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Abstract

ii

Two methods are developed to average V and I Stokes parameters over
a circular sensor aperture collecting light scattered from an optically active
sphere. One method uses a two-dimensional numerical integration of Bohren’s
theory in scalar form, which explicitly shows the connection with Mueller ma-
trix elements. The second method uses expansions of vector spherical har-
monics in Bohren’s theory to integrate over apertures of any size without
convergence checks since numerical integration is avoided. Equations simpli-
fying the analytical results for 47 scattering are obtained. Sample computa-
tions of average Stokes parameters are performed with both methods, and
agreement to six decimal places is obtained.



Contents

Introduction

Basic Definitions

2.1 Nondimensional Stokes Parameters and the Effective Degree
of Circular Polarization . . . . . . . . . .. ... ... .....

2.2 The Coordinate Systems and Euler Angles . . . . . ... ...

Numerical Integration of Stokes Parameters
3.1 Linearly Polarized Incident Wave . . . . . . .. ... ... ..
3.2 Unpolarized Incident Wave . . . . . . . . ... ... ... ...

Analytical Integration of Stokes Parameters
4.1 Linearly Polarized Incident Wave . . . . . . .. .. .. .. ..
4.2  Unpolarized Incident Wave . . . . . . . .. ... ... ... ..

Reduction for Scattering into a Solid Angle 47 Steradians
5.1 Linearly Polarized Incident Wave . . . . . . .. .. .. .. ..
5.2 Unpolarized Incident Wave . . . . . . . . . ... ... .. ...

False Signal

Numerical Calculations
7.1 Aperture Centered on the Beam Axis . . . .. ... .. .. ..
7.2 Off-Axis Aperture Locations . . . . . . . . ... ... .....

Summary

11
11
14

17
17
18

20

21
21
22

25

il



v

A Definition and Computation of the 7,,, and 7,,, Functions

B Expansion of the Vector Spherical Harmonics

FCross

C Evaluation of Ifl;f,m and I,
D Equations for Reduction of Scattering into 47 Steradians
References

Distribution

Report Documentation Page

27

29

30

31

33

37

39



Tables

Computed values of a,,, b,, and ¢, . . . . . .. ... ... ...

Peﬁective’ <VStok:es>7 and <IStokes> for oo = 6 _ 07 emin — 507 and
Omax = 60°; numerical integration method . . . . . . . . . . ..
Peﬁ‘ective’ <VStokes>’ and <IStokes> for o = B — 0’ Qmin — 0’ and
Omax as indicated; analytical method . . . . . . .. ... ...
pelfective (17 5tokes) “and (I5tkes) for incident wave scattering
into aperture with o = 30°, 8 = 60°, O, = 0°, and 0.« as
indicated . . . . . . ..



1.

Introduction

The presence of chiral molecules in biological materials often makes these
materials optically active: i.e., characterized by different complex indices of
refraction for right and left circularly polarized light. A material with dif-
ferences in the real part of the refractive indices is referred to as circularly
birefringent, and a material with differences in the imaginary part is referred
to as circularly dichroic [1]. Many optically active materials exhibit both
circular birefringence (i.e., optical rotation) and circular dichroism.

Early laser light scattering research in the area of optically active particles
includes the experimental measurements of Holzwarth et al [2] in the 1970s,
who used an application of Mie theory developed by Gordon [3] to simu-
late scattering from spherical microorganisms. In the 1990s, measurements
of Mueller matrix elements for light scattering from nonspherical microor-
ganisms have been reported by Lofftus et al [4] and by Bronk et al [5], who
also performed realistic light scattering calculations. These results provide
evidence that laser-based biosensors can detect and characterize biological
organisms in water or the atmosphere if experimental measurements are sup-
ported by realistic simulations.

Exact theories of light scattering from optically active particles were first
given by Bohren, who gave correct solutions for spheres [1,6], spherical shells
[7], and cylinders [8]. The theory for layered cylinders was later given by
Kluskens and Newman [9], and the theory for spheroids was given most re-
cently by Cooray and Ciric [10]. These theories provide algorithms for scat-
tering in a single direction. Two Stokes parameters, referred to here as V' 5t0kes
and I9%°%¢s can be calculated as functions of the scattering direction, and the
degree of circular polarization is the ratio of these Stokes parameters.

In earlier work [11], two of us (Rosen and Pendleton) applied Bohren’s scat-
tering theory in the first simulation of scattering from optically active spheres
into sensor apertures. The experimental configurations considered in that
work [11] are characterized by the presence of a sensor with a circular aper-
ture. The assumption is that all light scattered into the solid angle inter-
cepted by the circular aperture is focused onto the sensor. This means that
we obtain realistic simulations of the measured signals not by computing the



Stokes parameters for a single direction but by obtaining the average of each
Stokes parameter over the aperture solid angle. Our earlier paper [11] very
briefly outlined the theory but emphasized a discussion of computational re-
sults, omitting any discussion of the algorithm used for the computations.
To provide a better basis for future computations of this type, we discuss
the theory of two relevant algorithms here. It is assumed that most readers
of this article will be interested in developing computer programs for simu-
lation of experiments, so we have taken care to give results allowing efficient
computation.

The earlier computations [11] were performed with a numerical integration
over the aperture solid angle. We developed this method by adapting a two-
dimensional Legendre-Gaussian numerical integration algorithm originally
designed by Pierce [12] for integration over a circle. The advantage of this
approach over less systematic techniques is that it gives very precise and
efficient results, because the location of the grid points in the aperture solid
angle is optimized. A succinct description of the method is given in section
3. A computer program based on this method was developed and run on
a personal computer, giving the computational results reported earlier [11].
This numerical integration method is computationally simple, but the results
must be checked for convergence; i.e., the computation must be repeated with
an increasing number of points in the computational grid until convergence is
obtained. Also, this method cannot treat aperture solid angles approaching
27 steradians.

