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ABSTRACT 

In this thesis, the performance of a non-coherent Binary Frequency Shift Keying 

(BFSK) receiver using Equal Gain Combining (EGC) and Post Detection Selection 

Combining (PDSC) techniques over a frequency nonselective and slowly Nakagami 

fading channel is investigated. 

Analytical and numerical results obtained for EGC are compared to those 

obtained for first order PDSC (PDSC-1), second order PDSC (PDSC-2) and third order 

PDSC (PDSC-3). 



VI 



TABLE OF CONTENTS 

I.   INTRODUCTION 1 

A. NAKAGAMI FADING CHANNEL 3 

B. NON-COHERENT BFSK RECEIVER 4 

H. EQUAL GAIN COMBINING (EGC) 9 

A. BIT ERROR PROBABILITY • 9 

IE. FIRST ORDER POST DETECTION SELECTION COMBINING (PDSC-1) 17 

A. PROBABILITY DENSITY FUNCTIONS OF THE DECISION VARIABLES.. 17 

B. BIT ERROR PROBABILITY 23 

IV. SECOND ORDER POST DETECTION SELECTION COMBINING (PDSC-2)....27 

A. PROBABILITY DENSITY FUNCTIONS OF THE DECISION VARIABLES..28 

B. BIT ERROR PROBABILITY 34 

V. THIRD ORDER POST DETECTION SELECTION COMBINING (PDSC-3) 39 

A. PROBABILITY DENSITY FUNCTIONS OF THE DECISION VARIABLES..40 

B. BIT ERROR PROBABILITY 47 

VI. NUMERICAL RESULTS 53 

VH. CONCLUSIONS 95 

LIST OF REFERENCES 97 

INITIAL DISTRIBUTION LIST 99 

vu 



vm 



ACKNOWLEDGMENTS 

This thesis is dedicated to my wife, Chrisanthi, and my parents, Pericles and Pari, 

to make them proud, because nothing of this would be possible without their guidance, 

support and encouragement. 

IX 





I.       INTRODUCTION 

Diversity has long been used to improve the performance in communication 

systems operating in fading environments. Fading is the term used to describe the rapid 

fluctuations of the amplitude of a transmitted signal over a short period of time. It is 

caused by the non-coherent recombination of signal components that arrive at the 

receiver via different paths, at slightly different times. The resulting signal usually varies 

in amplitude and in phase. 

Channel diversity is a powerful technique that is based on a simple concept. L 

independently fading replicas of the transmitted signal are received, over L different and 

hence statistically independent channels. This means that if one path experiences a deep 

fade, another path may have a strong signal, so that the detection is easier. The possibility 

that all paths have a deep fade at the same time is small, so the average and the 

instantaneous signal-to-noise ratio (SNR) at the receiver are improved, relative to a single 

fading channel. 

In practice there are several ways in which we can provide the receiver with L 

replicas of the transmitted signal. One way is by employing frequency diversity, where 

the signal is simultaneously transmitted at I different frequencies. The carrier frequencies 

should be separated at least by an amount that equals or exceeds the coherence bandwidth 

(Jßcofthe channel, so that the independent fading for different paths is ensured. Another 

way is to transmit the signal in L different time slots (time diversity). Successive time 

slots should be separated by time that is equal to, or exceeds the coherence time (At)c of 

the channel. For a frequency-non-selective slow fading channel it is assumed that the 



coherence bandwidth is larger than the bandwidth of the transmitted signal and that the 

coherence time is larger than the bit interval. A third commonly used way is space 

(antenna) diversity. This technique employs one transmitting antenna along with several 

receiving antennas. The receiving antennas are sufficiently separated to ensure that the 

communication paths are different. As a general rule, a distance of 10 wavelengths 

separation between two antennas is considered sufficient. 

There are other less widely used diversity techniques. For example there is the 

angle-of-arrival diversity and the polarization diversity. By comparison frequency and 

time diversity require more bandwidth. On the other hand, they require less hardware. 

This means less space, so they are used where space availability is a limiting factor in the 

design of a communication link. 

Once the information from the diversity branches is received it can be combined, 

so that the bit error rate is decreased. In practice there are several methods of diversity 

combining. In this thesis we will investigate Equal Gain Combining (EGC) and Post 

Detection Selection Combining (PDSC) of order one and two and three. EGC is a 

commonly used technique for non-coherent detection. All L branches are equally 

weighted and combined non-coherently at the receiver. Consequently, EGC requires a 

complex receiver and is path dependent. In addition, combining more signals does not 

necessarily improve the performance. This is especially true in environments where the 

bit error rate is large due to fading or jamming. To overcome these disadvantages other 

techniques are used, such as selection combining (SC) and PDSC of different orders. In 

PDSC of order 1 (PDSC-1), a technique invented by professors Tri Ha and Ralph 

Hippenstiel, the signal with the largest amplitude of the signal branches, is compared to 
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the signal with the largest amplitude among the non-signal branches. In PDSC of order 2 

(PDSC-2), the combination of the signals with the two largest amplitudes of the signal 

branches is compared to the combination of the two signals with the largest amplitudes of 

the non-signal branches. In PDSC of order 3 (PDSC-3) the combination of the signals 

with the three largest amplitudes of the signal branches is compared to the combination of 

the three signals with the largest amplitudes of the non-signal branches. Selection 

combining is not discussed in this thesis. In selection combining the decision whether the 

signal is present or not, is based on the predetection signal with the largest amplitude. 

Both PDSC and SC are combining techniques which are independent of the number of 

diversity channels L, therefore require less complex receivers. 

The communication channel is assumed to be a frequency non-selective, slowly 

fading Nakagami-m channel, while the additive noise is assumed to be white and 

Gaussian. 

A.       NAKAGAMI FADING CHANNEL 

The received signal amplitude a of the non-coherent receiver that is employed in 

this thesis, is a Nakagami-m random variable. Its probability density function is given by 

[1] 

/«(«) = 
-U»I a™ 'exp 

f   ma1^ 

\   n j 
0, elsewhere 

a>0 , (i) 

where Y(m) is the gamma function, defined by the integral 
oo 

r(m) = Jx""1 exp(-x)dx,   m>0 (2) 



and 
n2      1 

m=    j    v>- (3) 
var(a2)    2 ' 

and 

Q = E{a2} (4) 

are the two parameters of the distribution. The Nakagami-m distribution is a generalized 

formula that can model different fading environments using different values of its 

parameters. For m = 1 the channel has Rayleigh fading while as m approaches infinity the 

channel becomes non-fading. If m = V2, the pdf is the one-sided Gaussian distribution [1]. 

B.       NON-COHERENT BFSK RECEIVER 

The block diagram of the non-coherent BFSK receiver is shown in Fig. 1. 

Since it is very difficult to coherently detect in a fading environment, we use an 

orthogonal modulation scheme, i.e., Binary Frequency Shift Keying (BFSK), so that non- 

coherent detection can be performed. In BFSK when the data bit £, = 1 is transmitted, the 

waveform \f1} (t) is given by 

vtt(,) = W|cos(2;r/,* + #,),    0<t<T , (5) 

[ 0, elsewhere 

where Tis the bit duration, 0} is the signal phase, A is the amplitude of the signal and /; 

is the carrier frequency. When the data bit *,- = 0 is transmitted, the waveform \P} (t) is 

given by 

v«0 = . A^cos{27tfzt + 82),    0<t<T (6) 
0 , elsewhere 



received 

;sm2nf2t sample at 
t= T,2T,... 

{0,1} 

Figure 1. Non-coherent BFSK receiver 



where T, 02, A are the duration, phase angle, and amplitude, respectively. The carrier 

frequency f2 is selected such that the Vu(t) and \f2)(t) are orthogonal over the interval 

[0,T]. This implies a minimum frequency spacing of |/2 -/,| = \JT. 

