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ABSTRACT

A numerical model for heat transfer in laminar duct flows has been developed
using the finite difference method to explore the significance and extent of “back-
conduction” at low Peclet numbers. The calculations have been carried out for flows
between parallel plates and in circular tubes by using different Peclet numbers in the
range of 0.05 to 100. For both situations constant heat flux and constant wall temperature
boundary conditions were used. Thé validity of the results has been checked by
comparison with some existing results in the literature, and extencied to a wider range of
parameters including conjugate wall conduction effects. The results are presented for bulk
mean temperature variation, Nusselt number behavior, and energy absorbed before the
heated section, for cases with and without wall conduction. Such axial conduction effects |
may be an important feature in the thermal characterization of microtubes, which are to

be used in microheat exchangers.
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I. INTRODUCTION

The heat transfer problem of laminar fluid flow in ducts which is known as the
Graetz problem has many applications in technology and has been studied extensively
since Graetz (1885). The classical Graetz problém considers the forced convection heat
transfer of the fluids flowing in ducts neglecting axial conduction effects in the fluid or
the wall.

This study is on the axial conduction effects of the flows whose Peclet numbers
range is from those of liquid metals where axial conduction may not be neglected, to
those of oils where the axial conduction has almost no effect on the temperature
distribution inside the ducts. Developing micromaclﬁnes nowadays and in the future, the
axial conduction effects may be a very important feature in microheat exchangers.

The effects of axial conduction on the Hagen-Poiseuille ﬂows between parallel plates and
in circular cylinders for constant wall temperature and constant heat flux have been
studied in this thesis. The governing equations have been solved using the finite
difference numerical scheme. The validity of the results has been checked by comparison
with some existing results in the literature and extended to a wider range of parameters
including conjugate wall conduction effects. The results are presented for bulk mean
temperature variation, Nusselt number behavior, and energy absorbed_before the heated

section, for cases with and without wall conduction.







I. BACKGROUND

A. HEAT TRANSFER IN LAMINAR DUCT FLOWS

Consider a flow in a circular tube where fluid enters the tube with a uniform
velocity. The viscous effects are important in this flow and a boundary layer develops as
x increases. The flow is “fully developed” in the region where the velocity gradient

doesn’t change anymore with increasing x (Figure 1).

E] Heat transfer by way of constant heat
1 flux or constant wall temperature

Figure 1. Laminar fully developed flow

The Reynolds Number for the duct flows is defined as

VD,
14

@.1)

Rep =

where V is the mean fluid velocity, v is kinematic viscosity, v = '—u.—, and Dj is the

hydraulic ~ diameter, , _,Cross_Sectional_drea, For the laminar duct flows,
" Wetted _ Perimeter

Re, <2300.
The Prandtl number relates the temperature distribution to the velocity distribution
and defined as

Pr = 2.2)

\4
(24




where o is the thermal diffusivity . If the Prandtl number is one, the velocity and the
temperature profiles develop together and at the same rate. The Prandtl number is:

Pr<<1 for the liquid metals

Pr=1 forthe gases

Pr>>1  for the oils

For the liquid metals, where the Pr<<1, the energy diffusion rate is much more
than the momentum diffusion rate. It is opposite for the oils, in which Pr>>1 and the
velocity profile develops faster than the temperature proﬁlé in this case. The value of the
Prandt] number strongly affects the relative growth of the velocity and thermal boundary
layers. _

Peclet number is defined as

Pe=Re.Pr 2.3)

and it is a measure of the quantity of the axial heat conduction effects in the fluid. The
axial conduction is assumed negligible for Pe>10 and the axial conduction term can be
assumed small in the governing equation for this case. But the axial conduction effects
can be significant when the Peclet number is smaller. The purpose of this numerical study
is to show the importance of the axial conduction effects and the heat absorption upto the
entrance from where the heating starts when the Peclet number is small.

The Nusselt number is defined as

_ hDy
k

Nu

2.4)

where k is the thermal conductivity of the fluid. It is a non-dimensional number where the
convection coefficient h is calculated.
The laminar duct flow being considered is assumed to be hydrodynamically fully

developed before any heating effects are considered. The velocity profile in the laminar

u(r) = 2v[1—(£ﬂ (2.5)
rO

fully developed region is:
For the circular tube:




For the parallel plates:

u(y) = %V[l - (—%ﬂ 2.6)

where r and y are measured from the centerline, r, is tube radius and h is the distance
from the centerline to the plates. [Ref.1]

1. The Heat Transfer

The heat transfer for a duct flow can be expressed using Newton’s law of cooling,
q”=h(Tw-Tm), where h is the convection heat transfer coefficient, Ty, is the wall

temperature and Ty, is the mean temperature of the fluid, where Ty, is

J'puchdA _
T, = &2 ' 2.7
mc

v

For the constant ¢, and incompressible flow through the circular tube, Ty, is

T_2
" yr?

=]

X,
IuTrdr 2.8)
5 :
where for the flow between the parallel plates is
1 h
T =— |uTdy. 2.9
. I y 29)

y and r are measured from the centerline, 1, is the radius of the tube and h is the distance

from the centerline to the plate. [Ref. 1]

The energy equations for the cylindrical and rectangular coordinates are

upZiy pO_ lﬁ[hﬁ)+izi g +ﬁ(kﬁ) =0 (2.10)
ox or |(ror\  or) r°og\ o¢) ox\ ox

u _a_i.}.v ﬁ-{-w ﬁ— i(kg)+2 kg +2'(kg) =0 2.11
Pox P o | ax) oyl o) e\ oz @11

and




where ”i” is the enthalpy. These equations are applied to the problem including the
boundary conditions and the temperature distribution is calculated analytically or
numerically. [Ref. 2] |

2. The Thermally Fully Developed Flow

In thermally fully developed case, the relative shape of the profile no longer
changes although the temperature profile changes with x. The criterion for a fully
developed temperature profile for a circular tube is

—Q—[ LT J =const (2.12)
Or\T,—-T remy

m

This condition is reached in a duct flow whether the case is uniform heat flux (q°
through the wall is constant) or uniform wall temperature (The wall temperature is
constant). These two cases have a lot of applications in engineering. For example,
constant wall temperature in boiling or condensation, or constant heat flux using the
electrical heater. In the thermally fully developed flow, the convection coefficient “h” is

constant, independent of x. [Ref. 1]

B. BACKGROUND STUDIES

The heat transfer solution for laminar fully developed parabolic velocity profile
flow inside a circular tube in the thermal region and subject to uniform tube wall
temperature was treated for the first time by Graetz in 1883 and is known in the heat
transfer literature as Graetz problem. In his problem Graetz neglected the axial
conduction and solved the problem. [Ref. 3] ' ‘

The problem statement is:

2
_l.(l_rz\ae* _ a 0* +L69*

2 i lax‘ - 0x! = on

(2.13)

6.=0 at r, =1

20 _

0 at . =0
or.
o.=1 at x, =1
6




where

x

T-T r /

=0 6=, x, =40
T

n —To 7, B Re, Pr
and T, is the wall temperature, Tj, is the initial temperature, r is the radial distance, x is
the axial distance, D is the diameter, Rep is the Reynolds number and Pr is the Prandtl
number. [Ref. 4]

| The velocity profile is fully developed much before the temperature profile when
the Prandtl number is high relative to one. For such situations, Graetz solution is
reasonably well justified. But the Prandtl number is very small when the fluid is liquid
metal and therefore the axial conduction effects may not be neglected. For such cases,
since the axial conduction effects are not included to the result, the solution may give
inaccurate results.

Michelsen and Villadéen investigated the Graetz problem with | axial heat
conduction for circular tube constant wall temperature case by using a numerical
procedure. Théy used a method that is the combination of orthogonal collocation and
matrix diagonalization. They didn’t include the wall conduction effects in the problem.

