, should be identical to some
suspension, symmetrical with respect to the plane perpendicular to the
suspension axis. :

Besides the above moments, a flexible element proportional to the
product of rotor displacements with respect to two mutually
perpendicular axes acts on the angular-rate sensor due to inertial
loads. Taking into account that displacement of the center of mass of
the flexible system is directly proportional to the effective
acceleration, the perturbing moment in the body axes system can be
written as follows:

36




AT
oWy

My, = ,,('_9‘_2;;;;0;1,1_\&7_,, 1iln= Oy ),

TR (11)

(;2»3 ~ 33

where m; is the reduced mass of the rotor of the tuned rotor gyroscope.

As follows from expression (11), the translational stiffnesses of the
flexible suspension in the axial and radial directions must coincide to
eliminate moment My,. This can be provided by rotating the principal
stiffness axes of the pliable elements of the flexible suspension.

Besides translational accelerations and vibrations of the base, angular
vibrations with double rotational frequency of the drive Qy==90cos2§h
1, ~~Qasin2y/. also affect the errors of the angular-rate sensor. The

perturbing moment caused by them characterizes the nonidentity of the
center rings of the flexible suspension and its systematic component has
the form

Moy = 0,5 (A, — By + 3C, — Ay + By — 3C)y%%. (12)

According to expression (12), there is no drift upon angular vibration

of the base at frequency 2% in an angular-rate sensor on a two-race
tuned rotor gyroscope with parameters A; = A, B; = By, and C; = Cy.
Thus, the symmetry of the inertial characteristics of the suspension of
the sensitive element with respect to its axes makes the sensor
insensitive to angular vibrations, the vector of which lies in a plane
perpendicular to the rotational axis of the shaft.

The residual stiffness (C # 0) and the viscous friction of the gaseous

medium of the sensor make a considerable contribution to the errors of

the angular-rate sensor. They cause a perturbing moment (see (3)) only
upon deflection of the rotor from the zero position by angle pg:

M, = [2C+ (A, — B, — C)) W-f’z + ‘.esﬂ‘f‘" (13)

Angle ¢ is a consequence of the action of the torque motor on the rotor
of the tuned rotor gyroscope in a compensating angular-rate sensor in
the absence of translational rotation of the base. The current
occurring in the circuit of the torque motor is determined by the error
¢o between the angular deflection sensor (IU) of the sensitive element
and the rotor of the tuned rotor gyroscope in its initial undeflected
position, the noise Vp of the angular deflection sensor, and Up of the
electric circuit of the feedback circuit. Substituting these values
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into (13) with regard to application of signals Vy and Up to the angular

deflections of the rotor V,=— V,K-Yy: Up=L-|Us/(Weo(p)Kny)] where KHy
is the steepness of the angular deflection sensor, L-! is an operator of
the inverse Laplace transform, and Woc(p) is the transfer function of

the feedback circuit, we write
M, = |2Cg5 + (A, — By — C) 2 + iegv] (g -+ Ug + Vo). (14)

This expression characterizes the errors of the angular-rate sensor,
occurring in the presence of a feedback circuit. They can be reduced by
selecting the elements of the feedback circuit and of the transfer
function of the feedback.

Thus, expressions (4)-(14) permit one to estimate the error of the
angular-rate sensor if there are different perturbing factors. when
they are substituted into expression (3), we find the mathematical
models of the errors of the angular-rate sensor:

1" = 0’5 [2 (msrCSxS 'l' 0'5”llrclx'.) (W/z + ”'Vy) ‘l‘ (lnarlzx + 0,51712f62x2) X
X (W, + iWy) - (1 eays - Mafery)Wao -+ 0.5 (Mriay + Myreyen +
V. - iW Cs2 -+ Ces /74 : 952 + CM‘V N
+ m2rc‘2.\:2)( v ! t zD) + Iy Csa yleays + LT e3,3M3 Css z *"

A Csy —C - , .
1~Awfm -%“°%UNWM+n%%+myﬂmwy+lUWWQ+ﬁ%%L
Ay(Sy - 6,) . ,
o+ gy W,) - — -ﬁl—-i ((r0 (111q -1113) g0t Wy = i (ryo (111 -+
C, >
+ 1) 4 Fogysma)W,) - ( —leays -+ 2C Te3z3 — C“s C”. X
21 Coa—4dyimy

C T - mew _ .
X F19e— 28 — e )rns(IVy-I—t\Vz) + 2t F (szc Cuy .
Cop — 4721113 11 29

+i& "“C"IV)—(A — By + 3C; — Ay + By — 3C)vQ + 2 (2Cs +-

+ A, — B, — (41))'2 4 l"s'Y) (o 4V, Kn 3 + Uyl [\Mu + 81,

where 61 is the component of the output signal fo the sensor, dependent
on the random variations of the parameters of the sensitive element and
on the feedback circuit.

This mathematical model permits one to estimate the error of the

angular-rate sensor upon exposure to different factors, and to formulate
according to given conditions the requirements on the static and dynamic
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unbalance of the rotor and center rings of the sensitive element, to the
elastic-mass characteristics of the suspension of a tuned rotor
gyroscope, and to the parameters of the feedback circuit.
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[Text] This article is devoted to description and study of the constant
error component of a compensation pendulous accelometer with flexible
suspension (MKA s UP), operating under spatial vibration conditions.

The problems similar to that postulated have until now been solved
without refining the structure of the control circuit of the
compensation penduluous accelerometer and the final result of the study
was an expression that describes the constant error component of the MKA
under two-component vibration conditions [1].

The purpose of this paper is to find expressions that permit one to
estimate numerically the constant error component of the MKA and also to
determine the requirements on the parameters of the accelerometer,
fulfillment of which permits one to prevent the appearance of this
constant component, i.e., to make the MKA invariant to spatial
vibrations. Let us turn to the matrix form of writing the equations of
motion of a MKA with flexible suspension:

(Mp? -} Cyq == — mQ({) — u— R({), (1)

where M and C are matrices that characterized the inertial and elastic
properties of the MKA, respectively, q is the column vector of the
generalized coordinates, m is the mass of the movable part of the MKA, p
is a differentiation operator, Q = er(t) is a matrix that characterizes

the influence of the horizontal component of acceleration, acting along
the axis of sensitivity, on the MKA, u = U(p)q = DW(t)q is a matrix
whose elements are determined by the action of the vertical and lateral

components of acceleration (W (/)7= (0, Wi(t), Wn(l)).
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Assuming that all the elements of R(t) are small, let us find the
solution of (1) by the sequential approximation method. The equation of

the first approximation is (Mp2--C-FU (p) ) gD = —mH W (1). Its solution

is
g = —- I (Mp? - C - U (o))~ W (0. (2)

The equation of the second approximation is (Mp*|-C -|-U(p))q? = — DW () g,

The solution of this equation is
g = — DW ({yq» (Mp? -1- C-1- U (p)) . (3)
The desired constant error component of the MKA is

(Atlgx) = (Au®@) = Uy, ()

where /,=1'(0); ¢ '>==7£fTo(‘)d/ is a time averaging operator and T is

the time duriﬁg which averaging occurs. Substituting (3) into (4), we
find

(Attyx) = (— U,bwW (1) g (C + Ug)™. (5)
With regard to (2)

(Attga) = (W (1) Sy (0) Wi () A (W (1) Sy () W (s (6)

where g _.ij D,mIf (Mp? - C-|- U (p))~ (C-1- Upg)™"s Sp==UDymll (Mp?® --

3 C A U)y € 4 Uy~ DW (f) = D,Ws(l) + D.Wi ().
Expression (5) permits numerical estimation of the constant error
component at known parameters of the MKA. It is obvious that the

conditions of the invariance of the MKA to spatial vibrations have the
form

Sy=0, 8,=0. (7)
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To make the arguments more specific, let us introduce the generalized
calculated model of a MKA with flexible suspension. Analysis of known

layouts of compensation pendulous accelerometers shows that they can all
be represented by a single block diagram (Figure 1).

)~ @ﬂ 7@-._.»[?55 |
KV ) (3)
n3

(4)
Figure 1
KEY:
1. Sensitive element 3. Amplifier-converting module
2. Displacement sensor 4. Actuating member

I
\hl
i
i
!
l
]
i P
N i

Figure 2

However, the contiol circuit may differ considerably in different
accelerometers. Thus, a linear displacement converter (PLP) or angular
displacement converter (PUP) can be used as a displacement sensor (IP),
while a force converter or torque converter can be used as the actuating
member (IE). The layouts of the flexible suspension (UP) may also be
different. Let us consider two layouts when solving the problem: a
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flexible suspension (Figure 2, a and b) whose flexible elements 1 and 3
connect the base 4 containing the sensitive element (ChE) of the
accelerometer 2 by different methods.

Limiting ourselves to consideration of a MKA with two degrees of freedom
(X is linear displacement along axis Ox, # is the angular displacement
with respect to axis Oy), let us write the equations of motion
corresponding to (1) in a coordinate system whose center coincides with
the center of stiffness of the flexible suspension:

(mp® - Co) x -1- mLp*0 = - e W (1) - feygerry, — Fr(),
mLp*x 4= ((1y ~1- m1l.2) p* -|- Cy) 0 = — mL W'y (1) — kneu (827, —
~— 622\‘2) — 1”” (f)

(8)

Here  — kuan'P () (B, (v -+ 020) 4- [409259),  where Ch and Cy are the linear and

angular stiffness of the flexible suspension, kyan, knmiozs, Eoc Fpcdzs

are the amplification factors of the linear displacement converter,
angular displacement converter, force converter (PS) and torque
converter (PM), respectively, Io + mlL? is the moment of inertia of the
movable part of the MKA with respect to axis Oy, 75 and 62 are the

distances to the axis of sensitivity of the linear displacement
converter and to the effective axis of the force inverter, respectively,
$(p) is the transfer function of the amplification inverting module,
FH(t) and MH(t) are the force and moment caused by the influence of the

spatial vibration of the MKA base on the stiffness of the flexible
suspension, f;, B2, y1, y2, [1, f» are constant coefficients that take into
account the values of 0 or 1 as a function of the composition of the
control circuit (Pi, B2, Y1 Y2 f1, 2 are equal to 1 if the control circuit

contains the PLP, PUP, PS, PM, and UP, respectively, shown in Figure 2,
a, and the flexible suspension shown in Figure 2, b. Otherwise the
values of the coefficients are equal to 0).

Let us rewrite equations (8) in the form

A(p)x +B(n) 6= — mWr () — Fu (),

C(p)x--D(p)6 =—mLW; () — Mu(l), (9)

where
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Ap) = mp? - ¢,y I krokn b (MByy;
Bp) = mLp?® -|- Ry beyy D (P) %1 (Bi0z - Br025);
C(p) = mLp® kinnknc® (p) B, (1182 + 1,023); (10)

DAp) = Iy - mL?) p2 - Cy krnnnkne® (2) (8107 + Byoz) (3,67 -+

+ Vabzz).

According to notations (10), the expressions for S; and Sy in formula
(6) assume the form

Sy = Tymbsknnn®, [80A (0)]=' X [0,y (By023Co — Byct) + 0ty X
X (Pyory — Bz”ZEAo)];
Sy = mhnan®, [A,A (DN~ oy (Bray0g — Bifra 5,05 - Pyozs (hauCo— (11)
A1) 1= o (Byozg (L [1@50) —Prtyya— Bo0z5 (Ay (1055 L) — Cotr s

where % =LB(p)—D(p); o5="C(p)—LA(p); oty = Dy— Cooz; ot =
= B, L 0z by = anLd_‘.z : 0 0oz T

Expressions (6) with regard to (11) link the constant error component of
the output signal of the generalized model of the MKA, caused by the
action of spatial vibration on the MKA, to the values of the vibration
amplitude and parameters of the MKA.

Let us consider as an example two design layouts of a MKA with flexible
suspension.

First layout. An accelerometer contains a sensitive element on a
flexible suspension (Figure 2, a), linear displacement converter,
amplification-converter module (UPB), and force inverter. Taking into

account that f[i=f,=y,=I, [;=p,=y,=0, for this accelerometer, we

write

81:0,

. 52 = .f]lzkﬂjln('po [AOA (/UJ"I [(lopr3 -+ Cb) (C;I(T‘;:(‘/12 -+ C.\'GI l) - (12)

“+ CaL (Coy (L -+ Agy) - C";»a,z,) == D (p) kianikne (8, — 1) Cucrz (L -+

Gy —a07) 4 Cy (@13 — ay,07)]

Second layout. The flexible suspension corresponds to Figure 2, b,
while the control circuit consists of an angular displacement converter,
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amplification-converter module, and torque inverter. For this

accelerometer, fi=pi=y,=0, f,=p,=y,=1. Then

S, = mbsk;mnazzC?]Ld}oam [AA (M1, (13)
S, = mbskinnozz®,Con [AA (M1~ [(1,p° -+ Cy) ayg -+ Cal. +-

+ knanknc® (p) 0250250,

Expressions (13) show that a MKA, designed by the second layout, can not
be made invariant to spatial vibrations due to variation of the
parameters. This possibility is essentially present. for an
accelerometer designed by the first layout. Indeed, expression S; = 0
means that the accelerometer will be invariant to lateral vibration at
any values of its parameters. The condition of invariance of the MKA to
vertical vibrations (Ss = 0) reduces to imposition of additional
requirements on the amplification factor of the amplification-converting
module:

@ (p) = [(I,p? + Cy) (Cnoza,4 - Cyayy) + Cul (Co 0z (L + ayy) -+
--Cyayp)] knckium (02— L) (Caiz (L -1+ agy— 24002) — Cy (0,07 M.

Calculations made for a constant flexible element with rectangular
profile permit one to write with sufficient accuracy

O (p) ~ CiuL [kncknnn (8z — L)}~ + 1(Cnoza,, 4- Cyayy) p* X
X [kncknan (8z — L) CnlLoz).

The physical impracticality of the transfer function, described by
expression (14), limits the practical application of the result.
However, if the system is subjected to low-frequency perturbations, a

static regulator with transfer factor (= CyL|kncknmn (62—L) ]! can be

used in the control circuit to achieve invariance to spatial vibrations.
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[Text] One of the main difficulties in study of the dynamics of
thermomechanical systems of liquid bodies and solids is related to the
infinity of the number of degrees of freedom of the liquid and to the
nonlinearity of the equations of hydromechanics. It can be overcome
with approximation of an infinite thermomechanical system by an
idealized model with finite number of degrees of freedom. The most
preferable way of designing a finite-dimensional model includes
replacement of the differential equations in partial derivatives by a
system of ordinary differential equations of the Galerkin type. This
direction is based on expansion of the solution of the initial equations
to a finite series with respect to some, rather representative system of
coordinate functions, which corresponds to design of an
infinite-dimensional phase space of solutions onto a finite-dimensional
space.

For the temperature field
T )= YN [@e (@) rew (1)
j=1

where f; are functions of radius vector r, determined by their own
projections in a suspension-bound coordinate system.

The temperature field T(r, t) should satisfy the requirements of
continuity at the interface of a solid and liquid body and the principle
of minimum energy dispersion. Therefore, one can select the forms of f;
as solution of a linearized equation of thermal conductivity
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Vi) =0, reQ (2)

at inhomogeneous boundary conditions f;(r)=/i(r), i=1,m; rcaQ and of

the linearized equation of thermal conductivity with respect to the
natural forms of temperature distribution

V) = Mf (), reQ (3)

at homogeneous boundary conditions /[i(f)= 0. i ~w 4+ reo0  J = 1, «,

where V? is a Laplace operator, A; is the eigen-value, and f; are the
forms of temperature distribution in region 0.

As is known [1], the Laplace operator is negatively determined, i.e.,
its eigen-values are 7d<:0.j=:1T;5f This corresponds physically to

averaging of the temperature through the region over time. We note that
the longest are forms f;, corresponding to the least eigen-values }; in

absolute value. This is explained by the fact that the eigen-values i

determine the attenuation decrement of the corresponding form f; due to

the diffuse nature of the process of thermal conductivity.

The first group of expansion coefficients (1) Wi, j = 1, m,
corresponding to the forms of temperature distribution with
inhomogeneous boundary conditions and given in the form of a time
function, is the input effects of the thermomechanical model. The

second group of coefficients #l, j = m + 1, n, corresponding to the
natural forms of temperature distribution with homogeneous boundary
conditions, determines the variable states of the model.

The region of liquid flow ! is generally complex in shape, and,
therefore, the linear boundary-value problems (2) and (3) can be solved
only by using numerical methods. The finite element method, the main
idea of which includes approximation of the continuous value by a
discrete model, is the most convenient. This model is constructed on a
set of piecewise continuous functions, determined on a finite number of

E
elements [2] gg::l_]gm where E is the total number of finite elements
ezl

The region {} occupied by the liquid can be divided into eight-nodal
finite elements for a broad range of devices with floated spherical
suspension of the sensitive element.
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Solution of problems (2) and (3) on each element is represented in the
form of the expansion [e==|V|'{f}s, where [N]'==|V/\,. . \:  is a matrix

of the linear functions of the shape of the element and Uyr=A{hlofa ... |

)

is the column vector of the values of {f}® in the approximation nodes.

Functions of form Nﬂ can be written as follows: Np==0,125(-F%Ep) (I4-nyp) 1+

+ttp), p=1,8 in the natural coordinate system (--1<C% w, 1) .

Using the Galerkin method, let us find the approximate solution of
differential equations (2) and (3). To do this, let us satisfy the
condition: the difference between the approximate and accurate
solutions should be orthogonal to the functions used in approximation.
Minimizing the discrepancy of the approximate solution by the basic
function in region fl., let us write for expressions (2) and (3),
respectively

\ lNJeTv2 NI dQ, {[}i =0, i=1,m;

Q

(4)

e

Q, Y

S IVIT g2 VY a0, 113 = 2y § (V)T V) a, 5)

i=m 1, i=Ln—m,

Using integration by parts, let us reduce the order of the derivative in
(4) and (5) and let us find a series of systems of linear algebraic
equations with respect to the unknown values of the forms of temperature

{f}i, 1 = 1, m in the approximation nodes

and also the generalized problem for eigen-values

Mmﬁ:%mvbi=m+LMj=Ln—m (7)
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E E
Here [A]::LJ{AV,{B}::LJ[BF are quadratic matrices of problems of

e==} e:==]

linear algebra (6) and (7) whose dimension is equal to the number of
approximation nodes N, where

e ((omF o N | 1 AN AN |

(4] “‘g‘( dp dp "“7{2“ 30 a0
4] avy” awvr’)dQ _ glNleT A 4o
p?sinz  dy ot e . on e

a9,

Bl = g[Aqﬂqu”dQe are the quadratic matrices of the finite element of
3,

dimension 8 and g, ¢, and ¢y are the spherical coordinates of the
approximation nodes.

The resulting matrices [A]l and [B] are positive-determinate, sparsely
filled and symmetrical with respect to the main diagonal. The first
property permits one to use iterative methods of solution.

The upper relaxation method, which permits one to operate only with
nonzero coefficients of a densely packed [3] matrix [A], can be used to
solve the system of linear algebraic equations (6).

The value of the j-th variable on the k + 1-th iteration is determined
by the formula

s=f

i—1 N
— fof-) SR
1 = 1 ga' (Y @it — 3 aifs),
s=]

where q is a relaxation parameter.
The criterion of the end of the iteration process is nmx|ﬁ*4mﬂf; <
i N

<e& k<, f==t7V! where ¢ is the accuracy of calculating the form and

I, is the maximum number of iterations in solution of the system of
linear algebraic equations.
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Let us solve problem (7) by the power method [4, 5]. Let us assume that
£j = 471, and then

[BI{/}; = 1w, 1AL {[};. (8)

Thus, determination of the minimal eigen-value of problem (7) is
identical to determination of the maximum eigen-value for problem (8).

Let us construct two sequences of vectors {X}k and {Y}k such that

Y} = 18] (X}, 1AJ(X), = (Fh k=T, x (9)

I, co.

The sequence {X}k reduces [4] to the eigen-vector {f}i, corresponding to
the maximum value pg; of problem (8). Let us find the approximations to
the eigen-value from the Rayleigh relation

”k = ({Y}/i'{'l’ {’X}h) ({)'}k' {‘\'}I:)_J' k= IT—O-O

Let us formulate the criterion of the end of the iteration process in
(s

and Iy is a number that restricts the number of iterations.

— ('8, k=17, where § is a previously given small number

The eigen-vectors, corresponding to the higher eigen-values of A;, i =
= 2, n - m, are determined by the above algorithm with regard to their

orthogonality to each of the previous eigen-vectors {f};j, =1, i - 1.
Let us assume for this at each k-th iteration of process (9) for the
i-th eigen-vector

il
Xh= (X - N as (T}

=1
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where the unknown constants a; are calculated by the formula

o= (X B AN BN, j=Ti=T.

The first three eigen-forms in the cylindrical region (Figure a, b, and
c, respectively) were calculated to check the constructed algorithm for
calculating the forms of temperature distribution with homogeneous
boundary conditions. The difference of the results of calculations from
the analytical estimates from [1] does not exceed 5 percent.

The developed algorithm for calculating the forms of temperature
distribution permits one to construct effective mathematical models of
the dynamics of semi-aggregate thermomechanical systems.
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[Text] A floated suspension (Figure 1) is a supported solid (float),
immersed in a liquid and included together with it in the spherical
cavity of a bearing solid (body). The region occupied by the liquid
between the surface of the float and the surface of the body cavity Iy
is multiply connected and branched. Let us link to the float a closed
surface I';, which separates the considered region into two subsystems:
the float and liquid in region {l; with boundary I'y and the liquid in
single-connected region {ly with boundary I'y U 'y, Surface I'; consists
of connectors in the liquid and in part of the surface of the solid.

The purpose of the paper is to construct a mathematical model of the
rotational motion of the float about a fixed point upon given rotation
of the body and with a partially given field of the relative flow rate
of the liquid on the connections, belonging to surface ;.

Let us link the frame of reference and the coordinate system to the
float. In this case, the rotation of the float will be transport
[translator’s note: several words illegible] of body ['s and the flow
region of the liquid will not vary over time.

