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Introductory remarks 
Introduction: tasks and types of multiscale 
computation (Brandt) 
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Multiscale decomposition of forces and fast 

force summation (Brandt) 
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Elements of linear multigrid for PDEs (Stueben) 
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-Gomathi Ramachandran:  Buckling transitions in 
superhelical DNA: dependence on the elastic 
constants and DNA size 
-Bimalendu Mishra:  Error analysis in Langevin dynamics 
simulations 

-Margaret Mandziuk:  Resonance in the dynamics of 
chemical systems 
-Eric Barth:  LIN and a family of related methods for 
molecular dynamics simulation 

-Hongmei Jian:  Computer simulation of DNA using a 
discrete worm-like chain model 
-Gerd Winter:  BEMOLPA project 

19:30 Mini-vans depart for dinner at Pearl of the Sea 
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Multigrid Monte-Carlo and stochastic coarsening 

(Brandt; Mack?) 
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Global and discrete-state optimization: multiscale 

annealing  (Brandt) 
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Full multigrid and nonlinear multigrid  (Stueben) 
Eric Barth and Margaret Mandziuk: Molecular dynamics 
simulation at large timesteps 
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Bob Skeel: Efficient use of fast electrostatics in 
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16:30 - 17:00   Chris Lambert: Efficient dense Hessian computation in 
molecular minimization 
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17:30 - 18:00   Dexuan Xie: A remark on algebraic multigrid analysis 
19:00 Dinner in town at one's choice 
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Thursday, October 12th 

8:45 -  9:00 Coffee 
9:00 - 10:00 Algebraic multigrid  (Stueben, Ruge) 

10:00 - 10:30 Coffee 
10:30 - 12:00 Multiscale methods in molecular dynamics (Bai, Brandt) 
12:00 - 14:00 Discussion on future directions; box lunch 
16:00 Bus departs for dinner in Yaffo, and evening at Tel Aviv 

seaside promenade 
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A. Brandt 

Introduction: Task and Types 
of Multiscale Computation 
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Elements of linear multigrid (MG) 

for solving elliptic PDEs 

Klaus Stuben 

GMD/SCAI 
Schloß Birlinghoven 

D-53757 St. Augustin 
Germany 
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Vd;0-:^:^;t'v ^General remarks; v^^fi-\*\..f -: ;■_, . 
,;:;-:gyj:-v:.; •>■:■:;-:!;::. -:V* •-■J'AJ^i.te^r'.vv.vv'-l't&i^av-'iVv,^ ■■•■,-,■■ v.,--, ■■■■ •■..- v- ^ 

What is multigrid NOT? 
A particular solver 

What IS multigrid? 
A general strategy for constructing solvers 

This strategy exploits the fact that a problem 
can be approximated on different scales of 

resolution ("grids", "levels"). 

■ ■■:..:'%■.■ General: idea;.^ ;•)./.•'' 

Compute only those "parts" of a^ solution oh a fine 
fine "grid" which REQUIRE; a^ fine resolution. 

Compute other "parts" on coarser "grids"!" 

Features of multigrid 
(1) Provides "optimal" methods (i.e.: O(N)) 
(2) General applicability 
(3) Involves only "local processes" 

(Parallel computer architectures!) 

MGl-2 
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Giässicäi methods 
•'*"•'''*•••'■ »>' - •■ - •' ■••■ -- ■■■- 

Gauß-Elimination 
Gauß-Seidel 
SOR 
ADI 
Buneman 

increasing   increasing 
efficiency    generality 

1 
Poisson equation: 
symmetric differencing (2nd order) 
unit square:   h=l/n 
# unknowns: N = n 

Solution up to discretization error   8 = 0(h  ) 

method # operations time, h=l/256 

Gauss-Elimin. 

SOR 

ADI 

0(N2) 

0(N3/2)log£ 

0(NlogN)log£ 

approx. 1 day 

approx. 30 min 

4 min 

Buneman 0(N logN) 15.5 sec 

MG (iterative) 

MG (FMG) 

O(N) log£ 

O(N) 

18.5 sec 

7.6 sec 

log£=0(logN) 
MGl-3 
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^SSMthJZa^^Q£MG applicability; ^;;^ ■~    ".. \.v ,J 

.-, ->?' ^ -^"General domains^^ v ., :,;, 
".. S' General.boündary: conditions; ;:' 
vv..''V* -^Variable coefficients'^ '•■ C'^' 
'. ^•vLineW/^nÖn4ineärprobleins '•:   ' 
Scalar problems / systems of PDEs 
Smgülar//neari 

^;; j^|: •:; Eigenvalue problems';^|;.^;,'-p 

Local refinements 
Local coordinates 

Finite differences 
Finite volume's ."• 
Finite elements . 

However, .... 
the development of concrete multigrid methods 

for complex problems may be non-trivial: 

MGl-4 
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Historical development 

3000 A 

1000 

::;
:; 300 

100 

.   30 

io; 

3 

1965 

# publications , 

1970       1975 1980 1985 1990 

Fedofenko 
BäcKvälöv 

^?.;,T.i-''-t?'ff?#'.'ViH?|y 

I:--.-..... 

Hackb.uscr 

vHemker^??^.; 
*Tameson;p*:^ 

fS.tüb:ei«rÄ 
.^Trottenberg: 
\vVess~1  
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-:;fpThe .three:bäsiG:principles of multigrid;- 

Relaxation 
Coarse-grid correction 

Nested iteration 

wonelofttEeseJpmn^ 
raltefTicient^ 

First step: 

! Multigrid iteration ("cycling") 

Relaxation + Coarse-grid correction 

Second step: 

Full multigrid (FMG) 

Multigrid cycling + Nested iteration 

MG2-4 
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Relaxation as ä solver 

Basic principle: 

Given:   A X = b       Splitting:   A = A 1 + A 2 

One iteration step   x _:>. x  : 

Ax x + A2 x = b 

1 -1 
x = -Ai A2 x + Aa b 

p (-Ai1A2) = asympt. conv. factor   (spectral radius) 

fe'  •      Typical PDE situation 

A = 

Jacobi relaxation: 
Ax =D, A2 = L + U 

Gauss-Seidel relaxation: 
A-, =D + L,   A2 = U 

p =l-0(h2)       h - dependent! 

MG3-1 
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'>': ■'-!•■.**/■ >"'''''■'■ '',': 1'-' -  , >n,as a^smoot   

1 

r 1    4 •\ \. 
ff 

V 

\ V 1 

Poisson equation 

-1 
14-1 

"1     Jh 

Uh = fh 

Pointwise Gauss-Seidelrelaxation 
For all grid points do 

h        i  r,2,h          h             h               h h-i 
u      = —     hrf. .   +  u. n . +  u.   - .  +  u. . - +  u7.   ^ 1 

M       4 L        i/J          i-l,)         i+l,J         i,J-l i,J+lJ 

Effect on error    vh= Uh- uh 

v. 
!/J 

1  r-   h h 
—     v. - . + v 
4 L   i-l/J 

h h     -, 
,    +   V. . „    +   V. .    - 

1/J+l J 
.   - .   +   v. . - 
i+l,j i,j-l 

M—^ averaging process 

The error gets smooth very quickly! 

MG3-2 
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!". Influence^ (pointw^ise),GaussrSeideL; 

Poisson equation, uniform grid 

Error of initial guess Error after 5 relaxations 

Error after 10 relaxations        Error after 15 relaxations 

MG3-3 
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??rS^OQffimg;änälysis: Fourie^decömpqsition 

Fourier decomposition of error (ID) 

low frequencies 
(wavelength > 4h). 

error 

high frequencies 
(wavelength <i4h) 

High frequency reduction factor per sweep 
("Smoothing factor" |i ) 

Independent of h! 

Analysis by (local) Fourier analysis 
Poisson equation:     GS: JX =0.5,   RB: Jl=0.25 

Efficient smoothers exist for all "sufficiently elliptic" 
PDEs (or systems of PDEs) 

Typical reduction: 1 order of magnitude in 2-4 sweeps 

MG3-4 
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!;/ , ;; "     ;; Hierarchy; of discretizatiQns_ 

fine grid:   £1 coarser grid:  Q. H 

L U   — f ::  • difference equations on, £2, 

H    H     'H ■;" .y;'-;..- ".■■^"■'-:1--•:::•:■■'-i  ; .   , 
L U   - I ;H   difference equations on:.£2H 

Standard coarsening (H=2h): 

J2h 

MG2-2 
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\ ^Datatfra 

fine grid:   Q., coarser grid: Q^ 

liH: 
s h. 

H 

transfer from.: ^h  to QR:    r^^r^ction 

transfer from / Q. H to ^ h : / prolongation 

Standard coarsening (H=2h): 

WW Restriction: 
("full weighting") 

2h 
16 

12 1 
2 4 2 
12   1 

Prolongation: 
(linear interpolation) 

2h 
J_ 
4 

12   1 
2   4   2 
12   1 

MG2-3 
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Coarse-grid correction 

Given: LhUh =fh    approximate solution: u 

Correction equation: 

Lh yh   = dh     with     dh .= fh _ Lh uh     (=residuai) 

Uh=  uh+ Vh 

Given in addition:   £2H   and L 
H 

Coarse-grid correction: 

d^fk-lM: 

■■-■•.   h   ■■ 

(restriction) 

h.   ::i   h-     h 
u   -<«—   VL ■•'+. v 

.  h    :  Th A7-H v    := 1   V 
••v;s> .H: •■•■:.■• 

(prolongation) 

Solve:: :tL%y?idH- 

This process, applied iteratively, 
CANNOT converge! 

H   h     „ I    d    = 0 
n 

no correction! 

MG4-1 
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'Cpatsergrid aliasing of Foxier components 

Assume: Fourier decomposition of error 

Fourier frequencies (ID); 

low frequencies. 
(wavelength ■'..>. 4hj. ■ v 

Visible on coarse grid! 

,, high frequencies 
; ^(wavelength < 4h)'. 

Invisible on coarse grid! 

-•—•- 

High frequency Fourier components 
CANNOT be corrected by coarse grid! 

However: 

§low,mqü*ehmes$3ir&dpmm^ 

MG4-2 
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The (iterative) two-grid cycle 

relaxation + coarse-grid correction 

/ \ 
reduces high frequency reduces low frequency 

error components error components 

V1: -pre-smoothing V •  post-smoothing 

; JW < 

d??ÄRd^. 

(restriction) 

■ v    := I   y.v : 
H 

^•- (prolongation.) 

Solvej    tf ^Bydg*;)'. 

Convergence independent of h! 

yv v2 small (typically 1 or 2) 

Rough convergence prediction: smoothing factor 

Analysis by (local) Fourier analysis 

However: Two-grid method is not yet efficient! 

