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Abstract 

Expressions are derived for the spectral densities $T(Ä"), ^(K) of the 
temperature and velocity structure functions of atmospheric turbulence, 
and for the corresponding Born approximation far-field acoustic scattering 
cross-sections, due to homogeneous isotropic stationary ensembles of 
self-similar localized turbules having many different scale lengths. It is 
shown that for some range Kmili <K< Kmax, the "inertial range," the 
spectral densities obey power laws with dependence K~

PT
, K~

PV
. The 

exponents (PT, Pv) depend only on choices of scaling relations and are 
independent of turbule morphology. Only Km\n, Kmax, and the values of 
the spectral densities outside the inertial range are morphology- 
dependent. Expressions for Kmin and Kmax are derived in terms of inner 
and outer scale lengths in the rurbule ensemble. If the turbule scale 
lengths aQ are chosen to be in geometric sequence (aQ+i/aa = constant 
independent of a), and if the power law is given as PT = Pv = 11/3, the 
Kolmogorov spectrum in the inertial range, then not only must the turbule 

velocity and temperature amplitudes scale as aj , the usual result, but 
also the turbule packing fractions must be independent of scale length. 
Expressions for the structure parameters (C^,,Cl) that occur in the usual 
Kolmogorov spectra are obtained in terms of the turbule model 
parameters. It is also shown that quasi-Gaussian spectra result for the 
choice PT = Pv = 0 and Gaussian turbule morphology. 
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1.    Introduction 

This is the second in a series of technical reports that examine a turbule 
model of atmospheric turbulence and the acoustic scattering predicted by 
the model. The previous report [1] laid the groundwork for this and 
succeeding reports in the series. In Goedecke et al [1], the general 
properties of the Born approximation far-field acoustic scattering 
predicted by Monin's equation [2] were obtained. In addition, expressions 
for the acoustic scattering amplitudes and cross-sections were derived for 
individual model turbules of a given scale length and for their 
orientational averages, and it was shown that an ensemble of randomly 
oriented turbules of arbitrary morphology may be replaced by an 
equivalent ensemble of spherically symmetric nonunif ormly rotating 
turbules, with randomly directed rotation axes. 

In this report, we connect the turbule model predictions to the structure 
function predictions for the case of isotropic homogeneous fully 
developed steady-state atmospheric turbulence. This is an essential step 
toward the ultimate goal of describing acoustic propagation and scattering 
in inhomogeneous anisotropic turbulence using a turbule model. In 
section 2, we construct an ensemble of self-similar turbules of many 
different scale lengths, each with random location in a bounded volume V 
and with random orientation. We adopt general scaling laws in which the 
number of turbules of a given scale length aa and their velocity and 
temperature variation amplitudes scale according to powers of aa, and in 
which the spectrum of scale lengths follows a general power law that 
includes the usual fractal geometric sequence in which aa+\/aa is 
independent of aa. We also show that a kinetic energy cascade model 
similar to that of Kolmogorov yields one connection among the scaling 
exponents. We develop expressions for the spectral densities 
$T(K), $ij(K) of the temperature and velocity structure functions in 
terms of these turbule model parameters. We show that a power law 
scattering spectrum generally exists for some range Km{n < K < Kmax, the 
"inertial range," in which the cross-sections each depend on K to some 
power that could be different for the temperature than for the velocity 
scattering. We also show that the power laws are independent of turbule 
morphology, and that only Kmin and Kmax and the behavior of the spectral 
densities for K outside the inertial range are morphology dependent. We 
derive expressions for (Kmin, if max) in terms of the inner and outer scale 



length of the ensemble, and the characteristic widths of the spectral 
densities of individual turbules. We show that, if we wish to obtain a 
spectrum in which both spectra depend on K~n/3 in the inertial range, 
then for the fractal sequence only, not only must the velocity and 

temperature amplitudes scale as aj , the usual result, but also the turbule 
packing fractions must be scale-invariant. We show that a Gaussian 
scattering spectrum requires quite different scaling exponents than a 
K~n/3 spectrum. We also obtain expressions in terms of the turbule 
ensemble parameters for the structure parameters (C%,,C%) that occur in 
the Kolmogorov structure functions. We investigate the specific behavior 
of the spectral densities versus K for two example turbule structures. 

In section 3, we express the Born approximation far-field cross-sections as 
functions of scattering angle 9 for acoustic scattering by the velocity and 
temperature fluctuations of the turbulence derived in section 2, and show 
under what conditions the cross-sections deviate appreciably from a 
power law dependence on sin(0/2). 

