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CALCULATION OF THE COHESIVE ENERGY OF METALS
BY THE FERMI-THOMAS METHOD

/The following is a full translation of an
article written by Ch'eng K'ai~chla, appearing ln
Wu=-11 Hsueh-pao (Journal of Physiosa, Peiping, Vol,.
X1V, No. 2, 1958, paeges 106-112./

Abstract

The Fermil-Thomas method is used in thils paper
to calculate the cohesive energy of metals, The
preliminary results obtalned 1lndlcate that there is a
minimum value involved in the relatlon between the
energy and the orystal lattlce constant of a metal.
For heavy metals, the atomlc spacings corresponding to
this minimum value are shown to be clese to the
experimental values; however, for univalent alkall metals,
the theoretical values are too small, and the ooheslve
energles so obtalned are much larger than the experimental
values. The -author tends to think that such discrepancles
are due to errors typical in an application of the Ferml-
Thomas method to atoms, and that they are not particularly
pertinent to  the application to metals.

I. Introductlon

Fermi stati?iics was first applled to atomle
problems by Thomas in 1926, It is assumed in this

theory that for all values of momentum smaller than a
fixed p, the distributlon of electrons is uniform in phase
s%ace, i.e., in each element in phase space of volume

nJ there are two eleotrons; further, it 1s assumed that
there exlsts a potential energy V in the atom, whlch
depends only on the dlstance r from the nucleus, and

thus by means of the Polsson equation one can construct




the proper equation for the potential energy in the atom,
Practical calculations of ?B? coheslive enef%%es of atoums
were cabried out by Milne and by Baker ; their
results are greater than that obtained by Hartree's
method py 20 percent. Gorrection%4§or boundary effects
and ekohafige énergy made by Scott bring the calculat-
lons ihto good ‘agreement with those using Hartree's
method and with'the experimental data; the error lnvolved
1s less than 3 percent. The success of the application

to atoms has made possible the applicatlion to metals.
Since i? the application of the method of Wigner and
Seitz (5) to calculate the cohesive energles of metals,

it is possible to get agreement with experimental data
only for alkall metals, and the application to multivalent
metals is very difficult, one would think that the

statistical method could be used to ?gﬁrcome such difficult=-

ies., The work by Slater and Krutter in 1935 showed
1ittle prospect of obtalning the cohesion of metals;

no minimum value occured in their curve of the total
energy of the metal versus the atomic spaclng; the results
were not significantly improved even after correction for
exchange energy. Such results, according +o them, were
due to the omlssion of the correlatlon e?asgy. A more
systematic study begun in 1936 by Gombas 7) shows that

the problem in the calculatlions of Slater et al, lies

not in the omission of the correlation energy but in the
unjustified treatment in their statistles of attributing
the same properties to the valence electron and the
electrons in the ions. According to Gombas, one could get
results 1n agreement with experimental date and the
cohesion of the metallic lattice points if cne regarded
the valence electrons as free electrons distributed
uniformly in metals and having different statlstlcs from
that of the electrons in the lons, and took lnto account
the cohesive energy and correlatlon energy of free . :
electrons, the mutual interactions of lons, together with
the exchange energy of the valence electrons and the
electron shells of the ions, etc, Only alkall and alkalil-
carth metals are considered in Gombas calculatlons; the
valence electrons of such metals are practically all free
electrons, and so the results are close to those obtained
by Hartree's method. However, for other metals such an
application would have fundamental difficultlies due to

the lack of clear distinction between valence electrons
and the electrons in the ilons. One finds, for instance,
in the application of the Hartree wave functlion to copper,
that for the 10 e electronic charge of the d shell about