MG4-3 
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Typical mültigrid,cycles 

Notation: 

/^\    v   smoothing steps ^   restriction 

solve grid equation ^    prolongation 

Two-grid cycle ;;:-..  ;; y-cycle 

Q.r 

a 

wmd>r^m 
: fn de/.; 

r-* 

a,   © 
"3 

a. 
a. 

© ifl 

W-cycle 

© ©        © © 

Notation:    V( vv V2) " cycle,   W( vx, V2) - 
cycle 

Compromise:  F-cycle 

Y^<Z 

MG4-4 
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Work count 

%4/7:=l relaxation sweep on finest grid 

v=v1+v2 

0-:y-cycie';.'0. 

standard coarsening 

w 

v = 3: 

| 0 "W-cycie'"0 

2D 3D 

••;•• vte'. \^y.t^:::'-/ 

r   vW/4:v 
.; v,     -'-*     ■!■''^ '. 

;:V>^716.; •■ v 14^/64 

4/3  y W ■•.■•'■ : 8/7 .vW 

4'W 3.5 W 

vÄ;' •■Iy¥. 

vW/2 .yW/4 

vW/4 vW/16 

v = 3: 

2 vW' .4/3 vW 

4 W 

Solution up to discretization error   8 
0(N)loge = 0(N)logN 

MG5-1 
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TStäriälrd. MG for Poisspn-s equation 

Poisson equation 

-1. 
14-1 

-1     J 
Uh = fh 

standard (h) 

L2h 

standard (21i) 

Relaxation: GSr 

.......... •'-■—:,•. 

y. 

I 2h ;: 

full weighting 

■2h 
linear interpolation 

Convergence factors (h=l/128, 7 grid levels) 

1 '  2 y W-cycle V-cycle 

1/0 
1,1 
2,1 

0.500 
0.250 
0.125 

0.395 
0.190 
0.117 

0.400 
0.190 
0.120 

MG5-2 
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rZretizatio» MG straightforward if "sufficiently elliptic" 

Relaxation        Gauss-Seidel type (point-, line-, blockwise); 
Relaxation        ^^.^ and distributive relaxations; 

ILU-iterations 

Coarsening       Standard coarsening (h,2h,4h,...), 
Ämtern Semi- or adaptive coarsening; 

g Multi-coarsening; Variational coarsening 

Coars^fd       Analogous on all grids^ 

operators      Galerkin operators:   L   - Ih H 

P,.o!o^«o„    ^r;^:^;n (e.g. discrete eqns.) 

Restriction        Local averaging (e.g. full weighting); 
Transpose of prolongation, 

"Adaptive" weighting 

Cycle-Tyy> 

Vi'  V2 

V-, F-, W-cycle;   "Adaptive" cycles 

Typically 1 or 2, usually vx > V2; 

dynamically chosen 

MG5-3 
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Optimized Mglf of Fois;son;s egii on 

CS-relaxatinn + straight ini ection 

l2h
= JL 

h      16 

[12   l" 1 
;oo o" 

2  4   2 1   ^ * 

0  16  0 

1   2   1_ 0   0   0 

Convergence factors 

\.*\ 

1,0 

2,1 

^ 

0.500 
0.250 
0.125 

W-cycle 

0.440- 
0.197: 
0.088 

V-cycle 

div 
0.199 
0.089 

Residuals do not 
change much locally 

RB-r el axatipn +. half inj e. ction 

i2h = 
h 16 

[11 2 ffl] i ■ta^ian 
2 gl 2 7    16 2  p  2 

La a a. A LEI 2 SO 
lit1] 

Convergence factors 

VV2 
1,0 

1,1 
2,1 

^ 

0.250 
0.063 
0.016 

W-cycle 

0.487 
0.118 
0.034 

V-cycle 

0.809 
0.173 
0.059 

Residuals vanish: 
at black points 

Residuals do not 
change much locally 
at the red -points 

MG5-4 
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Vari&iiotfvc^ 
m-- 

^ . ;_■-;:;■■ '-"■;-rV-?::-v"v^;.- 

S'y^^efk-.-c     Ccnsev-l/Ati'l/f Full ' u/c.yLt; H<J        ._. 
' r| '.         . , ,■.•-.'•"'•*,-•-,".**'•.*':••.'.'•."•'•*. - * i 

^■^ifnfTjswrj.r*:tr.zr:'T.rrz.*^Trt^:'i." .. .^..^^^f^*^;««^^ 

t.0 



Variational coarsening 

h j   Th 
Given: L , £lhr 0H  and IH 

H        ,ThJ i   T
H

        THhTh 
Define:       -l" '•= (1^)      and L   := Ih L IH 

Galerkin operator 

h . v     H 

L    symmetric      —«f  L    symmetric 

L    pos. definite  —►  L    pos. definite 

■■ Variatibrtal principle (L :pos. definite) 

V
1T
 := U^- uh. error before' coarse-grid correction 

vh :'= Ü v-.'■ uh   error after coarse-grid correction 

energy norm      ^ :'= ränge ( I   ) 

Remarks: 

Applicable to non-PDE problems 

Only applicable for linear problems 

The computation of   L    is relatively expensive 

Origin: finite elements 

MG5-5 
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• -f ^;;;Prbpfpf:;.theivar 

<u h wh >   := (Lhuh, wh) energy inner product 
' h 

% := ranged^),    ^± := orthogonal complement 

Two-level 
correction operator: 

Kh=Ih-l£(LH)XLh 

Properties: 
K   is symmetric w.r.t.   < .,. > 

v 

Khvh=0 

K
hvh =vh 

thogonal projector onto   % 

Ih- Kh   is orthogonal projector onto   % 
is or 

vh = ||Khvh 

= ||vh.(I
h.Kh)vh|| 

=    min II vh +  5h 

5h^ 

MG5-6 

(^ 



?Mo del pr öbl^ä^^^^^^ -^.: -.' ■' 

The performance of a concrete multigrid method is 

not sensitive to modifications in the problem, unless 
its "nature" changes essentially. 

Some typical model problems 

Poisson equation ""xx'^Vy 

Anisotropie equations -8uxx-Uyy 

0 < £«!   or   8»1 

Discontinuous coefficients - (aux)x - (buy)y = f 

Singular perturbations - 8 Au + aux+buy = f 

0 < 8 « i 

Indefinite problems -Au-cu=f 
Nearly-singular problems c > 0 
Eigenvalue problems 

Higher order equations A Au = f 

MGG3-1 
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ö!!SI£S5;- 

etWU    =f(x,y) 'xx   ~yy 

hz 
-£    2(1+8)    -8 

-1 
h 

Gauss-Seidel relaxation 

For all grid points do 

h 
u. . = 

1J       2(1+8) 
[h2fh, + 8uh h 

ij i-lj + eui+lj+uij-l+UiJ+U 

Smoothing analysis  (standard coarsening): 

p. —► 1      if     8—► 0    or    8—► oo 

Behavior of error   vh= Uh- uh  during relaxation: 

1       r     h h h 
Vij       2(1+8) [£Vi-lJ + 8Vi+lj 

h h 
+ v. . ., + v. .  - 

1J-1    1J+1J 

MGG3-2 
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Influence of (pointwise) Gauss-Seidel 
relaxation on the error 

!'C{   uniform mesh •  "   • 

Error of initial guess Error after 5 relaxations 

Error after 10 relaxations        Error after 15 relaxations 

AiriMj"l*3 
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Remedy I: Semi-coars erring 

Use Gauss-Seidel (pointwise) relaxation BUT 

For example:   0 < £ << 1 

:   y-line% 
coarsening 

-1 " 

■£    2(l+£)    -£ 

-1 
4h^ 

-1 

-48    2(1+4 £)   -4£ 

-1 

The anisotropy gets weaker on coarser grids! 

What to do for arbitrarily varying   £ = £ (x,y) ? 

Adaptive coarsening 
Technically rather complicated (cf. AMG) 

"Multiple" coarsening 
Use more than one coarse grid on the same level, 
and combine the corresponding corrections properly. 

MGG3-4 
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Use standard coarsening BUT 

If   0 < 8 « 1:     Gauss-Seidel y-line relaxation 

If      8 » 1:        Gauss-Seidel x-line relaxation 

What to do for arbitrarily varying   8 = 8 (x,y) ? 

Alternating line relaxation 

One step of x-line relaxation followed by one 
one step of y-line relaxation. 

MGG3-5 
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Influence of Gauss-Seidel y-line relaxation 
on the error 

uniform mesh 

Error of initial guess Error after 5 relaxations 

8r 
Mj-LLLliH^ljJl'rhJ Cni 11 TtrMJSTiirHJ' 

ßMtßmm 

Error after 10 relaxations        Error after 15 relaxations 

Anieol-6- 
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A. Brandt 

Multigrid Monte-Carlo and 
Stochastic Coarsening 

if 



OBJECTIVES MS 
ner9^  minimization 
e    Near-minimum si-art 

•    Far start 

e    Homooenizai'fon 

Equilibrium slcrtis+ics 
o     0(r\)  per sample 

e    0(\)  per sample 

Y .  .. Homoqenization • f 

Dunamics 

Veru   larae   AT 

©    Larqe   Ax 

4=^ 

MG, A MS 

ms annealing 

Monte- 
Carlo 

MG-./1MG- 

ms armealinQ 

SiocViasfic  dynamics 
ms    Monfe-Carlo al each "time siep 

^0 



sV'tzM^I 
-? -fiU-L 

-ih 

r®— 0.''—(h- 
M 

E(U) = mm E(u) 
h 

0 = = 4t   2.     a;:  (ui-u;)-fL 
a=U h2 <Tc> ~tJ 

¥ ^ 

E(U) = min E(u) 

E(u.)=JJ[f (uJtu^)-fa]Jx^ 

'9-1 



PLsical    dis+ribulion 

2 -2- e     ■ 

Observables 

M'U)~£uL >   M(uf 

U. 

How    to   compute    . 

?* 



Monte- ÖcL\r\o        /    _ 
Nu     I i     • ^C 

Markov   chains 

ufo\ u(0
;-..;  a

(n)
;... 

= lPN(^)P:,fa->u) 

f^ (u)   afven (e.Qv random) 

Detai Lea   balance C D B) 

VliU^    =    PeM     or    ^_ 

Lim     Ph(u) =   PE (u) Va ^"    Um 
n—»so 

<M> =   lim    4r  51   M(uW) 
k-*oo      k       riaf 

93 



Metropolis 

current    U       <—>     one cai^di cAa.be.    u 

rz^> Deböiilecl   balance 

poiVt -loyboiVib   Metv^ poll's 

extremeU   slouy   "to  pv^ocJuc^    cc   i^eu/ 

?H 



A. Simple Energy  Basins     realm 

"Stow "to equilibrate h      ^ 
and  be sampled:       1|-| V* 

Coarse Monte-Carlo       rh/^h T*\-H\ 
Hamiltonian:       t   (U +iHV   J 

a EH(VTH) 

huliigrid cycle : 
on 1 . Monte-Carlo passes 

each 2. T cycles on coarser 

level :        3. Monte-Carlo passes 

Near  eauilib ration   and decorrelation 

in one cycle (T -1) . 