To overcome these limitations of the numerical integration method, we de-
veloped a second method to treat any aperture solid angle without conver-
gence checks. This method, which does not use any numerical integration, is
referred to here as the analytical method. Explicit expressions for the two av-
erage Stokes parameters are given that describe the scattering of a wave from
an optically active sphere into an aperture located in any specified direction
and intercepting a solid angle of any size.

The analytical method is applied here to optically active spheres for the first
time. The averaging of I°'°%¢¢ is an easy extension of an approach developed
for Mie scattering into apertures by Chylek [13], Wiscombe and Chylek [14],
Chu and Robinson [15], Pendleton [16,17], and Son, Farmer, and Giel [18,19].
The averaging of V5% with this method is new and is the aspect of this
report most likely to appeal to theorists.

The theory given in these last five references used the notation of Jackson
[20]. We originally developed the theory given here using Jackson’s notation



but rewrote it using notation that is more standard in light scattering [1]
to interface with Bohren’s theory for spheres. This choice of notation should
allow easy application to other particle shapes for which scattering solutions
are known.

Both the numerical integration and analytical methods can treat an incident
wave that is linearly polarized, randomly polarized, or unpolarized. Mathe-
matically, a randomly polarized wave is equivalent to an unpolarized wave,
so these results are referred to here as unpolarized.

The objectives of the numerical integration and analytical methods are the
same, but the approaches are so different that it is surprising that the two
methods give results that agree to better than six decimal places. This agree-
ment allows one to have confidence in the precision of these methods, and
the availability of two methods allows one to apply the more appropriate to
a particular situation.

A computer program based on the analytical method is more computation-
ally intensive. Such a computer program is more difficult to write and requires
more computer time for small apertures than would a program for the nu-
merical integration method. The advantage of the analytical method is that
it can treat any aperture size without convergence checks.

It is hoped that application of these methods will stimulate the develop-
ment of realistic simulations and new experimental techniques based on light
scattering.



2. Basic Definitions

2.1 Nondimensional Stokes Parameters and the Effective Degree
of Circular Polarization

For computational convenience, we define nondimensional Stokes parameters
VStokes and ]Stok’es as

VStok:es — k?27“2 ([R - IL) (1&)
N Iinc ’
I I
[Stokes = k27“2( RI+ L)’ (1b)

where Ir and [I; are the irradiances of the right and left circularly polar-
ized components of the scattered light, I;,. is the irradiance of the incident
electromagnetic wave, and k = 27/ is the wave number in the medium sur-
rounding the sphere where the wavelength is \. In the far field where Iz and
I;, are inversely proportional to k%72, these Stokes parameters are functions
of scattering direction only and are not functions of r, the distance from the
sphere’s center to the point where the Stokes parameters are measured.

We obtain the average Stokes parameters, (V5t°kes) and (I5t°*es) by averag-
ing the Stokes parameters over the sensor aperture solid angle A2 with the
expression

1

() =25 i, 9 (22)

and the effective degree of circular polarization for scattering into the solid
angle A is then defined to be the ratio of these average Stokes parameters,

Stokes
effective <V >
P = <[Stokes> : (Qb)

This method requires that two electronic signals be measured. One of these
signals is proportional to the radiant power PV = (I;, . AQ/k?)(V5tokes) and



the other is proportional to P! = (I;, AQ/k?)(I5%s) If the electronic re-
sponse function of the system is defined to be the ratio of these two electronic
signals, then the electronic response function is independent of I;,. and turns
out to be equal to PeFectve the effective degree of circular polarization.

In bulk material irradiated by a linearly polarized beam, Ir and I, of the
transmitted wave are different only if the material is circularly dichroic. The
idea motivating this research was to extend this concept from bulk to a single
particle scattering into a sensor aperture so that a nonzero value of Peffective
would indicate the presence of an optically active particle. In our earlier work
[11], the occurrence of a nonzero value of P& for an optically inactive
particle was defined to be a “false” signal of optical activity. We claimed [11]
that no false signals could occur for some aperture locations and identified
these aperture locations. Here, we prove this claim for both the numerical
and analytical methods.

2.2 The Coordinate Systems and Euler Angles

The development of theory for scattering into arbitrarily located apertures
is facilitated by the introduction of an aperture coordinate system located
with respect to the beam system by Euler angles.

The convention in Mie theory, followed by Bohren in his theory of optical
activity, is that an (z,y, z) Cartesian coordinate system is located with the
origin at the center of the sphere, and the z-axis extends in the direction
of incident wave propagation. If the incident wave is linearly polarized, the
x-axis extends in the direction of the incident electrical field. The spherical
system associated with the (z,y, z) Cartesian system is the (r,0, ¢) system
with basis unit vectors (7, 6, ¢). To perform the integration over the aperture
solid angle AQ, we introduce a second coordinate system (z4,y?, z4) with
the same origin, but with orientation determined by the center of the aperture
solid angle such that the z#-axis extends through the center of the aperture.
In the angular momentum literature, the convention is to use superscript
primes on the second coordinate system. Here, the primes are replaced by
A (for aperture). The two systems have the same origin, and the relative
orientations are defined by Euler angles «, 3, and v as commonly used in the
quantum theory of angular momentum [21,22]. The connection between the

beam coordinates (x,y, z) and the aperture coordinates (x4, y#, 2) is given



by the matrix equation

4 T
yA = R(Oéﬁ*}/) Yy | (3&)
24 z
where
cosa sina 0
R.(o) = | —sina cosa 0 |, (3¢c)
0 0 1
cos 0 —sinf
RB)=1] 0o 1 0 : (3d)
sing 0 cosf