The complexity of studying the dynamics of mechanical systems that
contain solids, interacting with a viscous liquid, is related to the
infinity of the number of degrees of freedom of the liquid in
combination with the nonlinearity of the equations of hydromechanics.
The flow nature assumes the motion of the liquid with considerable
Reynolds numbers, which eliminates the possibility of using linearized
equations. One of the methods of solving the problem is to approximate
the real infinite-dimensional system by a model with restricted number
of degrees of freedom, which reflects the significant aspects of the
dynamics of this system [1, 27.
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Figure 1

Let us assume the velocities of the mechanical system as linear
combinations of the limited number of forms i;(r), W;ﬁ)(i==iT§) of the

possible velocity distributions of the float and liquid in region {ly as
the basis of kinematic concepts. These forms can be established from
solution of auxiliary boundary-value problems [3]. The speed of the

liquid in subsystem 1 is V (rofy== 10 2 &) (re by and that in
subsystem 2 is VQQ,Urfqﬂr“&(g(rgg%L[F]UIB) Here
Ez“f(f=fT7ﬂ are the quasi-speeds of subsystems 1 and 2, respectively.

Let #,mi(f<=Ti§ be the components of the angular rotational velocity
vector of the float, wi (i = 4, 6) be the components of the vector of
the angular velocity of the body, let &' o' (i—7.9) be the components of

the vector of the flow rate of the liquid through the connectors of

surface [';, which determine the transport of the moment of momentum from
region {l; to region (s, and let & o U::Tﬁ?ﬁ) be the quasi-speeds

’

that correspond to forms of motion of the liquid, generated by different
boundary conditions in a fixed coordinate system, bound to the float.

The quasi-speeds i Uzrllﬁfﬁ;PT.ﬁL which are variables of state of the
model, must be determined, while quasi-speeds @; (i = 4, m), given in

the form of time functions, are input actions.

Systems of ordinary differential equations

_h. (1)
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° 2 2 2 ——
gijof - a0l 4 Uipolet = Py (i, j, k= 1,n) (2)

describe the motion of the float and liquid, respectively [4, 5]. The
components of the positive definite numerical tensors of second rank of
kinetic energy in regions {I; and {l3 are determined with regard to the
rotating frame of reference by the expressions

, I
gi= (LidoQ (i=T73, j=&m),

o,

(3)

éii: Q:0:dpQ (i, = T,-Tl).

g,
Here p is density.

The components of the positive definite numerical tensor of second rank
of the dissipative function of the liquid in region {l3 with regard to a
rotating frame of reference have the form

2
a”:

2 Y Ay Vopdpv (Lj=T,n).

£,

(4)

Here v is the kinematic viscosity of the liquid.

The components of the tensor of third rank of dynamic connectedness
between different forms of motion of the float and liquid are determined
with regard to a rotating frame of reference by the expressions

| |
Lon =05 { (096 + Lvi)fdoQ (i =T.3; j k= T3, 4, n); (5)

Q, !

1 1 ——— .
Ving = Vipn = gfjvfhfidpg (i=138 j=4,n; k==1,3). (6)

2,

Coefficients T3, (i,j, k= T,n) are determined by expressions (5) and (6)

after substitution of indices 1 by 2 and of forms f by pa.
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In equations (1) and (2), ﬁi and %i are generalized forces corresponding
to €l and ¢i, respectively, and applied to the liquid.

Let us exclude surface (contact) hydrodynamic forces, adding equations

(1) and (2) with indices i = 1, 3 and subtracting equations (2) with
indices i = 4, 6. Disregarding the variation of the moment of momentum
of the liquid in relative motion through the float éuéfzzO (i=1,3, j=4,n)
and the principal moment of Coriolis forces of inertia acting on the
rotating float from the direction of the liquid QFthgk=:0(i==f:5’

passing through it, we find the equations of rotational motion of the
float only with respect to quasi-speeds v

. 3 1) 1 . "1 S0 0
>.' ‘(Qi] 4 gij) o |- k}_: (U'sjn -+ Liin) UJ’O)"] + ); lgu‘("f + a0 -+ )
1 == e

3
B 1
=

n 0 ) n 3 0 ) .
+ Y Tipolot| + 2 Y Y Tipolot = 0 (i =T3),
k

=1 j==A k=1

2 0 2 0 2 2
where ¢ 2 LY ) - .
gi1 = i — 8ryaj %ii = — Qijy Iijp = Tijp —1 143,jk°

The dynamic model (2) and (7) is closed with respect to variable states
o'(i=1,3, m+ 1,n) if the input actions '(i=4,m) are known given time
functions.

The vector of the relative angular velocity of the body in a rotating

coordinate system, bound to the float, can be expressed by the vector of
the absolute angular rotational velocity of the body in a fixed

coordinate system o/, (j=4.0):

where [cij] is a matrix of orthonomal transformation of a fixed
coordinate system to a movable coordinate system. Differentiating
expression (6), we find the components of the vector of the relative
angular acceleration in a rotating coordinate system

ot = — 6;‘;]-’!)"0’;(05*—3 + cj.(l)‘!;'*'(i —of (’, ]', k= 1, 3)’ (9)

where elk; are Levy-Chivit symbols.
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The dynamic equations of state in quasi-speeds (2) and (7) are
supplemented by three kinematic equations of rotation of the body about
a fixed point with respect to Euler angles when expressions (8) and (9)
are used [6]. Matrix [c!j] is fully determined by the values of the
Euler angles, which are independent parameters of orthogonal
transformation.

The structure of system of equations (2) and (7) was studied by method
[{5] for n = 22 forms of liquid flow with regard to the structural
symmetry of region fla. Analysis showed that the tensor of inertia (3)
is restored from 18 independent coefficients and dissipation tensor (4)
is restored from 96 independent coefficients, calculated by the above
expressions. The time of calculating functionals (3)-(5) on a computer
is reduced by more than an order of magnitude.

For numerical integration of system (2) and (7), it must be solved with

respect to the arbitrary unknown quasi-speeds. Matrix {[g;;] must be
inverted for this:

1 2 2 2 2 _
g+ i "‘gz_;_;;,,' - gl,j—{-s + g¢+3'1+3 (i, ] =1, 3),

2 2 o o
~ gij—8ipa; (=13 j=m+ln),
gu=={ . R

gij—— .],‘,j|.:; (1 T ’—” - l—v_”v ]:: m},

o
P

gis (i j=m+1n).

-~

Theoretical analysis showed that [g;j] is a nondegenerate positive
definite symmetrical matrix. It turned out in study of the real values

of coefficients [g;j] that the largest coefficients are located on the
main diagonal of the matrix. The difference of the diagonal
coefficients by five-six orders upon direct inversion of this poorly
determined matrix [g;;j] results in violation of the properties of
symmetry and of positive definiteness to such an extent that numerical
integration becomes unstable, while its results are uncertain. To avoid
this, the inversion is made in three steps.

~

1. Transtion from matrix [gij] to matrix [g%;;] is:
gi; = Tu@i T o (10)

the order of the diagonal elements of which is identical. In expression
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KEY:
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This transformation guarantees conservation of symmetry, positive
definiteness, and also equality of the elements of the main diagonal to
unity.

2. Inversion of matrix [g¥%;;] by the numerical method of
orthogonalization [7].

3. Determination of matrix [gij]“ by the formulas
g;' = Tugi Ty (11)

One can ascertain the validity of relation (11) by a direct check. One
can derive from (11) the equality gi; ==77?g&Tﬁﬂ and having multiplied
both the left and right sides of which by T, we find expression (10).
The results of numerical simulation of the angular rotational speed of

the float, which had cubic symmetry, at constant angular velocity of the
body

w; () =1s"1 (i=4 (12)

and zero initial conditions, are presented in Figure 2. Upon rotation
of the body, the liquid in region Qg is gradually set into rotation,
drawing the float after it, the angular velocity of which emerges to
steady value 1 s”! (curve 1). A similar pattern is observed (curve 2)
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upon assignment by law (12) with i = 7 of a constant flow rate of the
liquid through the connectors of the float, which determines the
transport of the moment of momentum through surface [';.

Figure 3

KEY:
1. st 2. s

If the vector of transport of the moment of momentum of the liquid
through surface I'y is not colinear to the vector of the initial angular
velocity of the float, the results of calculations indicate the presence
of a gyroscopic effect during the transition period (Figure 3).

Calculations made upon approximation of region {}s by 1,140 eight-node
spatial end elements (1,800 nodes), occupy 700 kbytes of the main memory
of the computer and require 2.5 hr on the YeS-1060 computer.

The model permits numerical study of the dynamics of a floated
suspension on the computer and optimization of it by the given figures
of merit.
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[Text] One of the promising directions of improving the accuracy of
information measuring systems is compensation of the errors of measuring
transducers (IP) by special processing of their signals. If the
parameters of measuring transducers are unstable, a necessary condition
of the effectiveness of this method is estimation of the errors of the
measuring transducers during functioning of them. The principal
capability of using bending oscillations of the body of an object to
estimate the drift of measuring transducers is shown in [1].

Expressions that permit one to estimate the multiplicative and additive
errors of measuring angular velocity transducers during functioning of a
redundant measuring system, mounted on a rigid base, are found in this
article.

Postulation of problem. Let us assume that two measuring systems,
consisting of three one-degree accelerometers and three one-degree
measuring angular velocity transducers, are mounted on a rigid movable
base. This type of system is described, for example in [2]. Let us
denote the parameters of the systems by subscripts 1 and 2. The axes of
sensitivity of measuring angular velocity transducers and accelerometers
of the first and second systems form orthogonal coordinate systems 0;xyz
and Ojoxy, the unit vectors of which are mutually colinear. The
position of point 0y in coordinate system 0;xyz is determined by radius

vector R = (R¢, O, O)T. Expressions must be found that permit one to
estimate the additive and multiplicative errors of a measuring angular
velocity transducer by the output signals of the measuring transducer.

60




To do this, let us present the output signals of the accelerometers
a¥; (k) and a*;(k) and of the measuring angular velocity transducers
¢¥ (k) and w¥2(k) at k-th moment of time in the form

a’ (k) = (E - AKa,) a (k) - Bay -+ &, (k); (1)

ay (k) == (£ -+ AICo,) (a (R)4- o (k) X (0 (k) X R) 4 & X R) - Aa, (k) -+ (2)
+ Ea, (R);

0] (k) = (£ - AKq,) o (k) + Ao, + Eq, (R);

o, (k) = (£ - AKq,) o (k) + Aw, 4 Eo, (R), (3)

where E is a unit matrix;

(AK)), 0 0
Algy =1 0 (AKij)n 0 |, i=ae j=1,2
0 0 (AKG;),

are matrices of the errors of scale coefficients of the measuring
transducer, = (Qx, @y, Az)7; 6= (0x, Oy, 0z)T are vectors of linear

acceleration and of the angular speed of the base, ¢ is the angular
acceleration of the speed of the base, and Aej = const and Av; = const,
i = 1, 2 are vectors of displacements of the zeros of accelerometers and
drift of the measuring angular velocity transducer.

Disregarding second-order values, one can find the angular speed of the
base from expression (3) in the form o (k)= (E—AKa) (0¥ (k)—Aor—Ew((R)).

Subtracting equation (1) from (2) and substituting the value #(k), after
transformations, we find

Y (k) = H (k) X (k) + B (R)E (), (4)

where
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Y (k) = a; (k) — aj (k) — o] X (0] X R)—¢! X R; |
H=IH(.)EHAKm+He;|HAKa,§1{AKa”;E‘; Bz\H@{.HBEEI; ‘

0 20.R, 2R,
Hy=|— R, —R.0; 0 ;
— R0, 0 — R0,
0 207R, 20)°R .,
Hagy=| —00,R,  —o0'R, 0 ;
— 00R, 0 —0,0.R,
0 0 0 ' a, 0 0
He=|0 0 —e R.|; Haka, =| 0 a0 [;
0 &R, 0 0 0 a,
S LA 0
Ha Ka, = 0 a!'h 4 (o;’m;le 0 ;
0 0 a, + (";,(";,Rx
X = | Aoy, | MK o) AK g, ) AR, Aay — Aa, |
E= ‘ ,Em: éol : Na, — Ya, IT'
Let us supplement equation (4) with a mathematical model of the vector
of the desired parameters X, ordinarily determined during experimental

studies of measuring transducers:
X(k)=D(|k—1)X(k— 1)+ P(k), (5)

where ‘P(klk - 1) is the transient matrix of dimension 15 x 15 and ?(k)
is white noise of intensity Q.

Expressions (4) and (5) permit one to estimate the values of vector X,
for example, using a Kalman filter: X (k|k)=X(k|k— 1)+ K (k)Y (k)—

- HX(k|k—1]. Here X(klk) is an estimate of vector X(k) at k-th

moment of time, X(k|k - 1) is the predicted value of X(k) from the
results of measurements on time interval [1, k - 1], and K(k) is the
amplification factor of the filter.
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When realizing the Kalman filter to guarantee the convergence of
estimates to the value of vector X{(k), it is necessary that the rank of
the matrix of observability M[0, k] be equal to the dimensionality of
the estimated vector (m = 15 in the given case):

M [k, 0] = (D" (k] 0) H™ (0), O (B\ 1) H™ (1), ..., D" (k| k— VY H (k — 1),
H (R} H (0) D (k) 0), H(D) D (k| 1), ..., D (k| k— 1) H (k— 1), H (k).

Analysis of expressions (5) and (6) shows that the components of vector
X are observable through at least five measurement cycles at @ (i|i--1)=

= consl, w(i)F=o()F=0; a(i)Fa()F0; i j=15; is=].

Taking into account that the additive and low-frequency multiplicative
error components of the measuring transducer during a measurement cycle
are considerably less than the high-frequency components, observation
data Y(k) can first be accumulated to increase the ratio of useful
signal/noise and to reduce the load of the computer upon realization of
the Kalman filter. The elements of H(k), contained in the expression
for determination of vector Y(k), are ordinarily periodic in nature and
the positive values are compensated by negative values upon summation of
them at different moments of time. Therefore, the signs of the
measurement results should be taken into account to increase the
signal/noise ratio upon summation.

The process of accumulation must be divided into four cyclically
repeatable steps to guarantee uniform convergence of the estimates of
all the components of vector X to the true values. The group of
elements of vector X is set into agreement to each step and is added
with regard to the signs of the elements of matrix H(k) so that there is
rapid convergence of estimates of the corresponding group of components
of vector X. Assuming that X(k) = X{(k - 1), the vector of observations
in this case is determined from the relation

(G4in G
YE(j) = \‘J W; (i)Y (i) =’( :‘_J \V,-(i)]l(i))X—]—
=L 1=t (7)
VLI
AN Wi B@EQ,

im= -1
where n is the number of observations accumulated on one step, and

W, (i) = diag (sign o, ,signo; ,signo} ); W,y (i) = diag(l, sign (o 20 sign(ol o} )); W, (i) =
= (ﬁag(mgna;,ﬁgna;,ﬁgna;);lV4U)=:E. o
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Expressions (7) and (6) permit one to estimate and compensate for the
errors of the scale coefficients and drift of the measuring angular
velocity transducers and accelerometers and thus to increase the
accuracy of the measuring system.
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[Text] The most effective methods of evaluating the state of complex
engineering systems, for example gyromotors, are engineering diagnostic
methods, based on decision-making theory. The purpose of the article is
to solve the problem of classification of rotary systems (RS) with
symmetrical ball-bearing (ShP) suspension.

The state of a rotary system is determined mainly by the quality of the
ball-bearing seat, i.e., by defects in manufacture and assembly of the

sy

ball bearing, which are described by random vector x = (Xi, «.., Xn)e

The ball bearing of the seat can be diagnosed by parameters xj, i = 1, n
only upon disassembly of the rotary system, which is not always possible
in practice. The basic direction of modern diagnostics of rotary

systems is nondestructive checking, which uses the determined functional

relationships between the parameters of state xj, i = 1, n and the
diagnostic observable signal z. The amplitude of the harmonic in the
stiffness and vibration spectra of the rotary system will be this
diagnostic signal z.

For the considered rotary systems, the dependence of z on defects of the
ball bearing has the form [1]

2= [(x1%2)% - (%)% -+ 2x,x,3,, cos xg]', (1)

where x; and x» are the amplitudes of the harmonics of defects on the
races of the first ball bearing, x3 and x4 are the amplitudes of the
harmonics of defects on the races of the second ball bearing, and x5 is
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the phase shift between the harmonics of defects on the races of the
first and second ball bearings.

Variables xj, i = 1, 4 are random values, distributed by Rayleigh law
with probability density distribution [2]

xi Xt

) 2
[x, (1) = G‘_; exp(—— ;;,2 ), u>0; (2)

and the random value of x5 has uniform density

fe (@) =, u€(0,m), (3)

where u assigns the phase space of the random values of xi, i = 1, 5.

All the random values of x;j, i = 1, 5 are independent and accordingly
the joint density &»==Uq,“ql%) for random vector x = (x;, ..., X5) is
determined by the formula {3]

5

(s s ttg) = ] Fry (0). (4)

i==1

Since z is a function of xj, i = 1, 5, z is also a random value. The
density f(z) of random value z can be determined on the basis of formula
(1) by integration of joint density (4). Since the values of density

(2) contain unknown parameters ¢, ,» i =1, 4, the joint density (4) will
1

also contain them and this means that all ¢, , i = 1, 4 will go into
1

density f(z) in combination. The calculations become very cumbersome.
Therefore, it is desirable to reduce the number of unknown parameters,
which can be done on the basis of the engineering requirements on the
ball-bearing seats. Using these requirements, one can show how the
dispersions of the defects on the inner and outer races are related to
each other for each ball bearing, i.e., one can assign the number 7;,

i =1, 4, which determine the ratios between 7, , i = 1, 4. As a
1

result, all ¢, are easily reduced to one unknown parameter 6:
1
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Uq==YKLi==lv4' The density f(z, #) will then contain only one

parameter #.

To find expression f(z, #) in parametric form, let us find the
distribution function z, using relations (1)-(4). By definition

R@%:Pp<3}=Pﬂ@ﬁﬁ{{%nﬁ+2ﬁ&%aumgwh<$

where P is a symbol of probability and s is the phase space of random
value z. Let us introduce in formula (1) the substitution of variables

(5)

L == XXy, &g = XgXp E3=COSXp.

Since the random values xi, i = 1, 5 are independent, then ¢i, i = 1, 3
are also independent. After replacement of (5), formula (1) assumes the
form:

2= (&2 4+ B3 4 26.8,E)""% (6)

The densities of random values {;, i = 1, 3 are as follows:

T ol L (B 24y,
o) =i o[ (S + 7)) m
0
ST N NP S B A 2] a
fe, @©, 0) = T 5 m expl TiE (ﬁyz + \'3) y (8)
0
fo @) =18 VI—=2™, we(—1,1). (9)

The distribution functions F;(s) is found by integration of densities
(7)-(9):

Fo) = [ § Fe (@ 0012, (2, 0) s, (o) duedode,

Dy
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where D; is the range of integration found on the basis of formula (6):
D, : (1?4 v? 4 2uve)!/? <s.

Turning to cylindrical coordinates and having differentiated F.(s), we
find

1 1
. 28 ! du ! v
[ 0)= 1 '\ Var—u? (s (vE--2uv - 1N X
n [ l \";’()8 0 —1
fe=1 ’ (10)

2 ’ - z|v|
X | x I — | dv,
\“[ Viva0? (024 2uv |- )12 J b Va0 (o? | 20e - YR J

where Ky is a modified Bessel function of third kind {7]. Having used
the known approximations for Ky, we find '

f(z,o)::()O”ﬁi”?exp(;—-j%“z)' (11)

where the approximation error is |gi</1o“‘,§:: 1,03806, p = (42"7)/ 3J§).

A series of independent measurements of signal z is performed to

t

estimate parameter # and sample ({z)’., is found. Having sample (2.3,

and using the method of moments [3], due to which the computation is
simple, we determine

N

I < . _
n, = -5 L Zp N == 5& 2f (2, 0)dz, my, = my. (12)
i

where m, is the first sampling moment and my is the first theoretical

moment .

The theoretical moment m; can be calculated in analytical form: 1y ==5¢-102,
Having set my equal to the sampling moment m,, it is easy to find the

estimate ¢ of parameter #: 6 = 1.0075.
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One can turn after calculation of estimate ¢ to solution of the
classification problem. To do this, let us use the Bayes criterion [4],
since it is the most effective. Let us compile the probability ratio

a2 _ = (C—=C) Py —
fj @ ?\40, 7"0 T (Cua—Cy) Py’ P1+ P2 =1

(13)

where f{(z) and fs(z) are arbitrary densities z of classes {}; (suitable
products) and {ly (unsuitable products), respectively, P, and Py are the
given probabilities that classes {l; and {}y will appear, and {C;j},

i, j = 1, 2 are elements of the loss matrix when making the decision.
In our case the probability that an unsuitable product will appear is
very small: Py € P;. However, the cost of passing a defective product
is considerably greater than the cost of a false alarm: Cj2 » Csy.
According to [5], one can select Ap = 1 in this situation.

The main difficulty of using the Bayes criterion is in the laboriousness
of finding complex densities f (z) and f2(z). The procedure of
numerically finding these densities analytically on the basis of
functional relationship (1) and of a priori description of classes {
and {}y is proposed in this paper. The classes are described in
practice, using the technical documentation for the ball bearing. Based
on the requirements on the ball-bearing seats, one can indicate the

tolerance a;, i = 1, 4 for the i-th defect of ball bearing x;
{permissible misalignments of the races, dimensions of the balls and so
on). It is thus easy to assign classes {l; and fls in the following
manner: 1) the product belongs to class )} at 0 < x; < a; and 2) the

product belongs to class {ly at x; > a; (at least for one i, i = 1, 4).
We find the conditional density f{(z) with this assignment of classes,
using formula (1) and taking into account the constraints on variables

X;: 0<x; £a;j, i =1, 4 accordingly, from the condition of
normalization for densities (2)

of

B [ o, (0= 1

one must find the normalizing coefficients

. 2 1—1
ﬁ,::,l——exp(——:z%g2>l .
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After approximation, the conditional density f,(z) assumes the form

4
. [Te, 4 | (14)
fi@) = —=t jVa‘l‘.-——wi ¥ (2, w) dw,
n [ i
=

where

¥ (2, w) = p, (w) M~ exp [— iy (w) 2@ [, (W) — g (W) py(w) 24835

2 Q)
i (@) = v§ ( -+ D v — (0 A % b gy, k=14,

Having calculated the densities f(z) from (11) and f((z) from (14), the

conditional density fs(z) can be determined by the formula

@ = - F@—Pif1().