Small work on coarser grids ft ^if + T"1'**') 

!-■$ 



TM 

K 

IfoU 

y« 2 
n 

1^ 

?<P 



ovt coarser   levels 

4 
1.  L<kr<$e-SCo\e   statistics* 

accumulated    ov\   °coairSe\r   [fii/els 

2.,   Vast   CLOV^CUKS: 
O'AU   OIA course IT  Uv/cls . 

bu   domaviA   replrc^t C'DIA. 

i • 

3.   Macroscopi'c   cUjwawucs : 

cUe^ph/    directly 

?* 



tfavmltcmicm. Sivwplifi'catioa 

H 

4.    ApWorr lottery 
Detefe   A   Cv\ probability     P^u^e       T 

Freeze   A-   ^    pro.babclTbM     {- ?A ftX) 

Loco.1. 

allows  coairse CUIAO^VVMCS, 

Fr^eiiiAOj   sUouM    corr-espovil   to    If/ 

a.    ^posteriori   lottery 

accept C^-^^V   -   f ß*(a)-A(u'; 

Global       cCwx/ei/ueiAC 

Requires   Small A£u)   &^ Swookn     W-U. 

ProV\\ bibs   co<x\rse.   eUjiAavvu'cs; 

^ 



£>. Ising Spins w-t - +1 

<«,J> 

o £o<xrse woves   =    block  -flips . 

o $kav\ck<xrcK blocks are  ivooprobcxUe - 

©Slocks   shouU   have   uniform   sigv\. 

© 6<xsmo. blocks   ov\ axrre^   w. _ 
disrupts    statistical A^UIi'v^ 

?fo,-»(ju) P^Ö        /detail«*     baUvace). 

Stochastic coarsenin<j 

o   Delete     V.-fa)  -"•Jcj^cui        fro^   E A, 
  -Vf.fä)/" 

Lv\  probab\li fcy     p- = <j[ •• e~ "J    '" 

Fr^ee^e    Vcf    (blocW c WttU j)   Lf  Undeleted . 

EE^   ciefcculed   balance.        /VWv»Jse*- V/*v.^ J 

?<5 



Process   all  m-teracfcioNS* 

Alsoi-b-etweev\ blocks. 

£"xcepb  betv/een  ary 
two ^coarje spi^s". 

►   hoarse Hawiltom'afl      E   = -Z-Jij^u, 

+■ "tnclepevac^.eb.b  blocks" , 

* *      * •   . x      f 

*     *     * •      *     * 

1       ,      •      .• »      ♦ 

x     • ■ x     •—*—»■ 

Repeat: 

h 

Havmlto.vuav\s     E^E,  £y  E, ••• 

On yneshsizes      ly  Xj  4 >   $/   "' 

+ accuwuUtiWlist of wdepettclewfcs 

-c^le      (V, W,   ...) 

Multi-sca\e   lslav\<A' clyttawncs. 

Fast    S'^W^plvv^cJ &ut    vuo   C\nde-pe.V)Aevce 

of coarse  sawplm^s . 

&> 



Detailed 'balance, 

E(u) -. -VO) + E» 

Pro«oÄloil;fctj   of  JUletmq    V    given   a : 

P KX) - <i' eWfi)/T    - ä""^^f03 

If   V(u)^vfu): 

PE(Cy 

If v(£) - VM : fv (a) -- p„(u) - f 
PpX-»u)     =    p p£,ftX->u) -e /i-^)P£(u-^u) 

p (u -» vX) jp f>£, (u -» u-) + (i - p) 1>£. (u-* u) 

-   J_£ 
'Pe'(K) 1>6(a) 
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GRID 

< 

«fine 
lei/el 

course - 

JL-Spto  (SV/) 

coarj€ m'nq 

e\/e| 

3-Spirt (^-.i^) 
coarse K\('*ig 

4*4 \a,£ .±   1.8 ±     .7 

? X  8 M\.£t £   "7.X ±  1.5" 

16 X 16 l?>3.5" + 3.9.6 +   4.0 

52. K 32 470.2. i   8\-6 ±   10.6 

ary   st't*s treated 
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Stochoslic  Dynamics 

ßj: iime in :      posi+ion   vecdor  Xn 

/«locif^   vector   V 
potential energy  E(x   )  . 

Deterministic   implicit iime  S^iep : 

=>    x"*'   minimizes   Hh (Xn   ) 

Stochastic time  step "• 

r--£r 

&H 



Results of -the  stochastic, step •• 

o     <pMI> = -VE(xn") 

• <(P2+,)2>-<P:>2 -™jß 

o 

Local   components,  w/rn 

oscillaiior)   period ^  01 

are  -fallu  thermal»zed: 

Larpe,   scale  components, w/ih 

oscillation   period    5?  &t 

satisfy   Wewron  law. 

Easier.   wauJtisealm 3- 
StocUastic   Hc\wivLtoia(dL^   SCmpli ficdtiow 

%s 



STOCHASTIC 
HAMILTONIAN 
SIMPLIFICATION 

, tikzh   , 
confi duration 

H0 - Original   HamiHroniah 

obtained   Worn "fine yncl   => complicaTed 

Hs= Simplified    Hamittonian 

FAS:   onoinal -form + pplinomial "terms 

H0-Hs 
cuire u t 

ßc^[ance:      P ffreeze Hs-Ho)  = 1-P(H0-HS) 

■Simpler •.       approximate   detailed   balance 

lb 



Statistical   average  of 
CLV\   mf/nifce sysfcew :    tf-*oo 

Calculation to accuracy £ cr 

Lar^e   N - |/L pci^ts 

X     yi%    Mov\be~£a\rlo   sWe^ps 
to  prociuc<  a savnpk 

X    0£~9     samples 

X     Calculation   of   £lo<j det $ 

= 0fra+*e-) ft-] 

MG calculation   iV   0(£~*) 

s? 



gk&£isUceil   Fields 

froUb.'L'UCu) r^      £ 
-ff* cr- W M/-r 

Moni& Ccxrjo:     particle -bj|-parfcrc(€ 

(or pomt -fc>{j -point]    5iVv\u.1 CX-CIOIA 

SloV/   large-scale   Sawpli'iAg: 

1. S*vmll   cW^g-e.9   per-  su/eep 

2. Few    sowples    Per  cotttVguiratibi/i 

ultigrid  Mo»te Carlo*. 

i.   Moves'   on   all  scales 

4.   MucU   sawpdvicj   on coarre   (ei/els 

C.gv   ^lussi-a^ ^ode\   o*     Lx-xL=L     lattice: 

0(i)    instead   of   0(LA + Ä)     öKratio^s p^r 5ampl6 

—^> Homogenination 



A. Brandt 

Global and Discrete-State Optimization: 
Multiscale Annealing 

^s 



False <xllra*cl\ov\   basics 

Farti'cte   b«j   parbi'cU    Wi'myvu zation 

trapped    m    local   aUractioio    basins* 

Simulated, ar.nealmcj P(W ~£ 
nr-> o 

tapped    in    large-ScJe   attraction • basics 

Mulbi" Level   ameaung 

Collective   moves^     at all  scales 

converges     (Vast^   i*  probability). 

©   A   Larae-scale'  Wovs   is decided   omjj  after 

optiKV»("zimci   arc?urvd   it at  all   finer scales. 

&   Fast   annealt'i^a   oJ:   ecxcU   level . 

#   ßecowbmatfotts   at  each   level. 

50 



öpt IV tiwu'zatiow,     >«.-*. EM 

a Fast COViverc^evace. near   optiw urn 

o G-lobat optimisation 

Escape false, attraction basins 

vr\U Iti-scaU attraction  bcxsms 

Si 



StocV\<xsbt'c 

Opbt'v*izatioiri mint wiza 11 o IA) 

Large basics     ^=^ \<xr<\e. -scale 
spatial   features 

Larg^.  scale c.Uawge'S 
dzciAeck   (sfcocV^asbicalU) 

Cö*1*A    after 

aptirwizi'ng   a^oavnc?  them 

at al\   finer  scales 

tecu.r^sioia 

<3^ 
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PC*) -1- e. 
sM / T 

EH  -  Z(u^ui)a -2^ 
^,j> 

11 it 

U(,:     fi = o Ui »Uj 

>,   :     Isinq spins    U-c - ±1 

IsUwds   within   islands 

üier-ar^M of  basins 

0A/ O3, — Spins :    "«^ors M** 

Si 



Mgv>v) Local Mi^^ek *) 

$p{«  glasses ^ -4,  &c 

<tjJ> 

ftelo^CfttiOÄ       point-bg-poiv\V   miviivm^bioK: 

FUppinc)   <K spiva   if tV^e. energy decreases 

ftrfcificial temperature   ^   PlS^S 
Pofwb-bM-poirtt 5bocUasbic   reWxftti&M 

gr 



T^ino     Model 

E(S)* -lS:Sj 

. Ground - State   :       S; = 1 

4 
1 
1 

1 

H 
L-l 

H 

i 
I 
x 

1 
t 

VCSEH mm 

9^ 



i 
A 
/I 

'tlftin* 

-£-£ 

1 
l 

£ 
+ -H 

£ 

£ 

1 
£ 

+ 

• "tklck" 
A 

7 

£ 

•5xie.rhal     Magnetic   Fei/d    :   H<0 
• &rour\d- State,   remain^ '     :   Si = d. 

5* 



Block - by-block   Relaxation 

S 5 

E(s) <  E(S') 

^  Local   opt'/mi zafi on   around  S 

Working   /Irea : 

1 

1 

! 
L_*—. i + 

• 

\ + ■ 

• 
1 
1 — t    1 

I 
I • 

t    \ 

1 

1 
1 

1 
1 

1 

Block  revision process —> revised   block 

2^ 



PRINCIPLES of DISCfiE-re-STflTS 

4. Hferav-cUw   of   ckawje scales 

2. Larqe~ scale change ^s AedAed  owk after 

CalcuUtiiAq ,-£bs" effects  '{opfciWzcW around 

it)   at all   finer scales,   starting   firom 

ike -PiKie^t . 

3. fit eack Scale employ stochasfcicifcv just 

large e.v\ouqU fco -ssc^pe local vtfi'rtijWci on 

tKat   ScaU,    then   stWci*  wu'w' wiZa.fci'0l/l. 

A.  Rep>ea_t    (fcU* fi'wer-fcl^ woi^y   With   i-CC 

5. Recur-sCow 

a.y-v-e>.cb»o^. basons 

3-5 



SuppkmervUru  Minimization Technique! 

