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Abstract 

Through an appeal to asymptotic Gaussian representations of certain em- 
pirical stochastic processes, we are able to apply the technique of continuous 
regression to derive parametric and nonparametric functional estimates for 
underlying probability laws. 

This asymptotic regression approach yields estimates for a wide range 
of statistical problems, including estimation based on the empirical quantile 
function, Poisson process intensity estimation, parametric and nonparametric 
density estimation, and estimation for inverse problems. 

Consistency and asymptotic distribution theory are established for the 
general parametric estimator. In the case of nonparametric estimation, we 
obtain rates of convergence for the density estimator in various norms. 

We demonstrate the application of this methodology to inverse problems 
and compare the performance of the asymptotic regression estimator to other 
estimation schemes in a simulation study. The asymptotic regression esti- 
mates are easily computable and are seen to be competitive with other results 
in these areas. 
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1.    Asymptotic Regression Estimation 

1.1    Background 

Arguably, estimation is the essential problem of statistics. To set up the 
conceptual framework for estimation, we assume that a random quantity 
T behaves according to a certain but unknown probability law £ and that 
quantitative information about £ can be recovered through observation of T. 
In the English language, the noun estimate connotes a subjective judgment 
that takes the place of definite factual knowledge. This is akin to its use in 
statistics, which we illustrate with the typical example of an independent, 
identically distributed (i.i.d.) random sample. 

The random variable T has a probability density function 
given by /(•; r) where the parameter r is unknown. We observe a 
random sample (Ti,... , Tn) of i.i.d. values of T. A specific func- 
tion rn(Ti,... ,Tn) of the observation may be called an estimator 
of r. Given an observation, the value of that function is then 
an estimate of r. The estimate is considered to be an acceptable 
substitute for the unknown true parameter value. 

Efforts to quantify estimator accuracy and remove, reduce, or otherwise con- 
trol the subjective element in this process can be traced back at least two 
hundred years. Since that time, numerous criteria for generating and select- 
ing estimators have been proposed, including the methods of least squares 
(due to K. F. Gauss [20]), moments (due to K. Pearson [55]), maximum like- 
lihood (due to R. A. Fisher [19]), minimum chi-square, minimum distance, 
maximum product of spacings, minimax, Bayes, and Pitman, to name a few. 

In spite of this diversity, however, statisticians seem to agree that the 
accuracy of a useful estimator should increase as the sample size n increases. 
This requires among other things that f(-;r) (->■ r is a function, which is 
to say that two distinct parameter values cannot correspond to the same 
distribution. This condition, termed identifiability, is a feature of a class of 
probability distributions and not of any estimator. 



Given an identifiable class of distributions, we can begin to talk about 
desirable properties of estimators. First of all, note that an estimator is 
calculated from a finite sample that is representative of a larger finite or 
possibly infinite population. Fisher's [19] original characterization of the no- 
tion of consistency is that an estimator calculated from the entire population 
should achieve the true parameter value. Of course, the estimator itself is 
also a random variable (r.v.); and, formally, an estimator is considered to 
be consistent if it converges in probability to the true parameter value as the 
sample size increases. That is, 

(Ve > 0) (V<J > 0) (3N) (Vn > N)    Pr(|rn -r\>S)<e, 

which is denoted more succinctly by 

T„ -£+ T as n -» oo. 

A concept related to convergence in probability is that an estimator may be 
asymptotically unbiased. That is, 

Ern -¥T as n-^ oo, 

where "E" denotes the expectation. For an asymptotically unbiased estima- 
tor, the criterion that accuracy increases with sample size can be formalized 
as 

Varrn-^0 as n ->■ oo, 

where "Var" denotes the variance. This states that the dispersion of an 
estimator should decrease as n increases. The connection between accuracy 
and variance of an estimator was recognized in the time of Gauss and Laplace, 
as noted by Stuart and Ord [72]. 

The existence of the well-known Cramer-Rao lower bound for the variance 
of an estimator provides in certain cases a criterion for optimality of an 
estimator. This occurs, for example, in maximum-likelihood estimation of 
a probability density function parameter based on a random sample.   See 



C. R. Rao [57] for an exposition. The maximum-likelihood estimator (MLE) 
achieves this bound asymptotically, and is hence asymptotically optimal. As 
a special case, we have the problem of regression in the linear model with 
normal error, 

Y = Xß + e, (1.1) 

where Y is an n-vector, X is a fixed n x p matrix, ß is a p-vector of coef- 
ficients to be estimated, and the error vector e has the multivariate normal 
distribution with e ~ N„(0, a21). In this case, it is known that the maximum- 
likelihood, least-squares, and minimum-variance unbiased estimators of ß are 
one and the same. Seber [60] points this out. 

In the present work, we propose an estimation methodology for a class of 
problems that includes estimation of r based on i.i.d. observations Ti,... , Tn 

from the probability density /(•; r). The scheme is based on a generalization 
of the linear regression model of equation (1.1). 

1.2    Introduction 

The estimation procedure proposed in this work is based on the observation 
of a stochastic process with certain asymptotic properties. The principle of 
maximum likelihood and the technique of continuous-time regression are ap- 
plied to an asymptotic version of the observed process to yield estimates of an 
underlying probability law. The resulting estimators have optimal properties 
similar to those of maximum-likelihood and least-squares estimators. 

We can now describe the modeling situation and estimation procedure 
that are the basis of this work. To that end, let {Tn}n6N be a sequence of 
random variables with common probability law £(r), where the unknown 
true parameter value r lies in some suitable parameter space 6. It is r that 
we wish to estimate. For each n, let Xn(t) be a stochastic process with 
sample paths in a space S of functions defined on a domain I. Suppose that 
Xn is determined by (Ti,... , Tn) and that Xn is a sufficient statistic for £(r). 
Furthermore, let the sequence of stochastic processes {Xn}neN converge in 



distribution in the sense that 

y/n(Xn - MT) —> Ar as n-r oo, (1.2) 

where MT is a deterministic function and Ar is a zero-mean Gaussian stochas- 
tic process with covariance function EAT(s)AT(t) = KT(s,t). 

For a finite-dimensional (vector) random variable, convergence in distri- 
bution is taken to mean convergence of the cumulative distribution at each 
continuity point. The infinite-dimensional (function) situation is more com- 
plicated, and the practical technical details are application-dependent. Our 
discussion of convergence in distribution for random functions is deferred to 
section 2.6.1. 

The following model, which we call the asymptotic model for the process 
Xn, plays a central role in the development of the proposed estimator. With 
MT and AT as in (1.2), consider a process X* defined by 

X*(t) = MT(t) + ^AT(t). (1.3) 

The key feature of this model is that the mean and covariance functions of 
the process sequence elements share a common parameter r. 

In the remainder of this chapter, we outline a general estimation tech- 
nique for the unknown parameter of the asymptotic model (1.3) based on 
concepts from continuous-time regression and maximum-likelihood estima- 
tion for Gaussian stochastic processes. The technique is applicable in the 
finite-dimensional case, where G C Rd for some finite positive integer d, and 
also in the nonparametric setting, where 6 is some space of functions on I. 
The proposed estimator for r based on the Xn of (1.2) is then obtained by 
using Xn in place of X* in the estimation scheme. (In what follows, we only 
occasionally distinguish Xn from X*.) The properties of these estimators are 
studied in the remainder of this work. 

In chapter 2, we consider the parametric estimation problem, in which 
the parameter space is a subset of K^ for a finite positive integer d. We also 
discuss the existence, consistency, and optimality of our estimators. In chap- 
ter 3, we consider nonparametric estimation and see that the corresponding 



penalized estimation procedure yields a solution with desirable properties 

and provides a unified approach to a wide class of statistical problems. In 

chapter 4, we discuss the practical computational aspects of the proposed 

nonparametric estimation scheme. 

Fundamental examples of stochastic processes that satisfy (1.2) are the 

empirical cumulative distribution function (c.d.f.), empirical quantile func- 

tion (q.f.), and Poisson counting process, as detailed in the following exam- 

ples. 

Example (Random Sample). Let 71,... ,Tn be i.i.d. random variables 

defined on I with continuous cumulative distribution function F = FT and 

probability density function / = F'. The empirical c.d.f. is defined as 

Fn{t) = \Y,m^t). 
ni=i 

It is well known that Fn is a sufficient statistic for r and that 

y/n (Fn - F) -A B o F as n -» oo. 

Here, B is a standard Brownian bridge, which is a zero-mean Gaussian pro- 

cess with covariance function s At — st. See, for example, Billingsley [5], 

Theorem 16.4. So we identify Fn(t) with F(t) + n-1/2 B(F(t)), and then we 

estimate T based on modeling F„ by equation (1.3) with the indicated mean 

and covariance functions. Specifically, the model is 

Fn(t) = Fr{t) + ±AT{t), 

where AT is a zero-mean Gaussian process with covariance function FT(s A 

*) - FT(s)FT(t). 

Nussbaum [48] exhibits the following result, which provides theoretical 

justification for the asymptotic identification of an empirical process with 

a Gaussian model in the case of density estimation: The two sequences of 

statistical experiments given by observations 

Tj, i € {1,... ,n}, i.i.d. with p.d.f. /,   and 

dX{t) = f1/2(t) dt + frr1'2 dW{t), 



where W is a standard Wiener process, are asymptotically equivalent in the 
sense of Le Cam's deficiency distance. Le Cam and Yang [43] discuss the 
asymptotic characterization of statistical experiments. Our aim, however, is 
to exploit the general heuristic identification of (1.2) with (1.3) and thereby 
obtain practical and useful estimation procedures for a variety of statistical 
models. And so we continue. 

For the random sample, a second model is based on another sufficient 
statistic, the empirical quantile function. The quantile function Q, defined 
by Q(u) = mi{t: F(t) ^ u}, is the unique left-continuous pseudo-inverse of 
F. The empirical quantile function is given by 

Qn(u) = inf{* : Fn(t) > «}, 

and the density quantile function is g — foQ. Differentiation of F(Q(u)) = u 
yields Q' = 1/g. In this case, it is known that 

y/n-Q, (Qn-Q) —► B as n -» oo, 

where B is a standard Brownian bridge. See, for example, Shorack and 
Wellner [63], section 18.1. So we identify Qn(t) with QT(t) + n-^2Q'T(t)B(t) 
and use the model 

Qn(t) = QT(t) + ^AT(t), 

where AT is a zero-mean Gaussian process with covariance function 
Q'T(s)Q'T(t)(sAt-st). 

Example (Poisson Process). Let Ti,... ,Tn be i.i.d. Poisson processes on 
I = [0,1]. Each Ti has a representation as a sum of point masses 

i=i 

and with each Ti we associate the counting process 

Ni(t) = Y,I(tij<t): 



The processes Ni have a common compensator, or mean-value function, 
G(t) = GT(t) = ENi(t). Its derivative g = G' is called the intensity function. 
A sufficient statistic for r is 

It is known that 

ni=i 

^(Xn-G)^^GM.Wo^L as n->oo, 

where W is a standard Wiener process, which is a zero-mean Gaussian process 
with covariance function EW(s)W(t) = s A t. So, we identify Xn(t) with 
G(t) + Gilf^n-1'2 W [G(t)/G(l)] and model the process as 

Xn(t) = G(t) + ±A(t), 

where A is a zero-mean Gaussian process with covariance function G(s A t). 

Other examples of applications that may fit into this scheme include 
estimation based on the hazard function, random censoring models, marked 
Poisson processes, and deconvolution and other ill-posed inverse problems. 

A special case of this procedure is noted by Emanuel Parzen [54]. He con- 
siders problems of location and scale estimation based on continuous-time re- 
gression of the empirical quantile function. His methodology reproduces well- 
known results about the use of linear combinations of order statistics to solve 
such problems. For distributions with location and scale dependence, such 
as the three-parameter lognormal and Weibull distributions, Kindermann 
and LaRiccia [32] propose an easily computable generalization of Parzen's 
procedure. 

As stated, the estimation technique we propose is based on ideas from 
continuous-time regression. So, before the estimators are defined, we give 
a brief overview of that subject. We also develop the generalizations that 
enable us to apply continuous-time regression to the modeling of this section's 
examples. 



1.3    Regression for Gaussian Processes with Known 

Covariance 

This section contains the basic facts we need about continuous-time regres- 
sion for Gaussian stochastic processes with known covariance functions. More 
details are presented in the Appendix. The development is adapted from the 
work of Emanuel Parzen [51], [52], and [53]. 

Consider a Gaussian stochastic process 

X(t) = M(t) + A{t) 

denned for t G I with unknown mean-value function EX(t) = M(t) and 
known covariance function EA(s)A(i) = K(s,t). The purpose of continuous- 
time regression is estimation of the mean-value function. This is accom- 
plished by identifying an appropriate likelihood ratio and then conducting 
maximum-likelihood estimation. 

The reference measure for the likelihood ratio is derived from another 
process Y(t), which is a zero-mean Gaussian stochastic process with covari- 
ance function EY(s)Y(t) = K(s,t), so X and Y have the same (known) 
covariance function. Denote by 7(K, M) and 7(K) the probability measures 
induced by X{t) and Y(t), respectively, on the space of sample paths. The 
likelihood ratio itself is the Radon-Nikodym derivative 

dV(K,M) 
d?(K)   ' 

which is defined using a space of random variables L2(X), a function space 
HK, and a map 0 between the two. 

To define L2(X), first consider the linear span of X(t), denoted L(X) and 
defined by 

L(X) = \ J^OiXfc) ■ n € N, U € I, en G R i . 

This is the set of all finite linear combinations of values of X taken at ar- 



bitrary points. An inner product on L(X) is given by (u,v) = Euv. The 
Hubert space L2(X) is the completion of L(X) in the corresponding norm 
||u|| = y/E~ü?. 

Denote by HK the reproducing kernel Hubert space (RKHS) of functions 
on I with reproducing kernel K, inner product (•, -)K, and norm || • \\K, where, 
of course, ||a;[|^- = {x,x)K. See Aronszajn [2] for a discussion of reproducing 
kernel Hilbert spaces. The point evaluation functional representers in HK 

are denoted by Ku t G I, where Kt(s) = K(s,t). These have the "reproduc- 
ing" property—namely, {Ku f)K = f(t) for all t £ I and / G HK , and in 
particular (Ks,Kt) = K(s,t) for all s and t in I. 

The function <J>K '• HK —► L%{X) is defined on the generators of HK by 
<f>ic(Kt) = X(t) and by linear extension on the whole space. The map (f> is in 
fact a congruence, or inner-product-preserving vector space isomorphism. 

We are now able to define the likelihood ratio. 

Theorem 1.1. In the event that M e HK, the measures 7(K, M) and 7{K) 
are equivalent. Then their likelihood ratio is given by 

L{M) = d7df(K)){X) = 6XP [^(M) " 'l|M|l^J * (L4) 

Proof. See Parzen [51]. D 

This functional is the basis for determining maximum-likelihood estimates of 
the parameter M. Specifically, one takes as the estimator any value M that 
is a solution of the optimization problem 

maximize L(M) subject to M € HK. 
M 

Thus, the estimator M satisfies 

d?{K,M),v. (dP{K,M) CD —fSgPtx):^-.}. d?(K) 

9 



which is typically an ill-posed problem. To avoid this difficulty, one usually 
specifies a set M of candidate functions for M and then attempts to solve a 
problem equivalent to 

maximize L(M) subject to M eM. (1.5) 
M 

In this case, the estimator M satisfies 

d?{K,M),v. fdJ>(K,M)l 

d?{K) -<*>HwW:MeM} 
It is tempting to observe that in a formal sense <t>K{Kt) — (KuX)K = 

X(t), and so <f>K{f) = (f,X)K f°r a^ / e HK as another expression of the 
reproducing property of the Kt. Then one would have 

-21ogL(M) = -2(f>K(M) + \\M\\2K 

= -2(X,M)K + \\M\\2K 

= \\X - M\\2K - \\X\\2K, (1.6) 

and the optimization problem (1.5) would be a true least-squares problem. 
However, the sample paths of X do not necessarily lie in HK, the construction 
0jr(/) cannot be an inner product of elements in HK, and the characteriza- 
tion of (1.6) is only formal. Some authors use the inner product notation 
for 0, with the caveat that it is not really an inner product. We reserve 
inner product notation for inner products and denote the congruence by <f>. 
Nonetheless, in all of our applications, the congruence does indeed have the 
same form as the inner product. 

We now consider several standard parameter set configurations, or possi- 
bilities for the set M. The first two, parametric and nonparametric estima- 
tion, are the ones used in the current work. The other three are included for 
their intrinsic interest and to illustrate the connection between continuous 
regression for Gaussian processes and discrete finite least-squares regression. 
The standard parameter set configurations follow. 

10 



(i) Nonparametric Estimation. M is a subset of some function space such 
as L\. This is the most general case, in terms of the restrictions placed on 
candidate functions. 

(ii) Parametric Estimation. In this case M = {Mr : r € 0} for some 
(finite-dimensional) set 0 C Rd and family of parametric functions MT(t). 
The estimator Mn usually exists, as long as M is a reasonable parametric 
family. But calculation can be troublesome, and determining the proba- 
bilistic properties of the estimator in complete generality can be practically 
impossible. This is not so in the following situation, which is a special case 
of (ii). 

(Hi) Finite-Dimensional Subspace. For a fixed positive finite integer k, 
choose the functions /*,... ,/* in HK and let M = {J2i=iaifi '• a» € 
Then one can show that the estimator is given by 

M„(*) = $></<(*), 

in which the vector A — (Ai,... , Ak) is a solution of the normal equations 
CA = B, where the matrix C and vector B have components dj = (/<, fj)K 

and B{ = <f>K(fi), respectively. Note the similarity to linear regression. In this 
case, Mn is a uniformly minimum-variance unbiased estimator. See Parzen's 
papers for the details. 

Comments on the utility of the following two examples range from "illumi- 
nating" in Parzen [51], section 8.36, to "of little interest" in Grenander [22], 
p. 98. 

(iv) Finite Domain. Consider X(t) = M(t) + A(t) with t G {tu... ,<„}. 
Then X, M, and A are finite-dimensional (column) vectors, so we can write 
them in terms of their components; i.e., X = (X\,... ,Xn)

T, where Xt = 
X(ti), and likewise for M and A. Thus, the model becomes 

X = M + A, 

with EX — M and A ~ Nn(0, K). The vector A has the multivariate normal 
distribution with variance-covariance matrix K = E AAT, where the compo- 

11 



nents of K are üfy = EAiAj. In this case, HK = K" with the interpretation 
that fi = f(U) for / = (/i,... ,/n)

r € J9jr. The inner product in HK is 
given by (/, g)K = fTK~xg. The point evaluation functional representers in 
HK are the columns of K. Specifically, let Ä, be the ith column of Ä". Then 
the requisite properties (Ä,-, Kj)K = Kij and (/, Ki)K = fi are satisfied. The 
congruence fa is given by 0jr(/) = (f,X)K, so that fa(Ki) = X,-, as re- 
quired. The likelihood ratio for X with respect to a zero-mean multivariate 
normal random variable having the same variance-covariance matrix is sim- 
ply the quotient of the appropriate multivariate normal probability densities, 

L = 
(27r|ür|)-1/2exp[-|(X - MfK^jX - M)] 

(27r|üf|)-1/2 expi-iXTK^X] 

It is easily verified that L = exp [fa(M) — 5||M||^-]. Thus, the continuous- 

regression setup reduces to the familiar maximum-likelihood formulation for 
finite regression, and the estimator M is given by 

M = arg min \\X - M\\K. 