The matrix R.(7) is obtained by replacement of v by 7 in equation (3c). The
Euler angles o and 3 are the ¢ and 6 angles describing the direction of the z4-
axis (through the center of the aperture) as measured in the (z,y, z) system.
For a circular aperture, the light scattered into the aperture is independent of
the third Euler angle v, which is a rotation about the z4-axis. A superscript
A means that the variables (r, 0, ¢) and basis vectors (7, 0, @) of the spherical
beam system are to be replaced by the variables (r, 04, ¢*) and basis vectors

~A SA
(7,0, ¢ ) of the aperture system. For a circular aperture centered on the z*-
axis, setting dQ = sin 04 df* dp? with 0 < ¢4 < 27 and 2. < 94 < 92

min — max

gives the integration over the aperture, where 2 defines the outside edge of

max

the aperture and 02, defines the inside edge of the aperture. The solid angle
with #4 < 64 is covered by a concentric “beam stop” or “beam block”

so that AQ = 2m(cos#4, — cosf2 ). As the name suggests, a beam stop

min max

is usually used to stop unscattered light of the incident laser beam from
irradiating the sensor when the sensor aperture extends into the beam.



3.

Numerical Integration of Stokes Parameters

In the “far-field approximation,” the scattered field is approximately trans-
verse and may be written as E = Eof + E¢gb The irradiances of the right
and left circularly polarized components of the scattered light are obtained
with the relations Ig/l;,. = Er - E/(Eine)? and Ir,/Iin. = Er - Ef /(Eine)?,
where Ep = (Ey+iE,)/V2, B, = (Eg—iE,)/v/2, and Ej,, is the magnitude
of the incident electrical field. The Stokes parameters defined in equation (1)
can then be expressed as

Im(2E4E)
Stokes — ]{32 2 @ 4
V (Einc)2 ’ ( a)
Eg|* + B[]
IStokes — k2 2 H 0 ¢ ) 4b
" (Einc)2 ( )

3.1 Linearly Polarized Incident Wave

Emc Z "

Using the exp(—iwt) convention for the assumed monochromatic time de-
pendence, we can represent the linearly polarized incident wave described
above as E;,. = TF;,. exp(ikz), and Bohren [1] obtained the solution for the
electrical field scattered from an optically active sphere as a function of the
vector spherical harmonics M®) ~and N©®) . The superscript (3) on these

vector spherical harmonics indicates that the radial function is AV (kr), a
spherical Hankel function.

Bohren expressed his solution for the scattered electrical field as

2n+1)
i 1) 162

The coefficients a,, and b,, reduce to the Mie coefficients with the same names
when there is no optical activity. For an optically active sphere, d,, = —c,,
and when there is no optical activity, d, = —c, = 0.

)N(3)

eln

+ (—idy )N, + M), + (—b)MG] . (5)

eln oln



In the far-field approximation where AV (kr) — (—z’)”“w, the compo-

nents of the scattered field E may be expressed in standard form as

E9 :EmCM Sy Sy cos ¢ ’ (6a)
—E¢ —thkr \ §, S, sin ¢

where the 2 X 2 matrix is the amplitude scattering matrix with elements
Sk (k=1 to 4) [1,23]. For an optically active sphere, Bohren identified the
scattering matrix elements as

< 2n+1

Si=3

n=1 n(n + 1)

= 2n+1
SQ_Zn(rw—l)

n=1

(anTn + bpTh), (6b)
(a'nTn + bnﬂ-n)a (GC)

Sy = —+(cn7rn —dnmh), (6d)
Sy = Z m(dnﬂ'n — CaTh)s (6e)

where 7, and 7,, are functions of cos 0 that are defined in Mie theory [1,23]
(see app A). Since d, = —c¢, for optically active spheres, it is found that
S, = —83. For spheres that are not optically active, S; and S5 become the
functions of the same name in Mie theory and S; = —S3 = 0. Substituting
equation (6a) into equation (4a) gives

VStok’eS — 5’41 + 542 COS(2¢) —+ S43 sin(2¢), (73)

where Sy1, Si2, and Sy3 are Mueller matrices defined as

S = Im(S155 — 5557), (7b)
842 = Im(—515§ — SQSZ), (7C)
543 = Im(515§ - SgSI) (7d)

The approach used earlier [11] was to see if measurements of (V5tkes) £ ()
could be used to indicate the presence of an optically active particle. Then, for
spheres with no optical activity, it would be required that (V5%k¢s) = (. For



optically inactive spheres, Sy = Sy = 0 but Sy3 # 0 in general. However,
we show below that if @ = 0 or /2, then (Sy3sin(2¢)) = 0. The result
is that (VS%kes) = ( for optically inactive spheres when the aperture is
centered in the z-z plane (o = 0) or the y-z plane (o = 7/2). These are the
preferred locations to center the aperture if it is considered desirable to have
(VStekes) — () for a sphere with no optical activity, i.e., no false signal.

Substituting equation (6a) into equation (4b) gives

]Stokes = 811 + 512 COS(2QZ5) + Sl?) Siﬂ(?@), (8&)
where Si1, Si2, and Si3 are Mueller matrix elements defined as
1
S = (151 + 19" + S5 + [Saf), (8b)
1
Sip = 5(—\51|2+ |S|* = [S5* + [S4]?), (8¢)
Sis = Re (5155 + 5,55). (8d)

It is necessary to compute cos(2¢) and sin(2¢) for each point on the grid.
We do this by rewriting equation (3a) as

V1 sin @ cos ¢ sin 04 cos ¢
vy | = | sinfsing | = [R(afy)] | sin64sin ot | (9)
Us cos cos 4

and recognizing that cos(2¢) = [(v1)? — (v2)?]/[(v1)? + (v2)?]. The other re-
quired expression is sin(2¢) = 2vivs/[(v1)? + (v9)?]. This expression can be
used with equation (8) to show analytically that if « = 0 or 7/2, then
(VStokes) — (S,35in(2¢)) = 0 for a sphere with no optical activity.