4. Lofjes-t: Common Configuration  - LCC 

ground 

♦ between tne. revised 

and un rev fsed   block 
* ax repeating a-hy  level 

• within -tke revised 
block  relaxation 

2. Lower   siarti'na     ß 

a increases the probability  of breaking   long  blocks 

3.. naap-bi've reWa-t/on 

» Saves   work 

» ^elaxat.bn   maj  expand   beyond ordinal   work areas 

o naif-size of -the-  blocks 

5«   Nfe^/   tu pe   öf blocks  :    k^oh&n  Jo\j   iveak   ton Js 

/o<o 



EXAMPLE:   f\ complete mul+ilevel  cycle 

level 

firiesr 
scale. 

0 

2*2 / 

**4 2 

8xg 3 
CCC£T 

<*     flipping   a   square of svhs 

o     sfoshasf/c   relaxation 
a     m/n/m/zaxion relaxation 

I* 

2 

2 
— • 

"""F 
"~!   ! 

—■  I 

-- 
■ 

_J__ IjT" T 

4 i         i 

1 
4 

...   J    • 8 

? 

Complexity:    0(|\J3/2) 5   never exceeds  0(N2) 

/of 



Üf** 

I 

tumping X v\e\$\bor\ 
■■Jes.bimttons, origins,... 

blocks^   super-blocks 

Coarse costs 
= ^ine vnarginals 

FMG-""lifee   solver 

o+ ^.ODl") 

Rck of   reUx-i^       /iw.vAy] 

'b> 



/AULT|-LEVEL  OPTlWZ./mOlV T£c(WlQUeS 

£ <7 * (ox. \C v\ S    +   Op fc i' yvi {-z. a t i 0 v\ /■ 

4-FM6-   :      Parameter- optivmzatfow  ov\ cows*. 

Local   opti»nc2Ä.t-rü^'  at" relaxation 

TvitcractiVe  ^(esi'grts     'Re-sol^c'nq  HOOSKM   on coarse 

Optima! 
t- I 

(SuaelircitiC   function a. I        (_-=^  liKea.\r-   £QUaK*oy>.s] 

Co*/\s brained tfuadrait'c •. FAS uc>.* 

Mov\ <juadiralic   (fe«v ex^ewta):     Ffl£ 

D\'scr«te    states     U..r±{i av-v, ».liv. • 
j 

L rue ay*   pirogtravnvmn q    -t\r6.^siocr-^vt,oiA  p^cbleiAA 

/o3 
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Full multigrid (FMG) 
and 

nonlinear multigrid 

Klaus Stuben 

GMD/SCAI 
Schloß Birlinghoven 
D-53757 St. Augustin 

Germany 

MGGl-l 

0 S 



Problems with iterative methods: 

First guess?     Stopping criterion? 

-'Use •coarfe-OTid^ppröidmatiorö :.>- 

S§Htsloppmg^ 

MllÄlil?liiÄHl (*) 
approximation error   _ discretization error 

(of current approximation) 

Generally, it makes no sense to iterate the 
algebraic error such that 

Uh-uh «   ||u-uJ 

algebraic error    discretization error 

FMG is, formally, just a combination of 
MG cycling   +  nested iteration 

However,.... 
£:'■■$*' '>'**-V-'V-'"-'' :"'- 

Since' cvclel^nvergence is Kriridepeii^nt: 

MGGl-2 

10^ 



';; Full jmultignd algorithm 

Sequence of m increasingly finer grids 

Q , Q ,..», Q.   (=£2,) 1       2 in h 

For k=l,2,...,m do 

If k=l then 

S( 
else 

Solve   LkUk=fk 

k     Trk      k-1 
k-1 

u TV/T/-^/   k  Tk rk^ MG   (u  . L ,i   ). 

endif 
enddo 

rk Hf 1: denotes higher 
order interpolation 
(FMG interpolation). 

K>0: denotes the 
number of MG-cycles 
to be performed. 

a 
a 

■^f1-:   FMG interpolation 

& 
yi)    CV2. 

■y?:\* 
<^: 

® M M 

stands for, K  cycles 

Order of the FMG interpolation: 
at least p (= order of discretization) 

Standard coarsening, 2nd order discretizations: 
cubic interpolation 

MGGl-3 
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v;--,^;;^ 

; p   :=   MG-cycle convergence" factor 

I discretizätiori error ^.^ current approximation error : 

Goal:        ek~Ek 

Assumption:   Ek~   r Ekl 

Roughly: 

For each k, the finalapproximation u    is accurate up to 
the level of the discretization error, i.e.   e   ~. E •,   if 

■■■ ,•• .,•.:. .■•;.-. ■; -. ■ .■■■■:■■■:,■. ........■' k   ..     k 

. ■ ".V %[';:-j:^rK- p^< r   -■^:;:.......£:::::i::.£:.  

:ei = Eii ;e2~rEi~E2i ^.r.l^.r.h : e . ~ E 
4 4: 

• f»   ~ "F  ".    •      ; p   ~ E  • :.   2~    1:   :     •.  3"    2: 

ay-,®®"       ©   © <S£ ® 

stands for K  cycles 

MGGl-4 



,:; 'Work^bimgm;2D 

Wcycie := work per cycle on finest level 

■ MMG^ ^WcydeXV V4 + 1/16>, J = 4/3  K ^   ^     , 

FMGistrue O(N) method 

Poisson equation: 
V(2,l)-cycle,   p ~ 0.1, r = 0.25   —f   K=1 

WFMG     ~ ^ Wcycie ~ 7 relax on finest Srid 

Solving Poisson-like problems with FMG 
costs approximately the equivalent of 

7 relaxations on the finest grid! 

lÄlltlÖ^ 
k    k      k 

L   U  = f     should "make sense" on the coarser grids 

Otherwise, start FMG on a higher level or 
use "averaged equations" on the lower levels. 

MGGl-5 
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M.wi vV'i''^"Nonlinear muiti||i^FAS).^.//: J .f •       . 

Nonlinear  LhUh=fh, approximate solution:   u1 

Lh V-h= d     makes no sense any more 

■- :'■*-:/''£. 1> ■ ■■*+■ "Naive"' ^VYöa^2^^^£^:, .■'^' 

Global linearization      , linear MG ' 
:,v (outer, iteration) •■      . :,'' (inner iteration) 

o  Linearization (e.g. Newton) may be complex 

• The inner + outer iterations have to be matched 

"Direct" approach 

o  No global linearization! 
(Local) linearization only in relaxation 

—► No matching of different iterations required 
—4 Same cycle structure as for linear problems 
—f Sometimes easier to converge 

• Multigrid performance as for linear problems 

• Easy incorporation of "special techniques" 
(adaptive multigrid, % -extrapolation, ) 

MGG2-1 

MO 



'.,\v-/' Noriline^ %£•:*' i 

Instead of L a V   = d 

H *Vh :TK..hv 
I>(Vh+uM;-^ 

;   Uh=  uh+Vh'';;'' 

H 
Approximation w.r.t.   ££JJ and L    ? 

LH(VH
+>uh):-J?dh

+LH<.]Pu h) 
h h n 

J L 

=:UH ==fH 

_».    LHUH=    fH 

H        H     YH  h 1 V    :=U   •-   I  u 
.' ■ .•' .:■:•: v:;:••":•. h:.'":-;V 

o     IH   is a transfer operator which may differ from  I 
h 

o    Note that   UH and fH are   defined above. They are 
NOT the solutions and right hand side, resp., of the 
H-discretized continuous problem! 

MGG2-2 

4« 



,   r -Nonlinear.two-grid cycle , 

Vi  relaxation steps ■'■i:;-Vo'; relaxation steps 

■Only smooth quantitiesf (i.e. errors) must be interpola- 

[ted back to the fine grid!! Do not mterppLate_ U ;.itselfl 

©   Smoothing requires a nonlinear relaxation scheme 

©   Extension to "real MG" as in the linear case 

©   This nonlinear cycle coincides with the linear one 
if the problem is linear 

©   At convergence: 

uh=Uh    and     UH=   IHUh 

h 

v2h 
Standard choice:       I     = straight injection 

n 

At convergence, all coarse-grid solutions are 
identical to the finest-grid solution 

MGG2-3 

V X 



% ■ ■ Jä^ä^&äi^Si!^^^iPle^^' ;-; "i_2i-L '__' 

1   1 
•vjLrL -AU + c(x,y,U) = 0 

Assumption:    cu(x,y,U) >  0 

Nonlinear Gauss-Seidel relaxation 

For all grid points do: compute Uy  such that 

"  _ h       h h h        . h 
4u---ui-lj"Ui+U'UiJ-l"Uij+l 10 

and    u. 

o:  .       _ h , 
+ h ;c(x,y, u. . ) = 0 

ij 

_h 
u. . 
ij 

■"TK ;••„; : Picard linearization (only good if c^y,^ .) "small"): 

c(x,y, u. . ) c(x,y, u.^.) 

Newton linearization: : 

cCxiü^ ) " _*   c(x,y; uj ) + ^^J]]^:^^ 

—*> Same efficiency as Poisson-solver! 

MGG2-4 
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.< • * H>: "• ; FurtKer relMiK^Mv^isa^^tS:^-. '■., 

•y ;••rv 

I h-truncation,error:   ^^ :=fL   U - LU 

i H-triinbaiion error:--!;T w •=$!*...■ -U>;.r'-' LU? 

Coarse-grid equation 

LHUH=    fH  = IHfh + 

TT 

=: i    - (h,H)-relative truncation error 
h 

Under certain assumptions 

h j     ,. H .,    h".     ,      -. 

Applications 

1 -estimation 
H 

For example:    %„z  C
 T,    "■►   T, ~ T,  / (c-1) 

H h h        h 

Stopping criterion:    ||L U   -f|| < || tjJI 

1 -extrapolation 

H c       H 
Th  ^^   c-1 Th     ~   lH 

Adaptive multigrid (MLAT) 

MGG2-5 
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Molecular Dynamics 

at Large Time-Steps 

Eric Barth 

Margaret Mandziuk 

Tamar Schlick 

Guihua Zhang 

Courant Institute of Mathematical Sciences 

Department of Chemistry 

New York University 

and 

Howard Hughes Medical Institute 

4<f 



In molecular dynamics, calculating the 
iV-body forces of interaction 
dominates computational effort. 

v   =     £  kiAl 
bonds 

+ £ fc0AÖ 

angles 

+      X)      fy(l+-cos(n0-+5)) 
dihedrals 

+ Z_> I   p..        06  ~*    ol2 
atom pairs ij \  n-?      ^ij ij . 

• Standard explicit integrators require one force 

evaluation per time-step. 
• Fastest motions necessitate small steps. 

Unfeasible number of force evaluations 
needed to simulate slow motions 
over time intervals of interest. 

