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ABSTRACT

A shell formulation was developed from a three-dimensional solid. The shell
element is isoparametric and has four comer nodes at which there are three
independent displacements and three independent rotations. The element formulation
includes both transverse shear and transverse normal deformations. The element
utilizes reduced integration along the in-plane axes and full integration along the
transverse axis. The formulation incorporates the Gurson constitutive model for void
growth and plastic deformation. Hburglass mode control is provided by adding a
small fraction of internal force determined through full integration along the in-plane

axes and reduced integration along the transverse axis.
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1. INTRODUCTION

The Naval Surface Warfare Center INSWC), in collaboration with Germany, has
developed a computer simulation program, (DYSMAS), to model both the linear and
nonlinear behavior of ship structures under shock loading. This program»is targeted towards
computer simulation of U.S Navy ship shock trials. The failure process must be modeled in
an accurate and reliable way in order to meet the objectives of this program. One effort to
model this nonlinear failure process is to implement damage constitutive equations, like
Gurson’s void model, into the program. |

Shell elements are used for modeling since the major structure in a ship is a shell.
The formulation of this shell element must include damage constitutive equations. The
element must accurately reflect the elastic-plastic transition in a dynamic environment.
Therefore, the overall objective of this research is to develop a shell element which can
include the damage constitutive equations.

The first phase of the research developed a shell element which can include
Gurson’s void model at the next phase. Since Gurson’s void model uses hydrostatic pressure
(mean stress) and deviatoric stress, these values must be available. The second phase is to
implement the void model into the shell formulation developed in the first phase. The final
phase is to incorporéte the entire module into the DYSMAS program. Each phase requires
extensive verification of the developed shell element.

The first phase was completed in September, 1997. All applicable portions of the
report covering the first phase are repeated in this report, since some of the procedures
outlined there had to be modified to implement Gurson’s void model [1]. This report covers
the work of both the first and second phases.




2. FINITE ELEMENT FORMULATION

2.1 Geometry

A point in a shell structure can be expressed by a vector sum of two vectors. The
first vector is a position vector from the origin of the coordinate system to a point on a
reference surface of the shell element. The second vector is a position vector from this
reference surface to the point under consideration. The surface that spans the center of the
transverse axis is used as the reference surface in this formulation, although any surface would
suffice. The first vector terminate: 1 the reference surface directly below the point in
question. The second vector is then the normal from the reference surface that intersects the

desired point. Figure 1 shows this relationship.
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Figure 1. Element Cross-section.




Two shape functions are used to describe a position in the element, N* is the two
dimensional shape function in the £-1 plane, and H* is the one dimensional shape function
along the { axis, where (£,1),{) describes a point in the natural coordinate system. A generic
point of a shell may now be described in terms of the position vectors of the nodes and the

shape functions:

n

xEnQ) = XN Emx + X NENH QY (@ =123) ()
k=1 k=1
where x*is the position vector of node k in the reference surface; V;f is the unit vector at the
node k; and » is the number of nodes per element. In the present formulation, a four-node
shell element is considered. The unit vector V;j is defined as

k k
N o
Vi =

@

k k
” (xi )top _ (xi )bottom

where fop and borfom indicate the top and bottom surfaces of the shell, and | | denotes the

Euclidean norm. The one-dimensional shape function H* is expressed as

HYQ) = B(l 01 -0-5(1-0a +E)] oy - g prem @)

in which E indicates the location of the reference surface and varied from-1to 1 ( E =0

denotes the mid-surface). The two-dimensional shape function N* is expressed as

N' = 2(1-§)(1-1)
N? = L(1+E)(1-1)
N = Z(1+B)(1+n)
N* = Z(1-5)(1+n)

“@




2.2 Displacement

The displacement field in a shell can be written as

n n
uEn0) =kz_:lNk@,n)u,-"+I§1Nk<a,n>ﬂk@)<-n’:6’;+V1’:6§i+V3’56’;i) (i = 1,23)6)

in which #, is the displacement along the x; axis, uik is the nodal displacement at the node £,
and unit vectors Vllf and V;f lie along the reference surface. Vllf, Vzlf and V;f are perpendicular
to one another. 6%, 6% and6f are rotational degrees of freedom along the unit vectors

Vllf, Vz’f and V;f, respectively. The right-hand rule is assumed for the positive direction of

each rotation. Figure 2 illustrates the relationship among these vectors.
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Figure 2. Displacement Vector Orientation.