Equation (2a) will now be adapted for numerical integration. A differential
element of area on the flat circular aperture surface is dA4 = p4 dp? dop* =
(24)2d€Y/ cos® 64 so that

(f) = M//CMAF’ (10)

where F' = f(cos04)3. The Legendre-Gaussian numerical integration scheme
of Pierce gives the algorithm for integrating some function F' over a planar



annulus (i.e., the area between two concentric circles), and the solution to
these integrals may be expressed as

//dAAF -y ;Zwmﬂj, (11)

where the area of the annulus is A4 = 7[p?, — p2..]. The w;; are weighting
numbers normalized so that 37,37 w;; = 1, and the Fj; are the values of
I at the grid points specified by Pierce’s algorithm. The grid points are on
concentric circles in the annulus, with the ¢ index identifying the circles and
the j index identifying the points on a particular circle. Each circle has the
same number of grid points, 4n., where n. = the number of circles, so the total
number of grid points is 4(n.)?. Computations necessary for determining the
point locations and the weights were done by Lowan, Davids, and Levenson
[24]. The result is that

™

(f)y = AQ (tan2 02— tan? Qr‘fm) Z Z Wij cos® Q?fz‘j- (12)
vog

This expression was used to compute (V5%%¢s) and (15%%¢*)  with equations
(7a) and (8a) used to compute V50kes and [59kes at the grid points. The
number of grid points required for convergence becomes larger if the scat-
tering particle’s diameter is increased, because the distribution of scattered
light becomes more complex for larger particles.

3.2 Unpolarized Incident Wave

10

To obtain the integrands for an unpolarized incident wave most easily, we
average equations (7a) and (8a) with respect to ¢ over the interval 0 < ¢ <
27, producing

(VStokes)U — 51417 (133)

(IStokes)U — S, (13b)

These integrands can be used in equation (11) to obtain ((V5%ks)¥y and
((15t%e)VY  Equation (7b) shows that Sy = 0 if S5 = S, = 0. This means
that there is no false signal for any aperture position when the incident wave
is unpolarized.



4.

Analytical Integration of Stokes Parameters

4.1 Linearly Polarized Incident Wave

The initial step in developing the analytical theory to be given here is to
rewrite equations (4) in vector form as

yStokes — 1202(_i)7 . (E x E*)/(Eine)?, (14a)

IStokes — /{327‘2(E . E*)/(Eznc)2 (14b)

Equation (5) can be substituted directly into equations (14) if scattering
into an aperture centered on the beam axis is the only aperture location of
interest. Since we are interested in computing (V5%*¢s) and (I5%%¢*) for any
desired aperture location, it is necessary to obtain expansions for M, and
N,1, as a linear combination of vector spherical harmonics in the aperture
system. Such an expansion has previously been given [16] for X,,,,, the vector
spherical harmonic used by Jackson [20], and this expansion is used here to
obtain expansions for M,q,, and Ngq,.

The theory given here is simplified by the introduction of complex vector
spherical harmonics

M., = M), +iM,,. (15a)
N, =N, +iNo» (15b)

where
MS;)rm = AmnMgﬁzn? (163)
NL(T3T))’LTL = AmnNc(fn)lnv (16b)

and
2 1 —m)!
A, = (2n+ 1)(n —m) (16¢)
2(n+m)!

11
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is the normalizing factor for Legendre functions. The vector spherical har-
monics of the beam system can now be written as a linear combination of
the complex vector spherical harmonics of the aperture system. A derivation
of this expansion for M, is outlined in appendix B, and the expansion of
M, 1, may be written as

5731)11_ Z fo’mnM(3 (17&)

m=—n

where a superscript A on vector spherical harmonics indicates the use of the
aperture system variables and basis vectors (see sect. 2.2). Operating on both
sides of equation (16a) with ((1/k) 7 x) then gives

Ergl)n_ Z fo’mn mn? (17b)

m=—n

where the matrix elements f.,,, and f,,., are defined by the matrix equation

() = 2t oty

[ﬁnm(cosﬁ)< isina )wnm(cosﬁ)(“’so‘)]. (17¢)

—17COoS & sin «

To avoid an unnecessary digression, we define and discuss the functions 7,
and T,,, in appendix A.

Substituting the expansions of equations (17) into equation (5) allows Bohren’s
result to be rewritten as

A 2 1 _
E=Epy, . i ”+1)[ o NDAL g MO (18a)
n=1m=—n
where
gnn = Z (anfemn - dnfomn) ) (18b)
frm = Cnfemn - bnfomn- (180)



The aperture is located in the far field of the sphere. In the far-field approx-
imation, 2, = A1 (kr) — (i)™ 227 gives the result that

Mﬁi?f L pexp(ikr) exp(img?)
N(3)A = (—1) o

" PA ( T (cos 04) ) +ig" ( rmlest) )] B

Trm (cos 07) Tnm (cos 04)

Substituting equations (18) into equations (14) and the results into equation
(2a) where the integrations over 0 < ¢ < 27 are performed gives the result
that

(VStokes) \  op 20 X (24 1)(20 +1) MR
( ) B E;n,zzj n(n+ 1)n/(n’ + 1) 2

<]Stokes> m=— min(n,n’)

