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SUMMARY 

The control of vibrational motion in mechanical systems has long been a problem 

of interest. This research investigates using friction damping for flexible structure control 

and for automotive suspension control. The hallmark feature of this approach is that the 

normal force at the frictional interface is actively controlled. This eliminates the 

undesirable stick-slip motion found in systems damped by friction in which the normal 

force is constant. Since the normal force is physically constrained to be positive 

(compressive) or zero only dissipative work can be done by the controller. Actively 

controlling the normal force therefore classifies this as a semi-active controller. 

Friction damping is used to dissipate vibrational energy in a pinned-pinned two 

beam system in which a single semi-active joint connects the beams. The results of the 

research indicate that significant damping (modal damping ratios up to 0.20) can be added 

to the structure by the semi-active joint. A controller designed using linear quadratic 

regulator theory with an energy related cost functional is shown to be particularly 

effective at dissipating the flexural motion. The semi-active nature of the controller is 

enforced by clipping the control input to ensure that only dissipative work is done by the 

joint. However, this ad-hoc method of control clipping is shown to be very close to the 

true optimal solution in which the semi-active nature of the joint is an explicit control 

constraint.  Issues which arise when the joint controller is incorporated into a structure 

xvn 



with an attitude control system are also investigated. It is shown that the design of the 

joint controller should not be independent of the attitude controller design process if 

optimal performance is desired. A variable gain system is also designed in which the 

joint controller emulates viscous damping with a time varying viscous coefficient. This 

system has improved performance over all the constant gain designs of this type. Finally, 

the semi-active joint is incorporated in a free floating two beam system. Since some 

vibratory modes produced little (or in some cases zero) joint motion for this configuration, 

the semi-active joint is relatively ineffective. 

Semi-active friction damping for automotive suspension control is also 

investigated. A scale model, quarter car experimental assembly was designed, fabricated, 

and utilized in this study. The semi-active friction damping is achieved using an 

electromagnetic friction clutch under active computer control. One particular attribute of 

the suspension controller which is demonstrated is the ability to provide shock isolation 

via software control. This requires setting a limit on the resistive force of the friction 

damper. Since the resistive force is decoupled from the suspension velocity (a property 

not seen in hydraulic dampers) the shock isolation control is even achievable using a low 

bandwidth controller. Suspension control is also demonstrated using a low bandwidth 

controller. This is the first experimental demonstration of semi-active friction damping 

as well as the first experimental demonstration of a low bandwidth semi-active suspension 

control system. The results indicate that this is a viable candidate for automotive 

suspension control systems. 
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CHAPTER I 

INTRODUCTION 

The control of vibrational motion in mechanical systems has long been a problem 

of interest. Many innovative techniques have been used to eliminate or minimize 

vibratory motion. Vibration control was traditionally achieved by passive devices such 

as shock absorbers or by intentionally designing the system to be stiff or rigid. 

Developments of the past few decades in space transportation and the introduction of 

inexpensive digital computers have generated new challenges for vibration control in 

which the earlier techniques are no longer feasible. 

Two areas of significant interest are the control of unwanted flexural motion in 

large space structures (LSS) and the control of car body motion in automotive systems. 

The former is a result of the desire to fabricate large space structures using as little mass 

as necessary. Large, lightweight structures will unfortunately be flexible which will 

compromise many mission objectives. Since adding mass to stiffen the structure is 

undesirable due to the transportation costs, vibration control systems which can remove 

the flexural energy are being investigated. The interest in automotive systems stems from 

the introduction of inexpensive digital computers. Significant improvements can be made 



in vehicle handling qualities by replacing passive suspension elements with active or 

semi-active elements. However, due to the highly competitive nature of the automotive 

market, intelligent control system design is required to achieve large performance 

improvements at as low a cost as possible. 

This thesis investigates using semi-active friction damping for flexible structure 

control and for automotive suspension control. The research on flexible structure control 

is theoretical in nature. Analytical tools and concepts are used to design the control 

systems while performance studies are carried out using a digital simulation. Conversely, 

the research on automotive suspension control systems is experimental in nature. 

The following chapter formally introduces the concept of applying semi-active 

friction damping to large space structures. Relevant background material and related 

work are discussed. Chapters 3-8 discuss modeling and control system design issues for 

the large space structure application. Chapters 9 and 10 discuss the automotive 

suspension control system design and associated experimental results. Chapter 11 

contains concluding remarks and recommendations for future work. 



CHAPTER II 

LSS VIBRATION CONTROL CONCEPTS 

2.1 Introduction 

The anticipated deployment of large space structures (LSS) has focused attention 

on the need for new advances in the area of flexible structure control. Large flexible 

solar arrays, antennas, and precision optical systems are a few of the currently conceived 

structures to be deployed in space [1], [2]. In order to accomplish design objectives, 

these systems have stringent requirements for attitude and shape control. These systems 

are typically constructed using large built-up truss structures. The truss structures being 

considered for LSSs exhibit very low modal damping (0.1% - 0.5% [3], [4]). The large 

size (10s to 100s of meters), configuration, and relatively low weight will result in very 

low, closely spaced natural frequencies. Proposed control systems will have bandwidths 

that contain several major structural resonant frequencies. Thus interaction between the 

attitude and shape controllers and the flexural modes of the structure are inevitable. For 

good performance of the attitude and shape controllers to be achieved, some form of 

structural vibration control is necessary. 



2.2 Artivp Vibration Control 

Designing a flexible structure control system for a LSS is a very challenging task. 

Initial research in this area focused primarily on active vibration control (sometimes 

referred to as modal control). These control systems can be generally segregated into two 

categories depending on the type of actuation system used. In discrete actuation systems 

the actuator exerts a force or moment at a specific location. In distributed actuation 

systems the actuator exerts a control force on a non-localized (or continuous) domain. 

Modal control using discrete actuation systems was the dominant area of research 

for many years. There are numerous publications for designs of this type; see, for 

example, references [3]-[13]. The plant (or LSS) is a distributed parameter system with 

infinitely many modes. Discrete control systems are limited to controlling and observing 

only a few of the low frequency modes due to computational limitations. A variety of 

control system design techniques have been examined to date. One of the most popular 

is linear optimal control. In this case, the plant is reduced in order, usually through 

modal truncation, and linearized if necessary. The resulting system equation takes the 

form, 

x=[A]x+[B]u. <2-X> 

The control is defined to be u = -[k]x, where [k] is chosen to minimize a desired 

performance index.   For the case of quadratic cost criteria, the cost functional has the 



form 

J=/0ix
T[Q]2L+]iT[R]]i)dt. (2.2) 

The feedback gain matrix which minimizes J is known to be 

[k]=[R]-'[B]T[P] (23) 

where [P] satisfies the algebraic Riccati equation 

[A]T[P] ♦ [P][A] - [P][B][R]-'[B]T[P] ♦ [Q] = [0] . <2'4> 

Since the state x is rarely available for feedback, linear observers or estimators have also 

been investigated for use in LSS. However, as discussed below, the stability of estimated 

state-feedback systems is difficult to ensure. 

A major obstacle which must be overcome in designs of this type is spillover. As 

mentioned above, the controller only controls and observes several of the low frequency 

modes. This leads to an effect known as spillover. Control spillover occurs when some 

of the energy intended for the controlled modes is pumped into the uncontrolled modes. 

This results in a degradation in performance. Observer spillover occurs when some of 

the energy in the uncontrolled modes is attributed to the observed modes by the observer. 

In [5], Balas shows that when observer spillover is present, even small uncertainties in 

the original eigenvalues can cause instabilities in the closed loop system. This fact was 

verified experimentally by Cannon and Rosenthal in [14].   Systems most sensitive to 



spillover induced instabilities are those which use noncolocated actuators and sensors. 

If colocated sensors and actuators are used, one can guarantee stability for all modes with 

relatively simple control laws [15], [16]. The very low inherent damping of LSS 

ggravates the spillover problem and necessitates the requirement for better (often more 

plex) controller designs or adherence to the requirement of collocation of sensors and 

a, 

com 

actuators. 

A relatively new approach to flexible structure control involves the use of 

distributed actuation systems [17]-[21]. Distributed control is achieved by bonding a layer 

of piezoelectric material to the surface of the flexible structure and creating surface strains 

on the structure by imposing a voltage differential on the piezoelectric material. The 

attractiveness of this approach is that by using a distributed actuator, modal truncation is 

not necessary. Theoretically, all the modes of vibration can be controlled at once, 

provided that the structure is controllable through the actuator [18]. In [19], Connally and 

Hubbard used this approach to increase the damping ratios of the first two modes of a 

cantilever beam from 0.21 and 0.14 to 0.66 and 0.58 respectively. A major disadvantage 

of this approach is that it requires the application of piezoelectric material along 

substantial portions of the structure surface. 



2.3 Passive Vibration Control 

An alternative approach to active vibration control is passive control. In active 

control the undesirable motion is counteracted by an externally powered actuator. In 

passive control the system is required to do nonconservative (i.e. dissipative) work when 

the undesired motion occurs. From an external viewpoint, passive control techniques 

increase the system's inherent damping. There are several approaches to designing 

passive control systems. One approach investigated by Lane in [22] and Alberts in [23] 

for flexible beam vibration control is to apply a viscoelastic material and a constraining 

layer to the exterior of the beam. This approach may be difficult to use in LSS control 

due to the effect of the environmental conditions of space on the viscoelastic material 

[24]. Impact damping has also been used as a means of increasing the passive damping 

levels of lightly damped systems [25], [26]. In large truss structures another source of 

passive vibration control is joint damping [27]-[30]. Hertz and Crawley in [28] and Ferri 

in [29] develop models of sleeve joints. Energy dissipation occurs as a result of beam- 

sleeve impacts and from friction forces present at the sliding interfaces. In [30] Bowden 

and Dugundji discuss truss structures which have linear viscous dampers at the joints. 

Energy dissipation at the joints could possibly be the dominant source of inherent 

damping in LSS due to the very low levels of material damping. As an example, in [7], 

where an experimental flexible beam was constructed for testing, Schaechter and Eldred 

identified the primary sources of damping as joint damping and atmospheric drag. Given 



that there will be no atmospheric damping in space, the only significant source of 

damping would come from the joints. 

2.4 Combination of Active and Passive Vibration Control 

Passive control techniques can be used as stand-alone vibration control systems; 

however, their greatest utility appears to occur when used in conjunction with an active 

controller. This technique was applied to the control of a flexible manipulator arm by 

Alberts et al in [23] and [31]. Bicos et al in [4] applied passive damping treatments to 

elements of an LSS truss structure (the Neutral Particle Beam Integrated Space 

Experiment truss structure) to aid the active flexural vibration controller. Chen, Garba, 

and Wada in [11] used passive damping via constrained viscoelastic layer treatments in 

conjunction with active struts to control the truss structure for the Precision Segmented 

Reflector. Adding passive damping to the system decreases the difficulty of active 

controller design. With higher inherent damping, the active controller is less sensitive to 

plant variations, spillover effects, noise, and other error sources. 

2.5 Semi-Active Joint Damping 

Joints in LSS have already been identified as a major source of passive damping. 

However, this damping is in large part inadvertent. The joints are designed to meet 

structural and assembly requirements with little or no concern for the structural damping 



they will provide. This is certainly a viable design approach for earth based structures 

which can be structurally stiffened to prevent flexural motion. However in LSS design, 

this approach could ignore a potentially significant source of damping. LSS are expected 

to have such low levels of inherent damping that any contributor to system stability 

should be investigated. This research investigates the concept of increasing the damping 

of the structure via actively controlled, energy dissipating joints. The energy dissipation 

mechanism in the joints will be Coulomb friction. An actively controlled pin joint design 

is shown in Figure 2.1. The two beams have a well defined frictional interface and an 

actuation system capable of exerting a variable normal force. This joint could then 

become a subsystem of an overall attitude/shape control system. 

Since the control at the joint is the normal force, the active joint is only capable 

of removing energy from the structure. It thus acts only to enhance the damping. 

Actively controlling a passive damping source to enhance its effectiveness classifies this 

as a semi-active controller. Semi-active control systems have several notable advantages 

over their active counterparts. In particular, they usually have higher bandwidths [76] and 

have lower power requirements [39] than fully-active controllers. Furthermore, the closed 

loop system is guaranteed to be dissipative, thus stability is ensured (even in the absence 

of the active control). 

Many systems use dry (unlubricated) friction for damping and vibration control. 

Friction damping has been used in turbine blade disk assemblies [32], earthquake tolerant 

structures [33], washing machines [34], and others. In the area of LSS, friction damping 
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Figure 2.1   Semi-Active Joint 
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in joints has been analyzed by several researchers ([27]-[29], [35], [36]), but joints have 

not yet been designed with friction damping in mind. The joint is designed to meet 

structural or assembly requirements and the frictional damping is a property of the joint 

which must be accounted for in order to get an accurate system model. Designing a joint 

to specifically address its energy dissipation properties was investigated by Prucz et al 

([37], [38]). The energy dissipation at the joints was accomplished using a constrained 

viscoelastic layer bonded to the structural members. Relative motion between the 

structural members caused shear flow in the viscoelastic material which dissipated the 

vibrational energy. In many cases the benefit which resulted from increased energy dissi- 

pation was offset by a reduction in joint stiffness. 

Active and passive joints designed primarily for their energy dissipating 

capabilities were proposed in [39]. A two beam structure with pinned joints was 

subjected to transverse vibrations. The study focused on how to define the normal force 

at the center joint to increase the damping. In the passive joint design, the normal force 

was defined as 

FN=k0+k1|e| (2.5) 

where kß and k: are design parameters and 0 is the joint angle. This form for FN defines 

the passive joint design because it can be realized without an external actuation system 

(for example with an elliptical joint pin). In the semi-active joint design an actuation 

system is used to generate the joint normal force.  A feedback control law of the form 

11 



FN = ko + kx | e | + k216 | (2.6) 

was investigated where k^ kv and k2 are design parameters (assumed to be positive) and 

6 and 6 are the joint angular displacement and rate. The study indicated that significant 

increases in joint damping were achievable when the normal force was not constrained 

to be constant The research in this thesis further investigates the semi-active joint design 

idea. Note that because the normal force is controlled and not the torque, no energy can 

be added to the system. This is fundamentally different than the case of flexible robotic 

manipulators [40] or the case of an active hinge explored by Cudney et al [41]. For the 

active hinge a torque motor, gear box, tachometer, and strain gauge are located at the 

joint. Control inputs are not restricted to merely opposing motion. Experimental results 

by Cudney on a jointed cantilever beam system with an active hinge showed little 

improvement in first mode damping, 130% increase in the second mode damping ratio, 

and 180% increase in the third mode damping ratio. The small improvement in first 

mode damping was due to the actuator being placed at a node of the first mode. 

Chapters 3-8 investigate the semi-active joint control concept in detail. Chapter 

3 develops a model for the two beam system with the semi-active joint. Simulations are 

used to identify the number and type of flexural modes needed to accurately model the 

system. Chapter 4 looks at several constant coefficient, linear feedback control designs 

for the joint controller. Chapter 5 investigates the optimal performance of the semi-active 

joint controller.    Chapter 6 looks at issues which arise when the joint controller is 

12 



implemented in a two beam system which includes additional attitude and shape 

controllers. Chapter 7 describes the design of an adaptive or gain scheduled joint 

controller. The performance of the semi-active joint in a free-free beam architecture is 

then discussed in Chapter 8. 
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CHAPTER m 

TWO BEAM SYSTEM MODEL 

3.1 Introduction 

Before any control system analysis and design can be performed, a mathematical 

model of the system is required. In this chapter, the equations of motion for the pinned- 

pinned beam system are derived using the assumed modes method. Trade off studies are 

also performed in order to define the number of modes and the mode shape functions 

necessary for accurate control system design and system simulation studies. 

3.2 Equations of Motion 

The two beam system is shown in Figure 3.1. It consists of two beams and three 

pin joints, the center joint being semi-active. Figure 2.1 shows the semi-active joint in 

more detail, the main features being a controllable normal force and a frictional interface. 

Using the assumed modes method, the transverse displacement of beam i (i=l or 

2) is given by 

14 
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Figure 3.1  Pinned-Pinned Beam System 
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N: 

Wi(Xi,t) =Y, ^ijC^i) riijCO , (3.1) 

where ^(jq) is the j* mode shape function, Tiy(t) is the j* modal amplitude, and Nj is the 

number of modes used to model the 1th beam.   Since the beams are connected by a 

frictional interface, two cases of motion must be considered. In the first case, sliding (or 

slipping) occurs at the frictional interface.  If the normal force is sufficiently large the 

joint will lock up and no relative motion occurs.   This is termed sticking and is the 

second case to be considered. 

The equations of motion for the two beam system (for sliding or sticking motion) 

are, 

N, 

V£ 
k=l 

i    Ni r 
Pi A! J0

Ll *ij 4>ikd*i }hk 
+ E [Ei!i J0

Ll *" ij *" lkdxi Tlik (3.2) 

= [(t>lj(xF1)]F1+[(t)/lj(L1)]Mf    j = l,...,N1 

N2  r No 

VE   P2A2fn
L2^^2kdx2n2k + E   E2l2j0

L2(t'//2j<t)//2kdx2n2k(3.3) 
k=lL J k=l L J 

'Y2j(0)]Mf    j=l,...,N2. 

These equations can be written in matrix form as, 

.4>2j(xF2)]F2 + 
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[M]a + [K]a B, F + B2Mf , (3.4) 

where [M] is the mass matrix, [K] is the stiffness matrix, F is the disturbance input 

vector, Mf is the frictional moment imparted to each beam, and [BJ and B2 are 

appropriate coefficient matrices, n is the modal amplitude vector defined as 

H = Till TI12 - "HlN, ^21 ^22 - ^NJ 
(3.5) 

and F is the disturbance vector defined as 

(3.6) 

As seen from equation (3.4), no material damping has been modeled, thus any energy 

dissipated within the two beam system can be attributed to the external control system. 

The mass matrix is composed of two submatrices as follows, 

[M]- 

Mt]    I     [0] 

[0] M. 

