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ABSTRACT 

High-resolution underwater acoustic imaging using multi-element arrays implies a 
large computational load. For a three-dimensional viewing volume resolved into 
3xl09 voxels (volume pixels), with 4000 elements, the computations needed are around 
9*(1.2xl013) floating-point operations. This report develops one of the more promising 
options for computing the full image. First, parallel computation is used to deal with 
the different sensor elements simultaneously, when calculating the address of the 
appropriate instantaneous voltage at the sensor element—or, equivalently, the 
calculation of the round-trip distance travelled by the acoustic pulse. This calculation 
requires, in a typical near-field situation, the computation either of a square root or of a 
fifth degree polynomial. This polynomial allows increased parallelism. Second, the 
summation in the beamforming is likewise done with a high degree of parallelism. A 
machine with the above design, with 109 clock cycles per second, would compute the 
entire image in roughly 6 seconds. Cost and availability are not investigated. 
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Underwater Acoustic Imaging: A Computing 
Hardware Approach to Rapid Processing 

Executive Summary 

As part of Australian defence policy to counter sea mines, the need has been 
recognised for an enhanced capability to identify objects that have been classified as 
minelike. Because the medium is often too turbid for optical methods to work, DSTO 
is working with Australian industry to develop a high-resolution underwater acoustic 
(sonar) imaging system, intended to 'see' detail of size 1 mm at a range of 1 m. The 
system has successfully passed the concept demonstrator stage. 

The signal processing or beamforming for the system is being developed. The 
processing involves, for each of 3*109 volume pixels (voxels), a summation of 4000 
voltages, one from each sensor element, taken from that element's voltage stream at 
the appropriate time. Therefore (ignoring possible solutions that reduce the number of 
operations) the number of operations required is at least 4000x3*109, and is in fact 
about nine times that number. Thus a 1 Gflops computer (109 floating point operations 
per second) would require 30 hours to produce the image, unacceptably long by far. A 
practical computer requires a further 'factor of safety' of say 2. 

This report develops one of the more plausible options for computing the image in 
a greatly reduced time, while retaining the full three-dimensional image: that is, no 
loss in volume imaged, in resolution or in signal-to-noise ratio. The first feature of this 
option is that parallel computation is used to deal with the different sensor elements 
simultaneously, when calculating the address for the retrieval of the appropriate 
instantaneous voltage at the element—or, equivalently, when calculating the round- 
trip distance travelled by the acoustic pulse. It is shown that this calculation, when 
done with sufficient accuracy, requires, in this near-field situation, the computation 
either of a square root or of a fifth degree polynomial (unless there is a method that 
increases efficiency by reducing the degree from 5). The polynomial is preferable, 
particularly as it allows increased parallelism. The second feature is that the 
summation in the beamforming is also done with a high degree of parallelism. 

A machine with the suggested design would output one new voxel in each clock 
cycle. Thus a machine having 109 clock cycles per second would (including the 'factor 
of safety' of 2) compute the entire image in 6 seconds, apart from the time required for 
dechirping and related operations. Methods are described for keeping the latter time 
relatively small. Cost and availability are not investigated. 
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1. Introduction 

As discussed in an earlier report [Jones 1996] and in a companion to the present report 
[Blair and Jones 1997; see also references therein], an innovation program was 
commenced in 1992 to develop an underwater acoustic imaging system capable of 
imaging in turbid waters. The system has a target of a range resolution of 1 mm and an 
angular resolution corresponding to 1 mm at 1 m range. Following feasibility studies, a 
three-stream approach was adopted in the acoustic sensor innovation program, 
leading to a successful demonstration of the technology in 1995. The next component 
of the program is the development of a signal processing and display strategy. 

Options for the signal processing phase have been reviewed by Blair and Jones 
[1997]. The goal of that report is to determine how to calculate the full three- 
dimensional (3-D) image in the shortest time or, if that time is too long to be useful, to 
develop the best strategy for obtaining the an image over a reduced volume embracing 
the object of interest. The authors suggest that there are three broad options for 
bringing the process of image formation within technically possible bounds. One of the 
three broad options suggested is the 'hardware' option: the achievement of increased 
speed via a faster serial computer, a parallel computer or some physical analogue. The 
report notes that parallel computation, and in particular the treating of sensor elements 
in parallel, is an option with some promise. 

The present report develops in some detail the option of treating the elements in 
parallel, while adhering to the aim of calculating the full image (at the full resolution 
and signal-to-noise ratio). Section 2 gives the basic theory and presents the basic 
problem of computing time. Section 3 begins the discussion of the present attempted 
solution, describing the large-scale, and some of the smaller-scale, features of the 
proposed parallel computer. Continuing that discussion, Section 4 is devoted to the 
calculation of the address for fetching the relevant voltage. Using an expansion that 
begins with the far-field expression for the path length, an approximation suited to the 
operational system is found, involving a fifth degree polynomial. Further details of the 
hardware are then filled in. For the proposed solution, Section 5 gives the pipeline 
length and an estimate of the overall computing time. Apart from broad comments on 
the likely cost, the costs and availability are not explored at this stage. The estimates of 
computing time assume that the dechirping of the recorded signal and the calculation 
of the quadrature part take a negligible time and cost. Section 6 discusses how such a 
negligible time and cost might be achieved. Section 7 discusses possible future work, 
while Section 8 gives conclusions. 

2. The Problem 

2.1 The System and its Parameters 

The system studied is shown in Figure 1. The electrical waveform into the projector is a 
linear chirp signal. The receiving array consists of tiles, each containing an identical 
number of elements (sensors). The overall array approximates a random array. After 
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sampling at the sensors, the voltage stream at each sensor is dechirped by 
crosscorrelating it with the effective1 signal into the projector. Signal processing 
continues with the calculation of a quadrature voltage stream. The major signal 
processing task, beamforming, is then carried out by summation over the elements. 
The theory of this calculation is given in Section 2.2 below. 

Receiving   Array 

r=r;      Image   point 

Target 
Doints 

Figure 1: The geometry of the imaging system. The acoustic wave emanating from the 
projector at O is scattered from a typical target point T and received at the n th array element 
located at R„. The image point P is a typical point at which the image intensity is to be 

calculated. 

As discussed by Blair and Jones [1997], the following are a typical set of parameters 
for the beamforming problem: 

central frequency 
bandwidth (approx.) 
diameter of array 
number of elements 
number of tiles 
sampling rate 
number of samples in received chirp signal 

number of voxels 

speed of sound 
effective signal 

3.5 MHz 
1MHz 
430 mm 
4000 
100  (40 elements per tile) 
20 MHz 

80xl03 

lOOOx 1000x 3000 = 3xl09 

(1000 for each angle, range 1 m to 4 m 
at 1 mm steps) 

1500 m/s 
single shaped, linear chirp, interval 

3^ MHz 

1 Due to the nonuniform frequency response of the transducers and of the medium, the effective 
input signal differs from the actual electrical input. 
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2.2 Beamforming: Theory 

The basic equation for the beamforming is: 
n(r) = ^wnEn[L(r,n)/c] (1) 

n 

(This method of beamforming in the near and very near field has been briefly 
described by Knudsen [1989].) In Equation (1), Il(r) is the in-phase image amplitude 
at the 'image point' r, which eventually must be combined with the quadrature part to 
give the image intensity. (Alternative methods, in particular peak detection, are 
possible.) Also wn is the weight (shading) assigned to the nth element, while En(t) is 

the voltage signal at the nth element at time t. L(r,n) is the round-trip distance from 

the projector (at the origin) to r (the image point) and back to the nth element (at R„), 

given by 
L(r,n) = r + |r-R„| (2) 

(Fig-1). 
In Equation (1), £„(•) must be taken to mean the voltage after dechirping. It is 

further assumed that a discrete Hilbert transform of En(t) is then performed to yield 

E  (t), the quadrature part of the voltage, to be stored along with En(t). Furthermore 

both functions are then multiplied by the weight wn to yield new stored values 

Fn(t) = ™nEn(t)    and   Fjt) = wnEjt), (3) 

the weighted voltages. 
To express Equation (1) in a form that shows most clearly the computing problem, 

consider the image point to be at the centre (r,) of the ith voxel. Then (1) may be 

written as 
4xl03 

n-= M' = rM]       *• = !,-,3xl09. (4) 
«=i 

Here T\i, n) = L[i, njjc is the round-trip time, given by 

r(/,n) = [^.+|r,-R„|]/c 
(5) 

= M,'-2r,.R„+/t,f2]/c; 
while n,. =n(r,.). 

