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Abstract

I present an in-depth theoretical analysis of the optical impact of transverse index
confinement on the lasing modes of microcavity surface emitting lasers. Using two differ-
ent variational techniques—the weighted index method and the finite element method—I
solve Maxwell’s equations for several azimuthally symmetric laser designs to compute the
relevant laser parameters: modal resonance, field profile, confinement factor, and threshold
gain. Through my weighted index analysis, I discovered two new effects of transverse field
confinement: a polarization dependent change in mirror reflectance with aperture radius,
previously only noted in edge-emitting lasers, and a mode dependent blueshift. Comparing
my blueshift predictions against measured results for devices operating at nominally 850 nm
and 780 nm, I found excellent agreement between theory and experiment. For a sufficiently
sharp gain spectrum, this blueshift may be used to achieve low threshold, single mode lasing
by exploiting the dispersion in blueshift rates amongst the various transverse eigenmodes to
spectrally select the single desired lasing mode. Through my finite element analysis, I ascer-
tained the physical mechanisms responsible for diffraction in microcavity lasers. These are:
the transverse confinement of the optical mode, the degree of tilt of the mode propagation
vector away from normal to the mirror surfaces, and the density of parasitic modes in the
spectral vicinity of the lasing mode. This knowledge is of vital importance for low threshold
design analyses, since diffraction is the dominant loss source in this regime. Based on the
success of the parasitic mode loss picture for describing diffraction in the stratified surface
emitting laser geometry, I augmented my weighted index model, via a rigorous electromag-
netic calculation of lasing-to-parasitic modes coupling, to compute diffractive loss and total
threshold gain. Incorporating this new weighted index/parasitic mode calculation With a
semiconductor bandstructure and gain model, I computed spontaneous emission rates for a
low threshold laser using a new optical mode density model specifically designed to address
the partial field confinement afforded by, for example, oxide apertures. Finally, the optical,
gain, and emission results were combined to compute light verses current, threshold current,

and spontaneous emission factors for the same low threshold device.
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Optical Physics of Microcavity Surface Emitting Lasers

1. Introduction
1.1 Foreword

The advances in semiconductor and optoelectronic technology over the last quarter
century have opened the door for the theoretical researcher to probe concepts not only of
purely scientific interest but of great practical application as well. This is perhaps best exem-
plified by the archetypical semiconductor laser, whose understanding requires the mastery of
several branches of physics and yet boasts wide sweeping application ranging from compact
disc players, to environmental sensors, to aircraft avionics, etc. These lasers have established
a growing strong-hold within the optical source genre due in a large part to their cost, size,
and exceptional operating characteristics, many of which are unobtainable by their gas and
solid state counterparts—at any cost. Indeed, as anyone who has worked with them can
attest, the idea of a ND3*t-YAG, ruby, or CO; laser operating with an efficiency of 50%
off batteries and costing pennies on the dollar belongs in an Arthur C. Clarke novel. Yet
semiconductor lasers have achieved all these feats and more. A prime example is amplitude
modulation by direct modulation of the drive current, a feature ideally suiting these lasers
for fiber-optic sources, the backbone of the communications industry. The prominence of
these lasers is largely attributable to the advances in semiconductor growth and microfab-
rication technology, permitting the researcher to control device construction literally down
to the atomic level and to realize truly quantum mechanical structures—as Steven Wright
quipped—*“the dreams stuff are made of.” Most notably, this technology facilitated the
creation of heterojunctions and quantum wells, the optical sources within most lasers, and
until then a purely theoretical entity of quantum mechanics. Despite the relative maturity
of the semiconductor laser, the research activity has not slowed, maintaining a frenzied pace
driven by the continual emergence of new applications and the demand for increased per-

formance. A large percentage of the work is focused on conquering new material systems
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to achieve reliable lasers at wavelengths outside of the well developed red-to-near-infrared
range. The elusive blue laser, the last leg of the triad required for high-brightness, flat-panel
displays, and the mid-infrared intraband quantum cascade laser, which uses the well estab-
lished GaAs/AlGaAs material system, are excellent examples of this type of work. Although
this research is exceptionally significant in the material science and quantum mechanics dis-
ciplines, optically these lasers differ very little from their predecessors. This is not the case
though with vertical cavity surface emitting lasers, or VCSELs, another highly active area

of laser research, and the foundation of this thesis.

The VCSEL is a relatively recent spin-off of the more traditional edge-emitting laser,
whose primary differences—cavity orientation, size, and design—are optical in nature; a typ-
ical VCSEL and edge emitter are illustrated in Figure 1.1. As the name implies, the VCSEL
cavity is normal to the growth direction. VCSEL mirrors are either monolithically grown
semiconductor or post-growth deposited dielectric distributed Bragg reflectors (DBRs): al-
ternating quarter-wave layers of high and low index of refraction materials. A drawback of
the vertical cavity is a very short gain region, often necessitating extremely thick DBRs of
80 layers or more to achieve the greater than 99% reflection required for lasing. On the
other hand, however, the typical VCSEL cavity is only a few wavelengths long, roughly two
orders of magnitude shorter than most in-plane lasers. An immediate result being the lasing
threshold, which scales roughly with active volume, is also orders of magnitude smaller, un-
fortunately at the expense of the ability to generate high output powers. Additionally due to
the short cavity length, VCSELs only support a single longitudinal mode. The large spacing
between spectrally sharp longitudinal modes—due to the high reflectance DBRs—makes the
VCSEL cavity the optical analog of the quantum well, a quasi-two dimensional structure.
This feature has been thoroughly investigated, focusing on the potential for cavity design to
effect the quantum nature of light, enhancing or suppressing spontaneous emission to lower
the lasing threshold beyond the active volume limit. From the results of analyses on the
simple planar VCSEL came predictions that with further optical confinement, lower order

quantum systems could be imitated and lower thresholds obtained.
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Bottom DBR
Top DBR