(3.7) 

The elements of the mass submatrices are given by 

[Mi]jk = piAiJoLi^(XiHik(Xi)dXi' 
(3.8) 

th where pj is the density, Aj is the cross sectional area, and Lj is the length of the i   beam 
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Similarly, the stiffness matrix is given by 

where 

[K] = 

K, [0] 

[o]   I  [K2] 

K; 
jk 

= EiIi|o
Li$//

ij(xi)/
/
ik(xi)dxi 

(3.9) 

(3.10) 

In (3.10), E  and \ are the elastic modulus and area moment of inertia of beam i 

respectively.  The coefficient matrices for F and Mf are given by 

M- 
<hl(xFi)   ...    «t>lNl(

XFl) ° - ° 

0 ... 0 <t>2i0W   -   (t)2N2(
xF2) 

(3.11) 

Sa- 
^iCLi) ... ^(L!) -4^(0) ... -ct>2N2(0) 

(3.12) 

where xF1 and xF2 are the points of application of Fx and F2, respectively.  In order to 

write (3.4) in terms of first order differential equations, define x as 

x = (3.13) 

which results in the following equations of motion, 
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X   = ^SL X   + Bt F+BM
Mf 

(3.14) 

where 

VSL 

B, 

[o] i -[M^K] 

L[I] '    [o] 

"ToT" 

(3.15) 

(3.16) 

B M 

[M]-
1
!, (3.17) 

When slipping is occurring at the frictional interface, the moment imparted to each 

beam as a result of the joint normal force and the frictional interface is 

Mf = kG UD FN s8n$) 
(3.18) 

where ICQ is an appropriate geometric factor, uD is the kinetic coefficient of friction, FN 

is the joint normal force, and 6 is the relative joint angular rate. The joint normal force, 

FN, is constrained to be positive, which from equation (3.18) implies 
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FN > 0   =>   Mf6 > 0 . (3.19) 

The equations of motion can also be expressed in terms of the joint normal force in which 

case 

x = VSL Bt F +Bpsgn(6)FN, (3.20) 

where 

BF=kGPDB M 
(3.21) 

The joint angular rate can be expressed in terms of the state vector by 

6 = x (3.22) 

where 

YuCL!) ... Wm^i) <t>2i(°) - <t>2N2(
0) ° - ° 

(3.23) 

Since the beams are coupled by a frictional interface, joint lock up (or sticking) 

can occur if 6=0 and the normal force is large enough to overcome the beam moments 

at the joint. The maximum frictional moment which can be developed when 6=0 is given 

by 

, , max      , r Mf        =kGMsFN' 
(3.24) 
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where us is the static coefficient of friction. Defining the factional moment using 

equations (3.18) and (3.24) corresponds to the Coulomb friction model with stiction. The 

moment necessary to cause sticking is given by 

M 
stick 

ce 
i—[c6][ASL]x-^_[c6][Bp]F (3.25) 

which was found by calculating the moment necessary for 0=0 (6=0 is already assumed) 

using equation (3.14) and the fact that 

6 = x . (3.26) 

If the frictional moment is not large enough to prohibit sliding and 6=0, Mf will take its 

maximum value (specified by (3.24)) in the direction which opposes motion. Thus when 

6=0, 

Mf = 
M 

stick Mf
Max>abs(Mf

stick)   (sticking) 
(3.27) 

Mf
max sgn Mf

stickI   otherwise (sliding) 

The calculation of Mf is shown in block diagram form in Figure 3.2. Note that the 6=0 

requirement is replaced with abs(6)<e, where e is a small number representing 

approximately zero joint motion. This is necessary for the digital simulation. Aside from 

the modification to Mf, the equations of motion for the 6=0 and the 6*0 cases are 

identical. 
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Figure 3.2 Coulombic Friction Law Implementation 
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3.3 Trade Studies 

Specifying the assumed modes method for modeling the two beam system does 

not fully define the system model. Additional studies are needed to define the mode 

shape functions and how many modes are needed to accurately represent the physical 

system. Mode shape functions and the number of modes required for an accurate model 

are related quantities. A poor choice of shape functions may result in an undesirably high 

number of modes being required. 

To evaluate and compare different models against each other, three types of 

evaluation criteria will be used. The baseline model used in the evaluation criteria (and 

throughout the thesis) is the two beam system with the physical parameters shown in 

Table 3.1. For the modeling studies, the joint normal force is defined as 

Table 3.1  Two Beam System Parameters 

pjAj = p2A2 = 0.4 kg/m 
Eih = Eih = 20 N_m2 

Lj = 1.0 m   L2 = 1.8 m 

ps = uD = 0.5 

ko = 0.025 m 

xF1 = 0.25 m   xF2 = 1.35 m 
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FN = 150abs(6) , (3-28) 

which is a design that first appeared in [39]. This control (as will be shown later) 

linearizes the system. The first measure of model accuracy are the eigenvalues of the 

closed loop system. The eigenvalues, as with the other evaluation criteria, should 

converge as the number of modes is increased. Frequency response data from the beam 

1 disturbance input (Fj) to various system outputs will be the second measure of 

performance. The final performance measure is the system response to a pulse 

disturbance on beam 1 in the time domain. 

3.3.1 Sine Modes 

The most natural choice for mode shapes of the two beam system are sine modes 

of the form 

^(xj) = ^/f sin 
( ■        \ JKXj (3.29) 

These modes are the exact solution for the mode shapes of a single pinned-pinned beam. 

As suggested by Ferri in [42], the modes have been normalized such that 

j^fcdx.-L.V (330) 

Normal modes result in diagonal [M] and [K] matrices, a fact that makes it possible to 
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incorporate modal damping in an easy, straight forward method. As required, these mode 

shapes satisfy the geometric boundary conditions, 

i)Wi(0,t)=0. (331) 

ii) w^t) =0. 

for each beam in the two beam system. Natural boundary conditions, however, require 

that a moment exist at the center pin on each beam due to the semi-active joint. This is 

not satisfied by the sine modes which have zero moments at both ends of each beam. 

Since this is a natural boundary condition the modes are nonetheless appropriate. It 

should be noted that as increasingly more modes are added, moments can be carried by 

the beam closer and closer to the ends. Thus by increasing the modes, the moment 

carrying capacity near the pin joints is increased. 

Eigenvalue data for various numbers of sine modes per beam is shown in Table 

3.2. Note the convergence as the number of modes is increased. In Table 3.2, a pair of 

numbers in the form [£,co] represents a complex conjugate eigenvalue pair with damping 

C, and natural frequency co in rad/sec. A single number in the form (co) represents a real 

eigenvalue. Frequency response data is shown in Figures 3.3 - 3.7. In Figures 3.3 and 

3.4, the frequency response from Fj to 6 is shown for the cases of Nj = N2 = 1, 2, 3, and 

4. Note that as more modes are added, agreement between the curves occurs out to 

higher and higher frequencies. Figures 3.5 - 3.7 show frequency response data for the 

cases of i) ^=4, N2=6, ii) Nj=6, N2=8, iii) Nj=8, N2=8.  e: and e2 are beam strains at 
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Table 3.2 Closed Loop Eigenvalues for Sine Modes 

Ni,N2 Closed Loop Eigenvalues 

1 [.314/27.4] [.830/54.9] 

2 (20.9) [.182/27.2] [.010/79.8] [.238/176] 

3 (17.4) [.152/26.9] [.011/79.3] [.132/130] [.030/222] 

4 (16.1) [.138/26.7] [.011/79.1] [.116/122] [.023/216] [.010/320] 

6 (14.9) [.126/26.5] [.011/78.9] [.100/116] [.018/212] [.010/315] 

8 (14.3) [.120/26.3] [.011/78.7] [.092/114] [.016/211] [.010/313] 

10 (14.0) [.117/26.3] [.011/78.6] [.087/113] [.015/210] [.010/312] 

20 (13.4) [.110/26.2] [.011/78.5] [.078/110] [.013/209] [.010/309] 
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0.75Lj and 0.25L2, respectively.  Figures 3.8 - 3.12 show system responses in the time 

domain to a pulse disturbance on beam 1. The pulse disturbance is given by 

„       125. N    0<t<0.01 
hi = |0. t>0.01 . 

(3.32) 

Convergence is evident in all curves. 

3.3.2 Polynomial Modes 

Mode shapes which better satisfy the natural boundary conditions usually exhibit 

improved convergence properties. In order to investigate shape functions which can carry 

a moment at the center pin, the following polynomial mode shapes were investigated, 

<hl(xl) = 

4>lj(xl) = 

(      \ (      A3 

V      J \      J 

(     M+1    (     \ 

V     J        \     J 

J+2 
j^2 

(3.33) 

$2j(x2) = 

^2     x2 

L2    x2 

^2 "x2 
A3 

U 

M     ( 
^2    x2 

A>2 

j*2. 

(3.34) 
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These mode shapes have several interesting features. First, as mentioned above, a 

moment can be carried at the center pin while retaining zero moments at the outer pin 

joints. Also, the first mode is the static deflection profile for a pinned-pinned beam with 

a moment at one pin. Figure 3.13 shows several of the polynomial mode shapes for beam 

1. These modes, however, are nonorthogonal and thus result in fully populated [Mj] and 

[Kj] matrices. This would prohibit the easy inclusion of modal damping if desired. 

Eigenvalue data for Nx = N2 = 1, ..., 10 is shown in Table 3.3. Frequency 

response data for N2 = N2 = 1, 2, 3, and 4 is shown in Figures 3.14 and 3.15. Pulse 

response plots for the same cases are shown in Figures 3.16 and 3.17. 

3.4 Discussion of Results 

Eigenvalue data, frequency response data, and pulse response data all indicate that 

both mode shape functions are converging. The eigenvalue data shows a more rapid 

convergence for the polynomial modes but the frequency domain and time domain 

measures do not indicate a particular advantage of one series over another. The deciding 

factor in choosing mode shape functions was ease of simulation, since other factors are 

approximately equal. The sine modes were much easier to simulate than the polynomial 

modes. The polynomial shape functions resulted in numerically suffer systems which 

required significantly more CPU time to integrate. A simulation using 2 modes per beam 

took 50% longer for the polynomial modes than the sine modes.   This ratio went up 
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Ni,N2 

Table 3.3  Closed Loop Eigenvalues for Polynomial Modes 

Closed Loop Eigenvalues 

1 (13.1) [.151/41.4] 

2 (12.9) [.104/26.1] [.031/82.3] [.080/209] 

3 (12.9) [.104/26.1] [.011/78.5] [.072/109] [.002/293] 

4 (12.9) [.104/26.1] [.011/78.4] [.070/108] [.011/213] [.020/320] 

6 (12.9) [.104/26.1] [.011/78.3] [.070/108] [.011/208] [.011/309] 

8 (12.9) [.104/26.1] [.011/78.3] [.070/108] [.011/208] [.009/307] 

10 (12.9) [.103/26.1] [.011/78.1] [.071/108] [.011/203] [.011/316] 
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dramatically as the number of modes was increased. 

The sine mode evaluation data led to the establishment of two models. The first 

is a model used for control system design. For this case, a 3-mode-per-beam model is 

sufficient. This model captures all of the necessary dynamics for designing a control 

system. In order to evaluate observer spillover effects, a second, more accurate model 

is also required. For this purpose a model consisting of 4 modes for beam 1 and 6 modes 

for beam 2 is sufficient. Convergence data for 6, el5 and e2 were shown in the preceding 

figures since these will be used as observer inputs in later work. 

In addition to the above mode shapes, one additional approach to choosing the (|)'s 

was investigated. This was prompted by studies by Meirovitch and Kwak [43] in which 

convergence was improved by choosing admissible functions which although individually 

do not satisfy the natural boundary conditions, linear combinations of the <|>'s do. As an 

added advantage, the set of assumed modes is able to support a moment at the center pin, 

but should eliminate the numerical stiffness problem. The chosen set was: 

<t>n(xl) = 

f      \ 

V      ) 

(    ^3 

. Li (3.35) 

«hjK) =\/2"sin 
(.        \ J7CXJ 

V J 

j*2, 

and similarly reflected mode shapes for beam 2. This choice did show convergence, but 

at a slower rate than either the sine or polynomial modes. 
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CHAPTER IV 

LINEAR JOINT CONTROLLER DESIGNS 

4.1 Introduction 

Joints have already been identified as a major source of damping in large space 

structures. The semi-active joint is intended to maximize the damping at the joints by 

controlling the normal force, FN, at the frictional interface. The feedback control law 

governing FN can be designed in a variety of ways. Perhaps the simplest class of 

controller designs involve linear, constant coefficient feedback gain matrices. These 

designs can be based on output or state feedback. In this chapter, several linear, constant 

gain joint controller designs will be investigated. The goal is to control the vibrational 

energy to the largest extent possible using only the semi-active joint. Two approaches 

are investigated. The first approach involves output feedback of 6 and the second 

approach uses full state feedback with feedback gains defined using linear quadratic 

regulator theory. 
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4.2 Viscous Joint Design 

In reference [39], Ferri and Heck proposed two types of joint controllers. The first 

defined the normal force as 

FN=ko+k1|0| . (4.1) 

This is described as a passive joint because it is possible to implement this functional 

form or structure for FN without an externally powered actuation system. The semi-active 

joint design defined FN as 

FN =ko + kt |6| +k2|6| . (4-2) 

This structure for FN would require an external actuation system due to the 6 feedback. 

Of particular interest is the more restrictive case of 

FN=kVJ|6|. (4-3) 

Substituting (4.3) into (3.20), and setting F=0 gives 

x = [ASL1X + B   kVJIGIsgn(6) 
(4.4) 

= [ASL]X +BFkVJG . 

Substituting (3.22) into (4.4) and simplifying, 

47 



X   = VSL 
+ kyjBp 

(4.5) 

Since equation (4.5) is linear and the gain kVJ is scalar, the appropriate selection of kVJ 

can be accomplished using root locus techniques. This design is termed the viscous joint 

design because the resulting frictional moment is equivalent to that generated by a rotary, 

viscous damper at the joint. In addition to its ease of design, the viscous joint design is 

also desirable in that joint sticking will not occur since |FN| -> 0 as |6| -> 0. 

Root locus plots for a 3 sine mode per beam model are shown in Figures 4.1 and 

4.2. Due to the different rates of travel of each pole, no single value of kVJ offers 

optimal damping for all the modes. Ferri and Heck in [39] chose kVJ=150 based on a 1 

sine mode per beam model. This proved to be a good value for the 3 mode per beam 

model as well.   The closed loop eigenvalues for this case are shown in Table 4.1. 

Table 4.1   Closed Loop Eigenvalues for Viscous Joint 

C to 

1.0 17.4 

152 26.9 

Oil 79.3 

132 130 

030 222 

098 464 

1.0 1351 
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Simulation data is shown in Figures 4.3 - 4.5 for a pulse disturbance on beam 1. Figure 

4.3 shows the normal force time history, Figure 4.4 the joint angular rate, and Figure 4.5 

shows the total energy in the two beam system. 

4.3 LOR Designs 

An alternative design approach utilizes linear quadratic regulator (LQR) theory. 

A linear model of the two beam system is given in equation (3.14) with the control taken 

to be the frictional moment, Mf, rather than the normal force, FN. The performance index 

is chosen to be 

J = I ftfxT[Q]x +rMf
2dt . (4-6) 

2 Jo -        ~ l 

The Mf which extremizes J and satisfies the state equations is given by 

Mf = "BM
T[S(t)]x/r. (4-7) 

[S(t)] in equation (4.7) is the solution to the following matrix Riccati equation, 

"[S(t)]=[ASL]T[S(t)]+[S(t)][A 

-[S(t)]BMBM
T[S(t)]/r+[Q]. 

SL' (4.8) 

Letting tf -» «> and using the steady state value of [S(t)] gives the suboptimal control 
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Mf = -BM
T[S(oo)]x/r 

M (4.9) 

= -K]x 

where [kj is the steady state gain matrix. Defining Mf as the control variable is 

advantageous because the resulting state equations are linear, however, in the physical 

system FN is the control variable. Substituting equation (4.9) into (3.18) and solving for 

FN gives 

F     - -     l 

PDk( 
xsgn(6) 

(4.10) 

if FN < 0 then FN = 0 

The limiting of FN to values greater than or equal to zero is necessary since the first 

equation in (4.10) does not guarantee that FN > 0. This type of control will be referred 

to as clipped LQR control. Obviously clipping FN is undesirable because it causes the 

control (and state) to deviate from the desired optimal trajectories. The degree to which 

clipping occurs will depend on the selection of [Q] and r in (4.6). Also there is no 

guarantee that sticking will not occur when this design approach is used, a factor which 

is also influenced by the selection of [Q] and r. 

The difficulty in designing LQR controllers is usually in defining a suitable cost 

functional and in obtaining measurements or estimates of the state vector. In this section 

the state vector is assumed available and attention will be given to the selection of J. 
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Since the goal of the control system is to dissipate energy, a suitable performance index 

is 

j = J*o~(T +V) +PMf
2dt, (4-11) 

where T and V represent the total kinetic and total potential energies for the two-beam 

system, respectively. The task is then to choose an appropriate value for p. Since the 

linear system is controllable, any desired level of performance can be achieved by 

allowing p -» 0. Very small values of p, however, will result in very large feedback 

gains. The value of p=0.1 was chosen after some iterative studies. The closed loop 

eigenvalues for this design are shown in Table 4.2. Pulse response data for this design 

is shown in Figures 4.6 - 4.8. In Figure 4.6, clipping of FN is most evident in the period 

Table 4.2  Closed Loop Eigenvalues for Energy Based LQR Design 

CO 

196 22.0 

143 71.5 

092 85.5 

068 194 

078 280 

053 629 
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from 0.034 sec to 0.041 sec. 

Using energy in the performance index has intuitive appeal. Equally appealing is 

using the energy dissipation rate, i.e. minimize 

J =  f°°i-(T + V) + pMf
2 dt . (4-12) 

Jo   dt 

Note that energy dissipation corresponds to d(T+V)/dt < 0. Unfortunately this 

performance index results in a state weighting matrix, [Q], that violates the requirement 

that [Q] be positive semi-definite (see Appendix A for details). 

A third approach for defining J is to use the implicit model following (IMF) 

technique [44].  This technique makes the linear system described by 

i = [ASL]x+BMMf (4-13) 

X = [c]x 

have the desired output dynamics specified by 

1 = [
A

Y]I- 

This is accomplished by defining the performance index as 

J = j~(l - [AY]vJT[Q](i - [AY]yJ - rMf
2 dt . 

(4.14) 

(4.15) 

(4.16) 

The above problem is easily transformed into the standard LQR format by substituting 
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- c i VSL *+£M
Mf 

(4.17) 

and (4.14) into (4.16) and simplifying.   For the two beam system, the desired output 

dynamics were defined as follows, 

w^Lj/2,1) 

w^L^t) 

wt (1^/4,0 

w2 (1^/4,1) 

w2(L2/2, t) 

w2(L2/2, t) 

w2(L2/4,t) 

w2(L2/4,t) 

(4.18) 

[AY; 

0 1 

0 1 

-co2
2  -2C2co2 

0 1 

-co3
2  -2C3CO3 

0 1 

-co4
2 -2£4co4 

(4.19) 
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The midspan and quarterspan displacements are included in y_ to ensure damping of all 

modes. For example, if only midspan deflections are used, the IMF controller will move 

the energy from the first mode to the second mode since the second mode has a node at 

the beam midspan.  Letting 

Ci = C2 = C3 = C4 = 0.4 

CO! = co2 = 80 (4-20) 

co3 = co4 = 30 

defines the output dynamics as a two beam system in which the midspan and quarterspan 

displacements of beam 1 have the dynamics of a second order system with damping £=0.4 

and frequency co=80 rad/sec. Similarly, the midspan and quarterspan displacements of 

beam 2 have the dynamics of a second order system with damping £=0.4 and frequency 

co=30 rad/sec. The desired dynamics were chosen to be close in frequency to each 

beam's fundamental mode. Closed loop eigenvalues for this design with [Q]=[I] and r=l 

are shown in Table 4.3. Pulse response data is shown in Figures 4.9-4.11. Figure 4.9 

shows a higher frequency content for FN (note the well damped high frequency modes 

in Table 4.3).  Several regions of joint lock-up (6=0) are noticeable in Figure 4.10. 