6%, and 6%, are the bending rotations, while 0%, is the drilling rotational degree of
freedom. The role of 613‘,. can be clarified by considering a flat plate parallel to the x,x, plane.
Now Equation (5) can be rewritten as

mid

ul.=u,.

+x,0, (F=123) (6)
where u, and u, are the inplane displacements, and w; is the transverse displacement. The
superscript mid indicates the mid-plane of the plate. Equation (6) demonstrates that the
transverse displacement is not constant through the plate thickness (i.e. along the x; axis).
Therefore, the transverse normal strain is included in this formulation, along with the
transverse shear strains.

In the implementation, the unit direction vectors are fixed to the first node listed
in the element, where the nodes are ordered in a counter-clockwise direction, as shown in
Figure 3. V, is normal to the plane formed by nodes 1, 2, and 4. V, lies along the line
connecting nodes 1 and 4. 7, is normal to the plane formed by 7, and V; . This means that
V, will not, in general, lie along the line connecting nodes 1 and 2. For each node, the
following information is stored at each time step: displacement (d, d,d, 0, By, 0,), velocity
¥, v, v, 6,,8,,6,), and acceleration (4, @, a, 6,,6,,8,). Using a four-node element, each
node has six degrees of freedom (dof), and each element has 24 dof’s in displacement,

velocity, and acceleration.

Figure 3. Node Number and Unit Direction
Vector Scheme.




2.3 Coordinate Transformation

Combining the three unit direction vectors into matrix T, provides the rotation
transformation matrix, or matrix of direction cosines, as shown in Equation (7). T,” is used
to transform the nodal angular displacements from the global coordinate system to local
coordinates, as shown in Equation (8), where £ is thé node number. Once the internal force
- vector is generated in local, T, is used to transform the moments back into global coordinates.

This procedure is discussed later in section 2.7.

Tp = IVI VZ V3 L3JC3) (7
100
010
001 :
k = k —

{d }(67:1) 1000 {dglobal}(sx_,) (*k =1234) ®)
000 [
000

The strain transformation matrix, T, is used to transform calculated strain from the
global coordinate system to local coordinates. Transforming the resulting stress from local
coordinates to the global coordinate system would normally require using T, but since T is
orthogonal, T = T, where T" is the transpose of T. This property negates the requirement
to invert a six by six matrix. For a detailed derivation of these transformations, refer to Cook
[2]. The strain transformation matrix is explicitly defined in Equation (9), where Vj; is the
cosine of the direction vector V; in the x; direction. Both of these transformation matrices

are calculated once per element per time step.
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2.4 Strain Displacement Relation

The six components of the strain tensor are computed from Equation (5) by taking

its derivative with respect to the x; axis. In matrix form, the result for a four-node element

is:

where

@ - B 10)

} = {eu €2 €33 Y12 Vo3 Y13}T | (11)
[B] = [B! B2 B* B*] (12)
{d} = {d! a* a&® a*}f (13)




The detailed expression for [B* ] is

[on# ' kyrk kyrk kyrk
%%‘ 0 0 &1V &’ & Vs
k ke k kyrk kyrk
0 % 0 & Vo & V2 8 Vi
k k kyrk ke k
0 0 %]:— ‘glkV23 & Vi 81 V33
[Bk]= x k 3 ky bk kypk _kppk | kppk o kppk | kprk (14)
aNkt aN
o 0 -&V,-& Ve &Vn*t& Ve &Vat& Vn
ko aNE kyrk ky bk kesk ky bk kprk ki k
0 %J{;‘ ey &V &V &Vut& Vs &Vant& Vs
an*k ank kyrk ky kb kerk ky,k_kisk kyrk
S 0 o “&3V51-8 Vs & V1178 Vi &V351%8 Vas
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in which
k aNk k kaHk
e I _HR s N
8i ax, ox. (15)
The vector {&*} is defined as
E _k kot ok ok
{dk} = {”1 u; uy 6, 6, 93} (16)

where u, is the displacement along the x; direction at node %, and 0, is the rotational
displacement about the x, axis at node k. The matrix [B* ] must be calculated for each

integration point. The stress tensor, discussed later, is also stored as a vector.




2.5 Jacobian Matrix
Computing the derivatives a_;r_j and %‘tﬂf requires the Jacobian matrix, defined as

X i

*1g X2z xs,&]

[J] - Xiq Xon X3q (17)

*ie X2 Xag

where
_% = ; akai + i ai]{k[/s’f (i = 1,2,3) (18)
O k1 o€ k=1 0
ox n 3 n ] '
Sy N oy N gk = 123) (19)
N 1 on k=1 on .
&y iy 210y | (20)
) P ) C 3i bt
[R] is defined as the inverse of the Jacobian ( J ). Then the required partial
derivatives are defined as
ON* oN* oNE
=R +R.E (=123
OH % oH* .
= =R, e (i =123) (22)




Both the Jacobian and its inverse are calculated at each integration-point for each

time step. The inverse of the three by three matrix J is explicitly calculated (no loops).

