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FUNCTIONAL EQUATIONS OF THERMAL RADIATION IN THE
PREBENCE OF AN ABSORBIN@ AND DIFFUSING MEDIUM
[Tnis 1z a translation of an article written
by Yu. A, Burinov in Dok AK Nauk 88SR (Reports
of the Acad Sei USSR), 1952, Vol, LXXXIV, No. 6,
pages 1159-1162,7 |

This contribution is devoted to the development of

certain basic integral eguations of macroscople (pheno-

menologlcal) kinetics of radiation for a system of gray

- bodies separated by an absorbing and diffusing medium,

and containing sources (outflows) of heat, Such equa=-
tlons form a most important means for the analytical
examination of the problems of radiation exchange in
such radlating systems., The development of the equa=-
tlons is extremely simple and follows from the so=called
classiflcation of the forms of hemlspherical and volune=
trie radiatlion®*, to which alsc belongs the expression
for the intensity of the radiation B, (M, s) obtained in
solving the equation of the transfer %f radiant energy.
The latter takes the following form (5=6) for the non-
statlionary field of radiation:

B, Ms 9 _‘.‘_’_’,‘.ﬁ,.‘;i;.f‘;‘? e — B (M) B.M, 5, %) + o= Tee. v (M, 5, 9, (1)

as ¢

Where K& =a,+f 1g the extinctlon coefficient of the
medium and is equal to the sum of the coefficlent of
volume absorption (a) and diffusion B+ of the medium;

Ty 18 the density of the effective volumetric
radiatlion and is equal to the sum of the densities of

the actual s,y and of the scattered TMpev radiation:

n’@.‘(/‘qn s: 1) ;

=%Ne, v (‘Mo ) + pv (A") X Bv (M. 8, ‘7) Tv (A’f, S, S') do *¥, (2)

“n)

*The development of the integral equations of thermal

radlation, as applied to a system of gray bodies separated

?? aediathermic medium, can be found in the author's works
s

[ ] .
#%Where  Te.vy= %,y Kirchhoff's law; 1,v=1(T v

* Plank's function, | .




' The values of M, and _"le._sl are the funotions of the point:
M at time <t/and of the frequeney v of the radlatlons.
‘The intenslty &, | also depends of the direction B,

Glassifioation of the Forms of Rsdlation (1)

1, The spheriesl vector of radiation

A= § BUM, ey = (SN M)+ ERL (M, 1 METv )
B ()= A B8 91 {msw..<M)+_s,,.~(m, Megr

2. The spatiai"denéiiy‘@f;thé'incidént:radiatian

}
|

|

s (M= Us(M) = | BuM, 5)do,  MER (4},

- @an) f

The function 4 ipcident ¥ suffers a dlscontlinmuliy

at the boundary F, as ?hes otential of a double layer.
Therefore, we obtain (? gx .

o, 9 (M) = oz, o (M) + 2By (M) = § Bo(M, ) e (M). 5) |
R .

Where M is the boundary poiz&, (Me; %F)f and M;\‘\ 1s &an
infinitely clese inner point. o

3, The denslty of the volumetric resultant abzorp=
tion ,

'Qpéﬂw‘v 2= 0Vnex, v — Tk v = Rylmea, v — "o, v % MEXy. (b) :

4, The intensity of the radlation for a statlonary
field of radiation .

| B(M, $)= Buas(N, e~ + 3=\ nea(Prebbds, MERver, NEHR™A(T)
o : :

rae k= — S&,(PMS; AR = — S 2(P)ds; Buo (N, 5)= Bap.o(N) =
¢ re

= Egpu{N)x — % La,mpe:};‘t;r‘e:}: 1ami
#iners Tep.v 18 taken for the spherical scattering ~
' v M, 8 0yt
#3The expresslon {7) presents the solution of the equa~ -
tion for the stationary problem (i.e., when eB, /8 =00
which will be the only one to be eonsldered below, All
the expressions glven above are also valid for the nonsta-
tionary state, : : d
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: On the basls of the above expressions, deternining,
and relating the various forms of radiation, it ls simple
to obtain the integral equatlions for all posaible ways of
poeing the problem and for all forms of & hemlspherlicsal

‘and volumetric radiation, We shall make the followlng

preliminary statements Integrating (scalarly) all members .
of the egwation of transgfer %i).over the solid anglew = 4x
and over the spectrum we obtain: , :

U
g

| divEw+ 2 s =div G + 2R g, &

Differential equation (8) is formed for a moving medium
and takes into account the nonstatlonary system, the pre=
sence of the mources (outflows) of heat W, as well as the
inductive transfer of heat.  The total field veebtor willl
be in thig case equal to Q = Eux + q + piw *=*%

where ¢ = Y grad T 1s the vector of heat conductlvity,

#FEintegrating the terms of eguatlon (1) vectorially
over the solld angle w=4r and over the gpegtrum we
obtain & vectorial equation of the form (P» ()

{ 8E. (M. 1)
¢ &<

CdivIHM, T)

[~
= — S B, (M E (M, 7 dv, (8a)
&

Where TiM © 1g the "affinor" /?/ of radiation, cherage
terized by the components My ==§S B(M, 5, 1) cos 8y cos By du (G k=%, y, 2).
YWe note that (ag is evident from (8) even in the case of

a stationary field of radiation, when (9E,/dv=0

the vector Ewx.v cannot be presented eilther as a poten~
tial or a quasipotential vector, Thie 1s because dlv Il

is redueible to a gradient from the corresponding poten=
t1al funetion (grad U} only under conditions approximating

the thérma@ynamic equllibriun,
###iHere  Em o ls the integral sphernical vector of

radiation Eu={E.., where y is the frequency

of the radistion. ﬁimilarly, all other sgpectral an&g
integral characteristice of the field of radiation ( )
%g? related, Differentizl equation (8) is an Umov type