The received signal in the interval [0,T] has the form: 

r(i\t) = aV(Ht) + n{t),   , = 1,2 , (7) 

where n(t) is white Gaussian noise with power spectral density d*n = No/2, and a is a 

Nakagami-m random variable whose probability density function is given by (1). We 

assume, without loss of generality, that the data bit bt = 1 is transmitted. The in phase 

outputs of the receiver are given by 

Yu = aAcos8l+nlc = a^E~cosOl+nlc , (8) 

and 
Y2c=n2c , (9) 

where EC=A is the average energy per diversity bit and nic ,n2c are given by 

«ic = | Jfn(f)cos{27u fxt)dt (10) 

and 

«2c = / J-»(f)cos(2a- f2t)dt (n) 
o * ■* 

The quadrature outputs of the receiver are given by 

Yls = ^[cos^, +nu - a-yfE^sin0l +nls (12) 

and 

Y2s=n2s , (13) 

where 



2 
T 

u 

and 

^ = U-Mf)ü<2xfit)<* > (14> 

(7 
"2S=JJy"(Osin(2^-/20^ (15) 

The random variables «;c, W2C, »is, n2s are independent, identically distributed (iid), zero 

mean, Gaussian random variables with variances N</2. Finally the decision variables are 

defined as 

Vx = Y2 + Y2 = («V^Tcos^ +«lc)
2 +(CC4E~Csintf, +nu)

2        ,        (16) 

and 

V -Y2 + Y2 = n2 +n2 • 07) V2        I2c^I2s       rl2c^"2s 





II.      EQUAL GAIN COMBINING (EGC) 

Equal Gain Combining (EGC) is a technique that has been widely used in non- 

coherent receivers. All L branches are equally weighted and added incoherently, to 

produce a decision variable. A typical non-coherent BFSK receiver employing EGC is 

shown in Fig.2. If we assume that the data bit Z>; = 1 is transmitted, then branch 1 of the 

BFSK non-coherent receiver will be the signal branch and branch 2 will be the non-signal 

branch. The decision variables Vj and V2 in Fig. 2 are given by 

V,=Vul+VU2+...+VhL (18) 

V2=Vu+V2a+...*VXL (19) 

where Vj,, and V24, i = (1,2,...L), are the output random variables. Hence Vj and V2 are 

the sum of L independent random variables. 

A.        BIT ERROR PROBABILITY 

For the non-coherent BFSK receiver with equal gain combining, the decision 

variables Vi and V2 are given by (18) and (19). In [1], the bit error probability for this 

receiver is derived, and is given by 

^rHT'^-rM<^ ■ (20) 

where L is the number of diversity branches, y& is the signal-to-noise ratio (SNR) per bit 

and bk is given by the following 

1   L-\-k(lJ _l\ 

k\ ti V.   n   ) 
9 



    J-co3L&/ 

received 

signal 
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/.'( V' 
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<—*&>| f.'( v- 
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\T 

44a v< 
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{0,1} 

H      v2 = 
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Figure 2. Non-coherent BFSK receiver with equal gain combining 
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For the non-coherent BFSK receiver the signal-to-noise ratio per bit and bk is given by 

E  l L 

N0 S        i=, 
(22) 

where yk = ak
2(Ec/N0) is the instantaneous SNR per diversity bit for the tfh channel. Here 

Ec/No is the SNR per diversity bit with no fading. From [1], yk is a random variable whose 

probability density function under Nakagami fading is given by [1] 

PyfykY- 
m" 

rwfrjr 
rr'exp 

( myk 

V    7 c ) 
(23) 

where ye = E{ak}(EjN0) is the average SNR per diversity bit, which is assumed to be 

identical for all L channels. The characteristic function of y* is given by 

<*> ~.m *»M'*~)'l^fr«, 
(        \ 

\        Yc    J 
exp{j(oyk)dyk 

a>  m 

-\ 
m 

InnofcY k Yt   exP 
r \ m 

KTc J 
dYk 

m 
T(m) f?y ° 

Jrr'exp (m     .  ^ 
= -JG> 

KYc 
Yk dYk 

(24) 

By using the identity [3] 

r(v) \xv-1exp(-Mx)dx = ^ ,   Re(//)>0   ,     Re(v)>0 

where T(v) is the gamma function, which is defined by 

11 
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r(v) = jV ' exp(- x)dx      ,    v > 0 (26) 

and by letting m = v and {m/y^-ja = ju , (24) becomes 

*„(/*) = m' 

n«wj 
rW__ OT" 

(27) 

Since the fading of the L channels is mutually statistically independent, the jfe's are 

independent, and the characteristic function of their sum is given by 

*»o«)=kwf = m mL 

tr m 
= -ja> 

\7c J 

(28) 

Therefore, the probability density function of the random variable yb, is given by 

1   °° 
Pn M= — \^n 0®)exp(- JGjyb )deo (29) 

Substituting, (28) into (29) leads to 

pM=h) m mL 

-"»f W     m 

exp(-jüjyb)d(D (30) 

Using (m/yc) =a'andmL=ß', (30) becomes 

pM^h^w^~JarM 
(31) 
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By using the identity [3]: 

fexp(-jpe)^ = 2itpv-'exp(-ßp) ^ ^>Q 

iß-jxj r(v) (32) 

and by letting ß = a', v = ß', p = yb, we obtain 

^W-^r r(/r) 
/       >\"L   „mt-l 

AW 

U 
n 

cy 
r(/»z) exp 

V.        ^c   J 

(33) 

The final step is to average the bit error probability given by (20), over the fading channel 

variable given by (33). The bit error probability will be given by 

co 

Pe = I Pe(n)pn{rb)drb 

-ifr-tei» Yb 
k(    \   f „«t-i A 

2)£ 

m 

K.r, cj 

rb 

KT{mL); 
exp dyb 

K      'cj 

2, 

2£-l f       \ m 
mL 

Yc) 

f \ myb U<-mm*>H-mi:h ™ 
If we let (yi/2) = y, then yb = 2y and dyb = 2dy. The limits of the integral do not change, 

so (34) yields 

-    \lL-\f       ^mt 

Mi m 

VYcJ 
-^jg^^-V^exp f2»    ,1 -=- + 1 y 2ß?7 

,2, 

2i-^2m^ 
mL 

Yc) 

i    i-i    °i 
1      ■*-> i     f    fc+mt-l 

rW A=0        0 

exp 
'im + y ^ 

<    Yc     ) 
r dy (35) 
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Now letting (2mfc)/yc = S and öy = u, so y = u/S and dy = (Sfc>0. The bit error 

probability becomes 

P = 
1 L-l        °°     k+mL-1 

mL 
L-l      A        » 

** 
i^Z^R~ «■<-»)*   ■ <36> 

Again using identity [3] 

[xv-l
exp(-JUX)dx = ^l    ,    ReO/)>0   ,    Re(v)>0 (37) 

M 

and letting v = k+mL, ft = l, (36) becomes 

P = 
1 l     12m 

^«; 

1    jg   frt   r(*+/wZ,) 

' 2/w 
/ Vt+mt 

U<J 
1   Zz^Lrr^^ ^«(zw+jr)^ 

2/w 

K2m + YcJ i=0 <2m+rC; 
T(k+mL) 

T{mL) 

where £* is given by (21). 

(38) 

Define the average signal to noise ratio per bit by yb = Ly c then (38) becomes 
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* mL 

Pe = 
v2> 

2m 

2m + Yb 

r   —   \k 

Yb 
L-l 

k=0 
2m + ^- 

LJ 

T(k + mL) 

Y(mL) 
(39) 

We note that EGC requires a more complex receiver, since it uses all available 

information from all L branches. In addition, combining more signals does not 

necessarily imply that the performance is improved, especially in environments where the 

bit error rate is large due to fading or jamming. Furthermore, EGC depends on the 

diversity order L. This is undesirable in applications where L may vary with location, as 

well as time. Since different diversity channels tend to have different path lengths, the 

signal-to-noise ratio of each diversity channel is different resulting in an unequal gain 

combining. This can cause serious performance degradation in an EGC receiver. 
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HI.    FIRST ORDER POST DETECTION SELECTION 
COMBINING (PDSC-1) 

In first order Post Detection Selection Combining (PDSC-1), the signal with the 

largest amplitude of the signal branches is compared to the signal with the largest 

amplitude of the non-signal branches. If we assume that the data bit bt = I is transmitted, 

then branch 1 of the BFSK non-coherent receiver will be the signal branch and branch 2 

will be the non-signal branch. The decision variables Vj and V2 are given by 

V2=max(V2l,V22,...,V2L) 

where VJJ, Vlj2,...,Vix and V2,u V2i2,-,V2± are the outputs from the square law detectors 

of the L signal branches and the L non-signal branches, respectively. 