The problem may be defined as:

2
(1- 2)%=li(x9‘?—j+~%§% (2.14)
0y x0x\ 0x) Pe" Oy
where
2R(V. - - T
pe = <">pc", =3, y=—, T-%  p=I-%h
k R PeR T, - T, T, - T,
The boundary conditions are:

y—>-0 @=1

x=0 %=0
ox
: a—q=0 for y<0
x=1 ox >0
9=0 for y__




where V. is the average fluid velocity, R is the tube radius, z is the axial distance, r is the

radial distance, T} is the fluid temperature at z ——co, T is the bulk mean temperature‘

and Ty is the wall temperature at z > 0. They plotted the results, Nusselt number vs. y,

heat flux vs. y and @ vs. y where the axial heat conduction effects are easily seen. But
they didn’t include the axial heat transfer inside the wall, which increases the fluid
temperature very much upto the entrance as the wall conductivity gets larger. [Ref. 5]

X. Yin and H. H. Bau included the axial conduction effects of the wall to the
internal flow through circﬁiar tube, by using two parameters, duct’s outer/inner radius
ratio and fluid/wall thermal conductivity ratio. They ploﬁed the graphs of “femperature
vs. radius of the circular tube” and “Nusselt number vs. Peclet number”, including the

axial fluid and wall conduction effects. [Ref. 6]

C. NUMERICAL METHOD

The governing equations are steady state elliptic partial differential equations. The
temperature T(x,y) throughout the domain must satisfy the governing equation and the
boundary conditions along the entire boundary. The finite difference method was used in
this numerical study to express the governing equations numerically. The central, forward

and backward difference expressions used in this numerical study for the grid points in

figure(2) are as follows :
hx 1. +1)
¢ >, @] . . j+l

hyI Ly lag L)
Y ') t(izj—l) ® ] j'l

i-2 i-1 i i+l i+t2

Figure (2). The grid points in finite difference methods




The central-difference expressions for the first and second derivatives with error

order of h? are:

% _ _fii%;lf_(_-l_jl (2.152)
g_yt_ _ t(i,j+l)2 ; y’(i,j—l) (2.15b)
s:; _ liapt Z(;:)é) =24 ) (2.162)
2; ;‘ _lagm ¥ Z(;ly];) ~ 2,5 (2.16b)

The forward-difference expression with error order of h? is:

8t _ ~lo e+ =3 2.17)
&y 2h,

The backward-difference expression with error order of h? is:

& _ZlopntHem TN Res ) (2.18)
oy 2h,

Substituting these finite-difference expressions into the governing equations, the problem
is reduced to a set of linear algebraic equations, depending on the number of grid points
used. Usually large number of grid points is desirable, but the number of equations to be

solved becomes too large in this case. Gauss Seidel iteration method can be used to obtain

9




a solution. All the temperatures of the grid points are then make equal to the initial
temperature at the beginning of the numerical solution. The temperatures at the grid
points are calculated by using the governing equations and the boundary conditions. After
the temperature of a grid point is calculated using the finite difference equations, this
updated temperature is used for the next grid and the temperature values converge to the

exact temperature a little more in every iteration. A technique called over relaxation is

‘used to speed the convergence of the Gauss Seidel method when applied to the elliptic

partial differential equations. This technique is:

Y j_newy = W j_newy T A=W ;i (2.19)

w is known as the relaxation parameter. For overrelaxation w is between 1 and 2; for
underrelaxation between 0 and 1. For this method, overrelaxation must be used to speed
up the convergence. [Ref. 7]

Forsythe and Wasow show that for a 45 by 45 mesh grid the optimum value of w
is around 1.870. They also point out that when this relaxation parameter is used, the

convergence is approximately 30 times faster than the usual process (w=1). [Ref. 8]

10




III. GOVERNING EQUATIONS

A. DERIVATION OF THE EQUATIONS

1. Flow Imside the Circular Tube, Constant Wall Temperature

- Case

For flow in a circular tube, the viscous energy equation in cylindrical coordinate

system is
up&py p2 |10 (kr?i)+ Lo ka’ +—‘3—(kgj =0 3.1)
Ox or |ror\_ Or) r 6¢ op) ox\ ox
where di = cdt + ldP and v, is the radial velocity [Ref.1]. Then the equation becomes
yo,
for the constant k
2 2
upe &y pe o | X a( at)+k AL (32)
Ox ar ror\  or) r*og® o

The temperature distribution is symmetric (621‘/ 6¢2)=0 and the flow is

hydrodynamically fully developed, v, = 0. Equation then becomes

. _
10 az Lot 8t .y ot (3.3)
ror 6r ox? k ox .
a =k/ pc, the thermal diffusivity of the fluid. So the governing equation for the circular

duct flow is

0%t 1ar+a2 u ot

—+ 34
6r2 ror ox? aax (3:4)

Now, to non-dimensionalize the problem, assume that

11




. x/rn

to“t + I‘ + .
RePr’

ro=—, u =

2
, d ut =2(1-r*)
ty—t, 7y V

0=

The governing equation becomes

2100 0% 1 060 1 3%
-7 J = —t— t—— (3.5)
ot ot rt ot Pet gyt S

2. Flow Inside the Circular Tube, Constant Heat Flux Case

The governing equation for the circular duct flow is (3.4)

o’ 1ot &% wuot
+ ———

Now, to non-dimensionalize the problem, assume that

9=te—t R +_ 2x/d

u
" ) ' X = s

2
ut =2(1-r")

The governing equation becomes

( +z)a¢9 %0 1 66 1 8%
l-r = +2 + + + + 2 +2 (3-6)
ox or rT or Pe” et -

3. Flow Between the Parallel Plates, Constant Wall Temperature
Case

The viscous energy equation in cartesian coordinate system for the flow between

the parallel plates is

u ﬁ+v —a£+w _@i_ 2(k—a—t-)+i kg +—?—(kﬁ) =0 (3.7
p@x p@y paz Ox\ Ox) oy\ oy oz\ oz 3D

12




where di = cdt+—1-dP and v, is the radial velocity [Ref.1]. Then the equation becomes
P '

for the constant k
P T s e\ ) ) e Y

N e ot . .
The temperature distribution on z direction is constant, Foe 0 and the flow is laminar and

hydrodynamically fully developed, v=0, w=0. Equatioh then becomes

o 0| _ (pc\or |
[gx_ﬁé;i—]_u(fja 3.9)

a =k/ pc, the thermal diffusivity of the fluid. So the governing equation for the parallel

plates flow is

2 2

5_;_+ 2.;. _uot (3.10)
o oyt adx

Now, to non-dimensionalize the problem, assume that

- 2x/D 2
I L B A A
t, —t, h vV RePr 2

The governing equation becomes

2 2 +
1 69+4~69_u 06 (3.11)

Pelz)h 6x+2 ay+2 —._2-6x+

13




4. Flow Between the Parallel Plates, Constant Heat Flux Case
The governing equation for the parallel plates flow is (3.10)

ot &t uor
—_—t
x> &t aodx

Now, to non-dimensionalize the problem, assume that

g=—te=! yr=2 =z x+=2x/D” u+=é(l—y+2)
g0 D, Jk~ n’ v’ RePr’ 2
The governing equation becomes
62 2 +
L 00,400 w9 (3.12)

Pelz)h 6x+2 | ay+2 2 oxt

5. Effects of Wall Conduction, Flow Inside the Circular Tube,

Constant Wall Temperature
The governing equation for the circular duct flow is (3.4)

ot 1ot 0 _ud

o ror ox’ aox
Now, to non-dimensionalize the problem, assume that

2
i x+=;/;°, ut =201-r")
err

to—t r
0 rt=2, ut=

u
0= , o
ty —t, 7, V

The governing equation becomes

2106 9’0 1 06 1 0%
/ax-l- - a}"+2 +Far+ +P62 ax+2 (3'13)

(l—r+

14




B. BOUNDARY CONDITIONS

1. Flow Inside the Circular Tube, Constant Wall Temperéture

Case
Insulated wall
/ / / / / / . Tm“= TD = constant
_
X —> =0 —_— e T X >+
6>1 ¢ ) — > g0

coxt
/ / / / / 7 Constant wall temperature

Insulated wall

Figure 3. The boundary conditions of circular tube, constant wall temperature flow

The governing equation is (3.5)

- )00 8%6 1 860 1 8%
l—r =—+— + >
ot et roart Pét ot

where the parameters of the equation are defined above. The boundary conditions for this

case is:
+_ o6 e

at r =0, pue =0 (Symmetry boundary condition)
/4
6=0 .

at 1'+=1, 50 for  x* >0
o =0 for 4+ <o

as x* »>-0, t—t,, 6-1

as x* >+0, t->t, 60

15

(3.14a)

(3.14b)

(3.14c)

(3.14d)




2. Flow Inside the Circular Tube, Constant Heat Flux Case

Insulated wall
yryyanmmy
x=-® — Y’T 476, = constant X =+4®
=0 ) > T gt

Constant heat flux

LTI

Figure 4. The boundary conditions of circular tube, constant heat flux flow

The governing equation is (3.6)

)00 5% 1 060 1 &%
+

}ax-i- 6r+2 r+ ar+ PeZ ax+2

(1—r+

where the parameters of the equation are defined above. The boundary conditions for this

case is:
at r'=0, aa{ =0 (Symmetry boundary condition) (3.153)
r
o0 =_l
at r'=1, ot 2 for 220 (3.15b)
06 -0 Jor .+ <0 :
ar+
as x" 5>-—w, t-t,, 650 ‘ (3.15¢)
S 2
as x* >0, 0 —2xt+| al T (3.15d)
48 8 2
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3. Flow Between the Parallel Plates, Constant Wall Temperature

