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WORKSHOP PROGRAM -- Multigrid and Molecular Dynamics
October 10-12, 1995

Dept. of Applied Mathematics & Computer Science
The Weizmann Institute of Science, Ziskind Building,
Lecture Room 1 (basement level)

Note: The program may change even during the course itself according to
the interest of participants.

Tuesday, October 10th

8:30 - 9:15 Registration, organization, coffee
9:00 - 9:15 Introductory remarks
9:15 - 10:30 Introduction: tasks and types of multiscale
computation (Brandt)
10:30 - 11:00 Coffee
11:00 - 12:15 Multiscale decomposition of forces and fast
force summation (Brandt)
12:15 - 13:30 Lunch
13:30 - 15:00 Elements of linear multigrid for PDEs (Stueben)
15:00 - 15:30 Coffee
15:30 - 17:00 Poster session, including:

-Gomathi Ramachandran: Buckling transitions in
superhelical DNA: dependence on the elastic
constants and DNA size

-Bimalendu Mishra: Error analysis in Langevin dynamics
simulations

-Margaret Mandziuk: Resonance in the dynamics of
chemical systems

-Eric Barth: LIN and a family of related methods for

molecular dynamics simulation

~Hongmei Jian: Computer simulation of DNA using a
discrete worm-like chain model

-Gerd Winter: BEMOLPA project

:30 Mini-vans depart for dinner at Pearl of the Sea
restaurant, in Rishon L’Tzion

Wednesday, October 1lth

8:45 - 9:00 Coffee
9:00 - 10:30 Multigrid Monte-Carlo and stochastic coarsening
(Brandt; Mack?)
10:30 - 11:00 Coffee
11:00 - 12:15 Global and discrete-state optimization: multiscale
annealing (Brandt)
12:15 - 14:00 Lunch
14:00 - 15:00 Full multigrid and nonlinear multigrid (Stueben)
15:00 ~ 15:30 Eric Barth and Margaret Mandziuk: Molecular dynamics
simulation at large timesteps
15:30 - 16:00 Coffee
16:00 - 16:30 Bob Skeel: Efficient use of fast electrostatics in
molecular dynamics
16:30 - 17:00 Chris Lambert: Efficient dense Hessian computation in
molecular minimization
17:00 - 17:30 Oren Becker: Reduced variable molecular dynamics
17:30 - 18:00 Dexuan Xie: A remark on algebraic multigrid analysis
19:00 Dinner in town at one’'s choice



Thursday,

: 45
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:00
:00

: 00
: 00
: 30
: 00
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October 12th

Coffee

Algebraic multigrid (Stueben, Ruge)

Coffee

Multiscale methods in molecular dynamics {(Bai, Brandt)
Discussion on future directions; box lunch

Bus departs for dinner in Yaffo, and evening at Tel Aviv
seaside promenade
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A. Brandt

Introduction: Task and Types
of Multiscale Computation
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A. Brandt

Decomposition of Forces
and Fast Force Summation
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Multigrid Solver

Jiskributive velaxation:
1st order +5 -5

2 nd ovrder +§& 2§ +§

Selukion cost = one foct transform
(one fast evaluation of the
discretized integrat Jcramsform)

3k




Elements of linear multigrid (MG)

for solving elliptic PDEs

Klaus Stiiben

GMD/SCAI
Schlof Birlinghoven
D-53757 St. Augustin
Germany

A R R

iTiteratures

R R
rminolo

i

T
method:
igridimetho
P L S oS S
u v

I e DY

51
Fhoa Kt S 1o T TR TN D
ok “’.;‘Eé'.;t-.’Z‘.'-z"' 3 *;_41«.4-.-"5,

<

amplesi

MG1-1
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What is multigrid NOT?

A particular solver

What IS multigrid?
A general strategy for constructing solvers

This strategy exploits the fact that a problem
can be approximated on different scales of
resolution ("grids", "levels").

Features of multigrid

(1) Provides "optimal'" methods (i.e.: O(N))

(2) General applicability

(3) Involves only "local processes"
(Parallel computer architectures!)

MG1-2
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Classical methods.

-

Gauf3-Elimination
Gauf3-Seidel

SOR
ADI
Buneman

increasing increasing
efficiency generality

o
7

h

Poisson equation:

symmetric differencing (2nd order)

unit square: h=1n

# unknowns: N = n2

Solution up to discretization error €= om®)

iiiethod»" # operations - time, h=1/256
'Gauss-Elimin. OIN?) approx. 1day
SOR O(N3/2) loge approx. 30 min
ADI O(N logN) loge 4 min
Buneman O(N logN) 15.5 sec
MG (iterative) | O(N) logeg 18.5 sec
MG (FMG) O(N) 7.6 sec

loge = O(logN)

MG1-3
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}. Local refmement
Local coordmates v

R ‘ Flrute d1fferences E
o Flmte volumes S
Fm1t‘e elements S

However, ....

.. the development of concrete multigrid methods
for complex problems may be non-trivial:

; "’?’ﬁ "*’"5 IW- : %' "\ T"" ‘.«1 3 :v:«uc ‘!)‘l S
ultl = dfm e etho 1 "’b

: &w St
“;p: LECTL w”%?ﬁﬂuatmns?%%;‘“ *?wzm

“‘fv‘. ’.k 2 Y ST

MG1-4
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;,Dlscovery of m}11t1gr1d ‘(theoretlcal)

P TIREELRIOL AL P

F edorenko, R.P.: The speed of convergence of an iterative process,
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Bakhvalov, N.S.: On the convergence of a relaxation method with
natural constraints on the elliptic operator,
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Papexs markmg the "begmnmg” of multlgnd
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problems, Math. Comp. 31 (1977)
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Hackbusch, W.:  On the multigrid method applied to difference
equations, Computing 20 (1978)

MG1-6
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Hackbusch, W.:

algorithms, model problem analysis and applications,

Lecture Notes in Mathematics 960, Springer (1982)
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Multigrid methods and applications,
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A multigrid tutorial, SIAM, Philadelphia (1987)
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Springer Verlag, 1993
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1st:
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3rd:
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Appl. Math. Comp. 13 (1983)

Appl. Math. Comp. 19 (1986)

Lecture Notes in Pure and Appl. Math. 110,
Marcel Dekkar (1988)

SIAM, Philadelphia (1989)

Communications in Applied Numerical Methods;
Special Issue on MG, Vol 8, No 9&10,
John Wiley & Sons, New York (1992)

- NASA Conference Publication 3224, Parts 1&2,
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??
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. European MG Conference S

Lecture Notes in Mathematics 960, Springer (1982)
Lecture Notes in Mathematics 1228, Springer (1986)
International Series of Numerical Mathematics, Vol. 98,
Birkhduser (1991)

International Series of Numerical Mathematics, Vol. 116,
Birkhiuser (1994)
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Relaxation
Coarse-grid correction
Nested iteration

‘f“"“’ RIS ER S YT R e

D ﬁi’f“ “‘f these ﬁ’, es‘gylme d
~§ ‘”"T ?’ f*

First step
| Multlgrld 1terat1on ("cycllng“)

Relaxatlon + Coarse grld correction

Second step

Full mult1g1 1d (FMG)

L —e ek Gan. Cinabat ‘..E-..-__ L e et

Mu1t1gr1d cychng + Nested 1terat10n

MG2-4
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Basic principle:

Given: AX=b  Splitting: A=A +A,
One iteration step x —> X :
AX + Apx =D

) X = 'AilA?_X + A-llb

(-A'11A2) = asympt. conv. factor (spectral radius)

P

R e AT R A L TR L

. —ete - e e copme s gy
e : .

Typ1ca1PDEs1t at1Z)n 4.

Prage

U PIPUSPRAIN S SpWIPY

Jacobi relaxation:
A{=D, Ay,=L+U
Gauss-Seidel relaxation:

MG3-1
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Poisson equation

|
@ ?J‘ -1

Sl 4 1| yhogh
h
h -1 h

Pointwise Gauss-Seidel relaxation : = -

For all grid points do
u].“.=l[h2fh — h h
L] 4

B eyt Yeny t Y1t Wi

Effect on error Vh= Uh- uh

h h h N
Vij T 1 |: i- 1,] Vir1j T Vi Vi,j+1]
=) averaging process

The error gets smooth very quickly!

s "’%‘“
‘ob: ll
; oy :‘\a..l.y%nf?ﬁrfa!??sg é’if:%}ld lh

p.,oﬂg;:u..u.. JEREGN s ;;‘

w3

MG3-2




\{!-, M Ay
‘-"‘\\M W "\\,:Z,. i “‘:“l”\&

” "I’l’# ' J“; ‘IIM; i | ““

PN TR
Q\s“ - ~~

:':';;i.i - u R
["l" '. , """.' ,'" ;; 2 \\\\
b

A X

..n..'. 3 \\ \\
m"." 'x‘\\ \ \\\\\\\\\\\\‘\\\\

A
\\\

Error after 10 relaxations Error after 15 relaxations

MG3-3
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Fourier decomposition of error (1D)
‘(wavelength’ >4h).

" high frequericies -
(wavelength s4h)

High frequency reduction factor per sweep
("Smoothing factor" |1 )

Independent of h!

