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Preface

This volume consists of the invited talks, papers and posters presented during
the VECPAR'98 - 3rd International Meeting on Vector and Parallel Processing.
The meeting, organised by the FEUP - Faculdade de Engenharia da Universi-
dade do Porto (Faculty of Engineering of the University of Porto), is held at
Fundagio Dr. Anténio Cupertino de Miranda, in Porto (Portugal), from 21 to 23
June, 1998.

VECPAR'98 is the third in a series of VECPAR meetings initiated in 1993
(VECPAR'93, VECPAR'96) on vector and parallel computing. The format of
previous meetings was preserved and it was organised around scientific
sessions initiated by thematic key invited lectures, followed by contributed
papers. The 66 papers and 20 posters presented at the conference were the
result of a selection from more than 120 extended abstracts originated from 27

countries.

It is our great pleasure to express our gratitude to all people that helped us
during the preparation of this event, and in particular to the members of the
Scientific Committee. Without their collaboration and prompt reviews it would
have been impossible to fulfill the deadlines imposed by the organisation. Also,
with the contribution and comments of the Scientific Committee, the authors
had the opportunity to improve the original versions of their papers.

We are very grateful to all sponsors for their support, without which the
VECPAR'98 would not have been possible.

Porto, June 1998 The Organising and Scientific Committees Chairs
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Some Unusual Matrix Eigenvalue Problems

Zhaojun Bai® and Gene H. Golub?

! University of Kentucky, Lexington. KY 40506, USA,
bailms.uky.edu
2 Gganford University, Stanford, CA 94305, USA
golub@sccm.stanford. edu

Abstract. We survey some unusual eigenvalue problems arising in dif-
ferent applications. We show that all these problems can be cast as
problems of estimating quadratic forms. Numerical algorithms based on
the well-known Gauss-type quadrature rules and Lanczos process are re-
viewed for computing these quadratic forms. These algorithms reference
the matrix in question only through a matrix-vector product operation.
Hence it is well suited for large sparse problems. Some selected numerical
examples are presented to illustrate the efficiency of such an approach.

1 Introduction

Matrix eigenvalue problems play a significant role in many areas of computa-
tional science and engineering. It often happens that many eigenvalue problems
arising in applications may not appear in a standard form that we usually learn
from a textbook and find in software packages for solving eigenvalue problems.
In this paper, we described some unusual eigenvalue problems we have encoun-
tered. Some of those problems have been studied in literature and somie are new.
We are particularly interested in solving those associated with large sparse prob-
lems. Many existing techniques are only suitable for dense matrix computations
and becomes inadequate for large sparse problems.

We will show that all these unusal eigenvalue problems can be converted to
the problem of computing a quadratic form uT f(A)u, for a properly defined
matrix A, a vector u and a function f. Numerical techniques for computing the
quadratic form to be discussed in this paper will based on the work initially
proposed in [6] and further developed in [11.12,2]. In this technique. we first
transfer the problem of computing the quadratic form to a Riemann-Stieltjes
integral problem, and then use Gauss-type quadrature rules to approximate the
integral, which then brings the orthogonal polynomial theory and the underlying
Lanczos procedure into the scene. This approach is well suitable for large sparse
problems. since it references the matrix A through a user provided subroutine
to form the matrix-vector product Az.

The basic time-consuming kernels for computing quadratic forms using par-
allelism are vector inner products, vector updates and matrix-vector products:
this is similar to most iterative methods in linear algebra. Vector inner prod-
ucts and updates can be easily parallelized: each processor computes the vector-
vector operations of corresponding segments of vectors {local vector operations
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(LVOs)). and if necessary, the results of LVOs have to sent to other processors
to be combined for the global vector-vector operations. For the matrix-vector
product, the user can either explore the particular structure of the matrix in
question for parallelism, or split the matrix into strips corresponding to the
vector segments. Each process then computes the matrix-vector product of one
strip. Furthermore, the iterative loop of algorithms can be designed to overlap
communication and computation and eliminating some of the synchronization
points. The reader may see [8,4] and references therein for further details.

The rest of the paper is organized as follows. Section 2 describes some unusual
eigenvalue problems and shows that these problems can be converted to the
problem of computing a quadratic form. Section 3 reviews numerical methods for
computing a quadratic form. Section 4 shows that how these numerical methods
can be applied to those problems described in section 2. Some selected numerical
examples are presented in section 5. Concluding remarks are in section 5.

2 Some Unusual Matrix Eigenvalue Problems

2.1 Constrained eigenvalue problem

Let A be a real symmetric matrix of order N, and ¢ a given N vector with
¢Te = 1. We are interested in the following optimization problem

max z! Az (1)
T
subject to the constraints
eTe=1 (2)
and
Tz =0. (3)
Let
é(z, A\ p) = 2T Az = MzTz — 1) + 2uz7c, (4)

where A, u are Lagrange multipliers. Differentiating (4) with respect to x, we are
led to the equation
CAr = Az 4+ pe=0.

Then
r=—pu(A-=X)"le

Using the constraint (3), we have
T(A=A)"te=0. (5)

An equation of such type is referred as a secular equation. Now the problem
becomes finding the largest A of the above secular equation.

We note that in [10]. the problem is cast as computing the largest eigenvalue
of the matrix P.4P, where P is a project matrix P = I — ccl.
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2.2 Modified eigenvalue problem

Let us consider solving the following eigenvalue problems
Az = Az

and
(A+ccT)z = A&

where A is a symmetric matrix and c is a vector and without loss of generality,
we assume T ¢ = 1. The second eigenvalue problem can be regarded as a modifed
or perturbed eigenvalue problem of the first one. We are interested in obtaining
some. not. all, of the eigenvalues of both probiems. Such computation task often
appears in structural dynamic (re-)analysis and other applications [3].

By simple algebraic derivation, it is easy to show that the eigenvalues X of
the second problem satisfy the following secular equation

1+ cT(A=-A)"te=0. (6)

2.3 Constraint quadratic optimization

Let A be a symmetric positive definite matrix of order N and ¢ a given N vector.
The quadratic optimization problem is stated as the following:

min 2TAz — 272 (7)
xr

with the constraint

where o is a given scalar. Now let
6(z,A) = 2T Az — 2Tz + MazTz — o) 9) -

where ) is the Lagrange multiplier. Differentiating (9) with respect to r, we are
led to the equation i

(A+ Xz —c=0
By the constraint (8). we are led to the problem of determining A > 0 such that
T(A+ M) % =a” (10)
Furthermore. one can show the existence of a unique positive A™ for which the

above equation is satisfied. The solution of the original problem (7) and (8) is
then * = (A + A1)~ te
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2.4 Trace and determinant

The trace and determinant problems are simply to estimate the quantities
n
tr(A71) = ZeiTA_lei
i=1

and

det(A)

for a given matrix A. For the determinant problem, it can be easily verified that
for a symmetric positive definite matrix A:

In(det(4)) = tr(In(A)) = Y el (In(4))e;. (11)
i=1

Therefore, the problem of estimating the determinant is essentially to estimate
the trace of the matrix natural logarithm function In(A).

