
r 

OTS: 60-11,6te 

c 
JPRS: 2667 

18 May I960 

r F    P'     P.V,    P r-'^H   IT!*» 

SOME CONDITIONS FOR COMPLETENESS IN COUNTABLE-VALUED LOGIC 

USSR - 

"by G. P. Gavrilov 

. -: D^'i 
'-■' '<&$>'x -i**;-'. * v 

-■•C i^-icc^it*"* 
v !?1Q ©GALKY Ju-v.^iOils.D 

Distributed by: 

OFFICE OF TECHNICAL SERVICES 
U. S. DEPARTMENT OF COMMERCE 

WASHINGTON 25, D. C. 
^icet^Q^O^ 

U. S. JOINT PUBLICATIONS RESEARCH SERVICE 
205 EAST 42nd STREET, SUITE 500 

MEW YORK 17, N, Y. 



JPRS: 2667 

CSO: 3440-N/a 

SOME CONDITIONS FOR CaELETENESS III COUIfrABIE-V/JJJEB LOGIC 

[Biis is a translation of an article by G. P. Gavrilov 
in Dokl&dy Akademii 33a.uk SSSR (Reports of the Academy 
of Sciences USSR), Vol. CXXVTII, No 1, pages 172-175.3 

(Submitted by A. N. Kolmogorov, Ik May 1-959) 

Let P be the set of all functions, determined for the set Ep of 
IB 

power m and which also takes on values within this set. The closed 
subset 0]t and set P^ with, respect to its superposition (3) is called 
a closed class. The subset 3$ is called the complete system in Pm 
if its closure with respect to its operation of superposition is 
coinciding with the set Pm. She subsets is called pre-completed 
class [partial-completed], if it is not a complete system, but^by 
adding to it any one function from P^ which does not belong to vJ£ t 

will give us a complete class within the Pm system. 

In our further discussion we will be interested in sets Pm 

for which m = k (k is a natural number greater than one) and m = J^0. 

Die first is called k-valued logic i1),  the second countable-valued 
logic (2). In case m = k then for the set # we can take the set 

{0,1,....,*-!},     anfifmatfo   then £>%^ Jo,! , 2,....). 

One of the important questions in respect to k-valued logic 
and countable-valued logic is the question of completeness of the 
system of functions. For Pk the following theorem of completeness 

is taking place ( ): 
In order for the system of functions P^. to be complete, it is 

necessary and sufficient that it be not included in any of the pre- 
complated classes of P,.   As it is evident, the whole collection 
of pre-completed classes of P^ is considered in this theorem. 03ae 

power of this collection being finite increases rather swiftly 
with the increase of k. Ikerefore by presenting itself as an effective 
and sufficiently good (from the theoretical point of view) criterion 
of completeness, the introduced theorem, nevertheless, presents 
considerable difficulties for the practical realization, in exposing 
the completeness of concrete systems when k is sufficiently large. 
In view of this, in k-valued logic other theorems of completeness, 
which are less complex from a practical point of view, take first 
place. To such theorems belongs, in particular, the criterion of 
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e-iimp-fcekv which displays a sufficient condition for completeness ( ): 
thSltae sysSnfof factions are complete in Pk, which consist of 

all functions from one argument, and functions, essentially dependable 
or not less than two variables and taking on all k values. 

Oae should take notice that the Knowledge of the pre-caKp3*tea 
classes gives the necessary conditions of the completeness of systems 
of functions; therefore the search for the new pre-completed classes 
presents an interest in regard to the solution of the question of 

„completeness in P^. 