0.4 e 1s distributed outside the atomle sphere having a
volume equivalent to that of one lattice unlt. In other
words, the 4 shells expand into comparatively broad
energy bands in crystals, and the 4 electrons would tend
to play a role almost g3 important as that of
the valence eleotbohs( as far as cohesive energy 1s
concerned., There ‘is no sufficlent reason to make a sharp
distinctlon between valence electrons and inner-shell
electrons. Further, results relevant to practlcal condlt-
ions can be obtained with statistical methods only when
the system under consideration has a large number of
particles; and it is hardly meaningful to proceed
statistically with only a handful of particles. After the
separation, made by Goumbas, of the valence electrons and
inner-shell electrons into different categories, it 1s
hard to understand why the valence electrons as lndividual
particle systems could obey statlstical laws. .The results
of Gombas calculation, though achieving some quantitative
agreement with experiments, could likely be a sort of
accldental coincidence, void of firm foundation.

In this paper, we hope to find a general method
of solving the problems of metals of many valence
electrons, or rarc-carth metals. We belleve that the
limitation in the work of Slater and Krutter 1s due nelther
0 the omission of correlation effects nor to the comblned
statistics of valence electrons and inner-shell electrons,
but that 1t arlses from the improper boundary conditions
they employeds In the following, we will try to set up
proper boundary conditions to solve the Fermi-Thonas
equation, and obtaln better results,

II. The Fermi-Thomas Equation and Its Boundary
Conditlons

In the application of the sphere approximatlon method
of Wigner and Seitz, we set up a sphere of radius R around
every atom, determined by the conditlon that the volume of
the sphere be equal to the atomlc volume and that every
sphere be electrically neutral, with the mutual
interaction between spheres neglected in the calculatilons,
We need only to calculate the energy of each sphere, From
this energy we subtract the energy of an isolated atom and
obtain the coheslve energye.

Suppose in every atomlc sphere we can define a
potential function V(r) depending on the distance r from
the nucleus alone; then -eV(r) 1is Just the sum of the
potential energles of an electron due to its interactlon




with the nucleus and with ogher electrons, The kinetie
energy of the elactron is p</2m and its total energy
~eE 18 given simply by

2

In the classical case the momentum p must be a real
number, l.e., =e(E«V) must be a posiitive number, in order
that the motlon be well defined, The total emergy is
=6Ey corresponding to the maximum momentum P of the electron.
Thus ~eE, is Just the energy of an electrom on the Fermi
surface gn metals, From the above formuls,

P=/-2m0 (B, - V) 7%,

According to Fermi etatistice, the spase charge density
ls

am

Rare P? Sre o 3

Substituting in the Polason equation,

w = ~“4ﬂpé.

wlth the assumptlon of spherical symmetry of the electron
distribution, we obtain

r _?
%%(-ragi) a%‘%ﬁ% [2me(V — Ep1Z. (1)
e ooar r

Set r = ux, with
- (2 Y 04685 .
# = To\1282s JE S
& 4

Vo By o= Iff, ey = e 2.2500 2% ry. ()

z

It is sesn from the sbove formulaa that

Zef = (V = Eo)r, as r 9 O, r(V-Ec} »= Ze,

and thus 4
With the new variable, we can write the Polsscon eguation
a8 S

@ = i' (5)

X
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According to Slater and Krutter, the condltlon
thet the atomic sphere be neutral eimply implies that at
the boundsry the electric fleld vanlishes. Thus,

Qﬁ =0,
ar lrer

where R is the radius of the sphere., That 1s,

'.s_‘.&:‘:. Xaﬁ {6
¢,\ x ﬂé' )

Here #x 18 the value of £ at the boundary of ihe sphere,
With the boundary eondition (4), ome can then preceed 1o
solve Eq. (5) numerieslly., Civen an initlal slope Fo
thers corresponds & grsph of a solutlon g versus X,
From condition (6) it is clear that the tangeni to ihe
curve made from the origin will meet the curve ai the point
whose sbscissa corresponds to the radius of the astoanlic
sphere. For & given initlsl slope, ths golutlion for sn
isolated atom 18 given by ¢ whose graph sgainst x is
asymptoticzlly tangent to the x-axis at infinity. This
numericel solution provides us & sequence of values of
¥, f'o, #'x and fx. From these values one can then
caleulate the potentiml emergy, kinstic energy and total
energy of the cerystal.