Case

Insulated wall
/ | Tuaz = To = constant
X —>—0 — y* T R X >+
g1 ¢ u(y’) i X R > 60
|
/ / 7! Constant wall temperature
Insulated wall

Figure 5. The boundary conditions of parallel plates, constant wall temperature flow

The governing equation is (3.11)

1 0% ,,0% _u" 00

Peéh ax+2 @)-5-2 2 6x+

where the parameters of the equation are defined above. The boundary conditions for this

case is:
at y'=0, s)f‘ =0 (Symmetry boundary condition) (3.16a)
9=0 e
aty'=1, 00 _ o x 20 (3.16b)
a* =0 Jor x" <0
as x* »>-w, t—ot,, 6->1 (3.16¢)
as x* s+, t1t,, 60 (3.164d)
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4. Flow Between the Parallel Plates, Constant Heat Flux Case

Loz LY

* =q,=
£ =0 y T q =q, = constant x=4o0
-0 oy X 6—>-2x"
Constant heat flux

TP

Figure 6. The boundary conditions of parallel plates, constant heat flux flow

The governing equation is (3.12)

(1_r+z\ae_aze 109, 1 0%
[6‘x+ ar*‘z rt ot Pet 6x+2

where the parameters of the equation are defined above. The boundary conditions for this

case is:

at y' =0, ;61 =0 (Symmetry boundary condition) (3.17a)
06 =_l

aty'=1, o 4 for  x720 (3.17b)
o8 _ for .+ <o
ar+

as x* >-o, t->t, 650 (3.17¢)

. |39 3y
as x* >+, t—t, 6O=-2x -{1120+16( P H (3.17d)
18




5. Effects of Wall Conduction, Flow Inside the Circular Tube,

Constant Wall Temperature

Insulated wall

Constant wall temperature

X = —0

9 -1

Tyan = To = constant
Insulated wal

Figure 7. The boundary conditions of circular tube, constant wall temperature including the circular wall
The governing equation is (3.5)

(1 +2)69_629 100 1 8%
-r P + +

ot rtoat Pt gt
The bbundary conditions for this case is:
at r'=0, , ;ﬁ =0 (Symmetry boundary condition) (3.18a)
(6,01 = 6 fuia
+

atr'=1, 166, _ 0 (3.18b)
Lot ot '
r-a—e— =0 for *t<0 :

atr'=1+6r, {or = (3.18¢)

0=0 Jor  x*s0 :

*

. r * ., . . . .
where or is —, r is the thickness of the wall, and ry is the inner radius of the tube.
H
as x* »>-w, t>t,, 61

(3.18d)
as x* >+, t-t;, 60

(3.18¢)
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IV. NUMERICAL REPRESENTATION

A. FLOW INSIDE THE CIRCULAR TUBE, CONSTANT WALL

TEMPERATURE CASE
1. The Governing Equation
The governing equation is (3.5)

s o9 106 1 0%6
= +t——%

()
ox* 5r+2 Pt ort Peh gt

where

The finite difference approximations for the first and second derivatives with error of

order h? are (figure 2.)
6...—-0,., .
00 _Zun "Ted 4 oh?) (4.12)
6x+ @.J) 2hx
6. -0,
_QOT _ s TY0in o o) . (4.1b)
or* @ 2h,
820 0i+ i +91— j "205'
g = (+1.)) (hzl.» W) 4 o(h?) (4.1¢)
oxX" G X

21




2 6, . +6. . . —26, .
aarg _ e (;;.12"_1) .7 +o(hj) (4.1d)
@5 Y

When these approximations are plugged into the governing equation (3.5), the equation

becomes

1 [ Eisr ) + b1 ~ 20(",1‘)] o| sty =286y |, 1 ( B6js =Gy -- 2 )(Qm» - 9(:'—1,»] -0
Pe,z) h: h§ Yi.p L 2hy . 2h, ( 4 .2)

After simplifying the expression (4.2), §,, ;, becomes

1 ye, 1 1 Yo, 1 1 1 1 1
I e e B e e N el E - N
p "*"”[ P 2, 2n ) O\ PelrE 2m, 2k | e\ B 2y, |  dny,, ) (43)
wn = ) )

—_——
Peinl K

2. The Boundary Conditions

The boundary conditions are:

a) Atthe Center

At r'=0 ;6: =0 (Symmetry boundary condition)
. e . . . 1 06
When this boundary condition is applied to the governing equation, the element ——

”
becomes —g- After applying the L'Hospital's rule, the governing equation for the given

boundary condition becomes

22




2 2
6€=26€+ 1269, 4.4
Ox ort  Pe” ox*

Since the temperature distribution at the center on the radial direction is symmetric,

6,541y = G 51y -

After applying the finite difference method, the 6§, ;, at the boundary becomes

e ;.._1_ +6 —1.‘+.L +6 i
“pept o) e o) B

Ouisy = > 4
2,273
Peph; b,
b) Atthe Wall
6,,=0
@)
for  x*20
atr'=1, 4.6
39+ =0 Jor  x* <0 (4.6)
or
FOR x'<0
x'<0, r=l, 86: =0
or
The governihg equation for the given boundary condition becomes
2 2
(7
00 L% @7
67'+ PeD 6x+
ol

Since the wall is insulated, > 0, 6, .1y =6, ;.1 atthe boundary.

- After applying the finite difference approximations, the 6, ,, at the boundary becomes |
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1 1 2
O, ) [ P-_—ef) % } +61,5 ( P’ h_j] +6 ) [E]

6, = 5 > (4.8)
———— + JRE—
Pln’ B
c) Asx=> -
as x* -0, 6,1 (4.9)
d Asx> +wx
as x* >+, 6.0 (4.10)

3. The Bulk Mean Temperature

The mean temperature at a position “i” is (2.8)

2 o
tm(x) = —I}"bT Ju(x,r)t(x,r)rdr

where V is the average velocity and 1, is the radius of the tube. When [t u2mrdr is
0
subtracted from both sides and dimensionless parameter r* is substituted inside the

equation, the equation becomes

1
(. —t,)=Jt-tyu*2r*art
. 0 )

Let’s define the bulk mean temperature, 6,, = -(—tﬂ—_—&) (4.11a)

24




where t. is the inlet temperature (as x —>-—o) and t, is the constant wall
temperature.(Fluid exit temperature as x —> +o0)

Then the bulk mean temperature 8,, becomes

1 2
Bm(x+) = 46((1-—;’+ )9(x+,r+)r+dr+ (4.11b)

0 is found out from the numerical calculation. After that @, is calculated by solving the

equation (4.11) numerically.

4. The Nusselt Number

The Nusselt number is (2.3)

Nu = ﬁa:
k
When the heat transfer equations g, =#(T,~-T,) and g, = —k%Q , and the
v r=R

dimensionless parameter r* are plugged in (2.3), the equation becomes

2 06

Ny=——
6, or*

4.12)

rta .
The finite difference approximation for the equation (4.12) using the backward

difference expression with error of order h? becomes

30, +40, 4~ 04, |
Nu(i)=92 ( G.)) ZZ,H) <u—2>J (4.13)
m(i) y

where “j” is the value which corresponds to r'=1.
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5. Heat Absorption Upto the Entrance
Assume a differential volume, dV =2zrdr between x=- and x=0. The
energy storéd in this control volumé is
dE = c,Atdm (4.14)
where Atis the temperature difference between entrance temperature and the steady state
temperature after the heating starts, Az =1, ,)—f, and dm is the mass of the control

volume, dm = pdV .The energy absorbed in the control volume becomes

r

070
E bsorbed = 27rpcp ,[ _[(t —te)rdrdx . (4.15)
070
When 27pc, [ [tjrdrdx is subtracted from both sides and (te-t,) is divided to both
—c0 0

sides, the equation (4.15) becomes

070
Lassortad __ 5, [ [(6-Vrdrdx (4.16)
(te - to)pc P - 0 :
where 6 = i’ . As the non-dimensional parameters of x* =—x/i and 7* = and
t,—t, RePr r,

their first derivatives are substituted into the equation (4.16), the equation becomes

' 01
_ E gbsorbed 5 =—27Pe [ fe-vrdrtax* 4.17)
(to "te)pcpro -0
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B. FLOW INSIDE THE CIRCULAR TUBE, CONSTANT HEAT

FLUX CASE

1. The Governing Equation

The governing equation is (3.6)

ox*t P 2 rtort Peé ax+2

(l—r+2)60=629 106 1 2%

I

where

Lt -t + T +_ 2x/d

w s s X = .