Analysis by (local) Fourier analysis
Poisson equation: GS: [1=0.5, RB: [1=0.25

Efficient smoothers exist for all "sufficiently elliptic"
PDEs (or systems of PDEs)

Typical reduction: 1 order of magnitude in 2-4 sweeps

MG3-4
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fine grid: Qh

coarser grid: QH

50

h

MG2-2



fine grid: Qh coarser grid: Q2

H
15 rtransfer.from. Q. restric

e e o

[

Restriction:
("full weighting')

S

» 7’7, 3
“ oh 1 |1 21
St 1= =124 2
o h 16
121
Prolongation:

(linear interpolation)

| !
N

=

|

»P-IH
N e
N OB N
N R

MG2-3



- Coarse-grid correction

e o A e i e F e Y+ o = 8 et i =t e e e

h

Given: LR UM =£" approximate solution: uP?

Correction equation:

vB _a? with aPi= 2o IP u® (=residual)

ey th uh+ Vh

H
Given in addition: Qp and L

e T

This process, applied iteratively,
CANNOT converge!

h

H
Il d™ = 0 == no correction!
1

MG4-1




-;_.'._-:,.;Coarse g11d ahasmg of Fo' r1e1 n_components

."

Assume: Fourier decomposition of error

Fourler frequenmes | (1D) o

hzgh frequenczes

low frequenczes S
i wavelendth < 4h)

(Wavelength > 4h) :

‘ V1S1ble on coarse gr1d'» InV1s1b1e on coarse gnd'

—0 e 0 6—-0—0-0 08— | —-6—e—e 00 0—0—>—0—

« 0 Poe e LT e
. . e e ® -
8 et
. 4 . e 9 . PR N PRI NN
o . . T - - -a . K . . 3

—0e—0—e—o—e—e—e-e | -G o 0o e e o 0o e

—o0—e—06-0—0-0-0—0—90— | —6—e-0—e o 00 e o

High frequency Fourier components
CANNOT be corrected by coarse grid!

However.

MG4-2
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The (1te1at1ve) two grid cycle . i |

relaxation + coarse-grid correction

N\

reduces high frequency reduces low frequency
error components . error components

Convergence independent of h!
Vir Vo small (typically 1 or 2)

Rough convergence prediction: smoothing factor

Analysis by (local) Fourier analysis

However: Two-grid method is not yet efficient!

MG4-3
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Notation:

@ y smoothing steps y restriction

@ solvel'grid equation A prolongation

1

Notation: V(Vl' "2) - cycle, W( Vir v2) - cycle

Compromise: F-cycle

MG4-4
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Work:courit

94/ := 1 relaxation sweep on finest grid

| V=V +V,, standard coarsening

T
| vwins

Solution up to discretization error €

O(N) loge = OMN) log N

MG5-1




"' Standard MG for Poisson's equation. - -

Fo)
\Q

Poisson equation

-1.
=) 1 4 -1

-1 h

Uh — fll

sténd.';a_ir’cf (1.1“)‘ :

L2h
standard (2h)

7. full weighting

h
. Izh
linear interpolation

Convergence factors (h=1/128, 7 grid levels)

' LV
A% TASE

‘W-cycle| vVA-'cycle

0.500
0.250
0.125

0.395
0.190
0.117

0.400
0.190
0.120

MGS5-2

57




oot o e 00 P e s Ay e S e R

TGuiminary on MG components 7.

Discretization MG straightforward if ngufficiently elliptic”
Relaxation Gauss-Seidel type (point-, line-, blockwise);
collective and distributive relaxations;
ILU-iterations
Coarsening Standard coarsening (h,2h,4h,...);
strategy Semi- or adaptive coarsening;
Multi-coarsening; Variational coarsening
Coarse-grid ~ Analogous o1l all grids; '
operators  Galerkin operators? H= IE i II;I
Prolongation Linear interpolation;
"Adaptive" interpolation (e.g. discrete eqns.)
Restriction Local averaging (e.g. full weighting);
Transpose of prolongation;
"Adaptive" weighting
Cycle-Typ V-, F-, W-cycle; " Adaptive" cycles
Vir Vo Typically 1 or 2, usually vy > Vo’

dynamically chosen

PDE problem
arsemning

MGS5-3
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- Optimized VIG for POISSOHSQquatIOH L

WGS-relaxatlon + stralght 1n1ect10n -

: Convergence factors

W-cycle

V-cycle

0 500
O 250

10.125

T 0.440_ |
- 0.197.
0.088

wdiv

'0.089 |. .

RB—relaxatmn +. half 1n]ect10n

" Convergence factors

1

W-cycle

V-cycle |

R S
~

-

N
~

0.250
0.063
0.016

0.487
0.118
0.034

0.809
0.173
0.059

------------------

------------------------

------------------------

MG5-4
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Variational coarsening

I
Given: Lh, Q- Qg and I;;I

I§
: Define:  I0 = (DT and L= I L'}

Galerkin operator

. H .
Lh symmetric ==p T symmetric

Lh pos. definite e LH pos. definite

o e e g v .‘-~.,.-< -

Varlatlonal pr1nc1ple (L pos defmlte)

H ” energynorm .? range(I )

Remarks:
Applicable to non-PDE problems
Only applicable for linear problems
The computation of L' is relatively expensive

Origin: finite elements

MG5-5
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Proof of the variational principle

<ull wh > (Lhuh, wit) energy inner product
2= range(ii}) , 2+ :=orthogonal complement :
Two-level h h +h ,H1 H_h
correction operator: K'=T-I5(L) L L
Properties:
h. .
K is symmetric w.rt. <.,.>
Vhé ? — Kth =0
vhe 21 mm tyh = yh
h . . L
S K is orthogonal projector onto 2
Ih- Kh is orthogonal projector onto 2

— ||| =[xV
= v - (™ K™ vh|

= min ” vh 4 51‘“

she 2

MG5-6
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lodel'problems

The performance of a concrete multigrid method is
not sensitive to modifications in the problem, unless
its "nature" changes essentially.

Some typical model problems

; PQiSéOh equaﬁon o ';uxxf ug =f

Ani.sqti"(_)pic equations | Uy uy, =f

' | 0<g<«<l or €51

Discontinuous coefficients ~(auyg)y -.(buy)y =f

' Singular perturbations ~ -gAu %alix+ buy = f

| 0<g<<l

Indefinite problems | " _Au-cu=f

Nearly-_singular problems c>0
Eigenvalue problems

Higher order equations AAu =1

MGG3-1
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Fa
NS
Y
-

-¢ 2(1+g) -¢€
h -1
h

. Gauss-Seidel relaxation -

For all gnd pomts do

h

u. .
L)

_ o.h b h h
) ""‘"2(1+g) [ DO ey B U5 Y

Smoothing analysis (standard coarsening):
w—»1 if €—» 0 or E—P ®

Behavior of error vh= Uh- ubL during relaxation:

Vh = 1 EVh +8Vh + Vh + Vv
5 " aaee LEVi T iy T igrt Y

:Sm‘bothlngéonl‘g“""'

O s
‘“G Vo

MGG3-2
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Influence of (pointwise) Gauss-Seidel
relaxation on the error

‘\\\\\\\\‘ WS \\

'\\

'W’ i ~\\§‘\\\\~'~'\\\ ‘.,.: \\
'@’.‘ i ,’0" V'V
"0"’/ 7 l:\\

-—__—:—“———-

\“
\\“‘ \ \ \\ \\\
\\\‘\\\\\\\‘ \\\“\\
?"Q \\\ Q\\\;\ \\\ Q,"'Q
"‘ ”“}. \.'."\\.‘ ’ ...?:\/‘
..‘; /",‘ %'/I’\ [
A n it

Error after 10 relaxations Error after 15 relaxations



Remedy I: Semi-coarsening

Use Gauss- Se1de1 (p01ntW1se) relaxatlon BUT

"
--.-.év.r-_,.-‘rf-!} u?v 3 A L e

y-lme
coarsemnb

R S

1l omee) -g] L |l4e 201448) -4e
ol ° 2

h | 4h :

L -1 ) -1

The anisotropy gets weaker on coarser grids!

What to do for arbitrarily varying €= € (X,y)?

e Adaptive coarsening
Technically rather complicated (cf. AMG)

"Multiple" coarsening

Use more than one coarse grid on the same level,
and combine the corresponding corrections properly.

MGG3-4
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Use standard coarsenmg BUT
P A : N T REALZ 2L

Cofnlts :_

e '@‘111 stronglyicou
o KSt"{l tzoﬁnﬁlﬁ*é%}i&"
.J._L,; wn

' 1
1 l, ﬂ‘re

If 0<g<<1l: Gauss-Seidel y-line relaxation

If e>1: Gauss-Seidel x-line relaxation

What to do for arbztrarzly varyzng 8 8 (X,y) "

Alternating line relaxation

One step of x-line relaxation followed by one
one step of y-line relaxation.