The total potential energy of an electron in the
aton 1is

Lf%vm+in-
2 Jo 7F a T

Pe being the electron densiiy, and Vo belng the elesctric
petential due to the electron at the poasiticn of the
nucleus,

X
Pe = --..L ~g_., V;, = f ﬁidl'.
[ Y .

" 2
After substitution, with help of ¢ = ¢t/
cne can perform an integration by perts similar to that
of Milne, and obtaln

Potential
enusrgy 1 [N/ o7
=3[ (-5

.
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Fpom the boundary condition § (0) = 1, one can obtaln

Potential 1 ,

energy = % zer [24’6 - %— x? ¢}] —é— zek - % zerdyx. (7)
fhe maximum kinetic energy of the elestron 18

e(V ~ Eg)e The mean kinetle emergy is 3/5 this value, and

ao sccording to Ferml statistles the kinetilc energy 1is

given by ‘

, . i
= f" 3 (V — Eyp.dv = 3 zer ijlff.r dr =
s 5 5 o mi}
. 5
= 2 zer[ ol Lxigl]. ()
Total energy = potential energy + kinetlc energy

Kinetic energy

3 R S S U P NPy
”‘;ZGT [4’0'*‘{5}( ‘P}}“E*eé’u“;"-e?'d’x. )

Kow the remaining problem 1s to determine Eo. The condit-
i1on used by Slater and Krutter to dstermine Ec 1s a8
follows: the sleetric potential in the eloge viciniiy of
the nucleus (r—0) ig not affected by the interstoule
spacing, or, the electric potential in the close vicinity
of 2 nucleus in & metal should be equivalent to that
corresponding to & nucleus in an isolatsd atom. Thuz we
chialn

E, = rléio0) — ¢ X)),

Here, #(c0)  is the initial slope corresponding 1o the
solution for an isolated atom; and

_ [P Pedp = —1di(0).
Vo .[u T v T




It follows thet

o 87
Total energy = — zer ;r¢3 + {’f;) xi ¢§~J. {10)
7 L ;

Starting with this fermulal) one fails to obtain
a minimus velue for ths ocurve of the total energy asainst
X; in other words, from the above one is mot able to
illustrate the stability of the cohesion of metals,

In our opinion the above boundary econdition ls not
adequate, The eleciric potential of an electron 1s the
near neighborhood of the nucleus is the work done in
taking sn electron from infinity to that nelghborhood,

This should obviously be different for an leoleted atom and
for sn atom in & metsl. To bring an electron from Infinity
to the inside of a moetal ons has to overcome the boundary
effect; Iin other words, the actual work done is different
from that for an isolated atom by the work funetlion of

the metal, Slater et al. overlooked thls polint, and so
could not obtain a stable metallic coheslon.

After some calculatiocns, we have reached the
conclusion that thelr assumpiion together with the assumpt-
lon of zero potentisal at the boundary of the sphere 1s
exactly equivalent to the followlng sssumptlon:

X
V°=/ Legy = —y(dy — $1)
¢ r

the lstter assumptlon leads to results identlieal to
Eq. (10). However, thls latter sssumption was taken by
Slater et al. as being of 1little physical meaning.
Fermi-Thomas statletlcs takes lnto comsiderstion
2ll the electrone in its calculation of electric charge
density at a point in space, When we calculate the
electron potential energy from this charge denslty, ve
should notlice that the potential energy 1ls the energy
of the electron due to the potential fleld c¢f the nucleus
and other electrons, Therefore, rigorously speaklng, to
find the potential energy of a given eleectron, one should
proceed with a statistics that considers the potential
energy of all electrons except for the glven one,
However, to find the electric charge distributlon one

1) (10) seems to involve some error. Since ir Slater's
paver the actusl caleculations are not fully presented,
we cennot say whether Slater's calculation 1s accurate
cr not.