2.5 Partial eigenvalue sum

The partial eigenvalue sum problem is to compute the sum of all eigenvalues less
than a prescribed value a of the generalized eigenvalue problem

Az = ABz, (12)

where A and B are real N x N symmetric matrices with B positive definite.
Specifically. let {);} be the eigenvalues: one wants to compute the quantity

Tazz:)\;

A <a

for a given scalar a.
Let B = LLT be Cholesky decomposition of B. the problem (12) is then
equivalent to
(L7'AL Ty LTe = AL 2.

Therefore the partial eigenvalue sum of the matrix pair (4. B) is equal to the
partial eigenvalue sum of the matrix L=YAL-T which. in practice. does not need
to be formed explicitly.

A number of approaches might be found in literature to solve such problem.
Our approach will based on constructing a function f such that the trace of
F(L=YAL-T) approximates the desired sum 7,. Specifically, one wants to con-
struct a function f such that

. Aio A <a )
f(/\1)— {0. if/\1'>Cl. (1)’)
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fori=1.2,...,N. Then tr(f(L~'AL™T)) is the desired sum 7,. One of choices
is to have the f of the form

£(6) = ¢g(€) (14)

_ 1
- 1+exp(§-;—°‘>‘

where & is a constant. This function, among other names, is known as the Fermi-
Dirac distribution function [15, p. 347). In the context of a physical system, the
usage of this distribution function is motivated by thermodynamics. It directly
represents thermal occupancy of electronic states. & is proportional to the tem-
perature of the system, and a is the chemical potential (the highest energy for
occupied states).

Tt is easily seen that 0 < g(¢) < 1 for all { with horizontal asymptotes 0 and
1. (a. %) is the inflection point of g and the sign of x determines whether g is
decreasing (x > 0) or increasing (x < 0). For our application, we want the sum
of all eigenvalues less than a, so we use & > 0. The magnitude of k determines
how “close” the function g maps { < a to 1 and ¢ > o to 0. As k — 07, the
function g(¢) rapidly converges to the step function h(¢).

_J1 if (<«
h(C)_{O if ¢>a.

where

-

9(¢)

The graphs of the function g(¢) for = 0 and different values of the parameter
x are plotted in Figure 1.

Fig. 1. Graphs of g(¢) for different values of x where a = 0.

With this choice of f(¢), we have

ra= 3 A atu(fLTHALTT)) = Sl LT AL e (15)
i=1

A <a
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In summary, the problem of computing partial eigenvalue sum becomes comput-
ing the trace of f(L~1AL"T).

3 Quadratic Form Computing

As we have seen. all those unusual eigenvalue problems presented in section 2
can be summarized as the problem of computing the quadratic form ul f(A)u,
where 4 is a N x N real matrix, and u is a vector, and f is a proper defined
function. One needs to find an approximate of the quantity u” f(A)u, or give a
lower bound ¢ and/or an upper bound v of it. Without loss of generality, one
may assume u’ u = 1.

The quadratic form computing problem is first proposed in [6] for bounding
the error of CG method for solving linear system of equations, It has been
further developed in [11,12,2] and extended to other applications. The main
idea is to first transform the problem of the quadratic form computing to a
Riemann-Stieitjes integral problem, and then use Gauss-type quadrature rules
to-approximate the integral, which then brings the orthogonal polynomial theory
and the underlying Lanczos procedure into the picture.

Let us go through thé main idea. Since A4 is symmetric, the eigen-decomposition
of Ais given by A = QT AQ, where @ is an orthogonal matrix and 4 is a diagonal
matrix with increasingly ordered diagonal elements A;. Then we have

N
uTf(A)u = T QT F(A)Qu = T f(A)i =y F(N)i,
i=1

where @ = (i#;) = Qu. The last sum can be considered as a Riemann-Stieltjes
integral

b
WA= [ fNduN),
where the measure u()) is a piecewise constant function and defined by

0, if A<a<a,
u(A) = 23;1 17';’ if A <A< A
S E =L < Av <A
and a and b are the lower and upper bounds of the eigenvalues A;.
To obtain an estimate for the Riemann-Stieltjes integral, one can use the
Giauss-type quadrature rule {9, 7]. The general quadrature formula is of the form

2
J

n m

I =Y wif(6;) + > puflm). (16)
k=1

J=1

where the weights {w;} and {px} and the nodes {6;} are unknown and to be
determined. The nodes {7} are prescribed. If m = 0. then it is the well-known
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Gauss rule. ¥m = land 7y = a or 7y = b, it is the Gauss-Radau rule. The
Giauss-Lobatto rule is for m =2 and 7y = ¢ and ™ = b.

The accuracy of the Gauss-type quadrature rules may be obtained by an
estimation of the remainder R[f]:

b
Rm:/fm@u%uﬂ

For example, for the Gauss quadrature rule,

a9
n

_ e N
RIS} = QM!L hﬂA—m}dMM

i=1

where @ < 7 < b. Similar formulas exist for Gauss-Radau and Gauss-Lobatto
rules. If the sign of R[f] is determined, then the quadrature formula I{f] is a
lower bound (if R[f] > 0) or an upper lower bound (if R[f] < 0) of the quantity
ul f(A)u.

Let us briefly recall how the weights and the nodes in the quadrature formula
are obtained. First. we know that a sequence of polynomials po(A), p1(A), pa(A), ...
can be defined such that they are orthonormal with respect to the measure u(A):

b 1 ifi=j
/m(A)Pj(A)du(/\)={o ifi#j

where it is assumed that the normalization condition fd,u, =1 (ie.. wWTu=1).
The sequence of orthonormal polynomials m;(A) satisfies a three-term recurrence

vipi(A) = (A = a)pi-1(A) = vj-1pj-2(A),

for j = 1.2,...,n with p_1(A) = 0 and po(A) = 1. Writing the recurrence in
matrix form, we have :

AP(A) = Top(A) + 4npn (Nen

where
pNT = [po(A). pr(N) e opnotN)] e = (0.0,
and
a1 71
71 Q2 72
Y2 a3
Tn =
. Tn-1
In-1 Cn

Then for the Gauss quadrature rule, the eigenvalues of T;, (which are the zeros
of pn(A)) are the nodes ;. The weights w; are the squares of the first elements
of the normalized (i.e.. unit norm) eigenvectors of Ty .
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For the Gauss-Radau and Gauss-Lobatto rules, the nodes {6;}, {rx} and
weights {w;},{p;} come from eigenvalues and the squares of the first elements
of the normalized eigenvectors of an adjusted tridiagonal matrices of Tn41, which
has the prescribed eigenvalues a and/or b.

To this end, we recall that the classical Lanczos procedure is an elegant way
to compute the orthonormal polynomials {p;(A)} [16.11]. We have the following
algorithm in summary form. We refer it as the Gauss-Lanczos (GL) algorithm.

GL algorithm: Let A be a N x N real symmetric matrix, u a real N vector with
uTu = 1. f is a given smooth function. Then the following algorithm computes
an estimation I,, of the quantity u7 f(A)u by using the Gauss rule with n nodes.

— Let ¢ = u, and n:_l =0and y =0

— For j=1. 2
Loaj=25_ 1.41j_1
2. vj = Azjor = 0yTj-1 — Vj-185-2
3.5 = vl
4oxp=rifv

Conipute eigenvalues §; and the first elements wy of eigenvectors of T,
Compute I = > po; wi £ (k)

We note that the “For” loop in the above algorithm is an iteration step of the
standard symmetric Lanczos procedure [16]. The matrix A in question is only
referenced here in the form of the matrix-vector product. The Lanczos procedure
can be implemented with only 3 n-vectors in the fast memory. This is the major
storage requirement for the algorithm and is an attractive feature for large scale
problems.