4.4 Comparison of Linear, Constant Gain Joint Controllers 

From a performance perspective, the energy based LQR design is clearly superior 

to the other constant gain controllers considered.   This design dissipates more energy 
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Table 4.3 Closed Loop Eigenvalues for IMF Based LQR Design 

(0 

157 22.4 

443 77.7 

076 82.6 

299 186 

283 239 

672 542 

using less control effort than either the viscous controller or the IMF based LQR 

controller. It was also easy to design this controller since the entire design is 

paramaterized as a function of the scalar p. The drawback of this design is the 

dependence on full state feedback, a topic which will be addressed in later chapters. The 

IMF based LQR controller performed slightly poorer than the energy based design 

(compare Figures 4.8 and 4.11). In addition to dissipating less energy, this controller 

used more control effort (see Figures 4.6 and 4.9). The higher frequency content of FN 

in Figure 4.9 can be traced to the fact that this controller is trying to force the system to 

behave as a low frequency, second order system, thus much control effort is expended in 
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Controlling the high frequency modes. In a fully active system, performance could be 

improved for the IMF based controller by increasing the magnitude of the elements in [Q] 

thus forcing the actual system to perform more like the desired system. For the semi- 

active system, however, increasing [Q] resulted in pronounced clipping of FN and periods 

of joint lock-up which significantly degraded performance. Other choices of the output 

dynamics matrix [AY] were not investigated but may result in improved performance. 

The viscous joint controller dissipated the least amount of energy, clearly implying that 

if only joint damping is present, viscous damping is not optimal. It is possible that 

slightly better energy dissipation could have been obtained with the viscous joint 

controller using the optimal output feedback approach. This technique was not applied 

to the two beam system and is suggested as possible future work. 
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CHAPTER V 

OPTIMAL JOINT CONTROLLER DESIGN 

5.1 Introduction 

The design of the clipped LQR controller deviated from the true optimal solution 

because only steady-state Kaiman gains were used and the FN > 0 constraint was 

incorporated in an ad hoc manner. An alternative approach is to use time varying Kaiman 

gains and to incorporate the appropriate constraints and nonlinearities into the 

optimization problem. This joint controller would be open loop in nature, but it would 

represent the true optimal controller. Although not a candidate for implementation in the 

actual system, the true optimal controller represents a worthwhile benchmark to which 

other designs can be compared. 

The joint controller design problem is similar in structure to the semi-active 

suspension problem. In reference [45], Hrovat et al present a comprehensive treatment 

of the optimal semi-active suspension problem. As discussed in [45], there are two 

approaches to formulating the optimal control problem using semi-active control. In the 

first approach (termed the linear formulation), the model equations are linear and a state- 

control inequality constraint is required to enforce the semi-active nature of the controller. 
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In the second approach (termed the bilinear formulation), the model equations are 

nonlinear and a simple control inequality constraint enforces the semi-active requirement. 

Both approaches are discussed below. 

In both problem formulations, only the sliding joint dynamics have been included. 

Omission of the sticking dynamics from the problem formulation is based on physical 

reasoning. Since the semi-active joint is intended to be an energy dissipating device it 

is likely that the performance indices (J) of interest will be energy related. If the joint 

sticks, no energy is dissipated, causing an increase in J. Conversely, it seems plausible 

that under certain circumstances, locking the joint at strategic times could allow for more 

energy dissipation. An analytical proof as to the existence or exclusion of sticking 

intervals in the optimal response has thus far proved elusive. 

5.2 Linear Formulation 

The general form of the performance index is 

J = <K2L>0|t=tf + j^L(x,M{,t)dt , (5-1) 

where <p(-)is a terminal state penalty function and L(-) is a path dependent penalty 

function. For the problems considered in the joint controller formulation, x(0) and tf are 

specified quantities.   In the linear formulation, the performance index in (5.1) is to be 
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extremized subject to the following path constraints, 

x = VSL 2L+BMMf 
(5.2) 

-Mf6 < 0. (5.3) 

ith As seen in (5.2), the equations of motion are linear. Equation (5.3) is a 0 order state- 

control constraint (zero derivatives are required to make the constraint an explicit function 

of the control). The state-control constraint limits the trajectory of Mf to the unshaded 

regions shown in Figure 5.1. Using the variational approach described in Section 3.10 

of Bryson and Ho [46], the state equations and the inequality constraint are adjoined to 

the path dependent penalty function using Lagrange multipliers to form the Hamiltonian, 

H =L(x,Mf,t) +V ^SL 2L + BM
Mf (-Mf6). (5.4) 

The Lagrange multiplier associated with the state-control constraint is only active when 

the control is on a boundary surface, i.e., 

M 
> 0,      -Mf6 = 0 

= 0,      -Mf6 < 0 

(5.5) 

When the control is not on a boundary surface, the problem reverts to the unconstrained 

optimal control problem.  The Euler-Lagrange equations are 
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,T       3H _ 

dL 
dx -^T ASL + pMf Ce! -Mf6 = 0 

dL 
Ik -*T ASL_ -Mf 6 < 0 

(5.6) 

and the optimality condition is 

9H = 0 = 

3L 

3Mf 

+ XTBM -p6      -Mf6 = 0 
-M 

9L   UTB, 
3Mf 

M -Mf 6 < 0 

(5.7) 

The problem becomes indeterminate, however when the control trajectory lies on 

two of the four constraint surfaces. Consider the case of the control trajectory being on 

either surface 1 or 3 in Figure 5.1. On these surfaces, 6=0 and the state-control constraint 

is satisfied regardless of the value of Mf. Since 6=0 on these constraint surfaces, p drops 

out of the optimality equation and the Mf calculated using (5.7) will violate the 6=0 

requirement. This ambiguity can be resolved by examining the development of the 

necessary conditions for an extremal solution in problems of this type in reference [47]. 

A clear (implicit) assumption in the derivation is 
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9Mf 

(-Mf6) = -Ö#0. (5.8) 

Since 6 will almost certainly cross zero repeatedly, the linear formulation is seen to be 

inappropriate for this problem. 

5.3 Bilinear Formulation 

To circumvent the problems which arise when using the linear formulation, the 

bilinear formulation is used for the semi-active joint controller. In this formulation, the 

performance index is given by (5.1) but the state equations and semi-active control 

constraint are given by 

* =
 [

A
SL]*. 

+ BFsgn(6)FN (5.9) 

FN > 0 , (5-10) 

respectively. Note that the reduction in complexity of the state-control constraint in the 

linear case to a simple control constraint in the bilinear case is accompanied by an 

increase in the complexity of the state equations (from linear to nonlinear). 

Since energy-related performance indices are to be used, quadratic terms will be 

assumed in J. The final time (tf) and initial state (x(0)) are assumed given. The optimal 

control problem is thus to extremize 
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J-Ms^-^VlQfe-'V dt (5.11) 

subject to the following constraints, 

i)£ = [
A

SL]* + BFsgn(6)FN 

ii) FN > 0 

iii) x(0), tf specified 

iv) x(tf) free . 

(5.12) 

To facilitate implementation of the optimization problem in a numerical optimization 

program (to be described below), convert the above "Bolza" type problem to an 

equivalent "Mayer" problem. This is accomplished by adjoining the Lagrangian to the 

state vector. Let 

z = IxT[Qk +jrF^, (5.13) 

and the augmented state vector, xA, be defined as 

±A 
(5.14) 
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The optimization problem is now to extremize 

j = 4*T[sf]*it=tf
+z(if) 

(5.15) 

subject to 

i) 

ASL]2L + BFsgn(6)FN 

ixT[Qk + -LF£ 

ii) FN > 0 

iii) x(0), tf specified 
z(0) = 0 

iv) x(tf), z(tf) free 

(5.16) 

The Hamiltonian is 

H =^T([ASL]2i + BFsgn(6)FN) + XJ^X
T
[Q]X + ^rF*l    (5-17) 

where the influence coefficient terms X and 7^ can be thought of as partitioned subvectors 

of an overall coefficient vector: 
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i*" 
h. 

corresponds to x 

corresponds to z 

(5.18) 

The state equations are piecewise linear. Figure 5.2 illustrates the two possibilities for 

6 changing sign. The only difference in the state equations between regions 1 and 2 is 

a sign change on the control term occurring at \=\. This discontinuity in the state 

equations is treated as an interior point constraint as discussed in Section 3.6 of Bryson 

and Ho [46].  Let 

B1   -BFsgn(6)|t<t. • (5.19) 

The state equations on each side of tx are then 

VSL 

^SL 

x+BFFN     t<ti 

2L-BL
F

N    t>t; 

(5.20) 

The Hamiltonian is 
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H = 

lSL 
X^FJ^   lxT[Q]x+i.rFN

2 

A SL l-^N)+h{j^i^ + JlF^ 

t   <   t: 

t   >   t: 

(5.21) 

The costate dynamics are 

dx      ~ 
VSL + ^X

T
[Q],   

Vt (5-22> 

-u=a® = o, v t. z      9z 
(5.23) 

The costate jumps at t=tj (t- specified by 6=[C6]x=0) are given by 

36 
(5.24) 

Xz(ti-)=Xz(ti+)+^z-^ 

= M0 . 
(5.25) 

where a is a Lagrange multiplier determined so that the 6=0 constraint is met.   The 
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optimality condition defines the optimal control as, 

FN = 

-^Bj, 

h] 
t   <   t: 

—   —F 

h 
t  >   t: 

(5.26) 

Using (5.24), (5.25), and (5.26), it can be shown that 

FN(ti ) = -FN(ti") - 
°[ce]B-F 

A^r 
(5.27) 

The Hamiltonian is related at tf and tj+ as follows 

H(tj") = H(ti) - a 
36 
at 

(5.28) 

In Appendix B the unconstrained linear model formulation is used to prove that a=0. 

Therefore, 

• H is continuous  at switch points; H(tj") = H^"1") 

• X, hi are continuous at switch points 

'    FN(ti+) = -FN(tf) • 

The sign change on FN at the switch points in conjunction with the FN > 0 requirement 

results in the following conclusions, 
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• if FN(tj~) is unconstrained (i.e. positive), then F^t*) will be constrained 

(i.e. FN(t+) = 0) 

• if FtfCV)is constrained, then FN(tj+) will be unconstrained. 

Boundary conditions on the state and costate vectors are 

(5.29) 

x(0) specified        x(tf) free 

z(0) = 0 z(tf) free 

1(0) free A,(tf) = [sf]x(tf) 

Az(0) free Xz(tf) = 1. 

The boundary conditions on X(tf) and A^tf) are found from the transversality condition. 

Equations (5.23) and (5.25) along with the boundary conditions on ^ result in ^=1. 

The optimal control solution involves solving a two point boundary value problem in 

which the normal force is defined by regions of constrained and unconstrained arcs. 

Switching between the unconstrained and constrained arcs occurs at 6=0 crossings. Due 

to the difficulty in solving the nonlinear, discontinuous optimization problem analytically, 

a numerical optimization procedure was used. The optimization routine, BNDSCO [48], 

uses the multiple shooting method [49] to find the optimal switching points, state and 

costate trajectories, and control. 
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5.4 Numerical Optimization Results 

Determining optimal control solutions via numerical methods is often a very 

difficult task. The semi-active joint controller problem proved to be no exception. 

Defining the structure of the optimal control solution and writing the optimization 

software to interface with the BNDSCO optimization routines are significant efforts in 

themselves. Obtaining numerical results proved to be an even greater challenge. 

Convergence was achieved for several cases which will be described below. Even when 

the numerical solution did converge, some questions still remained. 

BNDSCO requires initial estimates of the state, costate, and control time histories. 

The initial estimates were generated using the following procedure: 

(1) Solve the unconstrained optimization problem using the model given in 

(5.2) and the desired performance index. The optimal Mf is given by 

equation (4.7). Simulating the system using the control given by (4.7) 

generates the unconstrained LQ solution. 

(2) Use the time varying Kaiman gains found in the first step to calculate the 

optimal normal force, then limit the normal force to be positive. 

Simulating the system using this strategy generates the clipped LQ 

solution. 

(3) Using the time history of [x] found in step 2, integrate equation (5.22) 

from tf to 0 to get an estimate of the costate. The initial condition for the 
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reverse integration of (5.22) is 

A,(tf) = [Sf]x(tf) . (5-3°) 

The initial estimate for the time history of x and the control are found in step 2 and the 

estimate of the costate is found in step 3. Due to the difficulty of solving the nonlinear 

optimization problem, only one sine mode per beam was used to generate the system 

model. 

The first case considered is one for which t^O.06 sec, and the performance index 

is 

(5.31) J =(T+V)|t=.06 + Jo°
6(T+V) + .lMf

2dt. 

The initial state vector is 

x= [-0.02251   0.   0.007071   0.]T, <532) 

which represents an initial midspan deflection of beam 1 of 10 mm and an initial beam 

1 velocity such that 6=-.l rad/sec. Figures 5.3 and 5.4 show the FN and 6 time histories 

for the 3 types of control (unconstrained LQ, clipped LQ, numerically optimized) 

discussed above. Note the negative normal force in the unconstrained LQ solution. The 

performance index for each case is shown below, 

J = 0.010449 unconstrained LQ 

J = 0.011202 clipped LQ 

J = 0.011237 constrained numerical solution. 
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The performance index for the second case is 

J = (T + V)|t=2 +  f -2(T + V) + .lMf
2 dt , (5-33) 

where tj=0.2 sec. The initial state vector is the same as in case 1. The longer final time 

results in 9 switches as opposed to 3 switches in case 1. Figures 5.5 and 5.6 show the 

FN and 6 time histories for this case. The performance indicies are, 

J = 0.004883 unconstrained LQ 

J = 0.004908 cupped LQ 

J = 0.004911  constrained numerical solution. 

Finally, the performance index for the third case is 

J = (T + V)|t=03 + Jo°
3(T + V) + .lMf

2 dt , (5-34) 

where tf=0.03 sec. The initial state vector is 

x = [0.   0.04051   0.   0.007071 ]T , (535) 

which represents an initial midspan deflection of beam 2 of 10 mm and an initial beam 

2 velocity such that 6=.l rad/sec. Figures 5.7 and 5.8 show the FN and 0 time histories 

for the 3 types of control. The performance index for each case is shown below, 

J = 0.009082 unconstrained LQ 

J = 0.009085 clipped LQ 

J = 0.009085 constrained numerical solution. 
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As expected, the unconstrained solution had the lowest value of J for all three 

cases. However, the constrained numerical solution should have a lower J than the 

clipped LQ solution. The reason for the discrepancy is not clear. Several diagonistic 

checks were made on all of the programs used and the results were unchanged. One 

viable hypothesis is that the clipped LQ solution is very close to the optimal solution and 

the constrained numerical solution is within the accuracy of BNDSCO. In [50], Butsuen 

and Hedrick prove that the clipped LQR solution is the optimal semi-active solution for 

the regulator problem; i.e., for the case where tf=~. Clearly the clipped LQ solution is 

not optimal in the current case but will approach optimality as the final time becomes 

"sufficiently" large and the sensitivity to [Sf] vanishes. Hrovat, et al in [45] obtained 

similar trends in their studies of optimal semi-active suspensions. Their approach to 

finding the optimal solution however, was to use penalty functions to force FN>0 rather 

than to solve the nonlinear optimal control problem directly. 

Despite the anomalies between the clipped LQ solution and the constrained 

numerical solution, it is encouraging that only small penalties in the performance index 

were realized by forcing the joint to be semi-active. In the first case, the constrained 

numerical solution is only 7.5% larger than the unconstrained LQ solution. The 

difference drops to 0.57% for case 2 and to 0.03% for case 3. This is due to an effective 

choice for the performance index, which resulted in minimal enforcement of the semi- 

active nature of the joint. Thus for judicious choices of the performance index, the 

clipped control is approximately optimal. 
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CHAPTER VI 

CONTROL SYSTEM DESIGN AND ANALYSIS 

6.1 Introduction 

Earlier chapters have investigated the design of various joint controller designs for 

dissipating vibrational energy. In this chapter, the design issues which arise when the 

semi-active joint is used in conjunction with an attitude or shape control system are 

investigated. These issues include choosing the control system structure, observer design, 

and performance assessment measures. 

6. 2 Control System Structure 

Consider the two beam system shown in Figure 6.1. The center joint is a semi- 

active friction joint. The two forces F1 and F2 shown in Figure 6.1 are control inputs for 

an attitude or shape controller (F: and F2 were used as disturbance inputs in the joint 

controller design studies) and the joint normal force FN is the control input for the joint 

controller. The four disturbance inputs are denoted as Di? i=1...4. The three measurement 

variables include 6 (joint angular rate) and et and e2 (beam 1 and beam 2 strain 
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measurements). For example, if the two beam structure were part of an LSS, the force 

inputs Fj and F2 could be used for attitude control of the structure. Superimposed on the 

attitude control commands would be vibration suppression commands. Assuming that the 

two tasks can be separated during the controller design allows the vibration control 

problem to be considered as a separate design problem. Thus we are interested in 

defining Fj, F2, and FN to provide the maximum vibration suppression possible. 

The design of control systems is not a rigorously defined procedure. 

Consideration must be given to the structure of a control system in addition to the 

methodology which will be used to design a particular compensator. Two control 

structures will be investigated herein. The first control structure is shown in Figure 6.2 

where N denotes additive noise that contaminates sensory measurements y_. The 

motivation for this design is to segregate the control system into two smaller subsystems, 

a joint controller and a shape controller. The joint controller will define the normal force 

at the frictional interface (FN) and the shape controller will define the attitude/shape 

controller forces (Fv F2). This design approach is similar to the inner-to-outer loop 

design process prevalent in single input single output (SISO) control system design. The 

joint controller is designed first, without any explicit regard to the fact that an additional 

controller will be designed around it. "Without any explicit regard" denotes the fact that 

there are no mathematical or formal restrictions imposed on the design of the joint 

controller by the subsequent addition of the shape controller. In reality however, the joint 

controller must be designed to augment the function of the shape controller. 
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Due to its simplicity, ease of design, and output feedback structure, the viscous 

joint controller is an appealing choice for the joint controller in the segregated design 

approach.  The normal force is defined as 

FN = kVT 16 I , (6.1) 

which gives the following equations of motion once the joint controller is implemented, 

x = AVJ X   + h. F + 'v D , (6.2) 

where 

^VJ VSL + kGuDkVJB M 
ce (6.3) 

The function of the shape controller is to define F given the two beam system and 

viscous joint controller. Since the semi-active plant is linear, LQR design techniques are 

appropriate for designing the shape controller. Based on the desire to dissipate vibrational 

energy, the following performance index is chosen: 

J = L°°PE(T+V) +-T- dt (6.4) 

where T and V are the total kinetic and potential energies in the two beam system and 

pE is a weighting term. F is determined such that J is minimized subject to (6.2) (with 

D = 0) and 
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F = -[k]x. 
(6.5) 

The above design procedure has two "degrees of freedom". The viscous joint controller 

is defined by the viscous gain kVJ and the shape controller by the energy weighting 

parameter pE. This design is termed the VIEW (viscous joint - energy weighting) design. 