2.6 Stress-Strain Relationship
The strain calculated in Equation (10) is in global coordinates, and is transformed

to the local coordinate system using
{elocal } = [T] {eglobal} (23)

where [T] is defined in Equation (9). Stress is calculated from the strain (local coordinates)

using the plane-strain formulas:

E
%= 1-v2 (ex+vey) Ty = Gy
G, = E(ve+e) t., = KGy (24)
LT M A ¥’ ¥z

o, = FEe Tx/z/ = KGYJQ

where K is the shear correction factor, £ is the elastic madulus, G is the shear modulus, and
v is Poisson’s ratio. The resulting stresses are in the local coordinate system and are

converted to the global coordinate system with

fo} =[11{e} (25)
{o} = {0, 9,0, v, v, v} (26)
where T is from Equation (9).
10




2.7 Internal Force, Mass, and Assembly into System Matrix _
The stress resulting from Equation (25) is then converted to an internal force vector

and summed over all integration points using

mternal

ff "{o}dEdndl = i iy: i Bl {o}wwwlJ (@7

=1 j=1 k=1

L‘-s'-'

-~

where | J | is the determinant of the Jacobian matrix, nx, ny, and nz are the number of
integration points in the x;, x,, and x; directions, respectively, and w;,, w,, and w,, are the Gauss -
weights for those directions. The resulting force vector, {fim}, must have its moments

transformed back to the global coordinate system using

1000 0 O
0100 0 O
0010 0 O |
{F:.t}(w) 100 0 {/,-,’f,}(w) (k = 1,2,3,4) (23)
000 [Tp]
000

A lumped mass method is used for the element mass matrix. The matrix is

diagonal, with each diagonal element the same:

m, 0 0 .. 0]
0 m, 0O .. O
[M]= 0 0 m .. 0 (29)

11




where

nw o ny nz
E Z E wiijkl‘ll P , (30)

with » = 4 in this four-node element. Using a diagonal mass matrix greatly simplifies time
integration, since inverting it is trivial and takes little computation time. The internal force
vector and element mass vector (each 24 by 1) are then assembled into the corresponding

system vectors, each of which is a column vector having one row for each dof.

12




3. EXPLICIT TIME INTEGRATION

The use of internal force vectors and explicit time integraﬁon negates the need to
explicitly form the element and system stiffness matrices. The acceleration vector is

computed from

{0} = MY - {F)) (31)

where {U } is the system acceleration vector, [M] is the system mass matrix, {F m} is the
system external force vector, and superscript ¢ denotes the time step. Velocity and

displacement are then quickly found using

(O} - o)+ o)

i (32)
{U = {Uy +{0} 7

The boundary conditions are applied, and the data is written to an output file, along with the

stresses, strains, yield stresses, and void contents for each integration point.

13




4. DAMAGE CONSTITUTIVE EQUATIONS

4.1 Gurson’s Void Model ‘
Yielding and plastic deformation in the element follows the model proposed by

Gurson [3] for a symmetric deformations around a spherical void. The yielding condition is

g 39
- ® = (-g—) +2qlfcos|{ ——2--—;’&] —(1 +qJ2) =0 (33)

0 0

where f is the current porosity, p is the hydrostatic stress, g is the effective stress, and o, is
the current tensile yield stress. The constants g,, ¢,, and ¢, are constants introduced by
Tvergaard [4] in order to provide a better match with numerical studies. Aravas [5] provides
a detailed explanation of implementing this model in a static finite element algorithm. The
procedure used here is essentially the same, with minor modifications due to the different
element formulation. The stress is then transformed to local coordinates, and the internal
force vector is computed as described above in section 2.6. One major benefit of using this
model in Equation (33) is that if fis initially O, the yielding criteria surface is identical to the
von Mises yield condition. Addessio, et al., [6] discussed the importance of void growth and
its effects on plastic deformation in high strain rate conditions, especially on the pressure
wave propagation through the material. Therefore, this model is well suited to the application
of ship-shock test simulation.