__,/,cross d __,/,dot
nn'm I ot + nn'm Icross
d nn'm nn'm |
ot cross
4 nn'm

nn'm

~~

20a)

where AQ = 27 (cos 04, — cos 64 ), and
Z?Lt}m = wmnl/}z:(n’ + 7\pmn mn’? <2Ob)
Z’;L(Zii = mn¢z:<n’ + 77Z)7nn s:n/’ (20C)
—dot o Hmin dOt
—Cross Homin
Inn’m = d:uFrfgofrf (M)’ (21b)
Mmax

where fipin = cos(ﬁ;ﬁm) Hmax = COS(erﬁax) and

ngtm(/i) = T (1) Trrm (1) + T (1) T (1), (21c)
Eim (1) = T (1) T (1) + T (1) Tt (12) - (21d)

13



FCross CTOSS

Since Tizt =TI  and | I I

nn'm =1, .., equation (20a) can be rewritten
as

<VStokes> o oo oo min(n,n’) Ny (2n +1)(20' + 1)
( ([Stokes) > T AQ z:: z:: = nn+1)n/(n +1)

+)c7"oss B gy (—)dot eross
K o u )12‘:,7” + ( qf’gmm )Imm] (22a)

where N,, is the Neumann factor

N,,=1ifm=0,

(22D)
Ny, =2itm#0,
and
WO = gt gt (22¢)
| S R e (220)

Equations (22) can be programmed to compute the most general case for
scattering of a linearly polarized incident wave.

4.2 Unpolarized Incident Wave

We obtained the solutions for an unpolarized incident wave from equations
(22) by averaging over angle « to produce

min(en) N (20 4 1)(20 + 1)(—1)
n(n+ 1)n/(n’ + 1)

n=1ln'=1 m=0
(@) T+ () o], (232)

oo min(nn) N (2n + 1)(2n) 4 1)

(<[Stokes ) Z Z Z (n - 1)n/(n/ n 1)

nln’l m=0

[(\1;<+>f;f) T (W) T, (23b)

nn' nn'm nn/m nn'/m

14



(w

(w

where

2y do f(aBy)

(flapy)” = P05

Averaging the ¥ functions with respect to angle o gives

cross\U 4 1 cross cross o
win ) = [<zn gy G 1)] i Cu™ = O | Eifn(cos ),
(m)dot\U 4 1 (—)dot (—)dotx* cross
(Woin') = l(2n+1)(2n’+1)1 3 (O™ = O™ | Friini(cos ),
(+)dot\ U 1 dot +)dot* dot
(Tah) = (2n+1 )(2n +1) 5 + G ) Bt (003 9)
o)V _ L (g 4 gy pergs cos ),
nnm (2n+1)(2n" +1) 2 n’ o e

where
C(+l)cross _ 2(@ C*/ + dnb;/),
Cfm)d(’t = 2(dnal, + buch)),

UM = (@l + bubly + cuchy + dudl)
I = 2 (apbly — ducly) .

Interchanging n and n’ (a standard symmetry operation) in the C7,,

(23¢)

(24a)

(24D)

(24c)

terms

and noting that F<9%(cos 3), 4! (cosf3), I, ., and Inn m are unchanged

nn'm nn'm
after this operation allows equations (23) to be rewritten as

15
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(<v5t0kes>)U _
oo oo min(n,n’)
2:2:12
n=1n'=1 m=0

N, [ (C(+)6T088)Fd0t (cos B) oyt 1L (C’ )dot) Feross(cos B)1 f::s:t}

nn'm nn'm

x n(n+ D(n + 1) e
((IStokes>)U _
Z:1 §1 ZO
N [Re(Cont™) it (05 8) o + Be(Cont™™) Frfit(cos OEuin]

n(n+ 1)n/(n’ + 1)



5. Reduction for Scattering into a Solid Angle
47 Steradians

We have investigated experimental configurations collecting almost all the
scattered light. The light is scattered into a solid angle A} of approximately
4 sr (ie., 04 = 0 and 64, = 7 radians = 180°). The average Stokes
parameters can be calculated for this case without the added complication
of a beam coordinate system and Euler angles. However, the mathematical
technique required for the simplification of equations (22) and (26) when
AQ = 47 sr may be of interest to theorists who use angular momentum
theory. The result must be independent of the Euler angles since all the
scattered light is collected. Further, the results for linearly polarized and

unpolarized incident waves must be identical.

5.1 Linearly Polarized Incident Wave

Mathematically, the simplification of equations (22) and (26) occurs because
—do min=1 —crossHmin=1 . g
[Id y r L= n(n+ 1)d,, and [I / }M = 0 as indicated by Arfken

nn'm _ nn'm
Hmax=—

[22] and appendix C. The result is that

max—

Stokes o = (2’]1 +1 n oross
[<V >i|AQ=47T o Z W Z qulnnm ) (27&)

n=1

{<IStokes>}AQ:47r — i i Z N. ‘I’nnn%Ot~ (27b)

With equation (D-3) derived in appendix D, it is not difficult to show that

& dn(n +1)
Nm CTOSS — I " * dnb* , 28
Tnz:o nnm (zn + 1) m [a Cn _I_ n] ( a’)
n 14 1
S N = 2 D e e ] (ash)

im0 (20 4 1)
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These expressions give

[(VStOkes }AQ i Z:: (2n + D)Im [a,c; + d,b}], (29a)
Sokes o 1 & 2 2 9 9
() sgmie = 5 25 @0+ D) [foal o 0 el 1] (290)

These are the average Stokes parameters for scattering from a linearly po-
larized incident wave into 47 sr.