In countable-valued logic, because of the impossibility to 
obtain an effective criterion of completeness with the use of pre- 
coi^oleted classes (inasmuch as the power of the set eu all the pre- 
completed classes of PH, is not less than that of continuum), and 

also in view of "the fact that we have not yet solved the question 
of the sufficiency of the condition of noninclusion of the system 
in any one of the pre-completed classed to obtain the completeness 
of this system, special importance is being acquired by the theorems 
of completeness, that do not consider the whole aggregate of pre- 
completed classes in P/>. . As in k-valued logic, locations of the 
new types of pre-completed classes in P/fc  allow us to obtain more 

and more perfect necessary conditions of completeness. Sufficient 
conditions of completeness can be found by way of analyzing the 
conditions of systems of special form, in particular, systems 
analogic to those investigated by Slupetsky's criterion. One 
should consider, that a straight generalization of Slupetsky s 
theorem for the counting case does not give a positive result; 

(see  theorem 3). -,.,,.«.,«, n*D  . 
Until now only one family of pre-completed classes of p £ 

were known, so called classes which retained the set EcrE •(,)> 

and one sufficient sign of completeness (for systems composed of all 
functions, of one variable, and "peanofs" function}*. 

In the present notation«* we cite one series (family) of 
^re-completed classes and one pre-completed class, and are giving 
two indications (signs) of the completeness of systems of a special 

form (Slupetsky'x type), 
1. ISxe  decomposition of D of the set E»»B= {0,\,l,. •■■} t 

E».2 %l(%i%j~A    if    ijej) 

*Bie latter was reported on by A. V. Kuznetzov, as a consequence of 
a more general outcome, at the seminar of mathematical logic at the 
Moscow State University in 1951. 
**ttie present notation is basically a short presentation of my 
diploma, written at the Moscow State University in 1958 under the 
guidance of S. V. Yablonskiy. 



is called correct, if it satisfied the following requirements: 
SttolSSr of^he'subset <4i  is finite for any one i, 2) the number 
of subset %l    ,  for which the power is greater than one unit, is 
finite 3) if there exists at least one subset of decomposition with 
power greater than one unit. 

Function f(xt ,xZ) ,**) is called the function that 
preserves the decomposition, (in particular the proper decomposi- 
tion) D, in case that the collections * » (A, ,CL2, . , . . ,a.n) and 
'£=. (pi,Pi» »PA) of values of the arguments are equivalent 

QC~^(S  (mod D), i.e. c*i  aadß»6%   at  t = 1,2, . . -, «, 
it follows that also the values of these collections are equivalent: 

f(ot)~f(ß)       (mod D). 
We wiU call the set of all the functions containing the 

proper decomposition D of the set E**°  , the class of type 

W and we will denote it by W(D). 
Baeorem 1. The class of type W is a pre-comple^d class. 
Obviously, the maximum power of a set of pairs of nondual 

classes of the considered type is the cardinal number ft,  . 
fee set U, (*(*»= **:t*E*#* *(t)=s} 

where i££^       and the function g(x) belong to the set G 
(everywhere in this notation G is the set of function of P#0 , 
dependent on not more than one argument), is called the interval 
of continuity of the function g(x). The  function g(x) will be 
called definite-continuous, if it has no more than a finite number 
of counting-power intervals of continuity. Die set of all finitely- 
continuous" functions of P^o , we will denote by Q. The class of 
of all the functions of fy. , preserving the set Q, (i.e. the class 
which consists of all the functions f(x, ,xz,. ..,;%*), * >0 

such that the function f (£,(*)> Sfa(*), • • ■ •>£»(*))€$ 
at any ^ W6Q, Ui^,.--.,") 
we will call the class V. It is easy to see that QaV 

Sheorem 2. lbs  class V is pre-completed. 
2. For further discussion, a series of conceptions will be 

necessary, and the introduction of them will allow, in a compact 
and also convlnient for a survey form, to give two indications of 
the completeness of systems which are similar to the systems 
considered by Slupetsky's criterion in Pk. 

ae function fCx,,xz>. . .,xO€7>A (*>*■    and a11 the ,, „ 
existing variables) is called "peanof's", if for different collections 
of values of the arguments it takes on different values. An 
example of peonof«s function of two arguments is given in table 1. 