After calculating the strain tensor using Equations (24), any previous plastic strain

is subtracted using

{ee} = {e=}-{e} (34)

The stress is then calculated using the components of {ee} in Equation (24). Using these

values, the hydrostatic stress and effective stress are calculated as follows:

14




p=2to,+o,+0,) (35)

(s} = (o) +p{8) {8)={111000) 6)

g = \[-;-(slz +857 +5] +2(s42 +s2 +s62» 37)

At this point, @ is calculated from EQuation (33). If @ is greater than 0, indicating plastic
deformation, iteration is required to determine the new porosity and change in plastic strain.
The predictor-corrector method used by Addessio, et. al. [6], is also used here. Using the

values of p and g previously calculated as a first guess, correction factors are calculated using

{6} = [a]"{an} (38)
where
-0
{41} = {pc 2 _pc 2 (39)
p dq q ap

K2 3G
) ap dq 0
4] - 2 ikAe 22 2 _3GAe 22 “0

oq Top? P aq

)= {it )

15




and
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The values for « and P are used to correct the change in strain caused by hydrostatic pfessure
and change in strain caused by effective stress, which are then used to determine the change

in the plastic strain vector.

Ae)” = Ae;ld+ o (A'eg = 0)

Ae;'ew = Aezld+[3 (Aeg = 0)

@“3)

{aer} = 1ae {8} + Aeq( -23;) {s) | (44)

This change in plastic strain, {Aep}, is then added to the strain calculated in Equation (34),
and the stress vector is calculated again using Equations (24). Next, the change in void

content is calculated as

Af = Af:grawth * Af nucleation A-f:growth = (1 —f )Z Gﬁ (45)

Afrmcleation =

P

' 2
: e -¢

Ju exp _%( N
sN,/Z‘n:

Ae (46)

Sy
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where f; is the volume fraction of void nucleating particles and €, and s, are the mean and
standard deviation of a normal distribution of nucleation strain, as suggested by Chu and
Needleman [7], and utilized by Aravas [5]. These values are included in the input file element

property matrix. Then the effective plastic strain, and void content are updated with

-pAe, +qle,

A€? =
(l"f)oo

€rear = € *+ A€ 47

where € is the effective plastic strain from the previous time step. At this point, the change
in yield stress due to strain hardening is calculated, which is discussed in section 4.2. If either
a or P is greater than a predetermined tolerance, the process iterates beginning with Equation
(39). In practice, the above procedure is rarely required more than once due to the critical
time step limitation of explicit time integration. The tolerance used is 1.0 x 10™*. If the
critical time step size is exceeded, the resulting stress will diverge towards infinity, and the
iterative procedure outlined above will not converge. If the number of iterations exceeds a
predetermined value, the element algorithm forces the program to terminate with an
appropriate error message. Using a calculation time step size less than the critical time step
size will allow convergence of the plastic deformation algorithm. During the iteration
process, the updated values of effective plastic strain, Ae_, Ae g, and {eP } are retained and

used as starting points for the next iteration.

4.2 Strain Hardening

Modeling the nonlinear elasto-plastic behavior of the material used is simplified by
constructing a piece-wise linear version of the stress-strain plot. As written, the element will
support up to 15 separate line segments to model the elasto-plastic region. Input
requirements are further simplified by allowing the input of the tangent modulus, £, directly
from the tensile-test stress-strain plot, and .the' upper strain limit of the region being modeled.

The new yield stress is calculated with

17




t+Ar & D _
0 =0y + ) Epnfe - )+ Tj(et 6;—1) (48)

where o, is the yield stress for this time step, 0, is the original yield stress, € is the
effective plastic strain for the time step under consideration, and €_is the upper strain limit of
the ith linear segment. €is the original yield strain, and is calculated by the program as

simply EEE Figure 4 illustrates an example calculation.
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Figure 4. Calculating a New Yield Stress. .
The effective plastic strain from Equation (47) is ound to lie within the second

plastic segment. - The new yield stress is

o, = o, +Eqp (€ - eo) +E72(€f+m - 61) (49)

The algorithm calculates the new yield stress as a function of the cumulative effective plastic

strain and the original yield stress at each iteration.