On the return of the algorithm, from the expression of R[f], we may estimate
the error of the approximation I,. For example, if ) (n) > 0 for any n and 1.
a < n < b, then I, is a lower bound £ of the quantity uT f(A)u.

Gauss-Radau-Lanczos (GRL) algorithm: To implement the Gauss-Radau
rule with the prescribed node 7y = @ or 7 = b, the above GL algorithm just
needs to be slightly modified. For example, with 7, = a, we need to extend the
matrix 7, to

i1+1 — [ T, 711571} .

V'ne:: @

Here the parameter o is chosen such that 7 = a is an eigenvalue of T 4.
From [10], it is known that

Q:“+6n‘

where §,, is the last component of the solution § of the tridiagonal system

(Tn - a[)d B AI;_;En-
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Then the eigenvalues and the first components of eigenvectors of Thst gives
the nodes and weight of the Gauss-Radau rule to compute an estimation I, of
ul f(A)u. X

Furthermore, if f(2"*1)(n) < 0 for any n and n, @ < 7 < b, then I, (with b
as a prescribed eigenvalue of Tn41) is a lower bound ( of the quantity uT f(A)u.
I,, (with a as a prescribed eigenvalue of Tr41) is an upper bound v.

Gauss-Lobatto-Lanczos (GLL) algorithm: To implement the Gauss-Lobatto
rule. T, computed in the GL algorithm is updated to

7 Tn n
Tn.+1 = [wez‘ t/}; } .

Here the parameters ¢ and ¢ are chosen so that a and b are eigenvalues of Tn+1.
Again, from [10], it is known that

Onb— pna N b
(P':_n:.—/‘ig- and ¢1‘= ta ,
O0n — Hn én—,un

where 6, and p, are the last components of the solutions 6 and p of the tridi-
agonal systems

(Tn —al)d = en and (T — b)p = €qn-

The eigenvalues and tle first components of eigenvectors of Tht1 gives the nodes
and weight of the Gauss-Lobatto rule to compute an estimation I, of u f(A4)u.
Moreover, if f(2")(n) > 0 for any 7, a < n < b, then I, is an upper bound v of
the quantity u” f(4)u.

Finally, we note that we need not always compute the eigenvalues and the first
components of eigenvectors of the tridiagonal matrix 7, or its modifications T 41
or T, 41 for obtaining the estimation I, or I. I,. We have following proposition.

Proposition 1. For Gaussian rule:

n

I = wif(6s) = ¢l f(Tn)er. (17)
k=1
For Gauss-Radau rule:
In =iw2f(0k)+p1f(n)=eff( o41)€1 (18)
k=1
For Gauss-Lobatto rule:
I = i“ﬁf(ﬁk) +puf(n) + pf(re) = €] f(Tar)er. (19)

k=1

Therefore, if the (1.1) entry of f(T5). f(Tps1) or f(Tn41) can be easily
computed. for example. f{A) = 1/X. we do not need to compute the eigenvalues
and eigenvectors.
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4 Solvihg the UEPs by Quadratic Form Computing

In this section, we use the GL, GRL and GLL algorithms for solving those
unusual eigenvalue problems discussed in section 2.

Constraint eigenvalue problem Using the GL algorithm with the matrix A
and the vector ¢, we have

JTA-A"te=el (T, = M) 'es + R,
where R is the remainder. Now we may solve reduced-order secular equation
eI (Tn = M)"ter =0

to find the largest A as the approximate solution of the problem. This secular
equation can be solved using the method discussed in [17] and its implementation
available in LAPACK [1].

Modified eigenvalue problem Again, using the GL algorithm with the matrix
4 and the vector ¢. we have

l+cT(A=AD"Ye=1+4+€l(T, - A 'es + R
1

where R is the remainder. Then we may solve the eigenvalue problem of T,
to approximate some eigenvalues of A, and then solve reduced-order secular
equation

14+ (T, =AD" 'e1 =0

for X to find some approximate eigenvalues of the modified eigenvalue problem.

Constraint quadratic programming By using the GRL algorithm with the
prescribed node 7 = b for the matrix 4 and vector ¢. it can be shown that

T(A+ANT e > el (Topr + AN Py

for all A > 0. Then by solving the reduced-order secular equation

2

T (Tnpr + M) %e1 = a

for A. we obtain A, . which is a lower bound of the solution A™: A, < A
On the other hand. using the GRL algorithm with the prescribed node 7, = a.
we have

TAFAN) e < el (Togr + M)y

for all A > 0. Then by solving the reduced-order secular equation

T (Tng1 + A 776y = a?
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for A. We have an upper bound X, of the solution A*: A > A

Using such two-sided approximation as illustrated in Figure 2, the iteration
can be adaptively proceeded until the estimations ), and X\, are sufficiently
close, we then obtain an approximation

of the desired solution A*.

Fig. 2. Two-sided approximation approximation of the solution A* for the constraint
quadratic programming problem (7) and (8).

Trace. determinant and partial eigenvalue sum As shown in sections
2.4 and 2.5. the problems of computing trace of the inverse of a matrix A.
determinant of a matrix .4 and partial eigenvalue sum of a symmetric positive
definite pair (4, B) can be summarized as the problem of computing the trace
of a corresponding matrix function f(H), where H = Aor H=LtALT
and f(A) = 1/X, In(A) or A/ (1 +exp(252)). To efficiently compute the trace
of f(H), instead of applying GR algorithm or its variations N times for each
diagonal element of f(H), we may use a Monte Carlo approach which only
applies the GR algorithm m times to obtain an unbiased estimation of tr(f(H)).
For practical purposes, m can be chosen much smaller than N. The saving in
computational costs could be significant. Such a Monte Carlo approach is based
on the following lemma due to Hutchinson {14].

Proposition 2. Let C' = (cj;) be an N x N symmetric matriz with t{(C) # 0.
Let V' be the discrete random variable which takes the values 1 and =1 each with
probability 0.5 and let = be a vector of n independent samples from V. Then
TC: is an unbiased estimator of tr{C), i.e..

E(zTCz) = t{C),
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and
var(z7Cz) = 2 Zc?j.
i
To use the above proposition in practice, one takes m such sample vectors
=;, and then uses GR algorithm or its variations to obtain an estimation 11 a
lower hound lfff) and/or an upper bound 1/,&” of the quantity :in(H)zi:

() < Tf(H)z < v

Then by taking the mean of the m computed estimation 1Y) or lower and upper
bounds ¢4 and v, we have

(f(H)) - D)

or

m m m
1

LS <« LS aTfs <

m 4 m
i=1

150
: m 4 n
=1 i=1

v

It is natural to expect that with a suitable sample size m. the mean of the
computed bounds yields a satisfactory estimation of the quantity tr(f(H)). To
assess the quality of such estimation, one can also obtain probabilistic bounds
of the approximate value [2].

5 Numerical Examples

In this section. we present some numerical examples to illustrate our quadratic
form based algorithms for solving some of the unusual eigenvalue problems dis-
cussed 1n section 2.