EtChed POSt / Cavity & Gain Region
VCSEL
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Figure 1.1  Illustration of a simple etched post vertical cavity surface emitting laser and
an edge-emitting laser.
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The first embodiment of a three-dimensionally index confined vertical cavity laser
came in the form of an etched post, with DBRs providing one dimension of confinement
and the air-to-semiconductor interface providing the other two. Although it would seem
this device would provide the closest replica of the classical “particle in a box”, it was
not practical. It suffered terribly from surface recombination electrical losses, as well as
optical scattering losses, and was therefore quickly abandoned. Nonetheless, in its short life-
span a great deal of analysis was performed on it, with the most noteworthy result being a
prediction that in a true zero dimensional system the threshold could be made to completely
disappear. The potential of this device is enormous; a zero threshold device would require
zero bias power. This untapped potential served to motivate researchers both interested
in the practical application of such a device as well as those intrigued by the exciting new
physics embodied in them. The breakthrough came when the microelectronics group at
the University of Texas (U.T.) found that by replacing proton implantation with native
oxidation for current confinement, they achieved the additional"ben.eﬁt of index confinement
of the optical field without the immense electrical losses associated with etching [31]. The
idea caught on like wildfire and over the few short years since its inception, oxidation has

essentially replaced implantation as the method of choice for carrier and field confinement.

However, the oxide is not perfect. It clearly provides a transverse index step, but
the total effect of the step is not well understood, as evidenced by the large variety of
oxide designs throughout the research community. For example, two leading universities in
VCSEL research, the University of California at Santa Barbara (U.C.S.B.) and the University
of Texas, report optimized designs based on wholly different concepts of the oxide optical
effect. Santa Barbara reports that thinner oxides placed further from the gain region at
nodes of the field standing wave are superior, minimizing the diffraction loss of the lasing
mode [30]. Texas reports just the opposite; thicker oxides placed near the gain region at
antinodes are better, providing more transverse confinement/waveguiding to the mode [19].
Both groups have enjoyed success with their respective approaches, achieving extremely low
thresholds [33]. Their results suggest that the primary effects of the oxide differ depending

on the cavity and oxide aperture design. These results may also be interpreted to mean
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the use of oxides has not yet been optimized and the ultimate threshold limit has not yet
been achieved. A further reduction in threshold must be preceded by a better understanding
of the oxide effects. A complete model must explain these two seemingly opposing results.
Once in hand, this “Grand Unified VCSEL Optical Theory” may be used to predict the ideal
oxide aperture and VCSEL cavity design for achieving the ultimate limit in low threshold

lasing. It is precisely this model which is the goal of this dissertation.

1.2 Optical Problem

The fact that the optical problem has persisted so long reflects the extreme difficulty
in solving the differential equations governing the fields in VCSELs. The equations are
themselves simple enough. They are, of course, Maxwell’s equations, given in differential

form (in MKS units) as

. OB
\V4 = —— i
x E R (11)
. 8D -
H = —
V x Y J,
V-—‘ = Py
V-B =0

Here the two source terms are the current density <j ) and the volume charge density (p,).

Assuming isotropic media, the electric (]3) and magnetic (E) fluxes are related to the
electric (E) and magnetic (ﬁ ) fields by the material parameters (g, €) and the constitutive

relations

—

D = e, E, (1.2)

—

Loty H;

o
|

o> Hry €0, and €, are the free-space and relative permeability, and the free-space and relative

permittivity, respectively. The relative permittivity is related to the more commonly used
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index of refraction by
& =0 (1.3)

Absorptive loss and material gain result from a negative or positive imaginary part of €, or
n. Since lasing fields are spectrally sharp—nearly delta functions in frequency—the fields
may be approximated as harmonic, depending on time as exp (twt), where ¢ = V-1 and wis
the radial frequency. Furthermore, assuming non-magnetic material (4, = 1), which is the
case for all semiconductor laser materials, the Maxwell curl equations may be combined to

derive the vector Helmholtz equation,
VxVxE- wz,uoeosrﬁ = —iwpgd. (1.4)

The vector Helmholtz equation and the MKS Maxwell’s equations serve as the foundation
for all my optical laser analysis. The primary challenge in solving (1.4) results from the
apertured VCSEL geometry. The geometry introduces two fundamental difficulties: (1) the
relative permittivity, and therefore the vector Helmbholtz equation, is not separable due to
the aperture or etched post; (2) the planar Fabry-Perot cavity has very high Q. The non-
separability is intrinsic to the apertured VCSEL design; without it there could be no index
confinement!. Similarly, the high Q is vital for lasing to occur in the short VCSEL cavities.

These two intrinsic VCSEL attributes conspire to greatly complicate optical modeling efforts.