The finite difference approximations for the first and second derivatives with the error of

order h? are (4.1a,b,c,d) (figure 2.)

59+ _ Oy ~ i) +o(h?)
2 N 2h,

59+ _ b~ | o(h2)
or” .5 2h

Yy

2 - 2
ox™ ) hy

529 9('i+1, j‘) + 9(1'-1, i 29(1‘, ) +o ( h 3)

0’0 _ Oy 06 =200y | o(h?)
+2 h2 y
or™ @ y
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When these approximations are plugged into the governing equation (3.6), the equation

becomes

L(gau,j) +9<i-1.j>“29<u)] . 9<i,j+n+9<i.j-l>‘29<i.j>] 1 (90,1“)“90,1—1)]_(1_ 2 A)(gﬁtl-f_.—) _9("1,1')] =0
Péj 3 " Yopl 2k, Uk ) 4a8)

After sifnplifying the expression (4.18), 6. ;, becomes

L))

1 Yap 1 J ( L Y, 1 J [1 1 J 11
9+ _ e +0_. —— +9.* —_—— +9'_ e
e "’)(Pe},hj 2h, 2 ) TP\ Pyt 2m 2 ) B oy, )TN R 2hy, ) (4.19)
L) T 2 2

—_— + —
PER K

6

2. The Boundary Conditions

The boundary conditions are:

a) At the Center

At r'=0 ;—6: =0 (Symmetry boundary condition)
. or
: e _— . 1 06
When this boundary condition is applied to the governing equation, the element — —
’

becomes % After applying the L'Hospital's rule, the governing equation for the given

boundary condition becomes

2 2
et (420)
+ e +
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Since the temperature distribution at the center on the radial direction is symmetric,

Ot = iyony -
After applying the finite difference method, the 6, ;, at the boundary becomes
1 1 1 1 4
Oy ( Pe2R - %] +06-10) [ Pl + 5’:) 6,5 (EJ
g(i,j) = 5 5 - (421)
—_— + —
P2 B
b) At the Wall
or x*20
atr=1, pw =4 2 4.22)
r .
0 for  x* <0
FOR x™ >0,
» ) Lo =1, +
¢ 2o, bery=lien et
or q,d/k 7,
so the equation becomes 20 = —l.
or* 2
e g . . ] .. 0(i,j+1) _g(i,j—l) _ 1
The finite difference approximation for this equation is o Ty

Yy
When the boundary condition is applied to the goveming equation (3.6), the equation

becomes

%6 1 1 8%
> — + =0

ort 2rt  Pe? ax"z_

(4.23)
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As the finite difference approximations are substituted in the equation above, the equation

1 1 2 1 1
O | —— |+ Oy | —— |+6,, | = |- ——=
(H’J)[Peéth ¢ l,J)(Pe%hf] (.J 1)[}15] hy )

becomes

0. = > 2 (4.24)
—— + _—
Peph? b,

FOR_x'<0

X'<0, r’=1, ;ﬁ =0

The governing equation for the given boundary condition becomes
2 2 .
69+ ! 69=O (4.25)

ar+2 Pelz) ax+2

Since the wall is insulated, 507 =0, 6, .y =6 at the boundary.

i,
- @j

After applying the finite difference approximations to (4.25), the 6, ; at the boundary

becomes

1 1 2

Oy =—— 5 > (4.26)
Pejh? b’
c) Asx > -
as x* —»-w, 6,,—>0 4.27)
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d Asx> +o

4

+
r rt

2 .
(4.28)

as x* —>+w, 0(,.].)——)—2x++ —+
’ 48 8 2

3. The Bulk Mean Temperature

The mean temperature at a position “i” is (2.8)

2 ¢ d)
t, = utrar
" Vro2 5[

Yo
where V is the average velocity and r, is the radius of the tube. When _fteuZﬂrdr is
- 0

subtracted from both sides and dimensionless parameter r' is substituted inside the

equation, the equation becomes
1
t.—t.)= -t 2r dr (4.29)
0

Let’s define the bulk mean temperature,

m = %%’2) H (4303)

where t. is the inlet temperature (as x — —©).

Then the bulk mean temperature 8,, becomes

6, = 4](1 - r+2)9r+dr+ (4.30b)
0
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6 is found out from the numerical calculation. After that 6,, is calculated by solving the

equation above numerically.

4. The Nusselt Number

The Nusselt number: Nu = éki ;

The heat transfer from the wall: g, = Mt ey =) -
The temperature at the position of (x*,r*=1): too oy =1 —0q, dfk

The average temperature at (x"): ¢, =t, -6, q. d/k
When these equations are substituted into the Nusselt number equation, Nusselt

number becomes:

(4.31)

S. Heat Absorption Upto the Entrance

Assume a differential volume, dV = 2zrdr between x=-c0 and x=0. The
energy stored in this control volume is (4.14)

dE = c,Atdm
where At is the temperature difference between entrance temperature and the steady state

temperature after the heating starts, Az = ) —1, and dm is the mass of the control

volume, dm = pdV .The energy absorbed in the control volume becomes
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070
Eabsorbed = 27[pcp I j(t - te)rdrdx . (4.32)

- 0 )

When both sides are divided by q:, d/k , the equation (4.32) becomes

Eabsorbed ¢’a
—absorbed _ — _Ax | [Grdrdx (4.33)
q,pC P r, / k - 0 ’
t, — ) . . x/r, . T
where € = — . As the non-dimensional parameters of x” = and r* =—and

q,d/k RePr r,

their first derivatives are substituted into the equation (4.33), the equation becomes

01
Batsorved absorbed _ — 4Pe | [G*drdx” 4.34)
qopcp Fo /k Y

C. FLOW BETWEEN THE PARALLEL PLATES, CONSTANT
WALL TEMPERATURE CASE

1. The Governing Equation

The governing equation is defined in equation (3.11) as

1 8% 0’0 u* 06
+4 =—
Pepy, o5t 6y+2 2 "
where
9=t°_t, yr=2 x+=2x/Dh, D, =4h.
ty -1, h RePr

The finite difference approximations for the first and second derivatives with error of

order h? are (4.1a,b,c,d) (figure 2.)
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00 6

e
(i+1,) @i-L,)) +O(hf)

ox* 2h

X

00 = 051 =G40 1 o(hyz)
or* .y 2h

Y

9’0 Gyt — 26, Iz
+2 - hZ + 0( £3 )
X" ) X

0’0 Gy ¥4, — 20, 52
+2 - . h2 + 0( y )
or’ up y

When these approximations and u” are plugged into the governing equation (3.11), 6,

i,j)
becomes

1 3y, 3 1 3yiy . 3 4 4
Ounpy| =55+ [+ ——— 2+ — 48, o] — |+ 0| —
9 - ('”'”[Pez,hf 8h, 8k ) O\ Pelpi sh, sh | R )T\ R (435)
[CV)

2z .8
Pej h} k!

2. The Boundary Conditions

The boundary conditions are:

a) At the Center

At y=0, j=1, s}i =0 (Symmetry boundary condition)
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When this boundary condition is applied to the governing equation, the governing
equation becomes
1 0% 4 2’0 3 06

5 —+ == (4.36)
Pep, ox* oyt 4ox

Since the temperature distribution at the center on the radial direction is symmetric,
O = Ot

at the center.

After applying the finite difference method to (4.36), the 6, 5 at the boundary becomes

1 3 1 3 8
|l —————1+0,_ | ——+—|+6,...| —
O”’”(Pef,hf ShJ ("l")(Pef)hf 8th “’”[h;]
Oy = 7,38 (4.37)
' Peln? hy2
b) At the Wall
6,,=0 for x*20
aty’=1, {06 _ 0 (4.38)
' o Jor x*<0
FOR x'<0
x'<0, y™=l, 66: =0
%7
The governing equation for the given boundary condition becomes
2 2
1 070,499 _ (4.39)

2

Pe; ax* oyt
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_;y at the boundary.

Since the wall is insulated, 96 =0,8,.,=6,.
6}/+ (#,j+1) @i,J

After applying the finite difference approximations, the 6, ,, at the boundary becomes

1 1 8
B,y (——P e2h j +6,.1,5 (_P ey J +6 1) [EJ

Ou)) = ] (4.40)
Pe}h? hy2
e) As x> -
as x* —»—o, Oy 1 (4.41)
f) Asx > + o
as x* >+, G, >0 4 (4.42)

3. The Bulk Mean Temperature

The mean temperature is defined in equation (2.9) as

lh
t, =— |utdy.
. VhJ ly

When the dimensionless parameters u”, y* are substituted in (2.9), the t,, becomes

1
ty = [u'tdy*
0
where V is the average velocity and h is the distance from the centerline to the piate.