The bit error probability for PDSC-1 is given by 

Pc=Pr(F2>F1)=J J/r2(
V2)^2 AM)^    > <41> 

where fv (va) and /r(v2)are the probability density functions of the decision variables 

from the signal branch and the non-signal branch, respectively. 

A.        PROBABILITY     DENSITY     FUNCTIONS     OF     THE     DECISION 

VARIABLES 

The non-coherent BFSK receiver is shown in Fig.3. For the signal branches, the 

output random variable from the f1 square law detector Vu before combining is given by 

17 



received 

signal 

y-cos2*£r 

J— sm2jf/  

->4>l'j;(>" L-^L 

—»&*| l'( V' 

[JIH8)^ J.'( y> 

    J—cos2^",/ 

L-Hg)-^ f0'( )* 

Tfr sm2nf2t 

()2 +, 

()2 

B 
+ . 

1,1 

\iy \ o2 

^ 
()2 

-*®+U'()*  L-^- 

()2 

o2 

^ 
()2 

A 
L2£s o2 

sample at 
t = r,27;... 

+a 
e 

+, 

max(Vu,...V]jJ 

Sfr 

V2,i 

Choose 
largest 

e 
+. 

{0,1} 

max(V2fl,... V2J) 

72JL 

Figure 3. Non-coherent BFSK receiver with first order post detection selection 
combining 
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where £c is the energy per diversity bit without fading. For the non-signal branches the 

output from the ith square law detector V2,\ before combining is given by 

(43) V2j=Y2%+Y2%=nli+n2
2sj 

Next, we will derive the probability density functions of the random variables Vj,, 

and V2,t, for i =1,2,...L. If we assume, for the moment, that ai^Eccos^ and 

a:A/^sin6| are fixed values, Vlri is a sum of squares of two Gaussian random variables 

with means ai^E~ccos0i and at^E^sin^, respectively and varianceNo/2=c?„. Therefore 

the random variable VJJ is a non-central chi-square random variable whose probability 

density function is given by [1] 

/ruk,/^)=^rexp f ß+vA h U2 J ,   vu>0 (44) 

where 

fi^^cose^ +(piJJTesm0,)f =a?Ec,   i = l,2,...,L (45) 

In [1] the probability density function ofy? is given by 

.m 

*>*•*& 

p exp 
f   n£ 

ß 
,   ß^o (46) 

where ß = ü{a? }EC and /n is the parameter of the Nakagami distribution. To remove the 

condition on ß from (44) we average using (46) as follows 

fM=]fru{vJß)fp(ß)dß 
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f l 
=J^exp 

f     o ~\ 

o**l 

ß 
, *>lj 

r   „  \ 
exp 

vu 
r r^r\ 

K    ^h 

v^ 
V  °»   J 

-BAA" m 

Y{m)ß' 
ßm'1 exp 

f ?£\ 
K    ß) 

dß 

f l =hrexp 
z" r> \ 

0^0 

/? 

V    *0J 

f „ \   ( 
exp W^J 

Nn 

m" (      n\ 

\ J T{m)J 
ßm~l exp 

mß 
dß 

V     H J 

f 1 

0^0 V     ^0 
exp 

f v ^  j  f nzr \ 

to(kif 

2* 

m" f r>\ 

T(m)7 
ßm~l exp 

mß 
dß 

K     V J 

N, 
-exp 

r v \ 
V  ^y 

KM 

W 
oo    »r2i  oo 

r(w)^m^(^)2j
0
J 

'_i_+^ 

L V^o+/?y 
ß dß (47) 

By using [3] 

£V-1 exp(- /«:)<& = -^ , Re(«) > 0 , Re(v) > 0 (48) 

where T(v) is defined in (26), and by letting v = k+m and ju = —+= = ——=-2-  (48) 

we obtain 

Au(vv) = —exp 
#n 

m' AiV  v* iY v*.     r(it+jw) 

rO»)^"sW m 2k   ,  \k+m rß+mN^ 

N0ß 

N, 
exp 

Nn. 
mNn z Z'      ö     A* O r(*+w)f    /? 

Kß + N0mJ  f<\k\) VNJ     Y(m)   {ß + N0mJ 
(49) 

—      ß 
By letting ^c = —, (49) becomes 
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AM^TT 
r  „ v 

N, 
-exp 

m 

KTc+f". §U!y 
lYfvuYr(A: + w) f  — v 

Yc 

\*o. rW U%+my 
•   (50) 

The cumulative distribution function of the random variable Vu is given by 

(51) 

Substituting (50) into (51) leads to 

0^0      \    NoJ 

m 

\Jc+m) h\#j 
iff «Yift+«)f £ ^ 

v^oy rW Uc+WJ 
dw 

m 

\Yc+mJ i=0 VÄ ! 

f     _     Y 
7e 

\yc+m) 

rWU) -f-^i NJ U„ 
(52) 

Letting w = — ,dw-d — , the upper limit becomes—y and (52) becomes 
Nn ^N0; Nn 

FM = 
f Y m 

17 +/w 
£.f l" 

i=0 

v2/^      —      A 

U + m 
^ , .'   fw*exp(-wWw (53) 

Using [3] 

^w!    z/A 

Jx-expC-^^^^T-^pC-^E^^T'   "*°>   ReW>0       (54> 

VU and letting n = k,/t = l,u = —, results in 

Sj'uH 
»7 

yc+m) *=<M! 

2{   -    Vr(k+m) 

\Yc+
mJ r(») l*+1   expl  ArJfollUoJ 

/« v-L 
\.Ye+m)   k=ok\ 

T(k+m) 

\Yc+m-> Y{m) 
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Since all L signal branch variables Vu, Vj,2, ...,VU are statistically independent, we can 

use [8] 

A(vO=^(v1)F-I(v1) (56) 

The probability density function for the signal branch decision variable Vj, is given by 

-Mv,) = —exp - 
Mo K   N«J 

m 

\Jc +™J 
z 
A,=0 

rj_y 
Uu 

c „ \ 

K*oJ 

^rfe+w) 

rW 
Yc 

^ 

\Jc+™. 

(   m   ] 
\Yc+m) 

1  T(k2 +m) f   —  V2 

Yc 

k2=0^2 ' T{m) \Yc+™) 
1-exp 

A *,   2 

I   NJ 

L-\ 

-exp— 
m 

\ m£ 

ff^ 
>2 'O 

#o      V   N0Ayc+m)   ^oU,!; V#J      T(/w) 
*■ rfc +/w) 

\yc+mj 

x-s 
i r(*2+i»)f r 

— \ih 

T(m) .Yc+mJ 
1-exp - — ETT 

^   ^tS^Uo, 

1L~x 

(57) 

For the non-signal branches, the output random variable from the /* square law 

detector V2,i prior to combining is given by (43). It is a sum of squares of two zero mean 

Gaussian random variables with identical variances. Therefore, it is a chi-square random 

variable whose probability density function is given by [1] 

fy2J(v2i) = —exp 
V2,i 

V   2a2J N, 
-exp B ^° 

The corresponding cumulative distribution function is given by 

(58) 
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^V2,(v2,) = l-exp (59) 

Since all L non-signal branch variables are statistically independent the probability 

density function of the decision random variable V2 is given by 

fvM)=LhM)F£^>^~™p 
f   v ^ 

1-exp 
(   v ^ —1 

L-\ 

(60) 

B.       BIT ERROR PROBABILITY 

The bit error probability for first order post detection selection combining is given 

by (41) 

Pe=Pr{V2 >¥,) = ] }fv2Mdv2 fvM)^ 

where 

]fy2(
v2)dv2=ljT(iXV 

v, v,       0 

f   „ \ 
1-exp 

V   ^oy 

L-\ 

dv^ 

(61) 

(62) 

By using the binomial theorem, 

we obtain 

1-exp 
V2 

NJ 

L-\ 
L-\ L-\ 

SI * /-'> exp _0 
NJ 

(63) 

(64) 

So (62) becomes 

(  „ ^\ 

j/*to*,-Ji^-£SU H V  ^oy 

4^r^-i\ ,v 
i=0V 
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- (       W 
V2 exp 

I   *oJ. 
-3L  A, 



1-1 (I - f\ 
(-«7 

-i/t+i 

exp 
Nn 

f „ \ 

N0y 
(65) 

Letting x = —, (65) becomes 
■"0 

Jfc=0 V.    *    J 

a(L-i 
=*i ,(-■)* 

HV   ä   / # + 1 
exp ■(*+I>i (66) 

Substituting (66) into (61) leads to 

0     ij=0 

(-1? 
k3+i 

exp -fc+1) JV„ 

f    « V    ~.   Y^ 

JV, 
-exp 

7K 

Uc+«, 

x5Uiy V^0y 

rfe+/»)|_ 
r(w)   vye+wJ 

r. 