After substitution into (13), densities f)(z) and f9(2z) were

approximated at ¢ = 1, &; = 2.4426, i = 1, 3, a; = 4.885, and i = 2, 4
by simpler distributions while retaining high accuracy (|6| < 8.1:10-%)
fl (Z) = plz exp (— le)’ f2 (2) = p22 exp (— T22)’ ( 15 )

where p, = 0,44564, =, =2/3, 2€(0,b,), b, =12,3; for Fi(z) and Pa=2,119.1072

123:1/8,z6(0,00) for ?2(2).

Having substituted (15) into equation (13) and having solved it with
respect to z, we find the number zs which separates classes {}; and Q.
If there are probabilities that classes P; = 0.9, Py = 0.1 and Ag = 1
will appear, zo = 5.604999 will be found. Thus, the product is assumed
suitable at z € zp and is considered unsuitable at z > zs.

The quality of recognition is evaluated by the probabilities of errors
of first and second kind [6]. If the object belongs to class {; and is
assumed to be an object of class {l9, this error is called an error of
first kind. On the contrary, if the object belongs to class {9 and is
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erroneously related to class {l;, an error of second kind is made. The
most complete characteristic of the quality of recognition is the
average risk R, which takes both types of errors into account. The

probabilities of errors of first kind Qpl, of second kind QP2 and
average risk R are determined in the following manner:

of = (f@d, & ={l@dz

2, 0

R = P,C,Qf + PyCyQ5 .

Since we used the value Ao = 1, then Cyy = Py, Ci\y="P, R=r(Qf + D),
where 1= P,P,, r=0,09, Q] = 1,05738%, Qf = 4,83152 %, R = 0,5889 %

Errors of the first and second kind and the average risk were small,
which indicates high quality of recognition and permits one to recommend
the suggested approach for solving problems of evaluatlng the state of
symmetrical rotary systems.
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[Text] Close attention has traditionally been devoted to study of the
dynamics of precision gyroscopes. An object of detailed study is the
influence of the parameters of ball bearing (ShP) imperfections on the
position of the resonant zones of the devices [1]. The parametric
effect on the vibrations of the devices as a perturbing factor have not
been considered previously. Study of the dynamics and calculation of
the natural frequencies of a surveyor’s gyrocompass upon the parametric
effects of an imperfect ball bearing are the purpose of this paper.

Let us take as the perturbing factor the deviations of the coordinates
of the centers of curvature of the outer races in the axial
cross-sections of the ball-bearing seat along the rotor axis from their
true values when deriving the equations of motion of a surveyor’s
gyrocompass, which is the sensitive element (ChE) on a torsion bar
suspension. Disregarding the interaction of the sensitive element with
a rotating earth, let us assume that the rotor in the device makes only
axial displacements and that its position in the device is ideal, i.e.,
there is no unbalance.

Let us introduce into consideration a fixed coordinate system O;X;Y,Z;
(Figure 1), bound to the center of mass of the sensitive element without
a rotor in the initial unperturbed position, and movable coordinate
system OpXnYnZo, rigidly bound to the center of mass of the sensitive
element without a rotor. The position of point Op in coordinate system
- -3
01X1Y1Z; will be given by vector r; = ri(xi, ¥i, zi1) at an arbitrary
moment of time. Let us rigidly link coordinate system C{y( to the
center of mass of the rotor. The position of the rotor at arbitrary
moment of time will be given in coordinate system OsXnYoZn. Let us
determine its axial displacements by coordinate z. Let us give the
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angular displacements of the sensitive element without a rotor by a
system of angles of finite rotation a, 8, 7. The sequence of
revolutions is shown in Figure 2. Let us determine the rotation of the
rotor along the axis of its own moment of momentum by angle 7p.

A

Figure 2

Let 1 be the length of the torsion bar, letl; be the distance from the
point of attachment of the torsion bar to the sensitive element to the
center of mass of the sensitive element without a rotor, let 1y be the
distance from the center of mass of the sensitive element without a

rotor to the center of mass of the rotor, let ;1 =={xy, Wy, Wz} and
‘;=={£m,vm.82J be vectors of the angular velocities and accelerations of
the sensitive element without a rotor in projections onto the axes of

coordinate system OpXoYoZb, and let gzz{m& oy, o) Dbe the vector of the
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angular velocities of the rotor in projections onto the axes of
coordinate system C{p(: ‘

Ly, 0 0
Ke=|0 I, 0o
" 0 0 I,

is the torque of the sensitive element without a rotor with respect to

& 0 0

Inid © . -

Ke==0 1, 0llo
0 0 /C

is the torque of the rotor with respect to pole C, Ixn' Iyn' and IZo are

the moments of inertia of the sensitive element without a rotor with
respect to axes OpXp, OoYo, and OpZy, respectively, If’ I, and IC are
the moments of 1nertla of the rotor with respect to axes Cf' C , and C(

and (y, Cy, Cy ry={5,0,0): r={0,0, 2); Xp= — 1.

Let us use the Euler-Ishlinskiy method to compile the equations of
motion of the sensitive element. Considering the interaction between
the bodies--a sensitive element with a rotor and one without a rotor--we
find the following equations of motion in vector form:

M (W ch

m (qu — 'g) - Pon —Qp

aRe L L L (1)
dtc"}_mx g:Mc, »

EK& g 20 - - — - -
ar - 01 X Ko, = Lo, — Mo, —(r, +r) X Q.

Here M is the mass of the rotor, m is the mass of the sensitive element
- ey
without a rotor, Q is a vector of forces acting on the rotor, P is the

-

vector of forces acting on the sensitive element without a rotor, g is
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- - - -

free~-fall acceleration, and W o’ WC and MOa’ MC are vectors of the

absolute accelerations and moments of the centers of mass of the
sensitive element without a rotor and with a rotor, respectively.

-

Let us write the components of vector ¢, (see Figure 2):

0y, = ésinv - &cosﬁcosy, Wy, =[5‘5cosv—c.zsinvcosﬁ. )
. (2
0, =7y +asinf.

The total potential energy of the sensitive element includes that of the
sensitive element in the earth’s gravity field II; and the energy of
elastic deformation of the imperfect ball-bearing seat lls [2]. With the
adopted assumptions we write

I, = Mg (x* — xo) + mgx,,
5

2%, =
0=+ Y, Knwf?,
i=1

Wy = {(py + Ps— P2+ P+ 12+ (— )T pg—(— i) (ps— D)2 —
1

(3)

—(pr+ps— P7)}T-

Here pj are the parameters of imperfection of the ball bearing after

V. F. Zhuravlev, z° is the tension in the gyromotor, n is the number of
balls, K is Hertz's coefficient, x% is the coordinate of the center of
mass of the rotor in coordinate system OX|YZ;:

x* = x, + x,cosf cosy + zsinf. (4)

When writing the potential energy, let us take into account that the
introduced coordinates are related in the following manner [11]:

%, —1— 1, =—lcoshcosp—{cosPcosy,
y, = — Isinp— [; (cosasiny 4 sinasinf cos y),
2, = [sinhcosp — [, (sinasiny —sinf cos a cos y),

where ) and g assign the position of the torsion bar in 0\X(Y(Z;.
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Hence, we find with regard to the smallness of the angular displacements

%= lyot L (v 4 of) 2D + (2, + L (v — B)IY/2D) + 1,Y2 + Lyy2. (D)

Thus, the expression for the total potential energy with regard to
{3)-(5) will assume the form

=@M+ myg{ly, + L(v+ @)+ [z, + L (v — 2D +

2 &
+ LB%2 + Ly*/2} — Mgx, (B* -+ v7)/2 -+ Mgpz + & ) Kn{{p, +

= (6)

1
+py—ps+ p)? -+ [2+ (— l)l+lpc —(— l)] (ps — 2917} P
5
—pi—patp}

Let us find the expressions for the moments and forces on the right

sides of (1). Denoting /_V}oo = {M,,, M,,, M.}, ﬁ[c = {My, My, M), 66 = {Qz, Q. Ot}
aoo = {on, Q.‘/o’ on}, ﬁoo = {Pxnr Py,,a PZo}' we Write

Lgy=Qc = Qn=Qx,=0Qy,=0,
Ly, =M+ m)g{lz,+ I, (ay — P)] [y — 11,B}/1 + Mg (xf — 2),
Ly, = Mgxyy— M+ m) g {ly, + I, (v + o)l {, + Uyy}/1L,

My = My, cosy, + My, siny,, My= My, cosy, — M,siny, (7)

MC = Mzo’

Pyy=—M+mgly,+ L, +ofp)ll, P, =—(M-+m)X
X gley+ Loy =B, Qp = Mg— (Kz 4 Kypps) 2 — Kopps.

Here

[oll

5 = (Ko + Kypps) 2 -+ Kyps, (8)
where KZ, Kp, and sz are the coefficients of expansion of the elastic

force acting in an imperfect ball bearing into a Taylor series.
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Based on equations (1), (2), (6), and (7), we find the following
linearized system of differential equations:

Ay {aPvyzi2)’ = (F,F00f:f,). (9)

Here f,=0; f,= LKop/(Iy, -+ 1s); fs = Kppy/m; fy=—(M4m) X Kppg(mM) —
- ngpp5/(1yo -+ 13), H= IC:Yp’ [y = 15 = 171;

)° Hip 0 0 0 0
—Hap p*e- By 0 0 — B By
0 0 pD, D, 0 0
Ao 0 ci pP4c 0 0 |
; K
0 —C, 0 0 pa4C — 7‘1"—
Iol1yp N, 0 0 N,  p* N,

where p is a differentiation operator;

Ko =K, 4 Kppyy = Hl(lg, - 1), Hy=H[{l,,-+15); By=
= (M -+ m)gly/lUL(y-1- 15)ly By= [Mgly+ (M 4 m) gl (1 4 L)/
Iy, - 1), Bg=[Mg— LKy + 1)1 Cy= M m)gl(ml),
Cy = (M -3 m) gl /(ml)y - Mglm; N, = — Byl Cy -} g;
Ny = —C, -} IB;; Ny=— Byly -} (n - M) Ko/(1nM).

Setting the determinant of matrix A; equal to zero, we find the
following characteristic equation:

PO dip?  dop® -+ dopt -+ dyp* + ds =0, (10)
where
dy = 92C, 4 Dy -+ Ny + By H,Hy;  dy = 2C,D, + C} -+ 2C,Ng +

- fDoN,y - 2C, + Dy + Ng) (By + HHy) + KNy/m — D,C ,—B,C, -
o BN, 4 1,H H,By;  dy = CiDy 4 2C,D,N, + CIN4 + (2C,Dy+Ci-
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4 2C,Ny — D,Cyly -+ DyNy) (By + H, Hy) — (C, 4+ Ny) D,Cyl; -+
- (By-)- HyHy - Cp A D) KN ol ++ (N — 1, Hy) B, K/m -

- ByCyNy — B,Cy(C, + Dy + Ng) + (2C, 4 Dy) (B3N, -+ L, 11,B,);
dy = C, (N,C, — B,Cy + K Ny/m) (Dy — Dyly) -+ [CID, + 2C,D,N 5 -+
o CINy — CiDy 1y — NoD,Cyly = (Cy -+ Dy) KN o/m) (By -+ H,l15)
(€, - D) ByISo (Ny — lpl1 1)/ - (Cy A- D) (By — By) CoNy -
4 ByCy (2D, + Cy — Dyl (N -k 11T H5); dy = (N,C + CiKNo/m) X
st (g — Dyly) (B -1+ H Hy) - (CLByN Kol — CylgH J1,B,Kofm +
A CiBN, -1 ClH H By — B,C,CoNg) (Dy — Dyly) -+ BoCiNg X
X (CoDy — D\ 141,).

The roots of characteristic equation (10) give us values of the natural
frequencies. At 7 =y = 0

o == {gy/a, (1 -1 ggo/gh)' . (1)
23 = {81 - 22 = (&7 — 280)° — 4 (g — 2g,)]""}/2) ",

where

g = Ny-- By )-Cy-|- HHy, gy == — 1,C B—{BA’4 (m +4- Y~
X Ko(Cy - Hy o)) -1- ¢ n2 - Cy g — BN, - KoV, . Chy;
o= — Ky (CaBy o C\Ry — C\ 1\ HoY A 'F (B, i Jit— BC) g,

Let us calculate the values of the natural frequencies of the sensitive
element with the following input data: M = 0.6 kg, m = 0.9 kg, 1 =

=0.16m, 1; = 0.15m, 15 - 0.16 m, Ixo = 12.74-10-4 kg-m2, Iyo =

= 13.72-10% kg-m?, I, = 7.22-10"% kg-m?, 3 = 58.8:10"% kg-m2, Ig =
= 9.8:10"% kg'm?2, H = 0 4 kg'm?/s, K; = 0.43 kg/pm, ps = 43.5 pm, and
K,, = 0.086 ke/m’.

Formulas (11) yield 04=:7Js-4;04=:8L55-4;o%::SQQSS“R

Comparing the value of wlg to the value of nutational frequency
o* = HV{,, -+ 15)(ly, - 1) =107 s°!, we see that ng is less than 20

percent less than «#¥, which is in agreement with known experimental
results.

T8




The roots of characteristic equation (10) yield refined values of the

natural frequencies of the sensitive element: oll=06,6 g7 ol!=88g "

ol = 24,4 s} o)l =83 s—!; ol = 8294 s,

Thus, one can calculate the fundamental natural frequencies with
sufficient degree of accuracy by formulas (11). .Consideration of the
cross stiffness of the ball bearing sz in expansion (8) permitted us to

determine the accurate values of the maximum resonant frequencies wls
and wII5. Numerical integration of system (9) by the fourth-order
Runge-Kutta method at nutational frequency ng = 81.5 s~ with
perturbation amplitude of parameter ps; equal to 3.6 gm showed the
presence of a second parametric (harmonic) resonance of the studied
system.
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One of the characteristic features of the dynamics of pendulum devices
is the presence of unstable parametric vibrations upon vertical
vibration of the base, which can be eliminated by introducing the
required damping into the system {1]. Let us consider these vibrations
in a pendulum, vibration-insulated in the horizontal plane, studying the
case when the vibration frequencies exceed the resonant frequencies of
the system.

SN

A body of mass M (the body of the device), connected to the base by
springs that perform the function of vibration insulator, moves in the
horizontal plane (see figure). A pendulum of length 1 and mass m is
mounted in the body. The base completes vertical vibrations at
acceleration Wy = ¢W cos {lt, where ¢ is a small value.

The equations of motion of the system are written in the following

manner :

(M + m) 3c.+ mltb'cos P+ hl; +cx — mlq'a"‘ sing =0,
(1)
l,,tp.-}- hzth + mi (lcb'—l— X cos P— 5cq3 sing) + mi(g + W,) sing =0
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where x is the displacement of the body of the device, y is the angle of

rotation of the pendulum, I; is the moment of inertia of the pendulum, ¢
is the stiffness of the elastic coupling, and h; and hy are damping
coefficients.

Limiting ourselves to second-order values inclusively, we transform

system (1) to the form

2 _—1]

rp+§k1q>+k(l+r,,)tp+k|g x=0 (2)
¥ - Lhyx -+ Kix + by = 0,

- are partial frequencies, I = Ip +

— 1/ met : /e
vhere k, = '/ 7 l M+m

i ; ry=g"'W,; and §, ( are relative damping coefficients.

+ mi%; b= M4t-m’

Let us use the averaging method to solve the system of equations. Let
us find the solutions in the form

2
. ] lm‘ —-tu),
= ;C,e + Dje (3)

—{w If

X—LW(Cﬁ DM,
].—.

bw .
_...__lo_._ 1i8s a

where C; and D; are complex unknowns, i=V—1; W=7
_mlo

coefficient of forms, #jo is the frequency of natural vibrations of
system (2) in the absence of damping, and «¢j is the vibration frequency.
Let us introduce frequency tuning ¢y, having written

—-m? H(1—enp). (4)

Having substituted (3) into system (2), we find by the method of [2]
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él =A™ (e_m‘l (Ryvg — R.d,)),

Dl =—A"! (eim‘l (Rlpﬁ — Ryd,)),

éa = A" (e_‘m" (Rody — Ry,)),
bz =—A"! (e‘m’t (Red; — Rv))),

where

A=dp,—dy;; R =—a;Aj—p(e® | e A;— 5By R, =
=—qA;—[;B; d;= o;2iw; Uy = 2iem; ;= Rlen o

bk3

2 2
ky — &%

gy = kenmy; oy =14 kg™ wy =

v fr=Chyiog;

I 2 . ' o)t —ie ;¢
P=5 kiry, s=_Ckjiog; ry=gleW, Aj=Cpe " 4+ De

Bj == Cjemi' —_— Dje_lmit.

Analyzing expressions (5), we find that non-trivial solutions are
possible in the cases

Rie=toty = —n C, —pD,, (Rl =—u,D,—pC;, (Re~'0)=

= e ’1202’ (R]_elm.‘) = u2D2;

(Rle—"":’) = —n,C}, (Rlefm;‘) = —u,D,, (Rie=) = —n,Cy— pD,,

(Rye!0df) == — uyDy — pCy;
c ) 0y + 0, = Q:
(Rig~toty = —n,C; —pDy,  (Rye) = —uy Dy —pCy;  (Rye™i0) =

= —nCy—pDy, (Re'%!) = —uDy—pCy;
d) @g—o; =
(Rie—t0ry = —n,C, — pCy;  (Ry'!) = — u;D; —pDy, (Rye—tod) =
= — nyCy — pCa, (R1€'%!) = — uDy—pDy, §

where fg=ay -+ ) Ug =y —sq; & =1, 2.
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The following relations occur for all four cases

(R o)y =—(q1 + f)Ch  (Rgeforf) = — (9. —171) Du» (Rye—tenl) =
= —(ga+[2) Cor (Roetor) = — (g2 — f2) Ds.

We assume that ¢s > ¢|. Cases b and c are of interest with respect to
the considered postulation of the problem (! > wj).

If condition 2w¢y = ) is fulfilled

AC.'1 = [—vy(a; + &) + dz (g, + f1Cy,

Ab1 = [Uz(al-‘sl)“’dz(q1—f1)]Dv (6)

Aéz = —d; (g5 -+ [4) Ca + vy [(ay + 85) Co -+ D],

Abz =d (g — f3) Dg — v, [(ag — S3) Dy - pC,l.

We find the conditions of stability of the solutions of system of
equations (6), which is divided into two subsystems. Analysis of the
first subsystem, which includes the first and second equations, shows
that its solutions are stable. The condition of stability has the form

ky ol
——— &Ry + a2 — Lky> 0.
W — kg ks — “’fo

Let us consider the second subsystem, having written it as follows:

AC, + ,cCs + 14Dy = 0, 4, Cy + AD, + UypDy = 0, (7)

Where ulc = dl (qz + fg) — U (az + 82); ulD - Ulp; u20 = vlp; u2D = - dl (q2 __,2) -I"
+ eq

The following conditions should be fulfilled for stability of vibrations

Uy + Uyp > 0, uplayy, — Uycly > 0. (8)
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The first inequality can be transformed to the form

2
miﬁo——ké ky — @Yo

Since wyo > ky and wy0 < kd, inequality (9) is always fulfilled.

The second inequality can be written in the form
(ot Chgpty — gk’l%l)?wg + k? (ENg)? (0%, — Qo) — “%Pz >0. {10)

Let the frequency tuning ¢py be equal to zero. Inequality (10) is then
simplified:

9 9. 9
(ky — 0jg) @3

. e
09 [OL]C oLt + §k1:| > 5 kiry,.

(11)

Thus, if inequality (11) is fulfilled, the vibrations will be stable.
If damping in the vibration insulator is very small, inequality (11) is
simplified considerably and the condition of stability is written
thusly:

Wao
ky .

<2
Tyo (12)

Accordingly, stability can also be guaranteed with small damping in the
vibration insulator by appropriate selection of damping in the pendulum.

Let us now consider the case ¢y + #; = {}. System of equations (5)
decomposes into two subsystems:

AC, + MeCy+MDy =0,  ADy 4 A, Dy + A,Cy = 0; (13)

ADy + A ,Dy + 4Ca =0,  ACy 4 AyeCy + 2Dy =0, (14)

where } . =u,(a,+s,)—ds (g, +[1); A= —v(@y—s) +da (g1 — [0y Ay =tc3

}\'21) = u2D; A'1 : U0 }“2 = ——A’l; 7\'3 = —U,0; )\«4 = }'3'
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The characteristic equations of system (13) and (14) have the form

A2p2+A(?»]C—}—XZD)p—{—AIC?»QD—)»lM:O; (15)
A4 AR, + Ao P+ 7»”)}»20—— Aoy = 0. (16)
Let us assume that €p; = €72 = 0. The conditions of stability for

equations (15) and (16) are then written in the following manner:

9 |

; . / 2 O
k2 ké (1)10 o 20 q)>0‘
E,kl(—————2——~+ 3 +Ckzk°‘ﬂkg—m2 T T

) — 2
kg — o Wy — k3 19

S 1D

B gy 4 gty )(——Lr By +
404030 e kg‘g 1 220202 o2 kS — O

3

2 '
Wy ______(_kiﬁ?l-——,— Tyoe
+aubhs wl, — k3 ) = (3 — o) (wiy — k)

The first condition is almost always fulfilled. Nonfulfillment of the
second condition means the presence of unstable solutions. If damping
in the vibration insulator is very small ({ = 0), the second inequality
assumes a rather simple form

Vouws ¢
Fyo <2 by g (17)

Since ¢io < @20, inequality (17) is not fulfilled at smaller values of
ryo than inequality (12), and accordingly the unstable vibrations at
frequency ) = #j0 + @20 occur at smaller values of the amplitude of
vibration acceleration of the base than at frequency 1 = 2w90p.

Analysis shows that a pendulum, vibration-insulated in the horizontal
plane, can make unstable parametric vibrations upon vertical vibration
of the base. When vibration insulators with small damping are used, the
stability of vibrations can be guaranteed by selecting the appropriate
damping coefficient in the pendulum.
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[Article by S. A. Sarapulov, candidate of technical sciences, and S. P.
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[Text] The effect of uniform rotation of the base on evolution of the
surface acoustic wave (PAV) and the possibility of developing a
miniature angular velocity meter are considered in this article.

Substrates, which have anisotropic elastic properties, are ordinarily
used in converters based on PAV. But since the piezoelectric effect is
only a small perturbation of the considered wave, which is primarily
mechanical in nature [1], let us study the propagation of the wave along
an isotropic substrate to simplify further computations, without
disturbing the qualitative pattern of dynamics of the PAV.