N



¥

MW the vector of the convectional heat transfer,
t=0pl_  the heat content, P the density of the
medium (3). ' .
.. Integral equations of radiation, The configuration
and the dimenslons of the system are assumed to be glven
for a1l examined conditions of the problem, The same per=
talns to the flelds of the optical constants both for the
volume of the medium (o, B and for the boundary F of
the asystem (R).
The first condition of the problem, consisting in .
the determination of the fleld densitles of various forms

- of radlatlon over the glven fleld of temperstures for

the volume V, and upon the boundary F of the system,
brings about the following system of two integral eQua=
tions for the functlons

Eran, (M) =  R(N) Epn, o (NYK (M, N)dFy —
. :

~ § movipLM, PaVe = (E Ny KM, N aFy, (©)
117 Fr .

Tog, o (M, 5) ~ By (M) \ 1o (P, 5) L, (M, P)dVp—

v,

— B (M) { R(N) Evan.y (N K\ (M, NJdFy =

(F)

=7, (M) + MM)(S Eev(N)K, (M, NydFy, (10)
F)

whore K (M, N)=o-h MRy py o pman, (B0
o AN 4nrip (1D
hy V(M. 5, 5)

2
dnriyp

€os By,

cos 0,

KM, N)y=e-hp (M, s, &) S22 0 L (M, P)= e

"’im

On determining (upon the basls of equations (9)
and (10) Ejagvy 8nd w4, We may find, elementarily,

all other forms of radiation {1+ 2) on the basis of the
classification of the forms of radiation.

The second condition of the problem differs from
the first by the fact that, instead of T being glven
over the volume of the medium, = res 1s glven,

In thls case, equation (10) in the system (8, 10) has to
be replaced (for y,=1 ) by



too s (M= ks (M) § o0v(P) L (M, )V —RdM) § Exe.o(NIK,(M, N)dFi=.
v : f

== = Y}pes, WM). (‘1 2)

~ On integrating thils equatlion over the spectrum we
obtain, in the general case of a selective spectrum of
the medium, a nonlinear equation¥*, From (12) for the
special case of a uniform problem and.jzres = Q, we ¢an

obtain the nonlinear integral equation of Hopfe Kuznete
sov (°*

L3

The.third condition of the problem differs from
the first by E.res being given as a boundary conditlon

instead of T. Here wé obtain a system of equations:
consisting of equation (10) and one of the forms

Ev. oA M) = Evgo(N)K(M, NYdFx — § 1. o(PYLAM, PV = —Epes o(M).
F %) . (13)

The fourth conditlon of the problem conslsts in
the determination of the temperature fleld and ampllitude
fields of various forms of radiation over the volume V
and along the boundary F of the system, providing that

Y peg 18 glven over the volume and E for the boundary,

This cage wlll be described by the system of eguation
(12) and (13). The substantlal difference between thils
system and that of (9) and (10) 1s that on passing to

the special cases of strictly absorbling medla (f,=0) and
of blaek boundary bodles (R=0) They are not reduced
quadratically®*, A1l the foregoing systems of nonhomoge~

#When we substitute into this equation the value of Tpes

arising from (8), it changes into a nonlinear integral
differential equation for the temperature range,

and this maintainsg 1ts nonlinearlity even in the case of a
gray medlum for which the integral equation of radiation

~ is linear,

##e note that the system (12) (13) is reducible to one
integral equation with one unknown function (£w..or e ),
but only in the two simplest speclal cases (of opposite
characters), namely (a) Wwhen the system of gray bodies 1s
separated by & diathermic medium, and (b) when the medium
ig infinlte and no boundary bodles are present, In the
latter case we have:

—h ;
Nyg, v (M) —R (M) Sq'n,@,v(l’)md‘ =~ Npes, v (M)
( ;




nous integral equations have solutlons* (except the v
gystem (12) (13), because the corresponding system of
 homogenous equations have only trivial solutions (zero
solutions). This follows from the equatlonsg of closed

- gystems glven below, their deductlions being reallzable on
the basis of the second law of thermodynamics. According
to the latter we have for the radlating esystem, in case
‘of o thermodynamlc equllibriumt " Ev= Epesv=Tpas.v=

o - divEe ==0; %, ve= kv"bﬁn, y == vah, v 4RE ¢ = CQﬂSt; Epax, ¥ FF s, ¢

=By ym By, y= B,y =const. = |

Taking these relatlonships into consideration we obtain
on the basis of (7) |

o ehy 4 Sks (P) e—84vds == | #%~, : (14)

A simlilar equation (for an absorbing and refracting
medium) has been examined first by Hilbert (12) who
bullt, on its basls, a proof of Kirchhoff's law for the
volunetrie redlatlon of the mediunm, ,
¥The homogencus eguatlions corresponding to the eguatlons
{(i2) (13) and their specizl cases, have glngle fundamens
tal Tunetions from which Kirchhof{'s law follows in both
its formms  Tev/®B=mn = const and £, /A =E, ,=consl ,
##And also , LT o LT s .
foWmMMﬂ+SS&WHﬁM&h“MQn& (146}
] om0 ‘ ’

Equations (14) are for the corresponding generale
izations of the Hilbertians (12), :

It 1g evident that in the case of an infinlte
medium and in absence of boundary bodles the equations =

14) and (14b) ecquire ths form |
(14) _( ) ecq : fo mﬂSk,,(P)e“MVds.gi; Skv(ml.(M,P)dvam

. . & T . Y

because §"vmsk'“”dsw“* o« Similar equations were

P ¢ L .
developed by D. Hilbert (12) in eonnectlion wilth his
proof of Kirchhoff's law,
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