Finally, in section 4 we summarize and discuss our results and plans for 
further work. 



2.   Turbule Model of Homogeneous Isotropie Steady-State 
Atmospheric Turbulence 

2.1   Model Turbules 

We model turbulence contained in a volume Vs as an ensemble of 
self-similar stationary localized turbules of different scale lengths. On the 
average, in Vs we allow Na turbules of scale length aa, a = (1, Ns), where 
Ns is the total number of different scale lengths in the ensemble, so that 
N = T,aNa is the total ensemble average number of turbules in Vs, in 
steady state. We assume in this report that the aa are much smaller than 
the scale length as of the volume Vs. 

We take ax as the largest scale length in the ensemble, and ajvs as the 
smallest; these lengths define the outer and inner scales of the turbulence, 
respectively. Each turbule is characterized by the general scalable static 
temperature variation and solenoidal velocity fields (AT0(r), v0(r)) chosen 
in the previous report in this series [1]. For turbule number n, we have 

v0„(r) = V^n x An(0,        AT0n(r) = Tn(£n) (1) 

where 
£„ = (r - bn)/an, (2) 

bn is the "location" of the turbule, i.e., the point about which the turbule is 
localized, and An(£n) is an unrestricted vector field. 

For convenience, we allow uncorrelated locations b„. This means that the 
joint probability distribution for the locations of the N turbules may be 
written as 

P(b1,...,bJ=p1(b1)...p„(b„), (3) 

the product of N one-particle distributions, with 

/ 
d36p„(b) = l,        alln. (4) 

We also want the turbulence to be homogeneous. This means that the 
ratios of the number densities of turbules of different scale lengths should 
be independent of position in Vs; this requires 

Pn(b)=p(b), (5) 



2.2    Scaling 

independent of n. If we also want the turbulence to be uniform in Vs, then 
we must choose 

p(b) = Vs-\beVs (6) 

= 0, otherwise. 

An isotropic ensemble consists of randomly oriented copies of turbules of 
arbitrary morphology for each scale length, and is thus characterized by 
spherically symmetric envelope functions B2,B2 as defined by Goedecke 
et al [1], namely, 

(\fn(Kan)\2) = ir3(5Ta)
2B2

T(Kaa) (7) 

(i„i(KaB)) = 0 (8) 

(ÄniÄ*nj(Kan)) = ^SijvlBUKa*). (9) 

The r„(y„) and Äni(yn) are the Fourier transforms of Tn(£n) and Ani{$n), 
respectively, as defined by Goedecke et al [1], namely, 

fn(y) = Jd^e-t-yTntt),        kn{y) = Jd^e-^A^),        (10) 

where the integrals are extended over all £-space, since the individual 
turbules are localized and their scale lengths an are assumed to be much 
smaller than the scale length as of Vs. Here, the expectation involves 
averaging over random orientations, so the amplitudes (5Ta, va) and the 
argument of the envelope functions depend only on the scale length index 
a. The envelope functions themselves are independent of a; that is, they 
are the same functions of their arguments for all a. This provides 
self-similarity. The factors of ir3 and 1/3 are inserted for convenience as in 
Goedecke et al [1]. 

In order to describe the complete ensemble, we assume that the quantities 
(Na, STa, va) scale with aa. We put 

f-&r-(£)-£j-®-(?Jv ,u) 



where (ß, 7, v) are parameters. In addition, we must decide how to relate 
the scale lengths to the index a. One relation that has been used is [3] 

aa = ale-^
Q-1\     ß>0, (12) 

where ß is a parameter that is determined by Ns, the number of scale 
lengths, and the ratio {a^s/a1) of inner to outer scale lengths: 

fj, = —(Ns — 1)_1 lnm,    m = a^s/a1. (13) 

Equation (12) implies that the scale lengths form a geometric sequence, in 
which 

a
2/

ai = as/a2 = • • • = e fl; 

that is, the ratio of successively smaller scale lengths is a constant whose 
value lies between zero and unity. This is a kind of fractal scaling [3]. 