2.3 Dechirping; The Quadrature Part 

Before proceeding to the beamforming proper, two main operations and one small 
operation must be performed on the time-stream of voltages recorded for each 
element. As a preliminary, we note that in this report the term 'in-phase' signal means 
the actual or physical signal, s(t) say. The 'quadrature' signal is the Hilbert transform 
s{t) of s(t), which is essentially s(t) but with the phase of each Fourier component 
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shifted by 90°. Both these signals are real variables. The analytic signal is s(t) + js(t), 

where j = V-l. These concepts are discussed by Rihaczek [1985, pp. 15-20], and 
again in Section 6.2 of this report. 

As the first of the two main operations referred to above, crosscorrelation or 
dechirping must be carried out, to obtain a signal that, upon beamforming, will yield 
good range resolution. Second, from the in-phase time-stream of voltages, the 
quadrature stream must be derived. This is done because, as is known from medical 
ultrasound practice, the desired image intensity is actually the envelope of a 
megahertz signal, and one way to calculate the envelope is to make use of the 
quadrature part. We shall call the obtaining of the quadrature part 'transforming', 
because one method of obtaining it is to Hubert transform the in-phase part. The third 
and small operation is to weight the voltages as in Equation (3). 

We now estimate the number of operations required, anticipating the results 
of calculations carried out in Sections 4.5.2 and 6.3. To dechirp, to 
obtain the quadrature part and to weight the elements, requires approximately 

10x4000x(8xl04)xlog2(8xl04) multiply or add operations (MAD operations) 

(Section 6.3). This is very small compared to the 9x4000x(3xl09) operations (see 
Section 2.4 and, for the '9', Section 4.5.2) required to beamform for a full image. Hence 
the dechirp/transform stage should not be critical in determining the minimum time 
for production of a full image. 

In view of this fact, the report will make beamforming proper its prime concern. In 
Section 6 we return to the dechirp/ transform stage, describing two ways in which the 
computing time goal may be met. Further analysis of alternatives for that stage 
appears to require detailed costings of components. 

2.4 The Central Problem: Beamforming Proper 

From Equation (4), the summations in the calculation of the image amplitudes require 
a total of 4000x(3xl09)=1.2xl013 operations; double this to include the quadrature part. 
In addition, there is the calculation of the address for fetching the voltage to be 
retrieved; we shall call this calculation 'addressing'. It is essentially the calculation of 
the round-trip distance (Eqn 5). This requires the computing time of several MAD 
operations for every one add in the summation, because the image point is in the near 
field. Anticipating results from Section 4.5.2, we conclude that addressing plus 
quadrature cause the above figure of 1.2xl013 to expand altogether to approximately 
9x(1.2xl013) operations. Then a 1 Gflops computer (109 floating point operations per 
second) would require 30 hours to produce the image, unacceptably long by far. And 
further overheads are required by a practical computer: first, due to the lack of ideal 
matching between the algorithm and the computer, and second, because there are 
additional items such as display. These overheads require a further 'factor of safety', 
which we shall take to be 2. The computation time becomes 60 hours. 

(The term Gflops is used in this report to refer to operations, whether they be 
floating point or integer operations. A consequence is that, if integer arithmetic is 
chosen for the beamforming calculation, as is tentatively recommended later in the 
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report, that choice makes the speed of '1 Gflops' easier to achieve, at least on the face of 
it.) 

Of the many options for speeding up the calculation [Blair and Jones 1997], this 
report develops one potential solution, in which many of the calculations are done in 
parallel. This is a suboption of 'hardware approach', one of three broad options 
identified in that report. 

3. General Architecture of 'Benchmark' Method 

3.1 Introduction 

In Section 3 we begin the description of the method we describe as the 'benchmark': 
the performance and cost of methods proposed subsequent to this report can be 
usefully expressed by comparing them with this method. The calculation of the 
address for fetching the relevant voltage in beamforming is a large topic, and is 
therefore postponed to Section 4. The present section treats the remainder of the 
method. 

From Equations (4) and (5), assuming that the voltages in a time-stream are stored 
sequentially, the calculation of the address is essentially the calculation of the round- 
trip time. It is assumed that no interpolation is performed, that is, when Equation (4) 
calls for a particular value of time, the nearest time at which a sample voltage was 
taken is used. 

3.2 Basic Concept 
The basic idea is to treat the 4000 elements in parallel.2 To implement this idea, it is 
envisaged that there be 4000 computing units, each storing the weighted voltages from 
one sensor element (both in-phase and quadrature, after dechirping). These units will 
be referred to as store-address-fetch (SAF) units. These 4000 units, together with two 
summing units, or summers, form what will be called the 'parallel computer', which 
performs the core of the beamforming calculation. 

3.3 Top-Level Architecture 

Figure 2 shows the overall flow of the signal processing. The work of processing is 
divided between electronics (at the front end), a 'master' computer and the parallel 
computer. 

2 Treating the elements in parallel is preferred to treating a subset of the voxels in parallel, 
because on occasions, several voxels would be reading from the same address, posing a new 
problem. 
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sighalcondifioning        _- 
and digitisation  ' 

4000 acoustic sensors 

■DD D 

generating signals 

store signals prompt store 

stored raw signals 

{□"□" .""nj 
:_ • 

in SAF units 

dechirp and 
Hilbert transform 

stored dechirped 
signals 

üj JDG 
I  

in 4000 SAF units 

plain registers 

□ □" .::"□ v 
in SAF units 

L registers 

□ □~:::"nj 
in SAF units 

Voxel intensities 
stored 

display 

Figure 2: Overall flow of the computation, incorporating the FFT method of dechirping 
(Section 6.3.2). Unshaded boxes represent the master (serial) computer. Shaded boxes are used 
to represent represent both pure electronics (the top two boxes) and also the parallel computer. 
Solid lines represent the flow of control in the master computer and in the beamforming proper. 
Broken lines represent other flows (including electrical signals and transfer of data). Solid 
boxes represent an operation. Broken-line boxes represent stored data or an object upon which 
an operation can be performed. The figure is discussed in the text (Section 3.3). 
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The master computer maintains synchronisation, and performs any overseeing 
necessary during the passing of the raw voltage signal stream from each element into 
the corresponding SAF unit for storage. It also has a role in initiating each run carried 
out by the parallel computer, and in retaking control upon the ending of each such 
run. Finally, the master computer stores the voxel intensity values as they become 
available, and handles display. 

In a serial computer, the beamforming calculation for one voxel would be placed 
inside three nested loops to cause the system to step through all the voxels. Except for 
the effect of pipelining in the parallel computer, this nesting arrangement continues to 
hold in the present situation. From outer to inner loop, these three nested loops are 
over r (range), u and v respectively. Here u and v are direction cosines to be defined 
in Section 4.2. For present purposes they may be thought of as angular variables. Just 

as is the case with spherical polar coordinates (r,0,0), the triad (r,w,v) specifies a 

point in 3-D space, in this case the centre of a voxel. 
Of the three nested loops (over r, u and v ), the master computer controls the outer 

two loops; in the process it sets up the values of r and u (and possibly a few other 
parameters) in each SAF unit of the parallel computer. (Note that all these parameters 
are common to the 4000 units.) We use the term 'plain registers' to describe the 
locations for these parameters in each SAF unit (Fig. 2). Before entering the innermost 
loop, the parallel computer, acting as 4000 serial computers, initialises certain other 
parameters for the row of voxels (r and u constant). These parameters are initial 
values required for calculating the path lengths L throughout the inner loop. These do 
vary from element to element, and hence from unit to unit. The operation is 
represented by the uppermost of the two hatched boxes in the central column of Figure 
2. These initial parameters are stored in the SAF units, in 'L registers' (Fig. 2). As will 
be seen in Section 4.5, the values in the L registers are actually updated every time that 
v is incremented as the inner loop proceeds. 