The scattering efficiency Qscattering is connected to [(] Sto’“esﬂ , as we can
AQ=4r
see by comparing their definitions and observing that

4

_ Stokes
Qscattering - (k‘a)2 |:<] >:| AQ=4r (30&)
This gives the result that
Qscattering 2 Z 27L + [lan‘ + ‘b ‘ + ’Cn‘ + ’d ‘ } <3Ob)

If there is no optical activity, then a,, = a?® b, = b and ¢, = d,, =0, so
that the conventional expression for Mie scattering efﬁmeney is obtained.

5.2 Unpolarized Incident Wave

For the unpolarized wave scattering into A€} = 47 sr,

= n(n+ 1)0py and

Inn’m

[—dot } Pmin=1

MHmax=— 1
—cross ] Hmin=1
it

!
nn'm
Mmax=— 1

give

o Im (O(+)cross)

((VStok:es>)ZQ:4ﬂ — Z:l n(T Z N F (cos ), (31a)

Re (C(+)dot) n
1 Z N, F (cos 3). (31b)

(([Stokes>)U _ io:

AQ=47



With the expressions given in appendix D, it is found that

> N, (cos B) = %n(n +1)(2n + 1), (32)
m=0
so that |«
Stokes U _ = (+)cross
(<V t >)AQ:4W N 2 ;(2% + 1) Im (Cn-r’z_ ) ) (33&)
Stokes U . 1 & (4)dot
(U >)m:4,r D) ;(2" +1) Re (Cnt ) : (33b)

showing that

(<VStokes>> ZQ:MT — ((VStokes>) o (343)
<<IStokes>> ZQ:MT — (([Stokes>) o (34b)
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6.

False Signal

20

In sections 3.1 and 3.2, we show that the term “false signal” (of optical
activity) is equivalent to a nonzero measurement of (V5%0kes) for scattering
from an optically inactive particle for which ¢, = —d,, = 0.

For a linearly polarized incident wave (sect. 3.1), we show that there is no
false signal for aperture locations such that a = 0 or 7/2; i.e., (V5t0kes) =
for scattering from a spherical particle with no optical activity when the
aperture is centered in the z-z plane or in the y-z plane. We can also obtain
this result by analyzing equation (22a). If & = 0 or 7/2, or if 3 = 0 or ,
then WD) — §)%" _ 0 for optically inactive spherical particles, so that

equation (22a) gives the result that (V5tokes) = (.

For an unpolarized incident beam, C1)** = ¢0)%" — ¢ for optically inac-
tive spheres, so that equation (26a) gives the result ((V5%Fs))¥ = 0. As in
section 3.2, our results show that there is no false signal for an unpolarized
incident beam.



7.

Numerical Calculations

In this section, we give the results of some computations for the benefit of
computational researchers who wish to verify computer programs that they
develop with the theory given here. Using Mie theory, Bohren and Huffman
give computed values of a2 and b for Re(N) = 1.33, Im(N) = 1.0(107),
and the Mie size parameter X = 7D/\ = 3.0. All the computations given
here are for an optically active sphere with X = 3.0, Re(N,) = 1.33,
Im(Ny) = 2.0(107%), Re(Ng) = 1.33, and Im(Nz) = 0. For these values,
the resulting computed values of a,, b,, and ¢, are given in table 1.

7.1 Aperture Centered on the Beam Axis

In tables 2, 3, and 4, computations of Pelfective  (175tokes) “and ([5tkes) are
given for scattering into a sensor aperture centered on the beam axis (a =
B = 0°). For this particular aperture location, the results are identical for
polarized and unpolarized incident beams.

Table 2 is for an aperture with beam block for which 0,,;, = 5° and 0.« =
60°. We did these computations with the numerical integration scheme, giving

Table 1. Computed values of a,, b,, and c,.

Re(an,) Im(a,) Re(by) Tm(b,,)
0.516306(10°)  —0.499734(10°)  0.737672(10°)  —0.439900(10°)
0.341921(10°)  —0.474353(10°)  0.400793(10°)  —0.490059(10°)
0.484668(10~1) —0.214750(10°) 0.935528(1072)  —0.962692(1071)

( ( ( (
( ( ( (

n

1

2

3 _ _ _
4 0.103458(1072)  —0.321483(10"')  0.688105(10~4) —0.829491(102)
5 0.903755(107°)  —0.300622(102)  0.283089(1076) —0.532042(10~3)
n

1

2

3

4

5

Re(cn) Im(ey,)

7 —0.717984(10~8

)

—0.261447(1077) 0.697491(10~8
)
0

—0.265630(10
(
—0.202011(108
(
(

—0.268083(101

—0.186204(10712)  0.526254(10

) 0.662132(107°
1

(107%)
(107%)
0.611957(10~8)
(1079)
( 0

)
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Table 2. peffective - (7 Stokes) “and (I519F¢s) for @ = f = 0, Omin = 5°, and Opax = 60°%;
computed with numerical integration method with identical results for polarized and un-
polarized incident waves.

Number Number Peﬁectwe <VStokes> <IStokes>

of circles  of points
2 16 0.534274(1077)  0.540146(10~°)  0.101099(10%)
4 64 0.499270(10~7)  0.700091(107%)  0.140223(102)
6 128 0.496561(10~7)  0.708648(1076)  0.142711(10?)
8 256 0.496438(10~7)  0.708921(107%)  0.142802(102)
10 400 0.496434(10~7)  0.708928(107%)  0.142804(102)
12 576 0.496434(10~7)  0.709932(10~6)  0.142805(102)
14 784 0.496434(10~7)  0.708928(107%)  0.142804(102)

Table 3. Peﬁective’ <VStokes>7 and <IStokes> for a = ﬂ =0, Ornin = 0, and Op,ax as indicated;
computed with analytical method with identical results for polarized and unpolarized
incident waves.

emax (o) Peﬁ‘ective <VStokes> <ISt0kes>
60  0.495059(10~7) 0.717150(1076) 0.144861(10%)
120 0.516809(10~7)  0.268489(10~%) 0.519513(10')
180 0.517047(1077)  0.203983(107%)  0.394514(10')

results for an increasing number of points to demonstrate the convergence of
this method. The results given in the bottom row of table 2 were found to
agree exactly with those given by the analytical method.