A general power law scaling relation is given by 

aa = a1(l + qli(a-l))-1^,     q>0,     ß>0, (14) 

where here fi is determined in terms of (m, q) by 

ti = q-1(m-"-l)/(Ns-l). (15) 

Equations (14) and (15) actually reduce to equations (12) and (13) 
respectively, when q goes to 0; so in what follows we may use just 
equations (14) and (15), with q > 0. We will also make use of the 
Kolmogorov concept of energy transfer in fully developed (steady-state) 
turbulence, in which energy is provided to the ensemble at the largest or 
outer scale. The largest eddies continually form but are unstable because 
of their large Reynolds numbers, and thereby continually fragment into 
smaller eddies, which in turn fragment further, etc. This cascade continues 
down to eddies of a size small enough to be stable, that is, to eddies whose 
Reynolds numbers are of order unity. These smallest or inner scale eddies 
dissipate almost all the energy that is being input at the largest scale. In 
steady state, all the ensemble average quantities (Na, va, 8Ta), and the 
relationships like equations (12) or (14), are constant in time. By 
dimensional analysis and from the fluid equations, the kinetic energy 

transfer rate £Ka from turbules of scale length aa to the next smaller is 



£Ka= (C)(Na)(a
3

a)(STa)(v
2Jaa), (16) 

where C is a constant with dimension of reciprocal volume. That is, the 
energy transfer rate is proportional to the number of turbules of size aa in 
V, the volume of each, the kinetic energy per unit mass v^/2 of each, and 
the characteristic rate of transfer va/aa. The Kolmogorov model consists of 
neglecting dissipation in all eddies except the smallest. This means that, in 

steady state, £Ka is independent of a, for a — (1,NS-1). Using equation 
(11) in this model then yields one ratio among the parameters (ß, v): 

ß = 3u + 2. (17) 

In the atmosphere, the ratios | AT0 l/T^ and v0/cao are usually of the same 
order. This implies that our turbule temperature variation amplitudes 8Ta 

should be proportional to va, whereby we get directly from equation (11) 

7 = z/. (18) 

On the other hand, if we apply the Kolmogorov energy cascade model to 
the thermal energy constant of the turbules in our ensemble, we get for the 
thermal energy transfer rate £Ta from turbules of one scale length to the 
next smaller 

£Ta= (C')(Na)(a
3

a)(STa)(va/aQ), (19) 

where C is a constant. This says that the energy transfer rate is 
proportional to the thermal energy content of a turbule, which is 
proportional to 8Ta. If we require this rate to be independent of a, then we 
get from equations (11) and (14) 

7 = 2i/. (20) 

This is equivalent to stating that STa is proportional to v%- We see in the 
next section that these two possibilities of equations (18) and (20) yield 
quite different behavior for the velocity and temperature variation 
structure functions of the ensemble. 

2.3    Structure Function Spectra 

2.3.1    General 

The velocity and temperature variation structure functions are important 
quantities that characterize atmospheric turbulence [4,5]. In this section, 



we obtain formulas for the spectral densities of these structure functions 
from our turbule model, for isotropic homogeneous turbulence. 

The temperature variation and velocity fields of the turbulence in Vs are 
just the superposition of those of the localized turbules in Vs: 

AT0(r) = ;>>:r0n(r),        t,0(r) = ]>>0n(r). (21) 
n n 

We are interested in the Fourier transforms 

Af0(K) = / d3re-iKrAT0(r),        5„(K) = f d3re-
iKW0(r).      (22) 

Specifically, we wish to obtain general expressions for the spectral 
densities 

*T(K) = (|Ar0(K)|2) ,        «• (K) = (v0i(K)v*0.(K)) , (23) 

where the expectations () imply averaging over random turbule locations 
b and random turbule orientations, as discussed in section 2.1 above. 

Combination of equations (1), (2), (10), (21), and (22) yields 

*o(K) = i J2 e-iK'b"<4K x in(Kan) (24) 
n 

Af0(K) = ^e-iK'b«a^(Ka„). (25) 
n 

The spectral densities of equation (23) are then 

$r(K) = -£a6
n(\fn(Kan)\*) 

n 

+ \p{K)\^al(fn{Kan))Y,a](f*t{Kan))        (26) 

*?-(K) = eipqejrsKpKr^2a8
n(Änq(Kan)Ä*ns(Kan)), (27) 

n 

where equation (8) was used. Here eipq is the Levi-Civita symbol, and 

p(K)= f d3be-iKbp(b) (28) 



is the Fourier transform of the "one-particle" location distribution of 
equation (6). 