Note that this is a true least-squares problem. A specific form for M is 
considered in the final example. 

(v) Linear Model. In case (iv), fix an n x k matrix Z and let 

M = {Zß:ßeRk}. 

Then it is very well known that the estimator 

ß = &vgmm\\X-Zß\\K 

is any solution ß of the normal equations 

ZTK~1Zß = ZTK~lX. 

In the nonsingular case, the unique solution is 

ß = (ZTK~1Z)-1ZTK-1X. 
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Of course, this is the classical linear regression model. 
In our applications, we only consider the parameter set configurations 

of cases (i) and (ii). The remaining cases simply illustrate the connection 
between continuous and discrete regression for Gaussian processes and are 
included to illustrate the fact that continuous regression is a generalization 
of the familiar discrete (finite) situation. 

1.4    Sequences of Processes with Known Covariance 

The basic model for continuous regression, described in section 1.3, is 

X(t) = M(t) + A(t) 

with EX(t) = M(t) unknown and EA(s)A(t) = K(s,t) known. Two gen- 
eralizations of this model are required in order to apply the methodology of 
continuous regression to the models described in section 1.2. In this section, 
we discuss the first required generalization; that is, we identify the likeli- 
hood ratio sequence for the known-covariance version of the model sequence 
(1.3). The second generalization, adaptation of the continuous-regression 
methodology to the case of unknown covariance, is discussed in section 1.5. 
Finally, in section 1.6, we combine the two generalizations and formulate the 
estimation principle that is the subject of this work. 

Now we compute the likelihood ratio sequence 

d?(Kn,M),v, 
d?{K)    {Jin) 

for the sequence of models 

Xn(t) = M(t) + J-A{t). (1.7) 

The mean-value function here is EXn(t) = M(t), and the (known) covariance 
functions Kn satisfy 

Kn(s,t) = Cov[Xn(s),Xn(t)] = ±K(s,t). 
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As in section 1.3, 7(Kn, M) and CP(üf) are the probability measures induced 
by Xn and Y, respectively, on the space of sample paths. Here, Y(t) is a 
zero-mean Gaussian process with covariance function EY(s)Y(t) = K(s,t). 

First, observe that nKn = K. It is clear that HK = Hicn- The inner prod- 
uct of HK is characterized by ||i^t||^ = K(t,t), whereas the inner product 
on HK„ is characterized by ||.RTnt|&n = Kn(t,t). Then we have 

\\Kt\\K = K(t,t) = nKn(t,t) = n\\Knt\\Kn = n ||i^||^ = ^\\Kt\\Kn, 

and so for all G € HK 

\\G\\in=n\\G\\i. 

Next, we consider the sequence of maps 0n : HK„ -> L2(Xn), which satisfy 

4>n{Knt) = Xn{t) 

for all n e N, where Knt = Kn(-,t). We make the dependence of <j>K upon 
X explicit and recall that <j>K : HK -» L2(X) is characterized by <t>K{Kt) = 
(j>K{X,Kt) = X(t). The map <f>n : HK -> L2(Xn) likewise satisfies <j>n(Knt) = 
<j)n{Xn,Knt) = Xn(t), so by linearity we get <f>n(Xn,Kt) = <f>n(Xn,nKnt) = 
nXn(t). Assuming the formal dependence of the maps on the processes is 
independent of n, which is true in all practical situations, we have 

<j>n{Xn,G) = n<l>K{Xn,G). 

Then the likelihood ratio sequence for (1.7) is given by 

■WK.W(JQ 
d!?{K) 

Of course, a maximum-likelihood estimator M of M satisfies 

d?{Kn,M),v. (d?(Kn,M) 

(1.8) 

(Xn) = sup | d?i
d^

] (Xn) : M 6 3Vt| 
£P(K) 
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Therefore, in light of the scaling property of equation (1.8), we finally observe 
that a maximum-likelihood estimator M of M also satisfies 

d?(K,M) ]w^{^k^-.ueM} d?(K) 

for suitable M. Thus, for the purposes of optimization, the dependence of 
the likelihood ratio on n may be ignored. We simply use the likelihood ratio 
(1.4). 

1.5    Regression for Gaussian Processes with Unknown 

Covariance 

The results of sections 1.3 and 1.4 pertain to Gaussian processes with known 
covariance. They are not directly applicable to the modeling situations of 
section 1.2. In this section, we propose an iterative estimation scheme for 
a certain class of Gaussian processes (with unknown covariance) that does 
include the models of section 1.2. 

Consider a Gaussian stochastic process 

X(t) = M(t) + A(t) 

with unknown mean EX(t) = M(t) and covariance EA(s)A(t) = KM(s,t). 
Note that the covariance depends on the unknown mean. Equivalently, the 
mean and covariance functions share a common unknown parameter that we 
wish to estimate, as in the models of section 1.2. We assume that the true 
mean-value function M lies in some fixed set M of candidate mean-value 
functions. 

We construct a recursive sequence (M0, Mi, M2,...) of estimators for M 
as follows. Select an arbitrary MQ € M, and for i ^ 1, let M* e M be such 
that 

d9(KMl_„M,) f<£P(Km_ltM) 1 

*W«-J {X)  supI <*?(*«,_,) {x):M€M\- 
In words, we first assume an "initial guess" parameter value M0. Then we re- 
peatedly calculate the covariance function using the current parameter value 
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and estimate a new parameter value by means of the principle of maximum 
likelihood for Gaussian processes with known covariance described in sec- 
tion 1.3. 

1.6    The Asymptotic Regression Estimation Principle 

We can now formulate the general principle for estimation of the unknown 
parameter of section 1.2. 

Apply the recursive estimation scheme of section 1.5 to the 
probability model sequence given by equation (1.3), taking into 
account the scaling property of section 1.4. 

Explicitly, the asymptotic model sequence is 

X*(t) = M(t) + ±A(t), 

where A(t) is a zero-mean Gaussian process with covariance function 
EA(s)A(t) = KM(s,t). The covariance function depends on the unknown 
mean-value function. Equivalently, the mean and covariance functions share 
a common parameter. Our aim is to estimate this unknown parameter. 

We assume that M is a fixed set of candidate mean-value functions and 
that the process sequence {Xn}n£N is given. The definition follows. 

Definition (Asymptotic Regression Estimator). For each n, construct 
the recursive sequence (Mn)0, Mn,i, Mn>2,. • •) of estimators for M in this man- 
ner: Select an arbitrary M„o € M, and for i ^ 1, let Mni G M be such that 

We use the terms asymptotic regression estimator, AR estimator, and ARE 
to refer to any element of a sequence so obtained. 

We intend to show that for fixed arbitrary i ^ 1, the AR estimator 
has good properties as n —► oo.  Carroll and Ruppert [7] have proposed a 

16 



similar iterative estimation scheme for the problem of nonlinear regression 
with heteroscedastic error. We hope to show for our problem, as they have 
done for theirs, that stopping the procedure after a small number of steps 
results in an estimator with reasonable small-sample properties. 

In chapter 2, we consider the parametric estimation problem, in which 
the parameter space 0 is a subset of Rd for some finite positive integer d. 
We discuss the existence, consistency, and large-sample distributions of AR 
estimators. Results in this chapter establish the asymptotic optimality of 
AR estimators. 

In chapter 3, we consider nonparametric AR estimation. We see that 
the solution of the corresponding penalized problem is an estimator with 
desirable properties. Also, we see that AR estimation provides a unified 
approach to a wide class of statistical problems. 

In chapter 4, we discuss the practical computational aspects of nonpara- 
metric AR estimation. Topics here include discretization, software implemen- 
tation, and a reliable data-driven method for smoothing parameter selection. 
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2.    Parametric AR Estimation 

2.1    General Parametric Estimation 

In this chapter, we consider asymptotic regression estimation in the case 

of a finite-dimensional real parameter space. In this section, we define the 

parametric AR estimator and its associated optimization problem. In sec- 

tion 2.2, we present and discuss the main results concerning the consistency 

and asymptotic properties of the AR estimator. Sections 2.3, 2.4, and 2.5 

describe the application of AR estimation to some standard statistical mod- 

eling situations. Section 2.6 contains technical material including the proofs 
of the theorems in section 2.2. 

To cast the AR model and estimation procedure of section 1.2 into the 

parametric setting, we suppose, as always, that Xn is a sequence of stochastic 

processes with sample paths in a space S of functions defined on a domain 

/. In this chapter, we denote the true parameter value by r and assume that 
r G 0 C Rd where d is a positive integer. 

Now let A = AT be a Gaussian process with mean value EA = 0 and 

continuous positive-definite covariance function EA(s)A(t) = KT(s,t), and 

let Mr be a deterministic function on I. Next, define An>r = y/n(Xn - MT) 
and suppose that 

An>T —y Ar as n -> oo. (2.1) 

In order to define the AR estimator, we need to identify certain spaces, op- 

erators, and norms. So for any 8 G 0, let He be the RKHS with reproducing 

kernel Kg, inner product (•, -)0, norm || • \\e, and point evaluation functional 

representers K0t. We require that, while the norms may depend on 8, the 

underlying spaces remain constant. That is to say, He = HT = H for all 

6 G 6. Furthermore, suppose that Me G H for each 8 G 0. Let the bilinear 
functional fo : S x H —> R satisfy 

MZ,K9t) = Z(t) 
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for each t e I. Since <ße(f,g) = (f,g)9 if / € #0, this map is given by the 
inner product when both of its arguments lie in Hg. 

Let 7 be a fixed element of 0. The probability density functional for a 
Gaussian stochastic process Z with mean Me and covariance Ky with respect 
to a mean-zero Gaussian process having the same covariance is 

^$(Z) = exp [<MZ,Me) - l\\M9\\*\ . (2.2) 

With n € N and Xn both fixed, we take as an estimator of r any T„ € 0 
satisfying 

*P(7, 
ÄP(7) 

We now define the AR estimator sequence. 

Definition (Parametric AR Estimator). For fixed n, Xn, and T„I0 € 0, 
the recursive sequence of AR estimators (rnio, rnii, rn>2,...) is defined for all 
i e N by 

We occasionally write this as Tn^ = Sn(Tn,i-i) for notational convenience. 
Maximization of the likelihood ratio (2.2) is equivalent to minimization 

of 
Jn>7(0) si -log^^(Xn) = -UXn,Me) + \\\Mefv 

which can be rewritten as 

^r^=-{ferW:9ee} 

JnM = ~<t>, (Mr + ^ A,r, M») + l\\M$\% 

= §||Me|ß - (MT,M6), - ^UAn,r,Me) 

= \\\M9 - JlfT|g - |||Mr||7 - ±h(AntT,Me). 

It is convenient to define 

Ln>7(0) = Jn,7(0) + ±||MT||7 

= l\\Me-MT\\*-^(An>TiM9). 
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Of course, the ARE can also be characterized as the minimizer 0 of the 

functional Lnri{9). We refer to Lnrt{9) as the AR objective functional. 

2.2    Properties of Parametric Estimators 

In this section, we present and discuss the main results on the properties 

of parametric AR estimators. Technical details and proofs are deferred to 

section 2.6. Under moderate assumptions, Theorem 2.1 establishes the con- 

sistency of the first-stage (i = 1) estimator in the ARE sequence. This 

estimator is computed using an arbitrary guess for the covariance parame- 

ter. With stronger assumptions, Theorem 2.2 establishes consistency in the 

regular case. In this context, regular means that an estimator is obtained as 

a zero of the derivative of an objective functional. 

Theorem 2.1. Consider the model of section 2.1. Suppose r is the true pa- 

rameter value. Fix 7 e 6. Assume that the following conditions are satisfied. 

(1) 6 is compact. 

(2) The map 9 K» Mg is continuous, so that Lna{9) is continuous on Ö60 
for all n. 

(3) For any 6 > 0, inf{||Mfl - MT||7 : \9 - T\ > 8} > 0. 

(4) sup{|^7(A„iT,Me)| : 6 £ 0} = op(ra1/2) as n -> 00, so that 

sup{|Ln,7(0)-E.Ln>7(0)|:0ee}-^O  as n^oo. 

Then any sequence of AR estimators {rn}n£N given by 

Ln,7(rn) = inf{Ln>7(0) : 9 G 9} 

has the property 

rn -2-y T  as n -* 00. 
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In what follows, the dot denotes differentiation with respect to the pa- 
rameter. With stronger smoothness conditions, we get: 

Theorem 2.2. Consider the model of section 2.1. Suppose r is the true pa- 
rameter value. Fix 7 € 0. Assume that the following conditions are satisfied. 

(1) 0 is compact, and r is in the interior of©. 

(2) Me is 6-differentiable and Me € H, so that Lnri{6) is 6-differentiable 

on 0 for all n.     \ 

(3) For any S > 0, inf{||M* - Mr||2 : |0 - r\ > 5} > 0. 

(4) sup{|07(-A„)T, Mg)\ : 9 E 0} = op{nx/2) as n -> 00, so that 

sup{|Ln>7(0) - E.Ln)7(0)| : 6 G 0} -^ 0  as n -> 00. 

Then, there is a sequence of AR estimators {rn}neN satisfying both Ln>7(rn) = 
0 and 

rn -?-¥ T  as n -> 00. 

We now state two theorems on the asymptotic distributions of AR esti- 
mators. We consider the case of a sufficiently differentiable objective with 
a unique minimum. Of course, these conditions can be weakened in many 
ways. We restrict our attention to the univariate parameter case, with d = 1. 
The arguments can easily be generalized to the vector case. Theorem 2.3 es- 
tablishes the asymptotic normality of the first-stage estimator. Theorem 2.4 
establishes the asymptotic optimality of AR estimators for i > 1. The oper- 
ator Sab, which appears in the statements of these two theorems, is defined 
in Lemma 2.8 of section 2.6.1. 

Theorem 2.3. Consider the model of section 2.1. Suppose r is the true pa- 
rameter value. Fixj € 0. Assume that the following conditions are satisfied. 

(1) 0 is compact, and r is in the interior of 0. 
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(2) Me and Lnn{6) are twice 6-differentiable on 0; and Me, Me, and Me 
are in Hy for all 6 £ 0. 

(3) The maps 6 H-> Me, 6 ■-*■ Me, and 0 i-> Me, are continuous; i.e., 
\\Ma - Mß\\, + \\Ma - Mß\\, + \\Ma - Mß\\y -+Oif\a-ß\^0. 

(4) iä(0) = {rj. 

(5) sup{|<^7(Ar, Me - MT)| : \9 - r\ ^ e} = Op(l) ase^O. 

(6) For sufficiently small e > 0, as n —> oo, 

&(4n,T) = sup {\^(AntT,M0 - MT)\ : |0 - r| < e} = Opfn1/2). 

77ien tf/ie .4.R estimator sequence {rn}n€N ^o* <fee property 

Vn.(rB-'T)Ay~^fo>.%^d!2,j    asn-+oo. 

One consequence of the preceding theorem is that 

r„ -£->■ r as n —» oo, 

so that the first-stage AR estimator is weakly consistent. Also, in the event 
that 7 = r, it is easily shown that 

\\MT\\i \\MrfT     Vat MMr) 

This is the Cramer-Rao lower bound, assuming its existence. In this case, r„ 
is a best asymptotically normal estimator of r. 

With some additional assumptions on the uniform behavior of the para- 
metric function family and the stochastic process, trivial modification of The- 
orem 2.3 yields the following result on the asymptotic consistency, normality, 
and optimality of the AR estimators for i > 1. 

Theorem 2.4. Consider the model of section 2.1. Let N(T) C 0 be a neigh- 
borhood of T. Suppose that the following conditions are satisfied. 
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(1) For fixed X G S and F G H, the map 7 ■-» <f>^(X,F) is continuous on 

N(T). 

(2) For fixed F and G G H, the map 7 v-> {F,G)y is continuous on N(T). 

(3) The maps 8 H* Mg, 6 i-> Mg, and 6 ^ Mg are continuous for 6 € 0 
uniformly for 7 G N(T); i.e., if \a — ß\ -> 0 £Äen 

sup{||Za-^||7:7€iV(T)}^0 

for each Z G {M, M, M}. 

(4) For sufficiently small e > 0, as n —> 00, 

&(A»,T)=  sup snp\\(f>7(AntT,Mg-MT)\:\e-T\^e} = op(n
1/2). 

Then, for any fixed i > 1, £Äe .AÄ estimator sequence {Tn,i}n€n has the 
property 

\fn (r„,i - r) -A Y{ ~ JV (0, /(r)-1)   as n -» 00, 

wAere J(r) «5 Fisher's Information Measure. 

This implies that stopping the procedure at any i ^ 2 gives a best asymp- 
totically normal estimator based on Xn. Recall that the likelihood ratio is 

A(Z) = 'tfPM) 
ÄP(7) 

(*) = exp[n07(Z,M*)-f||Mö||5], 

and that information is defined using the quantity 

d 
d6 

logA(Z) = n ^{Z,Mg)-(Mg,Mg)^ 

as follows. Let r be the true parameter value. Then 

E S1*A«0 
0=r. 

= nET <^7(Xn, MT) - n /MT, MT\   = 0 
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since Er (f>7(Z, F) = (ET Z, F) . The information in Xn about r is denned as 

I{T) = E |logA(*„) 
S=r> 

= Var |logA(X„) 
e=T. 

See, for example, Kutoyants [36], p. 10. So here we have 

J(r) = n2 Var <f>7(Xn,MT) = nVar ^(i^,,., JlfT) 

~ nVar <f>y(AT,MT) = n\\S1TMT I      ,|2 

in the sense that / ~ g if and only if //# -> 1 as n -> oo. Thus, the lower 
bound for the asymptotic variance of an unbiased estimator of r based on 
Xn is 

I(T)-i = l  
V J        n||57rMT||2' 

which we may compare to the asymptotic variance 

\\SirMT\\> 

n\\MT\\* 

of a first-iteration AR estimator. In the case that 7 = r, we simply have 

1 
J(r) -1 

n\\MT\\r 

which is indeed the asymptotic variance of the AR estimators Tn<i for all 
i > 1, and of Tn,i when rnio(= 7) = r. 

In the remainder of this chapter, we consider some specific applications 
and develop results concerning the limiting (i —>• 00) behavior of the AR 
estimator sequence for finite samples. 

2.3    Application to Density Estimation 

Here we develop the form of the AR estimator specific to probability density 
function (p.d.f.) estimation. The prime denotes differentiation with respect 
to t el. 
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Let Zi,... ,Zn be i.i.d. real r.v.'s on/Cl with continuous c.d.f. F = 
FT where r G G C Rd for some feasible parameter set 6. The empirical 
cumulative distribution function 

n 

»=1 

has mean-value function 
EFn(t)=F(t) 

and covariance function 

Cov[Fn(s), Fn(t)] = i [F(s At)- F(s)F(t)}. 

Suppose 7 G 0. Let X(t) = X^t) = Fn(t) - F7(i), and let X0(t) be a zero- 
mean Gaussian process with covariance function Ky(s,t) = ^[Fy(s At) — 
F7(s)Fy(t)]. We model X(t) as a Gaussian process with mean Fe(t) — F7(t) 
and covariance ÜT7. 