Once the inner loop (loop over v) is set up, the parallel computer cycles 
autonomously around the that loop (the only outside control being from the master 
clock, necessary to keep the parallel elements within it synchronised). This operation is 
represented by the lower hatched box in the central column. The parallel computer is 
discussed further below (Section 4 and the remainder of Section 3). While we have 
spoken of a loop over v, the calculations for values of v that are near neighbours 
actually overlap in time, since the procedure is pipelined. 

3.4 Parallel Computer: Overall 

The parallel computer performs four operations shown in Figure 2 (the boxes shown 
hatched within a continuous outline). Of these, the central beamforming operation 
(lowest of the four boxes) is shown in more detail in Figure 3. Note that Figure 3 does 
not show all that the parallel computer does; in particular, it is limited to showing 
what happens in a single clock cycle during the loop over v, a cycle that is not near the 
start or end of the loop. We now discuss in turn the parts of the parallel computer 
shown in Figure 3. The other, less central parts or aspects will be discussed in later 
sections. 
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3.4.1 The Store-Address-Fetch Units 

As the first major part of the parallel computer, there are 212 = 4096 store-address- 
fetch (SAF) units (Fig. 3), one for each element. Here, for ease of presentation, we 
suppose that the number of elements has been increased from 4000 to the next power 
of 2; the additional 'elements' may be supposed to have a null voltage. As we shall 
see, each SAF unit requires memory for around 2* (80 000) integers. For a ball-park 
figure, let us assume that each integer requires 8 bits, or 1 byte; then each unit requires 
160 kilobytes. The (weighted, dechirped) in-phase voltages, at the various sampling 
times, for the nth element, are stored in sequential addresses in the nth unit; the 
quadrature voltages likewise are stored in sequential addresses in that unit. These 
units also contain the plain registers and the L registers, shown hatched on the left- 
hand side of Figure 2. Each unit computes the address from which the appropriate in- 
phase voltage is to be taken for forwarding to the summer; the address is essentially 
the delay time. The same address plus a constant offset serves to retrieve the 
quadrature part. The details of the addressing are postponed to Section 4. 

At the end of each clock cycle, all the voltages (both in-phase and quadrature) 
appropriate to some voxel, say the m th, are being output by the SAF units. At the end 
of the next cycle, the voltages appropriate to the (m +1) th voxel are being output. 
Cycles near the beginning and end of the loop over v, including initialisation of the 
loop, require special attention and will be postponed to Section 4. 

Once the dechirped voltages have been fed in (at the beginning of the processing of 
a 'ping'), the only inputs into each SAF unit are the clock and occasionally (at the 
beginning of each loop over v) an initiating signal from the master computer. 
Otherwise each SAF unit runs autonomously. The initiating signal is not shown in 
Figure 3, as this figure shows what happens in a single typical clock cycle. The reasons 
why no other inputs are need are twofold. First, the figure shows a typical cycle, so that 
the inputs needed in initialising for the loop are not relevant. Second (as will be 
discussed in Section 4), v is updated internally, so that there is no need to input each 
new value of v as the loop proceeds. 

3.4.2 Other Units 

As the second major part of the parallel computer, there are two special summers (Fig. 
3): one to sum rapidly all the 212 in-phase voltages and one to sum the quadrature 
voltages. These summers will be discussed in Section 3.5. 

Besides these major parts of the parallel computer, it is necessary for the outputs of 
the summers to be squared and then added to yield the total image intensity for a 
given voxel. The square-and-add unit is a combination of three units (Fig. 3), the 
computing capacity of which is minuscule compared to either the combination of SAF 
units or the summers. The output is the image intensity of the voxel, to be sent for 
storage in the master computer (Fig. 2). Each square and each add are assumed to take 
one clock cycle. 
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3.4.3 General 

The clock pulses are also input into the summers and into the square-and-add unit, 
to maintain synchronisation throughout. (As will be seen, an initiating signal into 
these seems unnecessary.) 

The procedure is pipelined, as will become clear in subsequent sections. As a result 
(Fig. 3), the signal being output from one of the summers in any clock cycle refers to an 
'earlier' voxel than the signals being output in the same clock cycle from the SAF units; 
12 voxels earlier in fact. The latter figure comes about because the summation for a 
voxel requires 12 cycles, as discussed in Section 3.5. (Twelve is the length of the 
pipeline within the summer box in Fig. 3.) 

3.5 Parallel Computer: The Summers 

A pair of identical special summers (Fig. 4), one for the in-phase and one for the 
quadrature part (Fig. 3), is to sum the weighted voltages. The special summer achieves 
high speed through a parallelism that reduces the number of clock cycles to calculate 

the in-phase sum for a given voxel, from 212 -1 to log2(212) = 12. This summer is 

duplicated for the quadrature part. 
Let us follow the additions necessary for processing the m th voxel (the in-phase 

part, say). In step 1 (top left of Fig. 4), the voltages are added in pairs, 211=2048 pairs in 
all. In step 2 (next step down in the figure), the resulting quantities are added in pairs 
(210 pairs), but one clock cycle later. And so on. Figure 4 is set up to show what 
happens in one clock cycle, and it therefore shows the 12 of these steps occurring at 
once, but for different voxels. While the weighted voltages for the mth voxel (top left of 

the figure) are being added in pairs, the sum for the (m - 12)th voxel (bottom left) is 
being fetched for the squarer. Each of the two summers is performing 4095 additions 

simultaneously. With this double parallelism (parallelism over 2k operations within 
each step, and parallelism over the 12 steps), the overall effective time for the 
summation becomes one clock cycle per total intensity output. 

The length of the pipeline within the summer—i.e. the number of clock cycles from 
entry into the summer to exit-is 12. This is seen from the sequence of numbers, 21 to 
212, on the left side of Figure 4. To avoid partial operations in the count, we adopt here 
the convention that the initial fetch of the 212 numbers is counted as occurring in the 
summer rather than the addressing unit (Section 4.5.2). Similarly the final fetch is 
counted as occurring in the square-and-add unit. The pipeline length of 12 is reflected 
in Figure 3, where the signals into and out of the summer refer to voxel numbers 
differing by 12. 

3.5.1 Alternative Arrangements 

A  second  and  a  third  arrangement for  summing the  212 numbers  are  worth 
discussing—alternatives   to   the   above   'recommended'   method.   In   all   three 

10 



DSTO-TN-0099 

arrangements, an incoming set of 212 numbers follows the same course through time as 
follows. In the first clock cycle, 2n additions (the first 'round' of additions) are 
performed, in the second, 210 additions, and so on, somewhat as in a tennis 
tournament. Twelve of these rounds, taking a total of twelve cycles, are required to 
complete the summation. 

In the second arrangement, considering the in-phase part only, there is a summer 

which can perform the 2* operations within any one round in parallel, but which can 
execute only one round at once. For this arrangement the effective time for a 
summation is 12 cycles, not one. In that case the two summers (in-phase and 
quadrature), rather than the addressing hardware, become the limiting factor on the 
computing time (assuming that the addressing is done in an effective time per voxel of 
less than 12 clock cycles). 