1
When ¢, = ft,u*dy” is subtracted from both sides, the equation becomes
5
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t,-t,)= lj(ta ~Nutdy*
0

Let’s define the bulk mean temperature,

_l.-t) - (4.43a)

G-t —t)
where t. is the inlet temperature (as x-—>-o) and t, is the constant wall

temperature.(Fluid exit temperature as x — +o )

Then the bulk mean temperature 8,, becomes

0, = %;f( )9a' (4.43b)

6 is taken from the numerical calculation. After that 6,, is calculated by solving the

equation (4.43) numerically.

4. The Nusselt Number

The Nusselt number is defined as (2.3)

hD,

Nu= .
k

When the heat transfer equations qo =nT,-T,), q, = k% , and-the dimensionless

y=h

parameter 1 are plugged in (2.3), the equation becomes

(4.44)
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The finite difference approximation for the equation (4.44) using the backward difference

expression with error of order h* becomes

395‘ _491'.— +9i'_
Nat, == ( e T s ”j (4.45)
y

S. Heat Absorption Upto the Entrance
Assume a differential volume, dV =bdxdy between x=-o and x=0. The
energy stored in this coptrol volume is (4.14)
dE = c,Atdm
where Atis the temperature difference between entrance temperature and the steady state
tempefature after the heating starts, Ar=1¢, -7, and dm is the mass of the control

volume, dm = pdV .The energy absorbed in the control volume becomes

0 +h
Eabsorbed = bpcp J. j(t - te)dydx . (446)
-0 —h
0k .
When 2bpc, | ft,dydx is subtracted from both sides and (¢, —2,) is divided to both
-0
sides, the equation (4.46) becomes
Eabsorbed ¢’ : A
——dbsorbed __ =3 [ (8 -T)dydx . (447

prp(te —to) - 0
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- 2x/D
-l . As the non-dimensional parameters of x* =——Jii
t.—1,) RePr

where 6=

#+ = and their first derivatives are substituted into the equation (4.47), the equation

Fo

becomes

E pbsorbed 1 + gt
absorbed __ — _APe | [(6—1)dy*dx (4.48)
Wbpe,(t,~1,) 4 »

D. FLOW BETWEEN THE PARALLEL PLATES, CONSTANT

HEAT FLUX CASE
1. The Governing Equation
The governing equation is (3.12)

1 9% ,0%0 _u' 06

+4 =
Pe%h ax+2 ay+2 2 6x+
where
‘0= "te_t s y+=ls x+=2x/Dh, Dh=4h
- gq,D,/k h™ RePr

The finite difference approximations for the first and second derivatives are (4.1a,b,c,d)

00 Oipy ~ Oy Fo(h?)

" @) 2h,

59+ _ G =G0 o(h?)
or’ i 2h,

39




0% _ Oy +6,.) =26, +o(h?)

7 2
& ap hy

2’0 _ byt =26, 2
" = e +o(h,)
or* Y

When these approximations and u” are plugged into the governing equation, the bulk
temperature at the position (i ,j) is written as

1 3y, 3 1 3%, 3 4 4
O+ T g | — D, g | b |
('”")[Pe,f,hf 8h, 8k ) P\ Pelnl 8n, 8h, | I\ p2) T4 R (4.49)

0(1’.1‘) = 2 8
Pejhl h:

2. The Boundary Conditions

The boundary conditions are:

a) At the Center

o0
| "
When this boundary condition is applied to the governing equation (3.12), the governing

At y=0, j=I, =0 (Symmetry boundary condition)

equation becomes

2 2
|0, 50 306 650
Pep, ox* oyt 4ox

Since the temperature distribution at the center on the radial direction is symmetric,

0 oy =6 ;1) at the center.

()
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After applying the finite difference method, the 6., atthe boundary becomes

Oory| =~ o |+ Bty | st |48, |
(i+L1) Pelz)hxz th (i-1,D Pelz,hf th (7,j+1) hﬁ
v 4.51)
8
72

Oun = >
—_—
Pejnl 1
b) At the Wall
or x' <0
+ 06 0 %
at y =1, g = 1
4 Jor  x*>0
FOR_x'<0
x'<0, y'=1, o0 =0

The governing equation for the given boundary condition becomes

2 2
12 66:+466:=0 (4.52)
PeDh ot oyt

Since the wall is insulated, ﬁ =0,86,.,=0,., attheboundary.
P @+ = Y6 ary

After applying the finite difference approximations, the 6, ;, at the boundary becomes

1 1 8
, Oty (Y’—e—;h—f) +04-10) (@?J +06,5n (EJ

an = 5 g (4.53)

_._+_._
P2 2
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FOR x* 20

xt20, y=l, =—=

The governing equation for the given boundary condition becomes

2 2
1 06 469=

Pl o o >
D,
o6 1 O oy — 9(1', ~1) 1
5> =-7 _L_i_l:l_—-f— == Oy =Bty — —zy— at the boundary.

y

After applying the finite difference approximations, the 6, ;, at the boundary becomes

1 1 8 2
Oy (W} +61 (m] +6 (EJ - Z
(4.55)

6(1',1') = 2 8

— e —
Peph:  h

c) Asx > -

as x* >—0, 6, >0 (4.56)

d) Asx> + ©

4
39 3|yt 2

as x* —> +0, H(i,j) = —2x+ + m-l-l—é —'g——y (457)

3. The Bulk Mean Temperature

The mean temperature is (2.9)

1 h
ty =5 [utay .
0
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When the dimensionless parameters u’, y* are substituted in (2.9), the t, becomes

u Tdy™

Ly =

O

where V is the average velocity and h is the distance from the centerline to the plate.

1
When 7, = [t,u*dy” is subtracted from both sides, the equation becomes
0

1
(t,-t)= -t w*d*
0
Let’s define the bulk mean temperature,

0, = ———(tf ) , (4.582)
qo Dh /k

where t. is the inlet temperature (as x — —oc). Then the bulk mean temperature 6,

becomes
3! z%d »
g ==l1-y* + 4.58b
. 20[( Yo Py (4.58b)

@ is taken from the numerical calculation. After that 6, is calculated by solving the

equation (4.58) numerically.

4. The Nusselt Number

The Nusselt number: Nu = —}L—?’— .

The heat transfer from the wall: g, = h(t oy " lm)-
The temperature at the position of (x",r'=1): ¢ ey =le = 6, D, [k
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The average temperature at (x°): ¢, =t, -6, q, D, [k
When these equations are substituted into the Nusselt number equation, Nusselt number

is calculated as

Nu=

PR (4.59)

m

5. Heat Absorption Upto the Entrance
Assume a differential volume, dV =bdxdy between x=- and x=0. The

energy stored in this control volume is (4.14)

dE = cpAtdm

where Atis the temperature difference between entrance temperature and the steady state

temperature after the heating starts, Az =%, ,—¢, and dm is the mass of the control

volume, dm = pdV .The energy absorbed in the control volume becomes

0 +h )
Eabsor;bed = bpcp I J(t _te)bdydx . (460)

—© —h
When both sides are divided by q:, D, [k, the equation (4.60) becomes

0 A .
Eabsorbed =—-8 J' J‘adydx (461)

aboc,hlk g

where @ = —2—L__ As the non-dimensional parameters of x* = 2%/Dy and * =L and
q,D,/k RePr r, -

their first derivatives are substituted into the equation (4.61), the equation becomes

Eabsorb d ¢! + g .+
—2R0ed = —16P Gdy™dx 4.62
g.b1/a e_iof i’ @
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E. THE EFFECTS OF WALL CONDUCTION, FLOW INSIDE THE

CIRCULAR TUBE, CONSTANT WALL TEMPERATURE CASE

1. The Governing Equation

The governing equation is (3.5)

(l_rﬁ-jaa_aze 106, 1 2%

ox* 6r+2 rt ot Pel 6x+2

where

to_t . + ¥ x+ _ X/ro
to—t, o RePr

The finite difference approximations for the first and second derivatives with error of

order h? are (4.1a,b,c,d) (figure 2.)