18




Figure 4 also shows how the linear model for the elastic-plastic region is
~ constructed. For most materials, three or four segments are sufficient to capture the strain-
hardening behavior. The algorithm allows the user to input a negative tangent modulus,
which is required to accurately model steels, necking, and failure (discussed in section 4.3).
The material’s behavior in compression is assumed to be identical to its behavior in tension.
However, with only a minor modification to the program, a separate piece-wise linear model
for compression could be included. The maximum number of linear segments has been
arbitrarily set to fifteen, but this can also be readily increased to accommodate a more
complex model. |

A material that is ideally plastic after yielding is modeled by entering one linear
segment of slope zero and an upper-limit strain higher than the expected strain. If the
effective plastic strain of the element exceeds the upper-limit strain of the last linear segment,
the yield stress will remain constant at the value of the endpoint of the last segment. No
special indications are provided when this happens, so the stress-strain model should be
defined for effective plastic strains well beyond those expected in the structure. An important
property that is built into the strain hardening and plastic deformation algorithm is the
retention of any previous plastic strain. If the external force is removed, the plastic strain will
remain. As load is removed, the stress-strain plot will decrease at slope £ from the new yield
stress, and the new yield stress will remain in effect. If load is reapplied, plastic yielding will
not occur again until the effective stress exceeds the new yield stress. For impact modeling,
this property is vital to properly predict behavior as shock waves propagate back and forth
through the material.

4.3 Failure

The strain hardening algorithm used in this element formulation also allows simple
modeling of element failure. Since the strain hardening algorithm will accept negative values
for tangent modulus, the stress-strain plot can be continued down to a stress of nearly zero
in any manner that is appropriate to reflect the material’s failure behavior. A final yield stress

of zero is not currently supported, and will cause a divide by zero error, but can easily be

19




allowed if desired later. (The error will only occur if the element is strained to that point; the
element will function normally at any strain below the point v.here the yield stress becomes
zero). Since the material does not simply disappear when failure occurs, a small amount of
yield stress should be retained to represent the momentum and stiffness of the remaining
structure. Further study is required to determine an appropriate lower limit for this

representative yield stress.

4.4 Storage Concerns

The damage constitutive equation model requires several key data from the
previous time step in order to complete the calculations. The array used to pass the stress and
strain values back to the time integration routine is also used to store the previous values of
yield stress, porosity, effective plastic strain, and the plastic strain tensor (stored as a vector).
The elastic stress and strain is simply written to an output file, and is not required for future
calculations. A column vector of length 21 is required for each integration point: six elastic
stress components, six elastic strain components, six plastic strain components, current yield
stress, current porosity, and current effective plastic strain. The program structure currently
supports up to a total of eight integration points per element. The basic formulation is
designed for one in the x; and x, directions: the “center” of the element’s plane surface. The
number of integration points in the x, direction is user-defined in the input file. Currently, all
elements must have the same number of integration points.

Several constants must be provided in the input file for this model: the initial void
content, the constants g/, q2, and g3, the piecewise linear stress-strain relationship, and the
distribution constants for void nucleation. The current implementation does not utilize default-

values, which are therefore provided by the preprocessor.
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5. HOURGLASS MODE CONTROL

5.1 Hourglass Effects

In the standard formulation, the element is integrated fully along the x, direction,
but is under-integrated in the x,-x, plane. It is necessary to prevent shear-locking of the
elements, which results in a structure that is too stiff. If any component of the applied force
lies paralle] to the x, - x, plane of any element in the structure, the zero energy mode of that
element is excited enough to adversely affect the results. This excitation is quickly propagate
to the surrounding elements, and eventually to the entire structure. These modes are referred
to as “Hourglass Modes” due to the shape the structure takes on after complete propagation
of this distortion. The impact of exciting these modes is to completely distort the structure
in an unnatural manner, which renders any output data useless. In céses where the applied
force does no;c sufficiently excite a zero energy mode, the analysis gives reliable results. When
modeling a general curved structure, however, it is almost impossible to avoid exciting this
mode. Figure 5 clearly illustrates the phenomenon using the pinched cylinder verification
problem from section 6.3. In this case, the hourglass mode control built into the algorithm

was disabled, and distortion in the structure is clearly visible.

yaxis i - xaxis
- Figure 5. Pinched Cylinder without Hourglass Mode Control.
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5.2 Method of Control

Belytschko, et al., [8] proposed an efficient means of controlling the hourglass
modes of a similar element. The method described uses a portion of a stiffness matrix
generated by full integration in all directions to modify the stiffness matrix generated by
uhder-integration. Although this formulation does not use a stiffness matrix, a similar
approach is just as effective in controlling these modes.

In this formulation, only one hourglass mode presents a problem, as shown in
Figure 5. Rather than fully integrating in all three directions, the element is fully integrated
in the x; - x, plane, but under-integrated in the x; direction. The relative location of the
integration points used for hourglass control is shown in Figure 7. The procedure described
in section 2 is followed to generate an internal for .e vector related to these four integration

points.

Integration Points

Figure 6. Hourglass Mode Control Integration Points.