In the third arrangement, a summer of the same design as in the second 
arrangement is used, but computing speed is regained by the inclusion of 12 times as 
many summers; then there are 12 summers for the in-phase part and 24 altogether. 
Consider the in-phase summers: each summer is dedicated to one voxel during the 
course of 12 cycles. One cycle after one summer begins on one voxel, the next summer 
begins on the next voxel. Each of the 12 summers operates one cycle out of step with 
the next. During each cycle, one of the 12 summers finishes with its current voxel and 
moves on to a new one. The effective time is again reduced to one clock cycle per voxel 
output. 

Let us compare the amount of hardware required for the three methods, by 
comparing the number of adders needed, putting aside the extra hardware that may be 
required to control the logic. (In this report an 'adder' is a device that simply adds two 
numbers.) Compared to the first arrangement, which requires (for the in-phase part) 
4095 adders, the second arrangement requires only half of this, 2048 adders, since the 
adders used in the first round can be reused in subsequent rounds. The third 
arrangement requires 12x2048 adders. Thus the hardware requirements of the first, 
second and third arrangements are in the ratio 2:1:12. Hence the third arrangement 
appears to be quite inefficient; the second may at least have the virtue of cheapness. 
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From 2" = 4096 addressing units 

?«X 

step 1 
voxel m 

2n< 
step 2 

voxel m-1 

2,0< 

step 3 
voxel m-2 

step 12 
2 

voxel m-11 
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Figure 4: 77ie special summer. Each circle represents an address, the same address on the right 
as on the left. Progress from left to right represents one clock cycle; the clock maintains 
synchronisation between all operations. There are assumed to be 2n or 4096 elements. Fn(m) 
is the weighted voltage from the n th element to be used in forming the in-phase image 
amplitude Yl(m) for the m th voxel. The Ss are partial sums formed during the calculation of 

Tl(m); thus S^(m) represents the sum of the first 2q weighted voltages used informing 

n(m). An identical summer, but with different inputs, handles the quadrature part. 
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4. Calculation of Address 

4.1 General 
This Section 4 gives details of the addressing to be performed by the 212 store-add-fetch 
units shown on the left of Figure 3. 

As stated previously, from Equation (4), when the appropriate voltage is being 
retrieved, the calculation of the address is essentially the calculation of the round-trip 
time, given by Equation (5). It is assumed that no interpolation is performed, that is, 
when Equation (4) calls for a particular value of time, the nearest time at which a 
sample voltage was taken is used. Since samples are taken at the rate of 20 MHz and 
the central frequency fc is 3.5 MHz, this lack of interpolation leads to a maximum 

phase error (at fc) of ±30° approximately. This phase error is acceptable: the 

degradation of the image will be small but not negligible. 

4.2 Expansion of the Round-Trip Distance 

The expression (2) or (5) for the round-trip distance, namely 
Z(r, n) = r + |r - R„ | 

= r + (r2-2r-Rn+R2
n)

V2 

(see Fig. 1), involves a square root. To compute the expression, via explicit calculation 
of the square root, is not all that bad, as the time taken for a square root on a typical 
serial computer is the same as for 6 to 7 multiplications. However, it is hoped to do 
better. With parallelism, one might reduce the time to that of one MAD operation. 

As is well known, the expression for the return leg of the path can be expanded in a 
power series [see Steinberg 1976, Kino 1987, or particularly Ziomek 1985], the first two 
terms of which yield an expression valid in the far field. The procedure is to expand 
the square root on the right-hand side of (5) in powers of R„, using the binomial 

theorem: 

(a+i),=avJ + .^ + ||^+ffi-^+..., (6) 

valid when \b\ < a. In the present case we put a = r2, b = -2r • R„ + R2
n. (This choice 

of a and b is appropriate because, in an expansion starting from the far field, we must 
regard r, the range of the voxel, as large, and hence R„ as relatively small; see Fig. 1.) 

Note that the second term of b is already 2nd order in R„; this must be borne in mind 

when gathering together subterms of a given order to form the final expansion of L. 
Let us define the ratios 

D R   • P 
P = —, Pr=^~- (7) 

r r 
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Both are related to the dimensionless vector Rn jr: p is the magnitude of that vector, 

while pr is the component of that vector along r. After taking out r as a common 
factor, we find that the expansion is 

L(r,n) = r[2-pr+i(p2 -p2) + ^pr(p
2 -p2) + ^(p2 -p2)(-p2 +5p2) 

+ jpr(p
2-p?)(-3p2+7p?)]      (8) 

= r{l-pr +L(p> -A2)[l-^2 +^A2 +AH/>2 + itf)]}- 
In Equation (8), consider the first of the two expressions for L\r,nj. Within the square 

bracket the expansion has been written, beginning with the zero order term, 2, through 
the first order term - pr, and so on, up to and including the fifth order term. The 
combination 2 - pr in the square bracket gives the far-field expression. Note that p 

and pr are both first order in R„, so that the expansion3 in powers of RB may be 

thought of as an expansion in powers of p and pr. p and pr are moderately small 
compared to unity. 

We introduce x, v and z axes, with the z axis perpendicular to the plane of the 

array, as shown in Figure 5. Thus the position of the nth element is R„ = [Xn,Yn,6), 

while the image point is at r = (x, y, z). Then 

2     X
2„+Yn

2 Xmx + Yny    Xu + Yv 
P2=      "    2 > Pr=      "      2    "     =— —• (9) 

r r r 
In the last expression for pr, we have introduced the direction cosines of the image 
point, u and v, defined by 

u = x/r,        v = v/r. (10) 
The significance of these ratios is as follows, u is the sine of the angle between r and 
the yz plane (Fig. 5); similarly for v and the xz plane. To first order in angle, u and v 
are the angular coordinates of r; they are angles directed away from the z axis in the 
direction of the x axis and y axis respectively. 

3 Note that the expansion is to be thought of as being done at fixed values of the angular coordinates of 

R„ . Hence, to get the full pth order term, including all subterms, one has to go further into the expansion 
,2 

than one might expect. The subterm — pr in the above expression arises in this way. The pth order term is 
,d the sum of all subterms in the square bracket of the form p°pr , where C + d = p   (finally multiplied 

by the r out in front). The coefficients are all pure numbers. 

14 



DSTO-TN-0099 

Figure 5: Coordinate system and direction cosines. The origin is at the centre of the planar 
array; the z axis is perpendicular to the array. P, the image point, when projected onto the yz 
plane, yields Q. The first direction cosine is u = sin a, where a is shown. The plane S is used 
in giving an exact geometrical interpretation of the grid of voxels, as explained in Section 4.3.2. 
For small angular deviations from the z direction, the voxels having a given value ofr coincide 
very closely with the grid points shown. 

4.3 Choice of Voxels 

4.3.1 General 

Because the distance L has a simpler dependence on the direction cosines u and v than 
on the spherical polar angles, it is advantageous to choose the coordinates of the voxels 
(their centres) to lie on a grid in which the values of u and v are stepped through in 
equal increments. (There seems to be no special virtue in using the angles —spherical 
polar angles — a choice which, in any case, treats x on a different footing to y.) 

We therefore assume that each of r, u and v is stepped through in equal increments. 
(Note however that some computing time can be saved by stepping along the range 
direction by factors of 1.001, that is, taking the next value of r to be always 1.001 times 
the previous r value. Such multiplicative stepping is justified provided that the 
specification for the operational sonar is for a range resolution of 1 mm per m of 
range.) Thus we have 
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r = ka,        u = lb,        v-mc, (11) 

where a, b and c are the respective increments, and each of k, I and m runs through a set 
of consecutive integers. 

4.3.2 Geometrical Interpretation 

This section, not necessary to understanding the rest of the report, gives a geometrical 
interpretation of the grid of points (11), involving the plane S in Figure 5. From 

Equation (10) and the relationship x2 + v2 + z2 = r2, the Cartesian coordinates of a 
grid point (11) are 

[x, y, zj = ka [lb, mc, V1 - l2b2 -m2c2\, 

where ka is a common factor. Consider the grid points on the sphere 
r = ka= constant (a 2-D grid); and consider their orthogonal projection onto the 
plane z = ka = constant (plane S) that is tangent to the sphere. Then the plane- 
projected grid is 

[x, y, z) = ka [lb, mc, l) = ka \u, v, l), 

where u and v are the direction cosines of the original grid points. This new grid is a 
rectangular grid, shown in Figure 5. The corresponding points of the original grid (11) 
are found by projecting from this grid, perpendicular to the plane S, onto the sphere. 