Let üf7 denote the reproducing kernel Hilbert space with reproducing 
kernel Ky. With the map <£7 : Hy ->• L2(X) given by <Ay(üf7t) = X(t), the 
required derivative is 

m = *Fo{x) = exp &{Fe ~ ^ ~ >m ~F^' 
as long as F6 - F7 € if7. We use Fe - F7 in the likelihood ratio because H7 

consists of functions A on [0,1] with A(0) = A(l) = 0. 
Because K7(s,t) = u(s A t) v(s V t), where u = F7 and t; = 1 - Fy, the 

RKHS inner product for an empirical c.d.f. (Brownian bridge) covariance 
structure is given by equation (A.2) as 

w\i = rm 
Jo F; 

as long as limZ(x)2 F^x)'1 = 0 and \imZ(x)2 [1 - F7(x)]_1 = 0. Then the 
form of the density functional is 

f(Fe-F,)'(Fn-F,y     1 fm-FM* 
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Some algebra yields 

In terms of the densities F'e = /#, the AR estimator is that value of 6 which 
minimizes 

W)—fäiF. + y!££.. (2.4) 

The asymptotic variance of this AR estimator is 

Now we characterize the limiting optimization problem associated with 
this AR estimator sequence in the regular case. 

Theorem 2.5. For arbitrary fixed n, let {flJjgN be the sequence of AR esti- 
mators for the parameter r of a random sample density. Suppose the ML and 
AR estimation problems are regular. If the AR estimator sequence converges, 
so that 

&i -> 8  as i —> oo, 

then 6 is also the maximum-likelihood estimator of T. 

Theorem 2.5 states that for density estimation based on Fn, the limiting 
AR estimator is the maximum-likelihood estimator. 

2.3.1    Type I Censoring 

A data set is said to be censored if a known number of observations are 
missing from one or both ends of the data range. See David [12]. In the 
case of Type I censoring, we observe the data when they are inside a known 
range, say [a, b]. If a datum falls outside the range, we know which side it is 
on but not what its value is. So the number of observed data values is itself 
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a random variable. Formally, we have an underlying sample Yi,... ,Yn from 
a distribution with c.d.f. Fg and p.d.f. fg = F'e. However, we do not observe 
the Yi directly. Rather, we observe the indicators 

5i=< 

-1,   Yi<a 

0, a^Yi^b 

1, Yi>b 

along with the data 

*,= < 
Yi, Si = 0 

not available,   6i ■£ 0. 

The corresponding AR objective functional is based on equation (A.2), as is 
the uncensored objective given by equation (2.4). The result is 

j7(0) = - fbkdFn_ F^)Fn(a)     Fg(b)Fn(b) 
Ja   Jl 

+ l\[
bik 

2[Ja   f. 

F7(o) 1 - Fy(b) 

Fgjbf 
F7(a)   • 1-F7(6). 

A similar construction also works for general Type I censoring, in which 
the observable data lie in a union of disjoint intervals. In this case, data are 
observed in 

[ai,&i]U[a2,&2]U---U[afcA], 

where ai < &i < a2 < • • • < &*_! < a* < &*, and data counts are available for 
each of the complementary regions (-co, a{), (&i, a2),..., (bk-i, ak), (bk, oo). 

Note that censoring is different from truncation, in which the distribution 
itself is modified and the amount of lost data is unknown. Any c.d.f., say Fg, 
can be truncated to the interval [a,b]. The resulting c.d.f. Gg is given by 

0, x < a 

Ge(x) = I *K«>-JK«>     a<x<b 

1, x > b. 
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2.3.2    Example: Linear Density 

Let X\,... ,Xn be i.i.d. on [0,1] with density function f\,{x) = b + 2(1 — b)x, 
where be [0,2]. For fixed /„, the density functional is 

^6+ 2(1-&)*,. , 1 fl [b + 2(1 - 6)*]2 

*»-jfS«*«+iH ■dt, 
+ 2(1-a)* 

which is quadratic in 6. Therefore, the AR estimator, which is the solution 
of 

minimize Ja(b) subject to 0 ^ 6 ^ 2, 
b 

can be obtained by "clamping" the minimizer of the unconstrained objective 
into the feasible region [0,2]. So if 6 satisfies J„(6) = 0, then the estimator is 

6 = 2 A (0 V 6) = min (2, max(0, £)) . 

Differentiating with respect to 6, we obtain 

j>(b) -     f1      1~2t      dF (fy .   f1 (1-2*) [6+ 2(1-6)*] 
Ja{h)-~h  a + 2(l-a)tdFn{t) + J0  a+ 2(1-a)* *' 

The solution of J'a(b) = 0 is 

6 = 
1   n 

n*-i a 
\-2Xi 

I2(a)   n *-f a + 2(1 - a)Xt -h(a) 

where 

T(n\-  f1   2t0-~2t)    ^     a[2-2a-log(2-o)+loga] 
h{a)- J0  a + 2(l-a)t~ 2(1^)5 

1-a-llogg-l)" 

and 

(1 - o)» 

1     (1 - 2*)2 

•(a) = f - 
Jo  a dt = 

2 - 2o - log(2 - a) + log a 
o  a + 2(1 - a)t   " 2(o - l)3 

= (T^[1-a-^l0g(!-1). * 
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The unconstrained minimizer is 

(a-1)3 v^      l-2Xi 
b = a + 

f?-1)1?? a+ 2(1-a)*,' (2'5) n [1-a-|log(f-l)] ^0 + 2(1-0)^' 

which is in fact continuous at a = 1 with 

„    n 
limS = 1 + -V(l - 2XA = A-6X. 

On the other hand, the MLE is the solution bn of 

n 

maximize JJ[6 + 2(1 -b)Xi] subject to 0 ^ b ^ 2, (2.6) 

which does not exist in closed form. However, Theorem 2.5 implies that the 
solution of (2.6) may be obtained as the iterated solution of (2.5). 

We illustrate these computations with a small Monte-Carlo simulation. 
For each sample size of n = 10, 100, and 1000, we generated 1000 data sets 
with a "true" parameter value of b = 0.333 from the p.d.f. f(x) = b + 2(1 - 
b)x. The ML estimators, 6n, were computed using a constrained nonlinear 
minimization routine in S-PLUS, operating on the negative log-likelihood. 
The AR estimators, bn,i, were computed with a typical initial guess of 6n>o = 
1.0, but occasional initial guesses of 0.5 or 0.1 were required. This happened 
more often with the smaller data sets (n = 10) and hardly at all with the 
large data sets (n = 1000).   Mean-squared errors are presented in Table 
2.1. We make several comments. For all sample sizes in this simulation, the 
second-stage ARE has lower error than the corresponding MLE. Theorem 2.5 
states that bn^ —> bn as i —> oo if the sequence converges. This is true only in 
the regular cases, where estimators are obtained by zeroing the derivatives 
of objective functions. In this example, the parameter space is constrained, 
and sometimes a solution is a boundary point instead of a stationary point. 
Note that even for small samples, the second-stage ARE is competitive with 
the MLE. 
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Table 2.1. Mean-Squared Error for AR and ML Density Estimation Simu- 
lation 

estimator n=10 n=100 n=1000 

k 0.1994 0.02006 0.002187 

K,i 0.1744 0.01981 0.002590 

K,2 0.1851 0.01899 0.002177 

K,z 0.1934 0.01997 0.002187 

&n,4 0.1929 0.01985 0.002187 

K,5 0.1951 0.02003 0.002187 

bnfi 0.1954 0.02000 0.002187 

&n,7 0.1965 0.02005 0.002187 

&n,8 0.1966 0.02003 0.002187 

&n,9 0.1972 0.02006 0.002187 

&n,10 0.1972 0.02004 0.002187 

2.4    Application to Quantile Function Estimation 

In this section, we develop the AR estimator for the parameter of a random 
sample probability law based on the quantile function. 

Let Zi,... , Zn be i.i.d. real r.v.'s on I = [0,1] with positive density /, 
(continuous) c.d.f. 

Fit) = Pr[Z ^ t], 

quantile function 

Q{u) = F-X(u) = inf{t: F(t) ^ u}, 

and density quantile function 

9 = foQ. 
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Differentiating F(Q(u)) = u yields Q'{u) F'(Q(u)) = 1, so 

Relevant empirical functions are the empirical distribution Fn(t), the empir- 
ical quantile function 

Qn(ti) = F-l{u), 

and the standardized quantile process 

Vn(u) = V^9(u)[Qn(u) - Q(u)] = V^Q^lQniu) - Q(u)}. 

Under reasonably mild conditions, the asymptotic distribution of Vn is Gaus- 
sian with mean zero and covariance u A v — uv. So the asymptotic charac- 
teristics of Qn are 

EQ*n(u) = Q(u) and 

K(s, t) = Cov[Q*n(s), Q*n(t)) = ±Q'(s)Q'(t)(s A t - st), 

and the asymptotic model is 

X*n(u) = Q*n(u) = Q(u) + J. ■ Q'(u)B(u), 

where 
Cov[X»,X*n(v)\ = ±Q'{u)Q'{v){u A v - uv). 

Since the covariance function can be written as 

K(s,t) = ±Q'(sAt)(sAt) • Q'(sVt)(l-sVt), 

the corresponding RKHS inner product is given by equation (A.3) as 

)i2 

«=£[(!)']• 
as long as limar1 Z(x)2 Q'(x)~2 = 0 and lim(l - a:)"1 Z(x)2 Q'(x)~2 = 0. 

x-fO z-»l 
In the parametric setting, Q = QT where r € 0 C Rd for some feasible 

parameter set 0. To set up the AR estimation procedure, fix 7 € 0 and let 
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X(t) = Xi(t) = Qn(t) - Q-y(t). Let X0(t) be a zero-mean Gaussian process 
with covariance function K^(s,t) = n~lQ'y(s)Q'y(t) -(sAt-st). We model 
X(t) as a Gaussian process with mean Qg — Q7 and covariance ÜT7. 

AR estimation of 9 is accomplished by minimizing the functional 

Multiplying this out and discarding terms constant with respect to 0, we 
obtain 

»=-/'(t)'(tM/W 
which is equivalent for the purposes of optimization. To avoid distributional 
derivatives, we can integrate by parts to get 

f1 (QiX(Qn\ = (9I\9IL\ _ [
X
(9L\

H
9* 

h \Q'J \Q'J     \Q'J Q'X   Jo \Q'J Or' 
With appropriate behavior at the endpoints, we have 

J-r "•m'frum. 
2.4.1    Type II Censoring 

Another censoring mechanism is called Type II censoring. Recall (section 
2.3.1) in the case of Type I censoring that the observed data are constrained 
to a certain known range and that the number of observed values is random. 
The situation is reversed in Type II censoring: a known number of data are 
excised from each end of the range, and the observed data range is random. 
Type I censoring is well suited to AR estimation based on the empirical c.d.f. 
Fn. In a similar fashion, AR estimation based on the empirical quantile 
function Qn can be adapted for the Type II censoring model. Parzen [54] 
points this out for the special case of location and scale estimation. 

Of course, if we know the underlying sample size n and the numbers of 
observations n0 and rib missing from each end, then we also know the points 
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p and q which delimit the domain of the corresponding quantile functions. In 
fact, p = na/n and q = 1 - n,b/n. For Type II censoring, the AR estimation 
functional based on Qn is derived from equation (A.3). The result is 

'"»-/'(D'(l)'-i "■""■'" 
♦Mao: 

Qe(q)Qn(q) 

1 + - Qe{p)]2 

p YQ'M. 

1-9       ,7 

C(g)"12" 

Q'M 

i-qlQM ) 

2.4.2    Example: Location and Scale Estimation 

Here we consider AR estimators based on the empirical quantile function in 
the case of location and scale families of distributions. For a fixed density 
/«,, we have the two-parameter family of distributions 

A^ = l/#(^). 

where 6 = (//, a). In this case, we show that 6i = 0i for all i > 1. 

Other results (see sections 2.3 and 2.5) seem to imply a direct relationship 
between AR estimators and ML estimators. However, based on the work of 
Bennett [4], Parzen [54], David [12], and others, it is known that 0X need not 
be the MLE. 

To express the location and scale problem in terms of the quantile func- 
tion, we specify a fixed quantile function Q0 and a two-parameter family of 
candidate quantile functions 

{o + bQ0 : a E R, 6 > 0}. 

For fixed 7 = (a0, b0), we have Q7(u) = a0 + b0Q0(u), and with 8 = (a, b) we 
have Qg(u) = a + bQ0(u). The AR estimator 6 is the minimizer of 

m = _ f
l(a + bQ0\ ( Qn\    1 nfa + bQA 

Jo   \   KQ'o  )  \boQ'0)      2j0   [\  b0Q'0   ) 

/-12 
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or, equivalently, of 

Thus, the AR estimator is independent of choice of (a0, b0). 
Let {x, y) = /0 (x/QoYiy/Qo)', and define the matrices 

C = (l,Qn> 

(Qo,Qn) 
and R = (1,1)     <l,Qo> 

(1,Q0)   (Q0,Q0) 

Then we have 

J{9) = -a (1, Qn) - 6 {Q0, Qn) + \ (a2 (1,1) + 2ab (1, Q0) + 62 (Q0, Q0)) 

= -9TC+\6TR9, 

so the AR estimator 6, which is the minimizer of J(0), is given by 

9 = Ä"1 C. 

Explicitly, in terms of the components, the estimator is 

<l,Qn> 

(QcQn) 

(1,1)     (1,Q0)     lr 

_(l,Qo)   <C?0,Q0)_ 

To modify the location and scale problem for Type II censoring (discussed 
in section 2.4.1), the appropriate inner product is 

                 _     .     1      x(q)y(q) ™-m'®'+1, Q'oip)2     i-9   Q'oiv)2 

The resulting estimator is the one obtained by Parzen [54]. 

2.5    Application to Poisson Process Intensity 
Estimation 

In this section, we develop the AR estimator for the intensity parameter of 
a completely observed Poisson process with finite mean measure. Again, the 
prime denotes differentiation with respect to t £ I. 
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The RKHS inner product for a Poisson process (Wiener process) covari- 
ance structure, given by equation (A.l), is 

»*-/§-• 
as long as lim G(x)2 K(x)~l = 0. Here, the map <j> is 

<f>K(G) = lQ
1§jdN, 

and the AR density functional for a Poisson counting process with mean G 
and intensity g is then 

1 f {99? w~f*«+\fu 
We now characterize the limiting optimization problem associated with 

this AR estimator sequence in the regular case. The following result is the 
Poisson process analogue of Theorem 2.5. 

Theorem 2.6. For arbitrary fixed n, let {0j}ieN be the sequence of AR esti- 
mators for the parameter r of a Poisson process mean measure. Suppose the 
ML and AR estimation problems are regular. If the AR estimator sequence 
converges, so that 

0i -> 9  as i -+ oo, 

then 6 is the also maximum-likelihood estimator of r. 

In other words, if the AR estimator sequence converges (for any fixed 
value of n), then it converges to the maximum-likelihood estimator. 
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2.5.1    Example: Exponential Intensity 

Consider a Poisson process on [0,T] with intensity function X(t) = ae~w. 
The density functional is 

J(a,b) = - fT^-dN(t) + I r^Tdt 
Jo   aoe-bot 2 JQ    a0e-6°' 

a0 j-f 2a0 Jo 

- _lfe-H)*i + fl2 fl _ e-T(2b-b0)] 
~    aoj^ + 2ao{2b-b0)

[ J' 

as long as 26 - b0 > 0. To accomplish the optimization, we differentiate with 
respect to o, 

da        ao ^ 
+ 

»=i 
ao(2& — bo) 

and set dJ/da = 0 to get 

a = 2b-bo 
1 _ e-T(26-6o) 

y^e-(6-6o)t^ (2.7) 
»=i 

Substituting, we have 

2b-b0 J = 
a0 [1 - e-T(26-»o)] 

With T -> oo, this becomes 

J = - 

V"\e-(6-6o)t< 

«=1 

2 _ 

-1 + 2 [1 _ e-T(26-&o)] 

26-feo 
2ao 

y^e-(6-6o)t< 

So the AR estimator b is the minimizer of 

J(b) = (b0-2b) £*-(6- 6o)t< 

»=1 
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and we recover a from equation (2.7). 

n 

a={2b-b0)Y,e~ih~h0)ti- 

On the other hand, the likelihood functional is 

T 

"dt 

L= [ logXdN- f  A 
Jo Jo 

= flöget - bU)-a [  e"w 

n 

= nloga - b^U + | (e"67" - l) 

So, for large T, we have 

«    » 

n 
EC 

«       h 

The derivative with respect to a is 

dL _n     1 
da     a     b 

so that dL/da = 0 if and only if a = n6. Substituting, we obtain 

n 

L = n log nb — b >J U — n. 
»=i 

Now, 
dL     n    ^—v 

and dL/d& = 0 if and only if ft"1 = n_1 YJi=i U — *• Thus, we finally have the 
ML estimators 

n2 r-i J    I n r-i a= ^n       -nt       and   & = =—- = *    . 
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2.6    Technical Details 

2.6.1    Distributions of Functionals 

The following facts enable us to calculate the asymptotic distributions of 

functionals that arise in the course of the large-sample analysis of the AR 

estimator. Here, we make the dependence of <f> upon the process explicit, as 

in section 1.4. 

Lemma 2.7 is a standard result in Hilbert-space time-series methods. 

Lemma 2.8 is nonstandard, but required in our applications to characterize 

the behavior of the map <j> when the reference covariance structure is different 

from the true covariance of the process X„. 

Lemma 2.7. Let X be a stochastic process with sample paths in B, mean- 

value function M, and covariance function K. Let HK be the RKHS with 

reproducing kernel K. Assume that M G HK- Let <f> : S x H% -> K be a 

bilinear functional with (j)(Y, Kt) = Y(t) for allt G I and Y G S. Then, for 

all f G HK, 

E<fi(X,f) = (M,f)   and   Var <f>(X,f) = ||/||2. 

Lemma 2.8. Let X be a stochastic process with sample paths in S, mean- 

value function Mz, and covariance function Kz under probability law Lz for 

z G {o, b}. Let Hz be the RKHS with reproducing kernel Kz. Assume that 

Mz G Hz. Let each bilinear functional <f>z : 8 x Hz —> R satisfy <f>2(Y,Kzt) = 

Y(t) for allt e I and Y G S. Suppose that Ha = Hj> = H, that the linear 

operator T = Tba on H given by T{Ku) = Kat is bounded, and that the linear 

functional E <j>b(X, •) on H is bounded. Let S = Sia be a square root of T. 

Then under law £a, for all f G H, 

E<MX,/) = (M0)/>6   and   Var &(X,/) = ||S,./||2. 

Up to this point, we have not been specific about the definition of con- 

vergence in distribution for random functions. There are several different 

general approaches.  See Billingsley [5], Shorack and Wellner [63], and the 
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references contained in both for discussions of the convergence of probabil- 
ity measures on metric spaces. According to Pollard [56], for example, the 
typical metric space setup is as follows. 

There are an implicit underlying probability space (£2,5",Pr), 
and a function space S with cr-algebra A and metric 8. Always, 
A C ®,j(S), the Borel <r-algebra generated by the J-open sets of 
S. A usual choice is A = $£(§), the a-algebra generated by the 
5-open balls in S. The random elements Z : Q -¥ $ are then the 
J/^l-measurable functions. Equip the reals with the usual Borel 
(7-algebra !B. Let / : S —>■ R be bounded, ^-continuous, and AfB- 
measurable. Then, Zn —> Z in S means that f(Zn) -^ f(Z) 
for each such /. 

For a different (metric-free) approach, see Kallenberg [30], Karr [31], and 
their references. In any case, however, the useful and practical application 
of convergence in distribution can always be described as: 

Given a sequence Zn of random elements taking values in 
a space S and a functional / : S -> R, one seeks to establish 
conditions that imply that the image of / converges in (one- 
dimensional) distribution in R; i.e., 

f(Zn) -U f(Z) as n -» oo. (2.8) 

In general, this can be accomplished by identifying an appropriate 
mode of convergence in distribution in S; i.e., 

Zn-1+ Z as n -> oo, (2.9) 

and then showing that / belongs to a class of functions for which 
(2.9) implies (2.8). 