Before discussing the second control structure a few comments about the about 

the VJEW design are in order.   Typically the separation principle is invoked to allow 

separate design of the feedback controller and the state estimator (or observer).  Strictly 

speaking,  this is not appropriate here  since the plant is infinite  order and the 

controller/observer will be a low order approximation. Optimal projection theory [51] can 

effectively handle this type of constrained optimization problem. However, designing the 

controller and observer in two separate (unrelated) steps is appropriate as long as the 

reduced order controller/observer pair is evaluated using a high order system model. This 

will ensure that spillover effects will not be lost.  The motivation for investigating the 

VJEW structure relates to controller portability and expected system robustness.  In an 

LSS it would be desirable if the joint controller could be designed without specific 

knowledge of its placement within the structure. If this were the case, the joint controller 

would be considered portable. Since the joint controller uses 6 feedback, no observer is 

necessary (assuming that the joint angular velocity is a measured quantity).   The joint 

controller consists of a viscous gain (kVJ) which causes the friction device to emulate a 

rotary viscous damper. The plant to be controlled by the shape controller consists of the 
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beam system with the semi-active joint. Whereas the joint controller was designed to 

control a system with zero damping, the shape controller controls a plant with damping 

(added by the joint controller). The two beam system is fully controllable from F so 

performance is not a direct issue regardless of the inclusion of the joint controller. 

However, the shape controller needs an observer to supply it with estimates of the state. 

The observer must now model a system with damping, which should improve system 

robustness. 

The second control structure to be investigated is shown in Figure 6.3. This 

controller integrates the joint and shape controllers into one control system. Using LQR 

design techniques, the performance index is defined as 

J = J0°° (T + V) + pFFTF + pMMf
2 dt , (6.6) 

where pF and pM are control effort weighting parameters.  The control variables, F and 

Mf are determined such that J is minimized subject to 

x = VSL x +[Bp]F+BMMf, (6.7) 

(with D = 0) and 

F 
= -Mx 

(6.8) 

As in the VJEW design, there are two parameters (pF, pM) which determine the controller 
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design. This design will be referred to as the EW design. There are several reasons why 

this design approach is attractive. If the true performance goal of the controller can be 

accurately described using a quadratic performance index, then the integrated design using 

the LQR technique will yield the best constant gain controller. The main drawback of 

this approach is portability. This design couples Mf to F to the extent necessary in 

minimizing the performance index. This precludes the concept of an intelligent joint (a 

stand-alone, semi-active joint which can be placed at will in an LSS). Also, since Mf is 

defined from the state vector x, there is no guarantee that the desired Mf will be of the 

same sign as 6. Mf and 6 being opposite in polarity implies FN<0 which is physically 

impossible. Control clipping may therefore be necessary and actual performance will be 

degraded. 

6.3 Observer Design 

Design techniques based on LQR theory assume the state vector is available from 

either direct measurements or from an observer. In most physical systems, all the state 

variables are not available for measurement, thus observers are required. The use of 

observers is unavoidable when designing reduced order, state feedback compensators as 

in the present case. As mentioned previously, using finite order observers in control 

systems for infinite order plants can result in instabilities caused by observer spillover [5]. 

Observer spillover occurs when some of the energy in the uncontrolled/unobserved modes 
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is attributed to the observed modes by the observer. 

The first task in observer design is to identify a set of measurement variables. The 

system should be observable from these measurements. It can be shown that the system 

is observable from the following measurement set, 

I = [6e1e2]
T , (6.9) 

where e2 is the strain on beam 1 at xx = 0.751^ and e2 is the strain on beam 2 at x2 

0.25L2 (see Figure 6.1).  The observer equations are given by 

x° = A°]x° +[B°]U +[L°](I-I°), 
(6.10) 

where the "o" superscript refers to observer parameters. The control u is given by 

u = -[k]x° , (6.11) 

where [k] is the feedback gain matrix.  The observer based output vector is 

L°=[C° x°, 
(6.12) 

where [C°] is the observer output matrix.  Substituting (6.11) and (6.12) into (6.10) and 

simplifying gives 

x° = °]-[B0][k]-[L0][c0]]x° +[L°]V_. 
(6.13) 

The feedback gain matrix, [k], is defined during the controller design. The plant, input, 

100 



and output matrices, [A0], [B°], [C°], are defined by choosing the number of modes to 

model per beam and by choosing appropriate mode shapes. The observer gain matrix, 

[L°], is the final observer parameter to define. A common approach for choosing [L°] 

which has intuitive appeal is to use a pole placement technique and define [L°] so that 

the observer eigenvalues are "sufficiently" faster than the plant eigenvalues [52]. This 

approach however, was shown to have unsatisfactory system robustness properties [53,54]. 

Loop transfer recovery (LTR) techniques have been developed to define [L°] such that 

some (or all) of the robustness properties of a system with LQR based full state feedback 

can be recovered. In [53], Doyle and Stein describe a recovery procedure in which [L°] 

is determined by designing a Kaiman Bucy Filter (KBF) for the system (A°,B°,C°) with 

input and measurement covariances given respectively by 

[Q] = ^MM
T ^ 

[R]-[I]. (6-15) 

As q -» oo, the system with the observer based feedback recovers all of the robustness 

properties of the system with full state feedback. An important caveat to the LTR 

procedure is that this technique is only valid in the limit (q=°°) for minimum phase plants 

because some of the observer error dynamics eigenvalues migrate to the transmission 

zeros of the plant as q -> °°. Stein and Athans [55] discuss some of the implications of 

using this LTR procedure on nonminimum phase plants.   In this case, loop transfer 
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recover can only be improved over a given frequency range with a corresponding 

degradation elsewhere. Even if full recovery is not achievable, as in the case for 

nonminimum phase plants, the technique is valid for partial loop recovery. Indeed 

because LTR often results in poor measurement noise rejection, partial LTR which aims 

at making a compromise with measurement noise attenuation is usually desirable [56]. 

In [57], Turan and Goodwin relax the requirement that the observer be unbiased and 

develop LTR techniques for biased observers. (An observer is unbiased if in the absence 

of modeling errors and noise, and for any input signal, the expected value of the state 

estimate converges to the expected value of the true state.) These techniques include 

asymptotic LQG methods as discussed above and frequency domain methods which 

involve minimizing an H°° norm. 

Regardless of the technique used for achieving LTR, there is a caveat which must 

not be ignored when designing an observer for use in a flexible structure control system. 

The controller and observer must necessarily be of lower order than the actual plant. The 

natural inclination is to assess LTR using the low order approximation and then check for 

stability when implementing the low order control system with the high order plant (for 

example, see [58]). However, as will be shown later, good LTR in the reduced order 

system does not always indicate the same in the high order system. Contrary to the case 

in which the observer is full order, better robustness for reduced order observers may be 

achieved by decreasing the input covariance factor q. 
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6.4 SVD Analysis 

The primary objective of the two-beam control system is to provide flexural 

vibration control. There are many control system designs that can provide this. However, 

the primary objective of vibration control is augmented by secondary considerations such 

as noise rejection and robustness. Systems which perform equally well under nominal 

conditions often show large differences under non-ideal conditions. To help assess these 

secondary design issues, additional performance criteria are needed. For multi-input- 

multi-output (MIMO) control systems, frequency domain techniques utilizing singular 

values are particularly appealing. There are many references for singular value analysis, 

one of the most notable being [59]. The analysis in this paper will follow that developed 

by Safanov et al in [60]. Four control system properties will be investigated using 

singular values; disturbance rejection, sensor noise rejection, disturbance rejection 

sensitivity to plant variations, and MMO gain and phase margins. 

Consider the system shown in Figure 6.4. Let the output y_ be composed of two 

components, one due to D and one due to N, 

I = ID 
+ IN • (6-16) 

Since y_ is given by 
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i = [i + GH]
_1

[GP]D - [i + GH]
_1

[GH]N , (6-17) 

the disturbance and noise components are 

XD^I+GHHGPJD (6-18) 

^--[i+GH^GHlN. (6-19) 

The output sensitivity and complimentary sensitivity matrices (derived from the return 

difference matrix with the loop broken at the plant output) are 

-l (6.20) [So] =[l + GH] 

[To]*[l]-[So] (6.21) 
= [i + GH]

_1
[GH] . 

In terms of [So] and [To], the disturbance and noise components are 

XD = [SOGP]D (6.22) 

IN--[To]N. (6.23) 

The sensitivity of a feedback control system has to do with the effects that variations in 

the plant have on other system variables.   Of special interest is the effect of plant 
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variations on the disturbance rejection properties. From Theorem 1 in [60] we have the 

following result: 

If the actual plant is given by 

where [G0] represents the nominal system and [I + AG]"1 is a multiplicative 

uncertainty element, then y_D is 

*D = I + So0AG -1 (6.25) 
J-Do ' 

In (6.25) [So0] and y_Do are nominal values given by 

>o0]=[l.G0H]-' <«« 

LDo 
I.^H]"

1
^?^. (6-27> 

The representation of uncertainty in (6.24) is the inverse output multiplicative form. The 

types of uncertainty represented by this form are discussed by Postlethwaite and Foo in 

[61]. All types of uncertainties which occur at the plant output are described by this 

representation, but uncertainties which occur at other points in the loop may not be able 

to be reflected to the plant output. (The number of plant outputs must be greater than or 

equal to the number of plant inputs for this property to be true.) 
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From (6.22), (6.23), and (6.25), the following qualitative assessments can be made, 

i)        as  [SoGP]   becomes  smaller,  disturbance rejection properties 

improve 

ii)        as [To] becomes smaller, noise rejection properties improve 

iii)      as [So] becomes smaller, disturbance rejection properties become 

less sensitive to plant variations. 

The appropriate measure of smallness for MIMO systems is the maximum singular value 

of the respective system matrix. 

In SISO systems, common measures of control system robustness are gain and 

phase margins. MMO generalizations of these measures are derived in [62] and shown 

graphically in [63]. The gain and phase margins are found by inserting an uncertainty 

element [U] into the loop at the input to the plant.  Elements of [U] are given by 

[u] =diag kne^ (6.28) 

Margins are defined by finding the k^ and (j)n (gain and phase errors) which cause 

instability in the closed loop system.  They are 

GM = 201og10 L_ db (6.29) 10 1 ± a 

107 



PM = ±cos" 1 - a (6.30) 

where 

a = min JcWl+HGJ] (6.31) 

The interpretation of the gain margins is that simultaneously in each loop of the feedback 

system there is a guaranteed gain margin specified by (6.29). Also, simultaneously in 

each loop there is a phase margin given by (6.30). This does not mean (just as in the 

SISO case) that gains and phases may vary simultaneously. 

To assess the disturbance rejection, noise rejection, and robustness measures 

derived above, the VJEW and the EW controller designs must be represented as shown 

in Figure 6.4. Figures 6.5 and 6.6 show the two control systems. From Figure 6.5, the 

parameters for the VJEW system are 

[G]=[C][SI-A]-'[B] (6.32) 

[H] -kG uD kVJ 

[0]4x2 r          1 

°-6 
1 

[ioo] + [l]2x2 W si - Av°j M 
[0]lx2 

(6.33) 
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[p]. [^4x4 

[0]3x4 

(6.34) 

where 

[Bi- ßt •V[BD; 
(6.35) 

and [C] is the output matrix for the outputs given in (6.9). 

For the EW system, 

[H] = [0]4x3 

[l]3x3 
[kjIsI-A0]"1^0 (6.36) 

with [G] and [P] given by (6.32) and (6.34), respectively. 

6.5 Analysis Results 

Controller design studies were completed to find values for kVJ and pE (VJEW 

design) and pF and pM (EW design). In order to assess which design is "best"; realistic, 

physical performance measures were identified. It is desirable to remove as much energy 

as possible from the two beam system using as little control effort (energy) as possible. 

Additionally, the bandwidth of the shape controllers should be as low as possible. A 

pulse disturbance force of 25 Newtons was applied to beam 1 or beam 2 for 0.01 seconds. 

The flexural energy in the two beam system at 0.1 seconds was used as a measure of the 
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energy dissipation capability of each design. The measure of control effort is 

EF = Lai(FixVi)2 + (F2^2)2dt' (6,37) 

where Wj and w2 are the beam velocities at the actuator locations. Minimizing EF will 

minimize control effort and controller bandwidth. Figures 6.7 and 6.8 show VJEW design 

results for various values of kVJ and pE for a pulse disturbance on beam 1 and beam 2, 

respectively. Each curve is generated by choosing a value of kVJ and then varying pE. 

As expected, as pE increases more vibrational energy is dissipated but at the expense of 

control effort. If the pulse is on beam 1, kVJ = 40, pE = 80 appears best, while kVJ = 80, 

pE = 40 is best if the pulse is on beam 2. The best design is the one which comes closest 

to the origin. (This assumes minimizing flexural energy and control energy are of equal 

value.) An interesting observation is that the optimal value of kVJ depends on which 

beam is disturbed. Beam 1 is the shorter beam and has higher natural frequencies. If the 

disturbance is on beam 1 it is desirable to retain more of the energy in beam 1 since it 

can be dissipated more quickly than in beam 2. Conversely if beam 2 is disturbed, it is 

desirable to transfer more of the energy to beam 1 (i.e., use higher kVJ). This argument 

doesn't hold for limiting values of kVJ (kVJ = 0 or kVJ = <») since for either case the joint 

dissipates no energy and energy dissipated by the joint is "free" (neither FN or Mf appear 

in the control energy measure). A root locus of the two beam system for varying kVJ did 

not indicate any special significance to the values of 40 or 80, thus the simulation studies 

appear to be the only way to determine the optimal values.  The flexural energy versus 
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EF plot for the EW design with the pulse disturbance on beam 1 is shown in Figure 6.9. 

(It should be noted that Figure 6.9 is obtained using the simulated performance of the 

closed-loop system. Since the EW design is based on the "linear plant" with Mj as an 

input, control clipping was enforced when necessary.) For this case the curves tend to 

asymptotically approach the origin as pM decreases. For decreasing values of pF, more 

energy is dissipated but at the expense of control effort. A good choice for pM and pF 

is 1/32 and 1/80, respectively. When the pulse was applied to beam 2, similar trends 

were observed indicating that the EW design is not sensitive to the location of the 

disturbance as is the VJEW design. 

The controller design studies identified three candidate designs, 

VJEW Design 1:       kVJ = 40, pE = 80 

VJEW Design 2:       kVJ = 80, pE = 40 

EW Design: pM = 1/32, pF = 1/80. 

All three designs require an observer since full state feedback is not available. To ensure 

that spillover effects are not neglected, low-order observer/controller pairs will be 

evaluated using a higher order plant. The controller and observer are based on a 2 mode 

per beam model while the plant is based on a 4 mode model for beam 1 and a 6 mode 

model for beam 2. Thus the controller is 8& order and the plant is 20^ order. The LTR 

method of Doyle and Stein parameterizes the observer gain matrix in terms of the 

parameter q (see equation (6.14)). Once q is defined, [L°] can be determined. Regardless 

of the fact that an observer is present, the primary goal of the control system is still to 
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remove as much flexural energy as possible while expending as little control effort as 

possible, thus the energy versus EF plots are still appropriate. Figures 6.10 and 6.11 show 

the performance of each design for various values of q. The value of q = 1000 gives the 

best performance in all cases. In all three designs, the closed loop system is unstable for 

q=10000. This is clearly a result of observer spillover. 

The singular value plots for disturbance rejection, noise rejection, and disturbance 

rejection sensitivity to plant uncertainty are shown in Figures 6.12, 6.13, and 6.14, for 

each design with q = 1000. These plots do not indicate that one design has any distinct 

advantage over another. The gain and phase margin data is given in Table 6.1. This 

table shows a surprising and somewhat counter-intuitive result. The EW design has 

higher gain and phase margins than the VJEW designs for q = 1000. This contradicts the 

belief that the VJEW design would be more robust due to the viscous joint.  The error 

Table 6.1  Gain and Phase Margin Data 

VJEW Design 1 VJEW Design 2 EW Design 

q GM PM GM PM GM                PM 

l -5.2,15. ±49. -4.8,12. ±43. -2.5,3.6            ±20 

10 -3.2,5.2 ±26. -3.5,6.0 ±29. -3.2,5.2            ±26 

100 -2.5,3.6 ±20. -3.5,5.8 ±28. -4.0,7.5            ±34 

1000 -0.8,0.9 ±5.7 -1.8,2.3 ±13. -2.9,4.4            ±23 

10,000 unstable unstable unstable 

GM = Gain Margin (db) PM = Phase Margin (deg) 
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in the assumption that the viscous joint would improve robustness by adding structural 

damping is due to the oversight that gain and phase errors are possible in the joint 

controller loop. If purely passive means were used to add damping then gain and phase 

errors would only be present in the shape controller loop and robustness would be 

improved. Also evident in the gain and phase margin data is the fact that higher values 

of q do not improve robustness when using reduced order controllers. 

The motivating ideas for investigating the VJEW designs were to allow the joint 

controller to be portable and to improve system robustness. These expected advantages 

did not materialize. The choice of kVJ could not be made prior to implementing the 

shape controller because no physical significance could be attributed to the optimal 

values. Furthermore, the optimal value depended on which beam was disturbed. 

Robustness of the VJEW design also proved to be less than expected. The initial 

expectations of improved robustness failed to consider the effect of uncertainty in the 

joint controller loop and its effect on total system performance. Based on this study, the 

EW design appears to be the best control design strategy from the perspective of stability 

robustness. A careful inspection of Figures 6.12 - 6.14 suggests that the VJEW design 

#2 has slightly better performance than either the VJEW design #1 or the EW design 

from the perspective of disturbance rejection, insensitivity to noise, and insensitivity to 

plant uncertanties. 
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CHAPTER VH 

ADAPTIVE VJEW CONTROL SYSTEM DESIGN 

7.1 Introduction 

Earlier VJEW controller design studies indicate that the desired value of the 

viscous joint parameter, kVJ, is influenced by the location of the disturbance input. Two 

VJEW designs were designed and analyzed since one design was not deemed superior to 

the other. In this chapter the choice of kVJ will once again be addressed. However, the 

motivation is to determine a physical understanding of the role of kVJ and based on this 

understanding to develop a single VJEW controller which has desirable performance 

properties.  Using the physical insights, a design procedure will also be recommended. 