Changing to a different value of k (different radius) is also easily visualised. A 
first way is to note that, when we change from kx to k2, the grid points (11) on the k2 

sphere He in the same direction from the origin as did the points on the kx sphere. 
A second way is to note that, in such a change, we move from one plane Sx to a 

new plane S2, where the distance of the plane from the origin has been multiplied by 
k2 jkx. At the same time, the size of the spacings in the plane-projected grid on S2 is 
multiplied by this same factor. (In other words, the new plane-projected grid points 
are obtained by projecting the old ones via lines from the origin.) The new plane- 
projected grid is related to the corresponding grid on the new sphere in the same way 
as in the paragraph before last. 

4.4 Polynomial Approximation 

4.4.1 Choice of Fifth Degree 

The truncation of the expression (8) for the round-trip distance L(r,n) at the end of a 
given order leads to a polynomial expression (see next paragraph). Calculations for 
extreme cases of the operational system show that, for a reasonable representation of 
the distance L(r,n), the terms up to and including the 5th order term are required. 
This is so because the 6th and 7th order terms give at most a contribution of 6° and 4° 
respectively to the phase change along the path at the central frequency, while the 5th 
order term gives a maximum contribution of 102°. (However, the conclusion regarding 
which terms are to be included is modified in Section 7, where individual subterms are 
considered.) 
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The expansion up to and including the 5th order term is a 5th degree polynomial in 
each of I and m separately. (That expansion is also a 5th degree polynomial in I and m 

jointly, in the sense that each subterm is a coefficient times lcmd with c > 0, d > 0, 
c + d<5). 

4.4.2 Algorithm for Fast Calculation 

To deal with the voxels, it is necessary to step through all the values of k, I and m in 
Equation (11). As discussed already (see Fig. 2), it is proposed that the outermost loop 
be over k (i.e. over r); and that the innermost loop be over m (i.e. over v). There are 
1000 values of m. 

Since the round-trip path L is, to a sufficient approximation, a 5th degree 
polynomial in m, its fifth difference is a constant, where 'fifth difference' will now be 
defined. For the moment, let Lm be any sequence of numbers, defined for 

m =•■■,- 2,-1,0,1,2,• • •. In the special case we have particularly in mind, Lm denotes 

the round-trip path L evaluated for the value m . The notation 

"A« = A» ~ AB-1 

denotes the first backward difference of L, evaluated at m [Burden and Faires 1985, p. 
104]. The term 'backward' will now be dropped, since the only differences that will 
concern us will be backward ones. Also we write, for example, 

"■^m+2  = A»+2 ~ ^m+1 

for the first difference evaluated at m + 2 . Then the second difference (taken implicitly 
at m, unless otherwise stated) is 

v2L = v(vzm) = VA, - VA, , 

= (A,-A, I)-(A, I-A, 2) = A,-2A, i+A, 2- 
It is useful to imagine a column of values of Lm written out opposite the 

corresponding values of m. Then simple processing enables us to write in a further 
column the values of the first differences  VZ,m, each again written opposite the 

corresponding m. The procedure is readily extended to V2Zm and higher differences. 

If A« is a polynomial in m, of degree p, say, simple algebra shows that the first 

difference VLm is a polynomial of degree p — \. By repeating the procedure, we find 

that the second difference has degree p - 2, and so on. The p th difference VIm is a 

constant. For the path length L, it is then clear that the fifth difference  V5Z,m  is 

independent of m (to a sufficient approximation). This leads to a rapid way of 
calculating L, enabling the calculation to be done in one clock cycle. 

4.5 Hardware for Polynomial Approximation 

We postpone to Section 4.6 the problem of initialising and finalising loops, particularly 
the innermost loop, over the voxels. For the present, therefore, we consider the 
progress of the calculation once the innermost loop is sufficiently under way so that 
'the pipeline is filled'. 
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4.5.1 Calculation of Address; Fetching the Weighted Voltages 

The fast method of calculating the 5th degree polynomial L is based on the properties 
of differences discussed in Section 4.4.2. Recall that the path length Lm is to be 
calculated for m= 1,2, ••-,1000, where m determines the relevant voxel. The analogy 
of the table of values and differences (Section 4.4.2) is relevant here. Basically the 
method consists in first determining all the values in the table across one row—or, 
actually, across a diagonal sloping downwards to the right. Then it is a simple matter 
to fill in the entries that are one row down from those entries. The method involves 
repeating the process until L1000 has been calculated. 

At the beginning of each step in the calculation, the most recent values determined 
are: 

/       V/       V2/       V3/       VV      andV5/ 

for some m. We progress one step by performing the five additions 

An+2  = An+1 + ^ An+2 

* -^m+3 ~ VLm+2 + V   Lffi+3 

V2/     -S/2T    + v3/ V ivm+4 V    ^m+3 T V    ^m+4 

v3/    =v3/    +v4/ V ^m+5        V    ^m+4 ^ V    ^m+5 

V4L     = V47      +V5/ 

and recognising that    V5Lm+7 = V5Lm+6 since the fifth difference is constant. 
The method is represented in Figure 6, which shows the address and fetch 

operations of a single SAF (store-address-fetch) unit. In the figure, progress from left to 
right represents one time-step (clock cycle) within the loop over m (Fig. 2); each 
register on the right represents the same register as on the left, but in general the 
contents have changed. The figure is drawn for a time-step not near the beginning or 
the end of the loop over m, so that initialisation can be ignored. In the time-step, each 
difference of L, from the fifth to the first, is used to update the value of the next-lower 
difference. In particular L itself (zeroth difference) is updated; the 5th difference 
needs no updating. 

The registers containing L and its differences are shown explicitly in the diagram 
of the overall arrangement, Figure 2 (on the left-hand side). 

It is assumed that, for faster computation, the machine's representation of L is 
scaled so that the operations are performed in integer arithmetic. In addition, a 
constant offset is built into L so that the machine's L may be converted to the relevant 
address (see below) by a very simple operation, such as removing the last few digits. 
The simple operation will be called the 'truncate' operation. 

L, after the truncate operation, becomes the address from which the in-phase 
weighted voltage is fetched (Fig. 6). The quadrature voltage requires a constant offset 
to be added onto the in-phase address. (To save adding one to the length of the 
pipeline, the quadrature address would be calculated directly from L—not from the 
truncated in-phase address. It is assumed that the direct calculation can be done in one 
clock cycle.) 
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4.5.2 The Pipeline 

The length of the pipeline in the addressing unit is readily determined from Figure 6, 
with the convention adopted in Section 3.5 that the final pair of fetches are counted as 
parts of the two respective summers. The pipeline length is 6 cycles, as is seen from the 
fact that there is a one-to-one correspondence between an operation (or pair of 
operations) and a label on the right, where those labels run from m +1 to m + 6. 

The number of operations being performed simultaneously is different from the 
pipeline length and may be estimated as follows. There are: (i) five adds for the 
calculation of the polynomial; (ii) one truncate; and (iii) one operation conceptually 
consisting of two parts: an addition to obtain the quadrature address, and a truncation 
of that address. (The two final fetches are again counted as part of the summers.) We 
conclude that there are 7 simultaneous operations. 