1.3 Semianalytic Calculations

Since analytic calculations generally yield not only a specific solution to a given prob-
lem, but insight into the physical underpinnings of the problem, they are often preferred
over numerical techniques. Moreover, analytic calculations are as a rule much faster than
numerical approaches, favoring them for iterative design work. Hence, the majority of the
optical modeling efforts have involved an analytic or semianalytic representation of the fields.
The most obvious approach is to actually solve the full vector Helmholtz equation in each

region of constant index of refraction, coupling the solutions via the tangential field continu-

1This is not strictly true, but does hold for all current VCSEL designs. This issue will be revisited later
in Chapter V.




ity conditions [12]. In this approach the field is represented by an infinite weighted sum of
eigenfunctions (for example, trigonometric or Bessel functions) for each region, the weight-
ing determined by mode matching to adjacent regions. But this technique works well only
when the refractive index profile separates in some preferred coordinate system, reducing the
infinite expansions to a single term. If, as in realistic VOSEL structures, the refractive index
profile does not separate in any coordinate systém, then simple single-term special-function
solutions to the governing partial differential equations do not represent exact solutions for
the modes and analytic methods become quite cumbersome. Despite this difficulty, most
previous analytic calculations have introduced, at some point in the treatment, a single
product term to describe a particular electromégnetic field component [21,26]. It is vital to

realize that this is equivalent to assuming the underlying differential equation separates.

Since separable descriptions facilitate closed-form expressions, rapid calculation, and
comparison with well-understood “textbook” problems, there is considerable motivation to
improve and justify them. Therefore, in Chapter II, I generalize the weighted index method
(WIM)—a separable approximation—to compute cavity modes in cylindrically-symmetric
dielectric VCSEL structures. I also show (in Appendix A), using the calculus of variations,
that this technique provides the best separable solution to the scalar Helmholtz equation. In
Chapter 111, T apply the WIM to both oxide-apertured and etched-post VCSEL designs to
calculate the spatial profile, optical confinement factor, resonant frequency, and mirror and
absorption losses of the fundamental and higher-order lasing modes. Furthermore, I compare
the WIM lasing mode resonance predictions to measurement for two different apertured
device designs, validating the WIM results. Ignoring diffraction effects, I show in Appendix
B that the threshold conditions based on the WIM optical losses are a generalization of the

classical Fabry-Perot round-trip amplitude and phase conditions [65].

1.4 Numerical Solutions

For aperture sizes approaching the field wavelength, diffraction becomes the dominant
loss mechanism, rendering the original WIM incomplete. In this realm, any threshold pre-

diction based solely on the WIM losses will be inaccurate—the smaller the aperture, the
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less accurate the results. I would prefer to augment the WIM to incorporate diffraction and
make it a complete optical model. But, before this can be accomplished it is crucial to un-
derstand the ¢rue physical mechanisms which determine the diffraction in VCSELs. Ideally,
this could be done experimentally. Several devices of different oxide aperture radii could be
fabricated and the threshold current measured. The threshold current, however, strongly
depends on the electrical parasitics—surface recombination and leakage current—both of
which vary significantly for small aperture VCSELs. Hence, it is extremely difficult to ferret
out optical loss information from threshold current measurements, necessitating the use of

modeling to understand the purely optical effects of oxide confinement.

Volumetric numerical methods, although computationally intensive, are ideally suited
for rigorous analysis of non-separable partial differential equations (PDEs) over a closed do-
main. These techniques approximate the true answer by a numerical one, formed by discretiz-
ing either the PDE—by replacing the derivatives with finite differences—or the solution—by
expanding the function over a weighted basis set. These methods are quasi-ezact, in that
their accuracy increases with the number of unknowns and becomes exact in the infinite
limit. To date, only one numerical method has been applied to the VCSEL optical prob-
lem. G.R. Hadley [27] estimated the diffractive losses due to oxide apertures using a finite
difference eigensolver. But his solution was limited in two primary respects: (1) the finite
difference approach only works on a Cartesian grid, and (2) it may only be used to solve for
scalar fields. His model can not handle tapered oxides, touted by Santa Barbara and Sandia
National Laboratories as the optimal oxide design. Furthermore, for VCSEL designs with
oxides in or near the cavity—such as the University of Texas’s design—the vector nature of
the fields may be important. To extend his results, in Chapter IV, I derive a new vector finite
element method (FEM). The FEM explicitly solves for all three electric field vector compo-
nents in azimuthally symmetric VCSELs?. The method is based on a variational solution
of the full vector Helmholtz equation. Unlike finite difference approaches, the FEM is not
limited to a Cartesian grid and can easily incorporate any azimuthally symmetric dielectric

geometry, including complex loss. In this method, the Helmholtz equation boundary value

2] present the vector finite element functions in Appendix C
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problem is transformed to a large, sparse, non-Hermitian, generalized eigenvalue problem.
For each cavity mode the eigenvalues correspond to the complex radial frequency (w) and
the eigenvectors are the basis expansion coefficients determining the fields. Since the method
may only be applied on a closed domain, in Appendix D, I derive a new artificial absorbing
layer designed to mimic the unbounded nature of the fields. I conclude Chapter IV by ap-
plying the FEM to a novel oxide apertured, oxide DBR VCSEL, reported to be the smallest
working (photopumped) device ever built [67]. From the eigenvalue and eigenvector, I derive
all the pertinent mode data: resonant wavelength, confinement factor, field distribution,
and total threshold gain including diffractive loss. This analysis should be the most accurate
field calculation performed to date. From these results, I infer the fundamental mechanisms

governing VCSEL diffraction.