In the standard treatment [4], the mean temperature in Vs is assumed 
equal to the remote reference temperature T^, or fvd

3rATQ(r) = 0. We 
will assume that here, in order to facilitate comparisons of our turbule 
model spectra with the commonly used spectra. For simplicity we assume 
that in the ensemble, 

(fn(Kan)) = ±7rs/2STaBT(Kaa) = ± (|fn(Kan)|2) * , (29) 

with equal numbers having the (+, -) signs. This ensures that 
/ dzr AT0 (r) = 0. It also takes advantage of the result of Goedecke et al 
[1], that an isotropic ensemble of a given scale length may often be 
replaced by an ensemble of spherically symmetric turbules. For such 
turbules with a positive definite envelope function, equation (29) 
automatically would be valid. With this assumption, we have 

£a»(r„(KaB)) = 0. (30) 
n 

Then, from equations (7), (9), and (26) to (30), we get 

$T(K) =  (l-\p(K)\2)Tr3^Na(6Tafa6
aB

2
T(Kaa) (31) 

n 

$V.(K) = (öij - Kikj^ß^NavlaKKa^B^Ka^.       (32) 
n 

Note that the sums over turbules in equations (26) and (27) are replaced by 
sums over size index a in equations (31) and (32), with Na included. 

The factor involving | p(K)|2 in equation (31) comes from writing 
En E^n = En E^ - En ^the second term of equation (26), and using 
equations (29) and (30). In general, if Jvd

3rAT0(r) = 0, then $T(K = 0) 

must be zero; the factor (1 - | p(K) |2) in equation (31) ensures this, since 
j5(K = 0) = 1, because p(b) is a probability density (see eq. (28)). 

It is important to note that p(K) is extremely small except for K near zero. 
For example, suppose that Vs is a spherical volume of radius as centered at 
the origin. Then, from equations (6) and (28) 

p(K) = 3(Kasy
3 [sin Kas - Kas cos Ka„]. (33) 



Thus for large Kas, | p(K)|2 is smaller than (Kas)~
A « 1. Therefore, in 

the spectral density $T(K), the | p(K)|2 factor may be dropped out, except 
for very small K such that Kas < 1. But its presence is essential in order to 
comply with the assumption that / d3r AT0 (r) = 0. 

This assumption is not necessary; if it is not made, then the spectrum 
$T(K) will have a different behavior for K —* 0 than that of equation (31). 
We will investigate this in a later report. 

Note that the velocity spectrum $%(K) includes the factor of (<% — KiKj), 
characteristic for solenoidal velocities [4]. Also note that, for the bounded 
envelope functions B2, that will be used, the factor (Kaa)2 ensures that 
$ij(K —» 0) —» 0, which is also a requirement for solenoidal velocities, 
directly related to the results of Goedecke et al [1] and Monin [2] that 
forward acoustic scattering due to such turbulent velocities is zero. 

2.3.2   Inclusion of Scaling 

In what follows, we replace the sum over size index a by an integral. This 
will be valid if the number of different scale lengths in the ensemble is 
large, as we shall assume. We then write 

^ fNs raNs 
} y = /   da = da/(da/da);        da/da = /xax 

qa 
a=l       •'l *,°i 

7i+?        (34) 

where the last equality results from equation (14). 

From equations (31), (32), and (34) and the scaling relations (11) to (15), we 
then get the following expressions for the spectral densities: 

$T(K) = (l-\p(K)\2)(^N1(ST1)
2a6

1/ß)x-pTj^i(mx,x)    (35) 

SV.(K) = fa - Kik^N.vyj^x-^J^ (mx, x), (36) 

where (m, n) are defined by equations (13) to (15), and 

x = Ka1; (37) 

Jj'v(mx,x)= f dyysB2
Tv(y) 

Jmx                  ' 
(38) 

>T = 6 + 2-y-ß-q,        Pv = 6 + 2v-ß-q. (39) 

Here q > 0; q = 0 corresponds to the fractal scaling of equation (11). 



Thus the spectra of equations (35) and (36) depend on the integrals of the 
generic form of equation (38). It is important to determine qualitatively 
how these integrals depend on (s, m, x). In all cases, the envelope 
functions B2 v (y) go to zero rapidly for large y; otherwise, individual 

turbules would not be localized. Also, we expect the B2(y) to be bounded 
everywhere. Thus, if x is large, then Js(mx, x) « Js(mx, oo) to very good 
approximation, as long as the B2(y) go to zero faster than y~s~l for large 
y. Similarly, if mx « 1, then Js(mx,x) « Js(0, x) to very good 
approximation, as long as the ysB2(y) —> yl, with t > -1, for y —► 0. Thus, 
in many cases, there will exist a range of x such that 

Js (mx, x) fa Js(0, oo) = constant (40) 

to a very good approximation. 