5.1 Trace and determinant

Numerical results for a set of test matrices presented in Tables 1 and 2 are
first reported in [2]. Some of these test matrices are model problems and some
are from practical applications. For example, VFH matrix is from the analysis of
transverse vibration of a Vicsek fractal. These numerical experiments are carried
out on an Sun Sparc workstation. The so-called “exact” value is computed by
using the standard methods for dense matrices. The numbers in the ~Iter”-
column are the number of iterations n required for the estimation ],(,') to reach
stationary value within the given tolerance value tol = 1074, namely.

Un - n—ll < tol * l[nvl‘
The number of random sample vector z; is m = 20. For those test matrices, the

relative accuracy of the new approach within 0.3% to 8.2% may be sufficient for
practical purposes.

12
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Table 1. Numerical Results of estimating tr(A™h)

Matrix | N | “Exact” | Iter | Estimated |Rel.err

Poisson {900(5.126¢ + 02|30-50(5.020¢e + 02 2.0%

VFH [625/5.383¢e + 02|12-21|5.366¢ + 02 0.3%
Wathen|481]2.681e + 01]33-58/2.667e + 01| 0.5%
Lehmer |200[2.000e + 04{38-70(2.017¢ + 04 0.8%

Table 2. Numerical results of estimating In{det(.4)) = tr(ln 4)

Matrix | N | “Exact” | Iter | Estimated |Rel.err

Poisson [900{1.065¢ + 03[{11-29|1.060e + 03 0.4%
VFH 62513.677¢ +-02{10-14{3.661¢ + 021 0.4%
Heat Flow|000|5.643¢ + 01] 4 |5.669¢ + 01| 0.4%
Pei 300(5.707e + 00| 2-3 |5.240¢ 4 00 8.2%
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5.2 Partial eigenvalue sum

Here we present a numerical example from the computation of the total energy
of an electronic structure. Total energy calculation of a solid state system is
necessary in simulating real materials of technological importance [18]. Figure 3
shows a carbon cluster that forms part of a “knee” structure connecting nan-
otubes of different diameters and the distribution of eigenvalues such carbon
structure with 240 atoms. One is interested in computing the sum of all these
eigenvalues less than zero. Comparing the performance of our method with dense
methods, namely symmetric QR algorithm and bisection method in LAPACK.
our method achieved up to a factor of 20 speedup for large system on an Con-
vex Exemplar SPP-1200 (see Table 3). Because of large memory requirements.
we were not able to use LAPACK divide-and-conquer symmetric eigenroutines.
Furthermore. algorithms for solving large-sparse eigenvalue problems, such as
Lanczos method or implicitly restarted methods for computing some eigenval-
ues are found inadequate due to large number of eigenvalues required. Since the
problem is required to be solved repeatly, we are now able to solve previously
intractable large scale problems. The relative accuracy of new approach within
0.4% to 1.5% is satisfactory for the application {3].
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Fig.3. A carbon cluster that forms part of a “knee” structure. and the corresponding
spectrum
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Table 3. Performance of our method vs. dense methods on Convex Exemplar SPP-
1200. Here. 10 Monte Carlo samples were used to obtain estimates for each systems

size.

Dense methods GR Algorithm |{% Relative
n m ||Partial Sum|QR Time|BI Time||Estimate|Time| Error
480 | 349 -4849.8 7.4 7.6 -4850.2 | 2.8 0.01
960 | 648 -9497.6 61.9 51.8 -9569.6 | 18.5 0.7

1000| 675 -9893.3 80.1 58.6 |[l-10114.1]22.4 2.2
1500 987 || -14733.1 253.6 185.6 ||-14791.8|46.4 0.4
1920(1249{ -18798.5 548.3 387.7 1/-19070.872.6 14
2000{1299|| -19572.9 616.9 431.8 [-19434.7|78.5 0.7
2500|1660| -24607.6 1182.2 | 844.6 ||-24739.6117.2 0.5
3000[1976{ -29471.3 1966.4 | 1499.7 ||-29750.9{143.5 0.9
3500(2276)] -34259.5 3205.9 | 2317.4 ||-33738.5|294.0 1.5
4000(2571]| -39028.9 | 4944.3 | 3553.2 |-39318.0|306.0 0.7
4244|2701 -41299.2 5915.4 | 4188.0 |[-41389.8|339.8 0.2

6 Concluding Remarks

In this paper, we have surveyed numerical techniques based on computing quadratic
forms for solving some unusual eigenvalue problems. Although there exist some
numerical methods for solving these problems (see [13] and references therein),
most of these can be applied only for small and/or dense problems. The tech-
niques presented here reference the matrix in question only through a matrix-
vector product operation. Hence, they are more suitable for large sparse prob-
lems.

The new approach deserves further study: in particular, for error estimation
and convergence of the methods. An extensive comparative study of the trade-
offs in accuracy and computational costs between the new approach and other
existing methods should be conducted.

Acknowledgement Z. B. was supported in part by an NSF grant ASC-9313958.
an DOE grant DE-FG03-94ER25219.
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Abstract. In this work we present o parallel version of two precondi-
tioners. The first one, is based on a partially decoupled block form of the
ILU. We call it Block-ILU(fll,T,overlap), because it permits the control
of both, the block fill and the block overlap. The second one, is based on
the SPAI (SParse Approzimate Inverse) method. Both methods are anal-
ysed and compared to the ILU preconditioner using the Bi-CGSTAB to
solve general sparse, nonsymmetric systems. Results have been obtained
for different matrices. The preconditioners have been compared in terms
of robustness, speedup and time of ezecution, to determine which is the
best one in each situation. These solvers have been implemented for dis-
tributed memory multicomputers, making use of the MPI message passing
standard library.

Keywords: parallel preconditioners, nonsymmetric linear systems, Block-
ILU, SPAI, Bi-CGSTAB.

1 Introduction

In the development of simulation programs in different research fields, from fluid
mechanics to semiconductor devices, the solution of the systems of equations
which arise from the discretization of partial differential equations, is the most.
CPU consuming part [13]. In general, the matrices are very large, sparse, non-
symmetric and are not diagonal dominant [3,12]. So, using an effective method
to solve the system is essential.

We are going to consider a linear system of equations such as:

Az =b  AERY" z,beR" ’ (1)

where 4 is a sparse, nonsymmetric matrix.
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Direct methods, such as Gaussian elimination, LU factorization or Cholesky
factorization may be excessively costly in terms of computational time and mem-
ory, specially when n is large. Due to these problems, iterative methods [1.14]
are generally preferred for the solution of large sparse systems. In this work we
have chosen a non stationary iterative solver, the Bi-Conjugate Gradient Sta-
bilized [19]. Bi-CGSTAB is one of the methods that obtains better results in
the solution of non-symmetric linear systems, and its attractive convergence be-
haviour has been confirmed in many numerical experiments in different fields [7].

In order to reduce the number of iterations needed in the Bi~-CGSTAB pro-
cess, it is convenient to precondition the matrices. This is, transform the linear
system into an equivalent one, in the sense that it has the same solution, but
which has more favourable spectral properties.

Looking for efficient parallel preconditioners is a very important topic in cur-
rent research in the field of scientific computing. A broad class of preconditioners
are based on incomplete factorizations (incomplete Cholesky or ILU) of the co-
efficient matrix. One important problem associated with these preconditioners
is their inherently sequential character. This implies that they are very hard
to parallelise, and only a modest account of parallelism can be attained, with
complicated implementations. So, it is important to find alternative forms of
preconditioners that are more suitable for parallel architectures.