1.5 Parasitic Modes

Perhaps the most referenced calculation addressing diffraction in VCSELs is a model
based on an “unfolded cavity” [29]. In this model, a Gaussian mode, whose shape is deter-
mined by the effective “fiber optic” waveguide [26], is propagated through a series of oxide
apertures. The energy lost to diffraction in one cavity round-trip is calculated and then
extrapolated, based on mirror losses (e.g., emitted light), to estimate the threshold gain.
This model is popular for several reasons: (1) it yields an intuitive semianalytic field so-
lution, the VCSEL analog of the standard laser solution, (2) it runs quickly and does not
demand the computational horsepower of numerical techniques, and most importantly (3)
it qualitatively predicts many of the experimental observations. Based on this model, Santa
Barbara derived their VCSEL design: thin oxides placed at nodes of the field standing wave
one or two wavelengths from the cavity. However, the current (repeatable) threshold record
belongs to the Texas group, whose design, as discussed above, is diametrically opposed to
Santa Barbara’s. The problem with the unfolded cavity model is it fails to incorporate
the fact that the VCSEL field diffracts into a dielectric layered structure, similar to a slab

waveguide, and not into free space [19].
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D.G. Deppe (U.T.) has proposed a different picture of VCSEL diffraction, considering
it as energy loss to “parasitic modes.” These are slab waveguide modes, nearly resonant
with the lasing mode, propagating in the transverse direction®. Based on this picture, his
group performed qualitative estimates of diffractive loss in various cavity structures [20].
Their interpretation of the loss mechanisms support my conclusions from the FEM analysis,
suggesting the validity of the parasitic mode concept. Most remarkably, both calculations
(Texas’s and my FEM) consistently explain the seemingly opposite U.C.S.B. and U.T. op-
timized designs. Following the Texas success, in Chapter V, I incorporate parasitic mode
loss into the WIM to complete the optical model. Since the WIM is primarily intended as
a fast approximate technique, I improve the efﬁcienéy of the method—without sacrificing
significant accuracy—by adopting the linear polarization (or paraxial) approximation. This
allows me to treat the lasing mode (but not the parasitic modes) as a scalar field, greatly sim-
plifying the field representation and cutting run times by roughly a factor of two. I validate

this approximation through comparisons with previously obtained vector WIM results.

1.6 Complete Laser Modeling

The principal threshold metric is the spontaneous emission factor (f), describing the
percentage of photons (spontaneously) emitted into the lasing (or any other) mode. For
traditional lasers with cavity dimensions much larger than the optical wavelength, this can
be accurately estimated using the three-dimensional density of optical modes—proportional
to w?. In VCSELs, the short, high Q cavity quantizes the propagation constant in the lon-
gitudinal direction and the appropriate density of modes is two-dimensional—proportional
to w. Furthermore, the quantum well emission becomes anisotropic in the cavity, increasing
spontaneous emission in some directions at the expense of others [8,10,18]. The combina-
tion of these two phenomena result in lasing mode §’s much larger than traditional lasers.
Extrapolating this effect to lower dimensional systems (i.e., more degrees of confinement),
the density of modes may be further reduced and larger B’s obtained. In the theoretical,

zero-dimensional limit—where all cavity dimensions are on the order of the wavelength—the

3More precisely, the parasitic modes propagate at least in the transverse direction; they may also propa-
gate in the longitudinal direction as well.
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density of modes becomes a series of delta functions. If these modes are spaced sufficiently
apart, only one mode may interact with the gain media. In this case, all the spontaneous
emission will be channeled into this mode, 8 will go to 1/2 (due to polarization degeneracy),
and the threshold will disappear [4,5]. In realistic VCSELs this limit (currently) can’t be
reached. Parasitic optical and electrical losses destroy any quantum optical benefits well
before the theoretical minimum cavity size. However, as evidenced by record low thresholds,
oxide apertured devices must receive some quantum optical benefits over planar devices.
Since the oxide confinement is incomplete, one could envision the optical density of modes
as a set of discrete cavity modes, similar to the zero-dimensional case, superimposed on the
background two-dimensional density of modes. In Chapter VI, I employ this new approach
using my WIM optical modes to estimate the spontaneous emission factor for the University
of Texas’s low threshold VCSEL. Integrating these results with J.P. Loehr’s gain model [42],
the photon and carrier related rate equations are solved to estimate the threshold current

and the light-vs-current characteristics—the ultimate goal of laser modeling.
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II. Vector Weighted Index Method

In this chapter, I generalize the weighted index method (WIM)—a separable approximation
to the Helmholtz equation—to compute cavity modes in cylindrically-symmetric dielectric
VCSEL structures [50,51]. I calculate the electric and magnetic vector potentials and use
these to compute the resulting fields. Using the calculus of variations in Appendix A, I show
that this technique provides the best separable solution to the scalar Helmholtz equation. The
method allows me to approximate the spatial profile, optical confinement factor, resonant
frequency, and mirror and absorption losses of cavity modes in both oxide-apertured and
etched-post VCSELs. The method explicitly considers complex media, allowing me to include
free carrier losses. A central flaw of the technique, however, is an exclusion of diffraction, the
dominant loss mechanism in recent low threshold designs. I remedy this later in Chapter V,

by perturbatively including these losses in the general WIM formalism as presented below.