M lt> 



Improved efficiency has been sought by: 
• Constraining fast interactions 

SHAKE ••:■. 

reduced variable treatments—Rice & Brunger, Moldyn, ören  Becker 

• Dividing the forces by time scales 

multiple time-step methods—Humphries, Byrne, Watanabe, Karplus 

• Super-stable implicit integration schemes 
LI—Schlick 

• Reference systems for the fast motions. 
LIN and related methods—Zhang & Schlick 

v =   £ kiAl 

bonds 

angles 

dihedrals 

QiQj      °^ij        Pij +      y        I^L__^ + 
atom p a i rs ij \ M3       Kij       Kij 

a=t 



The Equations of Motion 

The Hamiltonian system 

q  =   M  xp 

p   =   -V7(g) 

Langevin Dynamics 

q   —   M   Xp 

p   =   — W(g) - 7£> + r 

Overdamped Langevin Dynamics 

(Brownian Dynamics) 

q   =   M~1p 

0   =   - W(g) - 7p + r 

n% 



Traditional K/lolecular Dynamics 

The Hamiltonian system 

;   q ■ =   M~1p 

p = -vy'(g)' 

Discretization: Velocity Verlet Method 

Pn+1/2    =    Pn--^7V(qn) 

Qn+1    =    Qn + hM^Pn+ife 

Pn+1    =    Pn+l/2~öVVr(^+l) 

Verlet is: 

• Explicit 

• Second order in time 

• Symplectic 

• Time reversible 

The gold standard in MD 

m 



Constrained Dynamics 

The Hamiltonian system with constraints. 

q   = M~1p 

P   = -Vy(g)+^(g)*A 

0   = g(q) 

Discretization: Verlet with SHAKE 

Pn+1/2 

Qn+1 

0 

=   Pn - 2-VV"(gn) + 2^*An 

=   qn + hM~1pn+1j2 

Pn+1    — Pn+l/2 ~ 2VT/((?n+l) + 2^n+ltAn+l 

A typical bond constraint between atoms i and j: 

Torsion dynamics, multibody treatments, and other variable re- 

duction techniques use generalized coordinates which rules out 

Verlet integration 

4^° 



Multiple Time-Step Dynamics 

The split Hamiltonian system. 

q   = ■M~1p 

P   =   -VVfast(g) - Vys|ow(g) 

Discretization: reversible-RESPA 

q-n <10 

vo — 

for i = 0 : k - -i, 

Pi+l/2 
— 

Qi+l 
•— 

Pi+l — 

Pn --7TV^Slow(^) 

Pi- 2VVfast(ft) 

Pi+l/2 ~ 9vvfast(%+l) 

end 

9n+l Qk 

kh- 
Pn+1    =    P/c--TTV1i/slow(^n+l) 

/J.< 



LIN: 

Langevin Dynamics with Taylor series forces 

q   =   M    p 

3   =    [-W(go) - H(q - qo) -••■]- 7P + r P 

Discretization: 

LIN family of methods 
solve! the linearized system over [0,/i]f 

with initial conditions g°ef = qn, P%f — Vn 

gr"ef   =   M_1Pref 

pref   =   - Vy (g0) - #(<Zref ~ 90) ~ TP^ r 

integrate! the residual with timestep h 

(q-'qref)    =   M   Hp-Pref) 

(p-Pref)    =   -VV(g) + VV!(g0) + #faref ~ So) 

-7(P - Pref ) 

IX ^ 



MAC&ONOLECUL** CB10-) pViWUCS 

•*-one-step icWtcjr«ter 
(one evaJuoHon of -|ofces per +£mes+ep) 

*■ relatively  ht^h order 

* -Kme-reversible , simplec+cc 

(aood   lonq-Kme   behavior  J 

jl2> 



* STAB L'E    I MT EGR AT I OK " 

m   bio molecular  d^c\v^ic6 

J N       i     ' H,mtC«l 

Z>E ^ o.oo\-o.ooä 

20      R- ^ KErras 

& 4 o.oi 

-Ty fcule oj- 4Wnb:    Ai-  7z0 
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¥*      SONO   LENGTtt  CONSTRAINTS -   Small   ejfeC*T 

on lona-Kme  cUnamics 

>£    ÄNSLE  CONSTRAINTS-   reduce mbbilv^ 

£PT| - 58 res. 

<A    10 
•\    / V^-'V        V/\ / \.^"N  Vv'V -•'. A: :/ 

K) 20 30 40 
RESIDUE NUMBER 

50 60 

Figure 7. Root^mean-square fluctuations of the dihedrals angles 
4>d over 25 "ps":  (—) NC run;  (—) LC run;  (•••) LAC run. 

^ >wr> <3VT\steren, <£a*plosy   ttacroroolecA/les 15"^ \SZG Cx^zY) 

>lx$ 



10 

. v> 

^   04 

u.   02 
v\ 
2 
t£ 

Ab Confronts (NC) 

Length Constraints (LC) 

Length and Angle Constraints (LAC) 

V V 

a'r"j»*'jl'*-*J ,<«*«.«    «W*jI**A..i 

10 20 30 40 
•RESIDUE  NUMBER 

i t 

iiitnli«i»<«ia«l 
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Figure 3. Root-mean-square fluctuations of Ca atoms over 25 
-ps": (—) NC run;  ( ) LC run; (•••) LAC run. 
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Figure 6.  Bond-angle and dihedral angle autocorrelation and 
spectral density functions:   (—) NC run;   ( ) LC run.   (a) 
Autocorrelation function;   (b) spectral density. 
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TABLE 3: Combined Stitf/Soft, Internal/External, and 
Short/Loog-Range Nonbondcd Force Decomposition. 
Comparison of Energy Conservation and Associated CPU 
Times Spent in the Various Force Routines for Velocity Vcrlct 
(n, = „j = 03 = 1) and r-RESPA Using the Propagator Given 
by eq 38 and eq 43* 

Al 

0.25 
0.50 

1 
1 

"2 

I 
I i 

log(A£) R Tjtmck Tbeod ' lorüoo ' Donbooood 

0.25 
0,50- 

-3.7073 
-3.0123 

0.0022 
0.0087 

30.7 
15.5 

186.0 
93.3 

399.7 
201.2 

10085.9 
., 5073.4 

1.00 
2.00 
3.00 

1.00 
2.00 
0.25 

1 
1 
1 

1 
1 
6 

l 
i 
2 

-2.2388 
-1.0475 
-2.9880 

0.0398 
0.1981 
0.0102 

7.7 
4.2 

31.9 

47.9 
23.6 

189.1 

102.8 
52.5 

407,6,. 

2579.6 
1326.7 

3.00 0.25 2 3 2 -2.9995 0.0102 32.1 92.3 198.7 1062.9 
3.00 0.50 1 3 2 -2.7944 0.0127 15.6 93.6 201.0 1078.2 

log(A£) and R arc given by cq 48 and eg 49. 
= 2.0 A for all r-RESPA cases 

Ar and 4r( arc in 
fcnloscconds. Here r( = 6.0 A and Lr 
considered. T,^*. 7b<»d. Tl<XWB. and r^b,*^ arc the CPU limes in 
seconds spent in the stretch, bend, torsion, and nonbondcd force routines, 
respectively. CPU time spent calculating r-RESPA neighbor lists is 
included in T.^bonded- 

/(«"') 

3 77 3 73 3 U 3 7i 3 76 

- I(X)() «-in   ' 

Flfcurf 6. Detail of spectral density l{"y) of cq 52 as a function of 
wavcnumt>cr for "Exact" (i.e. velocity Vcrlci Ar = 0 25 fs) (solid line), 
velocity Vcrlct Ar = 0.5 fs (dashed line), and r-RlvSPA using the 
propagator given by cq 38 and cq 43 with n, = I, n} = (>. nt = 2. and 
lt\ = 0.25 fs (dotted line)    Intensities arc in arbitrary units 
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T-RESPA    (Tuckers,Bemc, vWtyv^^cP% wo(i<n£$) 
*■■■■'■•' 

fcFFICJEMCY o{ "^e ^e^ocf depencte.  on. 

-tf>e  cp+i'mcl sp'i'f <^f -#>« forces 

( Humphrey, *bew>«r, Scm4;   JPC 9£ , £*SST OW) ) 

Ärombin - 46 re*. 

-ma** 

t, *,?, fl|-n»t,      "A^V^ 
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V^ft!)    ^0**0 

3PT| 

TABLE 10:   Average Total Energies, Fluctuations of Total 
and Kinetic Energies, and CPU Ratios for the BPTI 
Molecule 

model (kcal/mol) 
AEKIUI           A£k« 

(kcal/mol)    (kcal/mol) logtAE^r* 
CPU 
ratio* 

1 1134.55 
1134.48 

Standard 
0.127            15.40 -2.08 1.00 

0.52 
0.5 if 

2 0.545            15.76 -1.46 

1061.12 
SHAKE 

0.844            15.81 -1.26 0.28 2.C-fi 

1 

3' 

1134.71 
1135.21 

Single r-RESPA 
0.290            15.40 
0.498            15.38 

-1.73 
-1.49 

0.28 
0.22 
0.21 

1 
2 
y 

1134.41 
1135.36 

Double r-RESPA 
0.562            15.20 
0.662            15.48 

-1.43 
-1.37 

0.26 
0.22 
0.19 

0.5* - *.° -4.«- 
0.5 - 2.5 -5.C 

t'n-fvTK.1   nby     nb 

-Sec eq 18. All values calculated over 10 ps of production run. 
* Each CPU ratio was calculated with CPU time (method)/CPU time 
(standard I). ' Total energies of sr-RESPA 3 and dr-RESPA 5 arc not 
conserved 
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L1 N   (***««*.ScJUcki ^"r •CWi- i?« ,az-ciw)") 

t_ar%aevin  cWaw\ Jcs,    -   ^tel er^fc^ ^fucWe. 

Averages for Alanine Dipeptide, LIN (At = 30 fs) 

vs. Explicit (At = 0.5 fs) Langevin Trajectories    2. ns 

Ek 

rcN 
rNCa 

rc„c 

0NC.C 

mean, ex. 
35IT 
19.7 
15.4 

var., ex. 