MGG3-5
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Influence of Gauss-Seidel y-line relaxation

on the error

\“ﬁ!"".\ﬁ

NN
,5}5;":;“{';ﬂ‘%jd)’,&!;\}fﬁggﬁfﬁ‘
AR

|

J

Error of initial guess

Error after 5 relaxations

,::'.'.:.::"4'&-&:.- SN,
i\
N, '

117 .... " \\ \\\ \\\ ‘
LT N IR
e N\

R

NS

Error after 10 relaxations Error after 15 relaxations
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A. Brandt

Multigrid Monte-Carlo and
Stochastic Coarsening

L9




OBJECTIVES

'Energtj minimization

o Near minimum start
"o Far start

° Homogenizcd‘ion

Eguilibrium statistics

o Ol(n) per s'ample
o O(1) per sample'

ill Homoaehizajfion
Dgnamics

® Lar%e At

e Ver'la large A+

Stochastic cltdno.mncs

ms - Moni‘e Carlo od‘ each ‘hme step

)

MS

— PN

M6, AMG

ms cmneo.lin%

mS

Monte ~
Carlo

- MG, AMG

ms annealing




(-4 % TR S

<L_|> . '
S hu TeTT
. ,?.h
E(U)—'—'m}nE(u.) '
u
O:: QE =—1—- G.é' (L[‘L—Ll)_{
ou w=U h* <3, i> d d -
"'"i z Cl.(,J (Ub"'Uj):‘FL
h* <jii7
2 a2U D - U \ =

= E(U)=min E(u)
E(w)= H [—% (u?{ fufa)-{u] dxclta

Ed




szsica{ distribution |

e,,es(u,) I

PE(LL) = —j;_,- ) /B = —‘;—E—’:".
z =2 efﬂE(@ |
Observables
E(uw)

MW =T, MY

A verages

<M7 = Z B W M(w)
<M'> , <E?>

How to COW\(oulie 2

I




Monte~Carlo
Mokoy chaing (M )

u®, u(')) e u.@.,

PP () ,
=S R IPL (ww)

P (u) 3}ven (e.g.) random)

DeJ[ailec[ balance.( DB>
P,?_, (U—l—>u.) PE(U..> or 0

—

- 0

P:-t ("*"' ) Pe (u')

— Llim P,) = PE (w) | Y u

N —» o

<M> = lim —'k— > M(u™)

k —» <o n=1

23



Mefr\opolt‘s

current U «> one CGLVIO(l'O(CLEG_ w’
. P((A——b (A”) = mt'm({{/eﬁ[g(u)—g("‘ﬁ
= Dekailed bOlOV\Cé
Point —lov "POt'V\t Met\/\o Poll's

ex&v\emelv S)ou/ to PV‘oduce . new

(‘Vlolelbevn den {? som ple

H




A. Simple Enerqy Basins  real ui

Stlow to equilibrate h
'.cmdqbe sampled : IH V‘H

Coarse Monte - Carlo

. e~h -~ h
Hamiltonian: E (U.h-\'IHV'H)

= E”(V'H)
Multigrid cycle:
on 1. Monte-Carlo passes
each 2. ¥ cycles on coarser
level : 3. Morte-Carlo passes

Near equi\ibra’rion and decorrelation
in one cycle (¥=2).

Small work on coarser grids (—;: +%+.%_+ )
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Inclepenc\evxf: S&W\P\\'ng

on coovrser levels

i. Lcw'c)e-sca\e statistics:
accuw\ulabeal own ‘cecovsSevr IQ\/els

m ¥ = 2% C_9c|e

2. Vask dowains:

OV\lg on coavsev IQVQIS.

'lotg dowmat replz‘cat‘(ow
<¢'V\$t\'eo.) oF X?lA)

3. Macroscopic dynamics:

C("e“[’l:]/ direct lfj '

X



Rawiltonian Simplification

M) = Bl +0(), & —>u
1. Apriori \o{:{erg
Delete A in Fr‘o‘oab Sk l:j Pa(a)w Q:A(U)/'r
Frecze & o probabilit) 16,0
LOCQ\

Allows coarse c\jvxavvucs

l“r‘ee_zwxg s\nou\o{ cm“res[oomc\ JCO IH

2. RAposteriori \o{:£ev~v

i 1w AG)>aw)

POLCCQPE (a — (A) = e A((X) -A(U\’)

Glo ‘oa\/ COV\\/em{eV\\Z

Requf\/‘es swmall Alu) for~ Smoo{le -0
Prohibits coavse okjmavm‘csg

39




B. Ising Spins W, = +1

=) = -2 W Pu) ~ & ®IT
oCodrse moves = block ﬂ\'ps.

o Standard blocks are ‘wnpr*oba'ole
o Blocks should have uniform sign.

o Pasing blocks on cuwrevxf U

A\srupts stotistical fideli 63

Plu,—» Us) P(u.) (Ol?-kw\etA b lomce)
Pa— ) Pw)

Stochastic anrséning ok W

o Delete \/ (U\> -—-J U U from E

n {)robab il tj Pi; = CLJ
Freeze \/"J (bloc\‘l < W\I;L J) L'F HV\O(GthQfJ. .

__\/o (uJ /T

=) detailed balance. [Swendsen- Wava

F9




Process an iV’\“:QT&C‘t(OV]S, o I‘_" )‘—‘I
Yim——o b3 e

Also. between blocks.

Excepl: between any ]( I -
'EWO ”coarse SPlY\S ' l l .
. ~4
» Coarse Hamiltonian E' = - X Jd5WUy,

+ "énclepevm\.e.nt blocks”.

R.epeat: Hamilkonians E/ Eil E"/ EB/ .
On meshsizes [, 2, 4, g,

+ accumulo«l:\'mﬁ ||'S‘: of 1'wdepevxolents.

/\A.~CL3c[e (\// W} )

» Mult\'-sca\e ‘Ls\omo\' A%V\awn'cs.

Fost Samp\\v\g But wo dependence
of coarse savwlomo)S

o




“Detailedl @alam ce

EW = -V« + E'(w)

Pro‘oalo(l{tlj of olele(:fng VvV 5iv'ew_ o
p,@ =4, T g, ZlE

otherwise: freeze V

¥ V() # v :

P(Eow)  _ py () Per(6=W  _ pu @ Per)
P(un Q) Pv(u) Per(n = &) Pv(v) Per (&)

P
Pe (W)

If V(&) =V : Py (@) = plu) = p
PE—W) _ _pPelf—u) « (1-p) Pe(T=W
Pu—=®)  pRfu—D)+ (1-p) e (u—0)

_ PE'(lA) B 'PE (W)
T OPe(B) T Pe ()



2- spCV\ coarsening (SW)

% Q-f'SP\""\ gtven albkernative transibion pr-
| conFiguro.tioh H #, H, A 2
i t ot -p co 0 ]»Q_LP e~
| - 3 o 0 o [
°o—9 o—n e o
(®

3 - Spfy\ COaV‘Sem'V\ﬁ (exawup,e)

g

3 - SP\‘V\ | qiven alterna Eive Eransition probdo.
con Ct‘guvx H Heo1 Hz H3 P, Pl PB

o _ - _ (—e Py - 74P -4
+ + o+ 2 o o .b ize Mll-e e
+ - + p 00 oo -b 0 ) I
t+ + - 0 o O b - P, o) e
+ - - 0 o0 o b 0 \-\3¥ P«

el =l el
AP _ o2 2b E
‘ N R s 4 €

)e{:ml balance &L e B 5 -, & P




<M >
coarse —[evel |

GRID fine 'dev\'at\'om |
| level 2~ spin (Sv) 3-spin (g:.ls)
coorse m'nj coavsenng

4 x4 2.2 + 1.8 + 7

9 % 8 a4 | £ 12 + (.5

16 X 16 159.5 + 25.6 + 4.0

22 x %2 470.2 + 81.6 + 10.6

25y sites treated




Stochastic Dino.mics

At time 1" - Posi‘Hon vector X"

'Veloci'l"j vec:l:or' Vn
poJrenHal energy E(Xh) .

Deterministic implici‘l‘ 1ime s{ep :

-VE (X"”) _ Pm—i
n+ Y n+i n et M
f k %ka—"vk —'Vk ) v ‘7— X L

n

=m, ~—— ) S{'

Pk k &1t

> X" minimizes H, (X'"“)
H, (x™) = £ Z m, ($V,) + EG™)

Stochastic Time step :
P (Xn-m) N e—-/ﬁ’ Hp, (XrH-f)

o
P= T

24




Results of the stochastic step :

o <p™> =-VEG™)

nei\2 2
o <) ¥ -<p'> =m /A
e Local componenJrs, with

oszillation period « ot

are ¥ullta +hermalized:
P (x™) ~ _e_'E(x"“)/kBT

o La,r%e scale componen’ts, with
oscillation period St
satisty Newton law.

P Eo.s.ier. mu"tfsCC\UV\CA
Stockast\'c/HC\\miH:ow(qn S\‘mpli{:t'ccxh'ow

Coovrse -~



STOCHASTIC
HAMILTONIAN
SIMPLIFICATION

~ likely _
| &on{igurafion

ﬁ'o = Oriaina[ Ha_miH‘on'la;n
obtained {'rom fine ﬂricl —_— complica‘fed

Hsz Simpliﬁed Hamiltonian

FAS: ,or]%inal form + P'olinom'sal terms

ﬂszﬁo)vﬂsgﬂo’

Detailed - P(H—H) =e ™™
Balence:  p(f ez Hs."Ho) =1-P(Hy—~>Hy)

'S{mpler : Approximafe detailed balance

46




Thermeo dtjmaw:ic [imit

<tatistical oveyage of
awn AinF:'m'be S‘jSEeW]: N = 00

Colculation to accuracté €
=§ Large N = l{Ld‘ points

X VL'L Moﬁte'CaV‘lo Sw’eé_f)s
to P\r‘oduce a sample

X O(g‘f) samples
[X calculation of Sfoy det Hj

- O(nud E.-—z) [X ]

MG calculation in O(E'Q)

572



statictical Fields

| —Enerqy(W) /T
?F‘Obo\bl'lt&j(u> ~ 2 39 )/

MOV\{Q CQV“O T parl:icle - bv - Par‘h'c(e
(ov P'Ol'ml? —bs '~'r‘)o'in(:> simulation

'Slow IaV‘gQ."SCale Squll‘mgz
L. Small changes per- sweep

2. Few samp\es pev” cOV\G‘ﬁuV\aHom

Multiﬁv—ic‘ Monte Carlo:

{. Moves on all scales

2. MucL\ saw\pll'ma on coalse [eve[s

;E;ﬁ;: Gaussian model on LX---XL:L(’l laktice:

O(4) instead of O(L‘“l) operations per sample

== Homoqen}za%ion

4%




A. Brandt

Global and Discrete-State Optimization:
Multiscale Annealing

94




min E (1)

False attraction basins

Particle by particle minimization

trﬁpped in local aééy—acﬁfo.m basins .