2.1 Vector Field FEquations

I want to find the electric (E) and magnetic (I_-_f ) field profiles, the resonant wave-
length (1), and the mirror and absorption losses (a(mimr) + a(ab”rptim)) for each cavity mode
in azimuthally-symmetric VCSEL structures. For this I must solve a vector-wave equation
subject to appropriate boundary conditions at each interface. Because there are several
equivalent electromagnetic descriptions of any system, I can write wave equations for the
electric and magnetic fields, scalar potentials, or vector potentials. The most powerful and
convenient method for this problem is to solve for the magnetic (f—l’) and electric (ﬁ) vec-
tor potentials and use them to compute the fields. The steady-state, time-harmonic vector

potentials A and F satisfy the three-dimensional vector Helmholtz equation (in MKS units)

{V2+(€;sr(p,z)} ’i’(p"ﬁ’z) —0. 2.1)
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Here A and F depend on time as e“?, w = 2mc/A, and I have assumed a cylindrically-

symmetric, complex dielectric function e,. Note that
VEr =n=n+ik, (2.2)

where 7 is the (complex) refractive index; material gain is incorporated by taking & positive

in the active region. I assume g, =1 in all regions.

For azimuthally symmetric structures, the vector potentials are separable in ¢, de-
pending on it as e™?. Furthermore, expressing the potentials in cylindrical coordinates, the

2 components obey a scalar Helmholtz equation,

9 190 o? w? m? A.(p,2)
{33055t (505} PO

To generate transverse magnetic (to ) (TM) modes I must solve for A,, while to generate
transverse electric (TM) modes I must solve for F, [28]. Since an arbitrary mode can be
represented as a superposition of TE and TM modes, I need only solve for the two unknown
scalar functions A, and F,, a dramatic simplification over solving (2.1) for all six vector
components. Note that despite the fact that I may solve a scalar equation (2.3) to find
modes, the vector nature of the solution remains—manifested in the boundary conditions.
The power of the vector potential approach comes from the fact that I may generate all the
vector field components by taking derivatives of the 2 components of the vector potentials,
therefore requiring no a-priori knowledge of the p or z dependence. The fields themselves

are related to the vector potentials by [36]

?

E' — _ A _ A
wsosTV x V x (24,) — V x (3F,), (2.4)
H = Vx(34,) — —V x V x (4F,), (2.5)
W
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or, more explicitly,

) 9? 10
Ep(pa Z) = —wsoe, —a_;aAz(pa Z) - ;%Fz(p, z)’ (26)
By(p?) = ——— 0 A(p,2) 4 (5, ) 2.7
¢p7z) - waoarpa¢az Zp7z ap 2p7z7 ¢
7 9 10 m?
= N a.T7"4q9." o z\Fy~ /s 2.
E.(p,2) WEoE, {8/)2 + p8p  p? }A (p,2) (2.8)
10 i 0?
Hp(p’ Z) - ;%Az(p, Z) - ;M—Oapaze(p>Z)7 (29)
Hy(p,2) = —Ad(p2) = —— o —F.(p,2) (2.10)
¢p,z - _ap Zp7z Wﬂ0p8¢az Zp7z’ :

. 2 2
H(pz) = 7 {8 10 m

et AT p_2} Fy(p, ). (2.11)

In separable geometries, the two-dimensional, azimuthally-symmetric scalar Helmholtz
equation (2.3) may be solved exactly by separation of variables, yielding the potential pro-
files, resonant wavelength, a,nd‘ mirror and absorption losses for each cavity mode. Realistic
VCSEL structures, however, are not separable, greatly complicating the solution of (2.3).
An exact semianalytic solution could be obtained by expanding A, and F} in terms of the
general solutions in each region, then matching boundary conditions to determine the (infi-
nite) set of expansion coefficients. In practice, this technique requires considerable care to
implement, though it does have the advantage of incorporating non-separable behavior in

the solutions [12]. Below, I present an alternative technique to generate the best separable

approximations to (2.3).

2.2 The Weighted Index Method

Equation (2.3) represents two uncoupled partial differential equations—one each for A,
and F,—which are quite difficult to solve. For separable geometries, I can exactly replace
each equation in (2.3) with two independent ordinary differential equations, and these can
be solved exactly. For non-separable geometries, I approximate the solutions to (2.3). In
general, there are two possible approximation techniques. The most common approach is

to maintain the exact equations (2.3) and construct an approximate function that “almost”
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solves them. An alternative approach is to replace the exact equations (2.3) with approx-
imate equations, and solve these approximate equation exactly. I take the latter approach,
and approximate each equation in (2.3) with two coupled ordinary differential equations. I
accomplish this by extending the weighted index method (WIM)—which was first developed
to calculate waveguide modes in horizontal-cavity ridge-waveguide lasers [39,61]—to address
the eigenmodes of cylindrical cavities. This technique has the advantage of giving the best
separable solution to (2.3) in the variational sense, and allows me to estimate the field profile,
optical confinement factor, resonant wavelength, and mirror and absorption losses for each
cavity mode. Below I derive the WIM equations; in Appendix A, I prove that their solution

yields the best separable approximation to (2.3).
Proceeding as if separable solutions to (2.3) exist, I take
A:(p,2) = P(p)Q(2),
(2.12)
Fi(p,?) = R()S(2).

Substituting either of these into (2.3) gives

w? m?