-116.0 
64.6 

1.344" 
1.446 
1.520 
123.4" 
109.3 
117.0 

3.4 
3.3 

32.9 
90.2 
TOT" 
.030 
.034 
XT 
4.4 
2.8 

mean, LIN 

aEnergy is given in kcal/mol 
1 Angles are measured in degrees 
cBond lengths are given in A 

~35X 
20.6 
16.6 

-113.2 
66.9 

1.345" 
1.447 
1.520 

109.5 
117.0 

var., LIN 
~5X 
3.6 
3.8 

33.0 
86.2 

~7528~ 
.030 
.034 
33 
4.5 
2.9 

/)>c 
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COMPARISON OF LONG TIMESTEP APPROACHES 

METHOD Approximation Ai (fs) 

VERLET 0.5 

SHAKE constrains 2.0 
REDUCED VARIABLE CONF. SAMPL. 2.0 
SUBSTRUCTURING 
RESPA multiple timestep 3.0 

5.0 

LIN separating framework 29.0 

BROWNIAN DYNAMICS constrains 
substructuring 

103 

40.0 

ESSENTIAL SUBSPACE normal modes 
local modes 
< Ar.Arj > 

16.7 

A-b'-i 
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Overview of Presentation 

Introduction and Motivation 

Newton-Based Minimization and the Hessian 

Need for Hessian-Vector Product in Iterative Matrix Solve 

Goal: Describe Product in Terms of N-body Problem 

, The Hessian Matrix Structure 

> Decompose Product into Off-Diagonal and Diagonal Parts 

• Discussion of Complete Computation 

• Ongoing Work 
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Introduction and Motivation 

• Diverse applications of Potential Energy Minimization 

— NMR and X-Ray structure refinement 

— Molecular modeling 

— Long time step dynamics (Schlick) 

• Newton Methods 

— Quadratic convergence near minimum 

— Large computational overhead 

* 0(n2) space 

* 0(n3) time with direct matrix solve 

* 0{n2) time per iteration within iterative ma- 
trix solve 

• Goal is to reduce overhead of Newton method 

— 0{n) space 

— 0(n) time per iteration within iterative matrix 
solve 

— Include all electrostatic interactions (no cutoffs) 

73^- 



Newton-Based Minimization 

Goal: minimize E(z), E :$ln-> 5ft- 

Expand the function E(z + z*) about z* as: 

n dE(z*)     , 1 "   "  d2E(z*h.7. + 0(\\z*\\3) 

Set gradient of quadratic approximation to zero: 

dE[zJ^ = m^+^m^L        0)V/c = l. n. 

Express this in matrix form: 
d2E(z*) d2E(z*) d2E(z*) 

dz\z\ dz\Z2 
d2E{z*) d2E(z*) 
dziz\ dzizi 

D2E(z*) d2E(z*) 
[   dznz\ dznZ2 

or 

dz\Zn 
d2E(z*) 

dz-iZn 

d2E(z*) 
dznzn 

Z\ 

Z2 = 0, 

H{z*)z = -g{z*). 

Newton Minimization Algorithm 

1. Start with initial guess for the minimum, z*. 
2. Compute the gradient g and Hessian H at z*. 

3. Solve the equation Hz = -g. 
4. Set z* to z + z*. If not converged, goto step 2. 

Vb 



Iterative Matrix Solve 

© Preconditioned Conjugate Gradients 

• Need Fast Hessian-Vector Product 

• Goal is 0{n) Product 

•'43 



3 0{n) Algorithm to Solve 
N-Body Problem: 

-Fx 

<    0 
o    ft* 

0 
0 

0       0    ....  qn xn 

0    Ai,2 
A2,i     0 

Ai,„ 
A2l„ 

A„,i   An,2   •••    0 

Qi 

Q2 

Qn 

where 

=  diag U—j 

A»J = I = r    \/(^i - ^i)2 + (yz - 2/i)2 + (zi - Zjf 

Goal: Describe Hessian Matrix-Vector 
Product in Terms of N-Body Problem 

(Ho 



Hessian Matrix Structure 

E=T, Z   , H  J     2 
i=ij>i \J{xi - Xj)  + (yi - ijjY + {zi - ZjY 

a2E 07E 
OxiOxi i)x\dx2 

d7E d7E 
i)X2ÜX\ 0X20X2 

d-E a7E 
ÜXHi)xi UxnÜX2 

d-E d7E 
i)y\dxi Oy\ilX2 

d7E 87E 
Oyidxi ÖI/2ÖI2 

a7E a7E 
i)y„Uxi Öy„ai2 

<>*E a7E 
üziöxi UziOX2 

02E a7E 
dz-jöxi Ö22ÖX2 

D'E fl3E 
ÜZnÖXl OznÖX2 

a7E 
c^xic>Xn 

07E 
ÜX2<)Xn 

a2E 
i)xnOxn 

a7E 
UyiOxn 

a7E 
ay2ÜXn 

a7E 
dynOxn 

a7E 
az\ÜXn 

a7E 
ÜZ2ÜX» 

a7E 
Oz„Ux„   J 

a-E a7E 
Ux\i)yi 0x,0y2 

a*E a7E 
ÖI2Ö1/1 Oi2Öy2 

a7E a7E 
ÖT„Oy\ i)x„Oyi 

a7E d7E 
Oy\Uyi OyiOij2 

d7E a7E 
01/201/1 Uy20y2 

a7E d7E 
dynOyi Oynay2 

d7E a7E 
Ozidyi Oz\UtJ2 

a7E d7E 
Uz2<)y\ Oz2Oy2 

a7E a7E 
- az„Oy\    i)z„aij2 

07E 
Ox\Oyn 

a7E 
üx2Üy„ 

a7E 
UxnOyn 

a7E 
Öl/löl/n 

a7E 
ay20yn 

a7E 
Oy»Uy„ 

a'E 
OziOl/n 

a7E 
Uz20y„ 

a7E 
Oz„ay„   -• 

a7E a7E 
Ox\üz\ Ox\ÜZ2 

07E a7E 
0X20z\ ÜX2&Z2 

IflE a7E 
OxnOz\ OxnÜZ2 

a7E a7E 
ayiOzi Oyi az2 

a7E a7E 
Orj2az\ 0\J20Z2 

a7E a7E 
OynOz\ Oy„i)z2 

07E a7E 
dziOzi Uz\az2 

a7E a'-E 
az->dz\ 0Z2ÜZ2 

d7E a7E 
- OznOz\    az»az2 

a7E 
axiOz» 

d7E 
aX2ÜZn 

a7E 
OXnOZn 

a7E 
ay\dz„ 

a7E 
i)y2Üzn 

a7E 
dynöz„ 

a7E 
3zxdzn 

a7E 
dZ2ÖZ„ 

d7E 
dznOz„   J 

X2 

2/1 

2/2 

i/n 

^i 

^2 

W( 



Off-Diagonal Components of Product 

Consider off-diagonal parts of upper left subproduct: 

0      -£2- u dxidx2 

*E_        0 
d%2dx\ 

d2E        d2E 
dxndxi    dxndx2 

d2E 
dx\dxn 

d2E 
dxidxn 

0 

X\ 

X2 

JL/T 

Let: 

Aij = 

1 

yj(Xi - Xjf + (yf - Vj)    +{Zi-*j) 

We can rewrite the off-diagonal part of this matrix as: 

h4 0     • •     0 0    Ai,2   • •• Ai,„ 

0 ^k • ••     0 A2)i     0     • ••   A2,n 

0 o   • '' qnx7i. 
. An,l    A„,2    • ••    0 

glxlf 
q2X2- 

QnXnxn 

Let: 

QXi = Qi^i 

d 
A».-j = r:Ay = 

Xi       Xj 

Jb i {{Xi - Xj)2 + (iji - Vj? + (zi 

Rewrite product as: 

2N§ 

!■§■       0       •• •     0 
a'l 

o   ^ •• •     0 

0       0 Qn In J 

0     AX12 

A*2,l ° 

Ai„,i   AIlli2 

• A 
• A 

0 

tf) 

Qx2 

Qx In  J 

^y~\~u 



3 0{n) Algorithm to Solve 
N-Body Problem: 

-Fx = 

where 

0     q2%  • 

0 

0 

[   0       0     •••   qni\ 

0       Ai,2     •••   Al,n 
A2,i     0     •••  A2,n 

( d' diag I ft— 
<S>2 

91 
92 

A„,i   A„,2   •••    ° ] i<ln 

1^3 



Diagonal Components of Product 

Diagonal part of upper left sub-product: 

9i   0 

0   q2 

0    0 

d2E 
dx\dx\ 

0 

0 

0 
d2E 

ÖX2ÖX2 

0 

0 

d2E 
u dxndxn ■ 

is equivalent to 

x1 

X2 

%7>. 

0 
0 

<?7l 

0 

' ' 0 

0X2 m 

0 

which can be rewritten as: 

0 

0 

g2 . 

J¥» 

X~2 

Xri. 

91^1ä^ 
0 

0 

0 

0 

-    82 

^X^dx~? 
0 

0 

0 

0 

_   d2 

'   QnXndx^ 

or 

0 

0 

0    Ai,2 

A2,i     0 

. An,i  An_2 

Ai,„ 

A2ln 

0 

0 

0 

n ~   d2 
(inXndx^? . 

*1 

91 

92 

qn 
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The Complete Computation 

0      92 ^ 

0 0 

91-        0 

0       «| 

0        0 

0      «fig 

0 0 

0      A. 

0 
0 

0 

0 

0 
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„ a 
lim 
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0 
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0 
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0 
0 
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0 0 
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0        0 *.£ 
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Al„.I Aj,,,. 

0      A,,,, 

Ax,,.,    AIll2    • 

0      AI1:!     • 
Ax,,       0       • 

a* i an 
n       Ma. a

2 

ax,ai2 

0 0 

0 Uy\Un 

0 0 

'/ni3'        o 
azitfxi 

n S2£l a
2 

ai2ai2 

0 0 

Ax,.„ 
Ax,.. 

0      A»,,, 

A«..      ° 

Aj/„.i    AJ,„_J 

0      A »1.2 

0 

Al/„,1        ^!/n,2 

0      Aj,,, 

A«..       0 

Ai/„.i     "y,.,2 

Ay,.,. 
A«,.. 

A.-,.2 
0 

A=„., A:, 

0 A., 

Az2., C 

A«.., A2 

0 

Ar,., 
A«,., 

0 

q,tx„d2 

0x„0xn 

.,„x,,a3 

ihjaöx„ 

dx\t)yi 

0 

0 
<i:J7?a2 

dxjOy2 

0 0 

öyitfy. 

Ai„.,    A-„,5 

ax,ai> 0 
" 

0 

<i„y„d* 
ÜX„UlJn    . 

A=„. 
A,,. 

0 

A...» 

0 

A.-,„ 
A,,.. 

3a
2 

dX2t)22 

0 ay, a I/a 
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0 

,,5f„a' 

0 0 

ar,ayi 
q,y,02 

0 i)z2dy2 

0 0 

0 

0 

i?..yna' 
ay„ay„ 
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0 

<;„!/., a* 
OZn'I'J,, 

0 0 

0 oi?i,a2 

i)y\Uz\ 
Q <?2Z2t)' 

ihjiOzi 
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SHi5i       o 
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<7iii 
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1nV„ 
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More Compactly... 

(4 
\4 

V-X 

Q 

4] 

qä 
^X 

4] 

[Ax] N lA*l 

[AJ [Ay] [A,] 

[AJ N [A,]. 

fay] + 

_ a2 

^ dxöx 

_   Ö2 

_ d2 

Qx ÖZÖX 

- d2 

Qy dx'dy 

- d2 ' 
Qy c)ydy 

_ d2 

qvm&y 

■7   d2 

Q   öxöz 

_ d2 

qzBydz 

_ d2 

qzBzu^ 
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Pictorially... 