According to Newton’s third law, the equations of motion of the PAV are
presented in the form

a2, ?u du
p "5,’;1 — Cinnt '5;(3';“1 + 208,82, WB‘ + p (il un — Quuy) =0 (1)
n

(i,n, k1= 1,3),

where p is the density of the substrate material, cjpkl is the tensor of
the elastic constants, €ink is Levy-Chivit density, @ = {f};, @, @3} is
the angular velocity vector, u = {u;, us, ug} is the elastic
displacement vector, and x;xsx3 is a Cartesian coordinate system.

The circular frequency of the PAV ¢ is ordinarily much greater than
angular velocity {!. Therefore, the third term of equation (1), which
characterizes the Coriolis force of inertia, is on the order of
smallness § = {}/# € 1, while the first term that describes centrifugal
forces is on the order of é2. Let us further disregard consideration of
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the effect of the centrifugal term of equation (1) on the dynamics of
the PAV because of its smallness.

Let us represent the generating solution of system (1) by the expression
u; = o, exp [jk(bx; — vi)], (2)

where #; is amplitude, v is the phase velocity of wave propagation, k =
= ¢/v is the wave number, and b] are direction cosines, corresponding to
Cartesian axes xj.

Let the surface wave be propagated along axis x; and be attenuated along
axis x3. Then, according to [1], by = 1, bs = 0, and by = b at the
selected orientation of propagation of the PAV. The value kb
characterizes the depth of penetration of the surface wave into the
substrate.

After substituting solution (2) into system (1), we reduce it to the
following form:

(I‘n — 8upv® —2jp "z‘ Sinth) o =0, ‘
(3)

where I'y="TUn=0wnCinni ig a Kristoffel tensor and §i1 is a Kronecker
symbol.

When a PAV is propagating in an isotropic substrate cj,k], there are
only two independent components cy{ = } + 2p and c44 = g, where 4 and g
are elastic constants (Lame parameters) of the medium. The constraints
imposed by symmetry on the tensor of elastic constants results in the
following expression:

C1y - Cy4b? 0 (€11 —€4,) b? l
Iy = 0 Cag (1 4 02) 0 |
(Cll,_ 044)()2 0 Cyq + €102 !

Let us consider the characteristic equation of system (3)

(6 4 3 — U7) (0 - 3 — ) — (0} — )" 7 — 460" = O (4)
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as an algebraic equation with respect to b at given value of v. In
equation (4), v,::@aJpN”,v,zzuaJpY” are the phase velocities of the
longitudinal and transverse waves, respectively.

It follows from the necessary condition of approach of the amplitude of
the PAV to zero at x3 - « that b is the root of the characteristic

equation (4), lying in the lower half-plane, solving which by the
perturbation method [2] with accuracy up to ¢(43), we find

46%°

7 7
vi—uy

where g =

Thus, the PAV is a linear combination of three partial waves:

3
;= Y Cpod” exp [jl(b)”x, — 1)), (5)

n—l

where C, are the amplitudes of the partial waves and &'n’; are the
polarization coefficients of the components of the partial wave,
determined from system (3).

let us use the boundary conditions on the free surface bf the substrate
to find the phase velocity of the surface wave:

. 011,‘ -0 ‘
1 am = Camn! —J;l_‘ at Xg 7= U (6)

where T is the stress tensor.

Having substituted solution (5) into boundary condition (6), we find
dincn = 0, (7)
where d,, = cy08"08".

{
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The condition of nontriviality of solution of expression (7)
det|d;| =0 ' (8)

is considered as an implicit equation with respect to v.

At 1 = 0, equation (8) is transformed to the form

where vgp is the phase propagation velocity of the PAV with a fixed base.
This wave is Rayleigh and its phase velocity can be approximated by the
expression [3]

0722 v,
T Fpe v E=-%,

If 1 # 0, then, solving equation (8) with accuracy up to o(#2) by the
perturbation method, we find v:%qﬁweuqu%,MEm.

_ U2 — g (L — ) (1 — w2
N (=% (1 —%) ’
N B okt SN SN V. SN ')
P e G T

a = 4=, al
2

Since the maximum value of { of a real isotropic solid is 0.5, then
0.87 < 7 < 0.96 and accordingly a % 2.4.

It was established as a result of studies that there are slight changes
(on the order of §?) of the direction cosines bR’ to the value

, S . 1. =12 )
Mszmzéﬂﬂfw%:Mm=—7U“%% Gumnmmﬁmpfme
substrate at angular velocity {) and there are changes of the phase

propagation velocity of the PAV vq, proportional to §, by the value

v, c
Au::a—(%—Q. (9)

90




As follows from [4, 5], there is a correlation between variation of the
phase propagation velocity of the PAV Av, on the one hand, and the
frequency of the autogenerators and phase signal of the delay lines and
filters on the PAV, on the other hand, which is described by the
following relations:

Af AD Av

T T T Ty | (10)

where fo and o are the autogenerator frequency and phase of the signal
of the delay line or filter on the PAV at v = vo and Af and A% are
variation of the frequency and phase, determined by Av.

After substitution of expression (9) into relation (10), we find

' — a /\()_—-____a_,'_ )
Af = o Q, AD= > Q,

o

where L is the length of the operating section of propagation of the
PAV. '

Accordingly, rotation of the base results in variation of the
autogenerator frequency and phase of the delay lines and filters on the
PAV. Thus, L = 2-10°2 m, vo = 5-10% m/s, Af = 2.9-10-9 Hz, and A® =

= 4,6-10°13 rad at @ = 10-2 °/hr.

Thus, there are physical prerequisites for development of low-accuracy
miniature angular velocity meters that use a PAV, with frequency or
phase outcome. We note in conclusion that the sensitivity of these
inertial data converters with the frequency layout is dependent only on
the elastic constants of the substrate, while that with the phase layout
is also dependent on its dimensions.
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[Text] Known specialized applications program packages for analysis of
the dynamics of mechanical devices [1, 2] may not be used to design
gyroscopic devices with regard to a real vibration-insulation system and
the complex control circuit, which is ordinarily nonmechanical. This is
caused by the constraint on the relationships on bodies in the Lagrange
method of second kind, selected as the basic method for formulation of
the equations of motion.

This disadvantage can be overcome in the MTT-1 applications program
package, which constructs a mathematical model based on general theorems
of dynamics with representation of the device in the form of an oriented
graph of relationships [3]. The general diagram of the proposed package
is shown in Figure 1. The MIT-1 package permits one to formulate
symbolic nonlinear differential equations of motion of a gyroscope and
to solve them by using numerical methods.

The input data for design are data on the structure of the device, the
layout of shock absorbers and their parameters, the inertia-mass
characteristics of the bodies making up the device, and the moments and
forces acting on the components of the device. This information is
represented in the form of operators of a specialized description
language. This language is outlined in more detail in [4].

93




’—: r'—.fnpnup-gdaﬁue (25] ' (\Banuw) (5) MTT-1 x
S |ypobuenut  ppuscenng umenue 29
(We! | - | | Modenu & apxus flocmpoenue(7) (91§ ]
8 i MTT-1 I KaHOHUYeCKOU S0 8 &
of i popmel yuppobol S X
3 e yugpobsimu (B Modemt 83
2 / kosppuyuenmamil\ | 3
§| A Mameramyyeckan MTT-1v2 373
S MIT-1v2 I| rodens ~Joneane pywyuy S3
| ¥
S| ™ ¢ cumbonsubire i npubopa (6) npabod  wacmu ES 2
ol | |wesppuyuesmanu| | cumbonsrou Mo
M )1 modenu  (8)
[>] e o e e e e J @
S — 3
S = T
S - . MTT-1v2 g 3
@ Hoppexmupobxiy Koppekmu pobra Nodcmarnobra ‘é’ 3
E nopamempob noparempo{ 11 YUCAEHHBIX S
¥ MameMamu yecKod yuCneHn020 3HAUeHUT (130 §
S rModeny (10 unmespupobanun napanempob( 12y 3

Figure 1

KEY:
1. Description of device in input language of package
2. Formulation of equations of motion
3. With digital coefficients
4. With symbolic coefficients
5. Write (read) model to archive
6. Mathematical model of device
7. Construction of canonical form of digital model
8. Description of function of right side of symbolic model
9. Calculation of eigen-values and vectors
10. Correction of parameters of mathematical model
11. Correction of parameters of numerical integration
12, Substitution of numerical values of parameters
13. Numerical integration

The mathematical model of the device, which has the following form, is
formulated from this description

ALX 4 NX + KX = Df() + QP (6 X, X) +
FF (X, X, X) + Fo (X, X, X),

(1)

where M[n, nl. Mn, n}, Kfn, n}, D[n, m], Q[n, r.n!] are matrices with symbolic or

symbolic-digital coefficients, X[n] is the vector of variables, f(t) is
the vector of external perturbation, acting on the body from the

direction of the base, P(t, X, X) is the vector of control, external

moments and forces, and F(t, X, 5(, X), and Fqo(t, X, 5(, X) are nonlinear
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functions that contain paired and triple products of variables, their
derivatives and external perturbation w1th symbolic or symbolic-digital
coefficients.

This type of mathematical model is related to the fact that expansion of
the matrices of direction cosines with grouping of terms by orders of
smallness into a series is fulfilled automatically during formulation of
the equations.

Selection of linearized equations as the main equations for design is
related to the need to study the dynamics of complex gyroscopic devices
with small computer resources.

Special procedures of analytical transformations above power series of
the following type (the MTT-1 package) were worked out to construct an
algorithm for formulation of the equations

n

i-:1

where ki is a digital coefficient, aj, Bk, and 75 are variables and the
first and second derivatives, and p = 0, 1, 2 is the‘exponent.

The procedures of analytical transformations were subsequently modified
{(the MTT-1V2 package) for the case when

3
k; =k ” Qq

g1

where k’; is a digital coefficient, and Qq arc symbolic parameters that
describe the inertial-mass characteristics of bodies. The MTT-1V2
package exceeds the first version of MIT-1 in its capabilities, but is
considerably inferior in speed.

Retention of two similar program systems for formulation of the
equations is related to the need to solve two design problems:
selection of the parameters of the device and design of an optimal
vibration-insulation system for a given device. In the first case,
symbolic equations of motion must be compiled for determining the
dependence of the coefficients in (1) on the parameters of the device.
The MIT-1V2 package fulfills this. In the second case, with known
digital parameters-of the device, one must analyze the different layouts
of the shock absorbers, one must select their parameters, and one must
change the law of external vibration. The MIT-1V2 package can also
solve this problem, but as experience shows, it is preferrable to use
MIT-1, which operates two-threefold faster.
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Consideration of the interaction between bodies is the most original
part of the package.

There are no constraints on the type of links in the formulation
algorithm, and they are taken into account by substitution of codes of
the moments and forces into the corresponding projections of the
equations. A specific mathematical expression of the moments and forces
is contained in special matrices or is formulated automatically by the
package for description of the device. These expressions are
substituted into the equations at the stage of constructing the
canonical forms. This permitted one to work out special procedures of
correcting the parameters of the mathematical model without changing the
equations of motion. The parameters to be corrected include coordinates
of the points of attachment of the shock absorbers, the coefficients of
stiffness and damping of the shock absorbers, and external
perturbations.

SV (2) y o
Butenent npniopa Iy 10 RAR YL Iy' 106 [1om? 1,107 2i-m
- ; 7.0
(3)Kopuye 6,5 6,5 £
(4)apyaaiaa pamea 3,7 3,4 3,6
(5)Kokyx 1npo-
6'101(3 1,9 2,5 2,4
(6)porop 1,4 1,4 1,0
KEY:
1. Component of device 4. Outer gimbal
2. N-m? 5. Housing of gyrounit
3. Body 6. Rotor

A canonical form of the following type is constructed from the generated
equations

Y- F(V, 1), (2)

where Y is a vector of the variables of state of the system. An
accurate expression of function F(Y, t) can be found for equations with
digital coefficients. It is formulated in the MTT-1V2 package by a
special algorithm at each step of numerical integration.

System of equations (2) is subsequently solved by using numerical
methods, which are selected automatically by control operators, which
are a constituent part of the data preparation language.

The MIT-1 package and its second version MTT-1V2 perform the entire

cycle of study of the mathematical model from its formulation by
description of the device to numerical solution on a computer. This
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permits the designer, changing the studv control operators, to conduct
various numerical experiments with a mathematical model of the device.

The dynamics of a cushioned gyroscope with angular vibration of the base
with regard to the real vibration-insulation system is studied in this
article by using the MIT-1 package. A gyroscope in a gimbal suspension,
mounted on spring absorbers, was selected as the object of study. Let
us solve the classical problem of estimating the efficiency of the
vibration-insulation system under resonance conditions. Analytical
solution of a similar problem is given in [5, 61, which permits one to
present comparative estimates.

A layout of a gyroscope in a gimbal suspension and the orientation of
the axes of the coordinate system correspond tc that adopted in [6]. We
assume that the axes of all the coordinate systems are the main axes of
inertia of their own bodies, the origins of all the systems coincide in
the initial position, and the inner gimbal is rotated by 30° about its
own axis. The moments of inertia with respect to their own axes are
presented in the table. The natural moment of momentum of the rotor is
equal to 5.4-10°3 N-m-s. The overall dimensions of the gyroscope are
0.1 x 0.1 m and the axial stiffness of the springs is Cij = 1,617.7 N/m

(i = T, 4). Damping moments with coefficients 9.8:10°% N-m-s act along
the axes of the suspension.

Let us consider the motion of the body only along axis z. The dampened
coefficient along this axis is equal to 1.1765:10"3 N-.m-s.

Let us compile complete nonlinear equations of motion of a gyroscope
with regard to the nonlinearities up to third order of smallness
inclusively, which are recorded in the archive. Using the method of
step analysis of the mathematical model, realized in the package, let us
increase the complexity of the model for the entire cycle of studies.

«,ra)]
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038 A /
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Figure 2
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We find the frequencies of natural vibrations of the system in the first
step by the linear model (it is found from general model (1) by .
eliminating part of the terms and this exclusion is performed
automatically. With the selected input data, v, = 208.12 s~! and vy =

= 1,033.67 s-1,

Let us determine the amplitude of the angular vibration velocity of the
outer gimbal of a cushioned gyroscope with main resonance at frequency
vy. Let us first give the perturbation along axis z in the form w; =

= 4 sin (1,033.67 t) using the correction section. Integrating the
llnear system of equations by the graphs which are constructed
automatically, we find the desired value: A % 10 s-!, which is in good
agreement with the results of analytical calculation performed by the
formulas of [6].

The last step in analysis of a cushioned gyroscope is solution of the
complete system of equations with nonlinearities up to third order of
smallness inclusively. The results of the calculation are presented in
Figure 2 (curve 1)}.

The equations of a rigidly mounted gyroscope with the same law of
perturbation of the base must be formulated to analyze the efficiency of
the cushioning system. We should compile a similar task for a design,
having taken from it a description the flexible elements. By
integrating the linear system of equations, we determine the amplitude
of the angular vibration velocity of the outer gimbal: Ay = 310 s-!.
The results of integrating the nonlinear equations are presented by
curve 2 in Figure 2. Calculations show that the drift of a cushioned
gyroscope is much less than that of a rigidly attached gyroscope. It is
essentially invisible at the selected scale. The ratio between the

drift of gyroscopes mounted rigidly and on cushions coincides with that
presented in {6].

The use of the MTT-1 package for study of the drift of a cushioned
gyroscope considerably reduces the analysis time.
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[Text] It was assumed during study of the azimuth motion of a
ground-based pendulum gyrocompass (MGK) during acceleration of its rotor
[1-3] that the angular momentum of the sensitive element (ChE) increases
by linear law. Linear law can be realized rather simply in the presence
of a controlled drive of the gyromotor. The dependence of the angular
momentum on time in the case of uncontrolled acceleration is linear only
during the initial segment of the acceleration curve [4]. The azimuth
motion of the sensitive element of a pendulum gyrocompass is considered
in this article with exponential law of variation of the moment of
momentum, which describes the process on the entire section of the
uncontrolled acceleration. The constant My and linear time-dependent
Mjt uncontrolled moments with respect to the vertical axis of the
sensitive element are taken as perturbations.

The system of precession equations that describe the motion of the
principle axis of the MGK at small angles of deflection from the plane

of the meridian has the following form upon variation of the angular
momentum

How |- HU, + (mgl ++ HU,) p = 0,

. (1)
HB + HB — HU,o = M, + My,

where H is the angular momentum of the gyroscope, mgl is the pendulosity
of the instrument, U; and Uy are the horizontal and vertical components
of the earth’s angular rotational velocity, respectively, a and 3 are
the angles of rotation of the sensitive element of the MGK in azimuth
and in the vertical plane, and t is current time.
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It is easy to find from system of equations (1) the equation of motion
of the sensitive element with respect to the azimuth coordinate. With
regard to mgl » HU,, it has the form

Ho + 92Ha, +-mgll a2 = — 21!'1U2 — M, ";‘gl — Mt ”}fl . (2)

Let the angular moment vary by the law H = H,—(H,—H)e™, where Hp

and H, are the angular momentum at the beginning and end of acceleration
and } is the attenuation index of the exponential function.

Let us introduce independent variable 2z = (Il —HOH,T,')e““ (z(M zg =
. H(,H,',;'). Denoting the derivatives of the desired function with

respect to the new variable by a4’ and a", let us rewrite equation (2) as
follows: :

2(z— )" 4 2(32— Vo' —UymgIh ™11y o =
s= QUN""2 -+ MymgI N3P (1 —2)7' + (3)
+ MyumgINHEE (1 — 2)7! In(z27).

Assuming [5]

o =2/ (2), (4)

where p.—..:UlrngﬁF?Hﬁ‘ and i is an imaginary unit, let us write equation

(3) in the form

2(z— DU+ 12 Vp+3z—@iVp 4+ 1)U -+
+@QiVp—p)U=2U\"2"""? + (
+ mgIN R (Mg + MAT Inz)) 2= 71 (1 —2) 7' —

— MmgIN" 7%=V =1 (1 —2) 7 n 2.

[&]]
~—

A homogeneous equation, corresponding to (5}, is a hypergeometric
equation (Gauss equation) and has the solution

6
U @) =CU,(2) -+ CUa(2) (6)
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where Cy and C» are arbitrary constants and U,(2)==F(q, b, c, 2} and
Us(2)=F(a—c+1, b—c-f1, 2--c. 2) are hypergeometric functions with
parameters q—ifp; b=ifp--2; c=2iyp+1.

The partial solution, found by using the method of variation of the
arbitrary constants, can be written in the form

Usacr (2) = 2U A7 (U} (2) Qu(2) — U, (2) @, (2)] +
+ mgINTP Hy (Mo + MV In20) [U, (2) Ry (2) — U, (2) Ry (2)] —
— MmgIN" 7 (U, (2) Sy (2) — U, (2) S1 (2)],

where

U, (@) dz Uiz (2) dz
Qs @)= | T Rual) = [ 2 80%
l2() j zl+a(1_z)A(z) Rl.?(z) jzb(l—Z)ZA(z) * (8)

. lan' (2) dz .
Sl.2 (Z) = jm N A(z) — (] ——c)z—l (1 —-2) -—a—-b—l.

The general solution of equation (5) consists of the sum of the solution
of the homogeneous equation, shown in the form of (6), and of partial
solution (7). Integration constants C, and Cy are determined with the
initial conditions

2=2U(z)=U,; U’ (20) = U, (9)

After simple transformations, the solution of equation (5) can be
written as follows:

U(2) = UpA™ (2,) [U; (2,) U, (&)= Ui (2) Uy (2)] —
— UoA™(2) U, (20) Uy (2) — U, (2) U, @)1+
+ 2 Q@ Uy (1) — Q, (2 2) U (2)]
+ mgh T H R (M, + M In 20) [R3 (20, 2) Uy (2) —
— R (20 ) Uy (2)] — Mymgnn—®H

(10)

?n [Ss (2) U, (z) — 81 (2, 2) U, (2)1,

where Q,(z, 2), Ri9(202), Si2(2,2) @re integrals of type (8) with

integration limits z; and z.
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Having determined on the basis of expression (4) the analytical
correlation between (9) and initial conditions a(0) = ag and F(0) = 4o
of system of equations (1)

oz, U= | Up —(1+a)
%_%%%UV{HMU*W—FK wq% ,

let us write the desired solution of equation of motion (3) of the
sensitive element with respect to the azimuth coordinate in the form

@ (2) = 0y2°20 "A™" (2) [Us (2,) U, (2) — U] () Us (2)] +
+ 2UA7'28 [U, (2) Q, (200 2) — U (2) Q1 (20 1 —
a 1 m lﬁo U2
o (_:_0-) ZoA \2y) [H 7:%1 - 2g) + A o aao] %

m

X Uy (20) Uy (2) — Uy (2) Uz (2)] +

+ %1511;2_ (Mo + i zo) [U, (2) Ry (20, 2) — Us (2) Ry (20, 2)] —

— A/Il/rlglz“}»_3H,;? U1 (2) Sy (2g) 2) — Us (2) S1 (24, 2)).

The expansions of the hypergeometric functions and the integrals from
them, for example, with respect to Chebyshev polynomials [6] and also
direct integration of the equations of motion on a computer can be used
upon numerical study of the motion of the MGK in the mode of an
exponential increase of the moment of momentum.

1072 Hemec (1)
| o, 1072 pag (2)

1. N-'m's 3. s
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The results of integration of system of equations (1) at mgl 2104
g-cm-s, Uy = Uy = 5.161-10°°% -1, F(0) = 2.58-10°5 rad, a(0) 5.2.10-2
rad, Mg = 1.5-10"% g-cm, and M; = 2,5:10°7 g-cm's~! in the interval t =
= 0-700 s are presented in the figure. Solid curve 1 shows the
dependence of the angle of rotation of the sensitive element at azimuth
on time in the case when the angular momentum varies by exponential law

(curve 2}. The dashed curves show similar functions (a = a(t) and H =
= H(t)) for the same initial conditions and perturbations when observing
condition h = (Hyp - Hp)A, where 1 is the characteristic slope of

acceleration of the rotor in acceleration law H = Hy + ht.