The first preconditioner we present is based on a partially decoupled block
form of the-ILU [2]. This new version, called Block-ILU(fill,7,overlap), permits
the control of its effectiveness through a dropping parameter 7 and a block
fill-in parameter. Moreover, it permits the control of the overlap between the
blocks. We have verified that the fill-in control is very important for getting the
most out of this preconditioner. Its main advantage is that it presents a very
efficient parallel execution, because it avoids the data dependence of sequential
ILU, obtaining high performance and scalability. As a disadvantage is that it is
less robust than complete ILU, due to the loss of information, and this can be a
problem in very bad conditioned systems.

The second preconditioner we present is an implementation of preconditioner
SPAI (SParse Approzimate Inverse) [5,8]. This alternative has been proposed
in the last few years as an alternative to ILU, in situations where the last obtain
very poor results (situations which often arise when the matrices are indefinite
or have large nonsymmetric parts). These methods are based on finding a matrix
M which is a direct approximation to the inverse of A. so.that AM =~ I.

This paper presents a parallel version of these preconditioners. Section 2
presents the iterative methods we have used. Section 3 introduces the charac-
teristics of the Block-ILU and the SPAI preconditioners. Section 4 indicates the
numerical experiment we have studied. The conclusions are given in Section 5.

2 Iterative Methods

The sterative methods are a wide range of techniques that use successive approx-
imations to obtain more accurate solutions to linear systems at each step. There
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are two types of iterative methods. Stationary methods, like Jacobi. Gauss-
Seidel, SOR, etc., are older, simpler to understand and implement, but usually
not very effective. Nonstationary methods, like Conjugate Gradient, Minimum
Residual, QMR, Bi-CGSTAB, etc., are a relatively recent development and can
be highly effective. These methods are based on the idea of sequences of orthog-
onal vectors.

In recent years the Conjugate Gradient-Squared (CGS) method [1] has been
recognized as an attractive variant of the Bi-Conjugate Gradient (Bi-CG) for
the solution of certain classes of nonsymmetric linear systems. Recent studies in-
dicate that the method is often competitive with other well established methods,
such as GMRES [15]. The CG-S method has tended to be used in the solution
of two or tree—dimensional problems, despite its irregular convergence pattern,
because when it works -which is most of the time- it works quite well. Recently,
van der Vorst [19] has presented a new variant of Bi-CG, called Bi-CGSTAB,
which combines the efficiency of CGS with the more regular convergence pattern
of Bi-CG.

In this work we have chosen the Bi-Conjugate Gradient Stabilized [1,19],
because of its attractive convergence behaviour. This method was developed to
solve nonsymmetric linear systems while avoiding irregular convergence patterns
of the Conjugate Gradient Squared methods. Bi-CGSTAB requires two matrix—
‘vector products and four inner products per iteration.

In order to reduce the number of iterations needed in the Bi-CGSTAB pro-
cess, it is convenient to precondition the matrices. The preconditioning can be
applied in two ways: either we solve the explicitly preconditioned system us-
ing the normal algorithm, or we introduce the preconditioning process in the
iterations of the Bi-CGSTAB. This last method is usually preferred.

3 Preconditioners

The rate at which an iterative method converges depends greatly on the spectrum
of the coefficient matrix. Hence iterative methods usually involve a second matrix
that transforms the coefficient matrix into one with a more favorable spectrum.
A preconditioner is a matrix that affects such a transformation.

We are going to consider a linear system of equations such as:

Az=b  AeR™™ sz beR (2)

where 4 is a large, sparse, nonsymmetric matrix.
If a matrix M is right-approximates coefficient matrix A in some way, we
can transform the original system as follows:

Az =b — AM Y(Mz)=> (3)
Similarly, a left-approximates can be defined by:

Ar=b —= M Az=M"" (4)
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Fig. 1. Matrix splits in blocks

Another way of deriving the preconditioned conjugate gradients method
would be to split the preconditioner as M = M;M,, where the matrices M;
and M, are called the left and right preconditioners, and to transform the sys-
tem as

Ar=b - M AMSY(Myz) = M ' (5)

In this section we present a parallel version of two preconditioners. The first
one, is based on a partially decoupled block form of the ILU. We call it Block—
ILU(fill,7 ,overlap), because it permits the control of both the block fill and the
block overlap. The second one is based on the SPAI (SParse Approximate In-
verse) method. Both methods are analysed and compared to the ILU precondi-
tioner using the Bi—-CGSTAB to solve general sparse, nonsymmetric systems.

3.1 Parallel Block-ILU preconditioner

In this section we present a new version of a preconditioner based on a par-
tially decoupled block form of the ILU [2]. This new version, called Block-
ILU(fill,7,overlap), permits the control of its effectiveness through a dropping
parameter 7 and a block fill-in parameter. Moreover, it permits the control of
the overlap between the blocks. We have verified that the fill-in control is very
important for getting the most out of this preconditioner. The original matrix
is subdivided into a number of overlapping blocks, and each block is assigned to
a processor. This setup produces a partitioning effect represented in Figure 1,
for the case of 4 processors, where the ILU factorization for all the blocks is
computed in parallel, obtaining A; = L;U;, 1 < 1 < p, where p is the number of
blocks. Due to the characteristics of this preconditioner, there is a certain loss
of information. This means that the number of iterations will increase as the
number of blocks increases (as a direct consequence of increasing the number of
processors). This loss can be compensated to a certain extent by the information
provided by the overlapping zones.
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REGION A

REGION B

REGION C

Fig. 2. Scheme of one block

To create the preconditioner the rows of each block indicated for the param-
eter overlap are interchanged between the processors. These rows correspond
to regions A and C of figure 2. After, the factorization is carried out. Within
the loop of algorithm of resolution it is necessary to carry out the operation of
preconditioning :

LUv=w (6)

To reduce the number of operations of the algorithm, each processor only works
with its local rows. The first operation is to extend vector w’s information to the
neighbouring processors. Later we carry out in each processor the resolution of
the superior and inferior triangular system to calculate vector v. As regions A
and C have also been calculated by other processors, the value that we obtain will
vary in different processors. In order to avoid this and improve the convergency of
the algorithm it is necessary to interchange these data and calculate the average
of these values.

The main advantage of this method is that it presents a very efficient parallel
execution, because it avoids the data dependence of sequential ILU. thereby
obtaining high performance and scalability. A disadvantage is that it is less
robust than complete ILU, due to the loss of information, and this can be a
problem in very bad conditioned systems, as we will show in section 4.

3.2 Parallel SPAI preconditioner

One of the main drawback of ILU preconditioner is the low parallelism it implies.
A natural way to achive parallelism is to compute an approximate inverse M of
A, such that M-A ~ I in some sense. A simple technique for finding approximate
inverses of arbitrary sparse matrices is to attempt to find a sparse matrix A
which minimizes the Frobenius norm of the residual matrix 4M — I,

F(M) = ||AM - I||

—
~1
~—
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A matrix M whose value F(M) is small would be a right-approximate inverse
of A. Similarly, a left-approximate inverse can be defined by using the objective
function .