We are not concerned with the theoretical details but need only consider the 
practical use of the technology, since our interest is in the application of the 
AR concept to specific stochastic processes Xn. 
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Therefore, throughout this work we assume that the convergence in dis- 
tribution of the stochastic processes specified in statements (1.2) and (2.1); 
i.e.. 

An>T —\ Ar as n -f oo, (2.10) 

implies convergence in distribution of the functionals 

<j>r(An,T,G)-±+(j)T(AT,G) as n->oo (2.11) 

for any G € HT. 

While the manner of convergence in (2.10) for each of the processes we 
consider may be different (e.g., in the metric space setting, the a-algebra A 
and metric 8 are specific to the application), statement (2.11) holds nonethe- 
less. 

Now we consider the distribution of the limit (f>T(AT,G) in (2.11). It is 
easy to show that this quantity has a normal distribution. This follows from 
the fact that the set {£JLX a^. : n e N, U G 7, a* e R} is dense in H, 
upon consideration of a Cauchy sequence. 

The large-sample properties of AR estimators developed in this chapter 
are determined by the asymptotic behavior of 07(A„)T, G) for various values of 
G. In particular, suppose that Mg, Me, and Mg lie in #7 for all $ e G, where 
the dot denotes differentiation with respect to 9. In light of the previous 
development, the asymptotic distributions of functionals of interest are 

<f>y(An>T,Me) -A <f>7(AT,Me) ~ N(0, ||57rMe||7), 

<f>y(An,T,Mg) -^MAT,Me)~N(0,\\SiTM6\\2),   and 

</>y(An,T,M0) -A 4>y(AT, M9) ~ N(0, ||57rMfl||7). 

The AR objective functional and its ^-derivatives are 

LnM = im - Mr!!? - 5iMAn,r,Mg), 

Lnn{e) = (Mg-MT,Mg)  -^(An<T,Mg),   and 

Ln,7(0) = (M9 - MT, Mg)^ + llJfclg - ±^(AntT, Mg). 
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The asymptotic distributions of these quantities follow from 

Vn • [Lnf1{B) - \\\Me - MT||J] = -^(An>T,Mö), 

Vn • \Ln,y(0) - (Me - MT,Me)    = -«AyOV,M«)»   and 

\/n = -<£7(4n)T,Me). LnM-(Me-MT,Me)^-\\Me\ 

In particular, with 0 = T, these become 

Vw^W = -^(A.,T,MT), 

VnL„)7(T) = -^7(i4n)T,MT),   and 

V5- [LnA-r) - IIÄ-H5] = -07(An>r,Mr). 

More details about the behavior of functionals of the observed process and the 
AR estimators are developed as needed in the proofs of the lemmas, theorems, 
and corollaries of chapter 2. These proofs are presented collectively in the 
next section. 

2.6.2    Proofs 

Proof of Theorem 2.1. Since Var Lnn(6) -» 0 as n ->• oo, Chebychev's in- 
equality gives convergence in probability of Lnn{6) to its expectation 5IIM0 — 
MT\\

2
r In particular, L„)7(r) -^> 0 as n -> 00. Now fix 6 > 0 and let 

e = mf{ELn„(e):\9-T\>6}. 

Pick any a < e/2. Define the events A0 = {\T„ - T\ < 8} and Ai = 
{L„i7(rn) < a}. For large enough n, we have 

Pr(A1A
c

0) = Pr(Ln,7(rn)<a and  \rn-r\>8) 

^ Pr (sup{|Ln,7(0) - ELn„(6)\ : \9 - r\ > 6} > a) 

< Pr(sup{|Ln,7(ö) - ELn>7(0)| : 0 e 6} > a) 

< a 
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and 
Pr(Ai) = Pr(L„)7(rn) < a) > Pr(L„,7(r) < a) ^ 1 - a. 

Partitioning on AQ, we have 

1 - a ^ Pr(Ai) = Pr(>Mo) + Pr(Aii4|j) < Pv(AQ) + a. 

Putting this together, we have Pr(i40) > 1 — 2a, as required. D 

Proof of Theorem 2.2. For small enough S, the ball {6 : \0 - r| < 6} lies 
in the interior of 0. So any minimizer r„ of Ln>7 with \rn — T\ < S also has 
L(rn) = 0. The conclusion follows by Theorem 2.1. D 

Proof of Theorem 2.3. Sen and Singer [61] use the following approach 
to prove a theorem about the properties of maximum-likelihood estimators. 
They attribute the technique to Le Cam [42], Hajek [25], and Inagaki [28]. 

Fix an arbitrary K € (0, oo), and for |u| ^ K consider the Taylor's series 
expansion of Ln>7 about r. 

W7" + ^i«) = WT) + iAn(u), 

where 

\n{u) = y/nuLnn{r) + |n2L„i7(rn*)   and   T„»(M) G (T,T + n~1/2u), 

so that |rn* - T\ < rCxl2\u\ ^ n~ll2K. Let 

Zn(u) = Ln„(rw) - L„)7(r) = B„(«) + Cn(u) - n~^2Dn(u), 

where ' 

Bn{u) = (MTn.-MT,MTn.) , 

C„(«) = 11^11»-||JlfT|B,   and 

Dn(u) = ^7(An,T, Mr„, - AfT). 
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Then we have 

\n(u) = yfiiuLn„{T) + |w2Zn,7(r) + \u2 [B„(«) + Cn(u) + ^A,(«)] . 

For any e > 0, fix an UQ > K2/e2 and note that if n > no, then n-1/2 K < e 
and |rn* — r\ < e. Therefore, for all sufficiently large n, we have 

sup{|Bn(w)|: |w| ^ K} ^ B£ = sup (\(M9 - MT,Me) :\e-r\^e } 
<sup{||Me-MT||7-||Me||7:|ö-rKe} 

Since the continuity assumptions imply that Be -¥ 0 as e ->■ 0, we have 
|Sn(u)| —> 0 as n -^ oo uniformly in |w| < K. Likewise, for all large enough 
n, 

sup{|Cn(w)| : |tt| < K) < Ce = sup {|||M,||2 - ||MT||
2| : \B - r\ < e} , 

) ■ 

and Ce -¥ 0 as e -» 0.  Therefore, |Cn(w)| -^ 0 as n -*• oo uniformly in 
\u\ $C K. Again, for all sufficiently large n, 

Bup{|DB(tt)| : |w| < K} < sup{|^(^n,T,M, - MT)\ : \9 - r\ < e} = &(j4„,r). 
« 6 

Since &(4n,r) = op(n
1/2), we have supu{|Dn(w)| : |w| ^ K) = op(n

1/2), and 
therefore supu{n~^2\Dn(u)\ : |u| < K} = op(l) as n ->• oo. Since we also 
have X„,7(r) -^ ||Mr||7, we may conclude that uniformly on |w| < K 

Xn(u) = y/nuLnn(r) + |tt2|jiüfT||^ + op(l)  as n ->• oo. 

With w0 = -y/nLnty(T)/\\MT\\
2 and c = ||MT||?/2» we can write 

Xn(u) = c(u - wo)2 - cw2 + gn(u), 

where sup{|^„(w)| : |w| ^ K} -*■ 0 as n -¥ oo. 
Define the events A = |w0| < K - a and £ = |w„ - w0| < a.   For 

any small a > 0, choose K and N large enough so that Pr(A) > 1 — a 
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and Pr (sup{\gn(u)\ : \u\ < K} < \ca2) > 1 - a if n > N.  Let \n(un) = 
inf{An(w): \u\ < K}. Conditional on A, we have 

B <= An(u0) < inf{A„(u) : |u - u0\ ^ a} 

<= -cu\ + sup \gn(u)\ < co? - cul - sup \gn{u)\ 
\u\<K \u\<K 

<=> sup \gn(u)\ < fca2; 
M<tf 

and since Pr(B) ^ Pr{Af)B) = Pv(A) Pv(B\A) > (1-a)2, we have Pr(B) -» 
1 as a -¥ 0. Therefore un — u0 -^-> 0 as n -» oo. But rn = r + n~^2un, so 

Since 

V^i„,7(r) = -^7(A,r,MT) A -^7(^T,Mr) ~ JV(0, ||-S7rMT||2) 

as n -¥ oo, the result is established. D 

Proof of Theorem 2.4. By Theorem 2.3, we have 

Vn • (Tn>1 - r) —*• ^ ~ N   0, — ' n>0      as n -^ oo, 
V WMr\\in,o       J 

so that, in particular, rn)i -^ r as n -> oo. Thus, for arbitrarily small 
ß > 0, there is an N such that if n > N then Pr(rn,i G N(r)) > 1 - /?. 
Now let i = 2. Fix an arbitrary K € (0, oo). Proceeding as in the proof of 
Theorem 2.3, we can write the Taylor's series expansion of Ln>TnA about r 
for |u| < K. 

where 

A„(w) = VnuLn>Tn>1 (T) + \u2lntTnA (T„,) 

= v^«in,rn>1(r) + |tx2J:„,Tnil(r) + ±u2 [£„(u) + C„(u) + ^A,(u) 

45 



in which 

Bn(u) = (MTn,-Mr,MTn.)     , 
\ ' T„,l 

Cn(u) = llK^-WX^   and 
Dn(u) = ^Tnil(An>T,MTn. - MT), 

with Tn»(u) = rn* € (r,r + n_1/2w), so that |rn<1 - r\ < n_1/2|«| < rrll2K. 

For sufficiently large n, we have 

sup{|£„(t*)| : |u| ^ K} < sup (|(M* - MT,M*\       : \9 - T\ < e 1 
ti «       I I  N / T„,l . J 

^ sup {\\Me - MT||Tnil • ||Me||Tnil :|ö-r|<e}, 

and therefore with 

B£=  sup snp{\\Me-MT\\y-\\Me\U:\9-T\^e} 

we have 
Pr sup{|Bn(u)|:M <#}<£, >l-ß. 

The continuity assumptions imply that Be —>■ 0 as e —>• 0, so we have 
|Bn(u)| -^-> 0 as n -> oo uniformly in |u| < K. Likewise, for all large 
enough n, 

sup{|<7n(u)| : |u| < K} < sup {|||Me||
2

n)1 - \\MT\\ln<1  : |0 - r| < e} . 

So with 

we have 

C£=  sup sup {|||M,||?-HAMI2, :\6-r\<e} 
767VM    «     II ' > 

Pr sup{|Cn(u)| : |u| < K} ^ C£ >l-ß. 

The continuity assumptions imply that Ce -¥ 0 as e -¥ 0, so we have 
|Cn(w)| -£■> Oasn-K» uniformly in |M| < Ä". Again, for all sufficiently 
large n, 

sup{|£>n(«)| : |u| ^ K} ^ suV{\K,i{An,r^0 - MT)\ : \0 - r\ < e}, 
u 0 
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so 

Pr sup{\Dn(u)\:\u\^K}<ge(An,r)   >l-ß. 
u 

Since gE{An,T) = op(n
1/2), we have supu{\Dn(u)\ : |u| ^ ÜT} = Op(nx/2), and 

therefore supu{n~1/2|.Dn(u)| : \u\ ^ K} = °p(l) as n -» oo. The 7-continuity 
of <f>~f implies that 

and it is basic that 
^(f>T(An>T,F)^0 

for F = MT, MT, or MT. Therefore, 

Ln,rn,Ar) - \\MT\\
2

TnA = -^Tnl(An,T,MT) -A 0, 

and we may conclude that uniformly on \u\ ^ K, 

\n(u) = VnuLn>Tnil(r) + ±u2\\MT\\2Tnl + op{l) as n -> 00. 

Since Lnn(r) = — n-1/2^>7(j4.„)r,MT), and (•, •) is 7-continuous, we in fact 
have 

Xn(u) = y/nuLniT{r) + |u2||MT||
2 + op(l) as n -¥ 00 

uniformly for |u| < ÜT. As in the proof of the previous theorem, we obtain 

MT"-T)+1EK—>0asn 00. 

Since 

v^Wr) = -0T(An>r,Mr) -A -<j>T(AT,Mr) ~ iV(0, ||MT||
2), 

we have established that 

^(rna-r)^y2~Ar(o,^)   «» 

By induction, we may conclude that 

vG(TlM_r)A«~w(o.p£jjj)   aBn 

for all i > 1. 

00. 

00 

D 
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Proof of Theorem 2.5. If the AR estimator sequence converges to some 
value 0, then 6 is a fixed point of the operator Sn defined on page 20. So 
Sn(6) = 9, which means that 

l-we = 0. 
(=0 

Differentiating, we have 

Substituting £ = 0, we get 

Therefore, 0 solves 

maximize   / log f^dFn, 

which characterizes the maximum-likelihood estimator of a random sample 
density parameter. □ 

Proof of Theorem 2.6. If the AR estimator sequence converges to some 
value 0, then 0 is a fixed point of the operator Sn defined on page 20. So 
Sn(6) = 0, which means that 

d 
MMQ = 0. 
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Differentiating, we have 

«f J      96 J        96 

Substituting £ = 6, we get 

&9(\£=0 ,„ .   f d 

-![-/k*«,w+r*]L 
= |[-/.og9£^ + G£(l)]|     . 

Therefore, 0 solves 

maximize   / log 0£ d/V - G£ (1), 

which characterizes the maximum-likelihood estimator of a Poisson process 
intensity parameter. D 

Proof of Lemma 2.7. See Parzen [51]. D 

Proof of Lemma 2.8. We suppress the dependence of <f> on S and write 

<K/) for <£(*,/)• 
Since E fa is a continuous linear functional on H, there is a unique s € H 

with E&(/) = (s,f)b for all / € H. In particular, E06(tfw) = {s,Ku)b = 

s(t). On the other hand, we have Efa(KH) = EX(t) = Ma(t). Therefore, 

s(t) = Ma(t), and E fa(f) = {Ma, f)b as required. 

Consider the bounded linear operator T = T^, on H given by (Tf)(x) = 

(f,Kax)b, and the associated bounded bilinear functional B(f,g) = {Tf,g)b. 
Note that 

(TKu)(x) = (Kbu Kas)b = Kax(t) = Kat(x). 
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Also, 

B{Kbs,Ku) = {TK^KH), = (KM,K*)b = Kaa(t) = Ka(s,t). 

But since 

Ka(s,t) = Cov[X(s),X(t)] = Cov[MKbi),MKbt)], 

we have in general B(f,g) = Cov[^(/),^)] and B(f,f) = Var <f>b(f). 
Since B is positive definite, symmetric, and self-adjoint, we know that T has 
a positive definite, symmetric, self-adjoint square root S — Sj». So we can 
write (Tf,f)b = (Sf,Sf)b = \\Sf\\l whence in fact 

Var Mf) = IIVH» = «/•*■<•>>»./(•)>» 

for all feH. D 
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3.    Nonparametric AR Estimation 

In this chapter, we consider asymptotic regression estimation in the setting 
of an infinite-dimensional real parameter space. As one would expect in this 
case, even for a fixed initial guess 7, the minimization problem either has 
no solution or results in an estimator that is not smooth enough. In other 
words, the problem is ill-posed. However, we show that the technique of 
regularization, or penalization, can be applied to these problems to produce 
estimators that have desirable asymptotic properties. 

We address nonparametric estimation in the context of specific applica- 
tions. Basic density estimation is the subject of section 3.1. Density estima- 
tion for inverse problems is considered in section 3.2. Section 3.3 contains 
a short discussion of the application of ARE to Poisson process intensity 
estimation. Proofs are deferred to section 3.4. 

3.1    Density Estimation 

Let X\,... ,Xn be i.i.d. random variables on I C R with c.d.f. F0 and p.d.f. 
F'o = U> Let ftbea p.d.f. on I. In what follows, / means /r With the 
objective functional 

W—ffa + kfT 
and constraint set 6 = {/ : / ^ 0, / / = l}, the natural nonparametric ver- 
sion of the AR density estimation problem is 

minimize JZih(f) subject to / € L2 0 6. (3.1) 

However, this problem is ill-posed in the following sense. 

Theorem 3.1. Problem (3.1) has no solution. 

In the proof, we construct a sequence {pm}m=i m L2nQ with the property 
that J*(gm) -> —00 as m ->■ 00, thereby showing that J* is unbounded. 
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In fact, Gm(t) = fx<t9m(x)dx converges in L2 to Fn, the empirical c.d.f. 
Since the optimization problem (3.1) has no solution in L2, it is useless for 
estimating f0 and its derivatives. 

The same thing happens when one attempts to extend maximum likeli- 
hood density estimation by relaxing the parametric restriction. The problem 

n 

maximize JJ/CX*) subject to / € L2 n e (3.2) 

has no solution. The proof of this fact utilizes the same construction as 
Theorem 3.1. See Thompson and Tapia [73]. 

One approach that has been exploited is to replace problem (3.2) by an 
approximate version that has a useful solution—namely, 

maximize JJ f(Xi) exp[—nav(f)] subject to f £ L2C\G. (3.3) 

Note that equivalent formulations of problems (3.2) and (3.3) are 

limize — / log f(x)dFn(x) subject to / £ L2 fl 6 minimize 

and 

inimize - / log/(a:) dFn(x) + av(f) subject to / £ L2 D Q, 

respectively. 
The functional u, known as a penalty functional, is chosen to give larger 

values when / is "less smooth." Solutions to (3.3) are called maximum pe- 
nalized likelihood density estimators. The parameter a is a positive real 
number. Typically, when a —> 0 at some rate as n —> 00, one obtains a se- 
quence of estimators with good asymptotic properties. The literature is rich 
with references to work in related areas, such as regularization in Tikhonov 
and Arsenin [74]; maximum penalized likelihood density estimation in Good 
and Gaskins [21], de Montricher, Tapia, and Thompson [13], Silverman [66], 
and Thompson and Tapia [73]; smoothing splines in Wahba [76], [79], and 
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Gu [23]; nonparametric estimation and regression in Stone [70], Klonias [34], 
Eubank [16], Gu [24], and Härdle [27]; and inverse problems in O'Sullivan [50] 
and Cox [9] . 

We can apply the method of penalization to problem (3.1) and obtain 
a related problem that does have a well-behaved unique solution. We now 
formulate the penalized problem. 

Let Xi,... ,Xn be i.i.d. random variables defined on a bounded domain 
JCR, with c.d.f. F0 and p.d.f. f0 = F'0. The function h is a smooth p.d.f. on 
I. Denote by D a linear differential operator of order p ^ 1, with no constant 
term, defined on a suitable domain with appropriate boundary conditions. 
We refer to the positive real constant a as the smoothing parameter. Using 
the penalty functional 

we define the penalized AR density estimation functional to be 

J«*(f) = -f£dFn + ±f£ + au{f). (3.5) 

The corresponding single-step AR density estimation problem is then 

minimize Jn,h(f)  subject to / e 0ip D 6, (3.6) 

and its solution f = fn satisfies 

Jn,h(f) = inf {Jnth(f) :/eJ{pne}. (3.7) 

For fixed n and /n>0, the recursive sequence of AR estimators (/n)0, /n,i, 
/n,2» • •.) is characterized by 

•Wi If«) =inf {-W* (/);/^ne}- (3-8) 
In order to establish the existence and uniqueness of the solution of prob- 

lem (3.6), we exploit the inner-product structure implicit in the form of the 
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penalized objective functional (3.5). Specifically, the deterministic part of 
Jn,h(f) is a quadratic form that arises from a Sobolev space norm. Note also 
that these are the penalty functionals that generate smoothing splines. 