8 

8     8 

8 

8 

8 

6" 

>■ JE 

ql xl q4 x4 
o 

q3x3 

o 

q2x2 O q7x"7 

O 
"*! O J» 

q6 xG 
o 

q5x5 qn xn 
O O 

qlyl 
O 

; q2y2 
I    O 

i   q5v5 

q3y3 
O 

qfiyG 
O 

q4 y4 
o 

q7y7 

O 

qn yn 
O 

L 
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Ongoing Work 

• Implement rudimentary 0(n log n) tree-code without multipole trans- 

lation operations 

• Derive multipole translation operations for Ax, Ay, A2 "potentials" for 

full-blown FMA 

• Incorporate code into MD efforts at Schlick lab 

• Parallel implementation 
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. r\£p/er proh/e/r7 eccenfrtcrft/ 0.9 

feh 

V    ■ \ 

2*pi/50000,5000b0,0.3969,temp=10,12345,d_pos 

lie* 
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educed Vaxiohtt 

olecuiar .Dynamics 

Onn A. ßtcKer, Tel-Ato U. 

becktrQ s*-pA'r*s to,<A, c^c. U 

li*< 



Proiei A$> 

Lccr^c   sysrevyi 

-On xcftni&cl 

30   stnAct'iAr'^ 

Ibb 



p    lo- 

■IX 
ps      10 

-3 
"S      10 1 

/*s tfr 

vns 
-2 

to 1 

k 

/ - 

/o'l 

A 

h <*€. 

Side. -eL*i'<* 

loop v»e?fio\i ^ 

\>' 

ri,<f ii'y Si^-c/ln-. .-. I 

i^vi o n ««oS 

IJvlJi'y/lMjo/ 

*V> orCo^s 

r H? 16 (V\        /yy \navn\cS. 

IbT 



G~OCJL%* 

OA   'bio lot/cd"   timt-   S>c&le~s. 

P    0)    ~Tktr#\oJy\nMic^    properties.   . 

(s\   De*}ei*,  neu    dr<46£  orproleMZ. 

i(d 



2. htoyn-hct-z&ot-   models 

E s lioJs -*• lZ«yl€S+ Zct.'kJrJs + 

3. f\lumer-UaL   ihteyr<xttc>w of 

U&u>tov\'<>   ectuattOrt   of motion : 

tn    C^rtescdA    coordinates 

/6? 



L-ivYiiTe-ct     Ltm^ik    of   \'wu(ai:/w 

1.     Smp-K. Jntt^raiicPn   Time.-s.te-p 

-J,.     n     nOk)- p<; /oi/^.d   mitrc^ctiOv\f. 

(    >^0/f      of    LOWpv't&.Zt'Vrt   L.(W.£j 

3.     Treed,    oil QUO MS  Om  e4tA<d.  b#-zi£; 

but   on en   ov\e. is  iv\t treated &v\Ly 

\n   a.   smaller   gwb-zysfew (zg. ^cn^csife.j 

i^© 



/ \&\>\oas   iu t-x/£-w<X-    ^>im<AicLLiow (/we. 

£    Constrains   to elMntde.  kitL j-r^ev\cv 

motion, 

If elimjUfoj X~//.U>/s   =? V^'IS**""-1 

%,     Cutoff    ov\    M*-\oönJ*jd   iv\{z.re>yjLTiOrts. ' 

3.    Reduce,   no.   of OOr     ^roX;^&-i<o?c) 

(&)    Siocl\CA$t(c-  bouiftotavy 

fr\ 



(~ loo   *.*.) o\n  "typically.   ~t&\i£* CO    L tAS> . 

$Aly    cv;tt.     Appro*! ^dc /Uticc/s : 

(ff)     HarweniC  Dyv\c\w)}c£> 

(very   Aw?W) 

(]E)     Ri* id    boJv   Z)«\IAICL±IO* _s 

i=r>- 



J-ocust'wj    ov\    biologically  i«iiere.stitC4 

I meiidwa (sOhi le-   r*- ~t°^i i/)f* V £\_ 

corfcci £>*{   cLeeo    cf&scr'ipti'w 

-&-SCC ^    "y) o t''o WS 
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\laf\«.Ue-    ^cluciio^  T^W?"^ 

&e.r>tr*te.   EO/1 of me.tU»:c*l. systems. 

3 ecti. 

)=f\ 
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DcOyy    /IvoJotiun 
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KeJ<AoU V*r[*U<L- AUcuUr Qym^^ 

Criterion:   Re.Uhw<. ^/««-«^ ^'J/ 

IJ    not      l*of-reji'o«Sf   t*r*''««l  «"»* ■ 

=J> Qk).fliti*r<.   of 'boot:* **J 'pAicl<J. 

If) Ml   locties   must  U  Jleali/e.. 

X.    E*««fo»* gf flott** 

ß*j;^s  -■Buicr-M« eon {rtf 

\(o 



3.  fl^;UI;tY 

ftod<L\Jt      by   cy.   re-Juc<L,c/ set    oj- 

FOY'   e,c\cL\    body   iener*~Te-   m^cZ-ej /^ Me J-feK 

O^HSJL   vest c?/ #* mp/tcoi'/e-. 

'ß(?Jy -medej' o\r<L-   Co*p/eU "to     I*sy-e -r^l-e 

S es)?, rc/y. io \A   of  ^&** ^ L/ej '* 

^/A - Cfoh4<%x*) 
SOU*.   jo<    XA- $(*)%(•*) 1° jet      . 

nr 



nooUcc^T<o\A ÜBg 

0> M. ß±clce>r   -tf. *■!. 

(ill)     Uner   mhjY*tw   hwt-sUf?. (/ITS) 

fcX/^dW 10-IGO-;H*1 sfG*cf-«p. 
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Glycine dipeptide 

SHAKE 

ycrltf    TIME =4ps, AT = 0.5fs 

TIME (ps) 

MBO(N)D -t 

RK4, TiME = 4ps, AT = 1fs 

100 

-100 
TIME (ps) 

• • 4- 

n° 
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Wo».-   U~    Svc+vrio^tc/w*     (™ j«,; 

(BRD INTRA-HEUX ANGLE) 

GLOBAL BEHAVIOR SUBSTRUCTURE 
MODELS 
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is-- 0UX.. f^    ß«cf<.rior^°J%f±2. 

Type of run R.m.s. fluctuation (degrees) 

MD- 17.55. 

One flex body 8.05 

Three rigid 1.5 

Flex mflex (4) flex (8) 10.79 

Flex (2) oarticle flex (2) 12.01 

Flex (8) particle flex (8) 18.18 

"si 



SUM mary 

Ope*   (xciesri'cpws 

— Mod!*-     Qe.n.e.n^ii'ü'i    Jr  Uf?c{«J~> 
$ 

_ o\ccur&.cy    i/r.'. e 7 :Jj'mcfe«cy. 

Yres-e^ i~  <*np /< 'c *•// '<? ^is 

zt-helical,  bLi*c//z. .   (s°f) 

A c{ Vc\ v\ce,cA   wo I; cc* ft 'o\AS 



Ore*  A. ßzcke^ .       (TAU) 

Leo   S.O.  Cc^ves '(York). 

HOY)     A    CltUlm [/ItUy*   i'«c) 
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AlgpbraicMultJpTid (AMG) 

Multi-level strategy for solving 
matrix problems  AU~f 

Klaus Stuben 

GMD/SCAI 
Schloß Birlirighoven 
D-53757 St. Au'gustin 

•   Germany 

References on algebraic multigrid: 

Brandt, A.:  Algebraic multigrid theory: the symmetric case, 

Appl. Math. Comp. 19 (1986) 
Ruge,J,, Stuben, K, Algebraic Multigrid.  In: "Multigrid Methods", 
McCormick, S. (ed.),  Frontiers in Applied Mathematics, Vol. 5, S1AM, 

Philadelphia (1987) ^^ 
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GS-relaxation for i-tli unknown:   ui —$>■ uj-where 

d. •=  f• - Y &.. u-    = residual before relaxing 
1 1 ^r      1]     J 

J 

ei        ^1    a 
li 

iThe-errT 

//^ ^ ;r^H   l'dij'^aüleij ^foralVipi 
■ 'X i.ej the residual ,i§ Jni^ ■, 

Since     d£ =aiiei  +  Ea^e- 
J?1 

This relation is the basis both for 
coarsening and. interpolating 

Remember (variations! principle!): 

Smooth error has to be "close to"   % := range (Interpol) 

Note that, generally, (algebraically) smooth error is NOT necessarily 
(geometrically) smooth and vice versa! AMG-

3 



:\tj!^:-^U^k:'r^}'>^n 

['c^Sin^rp^ 

I  :'^smooth error"close to" ^:=range(IH)    ' 

i ^ Ärs^niriils^efficient", i.ei- Vy .• - „/l- v -^ 

\ ~M fast reduction of. #unknowns    ;  ;      v 

: no serious ffl 

': Two-level method by variational approach 

Multilevel method by recursive application 

*) This construction is part of an AMG algorithm! 

AMG-4 

/Sf 



Requested:   splitting    ß=FwC 
(C-points: coarser "grid") 

How to interpolate smooth error e 
at F-points from those at C-points? 

smooth error^satisfies:,s-V. V; 
;-^i; 

has to be "eliminated" 

AMG-5 

<io 



'^^impleBm 

Choose C such that for all  i^F:    NjC C 
i.e., F-points are totally decoupled! 

i^F':^F.-= 0>'    '     , 

Two-level method: 

v; 'A.?-''V' .GS-rei^ätiön;w^h C^E^brdermgJ.^?;^^^ 
Above error, relation holds: exactly]-'atF-jpoirits! 

•." ■■• -; - ;,£f 'Coarse-grid correction^-U< -^ -v~.>~ '•'".'•'■ 

Is a   direct solver, i.e. residual=0 after one cycle! 
(After relaxation of F-points:   eh£  % := range(IH) ) 

However, recursive application extremely inefficient: 
Drastic fill-in + slow coarsening! 

AMG-6 

IV 



Idea: distinguish strong  and weak connections: 

Typical value in practice is   a = 0.25 

I Representative situation: 

"Elimination" of n and m: 
*■ e;   . (weak connection!) ii 

in 

amkekt^ml>er. 
■•'•'•■ amkt:^mr:M;i 

k 

H ——JA
1 

S'% 
m 

General requirements: 

) Forati i^IfrrJt 
-  either : C-pointsf used in; interpolation  ^ (like k,l) 

~  or strongly'connected to  such points       (Jike m) 

;) The # of Crppints should be as small as possible 

liese are the basic objectives which allow for an automatic 
and purely algebraic coarsening process! 