06 Oy ~ 1) +o(h2)

ox" ) 2h,
6_6: = Ot ~ -1 + o(hyz)
or’ a.pn 2h,

0%6 _ 0(i+1,j) + ei—l,j) "2‘9(1',]‘) + o(hf)

2 2
ox™ ) hy
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00 64y + 6, 26, 2
+2 - hz + 0( y )
or' wp y

When these approximations are plugged into the governing equation (3.5), the equation

becomes

1 (Gesny + 8-y =206, ), [ Gy +Gjon =266 | . 1 [ Guyan = Byony -y 1.~ 61y | _
2 2 + 2 + L= Y. =0
Pel h by Yol 2h 2k, (4.63)

X

After simplifying the expression (4.63), the equation becomes

1 Yo, 1 1 Yo, |1 1 1 1 1
Opp| =55+ —|+8,, | -T2 148, | s+ ——— |46, | - ——
. ('”")(Pef,hf 2h, 2h | Pl 2m, 2| O\ B oy, | R  2hy,,, | (4.64)
n = 2 2

—_—
Peip: B

2. The Boundary Conditions

The boundary conditions are:

a) At the Center

o6
ort

At r'=0, =0 (Symmetry boundary condition)

00

+

When this boundary condition is applied to the govéming equation, the element —%—
’

becomes % After applying the L'Hospital's rule, the governing equation for the given

boundary condition becomes

: 2 2
00 =2602+ 12692 (4.65)
ox* ot Pe® ot

Since the temperature distribution at the center on the radial direction is symmetric,
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O jny = O oy -

After applying the finite difference method, the &, ;, at the boundary becomes

é _.}.___. — ._1_ + 6 ___!._ + L +6 i
(+1,7) Peéhf th (ifl,j) Pelz)hf 2hx @,j+D) th,
6, = (4.66)
@5 2 4
P — + N
PAnE B
b) At the Walli
Oyl = e fluid
at 1‘+=1, 06, = aeﬂuid
ort ort

The heat fluxes through the fluid and the wall are equal to each other at r=l1.

k. aasolid k.. agﬂuid
solid a}”4_ fluid 6r+

Using the 2™ order forward and backward difference method, the equality

becomes
k, [39(,-,,-) — 406,51 + 6,2 J K (‘ 300, * *0aren ~ Y4 ] @.67)
2h,, 2h,,
If hys=hyr the bulk temperature at the fluid-wall boundary becomes
k k
S S
4(9(i,f+1) T 9(:',1'—1)] - (9<i,f+2> o 9(::;4))
S S
%) = - (4.68)

k
3(1 + —f)
ks
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c) On the Outer Edge of the Wall
FOR x'<0

Forx'<0 and r* =1+6p, the outer surface of the solid wall is insulated where

_ solid _wall _thickness
tube _inner _radius

&

The governing equation for the given boundary condition becomes

2 2
aaf: +Pl2 sxf: =0 (4.69)
/d (4 B

Since the wall is insulated, :—0 =0, 0 ;1) =0, 1 at the boundary.

r+

After applying the finite difference approximations, the g, ;, at the boundary becomes

1 1 2
0(i+1’j)(Peghf j + e(i-l,f) (Pef)hf J + 9(1',,-_1) (E}
O = 3 5 (4.70)

—_— +_
Peph; R

FOR x">1
85,y =0 (4.71)

d Asx~> -o

as x* > -0, 0,51 (4.72)

e) Asx> + o
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as x* —+w, 6., >0 (4.73)

3. The Bulk Mean Temperature

The mean temperature at a position “i” is (2.8)

2 7o
Pm(xy = ',,702“ J Uiyl ey AT

_ o
where V is the average velocity and 1, is the radius of the tube. When _[tou2ﬂrdr is
0

subtracted from both sides and dimensionless parameter 1’ is substituted inside the

equation, the equation becomes

1
. —t,)=Ja-t ut2r*art
0

(tn—1,)
. -1,)

(as x > —c0) and t, is the constant wall temperature.(Fluid exit temperature as x — +w)

Let’s define the bulk mean temperature, 8,, = , where t. is the inlet temperature

Then the bulk mean temperature §,, becomes

O,y = 4][(1 g | 4.74)

0

6 is found out from the numerical calculation. After that 8, is calculated by solving the

equation (4.74) numerically.
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4. The Nusselt Number

The Nusselt number is defined as (2.3)

Nu =—h£.
k
. " " ag
When the heat transfer equations ¢, =h(f,~t,) and g, = —k—a-— , and the
r r=R

dimensionless parameter r* are plugged in (2.3), the equation becomes

2 06

Nu=-
e, or"

4.75)

r+ =1 .
The finite difference approximation for the equation (4.75) using the backward

difference expression with error of order h® becomes

Nug, = 2 (_ 304y + 4061 ~ e(i,f-2>j (4.76)
em(i) 2hy

where *§” is the value which corresponds to r'=1.

S. Heat Absorption Upto the Entrance

Assume a differential volume, dV =2ardr between x=-o and x=0. The
energy stored in this control volume is (4.14)

dE = cPAtdm

where Atis the temperature difference between entrance temperature and the steady state

temperature after the heating starts, Az =1, ,~t, and dm is the mass of the control

volume, dm = pdV .The energy absorbed in the control volume becomes

50




070
Eabsorbed = 27rpcp _[ I(t —-z‘e)rdrdx . (477)

-0 0
070
When  27pc, [ [t,rdrdx is subtracted from both sides and (te-t,) is divided to both

- 0

sides, the equation (4.77) becomes

070
Eassortea _ 27 | [0 -Drdrdx (4.78)
(te - o)pc p -0 0
1=t o . _ X, .7
where 6 = . As the non-dimensional parameters of x* = —2 and r” = —and
t,—t RePr r,

e o

their first derivatives are substituted into the equation (4.16), the equation becomes

01
Egbsorbed 5 =—27Pe J‘ .{(g —Dridrtdx* (4.79)
(to _te)pcpro . ~00
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V. NUMERICAL RESULTS AND DISCUSSION

A. BULK MEAN TEMPERATURE VS. X

The bulk mean temperature graphs of the fully developed laminar flow inside the
circular tube and parallel plates for constant wall temperature and heat flux cases were
plotted in figures 8-11. The Peclet numbers 0.5, 1,2, 3, 5, 10, 50, and 100 were used for
the plots to see how the Peclet number, Pe=RePr, affects the axial conduction in the flow.
As it is seen from the figures, when the Peclet number gets smaller, the axial conduction
effects of the fluid becomes very important and the temperature of the fluid upto the
entrance increases. The axial conduction of the fluid has to be considered for these cases
and must not be neglected for the Peclet numbers less than about 10. When the Peclet
number gets larger, the effects of the axial conduction decrease. As it is seen from the
figures 8-11, for the Peclet numbers 50 and 100, the bulk mean temperature of the fluid at
the position x*=0 is almost equal to the entrance temperature, which means that there is
almost no heat absorption or temperature increase upto the entrance. The axial conduction
of the fluids can be neglected for these high Peclet numbers.

1. Flow Inside the Circular Tube, Constant Wall Temperature

Case

The graphs of the bulk mean temperature vs. x for the circular tube, constant wall

temperature flow was plotted for various Peclet numbers in figure 8.a and 8.b where theta
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bulk meanis 6, = (i”—_—l:‘?—) and the nondimensional axial distance x" is x* = 2—X/—‘£
(te - ta) RePr

The validity of the figure 8.b has been checked by comparison with Ref.5.

CIRCULAR TUBE CONSTANT WALL TEMP. FLOW, THETA BULK MEAN

e s it

Theta Bulk Mean

Figure 8.a The axial bulk mean temperature distribution for circular tube constant wall temperature flow
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Figure 8.b The enlarged view of figure 8.a
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2. Flow Inside the Circular Tube, Constant Heat Flux Case

The graphs of the bulk mean temperature vs. x for the circular tube, constant heat

flux flow was plotted for various Peclet numbers in figure 9.a and 9.b where theta bulk

mean is 6,, = Qf—-ﬁ) and the nondimensional axial distance x* is x* = 2x/d .
q,d/k Re, Pr

CIRCULAR TUBE CONSTANT HEAT FLUX FLOW, THETA BULK MEAN
A

Orm——- ©- ' & ————-———F==——T=—=—n

Theta Bulk Mean

Figure 9.a The axial bulk mean temperature distribution for circular tube constant heat flux flow

CIRCULAR TUBE CONSTANT HEAT FLUX FLOW, THETA BULK MEAN
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Figure 9.b The enlarged view of figure 9.2
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3. Flow Between the Parallel Plates, Constant Wall Temperature

Case

The graphs of the bulk mean temperature vs. X" for the parallel plates, constant wall

temperature flow was plotted for various Peclet numbers in figure 10.a and 10.b where

theta bulk meanis g = %5) and the nondimensional axial distance X" is y* = 2x/D,
"o, -1, RePr

PARALLEL PLATES CONSTANT WALL TEMP. FLOW, THETA BULK MEAN
1

Theta Bulk Mean

Figure 10.a The axial bulk mean temperature distribution for parallel plates constant wall temperature flow

PARALLEL PLATES CONSTANT WALL TEMP. FLOW, THETA BULK MEAN
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Figure 10.b The enlarged view of figure 10.a
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4. Flow Between the Parallel Plates, Constant Heat Flux Case

The graphs of the bulk mean temperature vs. x for the parallel plates, constant heat

flux flow was plotted for various Peclet numbers in figure 11.a and 11.b where theta bulk

t, ~t . 5
meanis 8,, = &——’”2 and the nondimensional axial distance x*is x™ = 2—X/—&
9, D, [k RePr

PARALLEL PLATES CONSTANT HEAT FLUX FLOW, THETA BULK MEAN

Theta Bulk Mean

Figure 11.a The axial bulk mean temperature distribution for parallel plates constant heat flux flow
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Figure 11.b The enlarged view of figure 11.a
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B. NUSSELT NUMBER VS. X

The nusselt number graph of the fully developed laminar flow inside the circular
tube and parallel plates for constant wall temperature and heat flux cases were plotted in
figures 12-15. The Peclet numbers 0.5, 1, 2, 3, 5, 10, 50, and 100 were used for the plots
to see how the Peclet number, Pe=RePr, affects the nusselt number distribution in the

flow.