In our setting, the Sobolev spaces %p are Hilbert spaces of functions that 
have (Lebesgue) square-integrable pth derivative. 

%p = {f:f{*)eL2C\D}, (3.9) 

where the domain D formally incorporates both the function support and 
also the boundary conditions appropriate to the application. Since domains 
and boundary conditions are application-specific, we generally suppress their 
explicit formulation and simply remember that they are a required element 
of the problem statement. 

Some basic references for Sobolev spaces and optimization are Adams [1], 
Atteia [3], Kufner [35], and Luenberger [46]. However, we only need a few 
facts about Sobolev spaces and a theorem of Thompson and Tapia in order 
to give the existence and uniqueness statement. The standard Sobolev inner 
product is given by 

ii/iip = £/|/(i)l2- 
In our applications, a natural norm for %p is given by 

II/II^=//2+/W)2 

Weighted Sobolev spaces incorporate a weight function into the integral def- 

inition of the inner product, e.g., 

»=o 
or 

|2 

ii/ie,«=E/,i/w(or«'(*)* 

**,. = / f2(t) y(t) dt + f (P>/](*))a w(t) dt. 

Recall that two norms || • ||i and || • ||2 on a space 8 are equivalent if there are 
positive real constants a and b such that 

o||x||i < |N|2 ^ &||x||i,   VzeS, 
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in which case the two norms in question give rise to the same topology, or 
notion of convergence, on S. 

For certain classes of weights w, the corresponding weighted spaces coin- 
cide with the unweighted spaces. This occurs, for example, if there exist 6 
and A with 0 < S ^ w(t) < A < oo for all t, in which case it is also obviously 
true that the weighted and unweighted norms are equivalent. Unweighted 
spaces are of course weighted with w = 1. These various norms are related 
in this context by the following useful fact. 

Lemma 3.2. Let 

Xp = {f'- /w € L2(I)} , 

where I C R is bounded. Suppose there exist 8 and A such that w : I —>• R 
satisfies 0 < S ^ w(t) ^ A < oo for all t € /. Suppose V is a linear 
differential operator of order p ^ 1 with no constant term. Then the following 
quadratic forms engender equivalent norms on Jip: 

n/iiii-E/i^r. 
t=0 J 

ll/fc = //2 + /|/(P)|2'   md 

To establish the existence and uniqueness of the solution to problem (3.6), 
we use an optimization theorem of Thompson and Tapia [73]. 

Theorem 3.3. Let IK be a Hubert space, let C be a closed convex subset of 
%, and let the functional J : % —>■ R be continuous in C and twice Gateaux 
differentiate in C with second Gateaux derivative uniformly positive definite 
in 6. Then the problem 

minimize J(f)  subject to f € 6 

has a unique solution in C. 
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Using Lemma 3.2, we easily verify that problem (3.6) satisfies the condi- 
tions of Theorem 3.3. This implies: 

Corollary 3.4. Problem (3.6) has a unique solution. 

Refer to the discussion immediately following Theorem 3.1 and note that 
the functions gm = G'm constructed in the proof of that theorem are discon- 
tinuous. Hence, they do not lie in Kpifp^ 1. Of course, no sequence gm in 
%p has the property that the penalized objective functional J{gm) ->• -oo as 
m -^ oo. 

On the other hand, if the penalization operator D for problem (3.6) is 
of order p, the problem has a unique solution with at least p — 1 continuous 
derivatives. Thus, one may choose the penalization order based on which 
function (derivative of F0) one wishes to estimate. 

As in the parametric case, we have a theorem characterizing the limit of 
the estimator sequence. 

Theorem 3.5.  With n fixed, if the estimator sequence associated with prob- 
lem (3.8) converges, its limit is a maximum penalized likelihood estimator. 

The corresponding penalty functional has first Gateaux derivative 

Af)(r) = / ^ 

This functional itself does not seem to have a closed-form representation, 
although it closely resembles the Good and Gaskins [21] penalty. 

3.1.1    Representation of the Density Estimator 

In order to understand the properties of the penalized AR estimator, we 
characterize it as the solution of a certain differential equation. The solution 
can be represented as a generalized kernel density estimator by invoking 
the superposition principle for differential equations. Some details about 
properties of the eigenvalues and eigenfunctions of the differential equation 
are also useful. 
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Let Xi, ...,Xn be i.i.d. random variables with c.d.f. F0 and p.d.f. f0. Let 
D be a linear differential operator of order p ^ 1, with no constant term, 
defined on a domain with appropriate boundary conditions. For fixed h we 
obtain the AR density estimator as the solution / of the problem 

minhnize J(f) = - j{dK + \ J£ + § /^f (3.10) 

subject to / ^ 0 and / / = 1. 
The standard inner product on Li is {x, y) = / xy, and the corresponding 

square norm is ||x||2 = (x, x). With the weight function w(t) = l/h(t), we 
can identify the Hilbert space -L2)W) which has inner product {x, y)w = f xyw. 
Note that (x,y)w = (x,wy). Let 8t(t) denote the unit point measure at s. 
The empirical point measure is then /„ = F„ = n-1 J2?=i fen so that Fn(t) = 
f*fn(z)dz = f^Fli(z)dz = f* dFn(z). We can now write the objective 
functional of (3.10) as 

W = -</,/»>.+ |ll/lli + flWII 
To describe the solution of problem (3.10), we introduce adjoint operators 

in Hilbert space. The L2 adjoint D* of V is characterized by CDx,y) = 
{x, 2)*y), with x in the domain of D and y in the domain of T>*. With 
respect to L2,w, the adjoint D+ of D satisfies (Dx, y)w = (x, D+y)w. The 
adjoints T>* and D+ are related by 

(Vx, y)w = CDx, wy)*= {x, V*wy) = (x, iV*wy)w = (x, D+y)w. 

Thus, we have T>+ = ^T)*w. Define the operator 7W by 

7W = D+D = -X>*wD, 
w 

where 7W is taken to be self-adjoint, so that formally 

{T>x,'Dy)w = (x,7wy)w = (7wx,y)w. (3.11) 

In what follows, we assume that (3.11) always holds. 
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At this point, it is beneficial to digress and look at a few specific dif- 
ferential operators and their adjoints. In fact, these are the operators D 
used in most of the numerical calculations in chapter 4. We set w = 1 and 
7 = 7W = D*D for these two examples. 

First, consider Vz = z' on the domain [0,1] with the boundary conditions 
*(0) = z(l) = 0. Then we have 

(Dx,y) = /  x'y = xy\  - /  xy' = (x, T>*y), 
Jo lo    Jo 

so that V*z = —z'. Note, however, that functions z in the domain of D* are 
not necessarily subject to 2(0) = z{\) = 0. Now observe that with x and y 
in the domain of D*D, we have 

(Dx,T>y) = f x'y' = xyf - f xy" = (x,7y) 
Jo >o    Jo 

|1 /»I 
= x'y\  - /   x"y= (7x,y), 

10    Jo 

and (3.11) is satisfied. 
Next, let T>z = z" on [0,1] with the boundary conditions z(0) = 2(1) = 0 

and z'(0) = z'(l) = 0. In this case, we have 

r1 11    z"1 11    r1 

(T>x,y)= /   x"y = x'y\  - /   x'y' = -xy'\  + /   xy" = (x,T>*y), 
Jo l0    ^o lo    y0 * 

so V*z = z". Again, the domain of 2)* is not subject to the boundary 
conditions imposed upon the domain of D. With x and y in the domain of 
D*D, we obtain 

(Dx,%) = / x"y" = x'y'f - [ x'y® = -xy^ + f xy& = (x,7y) 
Jo lo    Jo lo    Jo 

= x'Vl1 - f1 x{3)y' = -««yl1 + f *{4)y = (7x, y), lo     Jo lo    J0 

and (3.11) holds here also. 
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To continue with the discussion, note that the penalty functional can now 
be written as 

WDx\\l = {x,7wx)w. 

Let 3 denote the identity transformation, and define the operators 

Then we have 

Qa,w = 0 + aT«, and Ra>w - QQ^, 

11/111+ a||D/||i = </,Q«,./>, (3.12) 

where QQ)tü is a self-adjoint operator. The AR objective functional and its 
first and second Gateaux derivatives now become 

J(f)=   -(/,/n)w + H/'Q^/)^ 
J'(f)(r)= -{rJn)w + (r,QaiWf)w,   and 

J"(f)(r,s) = (r,Qa,ws)w. 

To accomplish the minimization of J(f), we let J'(f)(r) = 0 for all r. 
Thus, we obtain the weak differential equation representation of the AR 
estimator as the solution of 

Qa,wf = /„• (3.13) 

In terms of the inverse operator, the solution can be written as 

f = %a,wfn. (3.14) 

To develop the generalized kernel representation of the AR estimator, we 
introduce the kernel ZayWtS, which satisfies the equation 

Since /„ = £ YA=I fen we can use (3.15) to write fn as 

1   n Tl   n 

(3.15) 

t=i »=i 
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Then, by (3.13), we have 

**a,wj — **a,t 
1    " 

Ini=l 

This yields the generalized kernel representation of the AR estimator— 
namely, 

n i=i j 

3.1.2    Special Cases 

Now we take a brief look at two particular examples. These are interesting 
in one respect because we can perform the calculations and exhibit closed- 
form solutions. However, and more importantly, we see in these cases that 
the ARE is in fact a kernel density estimator with a familiar kernel. So, 
the properties (including asymptotic theory) of this ARE are already well 
investigated. 

3.1.2.1 Boundary-Corrected Kernel Density Estimator. In this 
example, we use the first-order differential penalty operator Dx = x' on 
[0,1] with boundary conditions x'(0) = x'(l) = 0. The reference distribu- 
tion is uniform, so H(i) = t and H'{t) = h(t) = w(t) = 1. For notational 
convenience we use ß = a-1/2 as the smoothing parameter, and we write 
ZßiS in place of ZßtWil. The adjoint operator is T>*x = -x' with bound- 
ary conditions x(0) = x(l) = 0, and the quadratic form operator is given 
by Qßf = f — ß~2f". Then the kernel Zßit satisfies the weak differential 
equation 

Zß,,(t) - ß-2Z'ß\,(t) = 6,(t) (3.17) 

subject to the boundary conditions Z'0t(O) = Z'ßt(l) = 0. The solution is 
seen to be 

Zß,g(t) = ßcschßcosh[/?(s At)]cosh[/?(l -sVt)] 
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for (s,t) e [0,1] x [0,1]. We verify that this is the solution. Let Zßi,(t) = 
U'{t), where 

I 0,   t ^ s 
U(t)-ß-*U"(t)={   ' 

[1,   t>s 

subject to Z7(0) = U"(0) = U"(l) = 0. With 
t 

csch ß cosh[/?(l - s)) sinh(/ft), t ^ s 

1 - csch ß cosh(/3s) sinh[/5(l - *)],   t > s, 

) ß csch /? cosh[0(l - s)] cosh(/%),   * ^ s 

U(t) = { 

Zß>a(t) = U'(t) = 

z'ß,,it) = U"{t) = I 

I ßcschßcosh(/5s) cosh[/?(l - £)],   t > s,   and 

/32 csch /? cosh[/5(l - s)] smh(ßt), <     t^s 

-ß2 csch ß cosh(/?s) sinh[/3(l - *)],   i > s, 

we see that the equation and boundary conditions are satisfied. We can use 
the standard identities 

sinh(x + y) = sinh x cosh y + cosh ar sinh y, 

cosh(x + y) = cosh a; cosh y + sinh a; sinh y,   and 

1 = cosh2 x — sinh2 a; 

to see that U is continuous at s. Thus, in this case, the ARE is a boundary- 
corrected kernel density estimator with a bilateral exponential kernel. 

3.1.2.2 Kernel Density Estimator. The example of the previous sec- 
tion can be extended to the real line as follows. We use the same differential 
penalty operator T>x = x' on the interval [—M, M]. The boundary conditions 
for D are x'(-M) = x'(M) = 0, and the solution of (3.17) is then 

Zß,a{t) = ß csch(2/?M) cosh[/?(s A t + M)] cosh[/?(M -sVt)] 

on [-M,M]. Equivalently, we can write 
r 

ß csch(2/3M) cosh[/?(t + M)] cosh[/3(M - s)],   -M^t^s 

ß csch(2/?M) cosh[ß(s + M)] cosh[/?(M -1)],      s<t^M. 
ZßAt) = { 
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Since sinh x ~ cosh x ~ \ex as x —> oo, we have for t ^ s 

"ßAl)~ 1   2/3M 2 

and for £ > s 

2n (t) ~ P   2  *- = Peß(»-t) 
4ßAl)~ 1   2ßM 2 

Putting this together gives 

ZfiAt) ~ *,,(*) = fe-«-*', 

M and as M -> oo the AR density estimator /(<) = J_M Z0tS(t) dFn(s) satisfies 

f(t)~f(t)= [°° Kß>a(t)dFn(s). 
J —00 

Of course, f(t) is the convolution kernel density estimator with a bilateral 
exponential kernel. In fact, since 

/OO 

\Zßt,(t) - Kß>a(t)\ dt = 2e^Mcosh/5s, 
•00 -00 

we can establish that 

(!/(*) " /»Ik ^ 2e-^£>sh/?Xi. 
»=i 

Therefore, this AR estimator on [—M, M] converges in L\ to a kernel density 
estimator as M -> oo. 

3.1.3    Consistency and Rates of Convergence 

Consistency results and convergence rates are expressed in terms of distance 
measures on the space of functions containing the true parameter, /«,, and the 
estimates. To obtain results, one must typically use a sequence of smoothing 
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parameters an satisfying an -» 0 as n -¥ oo, where n is the sample size. We 

make these dependencies explicit by writing the solution of (3.7) as 

/ = ZU,- (3-18) 

Then one considers the convergence (in some sense) of fn,an,w to /0 as n —>• oo. 

On the other hand, for fixed n and sufficiently smooth p.d.f. /n>o, we 

have the recursive AR estimator sequence (/n)oj/n,i>/n,i>---) characterized 

by (3.8)—namely, 

fn,i+i = fn,an,wi,  where wt = l/fnj. (3.19) 

In the following subsections we consider the properties of a single-stage 

AR estimator (3.18), which means that w is taken to be fixed. We are 

not concerned at the present time with the properties of the recursive ARE 
sequence (3.19). 

We can approach these problems on a case-by-case basis, considering 

individual (differential operator and boundary condition) configurations as in 

section 3.1.2. Alternatively, we can adopt a more general approach. At least 

two essentially different general approaches to similar problems appear in 

the literature. One is Bosq and Lecoutre's [6] probability-theoretic analysis 

of generalized kernel density estimators. Another is the spectral analysis 

method used by Silverman, Cox, O'Sullivan, and Wahba. (See the references 

on page 53.) We now apply each of these techniques in an attempt to obtain 

general results about the consistency and rates of convergence of the single- 

step AR density estimator. 

1 

3.1.3.1    Generalized Kernel Analysis.   For an AR estimator fn,a„,w of 

f0 with domain I, we define the pointwise distance measure 

Dn(t) = ;„,„„,„,(*) - /.(*) tel. 

For G C I, we use the restricted global distance measure 

dG(g,f) = sup\g(t)-f(t)\. 
t€G 
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Now consider the AR density estimator constructed with a fixed (initial 
guess) weight function w. Prom section 3.1.1, we have the generalized kernel 
density estimator representation 

/»*.,«(*) = \Y,Zan,WtXi{t) = fzantW,,(t)dFn(s), 

where the kernel Za,Wtg satisfies the equation 

The generalized kernel density estimator has been analyzed by Bosq and 
Lecoutre [6]. We apply their theorem in the case of a fixed weight w and 
state the result here. 

Let I = [0,1]. We consider the measure space (1,25, A), where A is the 
Lebesgue measure on I and £ is the Borel cr-algebra. The space J is the 
functional domain of the AR estimation problem. For G C I, define the 

space &G by 

So =?(/:/ € fr; lim sup \{%^ - 3) f] (t) = 0) . 
^ <*-+0 teG ) 

The intent is that JQ consists of functions / that are sufficiently well-behaved 
on G so that 0\a,wf —> / in the manner indicated as a —>■ 0. 

The five conditions that follow are part of the necessary and sufficient 
criteria for Bosq and Lecoutre's results on arbitrary kernels. Our kernels 
arise as solutions of certain linear differential equations, which should imply 
that the first four conditions hold. The conditions can be verified on a case- 
by-case basis for individual combinations of differential operator, boundary 
conditions, and domain. Loosely speaking, conditions (1) and (2) are bounds 
on the supremum and Li norm of Z, respectively, and conditions (3) and (4) 
relate to the continuity of ZaiW)X(t) in x and t, respectively. Condition (5) 
involves the metric structure of I" and G, and holds when G is an interval. 
The conditions follow. 

Suppose that there is a positive constant /?, and: 
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(1) There is a bounded function A : G -» K, and for each t G G there is 
an a0 such that if a < a0 then 

suplZa^WKaT^t). 

(2) There is a bounded function B : G -¥ R, and for each t G G there is 
an a0 such that if a < a0 then 

J^^dx^a-'Bit). 

(3) There are a function &, e JG, a point t0 G G, and a family {!BQ : a > 0} 
of Borel subsets of I such that 

9o(to)>0, 

A(SQ) = kaß for A; > 0,   and 

/   ZatWtX(t0)g0(x) dx^8 for 5 > 0. 
J"Za 

(4) (J, S) is a metric space with Borel <r-algebra ®, and Za>WtX satisfies the 
Lipschitz condition 

sup |ZW(0 - Za>w>x(t)\ < CoTm|* - tp 

for some C > 0, m > 0, and 7 > 0. 

(5) (I, 23) is a metric space with Borel a-algebra T>, and G € 3 is precom- 
pact (i.e., has compact closure). 0 < X(G) < 00, and there is an h > 0 
such that for all e small enough, G can be covered by [e~h] balls of 
radius ^ e. 

Next is a condition on the convergence of the smoothing parameter se- 
quence. The sequence an is called asymptotically concave if there are a con- 
cave function g, positive constants C\ and C2, and an integer n0 such that 

c\g{n) ^ an < c2g{n),   Vn > n0. 
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The mode of convergence used in Theorem 3.6 is almost complete conver- 
gence, denoted Xn -^-4 X and defined by 

00 

Xn ^ x «=► Ve > 0, ^Pr[d(Xn,X) ^ e] < oo. 
n=l 

Almost complete convergence implies almost sure convergence, denoted 
Xn -^ X and defined by 

Xn -^ X <=► Pr[d(Xn, X) -» 0] = 1. 

In turn, almost sure convergence implies convergence in probability, denoted 
Xn -?-¥ X and defined by 

Xn -£» X <=* Ve > 0, Pr[d(Xn, JST) > e] -► 0. 

Finally, we state the results of Bosq and Lecoutre. The theorem guarantees 
strong uniform consistency of the generalized kernel density estimator. The 
corollary establishes the rate of convergence. 

Theorem 3.6. If the preceding conditions (1) through (5) hold and a.~& is 
asymptotically concave, then the following conditions are equivalent. 

(1) n-la-ß\ogn-+0. 

(2) Dn(t) ^ o, EDn(t) -+0;te G, f0 € JG. 

(3) dG(fn,an>w,fo) ^ 0, EdG(fn,QnyW,f0) -> 0; f0 e 3G. 

Corollary 3.7. Under the preceding conditions, there is a S > 0 such that 
for all n large enough and for alle > 0 

Pr[dG(fn,an,w,fo) ^ e] < 2exp(-fc2na£). 