(1) is responsible for good interpolation of smooth error 
(2) is important for low-cost cycles 

AMG-7 
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|ä:#Ma-^^' :^BÖ^||fi 
time/cycie • time/cycle i 

$£setup$£: ^Isetupjtil: 

0.30 
1.90 

0.056 
0.33 
0.23 

0.015 

'-':(:'.'-If..'*:£:'&&/*&;•?■'*? 'f Üy}'; (X0Q1 
0.33 
1.53 0.084 

0.33 
0.24 0.043 

IW0M0S-M 0.01 
0.34 
1.75 0.093 

0.33 
0.24 0.107 

;-o:i| 
0.38 
2.70 0.058 

0.33 
0.24 0.088 

£^xx uyy 
0.5 

0.31 
1.90 

0.069 
0.32 
0.24 

0.036 

2 
0.31 
1.91 0.079 

0.32 
0.23 0.037 

10 
0.38 
2.65 0.087 

0.32 
0.24 0.084 

'.   •-''   rv;'"■•'.'•' 
100 

0.33 
1.74 0.093 

0.32 
0.24 0.104 

1000 
0.32 
1.55 

0.083 
0.32 
0.24 

0.043 

-y(ayu): 

x"uyy 
0.33 
1.95 0.080 

0.32 
0.24 0.044 

**..!•■'■ 0.32 
1.98 0.069 

0.32 
0.24 0.044 

** 
a := 

10 100 

1 1000 

BOXMG (J. Dendy) was used in 
its most robust form (i.e. alterna- 
ting line relaxation, Galerkin,...) 

AMG-8 
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A. Brandt & D. Bai 

Multiscale Methods in 
Molecular Dynamics 

SU>5 



MUITI- SCALE (MS) 
RESEARCH 
MFTHODOLOGV 

Problem she  C# atoms)   =    tl 

Objective-.    Total  work   = O(lV) 

Researcb   stages : 

inerea-singlfl com£Ucated.   problem 

But   at   each   stage n  —*   °° 

/It each  stage a<ld  one   complication ; 

insist   on stilt   obtaining     O(r0 

'lOo 



DIMENSIONS 

1D,  2D, 3D 

TOPOLOGIES 

Manu   non- bonded 
o   Identical  atoms 

• Identical  snail   molecules 

o    Several   species 

Bonded   chains : 
• Identical   atoms, streiched 

• Helics 
o    Identical   am'mo  acids 

Chains + solvent 

General 

jLOl 



OBJECTIVES 

StocVms+ic  dynamics 

M 

Energy  minimization 
o    Near-minimum'start MG, AM 

c      ,.4-,-^f ms amnealina o    rar starr ° 

©    Homoaenlzation 

Equilibrium statistics 

©     OM  per sample ™s 

©     0(0   per sample 

e    Homoaemz-ation 

Monte- 
Carlo 

Dynamics 
»   ,    ■       AL Mfr./lMGr 

\/ i     «^ A4- ms annealing o    Ver^   larqe AT ,,,a d 

ms Monf-c-Carlo at each time step 

£0$ 



POTENTIALS 

Bonds 
e     Harmonic   (l)   constant coupling 

(2)   strongly variable 

e     Bond   length 

• Length + angle 

• Lenotn   + angle +■ iorsion 

Non-bond, local 
• Van der waals 

o     Hydrogen   bonding 

Non-local 
• Electrosiatics :  fO consiant dielectric 

(2) variable dielectric 

Combinations 

3J2><? 



StochQsiic Dynamics 

Pit -time +° :     posi+ion   vector Xn 

veioc'iiy   vector   V 
potential ener<ft  E(xh) 

Deterministic implicit lime siep 

n+f 

Pfc 
=m^"st t,H-vr-v;, v" = s-t 

=>   x"*'   minimizes   Hh (X     ) 

Stockastic "time  step •• 

9-io 



Resulirs of the stochastic step •■ 

o     <P"+I > --VECx"*') 

o <Pr
i)2>-<p;>i -mJß 

o     Local   componenis, w/rli 

oscillai/or)   period «  OT 

are  -fullu 4Herma!izecI: 

p(*n+1) - e 
_E(xn+')AßT 

Larae   scale  componems, w/fh 

oscillation   period    ^  ot 

satisfy   iVewron   lav/. 

Easu   muHriscaU   ea,u.i l/braTion 

-XJ( 



• ■     *■ ■* 

9 

0 O^lu  |oca,|   -forces     : 

For- e^cU Jro^ - ws« its 

3-\"J- 



c 

E(U) = min E(u) 

e- 

u 

0 = c)Ut 
u=U 

=   Tä   T      aM   Cui-UiVK 
^ <17i> "^ 

h <J,t>     '• 

E(U) = minECu) 

^t(3 



f\X"b     A=a 

j^pU-*.v neUxtxiion Theory 

residuals   r* Ae  = b-flX 
^ri«alizci 'residuals   ^ - rt /W  -   **e/M 

\Uczm^J^^^    GS for fl^b 

TKeoreW.   sloW convergence 4» 1^1 « |e| 
-\i//. . . tK1. 

\ef LS v^wceJ jersuteep «t least fcg [rl/^ A^J 

.% Sfowlj. coni/er^g errors are special 
TVncaWbc approximate^ * smaller 
S^sW   (eoari'eir grf«0 . !.«., ^   J^ tfH 

Discrete jvcWirti'C  e<|S.     slow convergence 
4Ü. lL^\<<{LHieH    4*   &  shoooth 

an 



A. Simple Energy  Basins     reaU 

Slow to eauilibrate h      ^ 
and  be sampled :      J*HY 

Coarse Monte - Carlo       rk/^H, T*\- H\ 

Mulfigrid cycle : 
on t . Monte-Carlo passes 

each 2. T cycles on coarser 

level :        5. Monte-Carlo passes 

Near  equilibration  and decorrelation 

in one cycle [V -2.) . 

Small work on coarser grids (i *4f+ T+"') 

3L(S 



Coarse-keUart^l« 

Subset «£f^!£i. 

SLIVP 



IVrEerpol^i'i'pn. 

f displacements' (V^oo^) 

' Refleers   lowest   eiqem-vtoocjer 
■ .     ■ ■      -      % ' ■ 

<?l^^    more  eff-Lcric^t tU^   o(i>eJ' 
J^e j) ^^es -&A be^ ('cm   o P   O.Ü   6ke s-c   M G der 

& £(^ovvq coupd'h.cjs. o.vr~e wob cowsba^ 

[(■o fc-U   ex^eiJ   heeded/ 

.3-^ 



KW linear^   reW^ s 

SmoobU p^V of fcW fees 

M ^e^ts   of tU. -loci  p«0 

3-1* 



STOCHASTIC 
UAMILTONIAN 
SIMPLIFICATION 

configuration 

{0 zz Original   Hamiltonian 

obtained   from -fine grid   =S> complicaTed 

^s= Simplified   Hamilton» an 

FAS :   original -form + polinom'ial Terms 

cut-re ut Detailed P (H0- H5) - e
H°~ Hs 

Bqlanc&:      P(freeze Hs-Ho)  ,= 1-P (rl0-Hs) 

Simpler •.       Approximate   detailed   balance 

f\pos\reriort   oicczphuACA   check 

5-1 ■? 
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GOAL: 
:■*   Hh 

"'Fast  /mV*i</mi3«***O0>   o-f 

einer ay /u/yvci i0«» fcIs 

MOT| v kr low : 

Wiik   ?arge   i J/»w«s-tep 

METHO&OlOGy: 

Äa/ 



MULTI-: SChUNG 

COA/SI bG RAT/OA/5" 

RELAXATION I 

->i/v*pfe,   poÄ/hi-ty-p oimmt 

C0AR5EA//A/G; 

AMG   theory '. S*tr©'*i9« s* 

«o'UjJ^i^    fp Coarse ^lr«^ 

liXr/' ItJKT 10 

I MX EROLAT /0 A/: 

Precise ■ior-.imfimii^ 

RECüAsive A/ESS; 

2-3-0- 



ItaM^s-hg&ted cases 

(0    lb  cUi urn 

•   <►    •    i       i 

(a)   2I> chaan> 

o*J<e -2*- /n^igA^ or 

(3) 3B cKoü/nj 

^ 

bo/nJ + amg^Worsi'o/M 

i orsio«..^.^^^ 

2.A-3 



REPRe^ewTATiow 

Coarse  aio/ws; m>or-e frs€c( 

BomcJl comsVraimis'. 

Q/W] 

2-t> 
y- Cö<xrj<  p0 4/>i Is 

* - firo« -ort>#v jOotm-f 

2]> 
X 

^ 

fo p/a/n« of gcfoAny 

NJOfJ- LINEARITIES 

^M 



.. A Typick-i'  v«cAiAcJiot\   of   s\rinspU   of   4*fer<*.c^io t> 

6AI   C\   C<W3<   ^«V-€^, **»   2Ä- 

co«*sc 

1.04       3.0 

0.1 0.5 

IM       *0 

/.o 
< V     <fry>   kK»>  <Ky> 
3.0 

2.ST 

3.0 

4.S 

SO    3.0 

ST.O    9.0 

IÖ.D 
<**>   <Ky-> 

fO.O    3.0 

V9.0   <?0.0 

K>,.k7 - Second energy  oler.iira-i^ires 

ZlS" 



E^ flT., H K) = *JAX' + 

f c        c v- A 

-hr ft gilr^n # 

Appfy o*fy to   C3 

-i x = -A  Bx 

3-X<o 
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i:;,sLOWHess OF   RELAXAT/öA/ 

■»■■'■ ■■'•   ■.■■■■ 

m   •        ■. ■      • ■ 

Slototd down iy : 

- swtf^«»w./v*i|)€T- of a-fo/ms 

I- E   : co/*»,V"€1f"3^*ce rate 

£< 0( '/«^) 

s-tep <'+i . • 

LL f 
iep 1 

22^ 



Ef{«ct   0$   ß5   o* comv«V~g€/nce   rates 

K^C^p-C)^ -   "torsion 

«V« 
»V 
*V$ 

BS 

i 

2. 

3 

5 

6 

/.o 

2.2 (^J 

i. a C-3J 

1./ (-3) 

U (-3) 

<U<-3) 

? 
0.3 

2.i/(-3j 

z.6(-3) 

4.V (-3J 

o.o^ 

3.7(-VJ 

3.SC-3) 

<U (-3) 

0.02*7 

l 

2.3C-CJ 

MC-*) 

3.0 MJ 

M/C-3J 

3.30-3) 

tyi 



INTERPOLATIONS 

4-1 i+l 

3D ckotiOfl 

*    coarS« 

Cx, i/Yv?0 - cooroUWes  of poimi  x 

*X:Y 

- A, 
fx. I-1 

«-I * 

*-3i *A 143 4 

i,_ 

A-**3 coef/Hc;«^^ /wia^ix 

5-5/ 



LOCAL SET5 

- 

Fov de*MTrt/ir>2   imi^rpo la^tO*) 

Co *{j iciwt - 
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