The estimation, for a serial computer, of the number of operations required per 
element-voxel pair proceeds similarly, with the same result, 7. But in this case, because 
the summation over elements is done in the conventional way, it is possible to express 
the result slightly differently as follows. With a total of 9 operations per element-voxel 
pair, the system can perform the two summations as well as the addressing. 
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Figure 6: Addressing procedure of the store-address-fetch (SAF) unit for the n th element; 
altogether there are approximately 4000 such units. Each box represents an address (or a set of 
addresses), the same address on the right as on the left. Progress from left to right represents 
one clock cycle; the clock maintains synchronisation. Lm is the scaled round-trip path length 

for the m th voxel. V is the backward difference operator (with respect to m ). The outputs are 
a pair of weighted voltages. 
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4.6 Initialising and Finalising the Loop 

Special attention must be paid to the initialisation of the loop over m (i.e. over v) 
because it affects the simplicity of the SAF units, and therefore the financial viability of 
the whole proposed computing scheme. 

4.6.1 Finalising 

Let us approach the problem in steps, beginning with finalisation of the loop (Figs. 2 
and 3). The finalisation is easily achieved by having the master computer count the 
appropriate number of clock cycles since the parallel computer started the pipeline 
part, or looping part, of its procedure. It is assumed that the two computers become 
synchronised with each other at the start of the loop (end of initialisation of the loop 
over v, see below). Starting from that time, it is known how many cycles there are 
(1014 in fact, see Section 5.1) until the 1000th desired intensity is transferred to the 
master computer. The fact that computations may continue thereafter for a while in the 
parallel computer, attempting to calculate voxel intensities outside the volume to be 
imaged, does not matter; the master computer ignores such values. 

4.6.2 Initialising; Initialising the Path Length 

For the pipeline procedure to begin, L and its five differences, for the initial value of 
m, must be set up. Once this setting-up is done, and the operations (mainly additions) 
are set going in the whole pipeline, everything proceeds as desired in the parallel 
computer. It is necessary only for the master computer to ignore the first few outputs 
(in fact, to ignore the first 14 outputs after the end of initialisation, see Section 5.1), 
accepting the next 1000. 

Three aspects of initialisation need to be considered. The first is the initialisation of 
L and its five differences. One way is to have each SAF unit act as a serial computer 
for this phase. The number of multiplications or additions (MADs) required can be 
reduced slightly, first, by noting that is sensible to make b = c in Equation (11), and 
second, by transferring some of this work to the master computer, namely an add, a 
divide and two multiplies. (These few computations could be done while the previous 
pipeline calculation was proceeding.) Then the SAF unit needs to do 5 MADs to 
calculate p and pr (Eqns 9 and 10), then 30 MADs to calculate a 5th degree, a 4th 
degree, etc. polynomial for L (Eqn 8) and its first, second, etc. differences, and finally 6 
MADs for the final multiplication by r (times a constant) for each polynomial (see Eqn 
8), yielding a total of 41 operations. At 41 clock cycles, this time is very small compared 
to the 1000 or more clock cycles needed for the loop over m. (It may be possible to 
reduce the number of operations below 41.) 
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4.6.3 Synchronising 

The second aspect of initialisation concerns synchronising of the master with the 
parallel computer at the start of the loop. This may be done as follows. When the 
master computer feeds the last parameter to the parallel computer, it begins counting 
cycles. It is known how many cycles the parallel computer needs to complete 
initialisation, and it is known that in the 15th subsequent cycle the first desired 
intensity flows from the end of the pipeline. At this time the master computer accepts 
its first voxel intensity value; and 999 cycles later, it accepts its last value and then 
takes control, ending the loop. (An alternative arrangement is that, once the initial 
value for L and its differences have been set up, the parallel computer signals that it is 
ready and immediately starts the pipeline procedure. Upon receipt of the signal the 
master computer begins counting cycles.) 

4.6.4 Switching Operations On 

The third aspect of initialisation concerns internal controls in the parallel computer: 
switching the adds and other internal operations of the pipeline on and off. As pointed 
out above, the pipeline operations that take the value of L (not the first and higher 
differences) and process it further, including the fetching of the weighted voltages and 
the additions in the summers, can proceed indefinitely with no harm. However, at 
initialisation, it is necessary to stop the additions that occur into five of the six L 
registers (Fig. 6). One way is to stop those five additions for five cycles while L and its 
first to fourth differences are fed serially into those registers. (The fifth difference can 
be fed in one cycle earlier.) 

An alternative is to feed in the 4th difference, the 3rd difference, etc. in succession, 
while disabling for one cycle the corresponding addition that feeds into the same L 
register. A third option is to feed L and its five differences simultaneously into their 
registers, the additions being disabled for that one cycle. (Note that, with any of the 
three methods, the additions themselves do not have to be stopped for the one or five 
cycles, as long as the value fed in directly is made to override the result of the 
addition.) 

5. Performance 

5.1 Total Pipeline 

Except for the initialisation phase, the whole procedure for the benchmark method is 
pipelined so that when the time advances by one clock cycle, a new total image 
intensity value for one voxel issues from the end (Fig. 3). Several voxels are being 
processed at once: the pipelining extends from the calculation of the fourth difference 
of the (m + 6)th voxel as the step at the beginning of the pipeline (Fig. 6), through the 

summation (Fig. 4) to the calculation of the total intensity of the (m - 13) th voxel as the 
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step at the end of the pipeline (Fig. 3). Thus the total pipeline is 20 operations in length 
(13+6+1, since the operations at the two ends must both be included). The breakdown 
of this length by components is of interest. The addressing contributes length 6, the 
summers contribute 12 and the square-and-add 2, for a total of 20. (In the square-and- 
add unit, we include for counting purposes an initial fetch from the summers and a 
final store from the display unit—see the method of Section 3.5.) 

On the other hand, once the loop has been initialised, fewer than 20 cycles are 
needed until the first desired intensity flows out. This is so because the initial L has 
already been obtained (Fig. 6). Consequently the pipeline effectively begins with the 
truncation and the adding of the offset to obtain the (m + l)th addresses. Thus 5 steps 
in the pipeline are 'eliminated'; the first desired intensity flows out 15 cycles after the 
last cycle of initialisation. 

5.2 Performance: Computing Time 

Let us concentrate on the time for beamforming proper, and recall that one voxel 
intensity is produced, on average, in one clock cycle. Consequently, for a 1 Gflops 
parallel computer—a machine with 109 clock cycles per second —the image of 3 X109 

voxels is produced in 3 seconds. Allowing a 'factor of safety' of 2 to allow for 
overheads in a practical computer (Section 2.4), we reach an estimate of 6 s for the total 
computation time. 

The other process that might take appreciable time is the dechirp/transform 
(Section 2.3). This stage is discussed in Section 6.4. 

5.3 Hardware Requirements 

This section attempts to describe the hardware of the parallel computer in a manner 
that is relevant to cost. It is assumed that, to allow the greatest computing speed, the 
calculations are performed in integer arithmetic on scaled numbers, though the 
implementation of this feature has not been worked out. 

Each of the two summers contains 4095 storage locations and performs 4095 
additions simultaneously. There is no programming complexity, for exactly the same 
operations are performed from one cycle to the next. This remains true even during 
initialisation of each loop over v (since what the summers produce then is ignored). It 
appears that the cost is not inherently high, but could be high in practice due to the 
lack of a mass market. 

Regarding the 4000 SAF units, note first that the storage capacity needed in each 
one is not great: about 340 X 103 real numbers (340 from 80+131+131, from Section 6.3, 
assuming the raw signals are to be retained). Consider first the steady-state pipeline 
phase (Fig. 6) (the initialisation phase being ignored for the moment). Then the 
instructions are entirely repetitive. Several operations (about 9) are occurring 
simultaneously; but as there is virtually no controlling logic involved, this phase, 
despite its parallelism, should not be inherently expensive. 
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Second, during the initialisation phase, the SAF unit is to run as a serial computer, 
executing 41 MAD operations. During that phase, the only logical operations are the 
deactivation, followed by the activation, of the five additions involving L and its 
differences (Fig. 6). The program for the initialisation is therefore simple. Note that the 
parallel computer runs the same program (initialisation plus pipeline) on each 
occasion on which control is passed to it. Again the SAF units seem not inherently 
expensive to make, even given the large number (4000) of them; the lack of a mass 
market could however prove a difficulty. 