For this range of x, equations (35) and (36) show that the spectra have a 
power law dependence on x and thus on K, with powers {—PT, —Pv)- 
Conventional language defines this range of x or K as the "inertial range." 

We note that, if the powers (PT, Pv) are to be the same, then from equation 
(39), we must have equation (18), 

7 = ", (41) 

which is what resulted from the discussion preceding equation (18), not 
from that preceding equation (21). We shall adopt 7 = 1/. Then equations 
(17) and (39) yield 

P = PT = Pv = 4 - v - q. (42) 

2.3.3   Inertial Range Boundaries 

The boundaries of the inertial range of x may be estimated as follows. The 
integrand Is(y) of Js(mx, x) of equation (38) is y2B2(y); for s > 0 and 
B2(y) that decrease monotonically faster than y~s as y increases, it has a 
single maximum at y = ysm given by rs(ysm) = 0, or 

ysm = -^sB{ysm)/B'{ysm). (43) 

The integrand has a characteristic width that also depends on s and the 
envelope function B(y). We define ys± by requiring that Is(ys±) be some 
fraction of I(ysm)- In this report we choose 

h{ys±) = e~2Is(ysm),       ys- < Vsm < ys+- (44) 

10 



Then it is clear that Js(mx, x) « Js(0, oo) for mx < ys- and x > ys+. That 
is, essentially pure power law spectra obtain for values of x that lie 
between xs min and xs max, where 

^smin ~ JJs+i ^smax ~ Vs—fm- V**/ 

If x < xs min or x > xs max/ the dependence of the spectra departs 
significantly from that of a power law. Note (xmin, xmax) for $T(K) are in 
general different than for $?•, because s is different for the two cases for 
PT = Pv , and/or because the B(y) may be different. Also note that if 
xs min > %s max in equation (45), then there is no inertial range. 

2.4   Morphology Dependence 

It is important to examine the effects of changing the envelope functions 
B2(y) that appear in the integrals Js(mx, x) of equation (38). 

We may change an envelope function in several ways. One way is merely 
to alter its amplitude. But that is trivial, because the previous values of the 
functions $T(K), $?j(K) could be maintained by commensurately altering 
the unknown amplitudes in equations (35) and (36). 

Another way is to replace B(y) by the same functions of a "stretched" 
argument, B(y) —» B(ay). This is equivalent to changing the spectrum of 
scale lengths in the ensemble, such that aQ —► a'a — aaa, and altering 
(tfTj, v1) appropriately to keep the same values of $T (K), $^ (K) in the 
inertial range. But the boundaries of the inertial range will be shifted; that 
is, from equation (45), we get 

K'pmm = yp+/a'a = Kpmin/oi, K'pmax = Kpmax/a. (46) 

Outside the inertial range, the spectra will be changed. 

Another way is to replace a chosen B(y) by a different functional form 
B'(y). Clearly, this will change the boundaries of the inertial ranges, in 
general, but inside the inertial ranges, (6^, v1) can be altered to preserve 
the previous values of the spectra. 

Therefore, we may conclude the following: the power law spectra in the 
inertial ranges are completely insensitive to all changes in turbule 
morphology, that is, alterations of the envelope functions B(y). Changes 
in the spectrum of scale lengths and/or in the functional form 
(morphology) of the B(y) irreducibly influence only the boundaries 
(Kpmin, Kpmax) of the inertial range and the behavior of $T(K), ^j(K) 
outside the inertial range. 

We will provide graphs of numerical examples in section 2.4.3. 



2.4.1   Kolmogorov Spectra 

From experimental and scaling considerations [4], the power law part of 
the spectrum is expected to go like a;-11/3, so P = 11/3. If this dependence 
were valid for all x, the spectral densities would be said to exhibit the 
"Kolmogorov spectrum." 

From equations (42) and (17), this requires 

i/ = l/3-<z,        ß = 3(l-q). (47) 

We know that q > 0, since we insisted that aa get smaller as a increases. 
Also, we expect that Na increases as the scale length decreases; from 
equations (11) and (47), this requires q < 1. It is especially interesting to 
note that, for the fractal scaling (q = 0), which is often assumed [2], 
equation (47) yields 

v = 1/3       ß = 3. (48) 

The v = 1/3 result follows from the usual energy cascade model, upon 
requirement that the kinetic energy transfer rate per unit mass be 
independent of scale length [4]. The usual cascade model does not 
consider the number of eddies of each scale length, in contrast to our 
model of section 2.2. It is remarkable that only with fractal scaling does 
our model yield not only v = 1/3, but also ß = 3, which corresponds to 
turbule packing fractions Naal,/Vs independent of scale length. 