It follows from the figure that the functions found in [1-3] can be used
on the initial leg of the acceleration curve where it is described
rather well by a linear function, upon study of the azimuth motion of
the sensitive element of the MGK. The entire leg of the exponential
accleration of the rotor is determined analytically by expression (10)
of this article.
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[Text] Those numerical methods which permit one to integrate the
equations of motion at a high rate can be used to construct effective
discrete models of motion of mechanical systems, and the requirement of
high integration accuracy is not compulsory for these methods.

Let us construct a discrete model of motion of a mechanical system,
consisting of an absolute solid, connected to base N by shock absorbers.
Each shock absorber is represented in the form of three mutually
perpendicular elementary springs, articulately attached to the base (see
figure). Following [1], let us assume that the springs are arranged
along the principal directions at any moment of time, and that
displacement of the body, perpendicular to the axis of this spring, does
not alter its reactions.
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Let us introduce the conditionally fized coordinate system O{y({ and
Cxyz, invariably bound to the body, and the origin C of coordinate
system Cxyz is compatible with the center of mass of the body, while
axes Cx, Cy and Cz will be considered its principal central axes of
inertia. Let both coordinate systems coincide at the initial moment of
time. Let us denote by &ij, 51], and 7ij the cosines of the angles
formed by the axis of the j-th spring (j = 1, 2, 3) of the i-th shock
absorber according to axes O{, O7, and O(. Let us select coordinates ¢,
7, { that characterize the translational motion of the body with respect
to the base and Euler angles ¥, #, ¢ that describe the rotation of the
body about the center of mass as the generalized coordinates.

In this case, the law of motion of the solid in the flexible suspension
can be determined by using Newton’s second law and Euler-Poisson
equations:

/71..§'= Fy m;].= Fy: m.§.=—- Fg;
T 0 — (I — 1) 0,0, = M}y Ty, — (I — 1) 0,0, = Ms;

. . (1)
T, — (I — 13) 00, = My

cos

siny @ U= cosqo, — sinpoy;

b= o+

— sin ¢ clg 0w, — cos ¢ clg Owy + o,

e’
f

where m is the mass of the bodv I,, Is, and Ig are the moments of
inertia of the body with respect to axes Cx, Cy, and Cz, respectively,

)-—(b,n,c) is the vector of the absolute acceleration of the center of

mass, Fy, Fy9, and F3 are the projections of the main vector of the
-
external forces F onto axes Of, Oy, and I{, and vy, Wy, and ¢z and M,
M9, and M"3 are projections of the vector of the instantaneous angular
- -+
velocity v and of the principal moment of external forces M onto the
axes of fixed coordinate system Cxyz.

-

The principal vector F is the geometric sum of reactions of the shock
-
absorbers and of the gravity of the body, while the principal moment M
is the sum of moments of these forces with respect to the center of
mass. The reaction R; of the i-th shock absorber is a function
(generally nonlinear) of deformation of uj; and of its first derivative
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uj. Let us represent it in the form of [1] RiUH,I&)==/¥(uJ»FLH(ﬂn.

where Fi is flexible and U; is dissipative forces, and let us consider
the order of calculation of the principal vector and of the principle

moment in equations (1). If, for example, F;= —Fk;u;;, Ui=0 (i—1... V-

j =1, 2, 3), where kij is the stiffness coefficient of the j-th spring
of the i-th shock absorber, then the principal vector can be determined
in the following manner:

Wl

ﬁ
l
|
7=z
- o

Ie; ;.

i
T

Assuming that the stiffness coefficients k;jj and coordinates xj, yi, and
z; of the points of attaching the shock absorbers to the body (the
latter are invarable in the bodcy-axes system Cxyz) are known,

displacements a:=(6n'5im 8i3) of these points with respect to the base

is determined by vector equalities (see figure)

S’i’-—'t'{‘ —’)'i——(”io (i=l,...,N), (2)

where p.=En0) is displacement of the center of mass with respect to
the base, 7i==(n,yhzﬂ are the constant radius vectors of the points of
attachment in coordinate system Cxyz, Bmzz(gm,nm,Qﬁ are the radius

vectors of the points of attachment at initial moment of time in
coordinate system Of{y{, and A is the matrix of transition from
coordinate system Of{y({ to Cxyz.

-f
Deformation uj; is equal to the scalar product of displacement §; by
unit vector ;”==(aﬁ,ﬁu,v”) , directed along the axis of the spring:

-— -

u;j=90;;p;;. Assuming that the principal directions of the shock absorbers

are parallel to axes 0Of, Oy, and O(, we write the projections of the
-t

main vector F onto the axes of fixed coordinate system Of7(

N
F]..—:—-Zkuﬁu (]=1,2)3)- (3)

i=]
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The expression

, (4)
Fij=ATF,

determines the elastic force of the ij-th spring (F’ij) in coordinate
system Cxyz (the superscript "T" denotes the transposition operation,
while the prime indicates the assignment of the vector marked by it in
the fixed coordinate system Cxyz). Finding the moment of this force
with respect to the center of mass C by the formula

> -

we find the principal moment from the expression

4 w

1)

(6)

N

i
0

Having been given in one way or another the forces and moments of
figuring in the right sides of equations (1), for example, by formulas
(2)~(6), one can generally integrate equations (1), using any of the
standard numerical methods of integration of the system of ordinary
differential equations. However, this approach is hardly suitable in
real-time simulation. Tt may be feasible to use difference
approximation, based on the principles of discrete variational
calculation {2, 3]. Let us assume that equations (1) can be written by
Lagrange functions L = T - Il (T and Il are the kinetic and potential
energy, respectively), which is dependent on the generalized coordinates

(their vector column q has the form qT =[& 7, (, ¢, 8, ¢1), on

velocities q and time t:

d (0L oL
4 9Ly o o,
dt (a;,) 99 (7)

It is known that equation (7) is a condition of the stationary state (of
t
the approach of the first variation to zero) of the integral f ztlLdt at

the selected constant quantification step h = (ty - t;)/v (v is the
number of intervals), the integral can be approximated
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v . v
E L(ta,gq)h= 4\:: Lyh, (8)
p={ p=1

where tﬂ is the moment of the end of the pg-th interval and qﬂ is the
value of the vector of generalized coordinates at this moment of time,

while the vector of generalized velocities dﬂ is determined as follows:

o= —du )b (p=1,...,). (9)

t.
Sum (8) will approach symbol 2 1dt upon natural assumptions with
£y

respect to function L. Accordingly, a discrete analogue of (7), i.e., a
difference relation that guarantees approach of the first variation of
sum (8) to zero, will be the relation [2]

L 0Ly, O\ oL, B
”«_~' )_*ﬁ_a p= by, (10)

B - a
Wuir 09y n

which, together with formula (9), forms a discrete model of the dynamic
system described by equation (7). Since the method of constructing the
Lagrange functions for dissipative systems is sufficiently complicated
{see, for example, [4]1), the dispersion of energy in the system can be
considered in the first approximation, having adopted the value

exp(-nt)L as the Lagrange function, i.e., having approximated equations
(1) by the following discrete expressions rather than by relations (10)

[5]:

1 enh aL”“H — aL” . —_ oLy =0,
a4,

h My 04, (11)

where n is a parameter that characterizes the damping in the system.

Having used expressions (9) and (11), let us construct the desired
discrete model of motion of a solid on a flexible suspension. To do
this, let us determine sequentially the potential and kinetic energy of
this mechanical system.

109




The potential energy of the system is: II=IHg+ IIp, where HF =

N 3
*'ir}ﬂA}]kuuﬂ is the potential energy of 3N deformed elementary springs
1=\ j=1

and HP = mq{ is the potential energy of the body in a gravitational
field.

Let us consider this arrangement of the shock absorbers when the axes of
the springs are parallel to axes Of, Oy, and O{. Then

N N N

oIl ) Jll oIl .

i L kiy8i1, Fr iZI [N T Z kisdig + mgq. (12)
i=1 =

i=]

We note that finding the partial derivatives of the potential energy
with respect to coordinates ¢, #, and ¢ is difficult, since it requires
that the same derivates of matrix A be found. Therefore, taking into
account that the derivates of Il for these coordinates are moments of the
elastic forces of the shock absorbers with respect to the axes of the
corresponding rotations of the body, we write the following equalities:

oIl P , . . .
W:M,smcpsme+M2cosq>sm0+M3cos(3, (13)
oIl

o¢

oll

§§=M; cos ¢ — M sin @; = M,

The partial derivatives of potential energy with respect to generalized
velocities are equal to zero.

The kinetic energy of the system can be represented in the form

T =20 €+ 0 + ) + 5 (10 + 10} + [0,
and with regard to the relations
0, =Psin@sin¢g 4 écoscp, oy ='\i)3in6COS(P——ésinq),

(DZ = ‘q.JCOS 9 +J:P,

one can write
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T= —”21 &2 0+ .C"’) + -2!—‘[11 (1.p sin@sing + 6 cos ?)? +
- . ) (14)
15 (b sin 8 cos @ — Bsin @) -+ /5 (3 cos 0 - @)2].

Further postulation of expressions of the kinetic and potential energy
into formula (11) results in implicit difference equations of numerical
integration. This can be avoided in the case of equality of moments of
inertia I; and Iy, which is found rather frequently in real designs of

vibration protection systems. Then, differentiating (14), we find the
following expressions:

aT oT or 6TA > oT * aT 2
— 0’ =— = U, g =U, —= :, — y —— M
3% an 0 3t 0 s mt x mn mg;
ar oT ‘o s . ’ - or
5 = 0, 55 = I;p?sin B cos 0 — /g (@ -+ P cos B) P sin 6, 3 = 0; (15)
oT

L = Ipsin®0 + Iy (@ + ¥ cos 0) cos 0, %L = 1.6,
o a8

9T — I, (@ -+ pcos 6).
de

After substitution of relations (12), (13) and (15) into (11) and also
after certain transformations, we find the desired discrete model of
motion of a solid in a flexible suspension:

: [ h oIl P
Sy =e "h( T ‘a_;:,l) ' Eert = &+ hEiyrs
[ ] »
. h oIl ®
Ny =€ " (ﬂi—%?ﬂ) » Mgy =M+ hq,_H;

3 —nn [ h oIl .
Eipr = e~ (Ez — 7,,‘-35‘) v B =8+ hEy

. e-—-nh .« . o )
Yoy = TIMHT [/ sin® 0, + Iy (@, -+ ; cos 6,) (cos §,— cos 0;31)+ (16)

oIl ol
h{— i
-+ 1(6% cos 0,4 0117,)] ,
Yo =P+ h‘l’;+,;
) i .
O1py = et {9, + 4 [(1, — 1) 92 cos 0, sin 6, —
— I @ sin 6, — 9L
18 ‘l i(pi sin el aoi ]} ’

Ocp1 = 0, -+ hbipy;
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' ) i . . h oll
Py = —Picos By ek ((p, + by cos by — 73:5?1) '

Py =P + h(pl-}-]'

We note that the expression 1;sin®fi,;, which brings greater errors to
the calculations at small angles #, while it makes them possible at

6 = 0, is found in the denominator in the difference equation for §i+1-
This can be avoided, having assumed that the movable coordinate system

Cxyz is rotated at initial moment 9f time with respect to the fixed
coordinate system by angle 9* = 80" [6].

As studies showed, the use of difference equations (16), based on the
principles of discrete variational calculation, is more effective in
speed for simulation of the motion of a solid on a flexible suspension,
described by equations (1), than the use of numerical integration of
equations (1) by the Runge-Kutta method for the same purpose.
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[Text] The reduced moments of inertia of the links must be calculated
on a computer to control the motion of complex manipulation
anthropomorphic-type systems with large number of degrees of freedom
[1]. In view of the fact that the memory capacity and speed of modern
computers do not permit this operation in real time, the problem of such
equivalent representation of the links of a manipulator as solids
arises, which would simplify considerably the solution of the postulated
problem. The purpose of the article is to outline a method of
calculating the reduced moments of inertia of the links on mini- and
microcomputers using construction of a system of material points,
equimoment to arbitrary solids.

An equal moment system of the fewest number of points, which is equal to
four, can be constructed to solve the considered problem [2]. The equal
moment nature is guaranteed by the coincidence of the centers of inertia
and by the equality of mass and tensors (ellipsoids) of inertia. If the
principal central axes of inertia x, y, z are selected as the reduction
axes, it is sufficient to require coincidence of only the axial moments
of inertia. These conditions are expressed analytically by nine
equations

L mx? = A, }_‘ my? = B, L ;2 =
mem:O,mem=O,¥mmn=Q (1)
1 1

4 4 4‘
me=0,2mw=ﬂ,2mm=&
i 1 1
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where A, B, and C are the moments of inertia of the link with respect to
coordinate planes yz, xz and xy, respectively.

The desired system of four material points should belong to a
second-order surface, which is an ellipsoid of inertia. Let us use the
equimoment ellipsoid of inertia of the Legandre type, described by the
following canonical expression, as this ellipsoid [2]

x2 42 22
T EFE YT

where M is the mass of the manipulator link.

Since it is difficult to determine directly the coordinates (x;, ¥i,
z1)y ooy (X4, Y4, 24) of the four desired points, let us transform the
coordinates according to the equalities

= A _.B C ,
M= Y=g Py L= 37 q (i=1,2,3,4). (2)

If one assumes that the masses of the four material points are identical
and equal to M/4, one can write equations (1) with regard to (2) with
respect to the new coordinates pg;, pi, qi in the form

4 4 4
Xuf:{ Xp?: , Zq%:ll;
1 1 1
[} 4 4 (3)
|
L wip; =0, Z Piqi =0, E g = 0;
1 1 ]
4 4

It follows from equations (3) that the ellipsoid of inertia of the four
material points is a sphere of unit radius. To simplify the calculating
procedure, let us select the desired points at the vertices of a right
tetrahedron, lying on the sphere.

It is insufficient to determine 12 coordinates gi, pi, qi (1 =1, 2,

3, 4) of a system of nine equations (3). Taking into account that the
axes of symmetry for a homogeneous solid are the principal central axes
of inertia and by locating one of the points on axis z, we find
additional relations:
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W=p=0; g,=7V3 (4)

We note that if the solid is homogeneous, conditions (4) vary according
to the geometry of the mass.

Solving algebraic system of equations (3) with regard to conditions (4),

we find
e 0 g D)
( ,)1) ) (~ 0" ); ( ): ]/
. fh \ V3 (/2

{ V3 !
(V3 ) ERVCR
Ha Vi) 1Y Vo
FRR NERRE
s 1 s ”“l“l
t V3 v VB

Turning to the initial coordinates xj, yi, z; from formulas (2), we find

lo: 0. 1730 7 . /)
re= 0 0 ’ ij Jo le IO 2 |/.3M v T l g,‘,}"_}»
/oA /2B, 1/ _C]| (5)
l' 7/1"‘“' s/ﬁ"”“l/—gi\ry
ra R VA
’4 = l“ I 2 ' '/31\4 T l"/ AT

Formulas (5) permit one to determine the coordinates of the desired
system of four point masses, equimoment to the manipulator link in the
principal central axes of inertia x, y, z, bound to it. One can turn to
the physical axes of the suspension &, T ( by parallel transfer of
coordinate system xyz to values {p, %0, (o and by rotation by Euler
angles &, § and 7. The reduced moment of inertia of the link with

respect to the axes of its suspension can then be calculated by the
formulas

Iy = 1,02 + 1,22 -+ 1,3, + MES;

In= 1%+ l,,ag2 + Laz, -+ M (6)
]C = Ixa?a + Iuag;; -+ 11(133 -+ /Hég
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Here ajj are the direction cosines that determine the angular
orientation of axes x, y, 2 and that are dependent on the method of
being given the Euler angles [3] and Ix, Iy, and 1, are the moments of
inertia of the link with respect to the corresponding axes.

The relationship between these moments of inertia and A, B, and C used
earlier is determined by the identities

A=05(y41,—1);, B=050,-+1,—1,);
C=05(,-1,—1,).

The derived formulas permit one to calculate the reduced moments of
inertia of multilink manipulation systems according to the following
algorithm.

1. Find the mass M of links, the position of their centers of inertia,
and the distances {q, 70, and (o from these centers to the suspension
axes of the links.,

2. Assign the Euler angles a, f, and 71 and calculate the direction
cosines #jj for each link of the manipulator.

3. Determine the axial moments of inertia of links Ix, Iy, and I, and
find A, B, C by formulas (7).

4, Calculate the coordinates of four points by mass M/4 for each link
by formulas (5).

5. Find the moments of inertia of equimoment systems of material
points, which replace the links of the manipulator, with respect to the
principal central axes of inertia.

6. Calculate the reduced moments of inertia of the links with respect
to their suspension axes by formulas (6).

Computer programs for calculating the reduced moments of inertia of the
simplest type of links--parallelepiped, cylinder, truncated cone and
triangular pyramid--were worked out according to the proposed
algorithms. The computation time on the SM 1810.41 microcomputer is
2:10-3 s, which indicates the effectiveness of the algorithm.
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NONLINEAR EFFECTS IN VIBRATION-PROTECTIVE SYSTEMS WITH STIFFNESS
CORRECTORS

907F0290S Kiev MEKHANTIKA GIROSKOPICHESKIKH SISTEM in Russian, Issue 8,
1989 (manuscript received 9 Oct 87) pp 83-87

fArticle by B. I. Genkin, candidate of technical sciences, N. I.
Nagulin, candidate of technical sciences, and A. G. Arkhipov, senior
scientific associate, Severodonetsk Branch of Kharkov Institute of Radio
Electronics]

[Text] The timely problems of modern instrument building include the
development of devices, capable of operating stably at low-frequency and
infralow-frequency, for example, seismic effects. One of the promising
ways of solving this problem is to use vibration insulators with
stiffness correctors [1]. These correctors permit one to optimize the
dynamic elastic characteristic of vibration insulators, without
influencing their static capacity. Deviations of the parameters of the
stiffness correctors from optimal values are inevitable in view of the
different types of random factors. Therefore, real dynamic elastic
characteristics of vibration insulators with stiffness correctors are
always nonlinear. The given paper is devoted to analysis of some types
of nonlinear vibration-protective systems with stiffness correctors.

Let us consider a system with one degree of freedom, consisting of a
vibration-protection object of mass m, attached to a base, vibrating by
law h(t) = hp sin ¢t by parallel-connected main spring of stiffness c, a
viscous damper with viscosity coefficient p and stiffness corrector, the
characteristics of which are: Cx ig the stiffness of the corrector

spring, d is the maximum deformation of the corrector spring, and L is a
geometric parameter. Let us take the displacement x of the vibration-
protection object with respect to the position of equilibrium as the
generalized coordinate.

Let us introduce the dimensionless coordinate ¢ = x/L and dimensionless
parameters a = SK/S and § = d/L. The dynamic flexible characteristic

F(x, c, Cg? d, L) of the vibration insulator, consisting of the main
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spring and stiffness corrector, is represented in the form F(x, c, Cy

d, L) = cLf({, a, ) where f({, &, f) is the dimensionless dynamic
elastic characteristic of the vibration insulator. Let us compile a
differential equation with respect to vibrations of the vibration-
protection object and let us reduce it to the form

E—}— 2n§ + R &, a, ) = jo?sin wf, (1)
where , — yom; k= Veim; y = hyL.
To find the approximate steady state solution of equation (1), let us

use one of the linearization methods [2, 3]. Let us find this solution
in the form

£ = Asin(of — o). (2)
Let us replace nonlinear function f({, &, f) by the approximate function

[E o B)~ q* (4, a,B)E, (3)

where q2(A, @, fJ) are linearization coefficients. Having substituted
(2) and (3) into (1), after transformations, we find

A=1pVig* (4, o, p) — P’ + 45%% (4)

¢ = arctg [26p/1g%(A, . B) — p*1l, (5)

where p = w/k and 4 = n/k.

Relation (4) is an equation with respect to amplitude A and describes
the amplitude-frequency characteristic {AChKh) of the system. Relation
(5) describes the phase-frequency characteristic (FChKh) of the system.
Let us consider two types of stiffness correctors: crank (Figure 1, a)

and cam (Figure 1, b) [1}. The dimensionless elastic characteristic of
the vibration insulator containing these correctors is:

fEap)=[1—a-+al—BVTI=EE (6)

119




Having used Ya. Z. Tsypkin’s formula [2], we find the linearigzation
coefficient:

(Ao B) =l —a+ S a(l —p)[(4— A" 4 (1— 4™, (7)
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A computer program that realizes with step by frequency parameter p the
search for the roots of equations (4), where q2(A, &, J) has the form of
(7), with subsequent calculation of the values of y and also of the
amplitudes and phases of the absolute vibrations of the vibration-
protection object, was worked out to study the characteristic features
of the considered nonlinear systems. Analysis of the results of
numerical experiment, conducted by using this program, showed the
following. Equation (4) can have only one real root at small values of
parameter 7, which characterizes the intensity of the exciting effect,
and the amplitude-frequency characteristic of the vibration-protection
object hardly differs from that found when using linear theory. A range
of values of p, at which equation (4) has up to three real roots,
appears with an increase of 7, the amplitude-frequency characteristic
assumes a form typical for nonlinear systems: the resonant peak (curve
1, found at § = 0.1 in Figure 2) is deformed, and additional branches of
the amplitude-frequency characteristic (curves 2 and 3 in Figure 2)
appear, to which the vibrations with large amplitudes correspond. Study
of the stability showed that curve 2 corresponds to stable modes, while
curve 3 corresponds to unstable modes of induced vibrations.
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Figure 2

With an increase of parameter & which characterizes the friction in the
system, additional branches of the amplitude-frequency characteristic
have a tendency toward fusion and displacement to a higher frequency
region. Figure 2 was constructed for cases when the amplitude of the
induced effect is independent of frequency (7 = const). Under real
conditions, the amplitudes of higher harmonics of the kinematic induced
effect is ordinarily much less than the amplitudes of several of the
first harmonics. Thus, displacement of additional branches of the
amplitude-frequency characteristic to a higher frequency range means the
elimination of the danger of the corresponding large-amplitude
vibrations occurring {3]. Curve 4 in Figure 2 was found at ¢ = 0.2.
There are no additional branches of the amplitude-frequency

characteristic.

some deterioration of the

frequency band.

At the same time, an increase of friction results in
quality of vibration protection in the working
Accordingly, there is the problem of optimization of

parameter §&.

A system with crank stiffness corrector on a low-frequency vibration
bench, which permits one to increase the vibration amplitude of the
vibrator to 15 mm, was tested for an experimental check of the results.
The system to be tested contained four air dampers with replaceable
pistons. Energy dissipation in the system was varied by mounting the
pistons with openings of different area. Stable vibrations with large
amplitude, corresponding to the positive branches of the amplitude-
frequency characteristics, were observed at low friction. There were no
nonlinear effects at high friction and also at small vibration
amplitudes of the vibrator of the vibration table.