1 r(k2 +m) (  ~ \^ 
x|5'*2!   r(«) \Tc+mJ 

1-exp 

-e\ L-\ 

dv, 

T*C 
, niL , 

N. o\rc 
— in £(L-l)tV 

*, y A:,+1 
exp 

0 *3=0 v   "3   '   "3 #n 

*Z 
*i=0 

^ 1 Y 

Ms 

f „ \h 

K*0j 

r(k1+m)f   y 
—    \K 

Y{m) K.re + m 

xi z 1   T(k2+m)(   yc   Y 

^K!   r(m)   lrc + wy 

f   „ >* 
1-exp 

*i   1 z- f „ \ 
-C\ h-\ 

V   NJ^M KNJ 
dv,    -     (67) 
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Changing u = —-, and realizing that the average signal-to-noise ratio per bit yb = Lyc, 

(67) becomes 

<.mL 

P = e    Nn 

m 
1 — 
— y.+m 

'^(L-lY-lf inxfh^-^H 0 U3=0V   ^3    J 

X 
1 Y  kT{k1+m) 

£owJ       T(m) 
■n 

l — 
-Yh+m 

X-i 
1  r(k2+m)      LYb 

£0k2!    r(m) 

N*2 

1 — 
,  7ft+™ 

l-exp(-M)XlT 
A=0 ^! 

L-l 

Jv, (68) 

This expression cannot be simplified any further. It can be evaluated numerically. The 

results of this evaluation are presented in Chapter VI. 
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IV.    SECOND ORDER POST-DETECTION SELECTION 
COMBINING (PDSC-2) 

The two signals with the largest amplitudes of the signal branches are combined 

and compared to the combination of the two signals with the largest amplitudes of the 

non-signal branches. We let branch 1 of the BFSK non- coherent receiver be the signal 

branch and branch 2 be the non-signal branch. Without loss of generality, let Vu denote 

the largest output random variable and V},2 denote the second largest output random 

variable of the signal branches, then 

Fu=max(ru,^,...,Fu) (69) 

V12=secondmax{vu,Vx2,...,V1L) (70) 

Let V2,i denote the largest output random variable, and V2,2 denote the second largest 

output random variable, of the non-signal branches. Then 

Vv = mzx(v2l,V22,...,V2L) (71) 

V22 = sec ond ma>dV2 j, V2 2,..., V2L J (72) 

Therefore the decision variables Vi and V2 are given by 

V^V^+V^ (73) 

V2=Vxl+V2a . (74) 

The bit error probability is given by 

Pe = Pr(F2 >V,)=]    ]fV2 (v2)dv2 fVi (yjdv,       . (75) 
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A.        PROBABILITY     DENSITY     FUNCTIONS     OF     THE     DECISION 

VARIABLES 

The non-coherent BFSK receiver, is shown in Fig.4. For the signal branches, the 

output random variable from the f square law detector Vlri, before combining is given by 

(42), whereas, for the non- signal branches the output from the ith square law detector V2,h 

before combining is given by (43). 

In [8], the cumulative distribution function of the decision random variable 

Vj=V]j+V]j is given by 

v,/2 Vj-v,,2 

/   I 
0       v, 

FrM)=i  jAiJw„)*u*w     - (76> 

where /rur12(
Vl>iVl>2) 

is ^ Joint probability density function of the random variables 

VJJ and V],2 which is given by [8] 

/Vu (vuvw)= L(L -1) /Fu (vu) fVi2 (vj F£2(vu)       , (77) 

^ere/rij(vu)and/rw(vw)are given by (50) andFri2(v12)is given by (55). Substituting 

(77) into (76) results in 

FvM)=)   T&-1)frMfrM*,£(y*a)*ud>'vl     •        (78) 
0       v. 

We can obtain the probability density function of the decision random variable for 

the signal branches Vj, by differentiating (78) with respect to vy. 
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AW=^W (79) 

By using the identity (Leibnitz's rule) 

'b(x) 

[f{X,x)dX 
ct(x) 

dx 
,, .   ,db{x)      , , .   .da(x)   bfdfUx) 

= f(b(x),x)—-f(a{x),x)-^-+ j -^-dX (80) 

and by letting x = v;, X = vu, a(x) = 0, b(x) = Vj/2, and 

v1.2 

Eq. (79) becomes 

d 
K2J 

where 

v,-v,/2 

v./2 

and 

4»(v»)) _ 4o) 
dvx dvl 

0 

so (82) results in 

(81) 

(82) 

/(vi/2»v1)=   J/^-ll/^W/^fruK^W^u =° (83> 

(84) 

o "ri 
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v. 12 

=    l 
'X^-O/^W/^CvwK^^uKi 

dvx 
<&!,: 

(85) 

Again using (80) and by letting x = vu k = vu, a(x) = vu, b(x) = \i-vh2 we have 

/(2,x) = /(vu?vO = Z(Z-l)/,Jv,04^vu)^;2(vu)=/(vu) (86) 

Eq. (85) becomes 

V2 

AW= J 
]L(£-1)/,U(V,J)4I(VU)F^(VUK, 

<Ä>J 
A,2 

v,/2 

=    l /(v.-wJ— /(Wlj—+   J   -^-*u 
fifr, 

^1,2 (87) 

We note that the second and the third terms of the summation inside the brackets of (87) 

are equal to zero, hence (87) becomes 

v./2 

/,>,)= J 
0   L 

/(vi-v^v,) 
<*(vi-vu) 

<fr, 

v,/2 

^1,2 =    J/(Vl-Vl,2,Vl)^l,2 (88) 

If we substitute (86) into (88) we obtain 

/r,(v,)= %(L-\)fVu(v, -vu)/ri2(vu)^;2(vu)K2 (89) 
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Finally, if we substitute (50) and (55) into (89) we get the expression for the 

probability density function of the decision random variable as 

A,(v1)= jz(L-l)-Lexp 
vl-\l 

V   ™   "\ 

V        ^o     j 

m 

Vm+rcJ h=o 

c i > 

v*.'y 

V \* vi~vu }'T(kl+m) 

V    ^o    y r(m) 

v^ + ^cy 

/-   „   V    -    A' 
—exp 1,2 m 

KP + Yc) 

OV 
^ov^'y 

K2f r(k2+m)f ~ ^ 
v^oy rW 

Yc_ 

x< 
f \ m 

\m+Ycj 

CO 1 

*,=0*3
! 

r(k3 +m) 

rW 
1-exp 

V        ^ *5      1 

-—E- 1,2 

T» i-2 

^oy 
</v. u 

^-1) 
#n 

m 
mL 

exp i! v   iVoy o 

'»bYYiYrfc+..)f FT ^ 
k2=o\N0j \^J T{m) \m + re) 

Zi 
4=0 

V1~V1,2 
W i > 

V*.U 

rfa+m) 
r(m) 

Yc_ 

<m + Yc, 

CO 1 

^ k I fc,=0Ä3! 

'    Yc    ^ r(A3+/w) 

\m + yj T{m) 

f 
1-exp 1,2 

.^y1 

1-2 

1,2 

u„, 
(90) 

For the non-signal branches the output random variable from the ith square law 

detector V2fi before combining is given by (58). The cumulative distribution function of 

the decision variable V2 defined in (74) is given by 

v2/2 v2-v2-2 

FvM =  J      J/v2Jv22 (^,1^2,2)^2,1 ^2,2 (91) 
0 V, 
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where fv r \y2^v2A is the joint probability density function of the random variables 

Vzi and V2,2 /which is given by [8] 

/r2ÄXv2,1v2J=^-l)/,,1(v2J/r2Jv22)^-2(v2,2) (92) 

where fVii (y21 J and fVz2 (v2>2) are given by (58) andi>2 2 \v22 Jis given by (59).Substituting 

(92) in (91) results in 

v2/2 v2-v2>2 

FV2(v2)= j    j4t-l)/ru(vw)/^(vjF^(v„)*M*w     -       (93) 
0        v2,2 

If we substitute (58) and (59) in (93) we obtain 

v2/2 v2-v22 £(£-0. *•*»)=/  f^ 
f       X,       \ (       V        \ 

0       v. 