Sl'VhLL‘.CLl:E_C[ CLY'«WECLII‘V\ﬂ p(u) » e-E(bl)/T

T™~— 0

t’rm.ppec\ (N larae'sca{e_ aHrc&c':iOV\ : basfns,

Multi-level cmweql.img
CoU.ecl:ive W\OVEZS/ alL. cx.“ 5C.ale5

Convey‘@es ({‘CLS{:/ (n Probaéfll'(lf}). |

e A larse-sca[e' mwove IS ;&ecio\eol on\j after

on:(mizt’n\j around it ab all finer scales. |
8 Fast &nnealz'ma ot each level .

s Recombinations at cach |eve\.

o



OpLimiZaTION  min EW)

a Fast convergence near optimum

o Global optwmza{;\ow
Escope 'Fa\Se a{’crac{’tOV\ basw\;

E(w)

multi - scale atbrackion basins

31




Mulbt °4|€i’\‘/el
‘Sftb¢\f\ast<t'¢ o
Optl'Wi'za,t\'OVl _(m('ﬂim{zatt'om)

Large bosins & lawSe - scale
- spatial featuves

Lawae scaole .c_(ﬂomgeg
decided (Stochas!:icaua)

ol after |
Optfmu‘z(wa avound them
ot all finer scales

Recurs(on
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- (W) /T

——l
E(u) = Z(“e“uj)Q ~7 £.u, —t
<L, J> : . |

&@&| ui.: f.=0 = u;=u;j

Qi o ISing SP(nS W, = +1

e —

Islawnds wC*:\jivi islands

Hier(xrchn of basins

_Oz ’ 03, i Spins . vectors \U.J ':»1

8




Many Local Minima ™

Ising SPinS: min £(s)
S, =+4 BC

2 "":,‘S;Sj ‘"Zl"asd
)

)

(%4 .
Spin Slasseg

Els) = -

<C,0>

Reloxation Poink*ba-pom% Vm'\ﬁf.VY\iZatl'_OV\.:
;prng & Spin Lf the energy olecreases'
_ﬁ)E(\

Artific al ’Cempg\f\a%u\re " P(S) ~ Q@
Pom* \0;1 Poml‘ 5toc\/\asuc V“Q\C\YOKMOM

X) |
with Dorit Ron (1995)



Lsin Meaf‘.@l

| E(S)= - 2.5t S;

<i,J>

. Ground - State : S:;sh

TR NE QLN
T TR

L1-4

P~
ENTN TN
n

PSP ce
PP




4 4
4 1
4 i
AL :
-{-1

+.
|
ot

’ ”th.xlck "

1 T 2
i 7l
1. ’ 7

- . -4

] - . -4
 + +:
A ]
1 4

& J

Y

- External Hagne_’cic Feild : H<0
» Ground- State remaine : Si=4
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Block - by - block Relaxation

+

E(s) < E(S)
——47»'Local opﬁmizai‘}on around S’

Worl{mg Area. :

Block revision precess @revisécl block

84




PRINCIPLES of DISCRETE “STATE
and highly Won-quao(m’cfc OPTIMIZATION

1. erfarchg] of change scales

2 'Large*éca[e change is decided owltJ often
'Caléu\alrx‘v\g -cbs effects '(O(Jl:t'wn'zfmg- avound

~it) ot dll Finer scales, starting from
the finest .

3. Hl: eaCl’\ SCG‘C QWIPlOd SbOC‘ﬂGSb{CI‘&y ,J‘US'[T
lav\ge evxou_jl/, to escape locol minima on

'tl".odf SCaL‘L/ ’H«en SJCV‘t'c’.‘ W\('Ml'Mfza.(Zt'OVl.

4. RepecLJT (tl«e Liner - the MoN) with .LCC

R. Recursion

» Rceeleration

| @ ujr-w P‘m’&”cr

» E"SCL».PE!I‘.:" *.cc;a‘, MiEinG *,/'iﬁ-k lﬁd"ae'
atbvoctippn basips ’

39



SUPPIQme n%cwté Minimization Techhiaiues

4. | owest Common Con{;{gumh’on - LCC

qround >O = > 0
AT RO S SR I P
N

0 0
La~ 9 Ln

¢ between the revised \DLCC /
and unrevised block > 0
v ot fépea’dns ahy level % %
0 within the vevised n
block relaxation

2. L ower starting B

8 increoses the Probabi[i{:y of brealdn% lon% blocks

3. /Qdapjcfve veloxation |

» Saves work
» velaxation may e.xpcmci loe,\éond om'%{'nal work areas

4.. POS(%:{{)V‘. chifde

° l’\o\l‘f‘-size_ of the blocks

5‘. M&t«/ ’f‘a Pe, o(: JofoClqg : boken a[oh,j weak IOonp{s

/ 00




EXAMPLE : A complete multilevel cycle

level
_Ix1 |0
fiqest
seale |

22| |

bxg | 2

® %Lin'ing a square of spins
o stoshastic relaxation
O  minimization relaxation

2 ____‘___,"i’
o L -:‘—f----r ————— 1
— e ar|em d l i :
4 i ! i
) ceeecdeecl e
‘ N 2
4

Complexi{‘y : O(N™); never exceeds 0 (N*)

/of




Linear Programming
“E”mmpwmﬁa@m Problew

-Luvnpmg ) V\e\ghbwmg
destinations Origins , .. |
blocks super- blocks

Coovse costs
= fine marginals

EMG - like solver

Total worR ,
~ 4 simplex (wo1) step

Ro[@_ o(: Pe{O\ Xaéx'()‘r\ L{?\’am(‘h:kg}]



MULT|~ LEVEL OPTIMIZATION TECHYIQUES

f.quja.’i:t long + Opti mization

1-FMG . | Parameker ophmizah‘om on coavse

| Locd\ o'p{timizal*("ovx"a(‘ refamh'om

Tuteroctive afes(gm: 'Re-solv{mg mochJ On Coarse
‘ OP\TLW\.CL).

: - ]
’ [« L. O \"‘» fue L (/‘ "
Fanﬁ. c.'f‘. LC W \ ex{‘ Ve it ZAatloWn

&\}.aarcﬂi‘fc famcjtfomal (—:?7 l.MeQV\ éZC(uaE(OV‘..%)

Constrained quadiatic. FAC SRRTOY
\u_;j‘;'ci
Now C[uao\rahc ({ew exkrew\ay FAS
multi

H-“g l-\l!a non - cluacir‘o# fe } (W\cm; exbre wq) : | zvel

. b
e, Lytv
,

Discrete stakes U“J’ +]:
Lineav pwoqv*awlmivsj JCV‘&LV\SP(:V"“A’bUOVx P»~clalew\
< c

[Kamins I‘W,)

(o3
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Full multigrid (FMG)
and
nonlinear multigrid

Klaus Stiiben

GMD/SCAI
Schlof Birlinghoven
D-53757 St. Augustin
Germany

MGG1-1



Problems with iterative methods:
First guess? Stopping criterion?

AR S o B L e s e
approximation error discretization error
(of current approximation)

Generally, it makes no sense to iterate the
algebraic error such that

ot o < [lu- o
algebraic error discretization error

FMG is, formally, just a combination of
MG cycling + nested iteration

However, ....

MGG1-2

jole




Sequence of m increasingly finer grids

: Qll QZI bl Q

m

(= Q h)

For k=1,2,...m do
If k=1 then

Solve Lk Uk= fk
else

k k k).'

K
u<—MG( A

Hi:-l: denotes higher
order interpolation
(FMG interpolation).

Kk>0: denotes the
number of MG-cycles
to be performed.

FMG 1nterp01at10n

AL

... stands for K- cycles

Order of the FMG interpolation:
atleast p (= order of discretization)

Standard coarsening, 2nd order discretizations:
cubic interpolation

1oF

MGG1-3




Goal: ek: Ek

Assumption: E. = T E;

cnempam o e e, -._.-. e

For’ each k, the f1na1 app"f::ox1mat10n uk is accurate up to
the level of the d1scretrzat10n error, i. e. e,'l’(~ E: 1f‘

...............................................................

................................................................

.....................

......................

stands for K cycles

MGG1-4

0¥




W.yc1. := work per cycle on finest level

ignored: FMG mte1polat1on
FMG is true O(N) method

:Pé'i;sson equation:
V(2,1)- cycle,. p = 0.1, r=025 m= k=1

WFMG = 4/3 M/)cycl = 7 relax on finest grld

Solving Poisson-like problems with FMG
costs approximately the equivalent of
7 relaxations on the finest grid!

Rémarks

L U =f should"make sense" on the coarser grids

Otherwise, start FMG on a higher level or
use "averaged equations" on the lower levels.

MGG1-5
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Nonlinear LB ub=t h, approximate solution: ul

Lhyvh

h
=d~ makes no sense any more

‘Global linearization
7 (outer iteration)

SR i Y va

Linearization (e.g. Newton) may be complex

The inner + outer iterations have to be matched
_"Direct'approach ' -
No global linearization!