Studies showed that the possibilities of large-amplitude vibrations in
the working frequency band, which occur due to nonlinearity of the
elastic characteristics of these systems, must be taken into account in
design of vibration-protection systems with stiffness correctors. To
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eliminate the undesirable nonlinear effects, one should try to see that
parameter 7 have a rather small value, while parameter ¢ have a rather
large value. A decrease of 7 at given hp is possible only due to an
increase of L, i.e., due to an increase of the overall dimensions of the
stiffness corrector. An increase of é results in deterioration of the
vibration protection quality in the working frequency band. Thus,
selection of the parameters of vibration-protection systems with
stiffness correctors is an optimization problem.
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[Text] Calculation and design of modern floated gyroscopic devices are
related to postulation and solution of convective heat transfer problems
in a working liquid. Typical forms of the suspensions of the sensitive
elements are a cylinder in a cylinder, and sphere in a sphere;
therefore, the desire to maintain the greatest number of symmetries in
the design results in study of axi- and central-symmetrical problems.
The basis for using numerical-analytical methods in solving these
problems is inforamtion about the existence of the solution in general
and about its behavior at different moments of time.

Theorems on single-valued solvability as a whole and on the asymptotic
stability of the solution of a system of quasi-linear evolutionary
equations that describe the thermoconvective dynamics of a viscous
incompressible liquid, which fills an axisymmetrical cavity in a solid
coaxial to it, are presented in this paper. The problem to be studied
is formulated in terms of the current #-temperature 8 function.

1. If the liquid fills a cavity, which is the figure of revolution of a
rectangle 7={(n2)|0<<R<r<<R, h<z<l:} about axis 0z in a solid
having the shape of a figure of revolution about axis 0z of triangle

1= {(r, 2)|0<F<<R=. Hi<<z<<H,(Ry<<Rs, Hi<ly<hy<<l:)}. then the convective

heat and mass transfer in it is described, as is known [1-3], by a
system of equations

Drpy — rd (4, r=2D\)0 (r, 2) — vD¥p = —yr0,, (r,2,{)EnT; (1)
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010, — r=19(\p, )0 (r, 2)] — A0 =0, (r,z, )€ ll’ (2)
with initial conditions of type

3
Y=1o(r,2), (r,2)€n; 0= 0y (r,2), (r,2)€I; ¢t=0 s

and with boundary conditions
Y=DPp=0, (r,2)€dn; © =0, (r,2)€dll; t >0 (4)

[8] = [A@©/dn] =0, (r,2)€dn; (>0, (5)

where V?==r—10/0r (rd/dr) 4 0%/9022;, D = ra/(zr (r—19/0r) -+ af/6z2; D*=pp; ¢ (_cp, 5() 10(r, 2) =
0p/or 0X/0z — 09/dz 0X/0r; nT=nx[0,T]; I = [y (I\Ix[0,T}; and n is the
external normal to the boundary dr = 7/7; [7] is a jump on the dr
function t(r, z) € I, equal to (1"—1');, (the constrictions 7 by 7 and

I, respectively, are denoted by 7’ and 7"), v, 7, 4", A", ¢" and ¢’ are
positive constants that characterize the physical properties of the
liquid and solid (4’ # A", ¢’ # ¢"), and t is time.

It should be noted that rectangles were selected as 7 and Il in problem
{(1)-{5) only for clarity. The theorems presented below are also valid
when 7 and Il are arbitrary constrained areas with rather smooth
boundaries and 7 lags behing axis 0z by R > O.

Conditions ¥ = D¥ = 0 are not equivalent to classical conditions of
adhesion of the liquid to a solid wall 47 (these conditions are
discussed in detail in [3]). The conditions of adhesion will be
fulfilled if problem (1)-(5) is altered somewhat, having replaced
equation (1) and condition (4) by the equalities

D (r—2D,) — D {r—19 (p, r=2DW)/3 (r, 2)] — D (r—2D%p) = — D (r=18,),
Dy = O9/On ], = D, = 0.

The single-valued solvability as a whole (with respect to t) of this
problem is proved by the same scheme as problems (1)-(5).
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2. Let Ly(7) be a Banach space, consisting of all functions p(r, z),
measured on 7, and added with respect to 7 with superscript p > 1; Lp(7)
is equipped with evaluation

101 = (§ 1917 rdrdz)" (-l =11

Following [2, 4], let us introduce Hilbert spaces Ly (m), Lg(n), Wé'&(n)
1Vé'lg (1), Wé?& (@), we () with scalar products ,

(@, ), = S Pprdrdz; (8, 1) = S'UG)rrdrdz;
x I
(D) )= S (VovY) rdrdz;  (8,71), 1 = SU2V®Vrrdrdz:
L 1
(@ V). = S r=2Dor—"Diprdrdz;
T

(@ V)g.x = | V(Do) v (DY) rdrdz

and which correspond to valuations |.|,, | P gy E=1,2,3).

The space W{}(n) (i=1,2) consists of all elements of the Sobolev space

Wis(7), which have zero sign on dJr, while W(3)9.5(7) consists of all
functions ¢ of space W3y(7), for which the sign Dy is equal to zero on

07 together with sign y (since R > 0, the valuations Bl (=1,2,3)

are equivalent to those of the corresponding Sobolev spaces). Space
Wil g, o(7) consists of all elements of space W!5(ll) with zero sign on

.

Let us denote by Vzo(n'), Vis(n'), Vis(n'), Vi(x") (vi3(117)) the Banach

spaces of functions v(r,zf) O(z1)  from CO(0, T; LyGNNL, (O, T; W) (w);
Via @)W (0, T3 Ly(m); C°(0. T; WEN ) N WO, T; Wi () C°(0, T5 W ()1

N L0, T; W ()x (C°O, T; LYW)N Ly (0, T; WEA(I)  respectively,

supplied with valuations

= max ,
|¢|V;:8(nr) 0<t<T”1p”n + IHV‘IJIH:;T
[ Ivé:(l)("T) =[P IV%"S(HT) + ” Py “nT’

hplvg'tl)"‘r’ =¥ IV},‘,("T) + max || ]l g, + Vbl
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B . 172
¥ hgrs = (21 0o+ 10 )

(l e lvé:g(nT)' =0£}$§‘ ” &/ ”II + ” ' V@ | ”IIT)’

T
where [[{|2r = (Y, V)1 (9 )7 = S(rp, V), 4t H, (0, T; Hy(n)) is an ordinary
0

space [4] of distributions from [0, T] in Hs(7) with properties of space
H; (with respect to t).

Finally, let us denote by V3-1/23.o(7rT) the space of functions ¥(r, z,
t) from V3-°2.o(7rT), for which

T-—h

S”‘I’("’Zt+h)—¢(f’z'1)]|(2)n o> 0.

The spaces Vig(li"), V(") and vi?(n")c vi§(nTy are determined in
similar fashion.

3. Let us call the pair of functions {¥, ¢}, belonging to space
Vgg (nT)xVQ;g(IIT) and which satisfies the following integral identities the
generalized solution of problem (1)-(5)

\ r~'oDrpdrdz ‘:i: + \ [—r~'o.Db — @0 (4, r DY)/ (r, 2) +

i1 nt

(6)
+ v (yDye) drdadt = | 09, drdzdt;
¢
b

{ o0t rdrdz
1

~| S [— ro0t, —0d (i, 0)/3(r, 2)© +

(7)
+ rh (yOy1)] drdzdt =0

Vt; from [0, T] and arbitrary pair {p, 7} from pli(n N x Vi s(m,

It is easy to show that the classical solution of problem (1)-(5)
satisfies relations (6) and (7) and that the determination is correct,
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in other words, all the integrals in (6) and (7) have meaning (since

R >0, i.e., the axis of symmetry does not belong to a liquid-filled
cavity).

Theorem 1. If the initial data of problem (1)-(5) are such that
1[7‘161[7{}3 (1), 6,€L,(I1), it has a unique generalized solution (i, O)EVBI/Z(JE ) %
x yii2("y  at arbitrary final solution T. Moreover, the following

integral relations are valid for (¢, #)

9! S Verdrdz Ii:f; + v S o¥rdrdzdt =y S 0v°rdrdzadt,
P at

at

9~ 'H(o/r|~rdtdz|, Uy § |y (o/F) ? rdrdadt = SOd/dr(m/r)drdzdt

2~ V cﬁzrdrdz p=h - g A(v0)? rdrdzdt =0

u - nt

and the valuations
l"|’lvg:8(n’) Cy 1o )ly.m -+ Cotr7 I 0 ]I Ielvlo(nt) < Csll6, lfyp»

in which constants Cj (j = 1, 3) are positive and are dependent only on

the coefficients of equations (1) and (2), and V = (vI, vZ) is a
velocity vector.

The answer to the question on the behavior of the solution of system
(1)-(5) at t = » yields the following confirmation.

Theorem 2. The generalized solution {¢#, 6} of the quasi-linear
non-stationary problem (1)-(5) is asymptotically stable at W!2)y,.o(7) x
X Lz(n), i.e.,

H @ “II < Cd " 90 ”ne—CBli

C,(Cq-—2Cy) —2C¢ __ ,—Caf
__vi_a;%,___ 1| 8112 (e e~ ),

1012y << Coll oy €

where the positive constants C; (j = 4, 8) are dependent only on the
coefficients of eauations (1) and (2).
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4, The methods of [1-3] based on quantification with respect to t with
subsequent linearization and splitting of equations (1) and (2)
according to the following scheme are effective upon numerical solution
of the problem of thermal convection of the liquid in gyroscopes:

Dy, — Dy — T [rd (e, r2DY)A (1, 2) + D2y ] = — 1ryd0,Jor;  (8)

G(@h —_ @k—l) -— T [r—‘a (q’/"-—lr @h)/a (f, Z) _*" }"Vgghl = Ov ( 9 )

where 7 is a time step, k = 1, m is the number of the time layer, and
tk = kt, @h = @ (th)). 1[’]1 == 117 (fh)'_

Let us apply the Galerkin method with a finite element Hermitian basis
on triangulation Iy, of domain Il to system (8) and (9). The approximate

solution of gh and Bh in domains nh==Lje and 1I"=[Je will be found
eCT eIl
inﬂwfmmﬂ“h&ﬂzN@@E@Jﬁ“aﬁ:N@g@gx$mme
PO={1 Pgs oo s Y} 0 () = {0, 03, ..., On,)' are the desired values of the
corresponding functions and of their derivatives at the nodal points of
of domains 7h and Ih, m;=m; (I') (i=1,2), e is a triangular element of
domain I, and N(r,z)=={Nh.“,Nﬁ} is a vector of basic functions [2, 3].
Using the known procedure [1-3] of the finite element method in
combination with the Galerkin method and taking into account conditions

(3)-(5), we find a system of linear algebraic equations of type Ax = B,
where A is a square matrix with band structure, and B is a vector, and

the desired values of vectors ](t) or B(t) emerge as the unknown vector
x. The given procedure can be generalized rather easily to solution of
other initial boundary value problems for parabolic-type equations.
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[Text] An effective solution of the problem of improving the accuracy
in design of follow-up systems is to use combination control together
with methods of invariance theory. The problem of designing an optimal
follow-up system with combination control in the presence of random
noise, based on the design system developed in [1], is solved in this
article,

Let the block diagram of the follow-up system with combination control
have the form shown in the figure. The system includes the controlled
object with transfer function Wp(s), a regulator W;(s), master signal
meter q(t) with transfer function W(s) and filter W@(s). The problem of

optimal design includes determination of the transfer functions of the
regulator W;(s) and of the filter W¢(s), which supply a minimum of the

following functional in the class of stable closed systems

I =rE @) -+ cU () (1)

at given Wp(s) and W(s), at known statistical characteristics--noise
R(t) and n(t) and with arbitrary variation of the master signal q(t).

130




Let us write the equations for a Laplace error transform for the
combination follow-up system and control signal according to the block
diagram

e(5) = L1 = F1(8) = Fo (5) Wo (5)] 4.() + Wo () Fa(s) n(s) +
+HI—F@IRE; (2)
V() =IF1 (&) W5 (6) + Fa @] 4(8) + Fa(s)n () + Fu ) Wi ()R ()

where

Fi@s)=W,6)Wo(s) [1 4+ W, ()W, (S)]_]; (3)
Fy(s) =W () Wo(s) [1 + Wi () Wo(s)]™".

As is known [2], the transfer function of the closed system should be
equal to unity to guarantee the absolute invariance of the system with
respect to the master effect q(t). However, it is impossible to realize
an infinite bandwidth in real systems; therefore, let us require that
the following equality is fulfilled in the system to be designed

Fy() + Fa () Wo(s) = E (o), (4)

where E(s) is some transfer function, close to unity in the proposed
range of variation frequencies of the master effect.

If the following ratio is added to equality (4) according to [1]

% (5) Fu () + B(S) Fals) = D (s), (5)

where a(s) and J(s) are some polynomials of s, the system of equations
(4) and (5) permits one to express transfer functions F;(s) and Fa(s)
and functional (1) to be minimized by a single function ®(s):

_ IE($) B — W, (5) D(5)]
FL) = —go—smwer

(@ (s)—a(s) E (s)]
PO = o —awe meer )

+ioo 2
r T2 o) —als) Es)
I=hit+l+1 | “ B —a () ety V00| Snls)

'_i°°
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+|,1— O 2SR(S)J.ds+
T [ Bt i) sy +
e
g ool
where
+Heo i

11___Tr S |1 — E(5) [2S, (s) ds; [2=-ic- 3 LE () W5 (s)[* S, (5) ds

oo —jeo

are components that are dependent only on function E(s) and the spectral
density of the master signal Sq(s) and SR(S) and S,{s) are the spectral

noise densities of the error and master signal meters.

Function $(s), which transforms the first variation of functional (6) to
zero and which has bands only in the left half-plane s, is determined by
the relation

O (s) = [By () + B4 ()] D~ (5). (7)
Here D(s) is a function determined by factorization of the expression
[rWo(s) Wo(—8) +cl [A(S) A (— 9)I7 [Sa(s) + Sr(8)] =D (s) D (—s); (8)

Bo(s) is an entire part (polynomial of s), B.,(s) is a proper fraction,
having bands only in the left half-plane s in the expansion

T (s)D™" (s) = By (s) + B4 (s) + B (s);
T (s)= E (s) [A($) A(— )7 [rWo (s) Wy (— 8) + cl [t (5) Sn (5) +
+ B W5 (5) SR()]— Wy (—5) A" (— 5) Sr (5);

(9)

A(s) = P () —a(s) Wy (s)- (10)
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A minimum value of functional (6) is achieved

oo
Imin=1,+ 1, +_;_ | {B_(s)B_(—s)+

_.ioo

E (5) E (-—5) [c4-rW, (s) Wy (— s)]
+ BRO) T3, &) Wy (5) Wo(—9) Sr(s) Sy (s) +

rSp(8) S, (5) [E(5) + E (— )]
+rSr(s) — SNCETNG)

r2Wo (s) Wo (—5)"S% (5)
ISR ) S, ) [rWoi(s) Wo (— s) -]

} ds; s=jo.

Example. Let it be required to design the structure of a regulator
Wi(s) and of a filter W@(s) of the control system of an inertial object

with transfer function Wo(s) == (14-Tes)~!, combination control of which is

achieved by signals from the error meter e(f)=¢q({)—qgc({)-}-R(!) and free

gyroscope q(t) + n(t). The system should have first-order astaticism
with respect to the master effect, i.e., there should be no static error
in the system at constant master signal. This requirement is satisfied
most simply when the transfer function is selected in the form E(s) =
= (1 + TEs)‘l. Let us represent the noise of the error meter R(t) in

the form of a random steady process of the white noise type with
spectral density SR = R?2. The initial error ns; and its systematic drift

nit will be considered as the gyroscope error, i.e.,

n(f) = ny 4 n,t. (11)

The spectral representation of the determinant process (11), according
to [3], has the form

Sh = lim || 5225+ 535 |52 + o2 )=

(nf — ngsz)
T TR

Since the solution of the design problem is independent of the type of
polynomials a(s) and #(s) [1], it is convenient to assume that &(s) = 0
and #(s) = 1, and then A(s) = 1. Substituting the necessary data into
(7)-(10), we find
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D(s)= (0 + v5) (Rs? 4 ys + ny) (1 + Tes)'s2

Here

L L L
B=(+r'; y=cTy y=0CRn+n); T (=R (c—
— Ty — 2% (1 —Ts) ' (1 + Te9) ™ ‘
By(s)+ B+ () + B () =T()D(— 9~ =

R? (¢ — rTos — y2s?) (—s)?
(L+Tgs) (80— ys) (Rs® — ys+)

_ 4, N A, (Ass + Ay) .
=Bt T T oW TRt

—1 (bo 3 b15) (1 4 Tys) 82
D(s) = [By (s) + B+ (5)] D™ = T (1F ;ES) (é_}_ ¥s) (Rgz+ys+n1)

where p _ Ry 4 ATe by=RyTy; Ay=R® OTz—y) TE' (WTE 4 yTe + R

The final purpose is to determine the transfer functions of the
regulator W;(s) and filter Wé(s), which are related to the introduced

function ®(s) by the relations

(E () B () — Wo (5) D ()] |
Vi) = Frm O U —E O] F Vo ()10 () — o O] (12)

[D (s) — & (5) E (5)] _
Vo) =37 mW, mioE —ec®i+86 T—E£6]

Substituting the necessary data into (12), we write

§ (1 -+ Tys) (bo 4- b15) :
TZ (0 + vs) (Rs? - ys -+ 1) -+ 5 (b + bx9)

(1 -+ To8) [§5* + 5+ ol
Wil = ST (R F s m) T 5o+ 6:9)

Wo () =

where f, = Tg (R8 +yy— A)— Ry . §y = Te (48 + yny); fo= Tr Oy,

The minimum value of the variance of error of the designed follow-up

system will occur in the absence of constraints on the mean power of the

control signal, at ¢ = 0, r = 1, and will comprise
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Heo
€ Dain =1, + -il— f {B~(8) B—(—5) + Sr(5) S, (s) [Sr (5) -+

—‘i""

+Sa O I +E()E(—s)—E () —E(—9)]}ds, s=jo.

Substituting the necessary data into (13), after integration, we find

(82 (t»mln = 11 +

RTg { (y+-mTg) n+ niRT,

Y (R+ yTp - mTg)?

Tely v+ n,Te) — Rey)® +-ny (y +- n;Tg)?
R—+yTe+ mTg)? } )

+

The relations found in the article permit one to design physically
realizable structures and parameters of the components of combination
follow-up systems that guarantee the maximum achievable accuracy in the
class of linear stationary systems with combination control.
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[Article by Yu. V. Morozov, candidate of technical sciences, Kiev
Polytechnical Institute]

[Text] Let us consider a controlled object with perturbations acting on
it, described by a linear matrix differential equation of type
X (1) = Ax(l) + Bu(t) +F,
X(f)=%» XER", u€R",

(1)

determined in the open domain U C R®, A and B in (1) are constant n x n
and n x m matrices that characterize the dynamics of the object and the
effectiveness of the control members, respectively, x(t) is a vector of
the phase state with components x;(t), ..., xp(t), u(t) is a control
vector with components u;(t), ..., up(t), F is a n-dimensional vector of
constant perturbations, and xp is a n-dimensional vector of the initial
state.

lt) III' & (t)
ut __ x(t

A block diagram of the system, corresponding to equations (1), is
presented in the figure.
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Solution of the problem of designing a regulator consists in
determination of the control law u(t), which establishes the values of
the control actions as a function of the phase vector [1]. Let us use
the canonical representation of initial system (1) to design this
regulator, as was done in [2] for the special case.

Design. Let us assume that the phase vector x(t) is measured and that
system (1) is controllable. After substitution of the variables
according to the formula

z(f) = Px(1), (2)

where P is a constant n x n matrix, system (1) can be written in the
following canonical form:

0 E [[flz® Of

2, (t)
2, ()

-+
z, (f)

E
a@+ 1 1, (3)
IF,

7121 Z22 E2

where Kgl is am x m matrix, ng isamx n - mmatrix, E; and Es are
unjit n - m x n - m and m x m matrices, respectively, and z(t) and
z9{t) are vector columns of dimension m, n - m.

We note that the linear nondegenerate transform of coordinates (2) in

the space of states of the linear system corresponds to ordinary methods
of transformation of the block diagrams in automatic control theory. To
find the law of control u(t), let us differentiate system (3) and let us

substitute the variables y;(/)=z(¢), yz(/)———ix(f), ya(f)= za(t), then

no|=llo o Eflnel o | ue. (1)
s'a @ 0 A—zl A—m ys (9) E

System (4) still does not yield a simple method of finding the law of
control. To achieve this, let us introduce the new control vector

({y, u) by the formula

8(0) = Aauys (O + Ay () + 0 00 (5)
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Let
() = — K,y1 () — Koys () — Koy (©), (6)

and K; (1 =1, 2, 3) arem xm, m x mand m x n - m matrices,
respectively.

We find from expression (5) with regard to equality (6)

u(t) = — Ky, () — (Ko + Az y2 () — (K3 + Az) y5 () (7)

Having substituted expression (7) into systems (4), we find a closed
object + regulator system of type

. 0 E 0 y, ()
5'2 o= 0 0 E vy ||
yp Ol =K —K —Kll 0

where blocks K, and Ks have dimension m x m, while block K3 has
dimension m x n - m. Integration of expression (7) in variables z;(t)
(i =1, 2) yields

T

u@t) = —K; | 2dt — K+ Ap) 2, () — (K5 + 4ad) 2, ). (9)

0

let us represent the matrix of transform P as a block matrix to derive
the law of control (9) in the initial variables. Expression (2) then

assumes the form z;(f) =Puxi({) +PiaX2(f), 22(1) = Porx, (1) ProXs (£).

Let us substitute the values of variables into expression (9) and,
reducing similar terms, we find

T
K x,d?

u(f) =— “ RIPII :IR1P12 1 OT - [(7<2 -+ Zzl) Py + (Rs‘*‘zzz)x (10)
" x,dt

Oty
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K Py ] x, ([)“‘1(1?2 =+ ‘4—21)P12 + ([?3 + /Tzz) Pyy] x4 (),

or in more compact form

T

u(t)=——1<1x(t)-1<25xdt, (11)
0
where
Kl:llkz’}‘zmi—ka‘*‘zzzupi (12)
K=l K—lpnif_ﬂpmﬂy (13)

Pi; is am x m matrix and P;s is am x n - m matrix.