A significant feature of the fifth difference method is that roundoff errors 
accumulate in an exponential fashion. In particular, an initial error of £ in the 5th 
difference of L, is readily shown, after 1000 steps of v, to lead to an error in L itself 
approximately equal to 

(I000)5e/5! = 8.3xl012£. 
Despite this huge growth in error, the method is still viable. A closer examination 
(including the number of bits required for other purposes) shows that the only effect is 
on the number of bits required. Whereas 32-bit integer arithmetic suffices in most 
signal processing work, the present application would require close to, but not more 
than, 64-bit integer arithmetic. 

6. The Dechirp/Transform Stage 

6.1 Effect of Absorption 

The discussion in the body of Section 6 will ignore the effect of absorption in the 
medium, which introduces a factor into En (t) that depends on both frequency and 

path length. This effect threatens to disrupt the scheme in which dechirping is done by 
a simple crosscorrelation. Dechirping might then take longer than the times estimated 
below based on the use of the FFT. Worse, it is conceivable that dechirping might not 
be possible at all. 

Towards solving these problems, an investigation (not presented here) appears to 
show that the idea of breaking up the voltage stream into segments of suitable length4, 
together with applying in each segment an approximation to the exponential 
absorption factor, reduces the computation to essentially the same length as in the 
absence of absorption. The absorptive effect will henceforth be ignored. 

4 This idea of segments is the same as that described at the end of Section 5.4.3. 
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6.2 Mathematics of the Dechirp/Transf orm Stage 

By the dechirp/transform stage (Section 2.3) we mean the stage in which dechirping, 
the production of the quadrature part, and weighting are carried out. The overall 
results, for the in-phase and quadrature part respectively, are 

Etn=wn{®En (12) 

Etqn=-wJ®E„=wn^®E„) 

= wJ®En 

(apart from a constant multiplying factor which may be dropped in this context). Here 
£, En, Exn and£'rqn are functions of time t:   En(t) is the in-phase voltage stream, 

g(t) is the effective voltage input into the projector (effective, due to the fact that the 
response of the transducers is not constant over frequency) and wn (independent of t) 
is the weighting of the nth element. The encircled cross denotes complex 
crosscorrelation, defined by 

CO 

(/®*X')= lr(t')g(t+t')dt' 
-CO 

(/* being the complex conjugate of /). For future use the general or complex 
definition of crosscorrelation is given here, even though all the quantities in Equations 

(12) and (13) are real. The notations /and %?\f) both denote the Hubert transform of 

the function f(t), defined by 

f{t) = -v\-±-f{t')dt'f n    Jt-t' 

where P denotes the principal value of the integral. As discussed in Section 2.3, f{t) is 

essentially f(t) but with the phase of each Fourier component shifted by 90°. The 
above concepts are discussed by Rihaczek [1985, pp. 15-20]. The equality of the three 
expressions for E  n follows from the Hilbert transform properties of convolutions 

and will be shown in a forthcoming report by the author. 
Some further results will prove useful for optimal computation. Adding Equation 

(12) to - j times (13), we obtain 

E;cn=wA®ER, (14) 

where    £c=£+j%q    denotes   the   complex   or   analytic   signal,   and   similarly 

Ercn = Ern + jE  „. Let us denote the Fourier transform of a function g{t) by 

g{f)=)g(t)e-J2""dt. 
-09 

Then, in the frequency domain, Equation (14) becomes 

E;em(-f) = y»m£Enl (15) 
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where each of £c, En and EIcn is now a function of frequency. 

6.3 Number of Operations 

We estimate the number of operations required in the dechirp/transform stage, for a 
voltage stream En(t) of length N. Two basic methods will be explored: first, the use 
of the straightforward, i.e. non-Fourier, method of evaluating of the crosscorrelation 
integral or sum (and the Hubert transform), and second, the use of the fast Fourier 
transform (FFT). 

6.3.1 'Straightforward' Method of Computation 

In the straightforward method to be described, the author has attempted to optimise 
the method; it is difficult to see how further optimisation could make more than a 
small difference. First, for each element, the time-stream of values wnE,{t), rather than 

the stream t,{t) itself, is stored, for efficient computational use of Equation (12). 

Second, -wn^(t) is similarly stored; the quadratic part Eiqn(t) is then computed by a 

second crosscorrelation rather than by a numerical Hilbert transform (i.e. the first of 
the three expressions for Erqn in Eqn 13, rather than the second, is used). The method 

requires the following steps: 
1. Crosscorrelation of wn% with En. Number of operations: 2PN. Here P is the 

length of, or number of samples in, the projected signal £(t). Note that P is much 
less than N (the length of the received voltage stream), since P corresponds 
typically to 1000 cycles (P = 5714 samples), while N corresponds to 14 000 cycles 
(N = 80 000 samples, see Section 2.1). In the above expression for the number of 
operations, we have counted only each multiplication and its addition into the sum, 
ignoring the incrementing of the variable of integration. 

2. Crosscorrelation of - wn% with En. Operations:  2PN . 
The total number of operations is thus 4PN . 

6.3.2 FFT Method of Computation: Main Description 

We turn to the FFT method. Note that the FFT, performed on a vector of length 

N-2", with n an integer, requires (N/2)\og2N complex multiplications and 

iVlog2 N complex additions-or-subtractions [Bergland 1969]. Since the number of real 
MAD operations is 6 for a complex multiplication and 2 for a complex addition, the 
total number of real operations is 5iVlog2 N. (This is perhaps a pessimistic estimate 
when the original vector is real, as it is in the first step below.) 
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Again the author has attempted to optimise the method, and it is difficult to see 
how further optimisation could make more than a small difference. This is especially 
true in respect of the dominant or logarithmic term (see below), since both a forward 
and an inverse FFT are required. The resulting method is as follows: 
1. FFT the in-phase voltage stream En[t) to produce En(f). Number of real 

operations:  5TVlog2TV. 

2. Now apply Equation (15). For each element, the product w„l, *c in the frequency 

domain (actually a vector over /) is permanently stored. For each /, multiply this 

quantity by En(f) obtained from step 1. This gives the crosscorrelated (i.e. 

dechirped) analytic signal Etcn(f) in the form E*cn(-f). Operations: 37V. (The 

number of operations is not 6TV, because half the frequency components of an 
analytic signal are zero.) 

3. Perform an inverse FFT to yield, from (14), E*eH(t) = ETn{t)-JErqn{t). Hence the 

real and imaginary parts yield Etn(t) and Etqn{t), which are the in-phase and 

quadrature dechirped signals. Operations: 5 TV log 2 TV. 
Thus the total number of real operations is 107V log2 TV + 37V. 

6.3.3 FFT Method of Computation: Further Discussion 

Savings beyond the figure of 107Vlog2 TV + 37V operations just calculated may be 
possible. First, by the fact that the vector to be transformed in step 1 is real. And 
second, because the chirp is much shorter than the received voltage stream, the stream 
may be broken up into segments, each longer than a chirp. Each segment would be 
dechirped by the above procedure. The segments would have to overlap, because 
otherwise the required integral would on occasion extend outside the segment. 

To investigate this possibility, let P be the number of samples in a chirp (as 
before), and let the segment be of size 6P, where 0 > 1. The total number of 
operations required is now 

To obtain this expression, first, in the result for the 'total number of real operations' in 
Section 6.3.2, we drop the small term ' + 37V' and replace N by OP to get the 
operations required in one segment; this yields the square bracket in the expression. 
This square bracket must then be multiplied by the number of segments; allowing for 

overlap, this number is 7V/[(0-l)P]; hence the expression for 7Vop. 