IMA-I% (8)
These cases are very similar. The objective function 7 decouples into the sum

of the squares of the 2-norms of the individual columns of the residual matrix
AM -1, '

n
F(M) = || AM —I|F =Y | Am; - &3 (9)

j=1
in which e; and m; are the j-th columns of the identity matrix and of the matrix
M. There are two different ways to proceed in order to minimize 9. The first one
consists of in minimizing it globally as a function of the matrix M, e.g., by a
gradient-type method. Alternatively, in the second way the individual functions

fi(m) = || Am; = ejlF,5=1,...,n (10)

can be minimized. This second approach is attractive for parallel computers,
and it is the one we have used in this paper. A good, inherently parallel solution
would be to compute the columns k of M, my, in an independent way from each
other, resulting: '

1AM = IifE =3 CI(AM = Dexll; (11)
k=1
The solution of 11 can be organized into n independent systems,

min |[Ams — ellz, k=1,.,m, e =(0,..,0,1,0,..,00T (12)
my

We have to solve n systems of equations. If these linear systems were solved
without taking advantage of sparsity, the cost of constructing the preconditioner
would be of order n2. This is because each of the n columns would require O(n)
operations. Such a cost would become unacceptable for large linear systems.
To avoid this, the iterations must be performed in sparse-sparse mode. As A is
sparse, we could work with systems of much lower dimension. Let L(k) be the set
of indices j such that m(7) # 0. We denote the reduced vector of unknowns as
g (L) by 1 (L) and the resulting submatrix A(L,L) as A. Similarly. we define
ér = er(L). Now, solving 12 is transformed into solving:

min || Arive — &) (13)

Due to the sparsity of 4 and M, the dimension of systems 13 is very small. To
solve these systems we have chosen direct methods. We are using these methods
instead of an iterative one, mainly because the systems 13 are very small and
almost dense. Of the different alternatives we have concentrated on QR and LU
methods [17]. k

The QR factorization of matrix 4 € R™*" is given by 4 = QR where R
s an m-by-n upper triangular matrix and Q is an m-by—m unitary matrix.
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This factorization is better than LU because it can be used for the case of
non squared matrices, and also works in some cases in which LU fails due to
problems with too small pivots [10]. The cost of this factorization is O(§n?®).
The other direct method we have tested is LU. This factorization and the closely
related Gaussian elimination algorithm are widely used in the solution of linear
systems of equations. LU factorization expresses the coefficient matrix, A. as
the product of a lower triangular matrix, L, and an upper triangular matrix, U.
After factorization, the original system of equations can be written as a pair of

triangular systems,
Az =b (14)

Ly=b Uz=y (15)

The first of the systems can be solved by forward reduction, and then back sub-
stitution can be used to solve the second system to give . The advantage of
this factorization is that its cost is O(2n?), lower than that of QR. We have
implemented the two solvers in our code, specifically, the QR and the LU de-
composition with pivoting. An efficient implementation consists of selecting the
QR method if the matrix is not squared. In the case that it is squared, we will
resolve the system by using LU, as this is faster than QR. Morever, there is also
the possibility of using QR if some error is produced in the construction of the
factorization LU.

1qn the next section we have compared the results we have obtained with these
methods. In this code the SPAI parameter £ indicates the number of neighbours
of each point we use to reduce the system. The main drawback of preconditioners
based on the SPAI idea is that they need more computations than the rest. So,
in the simplest situations and when the number of processors is small, they may
be slower than ILU based preconditioners.

4 Numerical experiments

4.1 Test problem specification

The matrices we have tested are from the simulation of heterojunction bipo-
lar transistors [9,11]. These matrices are highly sparse, not symmetric and. in
general, not diagonal dominant. They were obtained by applying the method of
finite elements to heterojunction bipolar devices, in concrete for transistors of
InP/InGaAs [6].

The basic equations of the semiconductor devices are Poisson’s eq. and elec-
tron and hole continuity, in a stationary state:

div(eVy) = gqlp—-n+Np—Ny) (16)
div(J,) = qR (7)
div(J,) = -qR (18)

where 1" is the electrostatic potential, g is the electronic charge, ¢ is the dielectric
constant of the material, n and p are the electron and hole densities, N and
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Table 1. Time (sec) for Block-ILU

Proc 2 4 6 8 10

FILL=0/Overlap=1  0.86 047 029 021 0.18
FILL=0/Overlap=3 0.83 041 029 022 0.8
FILL=0/Overlap=6 0.83 043 029 021 0.17
FILL=2/Overlap=1 0.38 0.18 0.12 0.094 0.077
FILL=4/Overlap=1 0.38 0.19 0.12 0.095 0.077

N7 are the doping effective concentration and J,, and J, are the electron and
hole current densities, respectively. The term R represents the volume recombi-
nation term, taking into account Schokley-Read-Hall, Auger and band-to-band
recombination mechanisms [20].

For this type of semiconductors it is usual to apply at first a Gummel type
method of resolution [16], which uncouples the three equations and allows us to
obtain an initial solution for the system coupled with the three equations. For the
semiconductors we use we have to solve the three equations simultaneously. The
pattern of these matrices is similar to those in other fields such as applications
of CFD [3.4].

We have distributed the matrix in rows and have obtained an optimum dis-
tribution of the work load among the processors.

All the results have been obtained in a CRAY T3E multicomputer [18]. We
have programmed it using the SPMD paradigm, with the MPI library, and we
have obtained results with several matrices of different characteristics.

4.2 Parallel Block-ILU preconditioner

We have carried out different tests to study how the parameters of fill-in and
overlup affect the time of calculation and speedup for the resolution of a system
of equations. In tables 1 and 2 we show the times of execution and speedup
for a badly conditioned matrix with N = 25000. Time is measured from two
processors onwards, because we have memory problems trying to run the code
in a single processor. So the speedup is computed as: '

speedup, = (19)

P
ET;
where T, is the time of execution with two processors.
With respect to the results shown in table 1 note that, if we maintain constant
the value of the fill-in, when the value of the overlap is increased the time of
execution hardly varies. This is because the only variation is in the size of the
message to be transmitted, whereas the size of the overlap zone in comparison
to the total is minimum. Therefore the increase in the computations is small.
However, if we maintain constant the value of the overlap and increase the fill-
in a significant variation is observed. This is because the number of iterations
decreases considerably
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Table 2. Speedup for Block-ILU

Proc 2 4 6 8 10

FILL=0/Overlap=1 1.0 182 296 409 4.77
FILL=0/Overlap=3 1.0 2.02 2.86 3.77 4.66
FILL=0/Overlap=6 1.0 191 2.84 392 4.53
FILL=2/Overlap=1 1.0 210 3.16 404 4.93
FILL=4/Overlap=1 1.0 2.00 3.16 40 4.93

Table 3. Time (sec) for SPAI with LU

Proc 2 4 6 8 10 Iter.
L=0 2.19 1.10 0.76 0.54 046 47
L=1 1.93 097 0.66 048 041 35
L=2 1.51 0.86 0.52 0.38 0.32 22
L=3 141 0.73 0.49 0.35 0.32 17
L=4 1.46 073 049 0.37 031 13
L=5 1.60 0.79 051 039 033 11

As regards the values of speedup in table 2, the values obtained are signifi-
cantly better in all cases, although the algorithm obtains slightly better results
when the level of fill-in is increased for a constant level of overlap. However,
for a constant level of fill-in the speedup decreases very smoothly as the level
of overlap increases. This is because it is necessary to carry out a large number
of operations and the cost of communications is also a little higher. From the
results obtained it is possible to conclude that the best option is to choose the
lowest value of overlap with which we can assure convergency with an average
value of fill-in.