( The function f (x, , x2,. . ., JCB)      *s called q.uasipeanof' s, 



if the system Gf - G [} {f} is complete in   Ptf    .       . 
We will ana^e the set Gf, wbsre f ***™*£^ *f gT 

H.11v dependent on two arguments.    To each superposxtion ot we 
S<?5r«t Of, that represents thefunction dependable of 
nS   lore than on two^ents, we will put in correapondence a 
certain number, defined by the following rules l) 10*    oc (or y, 
vW=0(v^) = O) 2) for^(V(x,v»-v(gU(x^)^vC«r(x.v)) 
3) for f(cpi(x,4),^(x)y))"v(f(4,(x^),^(x,y»)^n1ax(v(4l(a^)), 

position of the functions of the set Gf, which represent functions 

depending on not more than two arguments). 

Bable 1 

^ 
0 t 2 s 

0 0 1 3 6 •     •     * 

1 2 4 7 11 •      .      • 

2 5 8 12 17 .     •     • 

3 9 13 18 24 •      «      • 

. . • • • 
- • • • • 

Sable 2 

0 1 2 3 

0 
1 
2 
3 

■ 

0 
1 
3 
5 

2 
0 
0 
0 
• 

i\ 
0 
0 

i;. 

6 
2 
3 
0 

■     *     • 

Let F(x,y) be the superposition of the functions of the 

r ^ order with respect to f, if v (F (a ,y)) - r   . »e definition 

given is generalized rather easily in case of ttxe number of argu- 

mSnts being greater ^o.^     ^^^ /*■£%*. 

r^ order, if there exists a superposi*ion ,of r-order of toe func 
tions of the system Gf such that the function represented by x. 



"(of two arguments) Is a peanof's function, buttere is no super- 
position of a lesser order with the same property. 
P    Welrill analyse the system of % functions, produced hy the 

function f(x,,x„ • - • ,x«)(n>2 and for all the existing variables) 

and by the functions of the set G; Hf = {(f: xf (xjt, x.jx, - - •> *j» ) s= 

ävioiir, if some unction of % i. Wpeanaff's function of 
? oSS; tLnf(•*,,*,,...>**) 3 a quasipeanof's function of the 

order not greater than r. It is easy to notice, that for a function . 
?fbe a auasipeanof function of the 1st order, it is necessary 
and sufficient that its system of tt. contain a peanof function. 

The function f(x,y) is called degenerated, if t(k,y) is a 
faction with a finite number of intervals of continuity an any 

^E^  or f(x,l) is a function with the same property at any 

le E**    . Otherwise the function f (x.y) is called non-degenerate. 
Oheorem 3. For a function f(x,y) to be a quasipeanof s 

function, it is necessary that it be nondegenerate. 
^e proof is carried out by induction of the order of super- 

position with respect to function f. ^^A^   -I-P ■? + 
We will call the function f (x,y) diagonally-divided, if it 

possesses the following properties: l) its H-system ^J^^^ 
a peanof function; 2a) the h-system includes the function <p (x ,y) , 

for which the set $< = ? ({ 0} , E * \ f 0 ])   consists of different 

numbers, the set $, - <P ( B *\ {0} , {0} )  consists of different 

numbers, the set<£i== <*>({<?} >fOpU<p({*' x > 0j> [])'■ Jf> *))~ ?«1 
th0 Set$3-<K{*: X>^,{y:»>0J> consists of different numbers, 
where ^«^Oa^.M *a$. -A  or 26) the H-sys^m 
includes the function <p f* ,y)  for which the set «J?» - <P ^  ^1 >• 
{y: i/< a})     consists of different numbers, the set <£*^<f(E"°, 

jy: y > xj)     consists of parts (proportions) ®A =<pff x J x< / j, 

t/j.^MEW-X^.fl^A at i,^= lz    > where $,<^A. 
An example of a diagonally-divided function is given in 

table 2. Theorem k.   A diagonally-divided function is a quasi- 
peanof Js function of the second order. 

For the diagonally-divided function introduced in this 
example we have f (f (2x + 2,2«, + 3), f fy +3, 2 x + 2»  —a Peaaaf s 

functi05; conciusion I express my thanks to S. V. Yablonskiy for 

his interest and advice. 

Moscow state University 
imeni M. V. Lomonosov submitted 13 Nay 1959 
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