In table 3, computed values of Peffective (J/Stokes) “and ([5tkes) are given for
Omin = 0° and 0, as indicated. These computations were made with the
analytical method. The values of table 3 for 6,., = 60° were verified with
the numerical integration method, and the computations for 6., = 180°
were verified with the specialized analytical result for scattering into 4m sr.
Exact agreement was obtained in each case.

7.2 Off-Axis Aperture Locations

22

An off-axis aperture location was chosen with o = 30° and § = 60°. In table 4,
computations of pPefective (y7Stokes) “and ([5tkes) are given for Oy, = 0° and
Omax as indicated. The computations of table 4a are for a polarized incident
wave, and the computations of table 4b are for an unpolarized incident wave.



Table 4. peffective (7 Stokesy " and (I5t°kes) for an incident wave scattering into aperture
with a = 30°, 8 = 60°, Opnin = 0°, and O« as indicated; computed with analytical
method: (a) polarized and (b) unpolarized.

(a)
O (°) peffective (V Stokes) (IStokes)
60  —0.434718(1072) —0.298083(1071) 0.685693(10')
120 —0.223394(1072) —0.114976(1071)  0.514676(10%)
180 0.517047(10~7)  0.203983(10%)  0.394514(10%)
(b)
Hmax (o) Peﬁective <VSt0kes> <IStokes>
60 0.508052(10~7)  0.349986(1076)  0.688877(10%)
120 0.512351(10~7)  0.263510(107%)  0.514315(10%)
180 0.517047(10-7)  0.203983(10%)  0.394514(10%)

The values in these tables were computed with a Cray and a desktop per-
sonal computer. All results given by these two computers agreed except for
the values of Pefective and (V/5t9kes) gbtained for table 4a for 0, = 180°. The
results given by the personal computer were incorrect in this case because
of a lack of precision. Since many computations are performed on personal
computers, we considered it important to explain this discrepancy. The spe-
cialized result for (V%% ohtained for scattering into 47 sr follows from the
observation that

1 & i -
= 22 N @ = 37 Nl femnlTm(ancs) + 3 Nl fomn [T (dnb7)
m=0 m=0 m=0
= D NuRelfemn fomnl[Im(dncy) + Im(a,b},)]. (35)

m=0

The difficulty arises when >0 _ Ny Re [ femn fir,] 18 DOt exactly zero because
this factor is multiplied by Im(a,b}) where a,, and b,, are much larger than
d, = —cp. Although we found theoretically that Y7 o NyRe [femn finn =
0, the limited precision of personal computers is such that if each term of
Re [femn finn] 18 not exactly zero, then the sum differs from zero enough to
give an erroneous result when multiplied by Im(a,b%). The difficulty does not
arise when high-precision machines like Cray computers are used or when a

personal computer is used with the factor Re [femnfin,] = 0 in each term.
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This factor is zero if &« = 0 or 7/2, and it is also zero if 5 = 0 or 7. Using these
aperture positions corresponds to elimination of the false signal as discussed
in section 6.



8.

Summary

The objective of the research initiated earlier [11] was to develop a method for
identifying optically active spheres by analyzing light scattered from a laser
beam into a circular sensor aperture. We claimed that this could be done by
computing the effective degree of circular polarization for apertures located
in certain positions that generate no false signal of optical activity, and these
positions were identified. Here, we prove this claim, and two methods for
performing the necessary computations are developed and discussed.

We used Bohren’s theory for light scattering by an optically active sphere as
a starting point to develop the two methods given here, which average Stokes
parameters over a circular sensor aperture located in any desired direction
from the scattering sphere. The effective degree of circular polarization is
defined as the ratio of two averaged Stokes parameters.

One method is based on a two-dimensional numerical integration scheme that
explicitly shows the connection with Mueller matrix elements; this method is
referred to as the numerical integration method. The other method is based
on expansions of vector spherical harmonics and is referred to as the analyti-
cal method. The advantages and disadvantages of each method are discussed.
For a dedicated programmer with a fast computer, the analytical method is
preferred since it can treat apertures of any size without convergence checks.
Either method can treat both polarized and unpolarized incident beams.
Equations are derived that allow reduction of the general analytical expres-
sions in the special case of scattering into 47 sr. Several tables of numerical
results are given to facilitate the verification of computer codes, and we dis-
cuss potential computational difficulties with personal computers because of
a lack of precision. We pointed out that these difficulties do not arise when
the aperture is located in a position that generates no false signal. Mathemat-
ical details related to special functions, expansions, integrals, and reductions
are given in four appendices.
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Appendix A. Definition and Computation of the 7,
and 7,,, Functions

The Tpm (1) and 7, () functions are defined here as

_ mPpm (ﬂ)
Trm (1) =2

(A-1a)

Tom (1) = —\/ 1 — p2(d/dp) Ppm (1), (A-1b)

where P,,,(x) is the normalized associated Legendre function as defined by
Belousov [25] so that

P (1) = A Pan (1), (A-1c)

where Py, (1) = (1 — p?)™/ zd‘i—mmPn(M) is the unnormalized associated Legen-
dre function as defined by Arfken [22] and Stratton [26] and used in standard
light scattering references by Bohren and Huffman [1] and van de Hulst [23].
These Legendre functions differ by a factor of (—1)™ from the Legendre func-
tions used by Jackson [20], Abramowitz and Stegun [27], and Gradshteyn and
Ryzhik [28]. These last two references are of particular interest for their ex-
tensive recursion relations, but care must be exercised because of the (—1)™
factor difference. The 7,,, and 7,,, functions are defined here to agree with
Fuller’s definitions [29] except with an additional factor of A,,,. There is
a computational advantage to using normalized Legendre functions because
the factorials in A,,,, do not have to be computed separately but are easily in-
corporated into the recursion relations. Also, for negative values of m, the re-
sulting functions are P, (1) = (—=1)™ Py (1), T () = (—=1)™ 17, (1),
and 7, —m (1) = (—1)"Tpm(p). These relations are simpler than those using
the unnormalized Legendre functions.