(Local) linearization only in relaxation

==y No matching of different iterations required
—= Same cycle structure as for linear problems
=) Sometimes easier to converge

Multigrid performance as for linear problems

Easy incorporation of "special techniques"
(adaptive multigrid, ¢ -extrapolation, ..... )

MGG2-1

110




Approximation w.r.t. Qg and LH ?

Vv

e IH is a transfer operator which may differ from Ih

o Note that UH and f H are defined above.They are
NOT the solutions and right hand side, resp., of the
H-discretized continuous problem!

MGG2-2

414




3
%
3‘
4
:
g
i

]

R T D kb ety

'Only .:smooth quantztzes (1 e. errors) must be 1nterpola-

ited back to the fine grld Do not 1nterp01ate U 1tse1f‘

b ne ae emtemt wisten - was Saessedet s S a e A ah s bof s sl

Smoothing requires a nonlinear relaxation scheme
Extension to "real MG" as in the linear case
This nonlinear cycle coincides with the linear one
if the problem is linear

© At convergence:

h H YH_'h

FP-v? anda U= I'U

. v2h
Standard choice: Ih = straight injection

At convergence, all coarse-grid solutions are
identical to the finest-grid solution

MGG2-3

407>




A

J\,)_%( ~AU +e(xy,U0) =0

Assumption: cu(x,y,U) > 0

h

Nonlinear Gauss-Seidel relaxation

For all grid points do: compute ﬁi}; such that

3

L S S P o Ih
[4 Yy 1y Yiv1y™ Yig-1” uij+1] + h ::C(X,y, u 4 ):=0
~-h '

and uh u
ij

| Plca1d hnearlzatlon (only good 1f c (X,y, Uh ) sfnall"):

| h-- ‘
. c(x,y, ) —> C(ny, )

Newton 11near1zat10n T

R D~ e 3t ﬁﬂ.(x_’?'.’,_,u.g) Gyt

=y Same efficiency as Poisson-solver!

MGG2-4

1{3




l
b
i
{
I
|
l

Applications

T -e_stimatiqn
For example: ".CIH = ety — "c}'l: ’Cf/ (c-1)
Stopping criterion: ”Lhuh-'f” < || Th”

T -extrapolation

He o H .
Th ci'h * 'm

Adaptive multigrid (MLAT)

MGG2-5

Aty




| _Molecular Dynamics_
at Large Time—Steps

Eric Barth

Margaret Mandziuk

Tamar Schlick

Guihua Zhang

Courant Institute of Mathematical Sciences

Department of Chemistry

New York University

and

Howard Hughes Medical Institute

15



In molecular dynamics, calculating the
N-body 'forces of interaction
dominates computational effort.

Vo= Y kAl
bonds

+ > koo

angles

+ 3 kg (1+cos(ng+6))
dihedrals

giq; ouj | Pij
T 2 (Rz 26 T 12
atom pairs ij J Rz’j Rij

e Standard explicit integrators require one force
evaluation per time—step.
e Fastest motions necessitate small steps.

Unfeasible number of force evaluations

needed to simulate slow motions

over time intervals of interest.

M




Improved efficiency has been sought by:

e Constraining fast interactions

SHAKE .- | | " |
reduced variablev treatments—Rice & Brunger, Moldyn, Oren Becker
e Dividing the forces by time scales

multiple time—step methods—Humphries, Byrne, Watanabe, Karplus
e Super—stable implicit integration schemes
LI—Schlick

e Reference systems for the fast motions.

‘LIN and related methods—Zhang & Schlick

Vo= Y kAl
bonds

+ 3 kgArd

angles

+ > kg (14 cos(ng +6))
dihedrals

+ 2

. -- 6 12
atom pairs ij R Rij Rij

%9; 5 Bij

(s



The Equations of Motion

The Hamiltonian system

i =
p = —VV(g)

Langevin Dynamics

§ = M™'p
p = —VV(g) —vp+r

Overdamped Langevin Dynamics
(Brownian Dynamics)

g = M™'p
0 = —VV(g)—rp+r

1%




Traditional Moléecular Dynamics

The Hamiltonian system
' q —_ M—lp
p = —VV(g)

Di_scretization: Velocity Verlet Method

| h
Pnt1/2 = Pn—5VV(gn)

In+1 gn + hM—1Pn+1/2

h
Ppn4+1 — pn+1/2_§vv(Qn+l)

Verlet is:

e EXxplicit

e Second order in time

e Symplectic

e [Time reversible

o/ T he gold standard in MD

S



Constrained Dynamics

The Hamiltdnian system with _constraints.

i = Mlp |
p = —VV(g)+g'(9)A
0 = g(g)
Discretization: Verlet with SHAKE
Pnt1/2 = Pn— ‘%VV(Qn) + %fozt%
o1 = G+ hM oy
0 = g(gn+1)

h ‘ h
Pn+1 — Pnt1/2 EVV(Qn—l—l) + 597,1+1t)‘n+}

A typical bor_ld constraint between atoms : and j:

—1(.2_;2)_
ga(q) = DY (Tij - La) = 0.

Torsion dynamics, multibody treatments, and other variable re-
duction techniques use generalized coordinates which rules out

Verlet integration

430




Multiple Time—=Step Dynamics

‘The split Hamiltonian system.

i =Ml
p = —VViast(a) = VVsiow(a)

Discretization: reversible-RESPA

90 = dgn |
| kh
PO — Pn — ‘—Q”VVS,IOW((Zn)

for : =0:k—1,
Pit1/2 = DPi— %vaast(qfi)
g1 = Qi+hM—1pi+1/2 .
Pit1 = Piy1/2 —%V‘/%ast(qz'+1)

end

dn4+1 — 4k

kh
Pk — —-é"VVslow(Qn—i—l)

Pn+41

o jaA



LIN:

_Langei\‘/in:’Dynamics with Taylor series forces.

i =M |
p = [-VV(g)—H(g—q)—--1—vp+r

Discretization:

LIN family of methods
solve| the linearized system over [0, A],
with initial conditions ¢%¢ = qn, Prer = Pn

Gref = M_lpref
Pref = _VV(QO) — H(qref — q0) — ’Yquf‘ T
integrate| the residual with timestep h
(q —-Qref) — M—l(P — Dref)
(p—prer) = —VV(g)+ VV(go) + H(grer — 90
—v(P — Pref)

4o




VERLtT +\6f)e, m‘\'e%wfa{'ovs
clom\na“‘e S

HAcgonox.Ecm.*R ( 8lo-) pYNhMlcs

% on&s‘kp in-&eqm‘('or
(ore evaluztion o{»-foroes per -h'mes-fe,o>

*—'relaﬁvely high otder |
(“feels' the wrvature )

% time-reversible | simplectic
(qood lonca-v’n'me be\\av{or)

123



"STABLE INTEGRATION'

- 1n biomoleaular ddno\w\tcs

N E'. _1_21 Einitial -

E:nitial

AE £ 0.001-0.003

2_) R = AE:rms
AKE s
R £ 00|

| Rule of -thumb: A-t=1,-/z_o

434




1&/H A (‘\_%’a (210\%(6\’* thco‘“c Berendsen,
3. Comp. Py, 2.5 327 (1477) )

¥ BoND LENGTH CDNSTRMNTS - small e.g‘ed‘

on lona -hkme danavmcs

M ANGLE CONSTRAINTS - reduce rmobility

a} the s‘as-\'em

RM.S. FLUCTUATION,y, »” OIHEDRALS (DEGREE ™)

RESIDUE NUMBER

Figure 7. Root-mean-square fluctuations of the dihedrals angles
é.¥ over 25 “ps™: (—) NC run; (---) LC run; (---) LAC run.

(qu Gunsteren, Larplus, Macromolewles 1S 1528 ( 1?82.)>
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— Ao Constrants (NC)

- 10 - === Leng Constroints (LC) L
o« ! S s Length ond Angie Coastroinds (LAC) /!
7, : i
- ’
5 % R
< R
306 1
Z ]
=
3 a4
S
Z a2
ui
z. .
m s aasaasaatasassssaalasnsssassalasssssa adaasa s s s aanlass sassral
0 10 20 30 40 0 60
- RESIDVE NUMBER
H Ve A s ¢
I A a.

Figure 3. Root-mean-square fluctuations of C, atoms over 25
“ps™: (=) NC run; (-—--) LC run; (---) LAC run.