1. Flow Inside the Circular Tube, Constant Wall Temperature

Case

The graph of the nusselt number vs. x for the circular tube, constant wall
temperature flow was plotted for various Peclet numbers in figure 12 where x* is

. 2x/d
xt = .
RePr

CIRCULAR TUBE CONSTANT WALL TEMP. FLOW, NUSSELT NUMBER
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—o— Pe=2
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Nusselt Number
o
R

t
1
)
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Figure 12. The nusselt number distribution for circular tube constant wall temperature flow
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The nusselt numbers approach to the values in those of table 1 when x gets larger as seen

in figure 12.

Pe 0.5 1 2 3 5 10 50 100

Nu.no |4.0971 4.0276 3.9224 3.8506 3.767 3.6948 3.6586 3.6572

Table 1. The nusselt number for various Peclet numbers for circular tube constant wall temperature case as
x goes to infinity

2. Flow Inside the Circular Tube, Constant Heat Flux Case

The graph of the nusselt number vs. x for the circular tube, constant heat flux flow

2x/d
Re, Pr

was plotted for various Peclet numbers in figure 13 where x" is xt =

CIRCULAR TUBE CONSTANT WALL TEMP. FLOW, NUSSELT NUMBER

Nusseit Number

Figure 13. The nusselt number distribution for circular tube constant heat flux flow

The nusselt number is independent from the Peclet number for this case, and approaches

to 4.364 where x goes to infinity.
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3. Flow Between the Parallel Plates, Constant Wall Temperature

Case
The graph of the nusselt number vs. x for the parallel plates, constant wall

temperature flow was plotted for various Peclet numbers in figure 14 where X" is

2x/D,
RePr

+

, D, is 4h.

PARALLEL PLATES CONSTANT WALL TEMP. FLOW, NUSSELT NUMBER
20

Nusselt Number

Figure 14. The nusselt number distribution for parallel plates constant wall temperature flow

The nusselt numbers approach to the values in those of table 2 when x gets larger as seen

in figure 12.

Pe 0.5 1 2 3 5 10 50 100

Nu.no |[8.0588 8.0059 79168 7.8464 7.7471 7.6303 7.5457 7.542

Table 2. The nusselt number for various Peclet numbers for parallel plates constant wall temperature case
as x goes to infinity
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X
;./ Flow Between the Parallel Plates, Constant Heat Flux Case

The graph of the nusselt number vs. x for the paralle] plates, constant heat flux

2x/D,
RePr

flow was plotted for various Peclet numbers in figure 15 where x” is "= , Dy is

4h.

PARALLEL PLATES CONSTANT HEAT FLUX FLOW, NUSSELT NUMBER
13
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Figure 15. The nusselt number distribution for parallel plates constant heat flux flow

The nusselt number is independent from the Peclet number for this case, and

approaches to 8.235 where x goes to infinity.
C. HEAT ABSORPTION UPTO THE ENTRANCE

The energy change from the entrance to x=0 where the heating starts has been
investigated and plotted for fully developed laminar flow inside the circular tube and parallel
plates for constant wall temperature and heat flux cases in figures 16-19. The Peclet numbers
0.5,1,2,3, 5, 10, 50, and 100 were used for the plots to see how the Peclet number, Pe=RePr,

affects the heat absorption of the fluid. As it is seen from the graphs, the heat absorption
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logarithmically increases as the Peclet number decreases. Therefore axial conduction effects or

heat absorption upto the entrance where the heating starts has to be considered for low Peclet
numbers.

1. Flow Inside the Circular Tube, Constant Wall Temperature

Case

The graph of the heat absorption, E* vs. Peclet number for the circular tube,

constant wall temperature flow was plotted in figure 16 where the dimensionless

absorbed energy E'is g _ _ Eabsorses
3
(to -1, )pcpro

, ENERGY ABSORPTION, CIRCULAR TUBE, CONSTANT WALL TEMP,
0 T

Energy Absorbed from x=0 upto the Entrance, E*

3,

I

I

t

I

1
10? 10° 10
Peclet Number

Figure 16. The energy absoption upto the entrance for circular tube constant wall temperature flow

2. Flow Inside the Circular Tube, Constant Heat Flux Case
The graph of the heat absorption, E* vs. Peclet number for the circular tube,
constant heat flux flow was plotted in figure 17 where the dimensionless absorbed energy

. E

E‘ is E — absorbed

q,pc, v [k
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ENERGY ABSORPTION, CIRCULAR TUBE, CONSTANT HEAT FLUX
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Figure 17. The energy absoption upto the entrance for circular tube constant heat flux flow

3. Flow Between the Parallel Plates, Constant Wall Temperature

Case

The graph of the heat absorption, E* vs. Peclet number for the parallel plates, constant
grap. P

wall temperature flow was plotted in figure 18 where the dimensionless absorbed energy E* is

s E

absorbed

" Wbpe,(t,~1,)

2 ENERGY ABSORPTION, PARALLEL PLATES, CONSTANT WALL TEMP.
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Figure 18. The energy absoption upto the entrance for parallel plates constant wall temperature flow
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4. Flow Between the Parallel Plates, Constant Heat Flux Case

The graph of the heat absorption, E* vs. Peclet number for the parallel plates, constant

heat flux flow was plotted in figure 19 where the dimensionless absorbed energy E is

* E absorbed

E -_— T .
q.bh o

ENERGY ABSORPTION, PARALLEL PLATES, CONSTANT HEAT FLUX

a

10°

0 upto the Entrance, E*

Energy Absorbed from x
3

Peclet Number

Figure 19. The energy absorption upto the entrance for parallel plates constant heat flux flow

D. AXJAL CONDUCTION EFFECTS INCLUDING THE WALL

CONDUCTION

The axial conduction effects for circular tube constant wall temperature case has
been investigated including the wall conduction effects. The Peclet numbers 1, 3, 5,
outer/inner radius ratios of 1.2, 2 and fluid/wall thermal conductivity ratios of 1 and 1/10
were used to see how these properties affect the temperature, nusselt number and heat

absorption. The theta bulk mean temperature, nusselt number variations were plotted vs.
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x" and the heat absorption were quantified as a function of Peclet number, thermal
conductivity and radius ratios. The results are seen on the following pages.

1. Bulk Mean Temperature Variations

The _%  vs. x* graphs are seen in figures 20.a and 20.b for different Peclet

0c1,x=0
numbers, thermal conductivity and wall thickness. Since the bulk mean temperature
values are very small about x*=0, the normalized bulk mean temperature on the centerline

is a good way to see the change at the bulk temperature relative to the centerline

. r—t .
temperature at X=0, where the bulk temperature is 6 = —(—————"—)— and x" is x* = 2x/d .
( e o) RePr

The bulk mean temperature vs. X graphs for the Peclet numbers 1,3, and 5, and the

thermal conductivity ratios of 1, 1/10 and the radius ratios of 1.2 and 2 are seen in figure

(tn =25)

21 where the bulk mean temperature is 6,, = —(;———;——)—
e o

THE NORMALIZED BULK MEAN TEMPERATURE
______ b i At edah deteln et et
! t ) | | —— Pe=1k=1 h=1.2
STTTOTTTOTTTTTNT ] —  Pes1k=1/10h=1.2
! ! ! —o— Pe=3k=1h=1.2

b
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0.9 [\

|
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§

i 1 | Pe=5k=1 h=1.2
Pe=5k=1/10 h=1.2
Pe=1 without wall
Pe=3 without wall

Pe=5 without wall

Figure 20.a The normalized bulk mean temperature with and without wall
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THE NORMALIZED BULK MEAN TEMPERATURE

Pe=1k=1 h=2
Pe=3 k=1h=2
Pe=5 k=1 h=2
Pe=1 without wall
Pe=3 without wall
Pe=5 without wall

Figure 20.b The normalized energy absorption upto the entrance for parallel plates constant heat flux flow

The theta bulk mean values with the wall conduction case is closer to the steady
state values than the no wall conduction case as it is seen in figure 21. The bulk mean
temperature go to zero as X goes to plus infinity. This means that the temperature of the
fluid including the wall conduction increases faster than the temperature of the fluid
neglecting the wall conduction. The main reason of the relative increase at the
temperature including the wall conduction case is the heat that is transferred by the axial
conduction of the wall opposite to the flow direction. The heat moves to the opposite of
the flow direction and is absorbed by the fluid. So the fluid temperature increases much

more than no wall case.