7.2 Physical Interpretation of VJEW Performance Data 

The performance index used in evaluating the various control systems was the 

energy in the two beam system at t=0.1 seconds. Figure 7.1 shows the final energy as 

a function of kVJ for the VJEW design with pE=80. (The same trends are evident for 

other values of pE as well.) For each value of kVJ, an energy based cost functional was 
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minimized to define the feedback gain matrix [k]. From the curves in Figure 7.1 the 

energy reaches a minimum at kVJ=40 for a beam 1 disturbance and at kVJ=80 for a beam 

2 disturbance. (This data was generated using a 3 sine mode per beam model with full 

state feedback.) What is the significance of kVJ=40 and kVJ=80? Will the minimums 

vary as the nature of the disturbance changes? To answer these questions more 

information is needed. 

Figures 4.1 and 4.2 in chapter 4 show the root locus of the two-beam system with 

the viscous joint alone. The input for the SISO system is Mf and the output is 6. The 

values of 40 and 80 do not appear to have any physical significance in this case. This 

implies that the value of kVJ must be selected in conjunction with the shape controller. 

Table 7.1 contains eigenvalue data for the two beam system with the joint and shape 

controller active. The eigenvalues shown are classified according to whether they 

emanate (at kVJ=0) from the fundamental mode of beam 1 or 2. (For reference, the open 

loop eigenvalues of the two beam system are given in Table 7.2.) The parameter T| in 

Table 7.1 represents the magnitude of the decay envelope curve at t=.l seconds for the 

associated eigenvalue. The physical significance of kVJ=40 and 80 is now evident. 

Choosing kVJ=40 corresponds to maximum damping of the fundamental mode of beam 

1. Additionally, the decay parameter is minimum at this point for beam 1. Since the 

pulse disturbance will transmit most of its energy into the first mode, maximizing first 

mode damping provides best performance. Similarly, kVJ=80 represents peak damping 

for the first mode of beam 2. However, the decay parameter is slightly lower at kVJ=160 
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Table 7.1  Eigenvalue Data for VJEW Design 

Beam 1 Beam 2 
Fundamental Mode Fundamental Mode 

kVJ [£/©]                  Ti =e-.iCco [OT Tl=e--^co 

5 [.144 / 70.6] .362 [.318 / 22.7] .486 
10 [.151/70.8] .343 [.320 / 22.7] .484 

20 [.177/71.7] .281 [.324 / 22.8] .478 

40 [.272 / 79.5] .115 [.342 / 23.2] .452 

80 [.141 / 80.1] .323 [.386 / 24.9] .382 

160 [.134 / 80.0] .342 [.346 / 28.7] .370 

320 [.132 / 80.0] .348 [.294 / 29.7] .418 

640 [.132 / 80.0] .348 [.278 / 29.9] .436 

Table 7.2 Beam Natural Frequencies 

Beam 1 Beam 2 
ode co (r/s) co (r/s) 

1 69.79 21.54 
2 279.2 86.16 
3 628.1 193.9 
4 1117. 344.6 
5 1745. 538.5 
6 2512. 775.4 
7 3420. 1055. 
8 4467. 1379. 
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(the lower damping was offset by a higher frequency). It should be noted that other types 

of disturbances may require maximizing damping in other modes. If the disturbance 

transfers most of its energy into a given mode, then damping for that mode should be 

maximized. If the disturbance transfers energy into several modes then all of those modes 

should be considered. However, for most conventional structures, the lowest mode for 

each subsystem should be the most important one. 

7.3 Nonlinear V.TEW Design 

The problem facing the control system designer at this point is a common one. 

Valid design approaches are: 

1. Choose kVJ=40 or kVJ=80 to maximize performance for the most 

likely case and accept the performance degradation in the less 

likely case. 

2. Choose kVJ=60 to achieve middle of the road performance. 

3. Design an adaptive control system to vary kVJ to achieve optimum 

performance. 

Depending on the particular circumstances, any of the approaches may be 

appropriate. The third approach, if feasible, may not require advanced knowledge of the 

location of the disturbance to achieve the desired performance. To be feasible, a suitable 

means of varying kVJ must be defined. No "rigorous" mathematical tools for doing this, 
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for example, fuzzy logic, were explored in this research. Adaptive designs of this type 

usually rely on the designer's experience and physical understanding of the problem. One 

approach for choosing kVJ is discussed below. 

In the VJEW design process, a feedback gain matrix [k] is determined via LQR 

techniques after kVJ is defined. In a real time controller, it is not desirable to solve the 

algebraic Riccati equation in real time as kVJ is varied. Since the expected values of kVJ 

are between 40 and 80, [k] will be defined using kVJ=60 (and pE=80) and subsequently 

held constant. Table 7.3 shows the eigenvalues of the fundamental mode for each beam 

as kVJ is varied, holding [k] fixed. Figure 7.2 shows final energy data versus kVJ. The 

same trends are evident as before, the value of kVJ which maximizes damping in the 

disturbed beam's fundamental mode also minimizes final energy. An additional case in 

which a pulse disturbance is simultaneously imparted to both beams is shown in the 

figure. The minimum for this case expectedly occurs at kVJ=60. Table 7.4 contains 

numerical values of the energy for several values of kVJ. 

Designing an adaptive system to achieve optimum performance hinges on 

identifying the means by which kVJ should vary. The data in Table 7.3 and Figure 7.2 

suggests that kVJ should be based upon the location of the disturbance, more specifically, 

the value of kVJ should be based on where the bulk of the system energy is initially 

located. If the disturbance is on beam 1, then most of the system energy is in beam 1, 

thus choose kVJ to give best energy dissipation for beam 1. Similarly for beam 2. Figure 

7.3 shows a variation of kVJ based upon the percentage of total energy in beam 1. When 
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Table 7.3  Eigenvalue Data for VJE^ I Design with rixed LKJ 

Beam 1 Beam 2 
Fundamental Mode Fundamental Mode 

kVJ [£/co]                  11 =e-lCco KA*>]                1 =e-Jl=ÜJ 

5 [.104 / 70.9] .478 [.251 / 22.9] .563 

10 [.126 / 70.8] .410 [.262 / 22.9] .549 

20 [.170/71.5] .297 [.283 / 22.9] .523 

40 [.273 / 78.9] .116 [.325 / 23.2] .470 

80 [.140 / 80.0] .326 [.396 / 24.9] .373 

160 [.129 / 79.8] .357 [.354 / 28.8] .361 

320 [.124 / 79.7] .372 [.280 / 29.5] .438 

640 [.122 / 79.7] .378 [.244 / 29.5] .487 

Table 7.4 Final Energy Data for Constant kVJ Design 

kVJ 

Disturbance 
on Beam(s) (T+V)|t=J 

20 1 .009016 
20 2 .03609 
20 1 &2 .05750 
40 1 .005544* 
40 2 .02827 
40 1 &2 .04452 
60 1 .005879 
60 2 .02630 
60 1 &2 .04212* 
80 1 .006994 
80 2 .02592* 
80 1 &2 .04303 
160 1 .01245 
160 2 .02817 
160 1 &2 .05159 

"*" denotes minimum value 
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this percentage is 0, all of the energy is in beam 2 and kVJ=kVJH. If all of the energy is 

in beam 1, then the percentage is 100 and kVJ=kVJL. Table 7.5 shows simulation results 

using various values of kVJL and kVJH. Note that the kVJL=40 and kVJH=80 design has 

approximately equal or slightly better performance than the corresponding best case 

constant kVJ design for each disturbance input (see Table 7.4). Figures 7.4 - 7.6 show 

the energy time history plots for the three disturbance inputs and Figure 7.7 shows the 

time history of kVJ for all three cases. 

Since state feedback is necessary for the attitude/shape controller an observer will 

be present. The observer states can be used to estimate system energy. This adaptive 

design is simple to implement and results in performance superior to any of the constant 

Table 7.5  Final Energy Data for Adaptive kVJ Design 

Disturbance 
kVJL kVJH 

80 

on Beam(s) (T+V)|t=. 

20 1 .006918 

20 80 2 .02597 

20 80 1 &2 .04225 

20 160 1 .005286 

20 160 2 .02610 

20 160 1 &2 .04450 

40 80 1 .005402 

40 80 2 .02593 

40 80 1 &2 .04211 

40 160 1 .006533 

40 160 2 .02630 

40 160 1 &2 .04545 
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kyj designs.  The superior performance is expected for all disturbances which transmit 

most of their energy into the fundamental mode of one or both beams. 

7.4 Design Procedure 

Control system design can rarely be described in terms of rigid procedures and 

design steps. The design process involves creativity and physical insight as well as the 

application of mathematical principles and tools and is highly iterative for large, realistic 

systems.  The steps used in the VIEW control system design are summarized below. 

1.        Identify the Performance Goals 

The primary goal of the control system is to remove vibrational 

energy from the two beam system using the least amount of input 

energy. The performance measures were thus defined to be, 

Energy = (T +V)|t=1 (7-1) 

EF = /^(F^)2 +(F2w2)
2dt. (7-2) 

These measures are to be minimized for thruster type inputs (i.e. 

pulse disturbances) to either beam. 
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2.        Identify Control System Design Methodology 

For the VJEW architecture the joint controller is defined by 

FN - kyj 1*1 • (73) 

The shape controller forces are determined via LQR theory. LQR 

design techniques are particularly attractive since they allow system 

energy and a form of control power to be directly minimized. The 

cost functional is defined as 

J = J*0~PE(T +V) +(F1
2+F2

2)dt. (7.4) 

3. Perform Parametric Study of kVJ, pE 

Using the nonlinear simulation, performance data can be generated 

for various combinations of kVJ and pE. Assuming the beams are 

not identical will result in different values of kVJ and pE (which 

simultaneously minimize energy and power) for different input 

locations. 

4. Investigate Adaptive Controller Design 

To improve performance for a variety of inputs, look for the 

underlying physical reasons for optimum performance.   For the 
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system studied here, this was identified as maximizing first mode 

damping in the beam with the most energy. Other simplifications 

which proved beneficial (in terms of implementation in a real time 

system) were to fix the feedback gains using averaged or mid-range 

values of kVJ and pE and to require that kVJ vary as a function of 

parameters currently available. 

5.        Design State Observer 

The loop transfer recovery (LTR) technique of Doyle and Stein was 

used to design the observer.  This conveniently parameterizes the 

observer gain matrix in terms of a scalar, q. Lacking measurement 

error data  allowed  q to  be  chosen purely  on  the  basis  of 

minimizing the energy. 

The above design steps are certainly not intended to be all-inclusive.   Accurate 

knowledge of error sources, actuator dynamics, real time computer limitations, and the 

like will require other compromises in the design process.  Desrfite their simplicity, the 

above steps are useful in identifying some performance indices and design procedures 

which may be applicable in many control systems designed to control flexural vibrations. 
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CHAPTER Vm 

FREE-FREE BEAM SYSTEM 

8.1 Introduction 

The pinned-pinned beam system can be viewed as a sub-structure of a large built- 

up truss structure. Another type of system relevant to space structures is the free floating 

beam system shown in Figure 8.1. In the free floating (or free-free) system, the two 

beams are connected by a pin joint but are otherwise unconstrained. At the pin is a rotary 

spring and a semi-active joint. The rotary spring is necessary to keep the two beams from 

coming to rest in a nonaligned position. The semi-active joint is intended to be an energy 

dissipation / vibration control device. Also present are two actuators for attitude and 

position control. 

In this chapter, the ability of the semi-active joint to remove vibrational energy 

from the free-free beam system is investigated. Since a spring is necessary at the joint, 

the effect of varying spring stiffness on the joint controller design is also included. 

Controllability issues are discussed since system motion which does not result in relative 

motion at the joint is not controllable from the joint moment. 
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8.2 Free-Free Beam System Model 

The free-free beam system is shown in Figure 8.1. Motion of the beams consists 

of rigid body translational and rotational modes and flexural vibration modes. The 

assumed modes method is used to derive the equations of motion. The generalized 

coordinates are 

ä = { xP yP Vi ¥2 Tin ^12 - "HiNx ^21 ^22 - ^ }T (8>1) 

where xp and yp are pin displacements, x^ is the rigid body rotation angle of beam 1, \\r2 

is the rigid body rotation angle of beam 2 relative to \|/l5 and r\^ is the j modal 

amplitude of the i* beam. The flexural displacement of each beam is given by 

(8.2) 
ijvi; 'lijv 

j-l 

wi(xi't) =E 4»ij(Xi) Tlij(t) ,   i = 1.2 

where fyj is the normalized mode shape function. The kinetic energy and potential 

energies are shown in equations (8.3) and (8.4) on the following page. (The ' notation 

is used to denote differentiation with respect to xl or x2.) 

Based on the kinetic and potential energy of the system as well as the system 

virtual work, 4+N2+N2 equations of motion can be obtained and are given in equations 

(8.5) - (8.10). 
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piAi rLi T = Pl   * f Ll ([xp - w^x^sinvj +\|f1(L1-x1)siny1 

+ [ y p + w^x^t) cosy x - i|f j (Lx - xj) cos \|fx ]   ] dxx 

P2A2 f k 
f ^ ( [*P - w2(x2't)sin (Vi +¥2) 

- (Vi + ty2)x2sin(y1 + \|/2) 

yp + w2(x2,t) cos (Vj +Y2) 

+ (Vl +y2)x2COS(Vl +V2)]
2 ) dx2 ' 

(83) 

V = ^J"„L'h'W) 
dxo 

+ _Lk SP ^2 + w2(x2,t) - w/Cx^t) 
x2=0 xl=Ll 

(8.4) 

144 



p1A1L1+p2A2L2 xp + PlAlLl2   • P2A2L2     • 

p2 A2 L2    , 
sinCY! +V2) 

2 

Ni 

?2 +E 
j-i 

sinxj/j sinCVi +\|/2) Yi 

-pjA^iny^ ^ijdxj *1] 

N2 + E -p2 A2 sinCY! + ¥2) X^ <t>2j dx2 % 

N, 

"Pi Ai ¥1 cos¥i E *lij j[Ll 4>ij UAi 2 

pi Ai Li        7 
;dx! + ¥1 cos¥i 

j=i 

p A L 
- 2  ^   2  (¥1 +¥2)

2cos(\|/1 + y2) 

N2 

- p2A2(\j/1 +¥2)cos(\(/1 +\|/2)E ^j j[ 2<t>2jdx2 

-sinxj/j Fl + -sinCv! +\j/2) (8.5) 
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yp p1A1L1+p2A2L2 yP 

p.AiL,2 P2A2L2 / N 
Vi 

p2 A2 L2 
.cos(\if1+V2) 

N, 
PJA^OSVJJ^ ^ijdxj tli 

N2 

+ E p2A2cos(\|f1+\|f2)j[ 2 ^2j dx2 % 

Nl 

"Pi Aj xj/! sinx}/! i; Tiij j[Ll (() 
j=l 

,-dxi  +  lj     l 2 
PlAlLl    •  2 • 

(8.6) 

P2   2   2   (\|fx + \j/2)
2sin(\|/1 +\|/2) 

N, 

- p2 A2 (^ + \|f2) sin(V! + v2) S %j C 2 «hj dx2 
j=i 

COS^j Fi + COSCV! +V2) 
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Vl: 
Pi Al Ll   _,        P2A2L2   „, sin\)/1 sinCVj+Vj) 

p^AjLj P2A2L2 1   *   1  cosYi +   l cos^ + \|/2) yp 

PlAlLl P2A2L2 
Vl 

p2 A2 L2 

^2 

Nj  r 
+ E 

N, 

-Pi Ai Li j[Ll <t>ij dxi+ Pi Ai j[Ll xi % dxi ti ij 

"2 

E P2A2j[L2x2(t)2jdx2 % 

N, (8.7) 

N, 

N, 

p2A2xpcos(\|/1 +V2)E tl2j X    H dx 

j=i 

N, 

p2 A2 y p sin(Vi + \|/2) X) ^j j[ 2 4>2j dx2 

"L1+XF1   Fi + XF2]] 
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¥2
: 

p2 A2 L2 

p2A2L2 

sin(\|/1+V2) 
P2 ^2 L2 COSCV! +\|/2) yp 

?1+ 
p2 A2 L2 

% 

N2 

+ E P2A2j[   2x2<t)2jdx2 tl 2j 

No 

p2A2xpcos(\|/1 + Y2>E rl2jX 2 <t)2j dx2 

N2 

p2 A2 yp sin(Vi + Y2) E ^hj j[ 2 «fej dx2 

L^sp 

^F2 

j-l 

Nj _ N2 

¥2 
+ E [-ksp^ljCLi)  Tlu - E [MV^Rj 

j=l j-l 

F2+[-l]Mf 

(8.8) 
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*nii= -plA1SVtt^1jQ   ^jdx,   Xp  +    p2 Aj COSVi j£   ^jdx, 

-Pi AI 
L

I XLl *ij dxi + piAij[Llxi<t)iJdxi ^i 

yp 

N 1 

♦E 
k=l 

PlAlj[   X 4»ij *lk dxl 

- PiAiypXj/jsiny^ '(j^dx. 

"Hik + -pjA^piJfjCosViJ^ ^ijdxj 

.-ksp^lj(Ll)]v2 

+ 

Ni 

E 
k=l 

Eil, f* 'V'lk dx. 

N2 + E 
k=l 

-K^'^LJ^^O) Tl2k 

= 
>ij< :XFI). Fl + Vl/L^ Mf 

Tllk 

(8.9) 
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Itf -p2A2sin(v1+\|/2)j[ 2(()2jdx2 

P2 A2 coscvj +y2) j[ <t>2j 
dx2 yP 

p2A2j[L2x2<i)2jdx2 ^ +   p2A2j[ 2x2(()2jdx2 % 

N2 r 

k=l 
tl P2A2j[  2 4>2j *2k dx2 

-p2A2Xp(\j/1 + \j/2)cos(\|/1 
+¥2) j[ 

2 <t>2j dx2 

- p2A2yp(\j/1 +\j/2)sin(\j/1 
+V2)j[ 2<t>2jdx2 

N 1 1 

k=l 

N2 + E 
k=l 

E212 J[L2 <t>" 2j <t>" 2kdx2 - ksp <t>'2j(0) (^(O) 

<t>2j(*F2)]F2 + [V'2j(0)]Mf • 

(8.10) 

Tl2k 
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The state equations can be written in matrix form as follows, 

[Mfc)]a+[K]fl + G&fl)«p<g)]u, (8.11) 

where [M(g)] is the mass matrix, [K] is the stiffness matrix, G(q,aJ is a quadratic velocity 

term, [H(gJ] is the input coefficient matrix, and u = { ¥l F2 Mf }T is the input vector. 