' b 22 Phe O(N-Cg-C) e AC
i ——
M /\/\V_A
a
N
I
Iy _
I "
N W /“\ H
4 - o~ \ ,‘
- v o\ \A ST\

SPECTRAL OENSITY (ARBITRARY UNITS)

>N\ AN .
R 50
wl"ps™)
Figure 6. Bond-angle and dihedral angle autocorrelation and
spectral density functions: (—) NC run; (---) LC run. (a)
Autocorrelation function; (b) spectral denasity.
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TABLE 3: Combined Stfl/Soft, Internal/External, and
Short/Long-Range Nonbonded Force Decomposition.
Comparisou of Encrgy Conservation and Associated CPU
Times Spent in the Various Force Routines for Velocity Verlet
(m; = ;= py = 1) aod r-RESPA Using the Propagator Given
by eq 38 and eq 434 ' -

At 81 mony my 108(AE) R Tuewes Tocnt Tioction Tsoaboodod

237073 0.0022 30.7 186.0 399.7 10085.9

025025 11L&

0.50°0.50 1 1 1 -3.0123 0.0087 155 933 201.2 50734
100 1.00 1 1 1 -22388 00398 7.7 479 1028 2579.6
200200 1 1 1 -1.0475 0.1981 42 23.6 3525 13267
3.00 025 1 6 2 -2.9880 0.0102 31.9 189.1 407.6.. 10900
3.00 025 2 3 2 -2.9995 0.0102 32.1 923 1987 10629,
3.00 0.50 I 3 2 -2.7944 0.0127 15.6 93.6 201.0 1078.2

« log(AE) and R arc given by eq 48 and cg 49. Ar and ér, arc in
fentoseconds. Here re = 6.0 A and Ar = 2.0 A for all r-RESPA cases
considered. Tirwcs: Toend. Tiocuon: BNA Tooabonded 27¢ the CPU times in
scconds spent in the stretch, bend, torsion, and nonbonded force routines,
‘respectively. CPU time spent calculating r-RESPA ncighbor lists is
included in Teoabonded: '

T Ll T e A
-4
1(s) - N
T
11 Ju 1n i AR X 37y 1176

1000 e !
Figure 6. Dctail of spoctral density /() of oq 52 as a function of
wavenumber for “Exact”™ (1.c. velocity Verlet ar = 0 25 fs) (solid line),
vclocity Verlet Ar = 0.5 [s (dashed linc), and r-RESPA using the
propagator given by oq 38 and eq 43 withny = |, n; = 6, ny = 2, and
41y = 0.25 [s (dotted linc) Intensities arc in arbitrary units.
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L RE SPA ('Tuokermo.n , Berne, Martyna,, Jeeal, 1aq0 ( maz))

tFFIClENC? af +he method depends on
. —Hse op"hmcl sPlui‘ Q‘ +he forces

(Humphre75,¥r:csner Berne JPC “I8 6885 (IQCM))
crambin - 46r¢(, :

\/= Vb + VQ'.‘"\/L? t \/,..b
VN
\/nb(D Vhb("’

\....-\--) \-a.—-._n«ﬁ-«n—J '-—alq""‘hcj - ‘K.dﬂ\w

T, n,T, T, 0T = AT

13%




Watanabe, Karplus, - ﬂur.(’}nem. Qq, 5680 (14457

Sm?le - QESPA
Y \/ + \/@ + \/ + \/

tovble 'r-QESPP
V V + V + Vq; '\" vh’b

BPTI

" TABLE 10: Avcragc Total Energies, Fluctuations of Total
and Kinetic Energies, and CPU Ratios for the BPTI

Molecule

(Ercuat) AL AEca . CPU

model  (kcal/mol)  (kcal/mol) (kcalmol) log(AEmJ* ratio®
Standard
1 1134.55 0.127 15.40 -2.08 1.00
2 1134.48 0.545 15.76 -1.46 0.52
SHAKE
1061.12 0.844 15.81 -1.26 0.28
Single r-RESPA
! 113471 0.290 15.40 -1.73 028
2 113521 0.498 15.38 -1.49 0.22
R} 0.21
‘ Double r-RESPA
l 1134.41 0.562 15.20 -1.43 0.26
2 1135.36 0.662 15.48 -1.3 0.22
¥ 0.19

. Scc eq 18. Al values calculated over 10 ps of production run.
» Each CPU ratio was calculated with CPU time (method)/CPU time
(standard 1). * Total encrgics of sr-RESPA J and dr-RESPA 5 are not

conserved.
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L LI ( namg, Sehick, §Comp Chom. 1, 1220953))

anc‘evin c_&nnavniés - total eneropy &mdgo;k&

Averages for Alanine Dipeptide, LIN (Al = 30 fs)
VS. Explicit (At = 0.5 fs) Langevin Trajectories 2. ns

[ [[ mean, ex. [ var., ex. || mean, LIN [ var, LIN |
E® 35.0 4% 36.8 54
Ejx 19.7 34 20.6 3.6
E, 154 33 16.6 3.8
¢° —~116.0 32.9 —-113.2 33.0
Y 64.6 90.2 66.9 86.2
reN© 1.344 028 [.345 028
TNC. 1.446 .030 1.447 ©.030
re.C 1.520 034 1.520 034

KENCA 1234 33 [23.2 33
Onc.c 109.3 44 109.5 4.5
fc.cN 117.0 2.8 117.0 | 29

aEnergy is given in kcal/mol

b Angles are measured in degrees

<Bond lengths are given in A

4%
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COMPARISON OF LONG TIMESTEP APPROACHES

| METHOD _ [ Approximation =~ | At (fs) ||

| VERLET , -] . [ 05 |
SHAKE " | constrains 2.0
REDUCED VARIABLE CONF. SAMPL.-| - | 2.0
SUBSTRUCTURING . -
RESPA multiple timestep 3.0
_ 5.0

| LIN | separating framework | 29.0 ||

BROWNIAN DYNAMICS constrains 103
: substructuring | 40.0

HfESEN TIAL SUBSPACE normal modes

local modes | 16.7.
< AriAr; >
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Overview of Presentation

. Introduétion and Motivation

o Newton-Based Minimization and the Hessian

e Need for Hessian-Vector Product in Iterative Matrix Solve
e Goal: Describe Product in Terms of N-body Problem

e The Hessian Matrix Structuré

e Decompose Product into Off-Diagonal and Diagonal Parts
o Discussion of Complete Computation

e Ongoing Work




Introduction and Motivation

o Diverse applications of Potential Energy Minimization

— NMR and X-Ray structure refinement
— Molecular modeling

— Long time step dynamics (Schlick)
e Newton Methods

— Quadratic convergence near minimum
— Large computational overhead

x O(n?) space

* O(n?) time with direct matrix solve

* O(n?) time per iteration within iterative ma-
trix solve

e Goal is to reduce overhead of Newton method
— O(n) space

— O(n) time per iteration within iterative matrix
solve

— Include all electrostatic interactions (no cutofls)
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Newton-Based Minimization
Goal: minimize E(z), E : R* = R.

Expand the function E(z + z*) about 2* as:

N e OB 122 OB
E(z+z)—E(z)+i§1 0z; zz+2i=11§1 Zi0Zj

ziz; + 0(|2*1]%).

Set gradient of quadratic approximation to zero:
8E(z+2*) O0E(#") , & O*E(z")
= Ly =0,Vk=1...n.
Oz, Oz, + j§1 02;0z; % ’ n

Express this in matrix form:
FeE(zt) ] | PEE) PEE) ... 2E(2*) |

0z 02121 02129 Jdz12n 2]

1

9E(z*) 2E(z*) PE(EY) ... PEE) || 2

0z + 292y 0z022 0z22n .2 =0,

LQ_E_(_ZQ RE(Y) PE(EY) ... PEE) || Zn

Ozp L Ozn2; Oznzg Ozpzy |
or

H(z%)z = —g(z")

Newton Minimization Algorithm

1. Start with initial guess for the minimum, z*.
2. Compute the gradient g and Hessian H at 2*.
3. Solve the equation Hz = —g.

4. Set z* to z + 2z*. 1f not converged, goto step 2.
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Tterative Matrix Solve

o Preconditioned Conjugate Gradients
e Need Fast Hessian-Vector Product

e Goal is O(n) Product
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3 O(n) Algorithm to Solve
N-Body Problem:

thx—al 0 -~ 0 ][] 0 Aag - M@
R R e  a k
o 0 --.. qn%_ Apg Mpg -+ 0 Gn
o,
 wes62)|®
P,
where . ) )
ij=-=
T - z) (v — )+ (2 — 2)°

;= 3 gihi
T

Goal: Describe Hessian Matrix-Vector
Product in Terms of N-Body Problem

(4o
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dzydz,
*PE
l')Iz(’}I]

e
UI,.UI]
IE
dy10z)
°E
dy2dzy

NPE

yndz,

’E
dzydz1y
*E
dz0x

Hessian Matrix Structure

E

L
0:.6:1
PE
f).’rzUIz

e
dz,dzx2

ar
dy1dz2

e
2072

PE
dyn 0z

2L
dz10z2

1L
d220z2

> ¥ 2
: —~. 2 2 2"
=175 (i — 25)2 + (v — v3)” + (2 — )
2E T r _0°E JE F1id o}
J1,0Zn Irdyr  9z,0y2 dz1dyn
2’E 2E ’E a*r
dx2dzy, ('izz('}yl_ dzadys Jdx20yn
Fido) 2E 2E . 21E
dzdzy 4 L dzndyy  Ozndy2 Jzndyn
AE_ 1 - 9 2°E 3E
ECED dndyr I dyr Fy10yn
o 2’E 3*E . _PE
dy20zn dy2dy1 dy20y2 © dy20ya
L 8°E E .. _DE
Byndzy 4 L Jyudyi  Oyady2 Jyn dyn
2L 7 r _@E 2E L. _DE
dz1dxn dzy 0y dz1dya dz10yn
PE e ’E IPE
92201, 0220y, 0220y 0220yn
IPE PE aE F:5d ol
ERE N L dzadiyy dz, dy2 J20Yn

"

’E NE PE
dzidz; dx3d22 dzydzy
IE IE 3’E
dz0z) dxydzy dzadzy
ie 1L o)
dr,0z) dzndzz drydzn
3E iE IE
dydzy  Oyidz2 Y19z
L L a’E
dy2dzy  dy2d:z2 Qy2dzn
NE rr a?E
Oyndz) Oyndzz dyndzn
NE AE IE
dz1dzy dz)0z, dz10zp
9 E r’E e
dzadzy dzadzy 022020

L0 3E e
dindzy  Ozndzs dzndzy




Off-Diagonal Components of Product

Consider off-diagonal parts of upper left subproduct:

2 .. 0k \[=x
0 0z10z2 8110z I1 1
E .. _9E -
dz9011 0 0z20Tn T2
e 9B ... -
| 9zn,0z) Ozndz2 0 ] \. In |
Let:
1