2,1 exp 
K2,2 1-exp 

r v  A 2,2 

v.  ^o; 

1-2 

*«*« (94) 

Performing this integration yields [8] 

FV2{v2)=L(L-l)\^ 1- 1+^Jexp 
l   N„ +z(i;2)(-i)'^w (95) 

where 

**;(*) 
1     1 f     ,.  A 

2 + £     A 
-—exp 

V    #„, 
+ 

k(k+2) 
exp 

k + 2( v2 

~~2~VNJ 
(96) 

Finally, if we differentiate (95) with respect to v2 we obtain the probability density 

function of the decision variable of the non-signal branches [8] 

exp 
(   v N Z-2 

2M ■+2- 
0        i=l 

fZ^-l)* 
v *  y 

1-exp 
2 . AT 

(97) 
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B.        BIT ERROR PROBABILITY 

The bit error probability is given by (75) 

Pe^?r(V2>Vl)= j 
vj=0 

CO 

\fv2M
dvi fvM)^ (98) 

where 

\fv2 (
v2)dv2 = j   \r     exp 

Nn v   ^oy 

1-2 

2#, 
• + (L-2M-1) 

0        *=1 \   K   J 
1-exp 

Vvo/y 
dv~ 

Jz(Z-l)exp 
f    v > 

v   #0y 
_^+|

2rL-2K-ir 
2iV0    tlUJ    * 

1-exp 
/.. Y\ 

\Nj) 

f „\ 
\N,j 

(99) 

JV„ 
By a change of variable » = -rp-,d» = rf-p-,the limit of the integral changes to —i 

W #„ 

and (99) yields 

oo CO 

jfvM)^ =L(L-l) J ^-exp(-u)du 
n/Ar,, 

1-2 

+L(L-l) J exp(-M)2 
Vi/ATo 

fi-2V-l) 
k=\ K   *   J 

r  v\ 
1-exp u 

\.   ^J 
du 

-—  Jz/exp(-w)dw 
v,/W„ 

L-2 

+ ̂ -i)Z 
t=l \     *     J 

(-1) 
k     co 

J 
Vo 

exp(-w)-exp u du   . (100) 

Using [3] 
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\xnexp(-jux)dx^exp(-fxw)^——^T,   w>0,   Re(//)>0 
t=n Ar! // 

(101) 

and by letting w = —,« =l,fi = 1 the first integral of (100) results in 
N, 

—  J « exp(- u)du = —  exp 
f    . ^ 

V*0 V   *., 

Mfv^ 
k=0 K- K*o; 

c    .. "N 
^feri)(1+A 

v     ^oy 

(  „ ^ 
exp 

v   ^oy 
(102) 

whereas the second integral of (100) results in 

1-2 

L(L-I)J: 
i=l 

Z-2^ 
\  k  ) 

(-0* 
'1/JV0 

q>(-»)- exp^-wj-exp 
£ + 2  N 

 u 
2    y 

du 

L-l 

= L{L-\YZ 
k=\ 

(L-2\(-lf 
k        k 

f   „ "\ 
exp 

v  *oy 2+* 
exp 

k + 2 r« w 
\NoJJ 

■ (103) 

Substituting (102) and (103) in (100) results in 

]fF2Mdv2=L(L-l)eJ    V] 

v   ^oy 

x< 

1+^0  ^a-i^-iy 
*=1 v n y 

1 exp 
2+yt v  2^oy 

(104) 

Finally substituting (90) and (104) in (98) yields 

35 



Pe=JL(L-l)exp 
f v'l 
\ ».) 

1 + ^- ,        ^ Nn    ^(L-2> 
■+S 2       £!(  k 

(-1)' 

J 2 + k 

" 

exp I   2#0JJ 

■4E-1) 
#„ v™+^y 

/"   ,. ~\ 
exp 

V   NoJ 

v,/2 

/ 
fv.,YY 1 > 

*,=0 

Kl,2 rfa+i») Z'    —    A*2 

WJ      T(m) {m + r cj 

U- 
ki=o\   No 

V i \2 

i   vu ]'[ 1 ) rfa+m) 1    Yc    ^ 

AU rw 1^+7 «y 

' 7. V3 

v^+r.y 

r(Är3 + m) 

Y{m) 
r ,,  A *3 i f™  V 

l-exp 
r\,2 

A\ A=OA!^»0; 

1,2 

L-2 

<fr,      .(105) 

By changing variables   x = -^-,dx = d 
iVft 

1,2 

, »r  i 'w = "7T'vi = w^o   ^d  ^i = N0du,the \iv0y        iV0 

limits of both integrals do not change and (105) results in the final expression for the bit 

error probability 

. mL 

Pe =L2(L -I)2 m 1 + K     L-ir 

\m + Ycj    0 

|exp(-2«)^ + S 
2   tr 

I-2V-1)* 
\  k  j k 2+k 

exp '   *  ^ 
-—u 

I   2   , 

H/2 

I 2** 
t,=0 V^!y 

r(t2 +w) 
r(m) 

Yo_ 

\.™+ycJ 

£ (u~xf 
*j=0 

r, V T(k, + m) 

kj.)      T{m) 

f   —   \*i 
Yc_ 

^M + Yc; 

x< 
(  ~ V3 

£ 1 (   yc   )3r(k3+m) 
k3=ok3\ Km + Ycj T(m) 

l-exp(-x)£—x* 
x=o^\ 

L-2 

dxdu (106) 
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Using the average signal-to-noise ratio per bit yb = Lyc, (106) yields in 

Pe=L\L-lf 

r \mL 

m 
fir 
L    J 

]eM-J^+ZMW 
v k  J 

1 exp 
2+k 

(   k   } 
—u 

K    2   J 

u/2 

X 
f 1 V 

t,=0 v^!; 
rfe+m) 

r(m) 

l- ^ 

l — 
m + -yb 

V       L     7  J 

i(«-^ 
fc=0 r(m) 

v> 
■n 

l — 

\    L   J 

y.< 

f   l- 

I7b 

^3=0^3- 

V* 

1 — 
m + -yb 

L     J 

T(k3+m) l-exp(-xgW 
T{m)   I ^=o A! 

t-2 

dxdu (107) 

This expression cannot be simplified any further. It can be evaluated numerically. The 

results of this evaluation are presented in Chapter VI. 
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V.     THIRD ORDER POST-DETECTION SELECTION 
COMBINING (PDSC-3) 

The three signals with the largest amplitudes of the signal branches are combined 

and compared to the combination of the three signals with the largest amplitudes of the 

non-signal branches. In particular, we let branch / be the signal branch and branch 2 be 

the non-signal branch. Without loss of generality let Vu denote the largest output random 

variable, VJJ denote the second largest output random variable, and Vi,3 denote the third 

largest output random variable of the signal branches: 

Vu=mzx(vu,Via,VU3...,V1J) (108) 

Fu = secondmsx(vhl,Vh2,Vh3...,VhL) (109) 

rw =tMrdmax(vv,Vvl,Vh3...,VUL) (110) 

Let also V2j denote the largest output random variable, V2,2 denote the second largest 

output random variable, and V2,s denote the third largest output random variable of the 

non-signal branches: 

Vv = max(v2A,V22,V2^...,V27L) (111) 

V2a = second rmx\V2l,V22,V23...,V2L) (112) 

V23= third mss{v2l,V22,V2^..,V2tL) (113) 

The decision variables V] and V2 are given by 

Vi=Vu+Vu+Vv (114) 

V2=V2A+V2a+V23 . (115) 
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The bit error probability is given by 

Vl=0 

CO 

fvM)^ ■    (116) 

A.       PROBABILITY     DENSITY     FUNCTIONS     OF     THE     DECISION 

VARIABLES 

The non-coherent BFSK receiver is shown in Fig. 5. For the signal branches, the 

output random variable from the /'* square law detector Vu prior to combining is given 

by (42), whereas, for the non- signal branches the output from the ith square law detector 

V24 prior to combining is given by (43). 