The (aj notation signifies a dependence on the generalized coordinate vector. Defining 

x as, 

x (8.12) 

allows the state equations to be written in terms of first order differential equations, 

x = VSL x + r + B SL U , 
(8.13) 

where 

lSL 

[0]    I     -[M^]"1 [K] 

II    I [0] 

(8.14) 

r = -[M^G&q)' 

0 
(8.15) 
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B SL 

[M^pCs)] 

.      [o]       . 

(8.16) 

Sticking dynamics at the joint are included in a manner identical to that for the pinned- 

pinned beam. 

Mode shapes for the free-free system are based on the mode shapes of a pinned- 

free beam. Beam 1 mode shapes are for a free-pinned beam and beam 2 mode shapes 

are for a pinned-free beam. Since the free-pinned mode shapes are merely reflected 

pinned-free mode shapes, only the latter will be discussed below. For the pinned-free 

beam the boundary conditions are, 

i) w(0,t) = 0 zero displacement at pin 

= 0   zero moment at pin ii) 
92w(x,t) 

9x2 

iii) 
92w(x,t) 

9x2 

iv) 
93w(x,t) 

9x3 

(8.17) 
= 0   zero moment at free end 

Jx=L 

= 0   zero shear at free end 

x=L 

Boundary conditions i), iii), and iv) are applicable to the beams in the free-free beam 

system. Boundary condition ii) requires a zero moment at the pin which is not the case 

when the spring and semi-active joint are present.   Since this is a natural boundary 
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condition and not a geometric one, the pinned-free modes are nonetheless applicable. 

Using the above boundary conditions with the transverse vibration beam equation yields 

the following characteristic equation, 

tan ajL = tanh ajL (8.18) 

The roots of equation (8.18) have been tabulated in a variety of sources. An approximate 

relationship found to be fairly accurate for higher modes is 

7C a;L = _ + jrc J        2 

Normalizing the mode shapes such that 

J*0
L<¥x)(t>k(x)dx = ^jk 

(8.19) 

(8.20) 

yields 

(f)j(x) = k1jSin(ajx) + k2jSinh(ajX) (8.21) 

where 

ku = 
2sinh2(ajL) 

sinh2(ajL) - sur(ajL) 

(8.22) 
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ka - k„ Si"(a'L)  ■ (8-M) 2j       lj sinh(ajL) 

These mode shapes are for the pinned-free modes which correspond to beam 2. The free- 

pinned modes of beam 1 are given by 

tyx) = kySinfrjCL-x» + k2jsinh(aj(L-x)) (8.24) 

where k2j and k2j are given by (8.22) and (8.23), respectively. The first three pinned-free 

modes are shown in Figure 8.2. For the simulation and design studies, three modes per 

beam were used unless otherwise noted. 

As seen from equations (8.5) - (8.10), the state equations are nonlinear. In order 

to use linear control system design techniques a linear approximation of the system is 

needed. This was generated numerically rather than analytically. Equation (8.13) can be 

written more generally as 

x=f(x,u). (8-25) 

Letting 

x = x    + 8x 
-    -o      - (8>26) 
u = u    + Su 

where "o" represents the operating point about which the linearization is to occur, the 

linear perturbation equation is 
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Sx = Vxf 5x + Vu f 
0 -~ 

5u . (8-27) 
0 

The state and control jacobians (V^f and V„ f, respectively) were calculated using the 

IMSL routine DFDJAC [64]. 

8.3 Viscous Joint 

The semi-active joint proved to be an effective means of dissipating energy in the 

pinned-pinned beam system. Although not the best in terms of performance, the viscous 

joint controller defined as 

^N  " KVJ l°l   ' 

yielded results comparable to more complex controller designs. In this section, the 

performance of the viscous joint controller is investigated for the free-free beam system. 

In addition to selecting kVJ, the spring constant is also a design variable. The relationship 

between kVJ and kSP is discussed as well. 

As in previous studies, pulse disturbances are used to determine the effectiveness 

of the joint. A simple attitude and position controller is used to keep the free-free system 

approximately horizontal and stationary. This design uses LQR techniques to define Fx 

and F2 via linear, constant gain, state feedback matrices. The LQR performance index 

is 
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JA/s=J*0~ \ [20yp + 40(¥
2
+¥

2
;) + 10(yp

2
+Vl

2+V22). 
(8.29) 

*l   + *2 dt. 

The resulting actuator inputs are then each passed through a first-order low pass filter 

with a corner frequency of 20 rad/sec. Restricting the actuator inputs to low frequency 

ranges ensures that vibration control is done primarily by the semi-active joint. The 

measure of performance for the semi-active joint is the kinetic and potential "flexural 

energy" in the beams plus the energy in the joint spring. The control of rigid body modes 

is not considered to be a requirement of the joint thus energy associated with rigid body 

motion is not included in the performance measure. The energy measure is thus given 

by 

9 .        N:       N; 
PiAivA ^ EM=EVSE^%j0SijMxi 

i=l      l    j=1 k=1 
Jv 

2    EiI.N,   N, 

E^EE^/oVy^dXi (8.30) 
i=l      ^    j=l k=l 

( 

k ̂SP 
v 
¥2 + ^'(^l     0 - w/CM 

\2 

xl =Ll 

Performance curves for a pulse disturbance on beam 1 and beam 2 are shown in Figures 

8.3 and 8.4. The value of EM at t=0.4 sec is plotted for various values of kVJ and kSP. 

Both curve sets indicate that as ksp increases, the ability to dissipate energy in the joint 
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decreases. A very high value of ksp will not allow any joint motion and thus no energy 

can be dissipated. Note that as kSP becomes very large, the curves converge. Low values 

of kSP allow more energy dissipation by allowing more joint motion. However, a low 

value of kSP may not be desirable due to the possibility of sticking away from the origin. 

The ability of the semi-active joint to dissipate energy in the free-free architecture 

is less than that in the pinned-pinned system. Closed loop eigenvalues are shown in 

Table 8.1 for a pinned-pinned system and a free-free system each with a viscous joint. 

The modal damping is clearly higher for the pinned-pinned system modes. (The very low 

damping for the 109 rad/sec mode of the free-free system will be addressed in the next 

section.) The geometric constraints of the pinned-pinned system (all pin joints tied to 

ground) result in a higher effectiveness for the semi-active joint. 

Table 8.1  Eigenvalues for Beam Systems with a Viscous Joint 

Pinned-Pinned System 
kVJ = = 75 

Cj COj 

159 23.4 
022 79.4 

1 82.8 
364 127. 
066 221. 
1. 344. 

199 501. 

Free-Free System 
kVJ = 160, k sp = 100 

% 
C0j 

.022 20.0 

.037 56.9 
1 62.3 

6.9xl0"6 109. 
.017 192. 
.014 293. 
.020 614. 

1. 6413. 
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8.4 Controllability Assessment 

The performance of the viscous joint in the free-free architecture is less than 

desired. The joint is not very effective in dissipating vibrational energy, particularly for 

high values of ksp. This trend was explained in the previous section as stemming from 

the fact that a suffer spring allows less joint motion and thus the semi-active joint can do 

less dissipative work. Stated another way, the modes become less controllable as ksp 

increases. In this section, the loss of performance with increasing kSP will be approached 

from a controllability viewpoint. Two measures of controllability are developed and then 

applied to the free-free beam system. 

Controllability is often viewed as a binary quantity, either a system is controllable 

or it is uncontrollable. In practice, however, one has to be concerned with the degree of 

controllability. The fact that a system is controllable is of little practical significance if 

the feedback gains necessary to achieve good performance are unreasonably large. One 

measure of controllability is the controllability index [52], [65]. The controllability matrix 

for a linear time-invariant system is given by 

[C]=[BIABIA
2
BI... IA^B]. (831) 

The partial controllability matrix is defined as 

[cj = [B I AB I A2B I ... I A1
_1

B] ,     1 <q<n . (8'32) 
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The controllability index is then the smallest value of q which gives n independent 

columns in [C ]. According to Brogan [52], a smaller value of the controllability index 

represents "a stronger degree of controllability in some sense." For the case of single 

input systems (which are controllable), the controllability index is always n. Since the 

joint controller is a single input system, an alternate measure is needed to assess the effect 

of kSP on controllability. 

Since vibration theory develops equations of motion in terms of modes, the 

concept of modal controllability is particularly relevant.  A system described by 

x = [A]x + [B]u <8-33> 

can be transformed to the block diagonal (or Jordan) form, 

*D = AD *-D + BD 
u (8.34) 

using a similarity transformation in which 

(8.35) 

where the columns of [T] are formed from the real and imaginary parts of the 

eigenvectors of [A]. Since the vibratory modes of the beam all have complex conjugate 

eigenvalues, the Jordan block of the j01 mode will have the form 
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X Dlj 

lD2j 

lDlj 

CD2j 
BDjju, (8.36) 

where the complex conjugate eigenvalue pair is 

-Oj ± iCOj  . (8.37) 

For the beam system which has zero natural damping and one input (Mf), (8.36) reduces 

to 

*Dij 

*D2j 

0    coj 

-C0j   0 D2j X 

JDlj 

0 
Mr (8.38) 

The controllability matrix for the system in (8.38) is 

[C] = 
JDij 

0     -cOjbßu 
(8.39) 

thus the system is controllable if b^^O and C0j*0. Assume we wish to alter the modal 

dynamics using state feedback of the form 

Mf = - kl k2 
*Dlj 

*D2j 

(8.40) 

The closed loop modal dynamics will have natural frequency and damping given by 

CO, 'CLj = -büij^j +coj 
(8.42) 
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=CLj 

bDlj kl 

■f 
(8.41) 

2i/-bDljk2C0j +C0j 

To achieve a desired level of damping while keeping the natural frequency constant 

requires, 

CO 
kl=2^CLj^        k2=0- 

"Dlj 

(8.43) 

Therefore, k1 increases proportionally to C0j/bD1j, or 

ki- 
bDlj 

(8.44) 

The first measure of controllability (CMX) will thus be 

CM! = abs 

(       \ 
COj 

>h 
(8.45) 

which represents the amount of gain necessary to achieve a desired level of damping. 

Another approach to choosing feedback gains is to require the roots to lie on (or to the 

left of) the ü=-a line in the s plane. This requires that 

ki > 2a. 
JDlj 

(8.46) 

In this case k: increases proportionally with l/b^ and thus the second measure of 
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controllability is 

(       \ 
(8.47) CM2 = abs 

>h 
The rationale in choosing these controllability measures is that the degree of modal 

controllability is directly related to the magnitude of the gain required to place the 

eigenvalues in desired locations. The lower the controllability measure, the easier it is 

to place the eigenvalues. 

For the free-free beam system, the controllability measures for several modes are 

plotted versus a normalized spring stiffness in Figures 8.5 and 8.6. A model consisting 

of 4 modes for beam 1 and 7 modes for beam 2 was used to generate the controllability 

measures. As expected, all modes become less controllable as ksp increases. Note the 

particular difficulty in controlling the 3rd mode (modes not plotted lie within the range 

shown by modes 1, 5, 7, and 9). This is the 109 rad/sec mode with practically zero 

damping in Table 8.1. Even at low values of kSP this mode is still relatively difficult to 

control. By examining the eigenvectors of [A], it can be seen that the 3rd mode of the 

two beam system is predominantly composed of the 1 mode of beam 1 (Tijj) and the 

second mode of beam 2 (rj22)- These individual modes have natural frequencies close to 

each other and thus when excited produce very little joint motion, even in the absence of 

the joint spring. 

When designing a structure to include joint damping, the beam geometries should 
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be chosen to avoid the frequency overlap described above. This is particularly important 

at the lower frequencies. By changing the length of beam 2 from 1.8 meters to 3.0 

meters, the 3rd mode controllability indices were reduced to be in line with the other 

modes. Controllability measures for the L2=3.0 meter case are shown in Figures 8.7 and 

8.8.  (Modes not plotted lie within the ranges shown.) 
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CHAPTER IX 

SEMI-ACTIVE FRICTION DAMPING FOR SUSPENSION CONTROL 
PART 1: EXPERIMENTAL ASSEMBLY 

9.1 Introduction 

The previous chapters investigated the use of semi-active friction damping to 

control vibrations in flexible beams. The results thus far were obtained using computer 

simulations. In this and the following chapter, the semi-active friction damping concept 

is applied to an automotive suspension system. Performance data is generated using a 

scale model of a suspension system. Following a brief discussion of semi-active 

suspension system literature, the semi-active friction based suspension control system is 

introduced, followed by a description of the quarter car experimental setup. Experimental 

data is presented in Chapter 10. 

In recent years, active and semi-active suspension systems have begun appearing 

on commercially available automobiles. Although only recently available to the public, 

the concept of active suspension systems has been a topic of research since the late 60's 

[66], [67]. References [68] - [71] are indicative of the current research trends in active 

suspension systems.   The thrust of the research is to develop optimal and sub-optimal 
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techniques for defining the suspension force based on the available feedback quantities. 

Semi-active suspension systems in which the properties of a passive suspension element 

are actively controlled have also been the subject of research [45], [50], [72], [73]. These 

studies focus on defining a resistive force to produce desired ride quality and handüng 

effects. The anticipated device for implementing the controllable resistive force is often 

a hydraulic damper with a variable orifice. In order to improve the performance of semi- 

active suspension systems, Hac' and Youn [74] have investigated using preview control. 

In this case, road irregularities are measured in front of the vehicle and this information 

is utilized by the controller to prepare the system for the oncoming input. The optimal 

semi-active preview controller was shown to be the clipped optimal active preview 

controller. 

9.2 Suspension Control Using Semi-Active Friction Damping 

Before proceeding, it is instructive to introduce the model and nomenclature most 

often used in suspension system design literature. Shown in Figure 9.1 is a two degree 

of freedom system representing a 1/4 car model, or one of the four suspension systems 

on an automobile. The upper mass, m^ represents a portion of the car body weight and 

is referred to as the car body or sprung mass. The lower mass, rr^, represents the weight 

of the suspension elements (A-frame, wheel, rotor, brakes, etc.) and is referred to as the 

wheelset mass or unsprung mass. Between the car body and wheelset are the suspension 
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spring (kg) and a viscous damper (bs). The tire is modeled as an additional spring of 

stiffness kt between the wheelset and the road. Suspension displacement and velocity 

refers to the relative displacement and velocity between the car body and the wheelset 

(i.e. zs - zu and zs - zu, respectively). Suspension force is the force applied to the two 

masses due to the damper. Values often cited in literature imply that the car body mass 

is approximately 7 times heavier that the wheelset mass and the tire spring is 

approximately 10 times suffer than the suspension spring. The car body vibration mode 

has a resonant frequency around 1.25 hz and the wheelset mode natural frequency is 

approximately 11 hz. 

When designing a suspension control system (or any control system) the 

requirements the control law place on the vibration control element should also be 

considered. For semi-active systems which rely on a variable orifice hydraulic damper, 

the bandwidth of the orifice controller needs to be quite high since the suspension force 

is linearly related to the relative velocity between the car body and the wheelset. The 

high bandwidth requirement of the orifice controller is notably evident when considering 

shock isolation. A vehicle encountering a pothole even at modest speeds will result in 

rapid changes in the suspension velocity. Since higher bandwidth control systems imply 

higher cost, it is desirable to keep the bandwidth requirement as low as possible. In [75], 

Redfield investigates using low bandwidth controllers in semi-active suspension systems. 

The suspension element is a variable orifice hydraulic element but the orifice control is 

based on car body velocity rather than suspension velocity. This assumes that the desired 
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Suspension force is proportional to suspension velocity, with the proportionality constant 

varying at a low frequency. This work, however, fails to consider the shock isolation 

properties of the system, one of the key factors resulting in high bandwidth controllers. 

An alternative approach to suspension control was introduced by Ferri and Heck 

in [76]. Their approach involved using a semi-active friction damper for vibration 

control. Figure 9.2 shows a 1/4 car model with the semi-active friction element. The 

normal force, N, is controllable. The three control laws shown in Figure 9.3 were 

investigated. Similar to the two beam viscous joint controller, control law 1 emulates a 

viscous damper. Using control law 3, effective damping and shock isolation were 

achieved. The normal force (and thus the suspension force) are low frequency variables 

since the control law includes the low pass filters. Shock isolation occurs due to the 

limiting of the normal force in the control law. To implement this force saturation feature 

in a hydraulic damper would require either the orifice bandwidth to be high enough to 

respond to the changing velocity (i.e. high bandwidth) or some type of bypass valve 

which will open when the cylinder pressure reaches a predetermined value. The 

decoupling of the suspension force from the suspension velocity is the clear impetus for 

pursuing the semi-active friction damper concept. 

It is beyond the scope of this research to determine whether the semi-active 

friction damper, the high bandwidth hydraulic damper, of the low bandwidth hydraulic 

damper with a pressure relief valve is the best choice when considering all the 

performance, manufacturing, and cost issues. The goal of this research is to validate the 
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concept of using semi-active friction damping in vehicle suspension systems using a scale 

model, quarter car assembly.  This research objective is achieved by accomplishing the 

following tasks: 

1) Design a scale model, quarter car assembly which includes a semi-active 
friction damper. 

2) Demonstrate the shock isolation properties of the semi-active friction 
damper. 

3) Demonstrate effective suspension control using a low bandwidth controller. 

9.3 Quarter Car Scale Model Assembly 

9.3.1 Quarter Car Assembly 

The purpose of the quarter car scale model hardware is to provide a platform on 

which to study the feasibility of the semi-active friction damping concept. Shown in 

Figure 9.4 is the quarter car assembly and all of the associated electronics. In this section 

the system level attributes of the experimental apparatus will be described. The 

subsystems which compromise the entire assembly will be discussed in the following 

sections. 

Shown in Figure 9.5 is the quarter car assembly which includes the car body and 

wheelset masses, the suspension and tire springs, the semi-active friction damper (or 

clutch), sensors, guide rails, road displacement actuator, and the. frame. The car body 

mass weighs 2.06 kg and the wheelset mass weighs 0.55 kg.   Car body mode and 
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Figure 9.4 Quarter Car Experimental Setup 
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Figure 9.5  Car Body and Wheel Set Assembly 
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wheelset mode natural frequencies were measured at 1.25 hz and 8.5 hz respectively. 

Undamped frequency response data from the road displacement to the suspension 

deflection is shown if Figure 9.6. Using the mass and resonant frequency data, the 

suspension spring and tire spring stiffness were calculated to be 140 N/m and 1420 N/m, 

respectively. The ratio of the car body mass to wheelset mass is 3.8 rather than the 

desired value of 7. Adding an additional 1.75 kg to the car body mass and stiffening the 

springs (to maintain the resonant frequencies) would have resulted in the clutch being 

undersized. The undersizing of the clutch was viewed as more detrimental to the goal of 

validating the semi-active damper concept than was the low ratio between the masses, 

thus the current configuration was deemed acceptable. 