4.3 Parallel SPAI preconditioner

First we are going to compare the results we have obtained with the two direct
solvers we have implemented in section 3.2. For a bad conditioned system of
N = 25000 we have obtained the results shown in figure 3. These data refer to
the cost of generating the matrix for each node with.an overlap level 1. In this
case resulting submatrices are of rank 3. Note that the cost of QR factorization
is significantly higher than that of LU. This difference is much larger for higher
values of the overlap level.

Table 3 shows the time used to solve a badly conditioned matrix with N =
925000, as well as the number of iterations of the Bi-CGSTAB solver. Note that
as the value of parameter L increases, the number of iterations decreases because
the preconditioner is more exact. As regards speedup, in all the cases values close
to optimum are obtained. and in some cases even surpassed due to phenomena
of superlineality. For this class of matrices the optimum value of parameter L
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Fig. 3. QR versus LU on the CRAY T3E with N=25000 (bad conditioned svstem)

would be 3 or 4. From the rest of results we can conclude that the more diagonally
dominant the matrix, the smaller is the optimum value of this parameter, and
inversely, for worse conditioned matrices we will need higher values of £ to assure
the convergency.

4.4 Parallel Block—-ILU versus Parallel SPAI

In order to test the effectiveness of the parallel implementation of Block-ILU
and SPAI, we have compared them to a parallel version of the ILU(fill,r) pre-
conditioner.

In Figure 4, results are shown for the complete solution of a system of equa-
tions with N = 25000, where matrix A is a well-conditioned one (diagonal
dominant). Again time is measured from two processors, because we have mem-
ory problems trying to run the code in a single processor. It can be seen, in
Figure 4(a), that the parallel SPAI method obtains the best speedup, and that
parallel Block-ILU(0,0,1) obtains very similar results. However, the ILU(0,0)
preconditioner obtains very bad results. This is because of the bottleneck im-
plied in the solution of the upper and lower sparse triangular systems. On the
other hand, parallel SPAI is siower (Figure 4(b)) when the number of processors
is small, because of the high number of operations it implies.

In Figure 5. results are shown for a matrix with N = 25000, corresponding
to a poorlv-conditioned system. Again (Figure 5(a)) parallel SPAI and Block-
ILU(0.0,1) obtain very similar speedup results. The ILU(0.0) preconditioner ob-
tains the worst results. And again, parallel SPAI is the slower solution when the
number of processors is small (Figure 5(b)). -

From the point of view of scalability, parallel Block-ILU is worse than parallel
SPAIL This is due to the fact that Block-ILU suffers a loss of information with
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Fig. 4. Results on the CRAY T3E with N = 25000 (well conditioned system)

respect to the sequential algorithm when the number of processors increases.
This means that, with some matrices, the number of iterations, and, therefore,
the total time for the BI-CGSTAB to converge, grows when the number of
processors increases, thereby degrading the effectiveness of the preconditioner.

Figure 6 shows the results for 2 non diagonally dominant and very badly
conditioned matrix with N = 25000. In this case, the system converges with the
three preconditioners, but a significant difference is noted between the SPAT and
the incomplete factorizations. Note that with preconditioner SPAI we obtain a
nearly ideal vatue of speedup, whereas in the other cases this hardly reaches 1.
irrespective of the number of processores. However, if we examine the measures
of time, it can be established that the fastest preconditioner is the ILU(3.0).
together with the Block-ILU(3,0,3), although this time hardly varies with dif-
ferent numbers of processors. On the other hand, the SPAI is much slower than
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Fig. 5. Results on the CRAY T3E with N = 25000 (bad conditioned svstem)

the other two. The motive for this behaviour is that, on the one hand, Block-
ILU increases considerably the number of iterations as the number of processors
is increased, due to the loss of information that this method implies. This in-
crease compensates the reduction in the cost for iteration, which means that the
speedup does not increase. On the other hand, to guarantee convergency we must
use SPAI with high values of L, which supposes a high cost of each iteration.
However, the number of iterations does not grow as the number of processors
increases, and thereby we obtain a high level of speedup. With a large number
of processors, Parallel SPAT probably overcomes ILU based preconditioners.

5 Conclusions

Choosing the best preconditioner is going to be conditioned by the character-
istics of the system we have to solve. When it is not a very badly conditioned
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Fig. 6. Results on the CRAY T3E with N = 25000 (very bad conditioned system)

system, parallel Block-ILU appears to be the best solution, because of both
the high level of speedup it achieves and the reduced time it requires to obtain
the final solution. The Parallel SPAI preconditioner obtains very good results in
scalability, so it could be the best choice when the number of processors grows.
Moreover, we have verified that it achieves convergence in some situations where
ILU based preconditioners fail. Finally, the direct parallel implementations of
ILU obtain very poor results.
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Abstract. Parallel preconditioned solvers are presented to compute 2
few extreme eigenvalues and -vectors of large sparse Hermitian matri-
ces based on the Jacobi-Davidson (JD) method by G.L.G. Sleijpen and
H.A. van der Vorst. For preconditioning, an adaptive approach is ap-
plied using the QMR (Quasi-Minimal Residual) iteration. Special QMR
versions have been developed for the real symmetric and the complex
Hermitian case. To parallelize the solvers, matrix and vector partitioning
is investigated with a data distribution and a communication scheme ex-
ploiting the sparsity of the matrix. Synchronization overhead is reduced
by grouping inner products and norm computations within the QMR
and the JD iteration. The efficiency of these strategies is demonstrated
on the massively parallel systems NEC Cenju-3 and Cray T3E.

1 Introduction

The simulation of quantum chemistry and structural mechanics problems is a
source of computationally challenging, large sparse real symmetric or complex
Hermitian eigenvalue problems. For the solution of such problems, parallel pre-
conditioned solvers are presented to determine a few eigenvalues and -vectors
based on the Jacobi-Davidson (JD) method [9].

For preconditioning, an adaptive approach using the QMR (Quasi-Minimal
Residual) iteration [2.5,7] is applied, i.e., the preconditioning system of linear
equations within the JD iteration is solved iteratively and adaptively by checking
the residual norm within the QMR iteration [3,4]. Special QMR versions have
been developed for the real symmetric and the complex Hermitian case.

The matrices A considered are generalized sparse, i.e., the computation of
a matrix-vector multiplication A - v takes considerably less than n* operations.
This covers ordinary sparse matrices as well as dense matrices from quantum
chemistry built up additively from a diagonal matrix. a few outer products. and
an FFT. In order to exploit the advantages of such structures with respect to
operational complexity and memory requirements when solving systems of linear
equations or eigenvalue problems. it is natural to apply iterative methods.

To parallelize the solvers, matrix and vector partitioning is investigated with
a data distribution and a communication scheme exploiting the sparsity of the
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matrix. Synchronization overhead is reduced by grouping inner products and
norm computations within the QMR and the JD iteration. Moreover. in the
complex Hermitian case, communication coupling of QMR’s two independent
matrix-vector multiplications is investigated.