In [8], the cumulative distribution function of the decision random variable 

Vi=Vjri+Vjt2+Vj?s, defined in (114) is given by 

Vj/3 (v,-vM)/2 ^-vjj-vu 

FM= J      J l/w./.J^/u^K^u^u    , (117) 
0 v1.3 V12 

where /rilrlA3(
vuvi,2vi,3)  is the joint probability density function of the random 

variables Vu , VL2 and Vu which is given by [8] 

A**. (vuvuvu)=L(L - * - 2)4, k,K, (vu)/Fu ks) ^;3(vu)   f (118) 

where /^(v,,), frjyj) and /„„(vj are given by (50) andiy^vj is given by 

(55). Substituting (118) into (117) becomes 
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0 H.3 h.2 

We can obtain the probability density function of the decision random variable for 

the signal branches Vj, by differentiating (119) with respect to v; 

AW=^W (120) 

Using Leibnitz's rule 

~bU 

jf(A,x)dA 

dx d&r dbc      L    ax 

and by letting x = v}, k = vJr3, a(x) = 0, b(x) = v/3, and 

/(Ax)=/(vu,v])="j    "  J^-^-^W/^W/^W^^KAu (122) 
n.3        n.2 

eq. (121) becomes 

<*! rf(0)   Y^(vu,v,) 
AW'/lv^-zl^J^1^ .    023) dvx     \      dv, 

Now 

V3 vi_vi.2-n/3 

y(v,/3,v1)= j       jL(L-lXl-2)/ru(vu)/ri2(vu)/ri (^ F-3 }k^=0      (124) 
V3     n,2 

41 



received 

ägnal 

coslrfj 

^—sii^f1 ' 

1? 

:(>" 

i'( >< 

sin27f2t 

Vr 

4>Täv 
y— sin2^r 

/;(V' 

/.'(>> 

jco#lnf2t 

H&> /:(v< 

1/r sin2^"2f 

H/T 

yt 
'.?,;* 

i^f 

>t 
'iii 

£X$/j_ 

yt 
[2jLs 

1Z 
7r 

o2 

o2 

o2 

o2 

o2 

O2 

sample at 
t = TJT,... 

+1 

ö£" 
+ i 

+, 

+ 
e 

+, 

max(Vu,...VjjJ 
+second 

max(Vhl,...Vu) 
+third 

max(Vu,...VlyL) 

& 

v2.1 

{0,1} 

+. 

+ e 

F2 = 
^| max(V2ih...V2JJ 

+ second 
max(V2j,... V2jJ 

+third 
max(V2,h...V2J) 

V, 2f. 

Figure 5. Non-coherent BFSK receiver with third order post detection selection 
combining 

42 



and 

dvx        dvx 

0 (125) 

so (123) results in 

v,/3 

0 "  1 

v,/3 

I 
' J     " ^L-lXL-2)/vJvJfvJvl2)fvJvu)F^vv)dvudvx: 

v1.3 v1.2 

</v. 
*/i>13 .(126) 

Again by using (121) and letting x = vhX = vu, a(x) = vlt3, b(x) = (VJ-VJJ)/2, and 

n-^,2-n,3 
/(A, x) = /(vu, v,) =     Jl(Z - ifc - 2)/Vu (vu )/Fu (vw )/ru (vu )F£

3
 (VU )dvhi   ,(127) 

eq. (126) becomes 

v,/3 

/,W= J 
dl  ' }"   ' '|4t-lXi-2)/>lj(vuyp.!(vu2)4>(v1,3)F^s(vl3K,AI,2 

VU v1.2 

*1 

►ßfo 1,3 

,/3 

J 
vi -vw 

,vl 

d I     2     J 
dvx 

A, v\4u),("7)/2^(vu.y.)] rfv>. 1,2 *u   (128) 

Now 
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/ 
1        U f _ / 

>V1 W^-lX^-2)^(vuKu(vuyrii(vwK"(vuK=0    (129) 
h-v,.3)/2 

and 

40 
^, 

= 0 (130) 

so (128) becomes 

n-^2-n.3 

\3 A ^b^b   -031) 

Using again (121), and letting x = vif A = v7,7> aft) = vy,2, b(x) = v}-vl2-vu, and 

/(^/(w.M^-lX^)^^ ,(132) 

eq. (131) results in 

n-n.2-vu 

4to=J   J 
0 ^3 dv. 

-dvudvv 

v,/3(n-n3)/2 

= J  J 
Hj 

^-v^v^v,)*^.^,,,)^ 

+"p4M* 
M.2 

<fv, 1,1 ^As (133) 

The second and the third terms of the summation inside the brackets in (133) are equal to 

zero, therefore (133) becomes 
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n/3 (v,-v,,3)/2 

AW=J   J 
0 v, 

A \4vi-vi,2-vu) 
Avi - vi,2 - vu, vi j ^  ^1,2 ^1.3 

V]/3 (v!-n.3)/2 

0 v13 

(134) 

If we substitute (132) into (134) we obtain 

■Hß (vl~vu)/2 

fvM> J      \L(L-\\L-2)fVu(v, -vw -vu)42(vw)/ri3(vu)^;3(vuK2^3 .(135) 
0 V.5 

Finally if we substitute (50) and (55) into (135) we get the expression for the 

probability density function of the decision random variable in third order post detection 

selection combining 

v,/3 (vi-v,.3)/2 

/,>,)= J      \L{L-\\L-2) 
0 v.. 

N, 
-exp 

Vl-Vl,2-Vl,3 V   m   \ 

No km+Ye) 

i x(vx-\2-vvt T{K+™)   r, r i > 

v*^ V        ^o        J 

(   —   \K 

I» \m+Ycj 

N, 
-exp 

( v Y 
V   *oy 

/w 

vOT+^y fc,=0 

r i V 

^2'y 

/,.  "N v, 1,2 

V^oy 

T(k2+m) 

T(m) 

r „ v » r »z' i ^ 

N, 
exp 

Fl,3 m 

\m+rcj ^'y 

M,3 

V^oy 

rfe+/w) r  - Y> 

I*») v«+r, cy 

x-s 
f   m   ^ 

l 

I— 
/ — Y« 

\J" + 7c) 

T(k4 + m) 

It«) 
f   „   > 

!_exp -— ^ 
V   N0J^^- 

k4      1    (X       ^ 
M,3 

v^oy 

Z.-3 

*  *A 
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_L{L-\\L-2) f \mL 
m 

Nn \m+rcj 

{  ^ exp —— 
\  No; 

Vi/3 (v,-v,,3)/2 

>J     J 
0          v13 

""   ( z V1-V1,2-VU 
Z' i "N 

#n v*.«y 
rfc+«)( 7c ' 

rW v^+rcy 

rv Vv - ^ 
M,2 iYrfe+»)f r,   ^ 

vw+rey v^-'J     T(m) 

A.  ^/ , V W/.  . .„\/" 
1,3 

2. AT y&j 

r(k3 +m) 

rW Km+re) 

X< 
^ i r 7C_X r(k4 +«) 

l-exp 
*.  1 f v,   V -f> L-3 

rf 1,2 

K^J 

"1,3 

^0. 