The derived law of control of the regulator uses no information about
the perturbation vector.

The first term of expression (11) is the law of control of proportional
regulation and can be found independently of the perturbations acting on
the object.

Let us again return to system (4). Our problem with respect to vector

Y{O)=(y1(?), y2(?), ys(f)) includes the fact of guaranteeing y(t) = 0 at

t + « from any initial states y(0). These conditions can be fulfilled
if pair {A, B} is controllable [1]. The derived law of control permits
one to change the dynamics of closed system (8), selecting coefficients

Ei (i = 1, 2, 3) of the law of control of type (6).

Having substituted (11) into initial system (1), we find a closed
perturbed system, consisting of an object and regulator:

;
x () = [A — BK,] x (f) — BK, 3 xdi + F. (14)

0

The law of control (11), which guarantees given dynamics to closed
system (14), can be designed by using canonical representation of the
initial system in the form of (8).
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ALGORITHM FOR FORMULATION OF ORIENTATION VECTOR OF MOVING OBJECT,
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[Article by M. A. Pavlovskiy, doctor of technical sciences, G. Ye.
Anupriyenko, scientific associate, and A. N. Klimenko, candidate of
technical sciences, Kiev Polytechnical Institutel

[Text] The continual increase of technical requirements on the accuracy
of spatial orientation of moving objects makes the problem of working
out algorithms for formulation of the components of the phase
orientation vector timely with respect to signals of the discrete
spatial position sensor, mounted on a movable object, the body of which
is deformed. This causes the appearance of signals of the sensor with
amplitude comparable to the permissible orientation error. An algorithm
is known that permits one to formulate current values of the phase
orientation coordinates of the body of the object in case of small
deviations from the required spatial position and in the case of small
absolute values of angular rotational velocity [1] (the spatial rotation
of the object about the center of mass is described with sufficient
accuracy by three mutually independent plane revolutions with respect to
the principal axes of inertia of the body of the object). This

algorithm assumes that the acceleration of the object ey, €g caused by
the effect of the controlling and perturbing moments, is given.
Therefore, it is suggested that the parameters fy and €p be identified

periodically by an algorithm according to the data in [1}]. It is
obvious that interruption of the orientation process, caused by the need
to identify parameters Ey and EB’ is insufficient.

Let us study the effect of the constant error of a priori data on the
accuracy of formulation of current values of phase coordinates by the
mentioned algorithm.

141




The equations of plane rotations of the object with respect to one of
its principal axes and the corresponding equations of the filter have
the form

X=AX+B€; (1)

X = AX + Be + K (Z — EX);

0 1 0 ~ _
AZ[O OJ; B=[l]; e= (M, + M) I Z=EX+§;

(2)

XT— (X, Xy X=(Xu X1 E=(1,0) K =(KyKy). (3)

Here My and MB are the controlling and perturbing moments, respectively,
applied to the object along the control axis, I is the moment of inertia

of the object with respect to the control axis, X and X are the phase
vector and estimation of it, respectively, X; and Xy are the angle and
angular rotational velocity of the body of the object with respect to
the control axis, K is the filter feedback coefficient, { is the noise
component of the data to be measured, € is rotational acceleration of

the object, € = € + #¢ is information about the angular acceleration of
the object to be used in the filter, and §¢ is the constant error.

Since the influence of the error #e¢ on the accuracy of estimating the
phase vector must be determined, let us subsequently assume that the
noise component of the data to be measured is equal to zero.
Eliminating Z from equation (2) and subtracting (2) from equation (1),
we find

X = (A— KE) X — Bé. (4)
Since Bé¢ = const, for the steady mode from equation (4) follows

X = —(A— KE)™Bée. (5)

Finally from (5) we find
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-~ l —~
lec-rr—' ‘E‘GS; ngu:%(‘ie. (6)
2

Thus, the output of filter (2) will contain an estimation error caused
by inaccuracy of the a priori-given data on the external moment applied
to the object with respect to the control axis. It follows from
relations (6) that the error in estimating the phase coordinates is
proportional to the data error ¢ about the acceleration of the object.
Estimation error (6) can be minimized using a refinement of the current
value of ¢ with respect to the orientation device {1]. On the other
hand, due to the inevitable measurement errors, contained in the
instrument readings, the constant component of estimation error (6) can
not be completely eliminated within the considered algorithm. This
deficiency can be corrected in the following manner. Let us write the
equation of motion in the object in the form

. 01 0 0
X=AX4+B5 A={o0 0 1| B=|1 | X=X Xo Xo), (7
0 0 0 0

where X3 = {e.

In scalar form X, = X,, )‘(2:)(3 +E X =0

The corresponding equation of the filter has the form

X = AX - Be 4 K(Z —EX);, Z=EX +§ o

E=(1,0,05 X" = (X;, Xp Xo); KT = (K, Ko Ky); &) = (Ey, 0. 0).

Using the known method of [2], it is easy to ascertain the total
observability of system (7) and (8). The equation for it with respect
to the estimation error, which is found by subtracting (8) from equation

(7) has the form X=(A—KE)Y. It is obvious that X = 0 in the steady
mode, i.e., X,—X, X;=Xs Y;= &¢. Thus, filter (8), unlike filter
(2), has no constant components of the error in estimation of the phase

orientation vector.

It should be noted that actuating members, having static relay
characteristic and operating in the pulsed mode, are ordinarily used in
real control systems of movable objects. The perturbing moment is a
slowly variable time function and can be assumed constant with
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sufficient accuracy with regard to the length of the accurate
orientation mode. In this case ¢ is a piecewise constant value.

Accordingly, the real value of the error of a priori data will prevent
discontinuities of second kind at moments of variation of state of the
actuating member. It is obvious that this operating mode of the control
system causes fluctuations of the observed values of the phase vector
with respect to its real value. The amplitude of these fluctuations
will be determined mainly by the inertial properties of the observer,
while the frequency will be determined by the frequency of variation of
state of the actuating member. The dynamic characteristics of these
fluctuations are minimized during design of an observer [1]. The motion
of the specific control system, into the circuit of which observer (8)
is introduced, was studied by the mathematical modeling method.

The model of the control process included models of the orientation
device, filter, control signal shaping module, actuating member and
object. The model of the orientation device was programmed in the form

of operators US =KR*FI, UD=UD*EXR(—H/TP)+4US*(1.—EXP(—H/TP)),

where US and FI are the output and input values of the static
characteristic of the device, respectively, KR is the characteristic
slope of the characteristic of the device, UD is the output of the
orientation device, and H and TR are the integration step and time
constant of the device.

The model of the filter was programmed in the form

X1 =X(),
X(1)=X(1)+H=*(X(2) +K(1) » (FIF— X)),
X(2) = X2 +H*(X(@3) 4+ E + K(2) « (FIF —X1)),
X (3) = X (3) + H « K (3) » (FIF — X1),

where X is the file of the estimates of angle, angular velocity and ée,
K is the file of the filter feedback coefficients, FIF is the output of
the orientation device, reduced to the dimensionality of the angle, and
E = ¢ + §e is the anticipated value of the angular acceleration of the

object on a given integration step.

The model of the control signal shaping module (BFUS) is a mathematical
description of a three-position relay with hysteresis, the input of
which is a linear combination of estimates of the angle and angular
velocity of rotation of the object. The model of the BFUS was
programmed in the following form:

SIG = K1 « X (1) + K2 « X (2),
IF (ABS (SIG)-LT-SO)F = 0,
IF (ABS (SIG)-GT-SS) F = SIGN (1 -, SIG),
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where S0 and SS are the start and response thresholds, respectively, of
the relay, and F is the output of the BFUS.

A model of the actuating member (of the electric flywheel motor--EMD)
was represented by operators M = -MY¥ *F)S. MD=MD*EXP(—H/TD) +
+ M*(l. —EXP(—H/TD)), where M is the anticipated value of the control

moment at the given integration step, MY and MS are values of the
starting moment of the EMD and of the moment of resistance,
respectively, and MD is the moment of the EMD at a given integration
step.

According to equation’(l), the model of the object was represented in
the form of operators

FI = FI 4 FIT « H + (MD/I « H »» 2/2.,
FIT = FIT + (MD/]) + H,

where FIT and FI are the angular velocity and angular rotational
coordinate of the object, respectively, and I is the moment of inertia
of the object with respect to the control axis.

The results of simulation showed that estimates of the components of the

A

phase orientation vector X, and Xa fluctuate with respect to the
estimated values with amplitude not exceeding 15 percent. There is no
constant error component. The accuracy of orientation of the object,
controlled by using estimates of the orientation vector, formulated by
filter (8), and by using ideally accurate values of the phase
orientation vector, essentially coincide.
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[Article by S. A. Sarapulov, candidate of technical sciences, Kiev
Polytechnical Institute]

[Text] Let us consider in this paper the generalization of the Lame
theorem [1] for the problem of the theory of elasiicity of a rotating
medium. These problems were analyzed earlier only by the perturbation
method [2, 3] or by other agporximation methods.

The effect of rotaticn of an elastic medium as a whole on vibrations is

refierted in the equations of motion, having connected after d’Alambert
the inertial loads in a rotating coordinate system:

-+ QM)V(V‘Z)— ry X(v XZ) = p(F 41+ 20Xt Q X—t:) + 0 (229), (1)

where §5=:{QI,QWQL} is the angular rotational velocity of a body as an

—

absolute solid,.ar{ux,uwlh} is the vector of elastic displacements, F
is the load vector, and A and p are Lame constants.

Let us assume that servocoupling in the form of a torque which
compensates the effect of elastic vibrations on rotation at angular
velocity--a given time function--is applied to the body.

According to Helmholtz’s theorem, representation in the form of the sum
of the potential and eddy parts of the field =t +uy, Vi<t =0,

V~%::() is valid, and this representation is unique. It is equivalent
-

to =V, u = VX}i), where y and ¢ are the scalar and vector

potentials. In similar fashion, F= yU + yxA. Substitution of the
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expansions into (1) yields (4 + 2ﬂ)?<v(v-;ﬂ——pv>(“ﬁx20, for the left
side of the equations of motion. We find A=y(y-)—yx with regard
to the identity (A4-2p)Au, — pag, (V).

The terms of the last equation are an expansion of the left side onto
the potential and eddy components: (A-+2p)v-(Am)-pV><(A$)

Let us write the right side of equations (1) in the form of a similar
expansion. Let us made the transformations on the example of the

- -

component (H x u)y, where }}::25514_a£i

(1—:1 X;)x = Hyu, — Hu, = (— Hpp, — Hp,),. +
'_ (_ Hz(P + Iiyll’x)’.'/ ’*‘ (H!/(p _*“ Hzlpx)’z'

—
In view of V-§ = 0--the constraints which can be imposed on the vector
potential (it will be determined with accuracy up to a time function),

we write ([—ix l_[)x = (Ha“lbx— I'[yqpy_ I{z"l)z)’x_i.. ([fx\l;”_ Ilz(p 1~ I{I/‘ljx)’!/ -1 (I']x\i)z "l“ Iiy(p "i‘ Hz’ll)x)’z.

- -
We represent the other components of H x u in similar fashion.
Integrating and omitting the additive time function, we find

2AD = © L F b

A = -+ H xp— Heo + A,

WheI‘e CI — ,/// }\, -t—) 2”‘

, clzzl// 2 is the speed of sound.
‘ . 0
Let the boundary value problem be solved for a fixed medium and let the
functions AF = XFX’ be found, which determine the solution P =p,(t) F,,
Ye=p ) Fy at U::foU)Fx»}i=;;U)Fx- Then upon rotation

b'o_*_]_-}.;:c%xpo—f—fo’ {3)

P+ Hxp—Hpy=cp+7
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or in the form of a quaterion equation

g+ Hog=Aq+ &

- (1)
where ¢ = (p,p); H= (OH), g = (Fof)-

Let us consider the special case of rotation about a fixed axis.

Without limiting generality, let us assume that ,=Q,Q,=Q, =0,

Hy = H. Then (3) can be represented in the form of the direct sum of
the subsystem

.p:)_chpo"pr = for

and of a subsystem similar to a Foucoult pendulum

.I;y"‘c?XPy“sz: fus

P;—C?XPz-l'HPu“—‘ fz'

In the case of the plane problem of elasticity theory [1]

1—w 14w . _
Uprx + —5 Uy + gl = Du— Hyv, {3)

l—;v v.nx+U.yy+“—;v Uy = Dv + H,u

1
2. L O — E T e E
(here D =6%—9,. H. = 29,61 +a‘tQ.! Q. = ( (l-—v’) p) Q' T = Wt;
and F and r are Young's modulus of first kind and Poisson’s coefficient)
similar results can be found with respect to functions 3=__;_(u'x+ Vo)

?=—é— (ve—u,), if the operations of taking the divergence of the rotor

as well are applied to (5). Then
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As = Dﬁ—-‘H.‘V,

(6
(1 —v)Ay = Dy + Hg, ’

and if one assumes that g:px(t)Fx, -.y=qx(t)Fx, then from (6) follows

Dpx —’H*qx + xp, = 0,
Dq, + Hype + (1 —v) 39, = 0.

It is easy to find the solution of (7) similar to Foucoult'’s pendulum at
¥ = 0 and at arbitrary function f}(t). The characteristic equation of

system (7) has the form (X ‘—Qf—cof) (1—v) x—e ':’__ mf)__ 493(03 =0, at Q) =

= const, while the solution is
P (&)= Pxe“"" +K. ¢, q,() = Qxe""‘t +k. c.

This solution is specifically applicable to the problem of vibrations of
a disk in its own plane [1].

In the case of fluctuations of a thin ductile ring in its own plane, the
solution of the equations of motion [4]

3*(0w + v) + + 8(0v — w) = Dv— H,w, (8)

—0*(@Ow + v) + (v —w) = Dw + Hyp

(here =R g B 1 _’L)z J and S are the moment of
Q=i Tkl k= T e ]2(:R

inertia and cross-sectional area of the ring, R and h are the radius of

the mid-line and thickness of the ring, v and w are components of the
vector of displacements of the points of the mid-line in polar

coordinates, and 4§ = -‘;E) can be found in the form

v = p,({)cosny + g, () sin ny,
(9)

w = g, ({) cos ny -+ p; (f) sin ne.
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\

\
Having substituted (9) into (8) and having omitted subscript R, we find
\
\
Dp' — Hq¢"+ a;p’ + ap® =0, \
Dg' —Hp'-+ag' —ag*=0, (10)

Dg"+ Hp' +ay"—aq' =0,
Dp” 4 Hq' 4 a,p” +ap’ =0,

€

where q:ﬁp4~%%%=nHu%;m=%M+Jﬁ

It is easy to analyze the dependence of the solution of system (10) on
the small parameter ¢ by the perturbation method at {] = const [5].

Thus, if the classical problem of elasticity theory is solved, the
problem reduces to analysis of an ordinary quaternion equation (4) upon
rotation. Therefore, the results permit one to construct
generalizations of known problems on surface and volumetric waves, and
vibrations of disks, cylinders, and rings.

BIBLIOGRAPHY

1. Lyav, A., "Matematicheskaya teoriya uprugosti” [Mathematical Theory
of Elasticity], Moscow-Leningrad, 1935.

2. Dahlen, F. A., "The Normal Modes of a Rotating Elliptical Earth,"
GEOPHYSICS JOURNAL OF ROYAL ASTRONOMICAL SOCIETY, Vol 16, No 3,
1968.

3. 1Idem, "The Normal Modes of a Rotating Elliptical Earth. II.
Near-Resonance Multiplet Coupling,"” Ibid., Vol 18, No 3, 1969.

4. Zhuravlev, V. F. and D. M. Klimov, "Volnovoy tverdotelnyy giroskop”
[A Solid-State Wave Gyroscope], Moscow, 1985.

5. Nayfe, A. Kh., "Vvedeniye v metody vozmushcheniy" [Introduction to
Perturbation Methods}, Moscow, 1984.

150




UDC 531.01:513.83
MANTFOLD PROPERTIES OF ONE CLASS OF NON-AUTONOMOUS SYSTEMS
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[Text] A non-autonomous system, described by differential equations of
the following type, is given

dX/dt=f(tyx)’ (1)
where x=(x,,. . ,x,)7 1is a n-dimensional phase vector, P x)=(f, (¢, x). ...
...,fn(t,x))T is a vector function, and f (l,x)ECr(RX'R",.R), i=(l,..,n), r>2

A=1ty;1)] is a finite time segment, and to < t; < +u.

Let us consider along with them the following system of equations:

fr(f,x) =0, k=(1,...,L),L<n; (2a)

Atmfdt = fr (t,X), m=(L+1,..., 1) (2b)
Let x“(t) be a solution of system (2) for

() EX3T (XeT = R 1€ ), (3)

while x(t) is the solution of systems (1) for
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x(y)=x,(t), m=(+1,..,n),
) _ (4)
xi(t) €Xs, Xo€ll, i=(l,...,n),

where [l is some set and X8g C R? is a set of initial conditions.

Let us find the conditions at which the following inequality is
fulfilled for t € Ae

P (@, x (@) =Ix" () —x ()| <e, (5)

where A —[l; 6] {o<le<<in: e>0 is a sufficiently small number.

Definition 1. The vector function x’(t) is called the manifold of
system (1) at initial conditions (4) if condition (5) is fulfilled.

Definition 2. Points (t, x) of n + 1-dimensional space, which form some
set En*tl and for which condition (5) is valid, is called the attracting
e-neighborhood of manifold x’(t) of system (1).

System (1) can be considered as a one-parameter group of transformations
gt: X"t X"t!'  of phase space X"*!, generated by vector field f(t, x),
which maps a [translator’s note: one word omitted] set Xg(x;(%)€ X0)
into some finite X?; [translator’s note: part of item missing]. Let
X0, be measurable according to Jordan [17].

Definition 3. Manifold system (1) has pg-invariance of finite set X7
with respect to some initial Xn, if: 1) there exists such a moment of
time te € A that all the integral curves emerging from _ngf:>tm belong
to Entt, i,e., XTEIWA4;2) pXi<<v, where g is a n-dimensional Jordan
measure, ¢ > 0 is a sufficiently small number, which is a Jordan measure

of the cross-section of set En*l by hyperplane T = ((t, x):t - t{ = 0).

Let us introduce the following geometric constructions into
consideration. Let there be given hypersurface ‘Sk==(U%,LX)!£n—‘ka’x)==
= 0), where xx is a derivative of function xx at point (t, x), be given
in space R2*2. Hypersurface Vi of space RP*! will be the intersection
Sk and hyperplane [, = ((x,.?,x):%, =0) . Let us be given the set of
ﬁmmﬂmﬁﬁW@bkmﬁﬂﬂ%ﬂchlsmhﬂmtaﬁﬁwﬁ#g,meﬂﬂ,
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Let GIM2AU, =T (%) be some set of dimensionality n + 1. Hyperplane
Uk divided GP*2 into two sets G*y and G k such that if Sy NGt Gt
then fi(t, >0y x)enf; if S, n GGy, then f, ¢, x)< 0y, %) €

€ Nk, where I*x and lI"x are sets by which HIn*!} is divided by
intersection Vk. Set lI*x is determined as an orthogonal projection of

each point (%0 b X) €SN G onto Uk, for which xx > 0; NI is

determined in similar fashion, but with the condition ik < 0.

Let us consider hypersurfaces V*k and Vk such that if x(t) € (V*k, V i),
x‘(t) € Vg, then

ldxy (t)/dt| = | dx), (t)/dt] vi€ A, (6)

We shall say that point (t, x) is higher than Vi with respect to Uk, if
its coordinate xkx is greater than the corresponding coordinate x'k of
point (t, x’) € Vg, found by intersection of straight line P with Vk,

where (7, v) =0, p€P, v, €V,, (t,x)€P. In similar fashion, t(x) is found

below Vi with respect to Uk, if xk < x’k. If all the points of some
set A lie higher (lower) than Vi, then A is higher (lower) than Vk with
respect to Ug. Let us also introduce the definition of motion of
integral curve x(t) to some hypersurface B with respect to Uk, if all
the points (t, x) € x(t) are located above (below) B and in this case
xk(t) is a decreasing (increasing) function of t. Let us require that
V*k lie above Vi, and let V' lie below Vi with respect to Ux. The
following existence theorem is valid.

{

!
a1
Theorem. Let ,D,Hk =1II, where I # # and #€A, [l Vi %= &, Vi€ll, k=1,
= X

for t € A. Then x(f)¢E": upon fulfillment of the following
requirements:

a) if the arbitrary point (t, x) of curve x(t) belongs to M-y, it
is higher than V*y, and if (t, x) € lI*y, it is lower than V-j:

b) the inequalities |fa(tx)|>|dxfidt],k=(1,...0), yhere xk(t) ¥ Vi
are valid for point (t, x) € x(t), located above (below) V' (V k).
Proof. Let us consider the condition when (t, x) € x(t) belongs to |
According to a), point (t, x) lies above V*j. Let us project curved

x(t) orthogonally onto Ux. We find part of the cylindrical hypersurface
Ck in Rn*!, the generatrices of which are orthogonal to Uk, while the
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directrix is a projection of x(f) onto Ugx. Let CNVIE=x"(1), C,NV, =
= xk(t). The points belonging to x(f),x* (), x*(f) differ only by
coordinate xk, and x,()> x} (f)> xi(f). However, dx,/dt=[(t x)<<0 and,
accordingly, x(t) moves toward Vi and V*y with respect to Ukx. Let
xF(t)—xk () <8, yi€A, where {x is some positive number. Let us consider

the difference

{
X — = 1y () — 2 () + (%) — dxbld dt, 1, €1, .

I

According to a) and b): x,(#')—xk(')>0, f,(t x)—dxt/dt <0, while
*p () —x}t()> 0. Therefore, either x(t’yx) € V*'x at some t’y or

P? () —xr ) =0. This means that moment of time tk5 is found such

that Vis<<t<<+ oo ln () — %k O] <8 k=(L...D. Tne path of the
arguments is the same for (t, X)Ex(ENF . Let vyi€Ae (fe =max(t(’,,_,,,
1)) %5 (&) — %5 ()| < 8 k=(1,.... ] Let us consider the limits 8 —0, & —1
We find X(f)€Vs k=1(l,...,]) within the limit. Accordingly, the

equations of subsystem (2a) are satisfied. Equalities (2b) are
fulfilled automatically due to the fact that x(t) is a solution of

system (1), while equations (2b) coincide with n - 1 last equations (1).