As a consequence of the corollary, if we choose 
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we then obtain 

Pr ,-a2 
'(logn)-1'2/!1/2^/2 dG(fn>an,w,f0) > A] < 2exp(-<JA2logn) = 2n 

for any A > 0. Then the corresponding rate of convergence in probability is 

(logn)-1/2n1/2^/2dG(/nian)UM/o)^0 as n-> oo. 

We can show that ß = (2p)-1, where p is the order of the differential penal- 
ization operator. The convergence conditions are then 

a„ —> 0 and an 
n l2p 

logn 
—> oo as n —y oo. 

Thus, the rate for convergence in probability becomes 

(logn)-y2nl'2a]!^ dG(fn,an,w,/o)A0as^ oo, 

and choosing an = n-27P for some 7 with 0 < 7 < 1 results in 

(logn)-1/an^)/ado(/IM>lt,i>,/o)-^0 as n 00. 

3.1.3.2 Spectral Analysis. Here, f0 is the true parameter value. We 
analyze the estimator / = %a,wfn by characterizing the error as 

f ~ fo= [f ~ J^a,wfo) + \Ra,wfo ~ Jo)i 

interpreting Ra,wfo as the asymptotic "infinite sample size" solution of the 
estimation problem. In any norm ||-||, we can bound the error of the estimator 
by means of 

III/ - /oil2 ^ 11/ - 3Wo||a + II3W. - All2 = n + r2) 

in which 

Ti = 11/ - %a>wfo\\2 ~ E11/ - Ka,M? and 

T2 = E11/ - Xa,wf0f + 1131«,./. - /0||
2. 
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Since E2\ = 0, it follows that E ||/- f0f < 2T2. The "mean" error T2 is the 
sum of a "variance" term E ||/ — %.a,wfo\\2 and a "bias" term \\Ra,wfo — fo\\2- 
It is shown in Theorem 3.8 that E/ = 3la,wfo- We now characterize the 
behavior of Ti to obtain rates of convergence for E ||/ — /0||

2. 
To that end, let \ and fa be the eigenvalues and i^.urorthonormal eigen- 

functions of QiiUI, so that 

Qi,«^ = AI"Vii    {i>i,Qi,wi>j)w = Kl5ij'   and   <^»^i)« = V 

Recall that 7W = ^D*toD, where D is a linear differential operator of order 
p with no constant term. Note that we are using the operator Qi)tt = U + 7W, 
and that 

QQ.« = (1 - o)!J + oQliW = 5 + a(Qi)U) - a). 

We use Qi)1£, in the analysis to isolate the smoothing parameter a. By equa- 
tion (3.12), we have 

</A,./>. Hi/Ill + P>/|£ 

for all /. Therefore, Qi)U, is a positive operator and all eigenvalues are pos- 
itive. With fa = constant, we see that Qi^i = fa, and so the constant 
function fa is an eigenfunction with eigenvalue Ax = 1. Furthermore, since 
we have on one hand 

(fa, Qi,.rt>. = II^Hl + I Will* = 1 + I Willi 

and on the other hand 

(fa,Qi,wfa)w = {fa, K^i)w = A,"1 (fa,fa)w = VIWII = V1. 

it follows that 

i + IIK*lli 
Therefore, the eigenvalues are all positive, and they satisfy 

1 = Ai ^ A2 ^ A3 ^ • • • . 
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Also, since Tw is a linear differential operator of order 2p, one can show that 

there are constants a and b with 

0 < a ^ \ i2p ^ b < oo, 

so that the eigenvalues X{ decay like i~2p.   For reference, see Riesz and 

Nagy [58], p. 238, and Silverman [66], Lemma 5.1. 

The fa are also Z^.w-orthonormal eigenfunctions for QaiW and ftQ)U,. These 

operators act on the eigenfunctions as follows. 

0«*,«$ = 7<~V< and Ra,wi>i = lii>i, 

where 

Tf1 = (1 - a) + aAr1 = 1 + «(Ar1 - 1). 

General eigenfunction expansions are then 

x = ^2(x, 1>i)w i/>i, QliWx = J2 \ 1 (*» ^*>w ^i 
»=i «=i 
00 00 

Qa,wX = J3 ^r1 (*» ^*>« ifc»      and      Ka,«« = 53 ?* fo ^<)« ^i- 
t=l »=1 

For the analysis of AR estimators, relevant eigenfunction expansions are 

00 00 oo 

/o = 53Ci^i' %a,wfo = Yl'YiCi1P» f = ^lMu 
»=1 .    *=1 »=1 

00 00 

/ - Ra,wfo = 53 7<(Ä ~ C<)^' and        %a,w fo ~ fo = $3(7* ~ 1)C*^<» 
t=l t=l 

where 

c* = </o» ^t>„ = / MiW = / ^w dF0 and 

ßi = (fn,*l>i)w =   I MiW =   / 1>iWdFn. 

Now, note that E/3< = Cj. This implies E/ = üla,wfo, which in turn estab- 
lishes: 
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Theorem 3.8. For any weight w, the AR density estimator f = Ra,wfn is 
an unbiased estimator of Ra,wfo> where f0 is the true parameter value. 

The condition ||Qi,«/||2, < oo is equivalent to Wahba's [78] "very smooth." 
We refer to the stronger condition HQi.w/lli,,» < oo as "way smooth." Con- 
vergence of the bias RatWf0 - f0 is provided by: 

Lemma 3.9. Suppose that ||Qi,w/o||w < °°. Then 

\\na,wfo-fo\\l   =0{a2)   and 

\\Xa,wfo-fo\\lw = 0(a). 

If in addition ||Qi,u,/o||i)U) < oo, then 

\\Ka,wfo-fo\\lw = 0(a2). 

We can also provide rates of convergence for the error variance term 
/ - %a,wfo- Note that the rates of convergence given in Lemma 3.10 apply 
when the weight function has the "correct" value of w = l//0. 

Lemma 3.10. Suppose that w = l/f0 and \\Qi,wf0\\l} < oo. Then 

E||/-3W.||i = 0(n-1a-1'*)   and 

E||/-Ka,./0|gl. = 0(n-1a-1-1^). 

Combining Lemma 3.9 and Lemma 3.10 establishes 

Theorem 3.11. Suppose that w = l//0 and \\Qi,wfo\\w < °°- Then 

E||/-/oil*    = O {n~la-^ + a2)   and 

E||/-/.HU = 0(»"1«'1"1/* + «)- 

If in addition ||Qi,io/o||i,w < oo, then 

E||/-/.||J,. = 0(»-1«-1"1/* + «a)- 
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This result implies the following statements about rates of convergence 

under various conditions. In the norm || • \\w, convergence is obtained for any 

sequence an with 

an —>• 0   and   n2pan —>• oo   as   n —> oo. 

In particular, with 

an ~ n"2p/(4p+1) = n-i/2+i/(8p+2)) 

the best rate of convergence provided by Theorem 3.11 is 

E11/ - f0\\
2

w = O (n-WW) = O („-1+1/MP+D). 

In the norm || • ||i)W, convergence is obtained for any sequence an with 

an ->• 0 and n2p/(2p+1)an -► oo   as   n -^ oo, 

and when 
an ~ n-2p/(4P+i) = n-l/2+l/(8p+2) 

the best rate of convergence provided by Theorem 3.11 is 

E 11/ " /oil?,« = O (n-2p/(4p+1>) = O (n-Va+i/(%H-2)) . 

Suppose additionally that /„ is way smooth and- 

ean ~ ra-2p/(6P+1) = n-lß+l/(Up+3) ^ 

Then the best rate of convergence provided by Theorem 3.11 is 

E 11/ - fo\\l,w = O (n"4p/(6p+1)) = O (n-2/3+2/(18p+3)) _ 

It remains to characterize the random error component ||/-#a,iu/o||2 in order 
to obtain convergence rates for ||/ — /0||

2 -^ 0. 
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3.2    Inverse Problems 

In this section, we discuss a generalization of density estimation that in- 
volves indirectly observed data. We present two examples, the deconvolution 

problem and Wicksell's corpuscle problem. 
Let Xu... ,Xn be i.i.d. with unknown p.d.f. f0, which we wish to es- 

timate. Suppose that the X^s are not directly observable, but that we do 
observe the "transformed" i.i.d. data Zi,... ,Zn where the common p.d.f. of 

the ZiS is 

*(*) = [*/.](*) 
for some known operator X. Based on the data Zx,... , Zn, the AR functional 
for estimation of g0 is 

J(g) = -(9n,g)w + m\l 

The "correct" weight is w = 1/p, and gn = G'n where the empirical c.d.f. Gn 

is based on the observable data Zi,... , Zn. 
Since g = Xf, we estimate / using the AR objective functional 

J(f) = -(gn,Xf)w + ±\\Xf\\l 

For nonparametric estimation, we penalize / and use 

An = - <*,*/>.+1 pc/iii+f \m\\i 
where the "correct" weight is it; = 1/Xf. The penalty operator has the 
usual characteristics: D is a linear differential operator of order p ^ 1, with 
no constant term, defined on a suitable domain with appropriate boundary 

conditions. 
Let (X'f)(r) denote the Gateaux derivative of X at / in the direction r. 

Then the Gateaux derivative of J at / in the direction r is 

^(/)(r) = " {gn, (X7)(r)>. + W, (3C/)(r)>„ + a <©/, T>r)w 

= - <»*, (3C/)(r)> + <u»3C/, (DC/)(r)> + a (WDf, Or) 

= - ({X'fYwgn,r) + ((X'fYwXf,r) + a(D*wD/,r), 
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and the differential equation for the estimator / of /„ is 

([(X'fYwX + aT)*wV] f) (t) = \{%'fywgn} (t) (3.20) 

or, more briefly, 

[(X'fYwX + aT>*wV] f = (X'fYwgn. 

This applies when X is an arbitrary (linear or nonlinear) operator. 
If X is a linear operator, then X'f = DC.  In this case, the differential 

equation simplifies to 

[X*wX + aT>*wV]f = X*wgn. (3.21) 

It is possible to conduct a spectral analysis of the linear inverse problem us- 
ing the technique of "simultaneous diagonalization" for infinite-dimensional 
operators and, thereby, obtain general results. See Cox [9] and Cox and 
O'Sullivan [10] for work of this nature. We do not pursue this analysis here. 

3.2.1    Deconvolution 

Consider the model 
X = Z + W 

where the random variables have densities 

X ~ g0,    Z ~ f0}   and W ~ k. 

We assume that Z and W are independent and that A; is a known continuous 
density. The parameter of interest is the density f0 of Z. However, we 
observe X and not Z. The cumulative distribution of X is 

/OO     nt—w 

/ f0{z)k(w)dzdw, 
■oo «Zoo 

so X has density 
/oo poo 

f0(t - w)k(w) dw=        k(t - x)f0(x) dx. 
•00 «/—00 
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This is called the convolution of k and /„, and denoted 
/oo 

k(t - x)f0(x) dx. 
■00 

So, in the context of section 3.2, we have [Xf0](t) = [k* /<>](*)• Since X is a 
linear operator, the equation for the AR estimator / of f0 is given by (3.21). 

This problem can be analyzed directly for a specific contaminating distri- 
bution A;, at an intermediate level of generalization with % being the convo- 
lution operator for an arbitrary k, or through the general methods referenced 
at the end of section 3.2. We pursue no further analysis here, but in chapter 4 
we do present some example calculations and a simulation study that com- 
pares the nonparametric AR deconvolution estimator to other deconvolution 
estimators. 

3.2.2    The Corpuscle Problem 

Imagine a solid medium in which spheres occur according to a homogeneous 
Poisson process with unknown rate A.   The sphere radius is the random 
variable of interest, with p.d.f. /„, which has support [0, RM] where RM > 0. 
The radii are not observed directly.   A planar slice is taken through the 
medium, and we observe the resulting radii of circles that are the intersection 
of the plane and certain spheres.  Of course, the slice misses some spheres 
completely and cuts the others at unknown latitudes. The p.d.f. g0 of the 
observable circle radii is calculated in the following manner. 

Let the sphere radius R have p.d.f. f0I[o,RM]-  Independently of R, let 
the random variable Y have the uniform distribution on (—RM, RM)- SO the 
p.d.f. of Y is 

1    r 
"i(-ÄM,fijf)! 

2RM 

and Y represents the sphere coordinate at which the slice is taken. Let the 
random variable 8 be given by 

SJ{1,   \Y\<R 
0,   \Y\>R, 
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so that 5 = 1 if and only if the sphere is sliced, in which event D2 + Y2 = R2, 

where D is the circle radius. The c.d.f. of circle radius is denoted by G0, and 

so 
^ / N     ^ / r-,      . r     « N     Pr(D > t and S = 1) 

1 - G0(t) = Pv(D > t\8 = 1) =     V    Pr(^ = 1) "■ 

The denominator is 

Pr(<J = l)=/       /   —f0(r)dydr = — rf0(r)dr=—ER. 
JO       J-r lti-U -n-M ./o "-M 

Since D > t and 5 = 1 together imply that both t < R < RM and F2 < 

R2 — t2, we calculate the numerator as 

Vf*=& 
C
R

M     r      i i    /•*«   ,  
/ /     WJTdyfo(r)dr = — y/r^¥f0(r)dr. 
Jt J   *% ÜM Jt 

Then the circle radius c.d.f. is 

Go{t) = l~^R I"" ^^^foir) dr, 

and the p.d.f. is 

°(t)=ml 
RM i 

fo{r) dr. 

So we can write 

9o = K/0, 

where the operator is given by 

^.<JÜ£zfi£öü* (,22) 
Jo    rf(r) dr 

Since % is a nonlinear operator, the differential equation for the AR estimate 

/ of f0 is given by (3.20). There is a demonstration of the nonparametric 

AR corpuscle problem estimator in chapter 4, where we also show that the 

problem is essentially linear. 
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3.3    Poisson Process Intensity Estimation 

In this section, we discuss the application of AR estimation to the Poisson 
process. Due to the close relationship between density estimation and Poisson 
process intensity estimation, previous results apply here with only slight 
modification. 

With h fixed, the AR functional for estimation of the intensity g0 = G'0 

of a Poisson counting process N on [0,1] is 

The natural constrained optimization problem is then 

minimize Jh(g) subject to g € L2nC, (3.23) 
g 

where the constraint set is C = {g : g ^ 0}. We can construct a sequence 
{9m}m=i in £2 n e with the property that J(gm) -» -00 as m -» 00, thereby 
showing that J is unbounded. As a result, the optimization problem has 
no solution in L2. In fact, Gm(t) - f*gm(u)du converges in L2 to N, the 
sample path of the counting process. Details are in the proof of: 

Theorem 3.12. Problem (3.23) has no solution. 

As in the case of density estimation, we can penalize the objective to 
obtain a related problem that does have a useful solution. Specifically, the 
penalized problem is 

minimize Jh{g) subject to g e!KpnQ, (3.24) 

where 

for some a > 0. As in the case of density estimation, D is a linear differential 
operator of order p ^ 1. Of course, D has no constant term and is defined 
on a suitable domain. We formally state: 
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Theorem 3.13. Problem (3.24) has a unique solution. 

If the differential operator D has order p, then the problem has a unique 
solution with p — 1 continuous derivatives. Thus, one may choose the penal- 
ization based on which function (derivative of G0) one wishes to estimate. 

As in the parametric case, we have a theorem characterizing the limit of 
the estimator sequence. 

Theorem 3.14. With n fixed, if the AR estimator sequence associated with 
problem (3.24) converges, its limit is a maximum penalized likelihood estima- 
tor. 

3.3.1    Representation of the Intensity Estimator 

In this section, we give a characterization of the AR intensity estimator. 
The situation is analogous to the density estimation case presented in sec- 
tion 3.1.1, so the discussion is brief. 

The intensity estimator g is the solution of 

J'(g)(r) = 0 for r € ftp, 

and so the estimator satisfies the differential equation 

n + ah-T)*^D\g = dN. 

Here, dN = Y%=i <^.> where 8t is the point mass at t. We can write 

£(') = !><(<)   and   G(t)= f g(u)du = Y/Sti(t), 

where —St(u) = st(u), and observe that st satisfies 
du 

(j + ah-'D^'D\st = 8t 
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St(u)-aS!(u) = < 

3.3.2    Special Case 

We can compute the solution of the AR intensity estimation problem in 
this special case, which is the Poisson process analogue of the problem of 
section 3.1.2.1. 

With Dx = x' and h = 1, we can derive a closed-form solution for the 
unconstrained version of problem (3.24). We impose the boundary conditions 
s't(0) = s't(l) = 0 to specify a solution. We see that the solution does in fact 
satisfy the constraints. Since H(t) = t, h(t) = 1, and h'(t) = 0, we have 

st - as" = St. 

Integration yields 
0, u<t 

1, u ^ t 

with boundary conditions St{0) = S't'(0) = S't'(l) = 0, for St e %2- As in 
section 3.1.2.1, the solution is 

cschßcosh[/3(l -1)] sinh(/?«), u < t 

1 - cschßcosh(/3t) sinh[/?(l — «)],   u ^ t, 

where ß = ar1/2. Also, note that St(l) = 1 for all t € [0,1]. The nonpara- 
metric compensator estimate is then 

<?(u) = X»). 
*=1 

This establishes existence and uniqueness of the solution, and the form 
of the unconstrained solution. Since 

f/?csch/?cosH9(l-t)]cosh(/?u),   u < t 
st{u) = S't(u) = < 

1/0 csch ß cosh(/ft) cosh[/3(l - «)],   u ^ t, 

we see that st(u) ^ 0 for all t and u G [0,1]; therefore, the unconstrained 
intensity estimator g = G' satisfies g ^ 0. So we have solved the constrained 
optimization problem. We recognize the solution g as a (boundary-corrected) 
bilateral exponential kernel intensity estimator. 
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3.4    Proofs 

Proof of Theorem 3.1. Let *i,... ,t„ be ordered distinct data in (0,1). 
Suppose that h(ti) > 0 for all i. This is reasonable because the "correct" 

value of h is f0, which is necessarily positive at each *,-. Furthermore, we 
suppose that h is continuous since we are primarily interested in smooth 
(continuous or even differentiable) estimates of the density. 

For m large enough so that t\, U — £<_i, and 1 — tn are all greater than 
1/TO, let 

'»,   (3*€{l,...,n}),|t-*»|<i 

0,     (V* € {1,...,«}) |*-tfc|>i. 

Clearly, gm G L2 D C for all m large enough. Note that 

n „      n      *' + 5ST 
"        I 2  _" /»        -I 

0m(*) = < 

Since 
*<+•£ 

/ 

2m 

W)dt^W) asm^°°' 

it follows that 

1 T   r    \ l  f   * 
m^^mj^-2n2^/i(fi) as m -^ oo. 

We have established that Jn,h(9m) —> -co as m -*• oo. Thus, J is unbounded 
below on L2 D C, and the optimization problem (3.1) has no solution.       Q 

Proof of Lemma 3.2. The equivalence of || • ||P)i and || • ||PiP is a special case 
of Corollary 4.16 of Adams [1]. For the equivalence of || • ||P)P and || • ||PID, see 
Silverman [66]. D 

Proof of Theorem 3.3. See Thompson and Tapia [73]. D 
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Proof of Corollary 3.4. We verify the hypotheses of Theorem 3.3 in the 
context of problem (3.6), where the Hubert space is % = %p, the constraint 
set is 

C = {/ € ftp : / ^ 0 and // = l} , 

and the functional is 
r2     „   r(D/)2 

w-Ji^ltf+IJ h 

The constraint set e is clearly convex. To see that e is closed, consider 
a sequence gn in C and a point g € "K with \gn - g\ -» 0. Since g and each 
of the gn are absolutely continuous, we have gn-> g pointwise, and therefore 
g ^ 0.   Writing g = gn - (gn - g), we have fg = 1 - /(#„ - p).   Since 

I fiffn - 0)| < / \gn - g\ < y/S \gn - g\2 < \\gn - g\\, by Jensen's inequality, 
we have f g = 1. Therefore, 6 is closed. 