. (136) 

For the non-signal branches the output random variable from the ith square law 

detector V2i prior to combining is given by (58). The cumulative distribution function of 

the decision variable V2 defined in (115) is given by 

V2/3   (v2-V2,3)/2   V2-VJ2-V2.3 

FvM)=   J J if^^,(V2,lV2,2V2,3)<^2,,dV22dvX3      , (137) 

where /^„^(v^v^v^)  is the joint probability density function of the random 

variables VZ1,VZ2 and ^,3 , which is given by [8] 

AwJWi2V2j)=L(L-lXL-2)fv^ 
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wherefv%Jvy),  /Vw(v2>2)and  /„, s (v2>3) are given by (58) andFVu(v2i3)is given by 

(59).Substituting (138) into (137) results in 

v2/3 (v2-V2,3)/2 v2-v2,2-v2i3 Fv>M= J      j 1^1X^-2^^)/^^^^^^)^^^ .(139) 
0 *U v2,2 

Substituting (58) and (59) into (139) we obtain 

v2/3(v2-v2,)/2v2-v2,2-v2,L^_1^L_2^ / N 

\M=i   J      J 
0 v23 v22 

iV 
exp 

V  *.y 
exp 

f   v    ^ v2,2 

v  w°, 

X 
f     v..\ 

1-exp ^2,3 

L-3 
r v,,^ 

exp 2,3 
dv2,\ dV2,2 dv2,3 

(140) 

Performing the integration and differentiating the result with respect to v2, the probability 

density function of the decision variable for the non-signal branches is given by [8] 

h\y2)      2N 

r „ \ 
exj - 

Nn V     V 
'2+S 'L-3^ 

6iV? 0     *=i v*/ 

(-If /-   /.. AA 
1-exj 

kv* 

3Nn V       u J) 

.(141) 

B.       BIT ERROR PROBABILITY 

The bit error probability is given by (116) 

oo 

Pe=PT(V2>Vj= | J/v2(v2K2 fVl(
vi)dvi (142) 

v,=0 v2=v, 
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where 

If (   V*      }L(L-1XL-2) 
J A (v2 )dv2 = J   v       * ^exp 
v. ., J£J Y n 

X< 
6tf; 

,2 1-3 

o      *=i 

Z-3V-1)* 

AT *2 

*^2 1-exp '   *v2^ 
I   *N% oyy 

<A>, 

_jZ(Z-lXZ-2) A   .  "\ 
exp 

V   ^ 

6tf, o     *=iV   Ä   J 

(-If f f       JU.    Y\ 
— 3 1-exp 

kv2 
(143) 

Changing variable u = —, du = d\ -p-1  (143) becomes 

fAfr,)*a°^"y-2)J«i<-«) 

6  trl * J k2 
r 

ku-3 1-exp ( k Yf] 
-—« 

^  3 yy 
>du (144) 

Finally substituting (136) and (144) into (142) yields 
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_   }\L(L-IXL-2) J    (   Au1   ^(L- i-sV-i)* A 
Jb/-3 1-exp 

(Ml 
-u 

\   3   )) 
*du 

L(L-\\L-2)(   m   X 
Nn \m+ycJ 

exp 
/       "\ 

V   *«J 

v,/3 

J 
0 

(vi-v,.3)/2 

J 
v1.3 

z Vl-Vl,2-Vl,3 
\V . Vw,   .    \/ 

#„ 
r(^ +m) 

kx\)  It») 
r* 

Y 

v»+rj 

£,=0 

I V        ' /■ 1 "\ 

\*2*J 

rfe+w) 
rW 

z 
^=0 

A,   W i A 
1,3 

^'y 

r(Ar3 + TW) 

rW 
f  —  "\3 

x< 
CO 1 z— 

fc4=0Ä4! 

f      —      > 

\m+rej 

T(k4+m) 
1-exp 

f   v   ^ 

V     *., 
z1 /■     v 

v^oy 

£-3 
r« A rv ^ 

_L2 
dvx. (145) 

1,2 
rv ^ 

Changing variables x = —f-, dx = d 
**' 

1,2 

\N0j 

Kl,3 
w = —r-, dw = d 

'V 
\NJ 

Z = t>V*=ZN° 
and dvx = #0ök, (145) results in the final expression for the bit error probability 
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L2(L-lf(L-2f r        ^mL=o|cc m 

K.m+7c) 
Hjexp(-ii) 

x< 
u 2        1-3 

6
+s (L-i\(-\Y 

\ * y 

/ 
Ä7/-3 1-exp 

v. 

'   k Vk" 
 W 

V   3   , 
>dw 

z/3   (z-w)/2 

xexp(-z)J     J 
0 w 

Et-*-*? 
*i=0 

^iV r^+w) 
*,U    rW 

f   —   V' 

<m+rCJ 

*2=°   v*2-'y 

rfe+m) 
rW 

f  — ^A2 f   !   ^ 
W 

ij=0 K^J 

rfe+i») 
rW <m+Tc 

xs X — 
44=0*4! 

f      ~      \ 

\m + Tcj 

4 r(k4+m) 
r(m) 

%wx 

1 — exp(— w )y, 

1-3 

dt</»-Jz (146) 

Using the average signal-to-noise ratio per bit yb = Lyc, (146) yields 
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iHf-m-ir 
r \ 

m 

KL) 

mL 

Hjexp(-M) 
o u 

k=\ 

ku-3 
f (   k  Y| 11      1 1-exp —u \du 
V K    3   )) JJ     J 

z/3 (z-w)/2 

xexp(-z)J    J 
0 tf i,=0 

^i V r(£, +/w) 

V"iV 

f 1- "1 
*T 

,"+z*, 

2>* 
*,=o 

^O2 
r(Ä:2+m) 

rW 
\       L    J 

r i \ 

2>' 
*3=0 K^J 

r(k3+m) 
Tip,) 

r   i _ V3 

\      L    J 

x< 
eo       1 

*.=0Ä4! 

zn 

1 — 
™ + -Yb y      L    J 

r(k4 + m) 

T{m) 
^*-wx 

1 - exp(- w)V  

1-3 

dxdwdz (147) 

This expression cannot be simplified any further. It should be evaluated numerically. The 

results of this evaluation are presented in the following chapter. 
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VI.    NUMERICAL RESULTS 

In Chapters II, m, IV and V the bit error rate (BER) expressions for non-coherent 

BFSK signals operating in a frequency non-selective, slowly fading Nakagami channel, 

are analytically obtained. This is done for EGC, PDSC-1, PDSC-2 and PDSC-3. The 

main objective of this thesis is to compare the performance of BFSK signals using EGC 

and PDSC techniques. The numerical analysis and evaluation of the bit error rate 

expressions is performed using Mathcad 7 [7], and Matlab 5.1 [6]. The results are shown 

in figures 6-43. The average bit energy-to-noise ratio per bit is chosen to be in the range 

of 6 - 20 dB. All results are expressed in terms of the parameter m of the Nakagami 

distribution and the number of diversity order L. For m = 1, the channel becomes a 

Rayleigh fading channel, and as m approaches infinity the channel becomes non-fading. 

An m = % results in the one-sided Gaussian fading distribution [1]. Hence, in numerical 

evaluations, values of m = 0.5, 0.75, 1, 1.5, 2 and 3 should provide sufficient detail in 

order to illustrate the performance differences. 

In Figs 6-11, the performance of the receiver with EGC is demonstrated for m = 

0.5, 0.75, 1, 1.5, 2 and 3, respectively. In each figure, the diversity order L ranges from 1 

to 5. 

In Figs 12 -17, the performance of the receiver with PDSC-1 is demonstrated for 

m = 0.5, 0.75, 1, 1.5, 2 and 3, respectively. Again in each figure the diversity order L 

ranges from 1 to 5. 
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In Figs 18 -23, the performance of the receiver, for PDSC-2, is shown for m = 

0.5, 0.75, 1, 1.5, 2 and 3, respectively. In each figure the diversity order L ranges from 2 

to 5. 

In Figs 24 -29, the performance of the receiver, for PDSC-3, is illustrated for m = 

0.5, 0.75, 1, 1.5, 2 and 3, respectively. The diversity order L ranges from 3 to 5. 

In Figs 30 - 37, the performance of the receiver with EGC and PDSC techniques 

is illustrated, for different values of the diversity order/,. In each figure the parameter m 

of the Nakagami distribution has values of 0.5, 0.75,1, 1.5, 2 and 3. 

In Figs 38 - 43, the performance of the non-coherent BFSK receiver with EGC is 

compared to its performance with PDSC, for diversity order L = 5 and m = 0.5, 0.75, 1, 

1.5, 2 and 3. 

In Figs 6 - 11, the performance of the receiver with EGC is demonstrated for m = 

0.5, 0.75, 1, 1.5, 2 and 3 respectively. For m = 0.5, which means that the channel fading 

is one-sided Gaussian, as L increases the receiver performance improves. The same 

applies for all values of m. However, as m increases, which means that the channel 

becomes non-fading, for small values of the average bit energy-to-noise density ratio, the 

system performance with smaller diversity order L is observed to be superior to those 

with larger diversity order L. This trend reverses as the average bit energy-to-noise 

density ratio increases. This phenomenon is due to the non-coherent combining loss and 

is present in all four techniques analyzed in this thesis. The performance improvement 

effect of increasing L is noticeable after a certain bit energy-to-noise density ratio, 

especially because the noise in each diversity channel is more dominant at low energy-to- 

noise density ratios, and becomes less significant as the ratio increases. Therefore each 
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diversity branch contributes positively to the overall SNR resulting in a better 

performance for systems with larger diversity order L. 