Ai,j = 5 . 5
(i — z)" + (i — i) + (2 — %)

We can rewrite the off-diagonal part of this matrix as:

- QII?I 0 -+ 0 ][0 A - Al QT1g |
0 @2 - O Agg O o0 Mg || ©2T2g,
| 0 o --- qn;a; ] An,l An,2 -+ 0 i ann;a‘T: ]
Let:
Q:zi = qiZ;
0 Z;— Tj
Paig = ;Ai’j - 2 2 2\%
7 (2 — 3)" + (i —v3)” + (2 = %) )
Rewrite product as:
C g '
Iz, 03 o 0 W 0 A."?1.2 U A-'El,n Q:q
0 @ - 0 Agyy O -+ Asyy | | Qus
O O e qn;a_’: ] AJ’n,l A$11,2 T 0 QIH
Yy




3 O(n) Algorithm to Solve
N-Body Problem:

Qiy; O 0 ][ 0 Az - M || @
PR T T e |
RS Wt
i
- ana2)| %]
i cI;n
where
/\i,j—“-l: 1
r \/(';"xj)Q'*'(yi—yj)g'*‘(zz'"zj)z

&= ¥ gihiy.
2, 93
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Diagonal Components of Product

- Diagonal part of upper left sub-product:

r a2E b -
—3_2:—153?—1 O 0 I W
8’E =
0 F3073 . 0 )
9*E -
] 0 0 " Prndr, 4L Ly
is equivalent to:
[ -a'Z .
a7 2 gil\1,j 0 s 0
@ 0 .- 0]]%iA -
00 - 7 : \ :
n 0 0 52:7_2%'/\11,]'
L j#n ]
which can be rewritten as:
82 1
OTizz O 0 0 Az o A
82
0 q2$25552' 0 A.2,1 O T A2,n
2
L 0 0 annQ%E | A"rl An,2 o 0
or
92 0
2152 P
. 92
0 922252 D,
M \ .
0 0 ' QnTn}j%:Z ] (I)"'
V9

]
T
T2
Tn
qi
gz
dn



" % 0
0 ‘12%
0 0

0 fh,%
0 0
(11% 0
0 ([2;‘7;
0 0
o

nE 92
dindry

The Complete Computation

0 W ’llfl-
0 0
q"_.,._“ i 0
0 ] Qyr
0 0
M ] 0
0 ] nd
0 0
] 0
AJ5I 2 AIl.u '1 [
A-TZ.n
Az...z 0 3 L
Az, Ana ]
Az,
Az.a 0o ] |
ATI 2 Ail.u 1
A12.n
Azon 0 j L
0 0 ]
q--infﬂ 0
dzadza
0 el
0 -
gafga‘!
dy2072
: q..?..-.t')"‘
0 dyndzra 4
0 0 ]
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0 0 ]
flzf’2 0

0 ]
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More Compactly...

1
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Pictorially...
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Ongoing Work

o Implement rudimentary O(n log n) tree-code without multipole trans-

lation operations

e Derive multipole translation operations for Az, Ay, A, “potentials” for

full-blown FMA

e Incorporate code into MD efforts at Schlick lab

e Parallel implementation
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Glycine dipeptide

SHAKE

Verlet | TIME =4ps, AT = 0.5fs

— PHI
= PSst

:

DIHEDRAL ANGLES (DEG)

-100 . . . o
TIME (ps) 4

MBO(N)D -

RK4, TIME = 4ps, AT = 1fs

we PHI
—PSl

100

DIHEDRAL ANGLES (DEG)

WAV A AN

TIME (ps)

-100;
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} (BRD INTRA-HELIX ANGLE)

GLOBAL BEHAVIOR .. SUBSTRUCTURE _ -
MODELS  °
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lr"m_ 'F(M KACJLQ_)’I‘O]’[\OO/VF-SI‘/)-

Type of run R.m.s. fluctuation (dcgrccs)
MD- - 17.55

One flex body 8.05

Three rigid . | 1.5

Flex (8) flex (4) flex (8) - 10.79

Flex (2) particle flex (2) 12.01
“Flex (8) particle flex (8) 18.18
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Summary | |
Reducedd Vacisble: MD = new possitslihy
for lf_”é .\‘S{mu:/'a_:?[::?_k)..! -(;]Lr/a,r.ze, ':é:/'(?m;O/e.C"'_'_/éJ .

Open, & we;fféhs

- por + "ZL"OWI:V?. slva fe(j reg.
— Mode ﬂgnemﬁ'm" / ,(/F_a/ufc .

- mccu.row)/ : l)f.‘..‘.l.'t’,;%f/cfe‘mc;/',

Present app/:'call/'ov),(‘

Lf“/l@/lcox/ Aw//e_'_l(.rc?,a) |
X" ACI(CJA/ AMV)c//é (W‘)/ai/c?é/n)

Ap{\/m nced Myp/fw%/'&mj
T —

0) EV’Z/V"EL A:‘nae%;"em/,'w MOZf/'V‘V.)

Cg ./,;'v’er A[Ccl».c? l-}c/]‘){o(v’:;&.vwx.re_ GLX.?GC‘O é:’-::f:/\/
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Algebraic Multigrid (AMG)

Multi-level strategy for solving
matrix problems AU=f

Klaus Stiiben

GMD/SCAL
Schlof3 Birlinghoven
D-53757 St. Augustin
Germany

References on algebrai¢ multigrid:

Brahdt, A Algebraic multigrid theory: the symmetric case,
Appl. Math. Comp. 19 (1986)

Ruge, J.; Stiiben, K.: Algebraic Multigrid. In: "Multigrid Methods",
McCormick, S. (ed.), Frontiersin Applied Mathematics, Vol. 5, SIAM,

Philadelphia (1987) AMG-1
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moo
i

GS-relaxation for i-th unknown: u; — uy where

ﬁi ."—%%(f. - Zai. u-) = ui + -ag.-.i—.- '
ii Ty VI ii

d; = fj - ZJ: aj U = residual before relaxing
_ 4
e = Qs —
- ! 18y

IX
‘the résidual i much smaller than the error!

s rusd e ani

PV s

" Tt
A

= o0
]
T,
o
12

5

5
4
RSN

q

coarsening and interpolating

Remember (variational principle!):

Smooth error has to be "close to" 2 i= range(interpol) .

Note that, generally, (algebraically) smooth error is NOT necessarily
(geometrically) smooth and vice versa! AMG-3
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no serlous s fill'k 1n on coarser levels"

Two 1eve1 method by va1 1at1ona1 app1 Oach o (R

Mu1t1level method by recursive apphca’cmn :

’ *) This construction is part of an AMG algorithm!

AMG-4




Requested: splitting Q=FvC
(C-points: coarser "grid")

How to interpolate smooth error e
at F-points from those at C-points?

AMG-5
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Choose C such that for all ieF: N; < C
i.e., F-points are totally decoupled! -

. { AN
Two-level method:
| - e TR TR TSR I T
l i iy GSrelaxation'with. C-Frordering
| -/ "Above error relation holds’ exactly at F-points!-
. o
e
ok,
Is a direct solver, i.e. residual=0 after one cyc}lle!
(After relaxation of F-points: ehe 2= range(IH) )
However, recursive application extremely inefficient:
Drastic fill-in + slow coarsening!

AMG-6

(14




,'..z-,J R . e»«-"ﬂl"-;l

tlca YGO

IN D

seningst

R
AR

A

elther C points’ used in 1nterp01at10n-‘ k3 (hke k 1)

"-.- or strongly'cohnected to such po1nts (hke m)

D) The # of C-po1nts should be .as. small as posszble

‘hese are the basic objectives which allow for an automatic
and purely algebraic coarsening process!

(1) is responsible for good interpolation of smooth error
(2) is important for low-cost cycles

AMG-7



t1me/cycle
i setupys | v setu

0.30 " 0.33

190 0.056 0.93 0.015
0.33 0.33 .
o3 | 0.084] oG | 0.043
0.34 0.33

s | 0098 ooy | 0.107
0.38 ) 0.33 :
o70 | 0058| ooy |0.088
0.31 0.32

1.90 0.069 0.94 0.036
0.31 0.32

o1 | 0:079] o5 | 0.087
0.38 0.32

ogs | 0.087| oy |0.084
0.33 0.32

L7e | 0.093| gy |0.104
0.32 0.32

155 0.083 0.94 0.043
0.33 0.32

os | 0.080| o, | 0.044
0.32 0.32

Lo | 0.069| oo |0.044

5 10 190- " “BOXMG (J. Dendy) was used in
' its most robust form (i.e. alterna-
ting line relaxation, Galerkin,...)