) + ¢ PEE) + D) + (6—25,@, 2 - ;2,—) (e =0,  (213)

where ( = P or R and ¢ = Q or S. For each potential in (2.12), I can separate the
resulting equation (2.13) by integrating it against {*(p) or £"(z). This procedure yields the

axial equation

¢'(2) + (Bsy()) " €(2) = 0, (2.14)

and the radial equation

(o) +5¢0)+ (o) - 2] ¢t =0, 219
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for each potential. These axial and radial equations are coupled by the weighted axial and

radial propagation constants, given respectively by

(ﬂ:ff(z))2 = (wz/cz)(CIsr(Paz) IC) + (C Igg?;)(C'p_wcl) _m2(<-|p—2 |C)’ (216)

and
o (2 _ W) (Eler(p,2) 1€) +(£1€")
(keff(p)) = (é- | 6) . (217)
Here { | ) denotes an inner-product over z or p, respectively defined by
(A()1B(:)) = [ 4Bz, (2.19)
and
(A B()) = [ 4°(0)B(e)odr. (2.19)

Since the weighted propagation constants depend on whether I solve for A, or F;, I have
introduced an additional superscript @« = TE or TM to distinguish between TE modes
resulting from F, (involving averages over { = R and ¢ = S) and TM modes resulting from
A, (involving averages over ( = P and ¢ = Q). Coupling occurs only between the radial and
axial equations for a given vector potential A, or F}: the two potentials remain uncoupled
in (2.14) and (2.15). But A, and F, will be coupled later by boundary conditions when I

solve for hybrid modes.

2.8 Weighted Boundary Conditions and Solutions

In this section I discuss the solutions of (2.14) and (2.15) in piecewise-constant re-
fractive index profiles, paying particular attention to the interfacial boundary conditions.
A sample structure is shown in Figure 2.1. Since I will work exclusively with piecewise-
constant geometries, I simplify my notation by taking €.(p,2) — €., where ¢ and j index
the radial and axial regions, respectively. Thus I also have kg (p) — k¢ and Bcs:(2) — B7,
and (2.14) and (2.15) reduce, respectively, to the one-dimensional Helmholtz equation and

Bessel’s equation.
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\/ Er:1,5+2 €r:2,j+2
//
Er:1,5+1 €r:2,j+1
//
Er:l,j €r:2.5
€r:1,j—-1 €p:2,5—1

Figure 2.1 Illustration of the piecewise constant permittivity notation for an axially sym-

metric VCSEL.
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To solve these equations subject to the refractive index profile e, ; of etched-post or

oxide-apertured VCSEL structures, I must supplement (2.14) and (2.15) with an appropriate

set of interface and endpoint boundary conditions. The interfacial boundary conditions

are the usual continuity requirements on the normal and tangential components of various

electromagnetic fields. Therefore I cannot directly enforce boundary conditions on P, @,

R, and S, but must perform the intermediate step of computing the electric and magnetic

fields via (2.6)—(2.11). Furthermore, since the underlying partial differential equations (2.3)

do not separate, these boundary conditions cannot be satisfied at all points on the boundary

surfaces—if they could, (2.3) would be separable.

In preparation for generating approximate boundary conditions, I rewrite the weighted

index formulas (2.16) and (2.17). By integrating (2.15) against (*(p) I have

(CIC") + (¢ Iy =m* (¢ 172 1€ = —(C1 ()P 1),

allowing me to express (2.16) as

()¢ lerig|€) = (CIREIC) _ WP o o2
(ﬂ?)2= (w /C )(Clé' ,<€|.<I.<).) (Cl( ) IC) =L::—2(ET:<yj) —(k ) ,
where
o o (Clerigl) o —  [{CT(BE)?IC)
e =2ty = W=V T
Similarly, by integrating (2.14) against {*(2) I find
(€1€") = —(€1(B5)* 1),
allowing me to express (2.17) as
2/a2 .. - N2 2
(k?)2 — (w /C )(é'sr:z,zél.él.g) <€I(IBJ) lé) = L‘c"_z(sg:i’g) _ (/301)2’

where
(€lerigl€)

oy (€1 (B)16)
=)

(€ley -

and (8% =
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The compact expressions (2.21) and (2.24) allow me to compute weighted variables without

using the derivatives of { and ¢.

I specialize these expressions to VCSEL lasing modes by truncating the inner product

over z, replacing (2.18) with

(AR BE) = [ 4B (2.26)

Zbottom

where Zpottom and 2iop denote the lower and upper VCSEL boundary planes. This truncation
is necessary to force (2.24) to converge and reflects the assumption that most of the energy
is contained inside the VCSEL cavity. In contrast, I force the radial wavefunctions to decay
evanescently to zero—to find guided modes—and the inner product defined by (2.19) presents
no difficulty. It is essential to realize that by forcing evanescent behavior in the radial
direction, I explicitly prohibit diffraction from contributing to the solution. This unavoidable

drawback is repaired perturbatively in Chapter V.