Again, since ||/ — g\\ -» 0 implies / -» g pointwise, each map / i-> 
f(t)/h(t) is continuous. The definition of the norm, along with the norm 
equivalences of Lemma 3.2, implies that f *-* f f2/h and / t-> /(D/)2//i are 
continuous. Therefore, J is continuous. 

The first Gateaux derivative of J(f) in the direction r is 

The second Gateaux derivative of J(f) in the directions r and s is 

™..)-/=+./2£. 
The cone tangent to 6 at / is defined as 

T(/) = {rj E % : 3t> 0,   such that f + trje 6}, 

and, by definition, J" is uniformly positive definite in C if there is a k > 0 
such that for each / 6 6 

■/•(/)0M7) > *NI2,    Vr, € T(/). 
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In fact, by the norm equivalences of Lemma 3.2, we see that J" is uniformly 
positive definite on all of Ji. D 

Proof of Theorem 3.5. The negative penalized loglikelihood for density 
estimation is 

L(f) = -JlogfdFn + au(f) 

for a suitable penalty functional V. Its Gateaux derivative is 

L'(f)(r) = -ßdFn + au'(f)(r). 

We express the constraint J / = 1 as the functional relationship Tf = 0 and 
note that the derivative of T is 

*(/)(»■) = /i 

By the method of Lagrange multipliers for infinite-dimensional constrained 
optimization problems, the penalized likelihood estimator / satisfies for all 
r and some real A 

L'(f)(r) + \T'(f)(r) = 0, 

which is to say 

-fjdFn + \Jr + an/{f){r) = 0. 

See Luenberger [46] for a discussion of the Lagrange multiplier method in 
infinite-dimensional spaces. Now consider minimization of the AR objective 
functional 

Differentiating, we have 

and the constrained solution / satisfies for all r and some real // 

J'(/)(r) + /xr'(/)(r) = 0, 
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which is „ ^. ^ 

Upon convergence, we have f = h, so the relationship is 

/D/Dr 
—-— completes the proof.        D 

Proof of Theorem 3.6. See Bosq and Lecoutre [6]. D 

Proof of Corollary 3.7. See Bosq and Lecoutre [6]. D 

Proof of Lemma 3.9. See the proof of Theorem 3.11. D 

Proof of Lemma 3.10. See the proof of Theorem 3.11. D 

Proof of Theorem 3.11. The relevant norms expressed in terms of eigen- 
function expansions are 

n/.iii = E* iiQWoiß = f>rV, iPWäiii-E-y?«2, 
t=l t=l »=1 

ll/-3W.|ll = £;T?(A-«)a,    and   \\f0 - Xa>wf0\\l = £(1 - 7<)2c?. 
»=i »=i 

Then the error of the estimator can be bounded by 

all/ — fo\\w ^ 11/ ~ ^a,tw/o|L + \\Ra,wfo ~ fo\\w 

»=i »=i 

To compute the expected value, note that the expectation of the first sum 
is a (weighted) sum of the Varß. Let cr?. = f tfriijjjW2 dF0. It is straightfor- 
ward to compute Cov(/?j, ßj) = n-1(a?- — CiCj), so that Var# = n~1{a2

i — cf). 
We then have the expectation 

E ||/ - %a,M\l = El? VarA = £ET?(<£ " ^ 
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which gives a bound on the expected error. 

IE ||/ - f0\\l ^ E11/ - %a,M\l + ||3Wo - /.111 

= \Etftö -c<)+D1 -*)2c<=n_1*+*2- <3-25) n . . 
»=i »=i 

In the analysis of S\, we confine our attention to the case of h = /„, or 

w = l//0. Then we have a?- = fipiipjW — 6% and Var# = n-1(l-c?) ^ n-1, 

so that 
00 00 - 

Sl<§7?=£{1_a+QArT 

We approximate S\ with an integral in the manner of Silverman [66] or 

Wahba [78]. 

^(l-a)2./,,    (1 + ÖX
2
P)

2 (1-a)2' 

where 0 = a/(l — a). We use the change of variables 

1 fl-z\1/2p ,    J z1"1/*^ - z)i/*-i 
*
=

TT^V ^l"^-;   ' and rf*=—2^w^—d* 
to obtain 

L = _A 2p 2p/ = ofa-v2p) 
1 2p9lfo K h 

Therefore, 

n-1S1=0{n-1a-1^). 

We can obtain a bound for #2 by making use of the smoothness condition 

l|Qi.«/lli = £~i KW < oo. Observe that 

\-2„2 

00 A-V-2 .22,      A~V2 
<-     2 Xp At    °«  _ n2 V"^        At    °» 
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and that 

^l'/ArV     as     0\O,    Vi. 
(i + ex^y 

Hence, by the dominated convergence theorem (the dominator is also the 

limit here), 
S2-^ e2\\Q1>wf\\

2
w as 0->O. 

Therefore 
S2 = 0 (a2). 

We thus obtain the asymptotic rate of convergence for expected error 

E||/ - /.Hi = O (iT1«*-1/* + a2). 

In the native Sobolev norm given by 

INI?^ = INIi + ll^lll='<«,Qi..*>., 

we have 

II*. = E v1 <*.*>! )2 
<W 

n . , 

A; 

As in equation (3.25), we can write 

l E 11/ - f0\\iw ^ E KWM - <?)+E vl(i - 7i)2c2=iÄ+& 
71 x=l 

And when w = 1//, we have 
00 

Si < E A»rl7f = E (i-a + aA^)2' 
»=i »=i v *  ' 

Approximating S\ with an integral results in 

1        f°°       x2*> 1      T 
5l~(T^y0    (l + te*)a (I-*)21' 

We evaluate 
B(l-Xi + X) 

1 2p Öx+V2p 
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to obtain 

5j = O (a-1-1'2*). 

The second sum satisfies 

-3„2 

Using ||Qillu/0||^ < oo, it can be shown by dominated convergence that 
S2 = 0(a). See Silverman [66]. Consequently, 

E||/-/.lli^ = 0(n-1a-1-1/* + a). 

If we assume the additional smoothness condition ||Qi,tc/o||i)tJ, < 00 on 
the true density, we can apply dominated convergence to obtain 1S2 —> 
ö2\\Qi,wf\\lw = 0(a2)&ndmtmn 

E||/-/o|lL = 0(n-1a-1-1/2p + a2)> 

D 

Proof of Theorem 3.12. Apply the method in the proof of Theorem 3.1. 
D 

Proof of Theorem 3.13. Apply the method in the proof of Corollary 3.4. 
D 

Proof of Theorem 3.14. Similar to Theorem 3.5. The negative penalized 
loglikelihood for a Poisson process on [0,1] is 

L(g) = - I  \oggdN+      g + au(g) 
Jo Jo 

for a suitable penalty functional v. To evaluate the Gateaux derivative, note 
that 

-£■ / \og{g+Xr)dN       = [ -dN 
dAJo x=o     Jo  9 
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and 
±[(g + \r)       = f r. 
aA Jo \=0     Jo 

Therefore, a penalized loglikelihood estimate g satisfies 

L'(9)(r) = -fT 

Jo f 
Jo to  9 

Now consider minimization of the objective 

dN + /   r + au'(g){r) = 0,    Vr. 

Differentiating, we have 

At a fixed point, we have h = g, so that 

-dN+    r + a 
Dg'Dr 

= 0,    Vr. 

Thus, the methods produce the same solution XA9)(r) = f 
T>gT>r 

D 
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4.    Practical Nonparametric AR Estimation 

In this chapter, we consider the practical computational aspects of non- 
parametric asymptotic regression estimation. We have seen that there are 
closed-form solutions in certain cases for the nonparametric AR estimation 
problem. In general, however, this is not possible. So, in order to obtain 
numerical results, we use a finite-dimensional (discretized) approximation to 
the infinite-dimensional problem. 

In section 4.1, we present the discretization scheme for density estima- 
tion and inverse problems. Since density estimation techniques apply to 
the -problem of intensity estimation for completely observed Poisson pro- 
cesses, the Poisson process problem is not discussed explicitly. Section 4.2 
describes a data-driven procedure for selection of the smoothing parameter. 
In section 4.3, by means of a Monte-Carlo simulation study, we compare 
nonparametric AR estimation to several competitive methods for solving the 
deconvolution problem. 

4.1    Discretization Techniques 

4.1.1    Density Estimation 

We begin by recalling the nonparametric (penalized) AR density estimation 
problem from chapter 3. That is, 

minimize J(f)  subject to / G %p n {/ : / ^ 0, // = l} , 

where the objective functional is 

a > 0 is a constant called the smoothing parameter, h is a p.d.f., D is 
a linear differential operator of order p ^ 1 with no constant term, and 
Fn is the empirical c.d.f. based on a sample X = {A"i,... ,Xn} of size n 
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distributed with true density f0. In terms of the weighted L2 inner product 
{x,y)w = fwxy, we use w = 1/h to express (4.1) as 

ft J(/) = -</,/»>. +Ill/Hi+ ?IWIIi 
= § (/.P + aiOriöID)/).-</„,/>. 

= |</,(w + aOrii;lD)/>-(ti;/B,/> 

= i(/,Q/>-<&„,/>, 

where Q = w + aV'wV and bn = wfn. The discrete version of this problem 

is 

minimize \fQf - tfj subject to / ^ 0 and kff = 1,        (4.2) 

which, of course, is the quadratic programming problem. High-quality soft- 
ware for solving this problem is readily available. 

Note that the solution of the unconstrained problem / 

minimize \f*Qf - b^f 

is also the solution of the system of linear equations 

Qf = bn. (4.3) 

In some applications, the constraints can be ignored and the estimator can 
be computed as the solution of (4.3). An easier computational problem does 
not exist. 

At an intermediate level of complexity, we have the equality-constrained 
problem 

minimize \f*Qf - bf
nf subject to tff = 1. (4.4) 

The solution to (4.4) integrates to 1, but may attain negative values. How- 
ever, in a reasonable proportion of practical situations, the solution does 
indeed satisfy the positivity constraint.   If necessary, the solution can be 
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truncated and renormalized to obtain a non-negative density estimate. This 

observation, coupled with the complexity of (4.2) relative to (4.4), makes it 

worthwhile to compute (4.4), check.for positivity, and solve the quadratic 

program only when necessary. In fact, (4.4) can be realized by solving two 

linear systems, as we now show. 

Let b = bn. The Lagrange multiplier condition for (4.4) is 

Q/-(6 + Afc) = 0 

where A is a real constant. With c and d such that Qc = b and Qd = Ä;, we 

have f = c + Xd. Because k'f = k'(c + Xd) = 1, we have A = (1 — k'c)/(k'd) 

and 
1 - k'c , 

/ = c -I d. J k'd 
We now discuss the particular form of the (approximate) discrete rep- 

resentation. Our discretization is based on m values. Let D denote the 

mx m matrix representer of the differential operator T>, and let W denote 

the mx m diagonal weight matrix of the inner product. Here, /„ is a dis- 

crete representation of the empirical point measure (i.e., a histogram estimate 

with m bins), and bn = Wfn. The quantities g and k are m-vectors, and 
Q = W + aD*WD. 

For convenience, we take the domain of all functions to be [0,1]. Par- 

tition this interval into m subintervals of length 1/ra. Denote by 2* the ith 

subinterval, so 

i — 1     i 
h = o.i m 

and L 
■-( 

m      m 
, ie {2,... ,ra}. 

Functions are constant on subintervals, with values to be taken at the mid- 

points of subintervals. The discrete domain values are then 

(xi,... , xm) where Xi = —, i £ {1,... , m}. 
m 

The functions h, w = 1/h, and / are represented by m-vectors. I.e., 

h = (hi,... ,hm),   where  hi = h(xi)  for t G {1,... ,m}, 
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and likewise for w and /. The vector k is the representer of z -» f z, so 

k = (ki,... ,km),  where ki = — for i e {1,... , m}. 

The discrete version of /„ is a histogram density estimator. Specifically, we 

have 

771 
/„ = (/«,!,...,/n,m),   where /„,< = —|Xn/,| for i G {1,... ,m}.   (4.5) 

The diagonal weight matrix W has entries W„ = IüJ. Derivative operators 
are represented by difference matrices. Let Dp denote the representer of 

z _>. Z(P)# The first difference is 

D\ = m 

1 0 
-1 1 0 , 

-1 1 

-1 •• .      0 

1   0 

-1 1 

and higher-order differences are given by 

Dp= < 
D\Dp-i,   p even 

Dp_iDi,   podd, 

with the appropriate corrections for boundary conditions. These representa- 
tions are used to compute solutions for any of the problems (4.2), (4.3), and 
(4.4). 

When we refer to a smoothing parameter value of a, we are actually using 
ap, where p is the order of the penalty operator. This makes the smoothing 
parameter independent of the penalty order. 

The recursive sequence of AR estimators (/o, /i, /2, • • •) is computed by 
using an initial value of /0, and then setting w = l/fc to obtain /i+i as the 
solution of (4.2), (4.3), or (4.4), as appropriate. 
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The following example graphs (Figures 4.1-4.5) illustrate the various so- 

lution options for AR estimation. We used S-PLUS to perform most of 

the numerical calculations. An IMSL routine was used to solve quadratic 

programs. One data set, the "Buffalo snowfall" data, was used in all the 

examples. This data set of size n = 63 consists of annual snowfall amounts 

in Buffalo, New York, for the winters of 1910/11 through 1972/73. This is a 

classic example of a data set that may come from a trimodal distribution. 

Figure 4.1 shows the effect of variation in TO, the discretization grid size. 

Values used were m = 10, 20, 50,100, 250, and 500. These are single-step AR 

estimates with the penalty operator T>z = z", a smoothing parameter value 

of a = 0.001, and a uniform reference distribution. Solutions were computed 

using problem (4.4). The solutions are non-negative everywhere, so they are 

also solutions of problem (4.2). The graphs in Figure 4.1 explicitly show that 

the approximate solutions are piecewise constant. In the remaining figures, 

estimate values at the midpoints of intervals are connected with straight lines 

to give continuous graphs. 

Figure 4.2 shows the effect of variation in a, the smoothing parameter. 

Values used were a = 0.0002, 0.0005, 0.001, 0.002, 0.005, and 0.001. These 
are single-step AR estimates with the penalty operator T>z = z", a grid size 

of m = 100, and a uniform reference distribution. Solutions were computed 
using problem (4.4). 

Figure 4.3 shows the effect of various penalty operator orders. Here we 

used T>z = zW for p = 1, 2, 3, 4, 5, and 6. These are single-step AR 

estimates with a uniform reference distribution, a grid size of m = 100, and 

a smoothing parameter value of a = 0.001. Solutions were computed using 
problem (4.2). 

Figures 4.4 and 4.5 display recursive ARE sequences with five iterations. 

In all cases, we used a uniform initial weight, a grid size of m = 100, and a 

smoothing parameter value of a = 0.001. In Figure 4.4, the penalty operator 

is T>z = z", and Figure 4.5 depicts Dz = «W with p = 1, 2, 3, 4, 5, and 6. 

Solutions were computed using problem (4.2). 
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4.1.2    Inverse Problems 

Recall the problem formulation from section 3.2. The random variables 
X\,... ,Xn are i.i.d. with unknown p.d.f. f0, which we wish to estimate. 
Observed data are Z\,... , Zn, where the p.d.f. of the Zi is 

9o(t) = [Xf0](t) 

for some known operator X. Here, we assume that DC is a linear operator. The 
empirical c.d.f. based on the observable data is Gn, and the corresponding 
empirical point measure is gn. An estimate / of f0 is a solution of the problem 

minimize J(f)  subject to / E %p D {/ : / ^ 0, // = l} . (4.6) 

The objective functional is 

JU) = -{gn,xf)w + \\\xf\\l + % WDf\\l 
= | (/, (X*wX + aD*wD)/) - (X*wgn, f) 

= i</,Q/>-<&„,/>. 

Let K denote the m x m matrix representer of the operator X. The 
discrete versions of problem (4.6) are given by (4.2), (4.3), and (4.4) with 
Q = X*wX + aVwD and bn = X*wfn. The only difference is the presence 
of the operator X, so formulation of a linear inverse problem requires the 
additional determination of K. We now do this for two particular problems. 

4.1.2.1 The Deconvolution Problem. Recall from section 3.2.1 that 
the convolution operator X is defined by 

g(t) = [Xf)(t) = fk(t- x)f(x) dx, 

where A; is a known p.d.f. The discrete version is 

m 

9j = / j Kj-iJii 
»=1 
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which is, in terms of its components, 

9i 

92 

9s 

9m . 

fco k-i fc_2 

*i fco fc-i 

k2 h fco 

fcm-l     fcm-2     fcm-3 

fc-m+1 [A i 
fc-m+2 h 
fc-m+3 h 

fco . /«». 

In the discrete representation with m intervals on [0,1], we take / constant 

on subintervals with boundary points i/m, where i 6 {0,... ,m}. To obtain 

the correct proportions in the representer K, we take fc to be constant on 

intervals of width 1/ra that are centered at the points i/m, i G Z. This leads 

to the definition 
(»+l/2)/m 

fci =       J       k{t) dt. 

(*-l/2)/m 

4.1.2.2 The Corpuscle Problem. Recall the formulation of the corpus- 

cle problem from section 3.2.2. Spheres with random radii are distributed 

at random uniformly in a solid medium. The sphere radius p.d.f. is f0, 

with support [0, RM]- A slice through the medium gives data that are circles 

(sphere-slice intersections) with p.d.f. g0. The functional X0, which describes 

the relationship between f0 and g0, is nonlinear. Specifically, 

However, we can define a new function /» by f*(i) = fo(t)/f0 
M xf0{x) dx, 

and observe that 

{x2-t2Yll2Ux)dx, 

where DC is a linear operator. Since /# is simply a constant multiple of the 

p.d.f. f0, which we wish to estimate, we can recover f0 by normalizing /#; 
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i.e., 

To compute the discrete operator, let us first scale [0, AM] into [0,1] by 

using t = RMS and x = RMZ- The integral then becomes 

g{RMs) = RMs I (z2 - s2)-^2f(RMz)dz. 

The domain of integration proceeds from the midpoint of an interval to 1; 

thus, the discrete version is 

9i = R 
i - 1/2 

m 
dz 

2. 
m 

+ 
.■—.-.Li    y 

dz 

m        V v ' rn 

Since /(a;2 - s2)-1/2 cte = log [z + (z2 - s2)1/2], we have 

m 

g = Kf,   or 9i = RM'!^!1^2vijfj for »e{l,...,m}, 
i=1 

where 

tty = < 

0, 

log 

log 

i+yfo-(»-l/2)» 
t-1/2 

iWP-V-W)7 

i-i+Vü-iJ'-W-i/a)8. 

j = i 

4.2    Selecting the Smoothing Parameter 

Practically speaking, we need an automatic procedure for selecting the 

smoothing parameter. Cross-validation is suited to least-squares problems 

and has been applied to spline smoothing and other statistical estimation 

and regression problems. Since discrete AR estimation is a smoothing spline 

problem, the technique of cross-validation is directly applicable.   We use 
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generalized cross-validation (GCV) to select the AR smoothing parameter 
in density estimation and linear inverse problems. For background informa- 
tion on cross-validation and GCV, see Wahba [78] and [79], Gu [23], and 
Härdle [27]. 