Figs 12-29 show the receiver performance for PDSC for m = 0.5, 0.75,1, 1.5, 2, 

and 3. As with EGC, as L increases, performance improvement is observed. 

In Figs 30 - 37 the performances of the four techniques are demonstrated for 

different values of the diversity order L and for different values of the Nakagami 

parameter m. As expected, as m increases, for the same value of L, the performance of the 

receiver is improved, because the channel becomes less fading. 

In Figs 38 - 43 the techniques analyzed in this thesis are compared to each other 

for the same values of L and m. Note that in all cases the performance with the EGC 

technique is superior to the others. PDSC-1 performs worse in all cases. When the order 

of the PDSC technique is increased (from PDSC-1 to PDSC-3), the performance is 

improved. The difference in the performance between the different techniques is more 

obvious as m becomes larger, whereas when m is small the performances of all 

techniques are similar, with the EGC technique always being the superior one and the 

PDSC-1 always being the inferior one. Finally there is no difference in the performances 

between the EGC and PDSC-1 for L = /. The same applies for the EGC and PDSC-2 for 

L = 2 as well as for the EGC and PDSC-3 for L = 3. This happens because for these 

values of L the EGC and PDSC techniques are virtually the same technique. 
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Figure 6. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with m = 0.5, using equal gain combining (EGC) for diversity orders L = 1,2,3,4 
and 5. 
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Figure 7. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with m = 0.75, using equal gain combining (EGC) for diversity orders L = 
1,2,3,4 and 5. 
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Figure 8. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with m = 1, using equal gain combining (EGC) for diversity orders L = 1,2,3,4 
and 5. 
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Figure 9. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with m = 7.5, using equal gain combining (EGC) for diversity orders L = 1,2,3,4 
and 5. 
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Figure 10. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with m = 2, using equal gain combining (EGC) for diversity orders L = 1,2,3,4 
and 5. 
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Figure 11. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with m = 3, using equal gain combining (EGC) for diversity orders L = 1,2,3,4 
and 5. 
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Figure 12. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with m = 0.5, using first order post detection selection combining (PDSC-1) for 
diversity orders L = 1,2,3,4 and 5. 
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Figure 13. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with m-0.75, using first order post detection selection combining (PDSC-1) for 
diversity orders L = 1,2,3,4 and 5. 
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Figure 14. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with m = 1, using first order post detection selection combining (PDSC-1) for 
diversity orders L = 1,2,3,4 and 5. 
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Figure 15. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with m = 1.5, using first order post detection selection combining (PDSC-1) for 
diversity orders L = 1,2,3,4 and 5. 

65 



10 12 14 

Eb/NoindB 

16 18 20 

Figure 16. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with m = 2, using first order post detection selection combining (PDSC-1) for 
diversity orders L = 1,2,3,4 and 5. 
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Figure 17. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with m = 3, using first order post detection selection combining (PDSC-1) for 
diversity orders L = 1,2,3,4 and 5. 
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Figure 18. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with m = 0.5, using second order post detection selection combining (PDSC-2) 
for diversity orders L = 2,3,4 and 5. 
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Figure 19. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with m = 0.75, using second order post detection selection combining (PDSC-2) 
for diversity orders L = 2,3,4 and 5. 
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Figure 20. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with m = J, using second order post detection selection combining (PDSC-2) for 
diversity orders L = 2,3,4 and 5. 
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Figure 21. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with m = 1.5, using second order post detection selection combining (PDSC-2) 
for diversity orders L = 2,3,4 and 5. 
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Figure 22. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with m = 2, using second order post detection selection combining (PDSC-2) for 
diversity orders L = 2,3,4 and 5. 
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Figure 23. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with m = 3, using second order post detection selection combining (PDSC-2) for 
diversity orders L= 2,3,4 and 5. 
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Figure 24. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with m = 0.5, using third order post detection selection combining (PDSC-3) for 
diversity orders L = 3,4 and 5. 
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Figure 25. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with m = 0.75, using third order post detection selection combining (PDSC-3) 
for diversity orders L = 3,4 and 5. 
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Figure 26. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with m = 1, using third order post detection selection combining (PDSC-3) for 
diversity orders L = 3,4 and 5. 
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Figure 27. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with m = 1.5, using third order post detection selection combining (PDSC-3) for 
diversity orders L = 3,4 and 5. 
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Figure 28. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with m = 2, using third order post detection selection combining (PDSC-3) for 
diversity orders L = 3,4 and 5. 
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Figure 29. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with m = 3, using third order post detection selection combining (PDSC-3) for 
diversity orders L = 3,4 and 5. 
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Figure 30. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with diversity order L = 7, using equal gain combining (EGC), for m = 0.5, 0.75, 
1, 1.5, 2 and 3. 
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Figure 31. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with diversity order/- = 4, using equal gain combining (EGC), for m = 0.5, 0.75, 
1, 1.5, 2 and 3. 
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Figure 32. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with diversity order L = 2, using first order post detection selection combining 
(PDSC-1), for m = 0.5, 0.75, 1, 1.5, 2 and 3. 
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Figure 33. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with diversity order L = 5, using first order post detection selection combining 
(PDSC-1), for m = 0.5, 0.75, 1, 1.5, 2 and 3. 
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Figure 34. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with diversity order L = 3, using second order post detection selection combining 
(PDSC-2), for m = 0.5, 0.75, 1, 1.5, 2 and 3. 
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Figure 35. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with diversity order L = 5, using second order post detection selection combining 
(PDSC-2), for/ra = 0.5, 0.75, 1, 1.5, 2 and 3. 
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Figure 36. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with diversity order L = 4, using third order post detection selection combining 
(PDSC-3), for/w = 0.5, 0.75, 1, 1.5, 2 and 3. 
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Figure 37. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with diversity order L = 5, using third order post detection selection combining 
(PDSC-3), for m = 0.5, 0.75, 1, 1.5, 2 and 3. 
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Figure 38. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with diversity order L = 5 and m = 0.5, using EGC, PDSC-1 PDSC-2 and 
PDSC-3. 
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Figure 39. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with diversity order L = 5 and m = 0.75, using EGC, PDSC-1, PDSC-2 and 
PDSC-3. 
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Figure 40. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with diversity order L = 5 and m = 1 using EGC, PDSC-1, PDSC-2 and PDSC-3. 
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Figure 41. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with diversity order L = 5 and m = 7.5, using EGC, PDSC-1, PDSC-2 and 
PDSC-3. 
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Figure 42. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with diversity order L = 5 and m = 2 using EGC, PDSC-1, PDSC-2 and PDSC-3. 
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Figure 43. Performance of the non-coherent BFSK receiver over a Nakagami fading 
channel with diversity order! = 5 and m = 3 using EGC, PDSC-1, PDSC-2 and PDSC-3. 
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VII.   CONCLUSIONS 

In this thesis the bit error probability performance of a non-coherent BFSK 

receiver with L order diversity in a frequency non-selective slowly fading Nakagami 

fading channel is compared using EGC, PDSC-1, PDSC-2 and PDSC-3. 

The EGC technique is widely used in communication systems that use non- 

coherent demodulation, but as we have already seen, it suffers from non-coherent 

combining loss as L increases and is path dependent. In addition to these, it requires 

complex receivers. 

The PDSC techniques have been suggested by professors Tri T. Ha and Ralph D. 

Hippenstiel as simpler techniques that can provide adequate performance without an 

explicit L dependency. We have shown that as the order of the PDSC technique increases 

the performance of the receiver improves, so that it is comparable to that of the EGC 

technique. However, the receiver complexity is also increased. The PDSC techniques are 

not optimal combining techniques since they do not use all available information from all 

L diversity branches. On the other hand, since they are not L dependent, they may be 

preferable in applications where the value of the diversity order L varies with time or 

location. 
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