The algorithm for calculating strain, stress, and then force for the hourglass mode control
integration points is identical to the algorithm used to produce the main internal force vector,
with the exception of plastic strain. No plastic strain is subtracted from the strain resulting

from Equation (23), and the damage constitutive equations described in the previous section
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are not utilized. The internal forces generated from the two integration schemes are treated

like the stiffness matrices in Belytschko, et al. [7]. The new force vector is

o) = Ui} 1) (50)

where
Yoo} = Y227} - {2} 51)
and
h = %2 52)

The variable 4 is used here in Equations (50) and (51) instead of the € used in
Belytschko, et al. [7] to avoid confusion with the multiple strains required in this formulation.
The variables used to calculate / are the element thickness (7) and the element’s surface area
(4). The effect of r follows that described in Belytschko, et al. [7], and is set to 0.05. The
range of values for 7 that effectively controls the hourglass modes, but does not greatly effect
the overall element stiffness is roughly 0.046 to 0.057 (determined experimentally). Since the
elements are in arbitrary orientation in 3-D space, the area calculation is computed as the sum
of the area of the two triangles formed by dividing the element at the diagonal between nodes
1 and 3:

4 = L5 -p}+ L1 -D} (53)

where

D1 = (xl _xz)(x;;»_xz) * (yl —yz)(yg _yz) * (Zl _22)(23 —22)

. (54)
Dz = (xl _x4)(x3 _x4) + (yl _y4)(y3 —y4) +(21 —24)(23 —24)
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I = \/(xz—xl)z+(y2 AR A
b=\ ] s 0 ]
R PN RN ST,
R TN RN Sy,

(33)

and (x; , y; , z; ) is the location of node £ in the global coordinate system. For these
calculations, the element is assumed to be flat (no curvature along either the x, or x,

directions).

5.3 Effectiveness and Impact of Hourglass Mode Control

The hourglass mode control described was applied to the same pinched cylinder
problem shown in Figure 5. The results are shown in Flgure 7, which clearly demonstrates
the eﬁ’ectlveness of the this method in controlling the zero energy modes. Both Figure 5 and
Figure 7 use the same structure, applied force, calculation time step, and time step displayed.

yaxs X axis

Figure 7. Pinched Cylinder with Hourglass Mode Control.
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The additional error introduced by including hourglass control is sufficiently small
that it does not alter the results significantly. All verification problems analyzed in the
following section were completed with hourglass control enabled. The current
implementation uses hourglass control consistently, but allows easy modification to make
hourglass control a user-defined option. |

One possible modification is to apply the hourglass control force every two or three
time steps, vice every step. Another possibility is to apply hourglass control to selected
elements, vice every element. Both modifications would reduce processing time, but require
further study to determine if these changes wouid provide an adequate reduction in the

hourglass modes.
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6. VERIFICATION EXAMPLES

6.1 Transformation Matrix Verification |

A vcantilever plate is subjected to a tip load of 0.4 N distributed evenly along its
width. The elastic modulus is 200 GPa, the density is 7850 kg/m’, Poisson’s ratio is 0.29, and
the yield stress is 50 kPa. The plate is 2m x 2m x 10 cm thick. The problem is solved in four
orientations: parallel to the x-y plane, parallel to the y-z plane, parallel to the x-z plane, and
skew to all three planes. Two integration points through the thickness are used. Beam-
bending theory gives a bending stress at the top integration point of 10.3923 kPa. All results
are summarized in Table I, following the descriptions of each run.

Figure 8 shows the orientation for the first run. Nodes 1,2, and 3 are clamped, and
the force is applied in the -z direction at nodes 7.8, and 9. Figures 9 and 10 show the
displacement of the center tip node and the stress at the top integration point of element #1,

respectively.

Z axis

y axis : X axis

Figure 8. Cantilever Plate in the x-y Plane.
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Figure 9. First Run Displacement History.
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Figure 10. First Run Bending Stress History.
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Figure 11 shows the orientation for the second run. Nodes 1,2, and 3 are clamped,
and the force is applied in the x direction at nodes 7,8, and 9. Figures 12 and 13 show the

displacement of the center tip node and the stress at the top integration point of element #1,

respectively.
PR
2 |
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Figure 11. Cantelever Plate in the y-z Plane.
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Figure 12. Second Run Displacement. Figure 13. Second Run Bending Stress.
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Figure 14 shows the orientation for the third run. Nodes 1,2, and 3 are clamped,
and the force is applied in the -y direction at nodes 7,8, and 9. Figures 15 and 16 show the

displacement of the center tip node and the stress at the top integration point of element #1,

respectively.