THE BULK MEAN TEMPERATURE VS. X

.............................. bent el het.2
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Figure 21. The bulk mean temperature with and without wall conduction
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2. Nusselt Number vs. X
The Nusselt numbers vs. x+ graphs are seen in figure 22 for different Peclet numbers,

2x/d
RePr

. The Nusselt number

thermal conductivity and wall thickness where x" is x* =

distribution is very different from the no wall conduction case as it is seen in the figure.
As the wall gets thinner and the thermal conductivity increases, the values of the Nusselt
number gets closer to the case of no wall case. h=1/10 and k=1.2 is close to the no wall

conduction case, so the values of the Nusselt number for these curves are close to the

values of no wall case.

THE NUSSELT NUMBER VS. X
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Nusselt Number
w

Figure 22. The nusselt number distribution including the wall conduction
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3. Heat Absorption vs. X

The graphs of the heat absorption, E* vs. Peclet numbers for the conductivity ratios of

1,1/10 and radius ratios of 1.2 and 2 were plotted in figure 23 where the dimensionless absorbed

energy E* is £ = — Paena___. As it is seen from the graph, As the wall's conductivity or
(1, ~2.)pe,r;

thickness increases, the heat absorption before x=0 significantly increases. The wall
conduction case has to be added to the problem for the microheat exchanger problems.
Because the relative thickness of the wall is very large as it is compared to the inner
diameter of the tube. The values of h=1.2 or h=2 are realistic for the microheat machines,
because the diameter of the tubes are very small for these heat exchanger. The heat
absorption for kf/ks=1/10 and h=1.2 case is more than ten times of the case of no wall. If

the wall thickness would be h=2, then the heat absorption would be much greater.

ENERGY ABSORPTION VS. X

———  k=1h=2

k=1 h=1.2
k=1/10 h=1.2
No wall case

10

Peclet Number

Figure 23. The energy absorption upto the entrance with and without the axial wall conduction
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V1. CONCLUSIONS

Axial conduction effects in duct flows are important and have to be considered for
cases of Pe<10. The theta bulk mean temperature and Nusselt number variations vs.
downstream distance were plotted as seen in the results. If is obviously seen the increase
in the temperature égainst the flow direction from x=0 as the Peclet number decreases.
Heat absorption by the fluid 1n the insulated region was also quantified by using the non-
dimensional parameter E". The heat absorption increases logarithmically as the Peclet
number decreases, as seen in the heat absorption graphs. When the wall conduction
effects are included in the problem, it was calculated that most of the heat absorption by
the fluid is because of the wall conductivity as the wall conductivity gets larger. The same
effect is also seen with increasing wall thickness. The heat absorption by the fluid gets
larger when the wall gets thicker. It is very important to include the wall conduction in
the problem as the wall gets thicker and the thermal conductivity of the wall gets larger.
With large wall conductivity and wall thickness, the fluid temperature increases
significantly before the heating starts. The current interests in axial conduction effects are
because of the advent of micro heat exchanger technology with microtubes where the

Reynolds number is very small.
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APPENDIX — A SAMPLE PROGRAM

The Program for Circular Tube, Constant Wall Temperature Case

This program solves the finite difference equations for the circular tube, constant
wall temperature case by using the Gauss Seidel Iteration Method with the overrelaxation
parameter w=1.8. The program solves the equations doing the following steps :

1. The matrix is formed by the program, the first row represents the region which
touches the tube. The last row is the centerline. The first column is the condition, where x
goes to minus infinity. The last column represents the boundary condition as x goes to
plus infinity.

2. The boundary conditions are applied to the problem. The centerline boundary
condition, the boundary conditions at r=r,, the boundary conditions as x goes to minus
and plus infinity are applied to the last row, first row, first column and the last column
respectively.

3. The iteraﬁons are made calculating the values at gll the grid points. As it is seen
in the program, the odd rows are calculated first, the even rows later. The convergence of
the problem is better in this case.

4. The difference between the error and the boundary conditions for the plus and
minus infinity is checked. If the boundary conditions and the difference between the
iterations are reasonable, the program is stopped and the data is processed. The max.
difference between the iterations is less than 1E-6. The max difference between the
~ values of the horizontal grid points which represents minus and plus infinity is less than

- 1E-6.
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This problem solves the problem for circular tube
constant wall temperature case

Programmed by Ibrahim Girgin

format long

clear
start=1;
iteration number=300000;

o®

Nx is the column number of the matrix
Ny is the row number of the matrix
X zeroc is the column number which represents x=0

o° o

Nx=2501

Ny=101

X_zero=1501

% For Peclet number is 1
Pe=1

% For the relaxation parameter 1.8

w=1l.8
save_iteration=100

hy is the vertical distance between the grids
hx is the horizontal distance between the grids

hy=1/(Ny-1) ;
hx=hy;

teta is the matrix which holds the grid points
initialization of the teta

teta=ones (Ny,Nx) ;

Apply the boundary condition for r=Ro, x>=0

teta(:,x zero:Nx)=zeros (Ny,length(x_zero:Nx));
e.g. j=Ny >
the initial

1

1

value of 1
theta 1
1

1

A

R H R R ER
R
HEH R PR
PR RE R
R RR R
N SIS
O OO0 OO0
[eeolNeNollolNo)

1 >

>O OO0 O OO

i=1 i=x_ zero

The values for this theta matrix is

o® o o o o o o o o o of
o
]
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% Nx=14 Ny=6 x_zero=8 hx=0.2 hy=0.2
% Pe,w,file_name,save iteration is what is to be given

% The variables that are being used inside the loop

varl=Pe"2*hx"2;

. var2=2/hy*2;
var3=1/2/hx;
var4=1/hy"*2;
var5=1/varl-var3;
var6=1/varli+var3;
var7=1/2/hy;
var8=2/varl+4*var4s;
var9=2/vari+var2;
varlo=2*hx;

% The iteration starts here. For every value of kkk, one
% iteration is made

for kkk=start:iteration number
for max_err=teta;

for i=2:Nx-1 % do the iteration for all the columns except the

first
% and the last columns

do the iteration for all the odd rows

o

for j=1:2:Ny
y=(3-1) *hy; % calculate the vy, O<= y <=1
if j== % do the iteration for radius=0 (for the center)
teta (Ny,i)=(teta (Ny,i+1) * (var5) +teta (Ny,i-1) * (var6) +
4*teta (Ny-1,1i) *var4) /vars;
elseif j==Ny % do the iteration for radius=R
if i<x zero % if i<x_zero & for radius R, it is insulated
teta(1,i)= ((teta(l,i+1)+teta(1,i-
1))/ (varl) +teta (2, 1) *var2) /var9;
end
else % do the iteration for all the odd rows except r=0

and r=R

teta (Ny-j+1,1i)=teta (Ny-j+1,1i)+w* ((teta(Ny-j+1,1i+1)*(vars +
yv*2/vari0) ...
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+teta (Ny-j+1,1i-1)* (varé - y"2/varl0)+teta (Ny-j,i)* (vard +
var7/y)+...

teta (Ny-j+2,1i)*(var4s - var7/y))/var9-teta (Ny-j+1,1i));

end
end
for j=2:2: (Ny-1) % do the iteration for all the even rows
y=(j-1) *hy;

teta (Ny-j+1,1i)=teta (Ny-j+1,1)+w* ((teta (Ny-j+1,i+1)* (var5 +
y*2/var10)...
+teta (Ny-j+1,i-1)*(varé - y“2/varl0)+teta(Ny-j,i)*(vars + var7/y)+
teta (Ny-j+2,1) *(var4 - var7/y))/var9-teta (Ny-j+i,1i));

end

o\

end End of the iteration

P

Save the variables at every "save iteration"
e.g. if the save_iteration equals to 20, then save
the variables at when kkk=20,40,60,80,... so on.

oP

o\°

if fix(kkk/save_iteration)==kkk/save iteration;
max_error=(max (max (abs (teta-for_max_err))))

clear for max _err

save forpel teta Nx Ny x zero w Pe hx hy max_error kkk
save_iteration start y

end

end
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