The standard structure function description of isotropic homogeneous 
fully developed turbulence finds by dimensional analysis that the 
temperature and velocity structure functions of the turbulence must be 
given by 

oT(r)^((r0(ri)-r0(r2))
2) = C2r2/3, (49) 

DvrT(r) = fifj ((tUrJ - v0i(r2)) (^(rj - t,0j(ra))) = Cy'\     (50) 

where 

r = r1-r2,        r = |r|,       r = r/r, (51) 

and (C2, Cl) are the so-called structure parameters. These are valid for 
some range of r called the "inertial range" between the inner and outer 
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scale lengths (a/vs, ax )• Assuming (incorrectly, of course) that these forms 
are valid for all r, the following spectral densities are easily derived: 

$T(K) = 8.19 ClVsK~n/3 (52) 

*?•(#) = (6ij-kikj)(15J0C%V,K-n'3). (53) 

It is clear that these are incorrect for K —> 0, but they are valid for most K. 
Comparing these forms with equations (35) and (36), putting PT = Pv = 
11/3, neglecting | p(K)|2 «HOT K not near 0, and taking the values of 
the integrals of equation (33), in the inertial range of K, we get the 
following expressions for the structure parameters: 

C\ = (3.78//i)(AriOf/K)(5T1/aV3)2jT3(0)Oo)) (54) 

Cl = (0.69/»)(NyjVs)(vJal/*)*ru/3(0,oo). (55) 

Thus we have connected the structure parameters that are believed to 
characterize the Kolmogorov spectrum of isotropic homogeneous 
turbulence to the parameters of our scaled self-similar turbule model, an 
essential step. Note that for fractal scaling (q = 0), the factor (N^/Vg) 
may be replaced by (Naa^/Vs) for any scale length a, and so may the 
factors (5Tj /a\/z, vl /a

lJz). This is not the case for q ^ 0. 

2.4.2   Quasi-Gaussian Spectrum 

Gaussian spectra involving a single scale length have been used fairly 
often [5,6]; we illustrate this for an isotropic ensemble of turbules of a 
given scale length in Goedecke et al [1]. It is interesting to note that our 
turbule ensemble model, containing many scale lengths, allows spectra for 
$T(K), ^j(K) that are Gaussian for most K, for special choices of the 
envelope function (B^iB%). In particular, if in equations (35) and (36) we 
put 

PT = Pv = 0,        B2Jy)=y2e-y2l\        B2
v(y) = e~^l\ (56) 

we get 

$T(ÜT) = (l-|p(Jft:)|
2)(constant)(e-m2l2/2-e-a:2), (57) 

$&(#) = (%-KiÄi)(constant)(e-m2a:2/2-e-x2). (58) 
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2.4.3   Examples 

For K —» 0 and for K —» oo, these go to zero, as they should; but, for 
x — .Koj >> 1, they go to simple Gaussians involving the inner scale 
length a,Ns, since mx = Ka^s. These are a special case of a power law 
spectrum with P = 0 for the "inertial range" of K, that is, for mx « 1 
and x » 1. 

From equations (17) and (39), the scaling exponents must then satisfy 

        ß = 14 - 3q-> 0, "     v = 7 = 4 - q. (59) 

If we were to choose v = 1/3 as in the Kolmogorov spectrum with fractal 
scaling, this again yields ß = 3, but requires q = 11/3, a rather steep power 
law for the length scales in the ensemble (see equation (14)). 

It is important to give some examples using specific envelope functions, in 
order to illustrate some of the results of the last several sections. We will 
do this for the (quasi) Kolmogorov spectra, having dependence a;-11/3 in 
the inertial range. 

In Goedecke et al [1], we considered two example envelope functions, a 
Gaussian and the Fourier transform of an exponential: 

B2
g{y) = e-y2'2,      Bl{y) = (i + y2/i2)-6. (60) 

The factor 12 in B2(y) ensures that turbules of the same scale length have 
the same RMS radius [1]. For P = 11/3, we consider the normalized 
spectral densities 

FT(x) = x-n/3J8/3(mx,x)/J8/3(0,<x>), (61) 

Fv(x) = a:-11/3Ji4/3(ww:,x)/Ji4/3(0,oo), (62) 

in which we use the same B(y) for both temperature and velocity spectra, 
for convenience. These functions are the factors in equations (35) and (36) 
that determine the boundaries of the inertial ranges of K and the behavior 
of $T(K), ^{K) outside the inertial ranges. 