. 0
y axis -0.5 X axis

Figure 14. Cantilever Plate in the x-z Plane.
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Figure 15. Third Run Displacement. Figare 16. Third Run Bending Stress.
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Figure 17 shows the orientation for the third run. Nodes 1,2, and 3 are clamped,
and the force is applied in the -y direction at nodes 7,8, and 9. Figures 18 and 19 show the

displacement of the center tip node and the stress at the top integration point of element #1,

respectively.
.......... 0
y axis -1 x axis
Figure 17. Cantilever Plate in Skew Orientation.
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Figure 18. Fourth Run Displacement. ~ Figure 19. Fourth Run Bending Stress.
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Table I summarizes the results for the four runs described above. The displacement
and stress values are the means, calculated by dividing the peak value by two. The difference
between run number four and the other runs is due to the accumulation round-off error in
each component of the applied force and location of the nodes. The applied force had a
magnitude of 0.3996 N, vice the 0.4 N used in the other problems. Note that the analytic
solution assumes no stress across the width of the plate. The force was applied as a linear
ramp from 0.0 N to 0.4 N over the time interval 0.0 seconds to 0.1 seconds, then held
constant at 0.4 N, to prevent shock effects from influencing the results. This could. not,
however, remove all dynamic affects, and is the main source of error between the analytic and
finite element solutions. The magnitude of the applied force was chosen to keep the effective
stress throughout the structure well below the yield stress of the material, restricting the

response to the elastic region.

TABLE I
Run Number Orientation Tip Displacement (m) ‘Bending Stress (kPa)
1 x-y Plane 27.6840x10°¢ 9.839
2 y-z Plane 27.6840x10 9.839
3 x-z Plane 27.6840x10¢ 9.839
4 ; Skew 27.6300x10°¢ 9.608
Analytic Static 29.3x10¢ 10.392

The results above demonstrate that the transformation matrices used in this
formulation are effective in converting the displacements, strains, and stresses between the

global and local coordinate systems.

31




6.2 Elastic Plate

A plate clamped on all four sides is subjected to a concentrated force at its center.
The elastic modulus is 10 msi, the density is 0.1647 slugs/in’, and Poisson’s ratio is 0.2. The
dimensions of the plate are 10inx 10 in x 0.1 in thick. The yield stress is set high enough to
ensure a completely elastic response. Two integration points through the thickness are used.
The applied force is 40 Ibf. The finite element mesh uses symmetry to model one quarter of
the plate. Both a 2x2 (4 element) and 4x4 (16 element) mesh are used in the finite element

analysis. Figure 20 shows the structure for the 4 element mesh.

Z axis

. 0 =
y axis 0 x axis

Figure 20. Clamped Plate 4 Element Mesh.

Nodes 1,2,3,4, and 7 are clamped. Nodes 6, 8, and 9 have symmetry conditions
applied. The force is applied as a step of magnitude -10 Ibf at node 9. The results for both

meshes and the analytic solution are shown in Table II.

TABLE I
Analysis Type Center Node Peak
Displacement (in)
2x2 FE Mesh (Dynamic) -4.74x107
4x4 FE Mesh (Dynamic) -4.94x1072
Analytic (Static times 2) -4.90x107
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6.3 Pinched Cylinder

An open-ended cylinder of radius 5.0 in., length 10.35 in., and thickness 0.094 in.
18 subjeéted to a pinching load of 100 1bf. The elastic modulus is 10.5 msi, Poisson’s ratio is
0.3125, and the density is 3.125x10 slugs/in®>. The load is applied as a step function
beginning at time t = 0 seconds. Figure 21 illustrates the problem.

100 Ibf

5.175 I 5.175

100 Ibf

(All Dimensions in Inches)

Figure 21. Pinched Cylinder Problem.

Using symmetry, the problem was reduced to a one-eighth section of the cylinder.
The 16 element mesh used is shown in Figure 22. The deflection in the Z-direction of node
number 25 is shown in Figure 23, which corresponds to the radial contraction of the cylinder.
The dynamic value should be twice the analytic static value. Inextensional shell theory gives
a static radial contraction of 0.1117 in. The maximum radial contraction of the model is
0.1995 in., which translates to a sfatic radial contraction of 0.09975 in. Using a 256 element
mesh (16 by 16), the maximum radial contraction was 0.2207 in., for a static contraction of

0.1104 in.
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Figure 23. Pinched Cylinder Mesh.
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Figure 22. Pinched Cylinder Radial Contraction.
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6.4 Elastic-Plastic Plate without Void Nucleation

