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ON THE THEORY OF SELF-EACITING GYROSCOPES

[Following is & translation of an article

by Doctor of Physicomathematical Sclences

D. R. Merkin of the Leningrad Order of Lenin
Forestry Engineering Academy published in Iz~
vestliya Vysshikh Uchebnykh Zavedenly (News of
Higher Educatlonal Instltutlons), Prlborostro-
yeniye (Instrument Bullding), No. 3, 1959,.
pages 21l-24,]

This article contains a discussion of the rotating
moblon of a symmetrical gyroscope locatad in a resistint
medium, and acting under an arbitrary but assigned moment
of self-excitatlon.

The problem of determining the angular veloclty of
s symmetrical gyroscope without taking lnto account tor-
gue an without analyzing the nature of lts mollon was In=
vestigated by U. T. Boedewadt [3] for the particular case
wher: Lhe moment of self-excitation maintains a constani
magnisude and a constant directlicen relatlive to the body.
R. Crammel [4, 5] investigated the stability of motlion of
a self-excitling symmetrical gyroscope, taking into account
toroue, The effect of torgues without taklng into account
other forces was investigated by meny authors; for example,
see references [1, 3 and 6.]

Determination of Angular Veloclty

Let & moment be produced 1n a symmetrilcal gliroscope
a2 & result of self-excitation, the toraque changing accord-
ing to an assigned rule. Then the Euler equations of mot lon,
taking into account the torque, will be in the following
forms )

Ap+(C— Ayrg=—cep+m (1}
Ag4 (A — Cypr=—zeg+m ,(£);
Cr=—geyr+m z(t)'.

(1.1)




‘where p, g and r &re the projectlions of angular velocity
of the gyroecope along the axes %, y and z which are rigld-
1y connected with the body; A and C are the moments of iner-
tia; and £ and e are positive constants characterl ing the
the torque (generally e¥ e }; and my(t), my(t) and m,(t) are
projeections of the moment of self-excitatlon (assigned T -
tions of time).

We find »(t) from the third eguation.

!
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it =ryt [ m, (1) eT at (1.2)
i
We introduce the derived value for r{t) into the lirst

two equations of the system (1.1); we multiply the second e-
guation byl~~1 .m.gapd we superpose both eguatiocns, Then
intrcducing the complex values w = p + 1g and m{t) = mx{t5

- i;k}f(t:), We get}

w5 ur(z;jw:::imm (1.3)

where the real number x 1s determined by the egusliiy

C—~A
Kom e (1.4)

Integrating the llnear equation (1.3), we find w(t).
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¢ (1.5)
(= | rtydt.
[
Zxpanding the real and imaglnary parts, we get p(t)
anad Q(t}o

pity=e A J(fJLOSij git)=¢ A f(t)‘:m;(f}

p =¥ () + (), y(=arctp }"21;’ '
¥

g ,
4 (f} = By - TJ{M’ (Flcosy(t) + M, (1) sin vf(’t)ie A #dt. )
, (1.6

) N . i
Lyt =gy~ «;Tflmﬁ('tj) Sin v (£} m, mcosw(r}}e"

J(t) = g/ HUORSAGY

The angle between the axis of the gyrescope 2z and
the vector ¢f angular velocity ¢ 1s determined by the
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equality

or, using (1.2) and (1.6)

7 m{f; wf-.z,)t
¥§3:=*7§§‘3 ALl (1.7}
Thus, the angular velocity of the gyroscope moving
in a resisting medium, acting under an arbltrary bul assigned
poment of self-excltation, has been fully determined., It Is
to be noted that from the total solution for projectlons of
angular veloclity (1.5) or (1.6) 1t 1s easy to obialn all the
particular cases investigated by Boedewadt in reference {(31;
for this purpose, however, 1t ls sufflicient to set upé=g,=0
and m;= congb. When my = 0, we obtaln cases investlgated in

‘peferenses L1, 2 and 6]. In particular, the angle between

the axis of the gyroscope and the vector of angular veloclty
when mq = 0 willl be determined by the formuia:

VA+a ~ % %)‘

e T |
When € =& and € >A the vector of angular veloclly

comes close to the axis of the gyroscope z, and when € <£A4

the vector of angular veloclity comes close to the eguatorial

plane of the gyroscope =- & result which is well known in

the literature [1, 2, 6].

Investigation of Motion st & Oonslaent Moment of
Excitabion

Let the moment of self-excliation maintaln a constant
maznitude apd & constant direction relative to the body. 1In
this case, owing to the synmetry of the gyroscope we cén as-
sume, wibthout violating the generalization, that m = 0, Then,
when my = conat. and m, = const, we shall find r(t), v(t) and
wit) from (1l.2) and (1.5):

%,
r‘('!‘}z':—'f’i;ﬁ +- (r,p« -ﬂ‘f-)é- ¢,
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XMy C myy —~ &
v{t m-*;;‘“‘t“-;fz(fam Yf‘i)é ¢y (2.1)
£
w(t) = fw,+ 5t [ exp [t —ivo]dthexp[- S t+ive]
g .

A&t the outset, we shall 1nvestligate & case 1n wﬁich
the initial velocitles satisfy the followlng conditions:
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In this case, the solution (2.1} assumes the form:
ritj=r* witj=w*

and consequently, the projections of the vecltor of angular
velocity aleng the axes x, y &nd 2 are rigidly gommected
with the gyroscope, and will maintain throughoul the perlod
of motien constant values, egual to the initial
PE o gt _,”&m““ R - -
£ a7 - WA et 4 2 qim;

It 1s clear that in this particulsr case the motion
ef the gyroscope will censist of a uniform rotatlon a&bout &
fixed axis whizh colincides with the inltial direction of the
vector of angular veloclty G*(p*, g, r*).

We shall now invesitigate s general case, when at the
start of its motion the gyroscope has been endowed with an
arbitrary initial veloclty U, (P 4o re}, which doesg _not co-
incide with the initial veloeclty ceonsidered above, Q*(p* ¢*,

r*y). it follows from {(2.1) that at arbitrsry initial va~
lues of rp and wg = pg + lgg, the magnitudes r{t} and w{t
have & bendency, at t'Wwinf%nity, toward r% and w¥, respec-
tively. This wmeans that at any 1lnitlal conditlions the gy~
roscope, acting under a constant moment of excltation and
maintaining an unchanged directlon relative to the bedy, a-
symptotically tends toward a unlform rotastion about & fixed
axiz. The maegnitude of the Llimit of angular veloeclity e-
guals

2, Amym,

The direction of the limit axis of rotatlon 1In & ba-
sic (fixed) system of calculation is easy to construs by the
following method. Tha position of the moving system of co-
ordinates x, v, % at the initial instent of tlime is fully de-
termined by the lauitlal position of the gyroscope. Accord-
ing to the determinable values of preojectlons of augular ve-
iocc ity p¥ af r¥ we shall set up vector G* in this inltisl po-
sition. Its direction relative to the haslc system of cal-
culation determines the direction of the limit axis of ro-
tation of the gyroscope.
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