From equation (38), we have 

Jl(mx,x) =   [Xdyyse-y2/2, (63) 
Jmx 

Jt{mx,x) =   fXdyys(l + y2/12)-6. (64) 
Jmx 
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These integrals were evaluated for s — (8/3,14/3), for m = (10-3,10~4), 
which are realistic values for the ratio aN/ay of inner to outer scale length. 
That is, inner scale lengths may be of the order of millimeters, while outer 
scale lengths may be of the order of tens to hundreds of meters. 

Figures 1 and 2 are plots of log F% and log F* versus logs for m = 10-3 

and 10-4, respectively; figures 3 and 4 are plots of log F$ and log F% 

Figure 1. Normalized 
isotropic homogeneous 
ensemble temperature 
spectra for m = 10    as        ^ 
functions of outer scale 
size parameter ka1. 
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versus log ; x for m = 10 3 and 10 4, respectively. The plots, of course, 
coincide in the common portions of their inertial ranges; as discussed 
earlier, this coincidence can always be achieved for the actual spectra, for 
any choices of the envelope functions, by adjusting the (unknown) 
parameters (8TX ,v1). But the exponential and Gaussian envelopes yield 
slightly different inertial range boundaries, quite different behavior for 
x > xsmax, and the same behavior but different values for x < rcsmin- 

Figure 3. Normalized 
isotropic homogeneous 
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We may use the results of section 2.3.3 to estimate the inertial range 
boundaries, and compare the estimates with figures 1 to 4. Using 
equations (43) and (60), we get 

Vim = sll\       ye
sm = 8^/(1 - */12)1/2 (65) 

for the (Gaussian, exponential) envelopes, respectively. Then by numerical 
solution of equation (44), using equation (45), we obtain the following 
inertial range boundaries for the temperature spectra, with s = 8/3: 

^«3.19,       ^«0.49/ro (66) 

xe
min«4.45,       xe

max «0.52/m. (67) 

For the velocity spectra, with s = 14/3, the corresponding boundaries are 

x9
min*3.70,       a4««0.94/m (68) 

a4in«6.34,       ^«1.08/ro. (69) 

These results compare reasonably well with the boundaries apparent in 
figures 1 to 4. 

Based on the discussion in section 2.4, if we stretch the argument of the 
envelope functions (B(y) —* B(ay)) or, equivalently, change the length 
scales (aa —* aaa), then the boundaries {Kmin, Kmax) of the inertial ranges 
of K change according to equation (46). That is, if we knew or assumed a 
value of alf then we would get from x = Ka^ and equation (66) 

K9
min « 3.19/a,,       K9max « 0.49/mai = 0A9/maNs (70) 

and similarly from equations (67) and (69). If we then change ^ by 
ax —» aalf we get 

2^lnw3.19/aa1 =1^/0, etc (71) 
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3.   Acoustic Scattering 

For an isotropic homogeneous turbulence in a volume VT, the far-field 
Born approximation differential cross-section for scattering of an acoustic 
plane wave is given by [4] 

where 

and here, 

ä(r) = äT(r) + äv(r), (72) 

äT(f) = (fc2/47rrTO)
2cos20$T(fQ (73) 

äv(r) = (k2
/2TTCOO)

2
 cos2 ekikj^iK); (74) 

K = kf-k,        K=\K\=2ksin(9/2), (75) 

where f is the observation direction, k is the incident plane wave 
propagation vector, with k = 2n/\, A = wavelength, 0 is the scattering 
angle, the angle between f and k, 0 < 0 < IT, and $T(K) and ^(K) are 
the spectra of the turbulent temperature variations and velocity, 
respectively, given by equations (35) and (36). In equation (73), T^, is the 
reference temperature outside the volume VT, which has been chosen 
equal to the mean temperature inside VT, as discussed in the previous 
section. In equation (74), we have 

kikj*ij(K) = kk (Sij - KiKj) GV(K) = cos2(0/2)Gv(K),       (76) 

where, from equation (36), 

GV{K) = (^N^alß^x-^^+^mx, x), (77) 

and from equations (37) and (75) 

x = Ka1= 2kax sin(0/2). (78) 

Equations (73) and (74) are valid for cases in which VT is the scattering 
volume Vs, or in which Vs <VT, but the scale length as of V^ satisfies 
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as » aa, as discussed by Goedecke et al [1], and in equations (35) and 
(36), JVj is the mean number of turbules of scale length ax in Vs. 