A structural steel plate clamped on all four sides is subjected to a shock pressure
in the form of a step with amplitude 60 kPa. The elastic modulus is 200 GPa, the density is
7850 kg/m?, Poisson’s ratio is 0.29, and the yield stress is 250 MPa. The stress-strain
relationship will model the results of a typical tensile test. The plate dimensions are 9 mx 9
m x 1 cm thick. A 9 element mesh (3 x 3) will be used to model one quarter of the plate. The
finite element mesh is shown in Figure 24. Nodes 1, 2, 3, 4, 5, 9, and 13 are clamped. The

remaining boundary nodes have appropriate symmetry conditions applied.

y axis X axis

Figure 24. Finite Element Mesh for Elastic-Plastic Plate.

The stress-strain curve for the lower strain region is shown in Figure 25. A larger
region of the stress-strain curve is shown in Figure 26. This problem is designed so as not

to exceed the maximum stress of the strain-hardening region.
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Figure 26. Structural Steel Stress-Strain Curve.
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Figure 25. Structural Steel Stress-Strain Relationship.
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Figure 27. Stress-Strain at Top Figure 28. Stress History at Top
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Figure 29. Displacement of Center Node.

Figures 27 through 29 show the results of the finite element analysis. The
effectiveness of the strain hardening implemenation is shown in Figures 27 and 28. With
microvoid effects disabled, the stress-strain curve follows the tensile test curve exactly. Note

in Figure 27 that the stress follows the elastic modulus down as stress is relieved after the

peak displacement.
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6.5 Elastic-Plastic Plate with Void Growth and Nucleation

The problem of section 6.4 is repeated with the microvoid effects included. The
constants for Equation (33) are: q, = 1.5, q, = 1.0, and q, = 2.25 (q,%). The initial porosity
is 0.0. The density of nucleating particles (£) is 4%, the mean strain for nucleation (€y) is 0.3
with a standard deviation (sy) of 0.1. These are the values recommended by Tvergaard [4]

and Aravas [5]. All other parameters are identical to the problem described in section 6.4.
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Figure 30. Stress-Strain Plot at Top Fig: - 31. Stress-Strair: Plot at Bottom
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Figure 33. Center Node Displacement.  Figure 32. Void Nucleation and Growth.
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Figures 31 and 32 show the effect of microvoids on effective stress. Figure 31
shows the stress-stré.in relationship in the top integration point of element #3. This fiber of
the element is in tension, and voids quickly nucleate and grow during plastic deformation, as
shown in Figure 34. Figuer 32 shows the stress-strain relationship at the bottom integration
point of the same node. Since this fiber is in compression, there is no void nucleation, and
the peak stress is significantly less than in the fiber in tension. Comparing Figure 33, center
node displacement, with the center node displacement where void nucleation is disabled
(Figure 30), illustrates that the peak displacement response is virtually unaffected by the
introduction of mibrovoids. However, as Figure 32 shows, the element experienced
significant additional plastic deformation and strain hardening. The top fiber of this element

is much closer to failure than the corresponding fiber in the problem where microvoid effects

are ignored. -
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8. CONCLUSIONS

With the exception of the issues noted below, the second phase of this research is
complete. The formulation described in Kwon [1] has been im:sEemer_lted, with some
modifications, into a dynamic finite element analysis program and verified. Damage
constitutive equations have been incorporated, as well as Gurson’s void model. The effect
of void growth and nucleation on the model has been demonstrated, but further verification
of the results is still required.

The values for the constants q,, q,, and q; used in Gurson’s model are determined
by the strain hardening exponent, as described in Tvergaard [4]. A method for determining
appropriate values for a given piecewise linear model needs to be defined. Incorporating such
a method into the implementation will help simplify problem definition, and reduce the number
of constants the user must provide. |

The constants for void nucleation (fy, €y, and sy), howéver, are dependent on
material type and manufacturing process. Typical values for a variety of materials should be
provided, along with recommended default values.

The robustness of the current implementation of the damage constitutive equations
has not been verified. Although this shell element has been used to analyze over 20 different
problems, further testing over a wider range of input conditions is needed to ensure
consistency. Comparing the analysis results to experimental data, rather than the results of
other models, should also be accomplished to verify accuracy and reliability.

Work can begin on the subsequent phase of this research, incorporating the element
into the DYSMAS and/or DYNA3D program, concurrently with work on the refinements
mentioned above. The current implementation is matched to a general purpose finite element
analysis program. All applicable portions of the code will be extracted and modified as

necessary to create a compatible module for the target program.-
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