"1|1000

AMG-8
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A. Brandt & D. Bai

Multiscale Methods 1n
Molecular Dynamics



MULTI- SCALE (MS)

RESEARCH
METHODOLOGY

n

Il

Pro\jl‘e'fn Siée (4 atoms ) |
Objed:ive: Total work = O(n)

Research chacaes:

increa.sin%lts compl'\ca‘i‘ed Problem

Rut of _e_(_lfh s‘tct%e

n —> ©90

At each s’tafae add. one complicci‘ion)

q on still ob‘fainincé O(n)

insistin
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DIMENSIONS

1D, 2D, 3D

TOPOLOGIES
Mam& non - bonded

o ldentical atoms

e Ldentical small molecules

° Several species

Bonded chains -
o Identical atoms, stretched

° He[ics

° Ic)en‘tica\ amino acids
Chains + solvent

General

207



OBJECTIVES

Energy minimization

® Near—mi_nimuml starT
-3 Fd.r s{'ari‘

° Hbmo%eniza‘l‘ibn

Eq'uilibrium statistics
o Oln) per sample )
o O(1) per sample

e Homogeniza ion

D%ham’ncs |
o Lar%e Alf
e Ver\a \arge At

Stochastic cl\anamics

MS

MG, AMG

ms cmneo.lin%

mS

Monte~

Carlo

MG, AMG

ms anne@lin’a

“ms Mente-Carlo of each time step

J03




POTENTIALS
Bonds

e Harmonic '(l) constant cou.plina
(2) S‘fr‘onglg variable

° .‘E;'oncl lenq'H'n'
° Lencj‘l'h + angle

® Lenai‘h + angle + torsion

Non-bond, local

o Van der waals

° Hgdrogen boncling

Non - local

o CElectrostatics : (1) cons‘fanf di-elec‘fric
(2) variable dielectric

Combinations

209



Stochastic Dynemics

At time 1" - Posi‘Hon vector X"

velocity vector Vah
po'ten+ial energy E(x") .

Deterministic fmplic_'n'l‘ 1ime s{ep :
-VE (X"*") _ PnH

el %\/k oy _yn nH XM X
Pk =mk‘_§r)%vk'“vk vk) V7= St

= X™' minimizes Hp (x"")

Ho(x™) = £ T m, (8Y,) + EG™)

Stockasﬂc time step:
P (Xn-&-:) N e—-ﬁ Hp (x™")

PO
P= %

3o




Results of the stochastic step
o <pn+'> =—VE(X"H)
o <) -<p’> =m/A

° Local‘Componen‘l's, with
oscillation Period « ot

are —Fu.llta thermalized:
N
P (x"*) ~J'€“E(x )/keT

° Lar%e scale componen’ts, with

oscillation period > &t
scn‘isfz Newton law.

® Ec:.s‘a multiscale ec}uilibra‘ltion

| .
i



Relaxation

[ mintme Z okion

® F\_tovn bté_&’towx fM e ol

o Only local forces

l‘nclud{ng ('o”cal Paﬂ\ of 3\055‘ forces

® For eocl. obom — use cbs

Vw&uv\a\ (Cm&ar V\a{ ) COO\/‘A(V\aEeS

A\




=3 ay (M) 1

<L) | |
-2 fu . KR
: - . |
A S v
E(U) = min E(w
u
O = o = ‘l'i A (U.L"‘U )_{
DU w=U h <L > d / )
_L_z Q:; (\JO‘UJ)—'-FL
iy )
U E) U \ =
9_2;(a§_§_)+—5—%—(0-——‘d—> f

<> E(U) = min E(u)
E(w)=ff [$ (uf +uy)-Fu] dxdy
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Mgebro«j_g RE‘GXO‘BOV\ ‘-r'beorw’_
HX}' b A C:) (;'aa:) 'err?ov* ex-Sc’C)

msi.olua-\s r=Ae =b-AX
Nov‘vna\izeA residuals V= 1N /la,.l = 4a:e /la.-!

Kaczmar2 .Relaxah'on:' GS for P Ay=b
X

e S X-aT(n/lad7), (LM

ThgorQM. slow cownvevgence & | Al <« le‘
lel" is veduced per sweep ot least by \H’/(W le:(:z})z

. 'o.o.:, 35\”‘3 COHV€r%ivwg evrors ave 5pecia\
| “Tken cow e ap\ov‘oxma’ced'b% o swmalley
sYystewm (coarsev 3\!‘\'9\). e, l"J I:; U'H

Discrete h-e\\.phc eqs- slow convergence

&> e smooth
own Scele V,

& | et = [1] e

L4




-.Px.-_Sir'np\e-Energy Bagins  real w

Slow to e utllbfa‘te
and CIbe sampled : IH V"“i
Coarse Morte - Carlo .
Haml\.’Conlan ( )
= .E"(V“)
Multigrid cycle:
on 1. Morte-Carlo passes
- each 2. ¥ cycles on coarser
‘ ‘l?eve\ : 3. Monte-Carlo passes

Near equi\ibra’rion and decérréla‘cién
in one cycle (¥7=2).

Smal WO!"L( on coarser gr:ds (2 """*‘ 8 )

AlS



'COOJ.‘SE ~[.eve\ \/arta(oles

@ Gm’dpm‘m'\.‘s'
o Subsek of atoms.

AR




Interpolation.

® of dl‘splacemémts I (’Smgiob’n\)
® Re@lecl“s 10Wes¥ etaevx mode9
amuch more ef (uc:ev\t f:[qa\q Aw‘ec(
representabion of all these moder

) S(‘wohg cOup[fv{é]s. av-e nob consbhant

® Now [x‘neom r\elo\\*c'oms r‘ef‘ac‘meaf

((‘0 the ex{'eul“- heEoleo()

® In {~e\r‘polq(\n’om O\r‘tiev*

© Dev*t't/‘a,k‘('OV\ of t'm¥etf‘po(a{‘t'ov\

Fr




slectrostatics
Nown lineaw‘g'g @N}'Y\EA:

SmooH/\ Pou»f‘k“ OF {?\Ae goV‘CQS
\s oG HM lOCa\ pwk)

(avw\ V‘Qstokmm

Pav‘kw ct pc»\ﬁ: (av\J auaa' )

n the coavse ” level otyvxaw\tcs
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STOCHASTIC
HAMILTONIAN
SiMPLIFICATION

—

 likely -

'con-figurcrtion

{o = Oricjina[ Hamil‘l"c;nia,ij' |
obtained from ‘F’ine gricl = comp[ica‘l‘ed

{.= Simplif-iecl Hamiltonian

FAS: or';cainal torm + Polinom';al terms

ﬁszﬂo) ﬂszﬂo

Detailed ~ P(H.—Ho) =ee s
Balance: P (freeze H:;-Ho) =1-P (Ho_’ HS)

Simpler : Approxima‘l’e detailed balance

[q() oskeriont ac'c-e P batnce check

PN
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GO AL
Fo.s‘t n'mmum«}ahom o f

eme\'SY fUtmcitom als
MOTV A‘Ti(’)N: B
. -",',Mf]) 'im\in,cH schemes
with large timestep
iMETHODOLOGYI
Mimimize potemtiaf emeryy
Sumctiomals im I‘lS, 2D, 3D,

Realistic coupfimgs.
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MULTI- SCALING
CONSIDERATIONS
RELAXATION ; M

Simple, Poimt- by- poimt
COARSE NING:

AM G fkeovy St vomgesf

COMPQ(M? fo Coavse leved
l), R"TIO

.._IuTEROLAT'ON |
" PreClSe for . l'"flm"‘e
couplun8

'RecuRSIVENESS

AL fevels

A




I"‘“‘es‘hgﬁ{(’.d- CQSQS" | '

1D choim

Neavest me i;k bov
supling ©F

(1). 2D choim
0 . bomd.# amaxfg |
| R imteractiom,

(3) ZD.cLo@,‘ns

~ bomd + aingl; + %ors,'{,zoimﬁ};, |

A3



 PAOPEGRTIES OF-COARSE-LEVEL
REPRESENTATION

Coarse ngNnS'. move freedom

Bomd com straimis:

o X~ Caavse Poimis
ZD /\ . ' BN fime-omfy Poin\-"

gb | 2 x /' - Extermad f-'e!ol
% to Plamq_of.nfoms

NON- LINEART TIES

* R




Tx,pic\a—f veductiom of stremgth of imteractiom

om o course fevef. im 2D.

: ‘Q.:o ' (I
<k <k7>

0.1

Ka

0.5
<k (k,)

1.0
LK;P <Ky>

10.p

<Ky <Ky>

Fame

Cotvse

Loy 3.0

o‘os Q-Oq

X
0.

3.0
0.9

30 3.0
2. 4.%

S0 3.0
5.0 90

0.0 3.0
49.0 0.0

K,

K

e
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M ox,y divectioms

oS

v " decomol €mevyy devivatives
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SLOWNESS OF RELAXATION

Sﬂomed dowm l:)'

:;;m uum B er of odom)s

| q'_ Coupl{ma\ V‘ﬂ*l@

|.-:g_-z-‘. com'lrergemce vate

’ z < o( '/anz)

s‘mu“umeous C‘\amges;

| s{ep {4
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Effect 0f BS om comvergemce rates
3]) -'zg.e.medvic ‘cl.\uiﬂi
Emergy tevms: .
o K,’(r-.r;)l _ LomJimg
|  ’ | k‘-!-:(:-a‘-’-’“eo)z_ '  QM'") Le-imiteractiom
. KiCp-@)" - torsiom

¢
N=26 BS| 10 | o3 | 0.0% 0.02%
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";ig\; | 9 |23 |83¢Y) |37C9) | iy
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~,INTERPOLAT'0NS,

3D choim
] f’fimg;;'omly

X conrse

('Xl;Ya, 24) -'Cooro'(im(ﬂesl of Poim% A

' | : SXiq .. SX“.I
.‘(5)',‘,.j “h_.Ai-,l,i (SYJ-. + Ainli 57341 +
l xzi} - ‘_S 20 ' $2i+l

!} "3,‘ SY.'-; e + A i43,i- ( S)’ig + -
S gz i3 : ' 523;3

| A"3*3 -3 éoe{fi ciemt mal "X
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LOcAL SETS

For* ole‘ﬂl'lrtmg cmlerpoeahom |
Cocff4c:tem't

~ Mimimize emgvgy focaléy:
H Leocad veloxatioms
divect solufiom
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