One of the design goals was to minimize friction to the largest extent possible. 

To accomplish this, roller bearings are used in all shaft mountings and the masses travel 

on low friction linear bearings. The rail assembly (including the linear bearings) is a 

Thomson Industries 1BB-04-AHO double shaft end supported system. Overall length of 

the assembly is 0.61 m (24 in). A static coefficient of friction of 0.005 was achieved (in 

the linear bearings) after removing the bearing seals and replacing them with clearance 

retaining rings. The shafts are case hardened steel shafts 6.35 mm (0.25 in.) in diameter. 

To minimize flexing of the shafts, an additional shaft support was added between the car 

body and wheelset masses (see Figure 9.5). 

To implement the quarter car control algorithms a Magitronic 33 Mhz, 80486 PC 

is used.  The computer is equipped with a MetraByte DAS-16F data acquisition board. 
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This board has 8 bipolar (or 16 single ended) analog input channels, 2 analog output 

channels, 4 digital input channels, and 4 digital output channels. The peak sample rate 

is 100,000 samples per second. A programmable clock on the data acquisition board is 

used for timer control when running the control software in real time. The quarter car 

software is written in the C programming language using the Borland C/C++ compiler. 

9.3.2 Control Structure 

A passive friction damper would give poor suspension control due to the stick-slip 

motion present in systems in which the normal force is a constant. The semi-active 

friction damper eliminates this by controlling the normal force at the frictional interface. 

In an ideal frictionally damped system, the suspension force is proportional to the normal 

force, thus controlling one controls the other. In reality, however, it is desirable to 

control suspension force directly since the friction parameters may vary. Suspension 

control is achieved by correctly controlling the suspension force, not the normal force at 

the frictional interface. In Figure 9.2 the suspension force is generated by a prismatic 

frictional interface. In the quarter car experiment an electromagnetic clutch is used to 

generate the frictional resistance force. Figure 9.7 shows a quarter car model with a 

clutch, crank, and connecting rod assembly. The equations of motion for the quarter car 

system shown in Figure 9.7 are as follows, 
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0C = cos"1 
2L1

2-2L2(zu-zs)+(zu-zsy 

2L1/L1
2
 + (L2-(ZU-ZS))

2 

- cos -1 

(9.2) 

^^-(z^))^ 

In equations (9.1) and (9.2), m,, and rr^ are car body and wheelset masses, zs and zu are 

car body and wheelset displacements, kg and kj are suspension and tire spring stiffnesses, 

torq is the resistive torque of the clutch, L: and L2 are the crank and connecting rod 

lengths, Zj. is the road displacement, and 6C is the crank angle. Controlling the suspension 

force is now equivalent to controlling the resistive torque generated by the clutch. The 

suspension control task is thus segregated into two sub-tasks: 1) determine the desired 

clutch torque and 2) vary the voltage on the clutch coils to control clutch torque. This 

control structure is shown in Figure 9.8. 
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The quarter car control algorithms in Figure 9.8 generate the desired resistive 

torque based on current system parameters. The control laws shown in Figure 9.3 are 

applicable here except that instead of calculating a normal force, the result is the resistive 

torque command. The clutch used to generate the resistive torque is an Electroid 

Company TS-BEC-30CC-8-8-24V-T electromagnetic clutch. This is a tensioning series 

clutch with a hard, carbon faced material at the frictional interface designed to operate 

in the continuous slip mode. The clutch is designed to give a linearly increasing torque 

with increasing coil voltage. The clutch has a mass of 0.97 kg (2.1 lbm) and generates 

a peak torque of 0.9 N-m (8 in-lbf). Response time (time from start of coil energizing 

to reaching 90% of rated torque) is approximately 35 milliseconds. To control clutch 

torque, a simple feedback loop is used. In order to implement the feedback loop, a 

measurement of the actual torque is needed. This is provided from four strain gages (in 

a bridge configuration) attached to a bending beam as shown in Figure 9.9. The output 

of the strain gage bridge is amplified before being filtered by an anti-aliasing filter and 

sampled by the data acquisition board. The amplifier boosts the strain gage bridge output 

to give approximately 3.8 V output per 1 N-m of torque. Figure 9.10 shows the torque 

control loop in detail. The power amplifier in Figure 9.10 amplifies the board output 

from a 0 <-» 5 V range to a 0 <-> 28 V range and also supplies the current required by the 

coil.  Closed loop frequency response data is shown in Figures 9.11 and 9.12. 
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9.3.3 Road Input Assembly 

Disturbances are input to the quarter car system by the road actuator. The road 

actuator is a model 10-0.5-1 electromagnetic actuator manufactured by Aura Systems, 

Incorporated. Total linear travel of the actuator is 14.6 mm (0.57 in) and the maximum 

rated force is 44.5 N (10 lbf). To allow custom road profiles to be input to the quarter 

car system, a road control loop was designed. This control loop is shown in Figure 9.13. 

Measurement of the road displacement is from a Schaevitz Type E-1000 LVDT and an 

ATA-101 Analog Transducer Amplifier. Since the road actuator receives extension and 

retraction commands, processing is done on the 0 H 5 V output of the data acquisition 

board to convert it to a -5 <-> 5 V range. This bipolar signal is then sent to a power 

amplifier with a gain of 5.26. It is important to note that when frequency response data 

is presented in later sections, the input is the measured road displacement, not the 

commanded road displacement. This ensures that gain and phase errors in the road 

control loop do not influence suspension performance data. 

9.3.4 Sensors 

In addition to the sensors required for torque and road control, several other 

sensors have been incorporated into the quarter car test setup. Accelerometers are 

mounted on the car body and wheelset masses as well as the road input. The 

accelerometers are Brüel & Kjaer Type 4382. Each accelerometer has a Type 2651 charge 
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amplifier which are powered by a Type 2805 power supply. The car body accelerometer 

signal is amplified xl5 and the wheelset and road input accelerometer signals are 

amplified x7. The amplified signals are then passed through anti-aliasing filters and 

sampled by the data acquisition board. 

All three control laws shown in Figure 9.3 base the suspension force (or torque) 

on the suspension velocity. Suspension velocity is determined by numerically 

differentiating the suspension deflection. Suspension deflection is measured by an LVDT 

with the coil housing attached to the car body mass and the magnetic core attached to the 

wheelset mass. This LVDT is a Schaevitz Type E-1000 LVDT with an ATA-101 Analog 

Transducer Amplifier. Since the output of the LVDT amplifier is in the ±10 V range, no 

additional amplification is necessary before the signal is filtered by an anti-aliasing filter 

and sampled by the data acquisition board. 

A key performance measure in suspension systems is the tire deflection. Large 

tire deflections are undesirable because they represent large changes in the traction force 

between the tire and the road. To measure tire deflection, four strain gages (in a bridge 

configuration) are attached to the fixed end of the tire spring. The output of the bridge 

is amplified to give an output of 2.7 V per 10 mm of tip deflection. This signal is then 

filtered by and anti-aliasing filter and sampled by the data acquisition board. 

Performance measures for suspension systems typically involve many of the 

system states. Figure 9.14 shows all of the currently available system states. As shown 

in the figure, some are measured variables and others are derived from measurements. 
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Measured States 

State 
Car Body Acceleration 

Wheel Set Acceleration 

Road Acceleration 

Road Displacement 

Tire Deflection 

Suspension Displacement 

Clutch Torque 

Measurement Device 
Accelerometer 

Accelerometer 

Accelerometer 

LVDT 

Strain Gage 

LVDT 

Strain Gage 

Derived States 

State 
Car Body Displacement 

Car Body Velocity 

Wheel Set Displacement 

Wheel Set Velocity 

Road Velocity 

Suspension Velocity 

Derived From 
Wheel Set Displacement, 
Suspension Displacement 

Car Body Displacement 

Road Displacement, 
Tire Deflection 

Wheel Set Displacement 

Road Displacement 

Suspension Displacement 

Figure 9.14 Measured and Derived System States 
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In addition to the anti-aliasing filter, additional filtering is performed (in software) to 

remove the unwanted high frequency content from the signals. In particular, the 

accelerometer signals were found to contain 80 - 90 hz data resulting from structural 

vibrations of the various plates and structures in the setup. This high frequency data is 

removed by a 4th order Chebyshev filter with a 25 hz passband and 0.1 db of passband 

ripple. The phase shift induced by the filtering does not affect the system performance 

since the data is not used in the real-time control algorithms but is used only for plotting 

and other post processing to evaluate system performance. Similarly, the other variables 

used only for output and post processing are filtered to allow only the relevant, low 

frequency (0 to 20 hz) content of the signal to influence the performance assessment. 
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CHAPTER X 

SEMI-ACTIVE FRICTION DAMPING FOR SUSPENSION CONTROL 
PART 2: EXPERIMENTAL RESULTS 

10.1 Introduction 

The previous chapter introduced the concept of using a semi-active friction damper 

for automotive suspension control. A scale model quarter car assembly was also 

described. In this chapter experimental results which were generated using the scale 

model system will be presented. The goals of the experiments described in this chapter 

were to accomplish tasks 2 and 3 in section 9.2, i.e.: 

2) Demonstrate the shock isolation properties of the semi-active friction 
damper. 

3) Demonstrate effective suspension control using a low bandwidth controller. 

In order to assess the performance of the suspension control system, several 

performance indices are needed. The suspension control literature contains examples of 

suitable indices. In [73], Miller used the following data as performance measures: 

RMS Car Body Acceleration: (zs)RMS 

RMS Tire Deflection: (zu - ZJJRMS 
RMS Suspension Deflection: (zs - zu)RMS . 

The road input in Miller's studies is a white noise road velocity input. When designing 
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Suspension control systems a scalar performance index is often defined by summing 

weighted mean squared values of the states (i.e., an index quadratic in the states). In 

[70], Karnopp defines two such performance indices. The first weights the tire deflection 

against the suspension force as follows, 

j = L~K-Zr)2 + pFs2dt' (10.1) 

where Fs is the suspension force and p is a weighting factor. The second index weights 

the suspension deflection against the suspension force, 

J -/„"(*. -».P ♦P'".2*- (m) 

Hrovat, et. al. in [45] define their performance index as 

J = /o-(Zs-zu)
2
+pZs

2dt, 00.3) 

thus balancing suspension deflection and car body acceleration. The performance index 

used by Butsuen and Hedrick in [50] is 

J - J*o-zs
2 + Pi(zs - zuf + p2zs

2 + p3(zu - zrf + p4zu
2 dt.   (10. 4) 

The performance indices reflect the tradeoff between ride quality, handling, and 

rattlespace or stroke length. 

For the quarter car experiment, two composite performance measures were defined 

based on the work of Butsuen and Hedrick. The first index depends on RMS values, 

198 



JRMS = (zs)RMS 
+ Pi(zs - zu)RMS 

+ PII^SIRMS (10.5) 

+ P3(Zu-zr),^+ PERMS' 

while the second depends on peak values, 

Jpeak       's peak 
+ Pi zs      zu peak 2    s peak 

P3 zu "zr peak P4 

(10.6) 

peak 

The RMS index is similar to that in (10.4). The peak value index is believed to have 

merit when assessing ride harshness. This relationship has not been correlated with test 

track performance; however, it is clear that peak values of the states are involved in 

overall system performance. The values of the weighting factors as defined in [50] are, 

(Pl,p2,p3,p4) =(400,16,400,16). (10.7) 

These values are also used in (10.5) and (10.6), and should be assumed for all results 

given below unless otherwise stated. 

Three separate road disturbance inputs were used in the experimental tests. The 

first two are shown in Figure 10.1. The short pulse input is generated by moving the 

road actuator from its retracted position to its extended position using the maximum coil 

voltage and then immediately reversing the coil voltage to retract to the original position. 

The long pulse is similar to the short pulse except that the retract command is delayed 

0.4 seconds.   These disturbances represent encountering a single road disturbance at 
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differing speeds. When using either of the pulse disturbances the duration of the test is 

1.0 seconds. The third input is shown in Figure 10.2. This input superimposes two short 

pulse disturbances one second apart onto an 8.5 Hz sine disturbance of approximately 2 

mm in amplitude. This input resembles a rumble strip with periodic large amplitude 

disturbances. When using this disturbance the duration of the test is 2.5 seconds. It 

should be noted that each road input will vary somewhat for differing suspension designs. 

The bandwidth and force capability of the road actuator are not high enough to prevent 

the road control loop from being influenced by the motion of the car body and wheelset 

masses. These differences are small and do not significantly affect the results. Figures 

10.3 - 10.8 show free response data (quarter car controller inactive) for each of the three 

inputs described above. The figures show car body acceleration and suspension 

deflection, two parameters that illustrate the trade-off that must be made between ride 

comfort and handling. (The clipping of the suspension deflection in Figure 10.6 is due 

to the ±25.4 mm travel of the suspension deflection LVDT.) 

The control laws investigated for suspension control were derived from those 

defined by Ferri and Heck in [76] (see Figure 9.3). Shown in Figure 10.9 are the control 

laws investigated herein. Control law 1 is a pure viscous control law. Control law 2 

adds a torque command limit and control law 3 further adds a low pass filter. These 

control laws are intended to be a first pass and not a final result set of controllers. The 

objective is to validate the semi-active friction damper concept, more refined and higher 

performance controllers are to be the subject of future studies. 
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The next three sections will summarize the results of three parametric studies. In 

section 10.2 the gain is varied in control law 1. In section 10.3 the torque limit is varied 

in control law 2. In section 10.4 the cut-off or corner frequency of the low pass filter is 

varied in control law 3. For each of the three parametric studies, each value of the 

independent parameter was examined using each road input. For each road input, three 

runs were made and the data averaged to generate a single data point. 

10.2 Parametric Study of Controller Gain 

Control law 1 represents a pure viscous damper control law. In this section, 

performance of the suspension control system is shown as the controller gain, k, is varied. 

Figures 10.10 and 10.11 show JRMS and Jpeak as k is varied. Car body acceleration data 

is shown in Figures 10.12 and 10.13. Clearly the car body receives maximum isolation 

when the damper force is zero. Car body displacement RMS data is shown in Figure 

10.14. The marked increase in the short pulse case for k > 2.0 is due to the clutch 

intermittently sticking away from the static equilibrium position. In a true viscous 

damper this would not occur, but with high controller gains the finite bandwidth and 

torque producing capability of the clutch result in intermittent sticking. Note that there 

is an expected tradeoff between RMS car body acceleration and displacement as k is 

varied; in other words car body isolation is accomplished at the expense of car body 

displacement. Wheelset acceleration is shown in Figure 10.15. Suspension deflection and 
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tire deflection are shown in Figures 10.16 and 10.17. The previously mentioned sticking 

is also apparent in the suspension deflection curve. The composite performance measures 

in Figures 10.10 and 10.11 indicate that a value of 1.25 for k is a reasonable choice. 

Frequency response data from the road input to the car body and wheelset accelerations 

using k=1.25 is shown in Figure 10.18. Frequency response data from the road input to 

the suspension deflection, tire deflection, and car body displacement is shown in Figure 

10.19. The frequency response curves represent the magnitude of the ratio of the 

indicated quantity to the amplitude of the road displacement in db. This data (as is the 

case for all the frequency response data herein) was generated using sine sweeps. For 

frequencies below 5 Hz, 10 cycles of the input were used at each frequency. For 

frequencies above 5 Hz, 2 seconds of the input were used at each frequency. This allows 

sufficient time to eliminate the effects of the transients induced by stepping the frequency. 

The amplitude of the sine wave is 7 mm for frequencies below 2 Hz and 2.5 mm for 

frequencies above 6 Hz. A linear transition occurs for frequencies between 2 Hz and 6 

Hz. The higher amplitudes are desirable at the low frequencies to minimize the effects 

of stiction in the linear bearings. This amplitude is decreased for higher frequencies 

because of the very low damping of the second mode of free vibration. Time response 

curves of car body acceleration and suspension deflection for the three road inputs and 

k=1.25 are shown in Figures 10.20 - 10.25. 
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10.3 Parametric Study of Torque Limit 

One of the previously discussed advantages of a semi-active friction damper is the 

ability to limit the suspension force independent of the suspension velocity. In this 

section the benefit of a torque limit is studied. Control law 2 (Figure 10.9) is the viscous 

controller with a torque command limit. Limiting the torque command is advantageous 

because it reduces the acceleration experienced by the car body and also reduces the peak 

torque requirement of the clutch. Data for this parametric study was generated using a 

controller gain of 1.25. The composite performance indices are shown in Figures 10.26 

and 10.27. Car body acceleration data is shown in Figures 10.28 and 10.29. Figure 10.30 

shows the peak value of the measured clutch torque as a function of the commanded 

torque limit. Although not a one-to-one match, higher command limits result in higher 

measured torques. The effect of the torque limit is seen most clearly in the car body 

acceleration data. As expected, car body accelerations (RMS and peak values) decrease 

with a decreasing torque limit. 
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10.4 Parametric Study of Low Pass Filter Frequency 

Control law 3 adds a low pass filter to control law 2 in order to demonstrate low 

frequency controller performance. For runs in this parametric study a controller gain of 

1.25 and a torque limit of 0.2 N-m are used while the cut-off or corner frequency coc is 

varied. Composite performance index data is shown in Figures 10.31 and 10.32. Note 

that the case of coc = 10 rad/sec = 1.6 Hz (henceforth referred to as the low bandwidth 

controller) shows only modest decreases in performance as compared to the pure viscous 

controller with a gain of 1.25 (henceforth referred to as the viscous controller) shown in 

Figures 10.10 and 10.11. From this perspective, little penalty is incurred by having the 

1.6 Hz low pass filter in the control law. Car body acceleration and displacement data 

is shown in Figures 10.33 - 10.35. Comparing this data to the viscous controller data in 

Figures 10.12 -10.14 shows that car body accelerations are lower (RMS and peak values) 

for the low bandwidth case while RMS car body displacement is lower for the viscous 

case. Wheelset acceleration (Figure 10.36) is higher for the low bandwidth controller. 

Suspension deflection and tire deflection data is shown in Figures 10.37 and 10.38, 

respectively. The viscous controller has a 2 mm lower RMS suspension deflection than 

the low frequency controller (compare Figure 10.37 to 10.16) while the RMS tire 

deflection data is approximately equal (compare Figure 10.38 to 10.17). Frequency 

response data from the road input to the car body and wheelset accelerations is shown in 

Figure 10.39. Frequency response data from the road input to the suspension deflection, 
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tire deflection, and car body displacement is shown in Figure 10.40.   The frequency 

response data for the low frequency controller does not show significant differences from 

the frequency response data for the viscous controller in Figures 10.18 and 10.19. Time 

response curves of car body acceleration and suspension deflection for the three road 

inputs with k=1.25, Tsat=0.2 N-m, and o)c=10 rad/sec are shown in Figures 10.41 -10.46. 