The cross-sections in equations (73) and (74) are thus proportional to the 
normalized spectral densities in equations (61) and (62), and figures 1 to 4 
therefore reveal the crucial behavior of the scattering cross-sections 
aT (r), äv(r) for the sample envelope function considered in section 2.4.3, 
except for the factors of cos2 6 and cos2 0 cos2 (9/2). It is important to note 
that here, the boundaries of the inertial range of x or K translate into 
boundaries of the inertial range of scattering angles (0mm, 0max). For 
example, for the Gaussian envelope function and the re-11/3 power law in 
the inertial range, we have from equation (66) the temperature scattering 

sin(0mij2)n (3.19)/(IkaJ,        sin(0max/2) « (0.49)(2mfca1).        (79) 

Clearly, sin(0/2) < 1 for 0 < 6 < it. So, if mk^ is less than or 
approximately equal to 0.25, the upper inertial range boundary is never 
reached; that is, the power law spectrum obtains for scattering angles out 
tO 6 = 7T. 

For example, suppose the following reasonable values are chosen: 
m = 10~4, ox = 102m, A = 0.314m -> k w 20m-1, ka as 2 x 103. Then, from 
equation (79) 

sin(0min/2) « 1.6 x 10-3,        sin(0max/2) w 2.5. (80) 

So the power law spectrum would obtain for almost all angles; the effect 
of the factor 1 - |p(K)|2 in $T(K) might dominate at angles as small as 
this 0m;n. If kax were much smaller, then 0m;n would be observable, but not 
#max; if kax were larger, then 0max would be observable in principle, but 
#min would be too small to be observed. 
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4.    Summary and Discussion 

In this report, we have established that a self-similar ensemble of localized 
stationary turbules of arbitrary morphology and many different scale 
lengths, but with random orientations and locations within a volume Vs, 
predict spectral densities ($T(K), $?(lf)) °f the temperature and velocity 
structure functions of the turbulence that have the following properties: 

1. The spectra obey power laws (K~
PT

,K~
PV

) in ranges 
-Kmin < K < Kmax, conventionally called the inertial ranges, which 
may be different for $T(K) than for Q?j(K). The values (PT, Pv) are 
determined by choices of scaling exponents, and are independent of 
turble morphology, as are the values of the spectral densities in the 
inertial range. The boundaries (Kmin, Kmax) of the inertial range and 
the behavior of the spectral densities for K outside the inertial range 
are sensitive to turbule morphology. 

2. The choice PT = Pv = 11/3, corresponding to the Kolmogorov 
spectrum with a fractal size scaling aa+i/aa = constant, yields the 

usual scaling relation vaaj  = constant, and also requires that 
packing fractions of turbules in Vs are independent of scale length. 
Expressions for the structure parameters (C^,C%) of the Kolmogorov 
spectra were obtained in terms of turbule model parameters. 

3. The choice Pv = PT = 0 yields a quasi-Gaussian spectrum for a 
Gaussian ensemble average turbule morphology. 

4. The first Born approximation far-field acoustic scattering 
cross-sections due to the turbulent temperature and velocity 
fluctuations exhibit a power law dependence (sin 6/2)~

PT
, 

(sin 0/2)-p" in inertial ranges 6min <6< ^max determined by 
(-Kmin, -Kmax)/ but deviate markedly from this dependence for 
scattering angles 0 outside the inertial ranges. Depending primarily 
on the values of the acoustic wavelength and the outer and inner 
scale lengths of the turbulence, these deviations may not be 
observable in practice, because the power law may be valid from 
very small angles out to 6 = 180°. 

There is quite a bit more that can be done with turbule models of 
atmospheric turbulence. For example, treatment of cases in which the 
mean temperature in Vs is not equal to the background reference 
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temperature can be done; this will yield a different power law for $T(K) 
for small K than for large K. Also, consideration should be given to 
situations that must often occur in practice, in which the scattering volume 
Vs is smaller than some of the large-scale turbules, and/or the observation 
distance is not in the far field of Vs. These situations may change the 
results significantly. They will also be considered in future reports. 

The ultimate goal of the research reported in this series of reports is to 
describe acoustic scattering and propagation in anisotropic and/or 
inhomogeneous turbulence. It is hoped that a turbule approach will be 
particularly appropriate for this description. 
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