We can conveniently conpute the 7, (1) and 7, (1) functions using relations
obtained by rewriting equation (8.733.1) given by Gradshteyn and Ryzhik
28] as

27
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Trm (1)

(£} +m+1)(n—m)Pom(i)].  (A-2a)
If u =1, then P,,,(1) = \/(2n 4+ 1)/28,,0 gives the result

Tom(1) | 1 (2n+ 1)n(n+1) ]
{ an(m } - 2\/ ) (5m,1 {:l:} 5m,—1)- (A 2b)

It is helpful to realize that this expression may be rewritten as

{ ?nm(l) } — W(%l {j:} 5m771)
Trm (1

(2n+1)
o (O {=£} G 1). (A-2¢)




Appendix B. Expansion of the Vector Spherical
Harmonics

The expansion of Jackson’s vector spherical harmonic can be written as [16]

nM_ Z D O‘ﬂﬁy nm7 (B_la)

m=—n

where X, = Xom(0,¢), XA =X4 (4, ¢4), and

D3 (B7) = exp(ima)dyy,, (8) exp(iny). (B-1b)

and X, gives M() = y/2mn(n+1)

(—1)™*1iz,X,,,, so that equation (B-1a) can be used to obtain the relation

Comparing the definitions of M

mn

n

a3 n* ma17r(3)A
M:I:l,n = Z Di1,m(045’)’)(_1) +1NImn ) (B-2a)
where
Dy (afy) = exp(Fia)dy, ,(6) exp(im7y), (B-2b)
2
dl = T =7 . B-2
) = s (on(cos ) £ Ton(cos ). (B2
The equations
a3 g®)
Memn - |:an + ( ) —m n:| /2 (B_3a>
M, = M0, - ()™M, /@) (B-3b)
(with m = 1), and equation (B-2) then give
M) = A Y fomnMon . (B-4)

m=—n

which can be rewritten as equations (17a) and (17b) with the expansion
coefficients fymn given by equation (17c¢).

29



Cross
nn'm

Appendix C. Evaluation of I'”, and I

The theory of evaluating the integrals Ii‘:,m and T, 7" was mainly done by

Chu and Robinson [15] with a later contribution by Son, Farmer, and Giel
[18]. The results are listed here in the notation of this report for the conve-
nience of the reader, with a few comments concerning proof of the results.

By differentiating both sides of the equation, we easily show that
TCross S - Hmin
Lo = [=mPam() Pam ()] (C-1)

For what follows, it is helpful to rewrite the differential equation for the
associated Legendre function as

T 1)) = nl 1) P (1) ~ %f(/f) (C-2)

dp
With this result, we can easily show (by differentiating both sides) that if
n # n’, then

dot [+ 1) P (1) VT = 2T (1) = 7' (0 + 1) P (1) /T = 22T (1) 1] .

Tuwm = | (=1) [(n+1) —n/(n' +1)

Hmax

(C-3)
If n = n/, then the recursion relation

T = [ DPunVT = iTan(0)] ™ 0+ DT, (C-da)

Mmax

is obtained in the same way and used with
_ Hmin — 2
Lonm = / du (an(u)) (C-4b)

an integral computed with the supplemental recursion relation

— HMmin
T an 1-— 2Pn m— T
I, = (1)VT = P2 P (1) 4 Tt (C-4c)
\/(n—l—m)(n—m+1) .

Equation (C-4c) can be proved with the help of a relation, P, 1(u) =
(W () + Tom (1)) /\/(n + m)(n —m + 1), obtained from equation (A-2a).

30



Appendix D. Equations Giving Reduction for
Scattering into 47 Steradians

Equations required to demonstrate the simplification that occurs for scat-
tering into 47 sr can be obtained in the following way: if « = v = 0 and

ﬁt()andifﬂ:gb:(),then@A:ﬁandqﬁAzﬂwhilegz—gA:fand

o=-5"

using 7,1(1)

y. Substituting this set of conditions into equation (B-4) and
= Tp1(1l) = Aipn(n 4+ 1)/2 from equation (A-2c) gives

i [T (cos B)]? = i [Fm (cos B)]? = %n(n +1)(2n + 1), (D-1a)
gn; T (€08 B)Tpm (cos ) = 0. (D-1b)

Equation (D-1a) can be rewritten as

Zn_:o Ny [Fnm (cos B))? = zn_:o Ny [Frm(cos B)]? = in(n +1)(2n+1), (D-2)

where N,, is the Neumann factor introduced in equation (22b). With these
results, it is easy to show that

zn: Nm’femﬂP = zn: Nm’fomn‘z :n(n+1)/(2n—|—1), (D_3a)
m=0

Since T —m (1) = (= 1) T (1) and 7 _n (1) = (= 1) T (1), it is easy to
show that f, ., = (—=1)™f%, ... With this expression and equation (D-3), it

omn*

is easy to obtain equations (28).
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