Thus, t, = to, x(t) = x°(t) at §k = 0 and one can write (l’irgx(t) = x' (/)

or limw(t, 8 =0, where w(t, ¢) = x () —x' (#), §=(61,---;6hle—tn)7'
640

Having selected vector § as sufficiently small, we find ¢ with small

coordinates wi(f) for t < t < t;. Let us assume that &=|| (‘)({76)”1)’
where llo( ), = l=n(1‘ax ,,)(I;réi):‘mi D The following conditions are then

fulfilled: |xi(t)—x ()] <e yi€Ae i=(L...,n) ie., xER, The

theorem is proved..

Let us transform condition b) to a more convenient form. Let the

3 (frn )
0 (Xl’ ) xl)

subsystem (2a) %= (f Xy oo s Kty Xegts ooe s Xndy A=)

Jacobian #0 vy xell, then according to [2], we find from
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The complete differentials are

dx, = N' B gt 4 V 5 dx,,. (7)

m_l "

Writing subsystem (2b) by differentials and substituting them into (7),
we find

dx, — ( LS ) LR Tt x))

m==|

Now condition b) can be written as follows

[T (G x) ] <I (4 x) | v (6 x)€Ell,

adq dip
where . I (4, x) = —~ ‘“ 4 ): (qk

m

(8)

(¢, x).

m=[,mztk

The equations of hypersurfaces V*| and V-k have the form

|Fn & x) ] =Ty x)]. (9)

The following important corollary follows from the theorem. In order
for non-autonomous system (1) to have manifold properties with respect
to x’(t) according to k equations, it is necessary that

aft (¢, %)

(3xL x=x’(f)

<0, j=2r+Lr=(0,1,2.), k=(l..,) (10)

For proof, let us expand function fix(t, x) in the neighborhood x’(t)
into a series. Let us gather together the terms by odd powers xk -
- X’k(t) and taking into account that fi(t, x ‘(t)) = 0, we find

ol
hty= Y 2

- (e — % (O) + R(x —x ()
f==2r41 *t

x=x"({)

r=(0,1,2..),
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where R(x - x’(t)) are higher-order terms. Hence, condition (10) also
follows.

It is obvious that contraction x(t) toward the manifold is reduced,
since only in condition (8) the sign of the inequality is replaced by an
equality. Since fi(t, x) approaches zero along the manifold, then the
greater fk(t, x) is, the narrower the attracting ¢-neighborhood is.

Intersection of hyperplane T =((¢,x):{—{, =0) and of set En*! forms a

closed sphere B8 (x‘(t), €) [3), measurable according to Jordan. Let
#Bn = 4 and then one can assume that Xn; = B? and, accordingly, pXn, =

= v, where v = §. The property of pg-invariance for systems having
manifolds can be used in design of controlled dynamic systems, invariant
to initial perturbations. '

Example.
de R -t C¥-0,50v2S ( g 1 ) )
= T mtsin® —\v s/t an
dm _ B _
dh vsin9’ (12)
where

" ( R — C 00,5028 — (v -}- g/v) mv sin 0 );—
0,5R - A4-0,5p02S )

Table 1

100,0000 0,3190
99,9226 0,2315
99,8357 0,1898
99,7483 0,1853
99,6678 0,1991
99,5914 0,2088
99,5510 0,1769

D DD s bt et et e
—_—O OO

o e e o e W
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Table 2

0=0" (h
h of,/ 98 m:m’gh))

—48,81
—49,17
—48,49
—45,10
—41,35
—39,83
—46,78

DO DD = et s
—O IR0 D

Table 3

1,0 100,0000 0,3252
1,2 99,9220 ¢,230]
1,4 99,8348 0, 1894
1,6 99,7474 0, 1856
1,8 99,6670 0,1994
2,0

2,1

»0 99,5900 0,2085
99,5500 0,175]

]

Functions (R o, U, Cko, C*y, A, g,..) are complex functions of h;
therefore, spline 1nterpolat10n was carried out. The initial system was
first reduced to dimensionless form and =100, B0=[0,03; 0.32] was

integrated at' h; = 1, hy = 2.1. The results of integration with initial
condition with respect to #, equal to 0. 319, are given in Table 1.

To determlne the manifold, let us set f{(h, m, 6) equal to 0 and let us
find

o Nam’ — (Njm'® — 4Ngm'® (Vy — Ngm'®)'/? (13)
sin@’ = INgm'z ’

where

(R4 C-0,5008)
= P2 (R — Cxor 05p028),

vl

_ R CR-05pur9)s (U . £ );

. 1\ '
Ny= (_g. _ m) (0, 54pu?S + 0,5R).
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Having substituted (13) into (12), we find the equation for the manifold
(8’ (h), m"(h)). Using condition (10), we write

d
j£%9=ewm <0.

m=m’{h)

The results of estimating the order of this value are presented in
Table 2.

Let us compile Table 3 for the manifold. As one can see from Tables 1
and 3, the difference in absolute value between variables m and m’, ¢
and ¢’ does not exceed 0.001.

The absolute difference #, m at point h = 2.1 did not exceed 0.0075 upon
variation of fp in therange of [0.03; 0.32]. Thus, the convergence to
the manifold is also good.
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[Article by V. M. Slyusar, candidate of technical sciences, V. V.
Tsisarzh, post-graduate student, and V. M. Rechkin, post-graduate
student, Kiev Polytechnical Institute]

[Text] The purpose of this article is to study the effect of the delay
7 on the maximum bandwidth of a digital follow-up system (TsSS).

To solve the postulated problem, let us introduce into consideration the
discrete transfer function of the error of the digital follow-up system,
which, according to the expressions found in [1], has the form

Vo (2 0) = 0,2, 0) g1 (2, 0) = [1 + W} (2, o)~ (1

Wi (@ 0) = (1—2")D@Z W, ()], 2)

Here qy(z, 0) and qn(z, 0) are the corresponding z-transformations of
the control signal; and errors of the digital follow-up system, W¢(z, 0)
are the transfer function (digital follow-up system) according to the

error signal at moments of closing the pulsed element, WTp(z, 0) is the
transfer function of an open control circuit, D(z) is the discrete
transfer function of the control program, Z is a symbol of
z-transformation of the reduced continuous part WH(p) = Wol(p)p~!, and

Wo(p) is the transfer function of the continuous control object of the
digital follow-up system.

Let us use the method of the modified z-transformation when accounting
for the delay 7 in the digital follow-up system [2]. This method, with
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quantification time Tp 2 (7 + §), yields the following expression for
the transfer function of an open control circuit:

Wi(2,0)=(z— )z~ W* (2, 8), (3)

where

Wz e)=Z[Wn(p)l &= 8T (4)

and ZE is a symbol of modified z-transformation. Let us estimate the

bandwidth of the digital follow-up system at known delay 7, having
considered the case of a digital follow-up system, of sufficient

interest for practice, with continuous control object Wo(p) = (14-Typ)-!

and with physically realizable control algorithm D(z), the transfer
function of which, when using a bilinear operator z = (1 + w)(1 - w), is
represented in the form

k(14 Tqw) (1+ Tsu)

D(w)= w (14 Tsw) ’ (5)

where T3, T4, and Ts are the time constants of the control algorithm.
The transfer function of open control circuit (3) of the digital
follow-up system with regard to (4) and (5) will then be described by
the following expression:

k(1 —w) (14 Tiw) (14 Tyw) (1 +T50) |

T
Vo (@) = —F 0 Te 0+ T 1+ Ts0) )

where T, =(1+d—2d(1 —dy™s To=(+d(1—d) 5 d=exv(—a) a=T,T7"
€ = 8T 14.

One can show that the transfer function of type
|

E(l—uw)-(1+ T -
V@) =—F0FT@ (7)

which can be found in a digital follow-up system by selecting the time
constants of the control algorithm (T4 = 1; Te = Ts), will be optimal.
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It follows from analysis of a stable digital follow-up system with
transfer function (7) that the maximum permissible cutoff frequency will
be determined by the expression

2 1 —1)
0)cp(6)=-———(T+6) arctg - [ + (e -»)] (8)

where 0=6r™"; v= ¢
The maximum permissible cutoff frequency in the digital follow-up system

is w@ep(0) =2¢"! arctg—;— at # = 0 (Ta = 7). For convenience of further

analysis , let us introduce into consideration the proportionality
constant m =wcp (§)wep(0)-f, which, with regard to (8), will have the

form

m_-(l_*_ o arcte 5 [ +£____)_)._]arctg (l) (9)

Formula (9) permits one to reach conclusions about the considerable
influence of the time constant T| of the control object Wy( p) on the
proportionality constant with delay r in the system. The dependence of
(9) on parameters ¢ and » is shown in the figure.
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The maximum permissible cutoff frequency of the digital follow-up system
(at given delay r) can be increased with an increase of quantification
time To by a small value ¢ in a digital follow-up system in some
practical situations.

1. If the dynmamics of the control object Wo(p) is characterized by a
"amall” time constant (¥ » 1) (considerably less than the delay in the
system), the bandwidth of the digital follow-up system can be increased
due to the fact that the proportionality constant (9) will have an
extreme value with respect to parameter #. The lower the inertia of the
control object (T; € 7), the less the value ¢ should be.

2. If the inertia of the control object is large (T; » 7), an increase
of the quantification time To by value § (To = 7 + §) does not result in
an increase of the cutoff frequency of the digital follow-up system.

The relations found in the article permit one to design digital control
algorithms for follow-up systems (with known delay in them) and to
determine the optimal quantification time Tg, at which the maximum
transmission frequency of the digital follow-up systems is provided.
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{sb}Abstracts From Journal MEKHANIKA GIROSKOPICHESKIKH SYSTEM
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{sb} [Abstracts of articles appearing in "Mechanics of Gyroscopic
Systems,” Issue 8, 1989]

{txt} [Text]
fud}UDC 629.12.053.11

On Dynamics of One-Rotor Gyrocompass With Tuned Rotor Gyroscope. V. V.
Avrutov, M. A. Pavlovskiy, and L. M. Ryzhkov, p 3

The dynamics is studied and the accuracy of a one-rotor correctable
gyrocompass, based on a two-axis indicating stabilized platform and
two-race tuned rotor gyroscope (DNG), is analyzed. Separation of the
complete model of the device into compass and vibration permitted us to
determine the characteristic features of the dynamics of a gyrocompass
with DNG. Analysis of the compass motion showed the dependence of the
instrument error on the drift, time constant and residual stiffness of
the DNG, and also on the static errors of the follow-up systems. The
two-axis suspension of the platform led to differences of the
expressions of intercardinal deviations of the studied device and of a
one-rotor gyrocompass with rigid torsion bar suspension. 1 Figure, 4
references.

{ud}UDC 531.383

Selection of Geometric Dimensions of Flexible Elements of Gimbal
Suspension of Tuned Rotor Gyroscopes. 1. V. Balabanov and A. N.
Motornyy, p 10

A method of selecting the geometric dimensions of the flexible elements
of a tuned rotor gyroscope upon fulfillment of impact and cyclic
strength conditions and stiffness requirements on the flexible elements
is presented. The comparative characteristic of the DNG with flexible
elements of variable and constant cross-section is given. 3 References.

163




{ud}UDC 531.383

Study of Dynamics of Two-Degree Gyrotachometer With Rotating Gimbal
Suspension. V. S. Yevgenyev, A. V. Yeroshenko, and S. G. Bublik, p 14

The dynamics of a two-degree gyrotachometer with induced rotation,
mounted on a uniformly rotating base, with different relations of
angular velocities, is studied. It is shown that this device has the
properties of a one-race rotary vibratory gyroscope (RVG). The
conditions of dynamic tuning of the gyrotachometer are found and its
advantage is compared to the RVG are indicated. 2 Figures, 4
references.

{ud}UDC 531.383

Dynamic Effects in Gyroscope Mounted on Flexible Suspension Upon
Acceleration of Its Rotor. A. V. Zbrutskiy, L. Yu. Akinfiyeva, S. Ya.
Svistunov, and I. B. Kushnirenko, p 17

The motion of a gyroscope with flexible suspension on a rotating base
during acceleration of its rotor is considered. Separation of complex
motion into "fast" and "slow" with subsequent use of the averaging
operation is suggested to study the dynamics of the gyroscope. A
solution of a system of differential equations of motion of a rotor on a
flexible suspension, which describes the motion of the rotor over the
entire range from acceleration to reaching the established mode, is
constructed. 1 Figure, 8 references. :

{fud}UDC 531.383

Errors of Angular-Rate Sensor on Tuned Rotor Gyroscope. A. V. Zbrutskiy
and S. A. Shakhov, p 24

A mathematical model of the errors of an angular-rate sensor on a tuned
rotor gyroscope with two-race symmetrical flexible suspension is found.
The effect of errors in manufacture and errors of the feedback circuit

on the accuracy of the readings of the instrument. 4 References.

{ud)UDC 531.768

Error of Pendulous Compensation Accelerometer With Flexible Suépension
During Operation Under Spatial Vibration Conditions. A. M. Jonin and V.
M. Slyusar, p 29 . , .

The mechanics of the occurrence of the constant component of the error a
pendulous compensation accelerometer (MKA) with flexible suspension,
exposed to spatial vibration conditions, is studied. Expressions are
found that permit numerical estimation of the constant error component
of the MKA. The requirements on the parameters of one of the
accelerometer circuits, fulfillment of which permits one to make the MKA
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invariant to spatial vibrations, are formulated. 2 Figures, 1
reference.

{ud}UDC 532.516

On Calculation of Temperature Field in Floated Suspension. A. S.
Kireyev and A. N. Mikhaylovskaya, p 34

Finite element postulation of the problem of determining a
three-dimensional temperature field is presented. A calculating
algorithm is described and the results of calculation of several eigen
forms of temperature distribution in the cylindrical region are
presented. 1 Figure, 5 references.

{ud}UDC 531.313:532.58

Study of Rotation of Solid in Floated Suspension. A. S. Kireyev, Yu. V.
Radysh, and A. I. Yurokin, p 38

The kinematic model of rotation of a solid in non-canonical geometry in
a floated suspension, which takes into account the nonlinear nature of
the equations of motion of a viscous liquid, is worked out. The
characteristic features of integration of the derived equations are
considered. The results of numerical calculations are presented. 3
Figures, 7 references.

{ud}UDC 621.391

Using Redundant Information to Estimate Errors of Measuring Angular-Rate
Converters. A. A. Leonets, p 44

Expressions are found that permit one to estimate the multiplicative and
additive components of the errors of measuring angular-rate converters
during functioning of the measuring system, consisting of two measuring
converter modules of the same type, mounted on a rigid object. 2
References.

{ud}UDC 621.391:531.383

Bayes Approach to Problems of Estimating Condition of Rotor Systems. V.
Ye. Petrenko and A. N. Belyakov, p 47

The distribution density of the signal probabilities was found in
parametric form on the basis of nonlinear dependence of the diagnostic
signal on defects of the ball-bearing seat of a rotor system. The
problem of approximating this density is solved. Estimation of the
unknown parameter of signal density is found by the given sample.
Approximations for conditional densities of class of suitable and
unsuitable products are constructed. The threshold of separation of
classes is found as a result of using the Bayes criterion and the
probabilities of errors of first kind, of second kind and the average
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risk in making the decision are calculated. The proposed approach can
be used to solve problems of nondestructive diagnostics of symmetrical
rotor systems. 7 References.

{ud}uDC 531.383

Dynamics of Surveying Gyrocompass. V. Ye. Petrenko, S. A. Zakharenko,
and A. Ye. Ponomarenko, p 52

Approximate analytical functions that permit one to calculate the
natural frequencies of a surveying gyrocompass during parametric
perturbation due to imperfection of the ball bearings are found. 2
Figures, 2 references.

fud}UDC 539.30/32

On Parametric Vibrations of Vibration-Isolated Pendulum. L. M. Ryzhkov,
p 57

The vibrations of a pendulum, vibration-insulated in the horizontal
plane, during vertical vibration of the base are considered. It is
shown that unstable vibrations may occur upon excitation at frequencies
which exceed the resonance frequencies of the system. Expressions are
found that permit one to select the damping coefficients in the pendulum
and in the vibration-protection system, which guarantee stability of
fluctuations. 1 Figure, 2 references.

{ud}UDC 531.383

Gyroscopic Effect in Surface Acoustic Waves. S. A. Sarapulov and S. P.
Kisilenko, p 62

The effect of uniform rotation of a base on the evolution of surface
acoustic waves was studied. The functions that link the variation of
frequency and phase of the autogenerators and delay lines or filters on
surface acoustic waves to angular velocity are established. 5
References.

{ud}UDC 513.36:681.3.06

Computer Study of Drift of Cushioned Gyroscope During Angular Vibration
of Base. S. Ya. Svistunov and Ye. V. Semikina, p 65

The results of using the MTT-1 applications program package in study of
the dynamics of gyroscopes with regard to a vibration-insulation system
are presented. The behavior of a three-degree cushioned gyroscope
during angular vibration of the base, the drift of the gyroscope in
resonance modes, on shock absorbers and with rigid mounting on the
object are analyzed. The results of analytical studies and the results
of operation of the package are compared. 1 Table, 2 figures, 6
references.
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{ud}UDC 531.383

On Azimuth Motion of Pendulous Gyrocompass in Exponential Acceleration
of Its Rotor. V. N. Fedorov, p 70

The motion of the sensitive element of a ground-based pendulous
gyrocompass in the horizontal plane during exponential acceleration of
its rotor is considered. The law of azimuth motion of the sensitive
element is found as a solution of the hypergeometric Gauss equation at
non-zero initial conditions. 1 Figure, 6 references.

fud}UDC 517.9+518.6

Design of Discrete Model of Motion of Solid in Flexible Suspension. A.
S. Apostolyuk and V. N. Sheludko, p 74

A procedure for designing a digital model of motion of a solid on a
flexible suspension, based on the use of the discrete analogue of
differential Lagrange equations of second kind, is proposed. The model
permits one to take into account the nonlinear nature of vibrations and
can be used in real-time simulation of vibration-protection systems. 1
Figure, 6 references.

{fud}UDC 007.62

Algorithm for Real-Time Calculation of Reduced Moments of Inertia of
Multilink Manipulation Systems. S. G. Bublik and V. S. Yevgenyev, p 80

A method of computer calculation of the reduced moments of inertia of
the links of anthropomorphic-manipulators using the design of a system
of four material points, equal moment to arbitrary solids, is outlined.
Realization of the algorithm on a microcomputer showed its effectiveness
and the possibility of use in control systems of complex multilink
manipulation systems. 3 references.

{ud}UDC 628.517

Nonlinear Effects in Vibration-Protection Systems With Stiffness
Correctors. B. I. Genkin, N. I. Nagulin, and A. G. Arkhipov, p 83

Nonlinear vibrations of systems with stiffness correctors are studied.
The possibility of vibrations with large amplitudes occurring in these
systems in the working frequency band is shown. Ways of correcting
these vibrations are discussed. 2 Figures, 3 references.

fud}UDC 517.946.9

Mathematical Problems of Dynamics of Viscous Liquid in Gyroscopy. G. A.
Legeyda, p 87
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Problems of single-valued solvability as a whole and of the asymptotic
stability of the three-dimensional problem of thermoconvection in the
presence of axial symmetry are studied. Estimates for generalized
solution of {#, B} in the corresponding norms are found. The essence of
the numerical analytical method of solution, based on finite difference
quantification of the equations over time t and the use of the Galerkin
method with finite element Hermitian basis with respect to spatial
variables is outlined briefly. 4 References.

{ud}UDC 62.502

Design of Optimal Follow-Up System With Combination Control. V. V.
Lyakin and V. V., Tsisarzh, p 92

The problem of designing the transfer functions of elements of a
follow-up system with combination control according to the master signal
in the presence of random noise is solved. A formula is found for
calculation of the variance of the error of the system to be designed.

An example of designing a combination follow-up system is presented. 1
Figure, 3 references.

{ud}UDC 681.51

Design of Regulator According to Given Characteristic Polynomial for
Objects With Continuous Perturbations. Yu. V. Morozov, p 96

Algebraic design of a regulator using the canonical form of representing
the initial system of linear differential equations that describes the
motion of the control object with regard to continuous perturbations is
presented. The synthesized design has the property of isodromy. 1
Figure, 2 references.

{fud}UDC 629.7.05(075.8)

Algorithm for Formulation of Orientation Vector of Moving Object,
Invariant to Constant Error of A Priori Data. M. A. Pavlovskiy, G. Ye.
Anupriyenko, and A. N. Klimenko, p 99

It is shown that the known second-order estimator for the control system
of orientation of a solid, making small revolutions of the object with
respect to the principal axes of inertia (the plane problem), forms
current values of the phase vector with constant error at constant error
of a priori data on the mass-size characteristics of the object and of
the modulus of the moment applied to the body of the object. A method
of synthesizing the algorithm for a third-order estimator, free of the
indicated deficiency, is presented. 2 References.

{ud}UDC 581.383

General Solution of Problem of Theory of Elasticity of Rotating Medium.
S. A. Sarapulov, p 103
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The possibility of generalizing the Lame theorem for the protlem of the
theory of the elasticity of a rotating medium is shown. Special cases

of rotation about a fixed axis, the plane problem of elasticity theory,
and vibrations of a thin ring are considered. 5 References.

{ud}UDC 531.01:513.83

Manifold Properties of One Class of Non-Autonomous Systems. N. S. Sivov
and M. K. Sparavalo, p 107

A new class of non-autonomous systems, which have special properties in
a certain range, which are called manifold properties, is considered.
The existence theorem of systems of this class is proved. The concept
of the independence of a finite set of the system, characterized by a
Jordan measure, with respect to some initial concept, is formulated.
This concept is called p-invariance. 3 Tables, 3 references.

{ud}UDC 531.768

Optimization of Quantification Period in Digital Follow-Up System With
Given Delay. V. M. Slyusar, V. V. Tsisarzh, and V. M. Rechkin, p 112

The effect of delay in a digital follow-up system on the maximum
bandwidth is considered. Relations are found that permit one to
determine at given delay the optimal value of the quantification period
in a system, at which the maximum cutoff frequency of the digital
control system is provided. 1 Figure, 2 references.

- END -
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