4.2.1 Density Estimation 

The discrete representation (4.3) has unconstrained solution g = Ma/n, 
where Ma — (W + aD*WD)~1W. Let Tr denote the trace operator, and let 
the weighted discrete inner product (•, -)w be given by (o, b)w = Y^iLi a»&»w»- 

The GCV score function 

C(a)-   [Tr(I-Ma)f 

is an estimator of mean-squared error. The GCV criterion for selection of 
the smoothing parameter a is 

minimize C(a). 
a 

Note that the numerator of C(a) is simply the weighted squared deviation 
XXi(& ~ /n,«)2™»» where (/„,i,... , fn>m) is the histogram density estimator 
of (4.5). 

For an illustrative example, we take a sample of size n = 100 from the 
beta distribution (defined on page 97) with density /?(•, 3, 5) and compute 
the GCV score for a range of a values (Figure 4.6). Using the value of a 
selected by the GCV criterion, we then compute the second iteration of the 
AR sequence (Figure 4.7). 

4.2.2 Inverse Problems 

This is similar to the standard density estimation case. The discrete rep- 
resentation has unconstrained solution / = Magn, where Ma = (K*WK + 
aD* WD)~lK* W. The technique of GCV can be adapted to the linear inverse 
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problem. The GCV criterion in this case is 

\\{I-KMa)gnfw minimize C(a) = 
[Tr(I-KMa)f 

There is an extra K in the score because Magn is an estimator of / and 
KMagn is an estimator of g. Note that g is the distribution of the (observ- 

able) data. 
The numerator of C(a) in this case is the weighted squared deviation 

HHLiIC^"/)* - 0n,t]2Wj, where Kf is the transformed estimator of the under- 
lying unobservable density, hence an estimator of the observable data density 
g. Of course, (gn,i, • • • ,9n,m) is the histogram density estimator of the ob- 
servable data. 

For an example of GCV in deconvolution estimation, we take a sample of 
size n = 100 from the density /3(-, 3, 5) as the signal. The noise distribution 
is normal with a standard deviation of 0.1 and zero mean. Once again, we 
compute the GCV score for a range of a values (Figure 4.8). Using the value 
of a selected by the GCV criterion, we then compute the second iteration of 
the AR sequence (Figure 4.9). 

For an example of GCV in corpuscle problem estimation, we take a sample 
of size n = 250 from density /5(-, 5,3) as the signal. As usual, we compute 
the GCV score for a range of a values (Figure 4.10). Using the a selected by 
the GCV criterion, we then compute the second iteration of the AR sequence 
(Figure 4.11). 

4.3    Simulation Study: Deconvolution 

In this section, we present the results of a modest simulation study of the 
deconvolution problem, in which we compare the the AR deconvolution es- 
timator to the NEMS estimator of Eggermont and LaRiccia [15] and the 
Fourier kernel method studied by Stefanski [69], Fan [18], and others. 

We use the signal and noise distributions for which results are tabulated 
in Eggermont and LaRiccia [15] and compare our AR results to theirs for 

96 



the NEMS and Fourier estimators. Optimal smoothing-parameter selection 
is possible for all three estimators, since we know the true signal distribu- 
tions. There is an automatic procedure for selecting the NEMS smoothing 
parameter, and we use GCV to select the AR smoothing parameter. All three 
estimators are compared for optimal selection of the smoothing parameter, 
and the NEMS and AR estimators are compared for automatic selection. 
The basis for comparing the various estimators / in this simulation is the L\ 
error 

||/-/||i = /|/-/|, 

where / is the density of the underlying signal (without noise). The average 
L\ error for a number of repetitions is taken as an estimate of E ||/ — /||i. 

Average L\ errors for various signal distributions are presented in Ta- 
bles 4.1 (with normal noise) and 4.2 (with uniform noise) for a sample size 
of 100. Sample means and standard deviations of L\ errors for a range of 
sample sizes are presented in Table 4.3, but these results are limited to two 
of the normal-noise cases. 

For the simulation study, signal and noise distributions are based on the 
normal density 

(j>(x) = -=e-x2/2 and 4>(x; a) = -<f> (-) , 
V27T o    \o> 

the uniform density 

u(x) = I[o,i](x)  and u(x; a) = — u (— 1 , 

and the beta density 

xa~1(l — x)h~1 1    (X        \ 
ß(x, a, b) = ßT~gf—hü(x) and ß(x> °» b' a) - ~ß (~> a> b) • 

The six signal densities we use in the simulation are 
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(Dl) f(x) = O.90(z - 5; 0.5) + 0.1<f>(x - 7; 0.25), 

(D2) f(x) = O.90(z - 5; 0.5) + 0.1<f>(x - 7; 0.5), 

(D3) f(x) = 0.5(f>(x - 5.82; 0.57) + 0.5(j>(x - 4.18; 0.57), 

(DA) f(x) = <f>(x-h), 

(Db) f(x) = u(x - 3; 5),   and 

(D6) f(x) = ß(x - 3, 2.4, 3.6; 5). 

Convolution is accomplished, of course, by adding noise to the signal. Noise 
densities used in the simulation are normal (with various standard devia- 
tions) and uniform on [0,1]. Combinations of signal and normal noise are 
referenced as N1-N8. See Table 4.1 for the particular values. The correspond- 
ing combinations with uniform noise (referenced as Ul, etc.) are detailed in 
Table 4.2. 

The NEMS and Fourier estimation parameters are detailed in Eggermont 
and LaRiccia [15]. We now describe the AR parameters for this simulation. 

For the given combinations of signal and noise, an estimation domain of 
[0,10] is adequate to capture most of the data. Observations fall outside of 
this region only rarely. 

The AR penalty T>x = x" is used in all cases except N5, U5, and N7, in 
which T)x = x' is used for reasons of numerical stability. 

AR estimators are calculated using model (4.4) of page 88 with an itera- 
tion count of i = 2. The initial weight for the AR procedure is the constant 
function. In the case of automatic smoothing parameter selection, the result 
of GCV applied to the first-step AR estimator is used as the second-step 
smoothing parameter, in addition to using the first-step estimate as the ref- 
erence measure in the second iteration. 

Sample sizes are n = 100 in Tables 4.1 and 4.2, and n =50,100, 250, 500, 
and 1000 in Table 4.3. A simulation repetition count of N = 1000 is used 
in all cases. To conserve computation time, a grid size of m = 100 is used 
throughout. 
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The S-PLUS language, version 3.4, is used for programming the proce- 

dure, along with a few utility functions written in the C language. A native 

S-PLUS minimization routine is used in both the optimal and GCV smooth- 

ing parameter selection. This routine searches for local extrema on an inter- 

val. Reasonable a-search regions are selected separately for each case. It is 

interesting to note that the GCV search is more efficient than the optimal a 

search. 

The computing platform used is a Silicon Graphics SGI-4D/PCXL-8 with 

24 200-MHz IP19 processors and 1 GB of main memory. In this environment, 

the simulation runs in about 24 hours. 

4.3.1    Observations 

For the study with normal noise and n = 100 (Table 4.1), the NEMS and AR 

estimators are competitive, whereas the Fourier estimator has much larger 

errors. With optimal smoothing-parameter selection, the NEMS error ex- 

ceeds the AR error in six out of eight cases; and with automatic selection, 

the AR error exceeds the NEMS error in four out of eight cases. The Fourier 

estimator has much higher errors. 

The NEMS estimator performs slightly better than the AR estimator in 

the case of uniform noise (Table 4.2). With optimal smoothing-parameter 

selection, the NEMS error exceeds the AR error in two out of six cases; and 

with automatic selection, the AR error exceeds the NEMS error in five out 

of six cases. 

Several interesting observations arise from consideration of the results in 

Table 4.3. Since various sample sizes are tested here, the data provide an 

empirical indication of the rates of L\ error convergence for the NEMS and 

AR estimators in the cases of optimal and automatic smoothing-parameter 

selection. This is limited, of course, to the two signal and noise combinations 

under study here. 
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Error variances are comparable, with the AR estimator having marginally 
lower dispersion for optimal selection, and the NEMS estimator having 
slightly lower dispersion for automatic selection. 

See Figures 4.12 and 4.13 for graphical presentations of the mean error 
rates. Expected L\ error can be modeled as 

E||/-/||i = fcn-*, 

and the coefficients k and p can be obtained from the Table 4.3 results by 
linear regression. Estimates of the coefficients are presented in Table 4.4. 

The Fourier estimator has higher error and a slower rate of convergence. 
With optimal selection, the AR estimator has lower errors than the NEMS 
estimator for both distributions tested. Also, the AR error converges at a 
faster rate. 

With automatic selection, convergence rates of the AR and NEMS es- 
timators are practically the same. The NEMS error is slightly lower for 
distribution N5, and the AR estimator has a slightly better rate for N2. 

The AR estimator (for N2 and N5) and the NEMS estimator (for N2) 
have optimal selection error convergence rates that are faster than the cor- 
responding automatic rates, as would be expected. The small differences in 
slope indicate that the automatic-selection procedures give estimators that 
almost achieve the optimal-selection rate. For these cases, note that the lines 
in Figure 4.13 are practically parallel. 

In conclusion, asymptotic regression provides a reasonable and practical 
technique for deconvolution estimation. 
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Table 4.1. Mean Lx Error for Fourier, NEMS, and AR Deconvolution Esti- 

mators with Normal <f>(-; a) Noise, n = 100 

optimal a automatic a 

/ a Fourier NEMS AR NEMS AR 

Nl   (D2) .50 .389 .210 .210 .326 .250 

N2   (D2) .29 .280 .167 .154 .205 .205 

N3   (D3) .58 .301 .201 .205 .254 .258 

N4   (D4) .50 .242 .131 .105 .157 .156 

N5    (D4) .29 .195 .127 .116 .144 .160 

N6   (D5) .29 .265 .231 .226 .246 .287 

N7   (D6) .29 .209 .136 .121 .150 .162 
N8   (Dl) .29 .298 .181 .168 .225 .213 

Table 4.2.   Mean Lx Error for NEMS and AR Deconvolution Estimators 
with Uniform u(-; 1) Noise, n = 100 

optimal automatic 

/ NEMS AR NEMS    AR 

Ul    (D2) .169 .169 .194     .228 

U3    (D3) .168 .170 .189     .224 
U4    (D4) .133 .111 .170     .162 

U6    (D5) .232 .236 .269     .289 

U7   (D6) .134 .147 .164     .182 

U8   (Dl) .181 .177 .209     .231 
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Table 4.3. Mean and Standard Deviation of L\ Error for Fourier, NEMS, 
and AR Deconvolution Estimators with Normal <j>{- ; .29) Noise, n = 50, 
100, 250, 500, and 1000 

optimal a automatic a 
Fourier NEMS AR NEMS AR 

n X s X s X s X s •   X         s 

N2      50 .312 .079 .217 .077 .202 .078 .254 .083 .268   .108 
100 .280 .060 .167 .060 .154 .058 .205 .067 .205   .090 
250 .244 .045 .120 .042 .108 .038 .147 .048 .144   .067 
500 .222 .033 .094 .032 .081 .029 .114 .037 .112   .053 

1000 .204 .025 .071 .023 .062 .021 .086 .027 .086   .038 

N5      50 .227 .072 .163 .076 .154 .063 .196 .082 .208   .092 
100 .195 .051 .126 .053 .116 .047 .144 .053 .160   .066 
250 .163 .036 .093 .036 .079 .030 .103 .036 .112   .041 
500 .142 .026 .074 .026 .061 .021 .076 .026 .086   .028 

1000 .127 .020 .055 .018 .045 .014 .059 .019 .062   .017 

Table 4.4.  Empirical Lx Error Rate Coefficients for Fourier, NEMS, and 
AR Deconvolution Estimators in the Model E||/ - /||x = k n~p 

optimal a automatic a 
Fourier NEMS AR NEMS     AR 

N2   k 0.541 0.920 0.955 1.069     1.176 

P 0.143 0.369 0.396 0.362    0.379 

N5   k 0.481 0.655 0.768 0.925    1.005 

P 0.195 0.355 0.411 0.400    0.400 
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Figure 4.1. AR Density Estimates with Various Discretization Grid Sizes, 

Buffalo Snowfall Data, n = 63. 
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Figure 4.10. GCV Score and AR Corpuscle Estimates, /?(-,5,3), n = 250. 
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Appendix.    Estimation for Gaussian 

Processes 

We consider random variables X : 0, -» V, where V is a space of real-valued 

functions on some set I. Typically /CE, and here we take I = [0,1]. 

Definition (Gaussian Process). The stochastic process X(t) is said to be 

Gaussian if the finite-dimensional distributions of X are multivariate normal; 

i.e., if for every positive integer n and vector (<i,... ,tn) € In, the vector 

(X(ti),... ,X(tn)) has a multivariate normal distribution. 

A Gaussian process process X(t) = m(i) + n(t) is characterized by its 

mean value function EX(t) = m(t) and covariance function K(s,t) = 

Cov[X(s),X(t)] = En(s)n{t). 

Definition (Reproducing Kernel Hilbert Space). A Hilbert space HK 

of functions on I with inner product (/, g)K is a reproducing kernel Hilbert 

space (RKHS) if for each t e I the point evaluation functional Vt) defined by 

Vt(f) = f(t) for all / € H, is continuous. 

In a RKHS, each point evaluation functional Vt has a Riesz representation 

Vt(f) = {Kuf) = f[t) for a unique Kt G H. The function K(s,t) = 

Vt(Ks) = (Kt, KS)K = K„(t) is called the reproducing kernel of H. 

The linear span of X is the space 

L(X) = l^aiXiU) : n € N, a* € R, t< € / > , 

which is an inner product space with inner product (u, v) = E(uv) and norm 

||w|| = VEU
2
. The Hilbert space generated by X(t), denoted L%{X), is the 

|| • ||-completion of L(X). 

Let HK be the RKHS with reproducing kernel K(s,t) = E[X(s)X(t)] 

and inner product (•, -)K. Let <f>: HK ->• L2(X) be defined by <f>(Kt) = X(t). 

Then <j> has the properties 

E<j>{f) = {f,m)K   and   E <f>(f)<f>(g) = (f,g)K. 
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Note that {X(t) : t e 1} generates L2(X), and {Kt : t G 1} generates 
HK. Furthermore, (j> is an inner-product-preserving, bijective linear transfor- 
mation in the sense that 

W),4>(g))L2ix) = (f,9)K. 

Now let X(t) be a stochastic process with mean value function E X(t) = 
m(t) and known covariance function K(s,t) = Cov[X(t),X(s)], and let HK 

be the RKHS with reproducing kernel K. In this case, the function <j>: HK -» 
L2(X) given by (j>{Kt) = X(t) has the properties 

E<t>(f) = (f,m)K   and   Cov[^(/),^)] = (f,g)K.. 

Theorem A.l. Let {X(t) : t E 1} be a stochastic process with mean value 
m(t) = EX(t) and covariance K(s,t) = Cov[X(s),X(t)], where 

(1) I is countable, or 

(2) I is separable, K is continuous, and X(t) is separable. 

Let yx be the probability measure induced by X on the space of sample paths. 
Let (Po be the probability induced by a zero-mean Gaussian process with covari- 
ance function K. Then % and 9X are orthogonal ifm£HK and equivalent 
if m € HK, in which case 

^(X) = exp[0(m)-||H|y. 

Proof. See Parzen [51]. □ 

The following theorem is useful in that it gives explicit formulas for the 
RKHS inner products that we need. 

Theorem A.2. Consider the RKHS of functions on [a,b] with 0 ^ a < b < 
1, where the reproducing kernel has the form 

K(s,t) = u(sAt)v(s\/t). 
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Letx(s,t) = u(sVt)v(sAt)-u(sAt)v(sVt), andlety(t) = u'(t)v(t)-u(t)v'(t). 
Ifx(s, t) > 0 and y(s) > 0 for all s and t^sin [a, b], then the corresponding 
RKHS inner product is given by 

IIPH2.    fb[(F/v)f       F{af 
"   IU     Ja    («/«)'       u(a)v(aY 

Proof. See Sacks and Ylvisaker [59] for a derivation. We simply verify the 
reproducing property. Here, J means f ds. 

(KuF),= [ 
Ja 

(Kt/v)'(F/v)' + Kt(a)F(a) 
(u/v)' u(a) v(a) 

Ja («/«)' Jt (u/v)' u(a)v(a) 

= v(t) f (F/v)' + u{t) • 0 + v(t)F(a)/v(a) 

= v(t)[F(t)/v(t) - F(a)/v(a)} + v(t)F(a)/v(a) 

= F(t), 

D 

Corollary A.3. Consider the RKHS of functions on [a,b] with 0 < a < b < 
1, where the reproducing kernel has the form 

K(s,t) = u{sAt)v(s\/t)w(s)w(t). 

The corresponding RKHS inner product is given by 

\\F\\% = \\F/w\\l 

Proof. Note that w(s)w(t) = w(sAt)w(sWt). Apply the theorem to K(s, t) = 
u(s A t)w(s A t) ■ v(s V t)w(s V £); i.e., replace u by uw and v by vw in the 
form || • ||* to obtain 

1*111 = j 
Ja 

b[(F/(vw))f+        F(af 
(u/v)' u(a) v(a) w(a)2' 

as required. O 

119 



As an aid in performing calculations, we can write 

rb 

Ja UW VW 

where J = [(F/v)']2/(u/v)'. Since (u/v)' = y/v2, the integrand is 

v2   F'\2 - 2F'Fv'v + FV2 

v   — *       * 

y 
,   2F'Fv-F2v' 

= 1-.(F"-V 
y \ 

y L V f / . 

) 

We consider several important examples of RKHS's with this type of inner 
product structure. 

Example (1). Let K(s,t) = G(s A t), where G is non-negative and in- 
creasing on I. Then u(t) = G(t) and v(t) = 1. Observe that x(s,t) = 
G(s Vt)-G(sAt)>Oifs^t, y(t) = G'(t) > 0 for all t, and v' = 0. So 

F'2 

J = 
G'' 

and the quadratic form is 

iw-jf1? (FT     F(o> 
G(o)' 

(A.1) 

Example (2). Let K(s,t) = G(s A t) - G(s)G(t), where G is non-negative 
and increasing on I. Then u(t) = G(t) and v(t) = 1 — G(t). Observe that 

x{s, t) = G(s V t)[l - G(s A *)] - G(s At)[l- G(s V *)] 

= G(sVt)-G(sAt), 

so x > 0 if s # t. Furthermore, y(t) = G'(i)[l - G(t)] + G(t)G'{t) = G'(t). 
So y > 0 for all t, and v' = —y. Thus, 

i?"2     /  F2  y 
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The quadratic form is 

CO / EI/\2 

vr-L ^+i%+** (SPEWI^) 
or 

6 /I?i\2 

lW-j[ffl (Ff i F(a)2 [    F(b)> 
G(a)     1-G(b)' 

(A.2) 

Example (3). Let K(s,t) = G(s)G(t)(s At — st), where G is non-negative 
and increasing on I. Then u(t) = t, v(t) = 1 — t, w(t) = G(t), and the 
quadratic form is 

or 

\\F\f 0' F(b) 
/a  LWJ      a|.G(a)J      1-6[G(6)J 

(A.3) 

I 
b' 
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