I now present boundary conditions and solutions for the axial and radial equations
(2.14) and (2.15). The unknowns in this formalism are, for each mode, the functions P(p),

Q(z), R(p),and S(z), the resonant frequency w, and the mirror and absorption losses,
a(mirror) + a(absorption) = Ftot AT K pctive / . (227)

Here T't°t is the total confinement factor and kactive is the material gain in the active quantum
well region required to offset the mirror and absorption losses. Note that the sum of the
two losses equals the threshold modal gain which would be observed if diffraction were not

present. In practice, I éxplicitly solve for Kactive, not (MIrTor) . o (absorption)

2.8.1 Azial Boundary Conditions and Solutions. I solve the axial equation (2.14)

in piecewise constant geometries, such as in Figure 2.2. The general solutions of (2.14) are




given in each axial region [2;, zj4+1] by

Qi(z) = aTMeHs 4 M
(2.28)

{2\ — TE TPz | 3TE —ifT "z
Si(z) = a;"e®i * + b;¥e™ 7,

where I explicitly denote both the TE and TM solutions for clarity. Using the iterative
solution procedure described in Section 2.4, I compute ﬂ]TE and ,B;I‘M from (2.21); assume
for now that they are known constants. These solutions must be joined at each interface 2;
by matching the tangential electric and magnetic fields. Inserting (2.12) into (2.6)—(2.11), I

compute these tangential field components as

Efp,7) = ~——P()Q() - TROSE) (2.29)
E(p,7) = 5= P()Q()+ R()S(2) (2.30)
H(p,9) = TP - 5=R(2)S (), (2:31)
Hy(p:7) = ~P(p)Q() + L —R(P)S(2) (2:32)

I consider, in turn, two distinct cases: m = 0 and m # 0.

When m = 0 I can match boundary conditioné with @ = 0 (pure TE modes) or
S = 0 (pure TM modes). For these modes, it is sufficient to force just two tangential
field components to be continuous: demanding continuity of the other component gives a
redundant condition. For TE modes I require E4 and H, to be continuous; for TM modes
I require E, and H, to be continuous. As I will show below, for pure TE and TM modes
the fields themselves, and not just the vector potentials, are separable. This makes it easy

to generate weighted boundary conditions for these modes.

For pure TE modes, I have

Eop,2) = R(p)S(2), (2.39)
Hy(p,z) = ———R(p)S'(2). (2.34)

Wity
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(€r:<,j+2>

(Er:c,j+1)

(erc.i)

<€T:Caj_]->

<€T:C’j_2>

Figure 2.2

Illustration of the weighted permittivity profile, and notation, for the WIM

axial solution.
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Since I assume g, = 1 in all regions, both E; and H, depend on z only via S(z) and S'(2),

respectively. Therefore I can force both tangential fields to be continuous by setting S (2)

and S’(z) continuous across each interface.

For pure TM modes, on the other hand, I have

i

P'(p)Q'(2);

By(p,2) = —o

Hy(p,z) = P(p)Q(2)-

(2.35)
(2.36)

Again, I can make H, continuous by forcing Q(z) to be continuous across each interface.

However, E, depends on z through both Q'(z) and e,. Since e+(p,2) is not a separable

function, I must weight the relative permittivity to obtain average boundary conditions

holding for all p. Therefore I require Q'(2)/{erp) to be continuous at each interface, where

(eI},) has already been defined in each region by (2.25). (I could also have generated average

boundary conditions using (;-), but this approach gave inferior results.)

Inserting the functional forms (2.28) and applying the continuity conditions for either

a = TE or @ = TM modes, I relate a2, b} to af,, b7}, at each axial boundary z = z;

through the transfer matrices

where
| TE e
| Lj = | .aTE igTE
i e
eiﬁJTsz
L™ = T™
J - 185 eiﬁ"’I‘sz
(sr:P,j>

a? a?
+1
L;t J —_ R;: J
b b
J J+1
+ATE X .
e—zﬁj zj - ezﬂ;‘rflzj
. ,-TE —iﬂTEzj ) Rj = . TE iﬁTElzv
—if; e B —
. T . .
e—zﬁj MZJ e,ﬁ'}‘ﬂ 2
TM RTM = TM
—1i8; —‘iﬁ;rMZj [k A 18541 iﬂT_MzJ‘
e —Ted
(Er:P,j) (ET:P,j+1)
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(2.37)

e_iﬁ}‘flzj
-ATE —; TE 25
T
(2.38)
e—i ;I‘-sz

_,'ﬁ’ri\':-'l

;GTM .
e Wit1%;
Er:P,j+1)

(2.39)




The composite transfer matrix [T°] for the whole system is formed by cascading the indi-

vidual transfer matrices, giving
[7°] = [L§]7 [RIILS) RSNLST RS - - (L] 7[R -a] (2.40)

Here N is the number of axial regions (including substrate and air) in the problem geometry.
Thus I relate the unknown coefficients in the j = 1 region (substrate) to the coeflicients in

the j = N region (air) via

af 15y 1% aj
1| _ ot N (2.41)
b th ot | | W

Since I am searching for axially-emitting (lasing) modes, I permit only outgoing radiation
by setting
b = a8 = 0. (2.42)

Finally, substituting (2.42) into (2.41) I obtain the axial threshold condition®
52 (w, Kactive) = 0. (2.43)

Setting the real and imaginary parts of t3, equal to zero gives two independent equations
that I solve to obtain the modal frequency (w = 27c/}), and the mirror and absorption
losses (a(mimr) + (absorption) — Ttotgr e . o/ /\) for pure TE and TM modes. The expansion
coefficients a¥ and b for each region are found by back substitution through (2.41) and

(2.37).