While the frequency response data appears similar for the viscous controller and 

the low bandwidth controller, one difference was noted during the tests which does not 

appear in any of the data presented thus far.  While performing the frequency response 

tests, a peculiar oscillation was observed on the car body displacement   Figure 10.47 

shows car body displacement versus time for the low bandwidth controller case when the 

road input is a 10 Hz sinusoid disturbance.   The origin of the 1 Hz oscillation is not 

known and   is not present in the viscous controller case.   Clearly, it is a result of 

nonlinearities in the system since a purely linear system cannot generate subharmonics 

or superharmonics. Further tests revealed the nature of the oscillation can be altered by 

changing the torque limit or low pass filter frequency.    Although not a desirable 

phenomenon, this oscillation does not negate the significant amount of encouraging data 

for the low bandwidth controller. 
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Figure 10.44  (zs - zu) vs t, Long Pulse Response for Control Law 3 
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10.5 Summary 

There were three objectives for the quarter car experiment. The first objective was 

to build a scale model quarter car suspension system. This was accomplished as 

discussed in Chapter 9. The second objective was to experimentally demonstrate the 

shock isolation properties of the semi-active friction damper. This was shown in section 

10.3. Shock isolation was achieved by imposing a torque limit in the control law. The 

car body acceleration data clearly shows a decrease in both RMS and peak levels as the 

torque limit is decreased. It was also encouraging that the composite performance 

measures were not significantly affected by imposing a torque limit equal to or above 0.2 

N-m. Since the implementation of the torque limit is not related to the system states, it 

can be implemented in controllers without regard to bandwidth. 

The third objective was to demonstrate effective suspension control using a low 

bandwidth controller. This was demonstrated in section 10.4. The control law with a 1.6 

Hz low pass filter had comparable performance to the pure viscous controller. These are 

encouraging results, particularly in light of the fact that this is the first generation quarter 

car assembly, first generation semi-active friction damper, and first generation low 

bandwidth controller. Future research will inevitably result in a better understanding of 

the current problems (such as the 1 Hz oscillation) as well as an improved experimental 

setup.   Further efforts in the torque control loop design as well as quarter car control 
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algorithm design with the explicit goal of achieving suspension control with a low 

bandwidth controller should yield performance to rival the higher bandwidth systems 

currently in use. 
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CHAPTER XI 

SUMMARY, CONCLUSIONS, AND 
RECOMMENDATIONS FOR FUTURE WORK 

11.1 Semi-Active Friction Damping for LSS Vibration Control 

Chapters 2-8 describe the concept of dissipating vibrational energy in a structure 

by incorporating semi-active friction damping at the joints. The envisioned applications 

are large built-up truss structures which would be deployed in space. A small, flexible, 

two beam structure with a single semi-active joint is used as a representative scale model 

system. 

The design of control systems begins by formulating a mathematical model of the 

mechanical system to be controlled. For the two beam system, the assumed modes 

method was used to model the flexible beams. This approach requires modeling studies 

to define the type and number of modes necessary for an accurate model. In Chapter 3, 

three modal series were investigated. Sine modes which satisfy the geometric boundary 

conditions and polynomial modes which also satisfy the geometric boundary conditions 

and can carry a moment at the center pin (as required by the natural boundary conditions) 

proved to be roughly equivalent in terms of system eigenvalues, frequency response 
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characteristics, and time response characteristics. The sine modes were chosen due to 

their computational advantages over the polynomial modes. Mixing the sine and 

polynomial modes in a single modal series expansion did not prove beneficial. The 

approach used to evaluate the different models is an appropriate blueprint for most 

modeling studies. 

There are many possible approaches for designing the semi-active joint controller. 

In Chapter 4, Mf (the frictional moment) is defined as a linear function of the system 

states. A joint controller designed using LQR theory with a cost functional based on the 

flexural energy in the beams proved to be very effective in dissipating the vibrational 

energy in the two beam system. This controller resulted in a minimal amount of control 

clipping (to enforce the semi-active constraint) and no joint lock-up. The viscous joint 

controller, which defines Mf as proportional to 6 (the joint angular rate) is attractive 

because it relies on feedback of a readily measured quantity rather than requiring full state 

feedback.  However, this implementation advantage is offset by poorer performance. 

The semi-active joint controller designed using LQR methods requires the control 

to be clipped in an ad-hoc manner in order not to violate the semi-active constraint (i.e., 

FN>0). The question arises as to the performance penalty incurred by not considering the 

FN>0 constraint during the design process. In Chapter 5, this is addressed by studying 

the controller design problem in which the semi-active requirement is an explicit control 

constraint Numerical procedures were used to solve the piecewise linear two point 

boundary value problem which arises when the variational approach is used to solve the 
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optimal control problem.  The results showed that little (if any) performance penalty is 

incurred by ignoring the control constraint during the controller design process. 

The control of large space structures will include correct positioning and alignment 

of the structure (attitude control) as well as structural vibration control. These tasks can 

be performed by segregated control systems or by an integrated control system. In 

Chapter 6, additional actuators are included in the two beam system to represent attitude 

controller inputs. Two control structures are considered. In the VJEW design, the joint 

controller is designed using 6 feedback. In a separate step the attitude controller is 

designed (assuming the joint controller is already in place) using LQR techniques with 

an energy based cost functional. The second design combines the joint and attitude 

controllers into one design. This is the EW design and also uses LQR techniques and an 

energy based cost functional. The analysis of these two designs yielded some very 

interesting results. One expected advantage of the VJEW design was that the joint 

controller could be designed prior to the design of the attitude controller. The simulation 

and analysis data indicated that while it is possible to design the joint controller without 

considering the design of the attitude controller, a penalty in performance would likely 

be incurred. The best values for kVJ, the viscous gain, could not be determined except 

by parametric studies which included the attitude controller. Furthermore, the location 

of the disturbance input affected the choice of kVJ. Conversely, the EW controller which 

integrated the joint controller and attitude controller into one did not show any sensitivity 

to the location of the input disturbance.  Since each controller design relied on full state 
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feedback, observer design issues were also addressed. Using the loop transfer recovery 

(LTR) technique parameterizes the observer gain matrix in terms of a scalar q. Loop 

transfer recovery occurs as q is increased. The value of q is usually limited by the 

amount of sensor noise present. However, the analysis shows that there are performance 

and stability issues which cannot be addressed until the low order controller / observer 

pair is implemented in the high order plant. In particular, performance decreased for 

values of q greater than 1000. This is contrary to the result obtained when the controller, 

observer, and plant are the same dimension (and the plant is minimum phase). Similar 

to the trends in control system performance, the gain and phase margins do not always 

increase for increasing values of q. Another unexpected result was that for the value of 

q which maximized performance in both the VJEW and EW controllers (q=1000), the EW 

controller had higher gain and phase margins. 

In most control systems where the designer is trying to maximize performance 

over a broad range of operating conditions, some type of adaptive control system is used. 

This is particularly the case when the desired value of a controller parameter is known 

to vary with respect to a function of the system states. In Chapter 7, an adaptive 

controller was designed to reduce the sensitivity of the VJEW controller to the location 

of the disturbance input. By varying kVJ as a function of the energy in beam 1, improved 

performance was achieved. 

Another type of system relevant to space structures is the free-free system in 

which the two beams are connected by a semi-active pin joint but are otherwise 
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unconstrained. This system was investigated in Chapter 8. Joint damping was not found 

to be as effective in controlling vibrations in the free-free system as in the pinned-pinned 

system. This was due to the existence of vibratory modes which result in little or no 

motion at the joint, thus eliminating the ability of the semi-active joint to control that 

mode. 

This thesis has shown that using semi-active joints to control structural vibrations 

is a feasible concept if the undesirable vibratory motion results in relative motion at the 

joint. It represents the first in-depth treatment of using semi-active joint damping for 

vibration control. The medium for generating the resistive force was a frictional joint. 

However, except for situations which joint lock-up occur, the results are applicable for 

any passive device which can be actively controlled. The motivation for assuming a 

frictionally damped joint stems in part from the suitability of this type of joint for a space 

environment. Another motivation is the concept of a passive friction joint in which the 

joint normal force is a function of the joint angle (for example, the elliptical pin joint). 

The two beam system was chosen as a suitable, scale model system with which 

to investigate the semi-active joint concept. The analytical results obtained using this 

system are fairly thorough, although small refinements may be possible. For example, 

the optimal output feedback technique could be explored as a means of choosing the 

viscous gain kVJ in a more systematic way. Rather than continuing the analytical studies 

described above, two alternative directions are recommended. The first is to 

experimentally verify the semi-active joint concept using a two beam system. To some 
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extent, the experimental investigation into semi-active suspension using dry friction is 

relevant to vibration control of flexible systems. Still, there are significant differences 

that need to be addressed in a flexible system experiment. Preliminary designs for this 

experiment have been generated with the final design and fabrication expected in the next 

year. Using a frictionally damped joint will be advantageous because it allows the use 

of commercially available electromagnetic clutches which are well suited for active 

control. Since the joint controller will not have infinite bandwidth, some analytical work 

using an actuation system which is band limited (when compared to the two beam system 

dynamics) will be necessary. This work should precede the clutch selection. A second 

research effort which would yield beneficial results would be to incorporate the semi- 

active joint in a more complex structure. Ideally the system would represent a small but 

realistic space structure or a portion of one. Depending on the structure, more than one 

semi-active joint may be appropriate. 

11.2 Semi-Active Friction Damping for Suspension Control 

Chapters 9 and 10 describe how semi-active friction damping was used in an 

automotive suspension system. Whereas the work on the two beam system was analytical 

in nature, the suspension system research was almost entirely experimental. A quarter car 

scale model suspension system was designed, fabricated, and utilized to generate the 

performance data. 
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The experimental assembly was described in detail in Chapter 9. All of the goals 

for the design of the scale model system were not met but nevertheless the system did 

provide a suitable representation of a suspension system. In particular the ratio of the car 

body mass to the wheelset mass was 3.8 rather than the desired value of 7. In order to 

get the mass ratio closer to the desired value of 7, two options are available.  The first 

option is to add weight to the car body mass.   As stated earlier this will require the 

springs to be stiffened and will result in the clutch being undersized.   Stiffening the 

springs is an easy task since the springs are simple cantilever springs and are easily 

designed and fabricated.   To keep the clutch from being undersized, the crank can be 

shortened. If the desired crank length becomes very small, a rack and pinion system can 

replace the crank and connecting rod assembly. This would increase the effectiveness of 

the clutch but possibly at the expense of higher friction.  As the crank length decreases 

and the rotational velocity of the clutch rotor increases, inertial properties of the clutch 

rotor and shaft assembly may also become influential.   Additionally, the larger crank 

angles would introduce nonlinearities into the system. The second option is to decrease 

the mass of the wheel set mass.   This will require a design change to the wheel set 

assembly since removing mass will result in an undesirable reduction in structural 

stiffness.   One promising design change is to add another linear bearing rail assembly 

between the two existing rails.   The free end (end opposite the spring mounts) of the 

wheel set crossbar would mount to a bearing on this intermediate rail thus allowing the 

length of the crossbar to be shortened and the weight to be reduced. 
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Due to the emphasis on low weight, the wheel set structure in the current design 

is noticeably flexible. A 30 hz natural frequency is easily seen on the crossbar during 

testing. This vibration does not affect the performance measures significantly, however, 

the design modifications necessary to eliminate it are simple enough to warrant 

implementation. As mentioned above, adding a third rail assembly and shortening the 

crossbar length is one option. Also a stiffening brace could be added. A preliminary 

design of this brace indicates that only 33 g would be added to the mass of the wheel set 

assembly. 

For test and evaluation purposes it would be desirable to have better performance 

from the torque control loop. Several options are available to do this. The simplest 

option would be to redesign the torque loop compensation filter. Care was taken in the 

design of this loop compensation but improvements may still be achievable. A spiking 

power supply could also be used to improve performance. Response time for the clutch 

decreases from 35 milliseconds to 17 milliseconds when a 90 V spike is initially applied 

to the coil. Tests indicate that the bulk of the response time results from the inductance 

of the clutch coil. The coil inductance problem is exacerbated bj^the fact that only uni- 

directional voltages are applied to the clutch. Allowing bi-polar voltages to the coil may 

also improve performance by reducing the coil de-energizing time. 

One final design change would be to modify the setup for vertical operation. This 

is not believed to be as critical an issue as the above modifications since its main goal 

is to allow tire hop studies (times when the tire leaves the road surface) to be conducted. 
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The changes required for this are numerous. The cantilever springs would need to be 

replaced with coil springs since it would be very difficult to design cantilever springs 

which could withstand the required static deflection. The rail assembly would need to be 

lengthened to accommodate the new springs. An additional LVDT would be needed since 

strain gages could no longer be used to measure tire deflection. A new road actuator 

would be needed since the current one would be undersized. A third rail assembly would 

be needed to locate the road actuator in the center of the assembly. Other issues would 

certainly arise as the design modifications were implemented. 

The concept of a semi-active suspension system is not a new idea. However, the 

idea of using a semi-active friction device to provide the damping is a new concept. As 

opposed to the two beam semi-active damper, the fact that the damping mechanism is 

friction based is crucial due to the inherent (and desirable) shock isolation properties. 

Additionally, having a friction based damper decouples the damping force from the 

suspension velocity which is important when considering low bandwidth controller 

performance. The data presented in Chapter 10 validates the shock isolation and low 

bandwidth controller techniques for the frictionally damped semi-active suspension 

system. This work represents the first experimental verification of these ideas. 

The ability to provide shock isolation using a torque limit set in software is 

believed to have advantages over hydraulic dampers which must use a pressure relief 

valve. Also, decoupling the damping force from the suspension velocity should give 

additional flexibility when designing the control system.    These ideas need further 
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investigation. The benefits of using a frictionally damped system need to be quantified 

in order to justify pursuing the semi-active friction damper for a full size application. 

This would include studying the benefits in a quarter car system as well as a full car 

system (with 4 semi-active systems). The ability to generate large suspension forces with 

little or no suspension velocity may prove beneficial in cornering or braking. Aside from 

the suspension system control system, other mechanical systems should be explored for 

possible applications. Systems which require shock isolation, such as machine tools, may 

benefit from the advantages of semi-active friction damping. Another feature which may 

prove beneficial is the ability of the damper to lock-up. This has previously been viewed 

as detrimental but there may be applications where it is desirable to periodically prohibit 

motion. Having proved the validity of the semi-active friction damping herein, these and 

other applications will indicate the utility of the concept. 
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APPENDIX A 

STATE WEIGHTING MATRIX FOR E COST FUNCTIONAL 

The performance index for this case is 

■/« 
J =  | ~E + pM/ dt (A.1) 

The energy of the two beam system, E, is given by 

E = T + V 

_ IT xT[w]x 
(A.2) 

where 

[w]- 
[M] I [o] 

[0]   I [K] 

Differentiating (A.2) gives 

(A.3) 

E=I[xT[w]x+xT[w]x]. (A.4) 

The derivative of the state vector is given by the state equation, 
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X   = VSL 2i + BM
Mf 

(A.5) 

Substituting (A.5) into (A.4) and simplifying yields the following expression for E, 

E = _ xT Mf 

VSL '[W]+[W][ASL]  I   [W]BM 

BM
T[W] -M 

I 0 

Using (A.6), (A.l) can be written as 

i-J0-'U
TMf][r] 

X 

Mf 

dt 

where 

[r] = 

ASL]
T
[W]+[W][A; 

BM
TIW 

I [W]B 
M 

I        2p 

The plant dynamics matrix, [ASL], is given by 

^SL 

[o] i -[MHK] 

[I]   I       [o] 

Using (A.3) and (A.9), the following result can be easily derived, 

x 

M 
(A.6) 

(A.7) 

(A.8) 

(A.9) 
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VSL [W]+[W][ASL] = [O], (A.10) 

which simplifies the expression for \T] as follows, 

[r] = 

[o]     i [W]B M 

BM
T[W]  I       2p -M 

(A.11) 

The optimal control problem specified by the state equations in (A.5) and the performance 

index in (A.7) and (A. 11) is equivalent to the following problem [46], 

x = ^SL -BMBM
T[W]/P x + BXy(Mf —      —M     r 

(A.12) 

J-/0-ii
T[-[w]BMBMT[w]/p 

The state weighting matrix for the equivalent system is 

x + p Mf
z dt 

Q*] = -[W]BMBM
T[W]/P, 

(A.13) 

(A.14) 

which is not positive semi-definite [77] since there exist no matrix [y] such that 

In fact, by inspection, [Q*] is negative semi-definite. 

(A.15) 
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APPENDIX B 

DERIVATION OF THE VALUE OF COST ATE LAGRANGE MULTIPLIER 

Before considering the costate Lagrange multiplier in the bilinear formulation, it 

is instructive to return briefly to the linear model formulation. The equations of motion 

are 

x = VSL 2L+B    Mf. (B.l) 

The performance index of interest is 

T      1    T J = _x' [sf]5|Mf*'J0V[Q]ä*"tf*. CB-2) 

or equivalently, 

J = 1     T 
_X 
2" 

x|t=tf+i/0V[Q]x-MMfdt, (B.3) 

where 

rM = 

(kGPü) 

(B.4) 

In (B.4) ICQ and pD are the joint geometric factor and kinetic coefficient of friction, 
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respectively.  The feedback control that optimizes (B.3) is 

Mf = 
-BM

T[S(t)]x 
■M (B.5) 

lM 

where [S(t)] is the solution to the following Riccati equation, 

"[S(t)]=[ASL]T[S(t)]+[S(t)][ASL] 

-[S(t)]BMBM
T[S(t)]/rM+[Q] 

(B.6) 

The control given by (B.5) is for an active joint, no restriction has been placed on Mf up 

to this point.  Substituting (B.5) into (B.l) yields 

x = ^SL -BMBM
T[S(t)]/r M 

(B.7) 

Since [S(t)] is a continuous function, so is the state x, the control Mf, and the costate X. 

A smooth and continuous Mf, however, results in a discontinuous FN since 

FN = 
M, 

kGuD 

Thus if tj represents a zero crossing of 6, then 

sgn (6) (B.8) 

(B.9) 
FN(ti ) = "FN(ti ) • 

The optimal value of FN must be the same for the linear or bilinear formulation. Both 

formulations are appropriate to this point since the semi-active constraint has yet to be 

introduced. Returning to the bilinear formulation, the normal force at the zero crossing 
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is given by 

FN(0 - -FN(0 " - 
c6 ^F (B.10) 

Since (B.9) and (B.IO) must yield the same result, a=0. 

One of the advantages of using the bilinear formulation is that if the unconstrained 

case can be solved, the inequality control constraint is then simply appended as a control 

requirement. The optimal FN is thus calculated using the optimal feedback gains and then 

forced to be greater than or equal to zero when necessary. This creates regions of 

constrained and unconstrained trajectories. The problem then becomes to extremize J 

using these segmented trajectories, a task best left to numerical routines. 
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