2 Jacobi-Davidson Method

To solve large sparse Hermitian eigenvalue problems numerically, variants of a
method proposed by Davidson [8] are frequently applied. These solvers use a
succession of subspaces where the update of the subspace exploits approximate
inverses of the problem matrix, A. For 4, A = A¥ or A* = AT holds where A*
denotes 4 with complex conjugate elements and A = (AT)* (transposed and
complex conjugate).

The basic idea is: Let V¥ be a subspace of R™ with an orthonormal ba-
sis w¥, ..., wk, and W the matrix with columns w¥, § := WH AW, M} the
eigenvalues of S, and T a matrix with the eigenvectors of S as columns. The
columns zj of WT are approximations to eigenvectors of A with Ritz val-

ues Af = (25)" Ak that approximate eigenvalues of A. Let us assume that

- - ] . .
)\és,...,/\;s“_% € [Mower Aupper)- FOr j € Js, ..., o1 define
3 Yk Ty .k ko (X 3kpy -1k
v q;? =(A—/\§I)wj, ri = (4-A71) 1qj, (1)
and V¥+! = span(V* Ur;‘»" U.. 'U7'§,+1_1 ) where A is an easy to invert approxi-

mation to A (A = diag(A) in [8]). Then V**! is an (m+{)-dimensional subspace
of IR™, and the repetition of the procedure above gives in general improved ap-
proximations to eigenvalues and -vectors. Restarting may increase efficiency.

For good convergence, V¥ has to contain crude approximations to all eigen-
vectors of A with eigenvalues smaller than Ajower [8]. The approximate inverse
must not be too accurate, otherwise the method stalls. The reason for this was
investigated in [9] and leads to the Jacobi-Davidson (JD) method with an im-
proved definition of 75:

(1= 2F @) (A=MD) (I~ 25 @HF) ) = o) (2)

The projection (/ —;1'j~" (."cj-' YH Y in (2) is not easy to incorporate into the matrix.
but there is no need to do so. and solving (2) is only slightly more expensive
than solving (1). ‘

The method converges quadratically for A = A.

3 Preconditioning

The character of the JD method is determined by the approximation 4 to A. For
obtaining an approximate solution of the preconditioning system (2). we may
try an iterative approach [3.4.9]. Here. a real symmetric or a complex Hermi-
tian version of the QMR algorithm are used [2.5.7] that are directly applied
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to the projected system (2) with A = A. The control of the QMR iteration is
as follows. Iteration is stopped when the current residual norm is smaller than
the residual norm of QMR in the previous inner JD iteration. By controlling the
QMR residual norms, we achieve that the preconditioning system (2) is solved in
low accuracy in the beginning and in increasing accuracy in the course of the JD
iteration. For a block version of JD, the residual norms of each preconditioning
system (2) are separately controlled for each eigenvector to approximate since
some eigenvector approximations are more difficult to obtain than others. This
adapts the control to the properties of the matrix’s spectrum.

Algorithm 1 shows the QMR iteration used to precondition JD for complex
Hermitian matrices. The method is derived from the QMR variant described in
[5]. Within JD, the matrix B in Algorithm 1 corresponds to the matrix [({ —
ok (@ H) (A= XN1) (I - z¥ (2%)H)] of the preconditioning system (2).

Per QMR iteration, two matrix-vector operations with B and B* (marked by
frames in Algorithm 1) are performed since QMR bases on the non-Hermitian
Lanczos algorithm that requires operations with B and BT = B* but not with
BT [7). For real symmetric problems, only one matrix-vector operation per QMR
iteration is necessary since then ¢' = Bp' and thus vitl = ¢t — (7/4%)0" hold.
The only matrix-vector multiplication to compute per iteration is then Bwi™!.

Naturally, B is not computed element-wise from [(I -z (z§)H) (A=M1) (I-
xk (%)H)): the operation Bp', e.g., is splitted into vector-vector operations and
one matrix-vector operation with A.

Note that the framed matrix-vector operations in the complex Hermitian
QMR iteration are independent from each other. This can be exploited for a
parallel implementation (see 5.2). Moreover, all vector reductions in Algorithm 1
(marked by bullets) are grouped. This in addition makes the QMR variant well
suited for a parallel implementation (see 5.3).

4 Storage scheme

Efficient storage schemes for large sparse matrices depend on the sparsity pattern
of the matrix, the considered algorithm, and the architecture of the computer
system used [1]. Here, the CRS format (Compressed Row Storage) is applied.
This format is often used in FE programs and is suited for matrices with regular
as well as irregular structure. The principle of the scheme is illustrated in Fig. 1
for a matrix A with non-zeros a,;.

a1 0 0 0 0 O 0 0
0 a2 ' as;s 0 0 0 0 0
0 az»2 G33 0434 0 0 0 0

4= 0 0 as3 Q44 Q45 Qa6 Q47 Q48
. 0 0 0 as4 ass 0 as 7 0
0 0 0 g4 0 g6 6.7 0
0 0 0 ars4 Qrs Q76 Q7.7 0

0 0 0 as O 0O 0 axs
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Algorithm 1. Complex Hermitian QMR

P=C=d"=s"=0v'=1, K°=-1, w' =v' =r"=b~ Bz°
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value: [51,1 ||(12,3|G2.2H(LSA]as,zlaa.sHa4‘3la4,4la4,s|a4,6 lﬂ4,7|(t4.5H
. 2 3 4 5 6 T 8 9 10 11 12
as 4 Ias,slas,'rHaﬁ,ﬂae,‘;lae,ﬁ “07,4167,5|a7,7|a7,ellas.4lasil
13 14 15 16 17 18 19 20 21 22 23 4

Col_ind:rl]]3]2“4[2[3|]3]4[8|6IT‘E)J
. 2 3 4 5 6 7 8 9 10 11 12
(A5 7 714]6[4[5]7[6]4][8]
5 14 15 16 17 18 19 20 =21 22 23 24

row_ptr: [1[2[4[7[13[16[19]23[25]

Fig. 1. CRS storage scheme

The non-zeros of matrix A are stored row-wise in three one-dimensional ar-
ravs. value contains the values of the non-zeros, col_ind the corresponding
column indices. The elements of row_ptr point to the position of the beginning
of each row in value and col_ind.

5 Parallelization Strategies

5.1 Data Distribution

The data distribution scheme considered here balances both matrix-vector and
vector-vector operations for irregularly structured sparse matrices on distributed
memory systems (see also [2]). The scheme results in a row-wise distribution of
the matrix arravs value and col._ind (see 4); the rows of each processor succeed
one another. The distribution of the vector arrays corresponds component-wise
to the row distribution of the matrix arrays. In the following. n; denotes the
number of rows of processor k, k = 0,...,p— 1 n is the total number. gi is
the index of the first row of processor k, and z; is the number of non-zeros
of row i. For these quantities, the following equations hold: n = Z’,\’;é n, and
Uh-= 1+ Z:;OI ;.

In each iteration of an iterative method like JD or QMR, s sparse matrix-
vector multiplications and ¢ vector-vector operations are performed. Scalar op-
erations are neglected here. With the data distribution considered, the load
generated by row 1 is proportional to

li=z-s-(+c.

The parameter ¢ is hardware dependent since it considers the ratio of the costs
for a regular vector-vector operation and an irregular matrix-vector operation.
However, different matrix patterns could result in different memory access costs.
e.g.. different caching behavior. Therefore. the parameter ¢ is determined at run-
time by timings for a row block of the current matrix within the symmetric or
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He