In order to generate sensible boundary conditions when m # 0, I must construct
hybrid modes in which both S and @ are nonzero. In this case none of the tangential fields
are separable, since each has both TE and TM parts. Each TE and TM part is, in turn,
a sum of cylindrical wave terms like e™?¢J,,(kp)e?®* (P and R will turn out to be Bessel

functions). An exact solution would require me to include a superposition of cylindrical

1As shown in Appendix B, this requirement in conjunction with the transfer matrix solution is a gener-
alization of the classic Fabry-Perot laser round-trip amplitude and phase conditions.

2-12




waves involving all values of k, and the boundary conditions would couple all terms at each
interface. Fortunately, the coupling between cylindrical waves with different % is small enough
to ignore [12,34,48]. Therefore I simultaneously and independently enforce the continuity of
the dominant TE and TM mode components of each tangential field, and my hybrid mode
boundary conditions become the same as those for pure TE and TM modes. Although these
boundary conditions are approximate, I feel they are reasonable within the spirit of the
method. Using more rigorous boundary conditions would require a very complex procedure

of questionable value given the fundamental approximate nature of the solution.

2.3.2 Radial Boundary Conditions and Solutions.  Isolve the radial equation (2.15)
in piecewise constant geometries, such as in Figure 2.3. The general solutions of (2.15) are

given in each radial region [p;, p;,1] by

?

piy{ IR )+ BT () i M
i\p) =
B Ko (iRTMp) + AR L (iKEMp) i = M

(2.44)

Ri(») BT (KEp) + Y (K ®p) i# M
() = .
it Km(ikafp) + dar In(ikifp) i=M

Here J,, and Y,, are m-th order Bessel functions of the first and second kind, I, and K,
are modified m-th order Bessel functions of the first and second kind, and ¢ = 1,2,..., M
indexes the inner to outer radial regions. Using the iterative solution procedure described
in section 2.4, I compute kI® and k™ from (2.24); assume for now that they are known
constants. These solutions must be joined at each interface p; by matching tangential elec-
tric and magnetic fields. Inserting (2.12) into (2.6)—(2.11) I compute these tangential field

components as

?

Ei(p,2) = —— (kM) P(p)Q(2), (2.45)
Ep.7) = 5o P(Q()+ B(p)S(2) (2.46)
Hp2) = —o= (%) Bp)S(2), (2.47)
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Ho(p,2) = ~P(0)Q()+ 5 R(p)S'(2) (2.48)

0

I consider, in turn, the distinct cases m = 0 and m # 0.

As in the axial problem, when m = 0 I can match boundary conditions with P =0
(pure TE modes) or R = 0 (pure TM modes), and it is sufficient to force just two tangential
field components to be continuous. For TE modes I require E4 and H, to be continuous; for
TM modes I require E, and Hy to be continuous. Following the same arguments as in the

axial problem, I construct weighted boundary conditions to require the continuity of

(kTE)zR(p) and R'(p) (for TE modes), (2.49)
(E™*
(erg)

at each radial interface p = p;. To generate radial boundary conditions independent of z, I

~——=—P(p) and P'(p) (for TM modes), (2.50)

have replaced &,.;; by the weighted permittivity (eI} M)) defined in (2.25).

Inserting the functional forms (2.44) and applying the continuity conditions for either
a = TE or TM modes, I relate c, d? to ¢,,, d?, at each radial boundary p = p; through

the transfer matrices

a| | =B c:f‘ , (2.51)
dz' dz'+l
where
o | ) In (R0 (KIP) Ya(kF®0)) 2.5
’ KT (KFBp;)  KTRY (KR p)
2,—
BTE — (kEI-Ei) (’7k1+1pz) (kgq-El) 1 (’Ykz+1Pz) (2 53)
7k3,E1:' (k5 p:) 7k;r+E1H' (k5 p:)
k™ ™ kTM) ™
KDL (K™Mp)  KTMY (KD,
KTM KIM
BTE = ( rit :i)Q)um( k;{‘}_l\f ) (sr:i+1) Hm(7k1+1 p‘t) ] . (2 55)
EIMEL (YR p) AN (7R b))
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P3

Figure 2.3 Illustration of the weighted permittivity profile, and notation, for the WIM
radial solution.
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Here I have defined

1 inner regions _ Jn inner regions Y,, inner regions
7= y Sm = . y I = .
v/—1 outer region K,, outer region I, outer region
(2.56)

As in (2.40), I form a composite system matrix
[U°] = (4517 [B3)[A45) " [B1[A3]* (B3] - [AfRy ) ' [Bi-] (2.57)
relating the unknown coefficients in the ¢ = 1 region (core) to the coefficients in the: =M

region (cladding) via

C

=Q

— u(IXI u?2 C?\Il i (258)
dy Uz U diy
Since I am searching for longitudinally-propagating, laterally-confined VCSEL modes I force

regularity at the origin and exponential decay as p — oo by setting
ds =dy =0. (2.59)
Finally, substituting (2.59) into (2.58) I obtain the radial threshold condition

u%; (W, Kactive) = 0. (2.60)

In order to generate sensible boundary conditions when m # 0, I must construct hybrid
modes in which both R and P are nonzero. Again, none of the tangential field components
are separable and it is impossible to match them for all z at a radial interface. Furthermore,
if I mirror my axial treatment and independently force the TE and TM components to be
continuous I generate inconsistent boundary conditions. For example, independently forcing
E, and the TM part of Ey4 to be continuous requires (kTM)2 P(p)/(eI¥) and P(p)/(er3) be
continu