TV     can then be minimised by putting dN0V jdO = 0;    details that make the 

calculation more efficient are omitted here. For TV = 80 000 and the typical value 
P = 6000, it is found that the number of operations is minimised at about 0=14. Since 
OP is then roughly equal to TV, TVop reduces to its nonsegmented value and so the 

savings by segmentation are essentially nil in this case. On the other hand, for the 
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smaller value P = 1500, the savings in operations amount to 12% (compared to 
P = 6000 as the standard). Note that the 'small' value P = 1500 still corresponds to a 
chirp containing very many cycles (Section 2.1). Thus, there is a range of such Ps, 
lying below the value 6000, for which segmentation yields small but appreciable 
savings. 

The length of the voltage vector is 80 000, but the appropriate value of N for the 
FFT is greater than that, for two reasons. First, in a cyclic arrangement such as in the 
FFT, a convolution or crosscorrelation of two vectors is performed correctly only if the 
length N of the vectors after padding with zeros is greater than or equal to the sum of 
the two unpadded lengths. Assuming a chirp duration of 500 cycles of the central 
frequency, the unpadded length of the chirp comes to about 2900, pushing the 
required value of N up only slightly to 82 900. Second and more importantly, we must 
round the resulting value of N up to the next power of 2, namely N=217=131 072, 
assuming that the intermediate values of N yield FFT algorithms that are less fast. 

6.3.4 Comparison of the Two Methods 

The number of operations per sample point has been found to be 4P for the 
straightforward method and 101og2 N + 3 for the FFT method. For the 'typical' value 
N = 80 000 (Section 2.1), the FFT figure becomes 173. Therefore the straightforward 
method achieves equality when 4P = 173, i.e. P = 43, and is worse for larger P. For 
the typical figure of P = 6000, the straightforward method requires 140 times as many 
operations than the FFT method. For our problem the FFT method wins. 

For the FFT method, on a 1 Gflops serial machine, the time to treat 4000 elements 
comes to 94 s or, allowing a 'factor of safety' of 2, to 3.1 min. This time is 
unsatisfactorily long—a problem that will be addressed in Section 6.4. 

6.4 Selection of Hardware for the Dechirp/Transform Stage 

We saw in Sections 2.3 and 6.3 that, if both stages (dechirp/transform and 
beamforming proper) are performed by equally fast serial machines, the 
dechirp/ transform takes only a tiny fraction of the total time. It can therefore be 
anticipated with a fair degree of confidence that, if parallel architecture is used, and 
equal costs are expended on the two stages, the dechirp/transform stage will take a much 
smaller computing time than the beamforming. Second, it may be anticipated that if 
the design is optimised subject to the constraint that the two stages take approximately 
the same computing time, the dechirp/transform will be by far the cheaper. And third, 
we may expect that an overall optimum can be achieved in which the 
dechirp/transform is both considerably cheaper and considerably faster than the 
beamforming proper. 

The finding of any of these optima depends on a detailed analysis, in which 
account is taken of available components and their cost. Here we content ourselves 
with describing two methods by which the computing time can be made considerably 
less than that of the beamforming proper. 
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One method is to increase the capability of each SAF unit so that it can perform a 
crosscorrelation via the FFT; then each element has its signal dechirped by its own 
SAF unit. This method achieves the computing time goal very easily because, even if 
each SAF unit acts here as a serial machine, the time taken, from Section 6.3, is 
(3.1 min)/4000 or 0.047 s. For purposes of exposition, this method will be taken as the 
primary one of the two; it is the method illustrated in Figure 2 and leads to a total 
computing time equal to that for the beamforming proper (6 seconds, Section 5.2). 

But it may be that the first method increases the capital cost of each SAF unit by a 
factor of (say) 2, to achieve what is only a tiny part of the total computation. Actually 
the computing time of 0.047 s may be permitted to rise up to (say) one-half of the time 
of the beamforming proper, and still be more or less in balance. This fact prompts us to 
describe a second method, which appears to be cheaper. This method is to have a 
number of serial computers (small compared to 4000) acting in parallel with each 
other, each performing the dechirp/transform for a number of elements. Let us 
calculate the number of computers required on the basis that the dechirp/transform is 
to be done in half the time of the beamforming proper, that is , half of 6 s (Section 5.2). 
Then the number of 1 Gflops computers required to be acting in parallel is 
3.0/0.047 = 64; and each computer processes 4000/64 = 63 elements. 

7. Future Work 

We draw attention to two aspects of addressing suitable for future work. Both could 
lead to small improvements in cost. 

First, the far-field expansion of the path length  L[r, n) to 5th order (Eqn 8), 

denoted by Ls, may be written as 
L5 = M0 + Mx + M2 + M3 + M4 + M5, 

where, for example, 

M5=Vr(p2-A
2)(-3p2+7A

2) 

is the 5th order term. Let us consider what happens when the expression for p2 in (9), 
and the last of the two expressions for pr in (9), are substituted into Equation (8) for 

L5. Note that the contribution to L5 that is proportional to v5 (the term that is 5th degree 
in v), denoted by N5, is not the same as M5. Indeed N5 is a subterm of M5, namely 

'YvV n 

r ) 

By finding an upper bound on |7V5|, it may be possible to show that N5 can be 

dropped from the expression L5 used for the path length, to sufficient accuracy. In that 
case, a fourth difference method can be used in place of the fifth difference method 
described in this report. This fourth difference investigation was not carried to 
completion, because the principal features of the scheme in this report would be 
preserved in the fourth order scheme. The main changes would be that the pipeline 

#s=V(-7)(- 
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length would be reduced by one, and the number of bits required in the arithmetic 
would be reduced from 64, though not to a value as low as 32. 

We turn to a second item of possible future work. We cannot rule out the 
possibility that there are other methods for computing the address that are similar to 
the fifth (or fourth) difference method described in this report. In particular, let us 
define the 'span' as the number of steps in v for which the path length L is computed 
by successive additions based on an initial set of values of L and its differences. The 
method we have described uses a span of 1000, corresponding to the entire range of 
values of v to be dealt with. There is no reason why a span of less than 1000 cannot be 
used, with L and its differences being recalculated from scratch at the end of each 
traverse through one span. 

8. Conclusion 

We have taken the problem of producing a 3-D image of 3><109 voxels from an acoustic 
array of 4000 sensor elements in a time of the order of seconds. It has been shown that, 
using computing elements with a clock speed of no more than 1 GHz, with the aid of 
parallelism and pipelining, the task can be accomplished in less than 10 seconds. 

The key requirement of the computing scheme is the implementation of 44 000 
adders (or devices of similar complexity) which, acting simultaneously, act as two 
special summers (4000x2 of the adders) together with 4000 store-address-fetch units 
(the remaining 4000x9 adders or their equivalent). A pipeline is set up that is 20 
operations in length. The memory requirements, based on integers occupying 8 bits — 
both for the voltage inputs and the voxel outputs—consist of 640 megabytes for the 
input and computation and 3 gigabytes for the voxels. 

The computing scheme developed is scalable, in that a halving of the clock rate can 
be compensated for by a doubling of the number of computing elements; while on the 
other hand, a doubling of the clock rate can compensate for a halving of the number of 
computing elements. In the former case, one could duplicate the stored voltages and 
have the computer calculate two voxels at once; one voxel would draw on one set of 
stored voltages and one-half of the computer elements. In the latter case, one could 
progress through the innermost loop over voxels, but summing over just half the 
sensor elements, and then redo the loop, surnming over the remaining elements. The 
scheme is of course also scalable in the straightforward sense: reducing the clock 
speed to one-third triples the time taken. 

From among the many options presented by scalability, the one discussed in this 
report has been chosen for two reasons. First, regarding 'straightforward' scalability, 
the chosen speed of 1 Gflops is a simple figure that is near the limit of current 
technology. Second, regarding the 'compensatory' scalability, the schemes obtained by 
scaling either to faster or slower clock speeds both involve a complication in regard to 
the dividing-up of the work. 
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