has to consider the effect of this particular electron on
all other electrons., In this manner, the potentlial energy
of the given electron can be found from the electric charge
density distribution. Since our statistlcsal object is a
lerge system of % electrons, the density disiributlon of
2 - 1 electrons can be substituted by that of & electrons;
the resulting fractional error in the substitutlion 1s not
larger than~§~. But in considering the electric potential
of a glven electron at the boundary of the atomic
sphere due to all other electrons, one should take -
and not zero. Since the potential seen by the R
given electron is due to %2 - 1 negative and # positive
charges, the electric potential at the boundary cannot be
regarded as vanishing as in the case of s potential of an
averagely neutral sphere.

. The boundary conditlion 1s thus:

1
Vi, = & = & =1,
\15’& I‘, T:X

Eom Ve 8=yl — pon,
So, o R 7X T_zx Ty

After substitution in Eq, (9) and some manipulation we
obtain

- vy 2xb o1 L
Total energy - zer[«#,+mx ¢ f :X]' (i)

III. Results of the Caleulation of the
Cohesive Energy

The cohesive energy of a metal 1s the difference
bvetween the total energy of an atom ln the metal and the
total energy of the isolated atom. The'drdgr of magnlitude
of the cohesive energy ls about 104 to 10=° that of
the total energy of an isolated atom. Therefore, in order
to caleulate accurately the coheslve energy one has to
golve Eg. (5) accurately so as to get about elght significant
figures, So far there ls no such accurate numerical
soiution. In the following we will employ two methods of
csleulation and compare the results. These two methods are
basically the same. We shall first eliminate the enerzy of
the isolated atom by an approximate expansion, and
then correct our calculation with help of the numerical
solution of Eq. (5).




1. Approximate expansion

Set ¢"¢A+"’c

Here @, 1s the function for the isolated atom,
is an additlonal %unction. They are of the same order of
magnitude for large r. However, we take é,>¢ 1in
general and obtaln the approximate solutlion DY substitut-~
ing the above relation in Eq. (5):

T ol o o3 (e,

z z§2x

In the isolated atom, §, satisfles the equation:

i
¢:=-i§-. | (12)
F4
and bhence,
¢"=—‘-’—(§A)§¢ (13)
2\ 2 ’ '

One can ma%s use of the solution to Eq. (12) vy
Bush and Caldwell ) 4o solve Eq. (13) numerically.
Equation (13) is a linear differential equation, and 80
1ts solutlon may be different by an arbitrary constant B
which can be determined by boundary conditions. From the
bvoundary conditlion, )
' ! ' ' $a + B¢
4’3:==»§L. '¢A+B¢'l.gx=—-&‘}~”x

we obtain

B=¢A"~X¢:“', (14)
Xy — dx

B is a function of the radius X of the atomlc sphere.
On substituting the above expressions 1ln Eq. (11) and
eliminating the function for 1golated atom, we obtain the
coheslve energy AE in terms of the atomic radlus
X
AE = 3 zer | Byl + 2 x} £ 71

: zer[ Vot =X (bay + Bx)? -,6_;5(_].



There is a minimum value 1n the graph of AFE against X.
Trne radil of the atomic spheres for several metals,
corresponding to thils minimum value, are shown 1n table 1.

Pable 1 (R in units of 2)

Element | Na R J Ce | Co | Cu | Mo | A | Ts | Bt
Atomic number%wjfw " ‘ 19 %ﬂfiw‘ w | v | @ | {ﬂww,wm,w

R Experiment | 208 i__'fz 2.57 i 147 ‘ 143 It 139 | 141 ; 1.54 |t qu!i 161 | 18k
!
}

l
AR IR S
Theory a1 | | 135 | 13 | o136 | 132 | 126 | 11

47 t 73 8

The values of AE corresponding to the ninimum
value are all too large by 1 or 2 orders of magnltude,
This is due to the approximation lu the eslculation for
the isolated atom. From the nature of the gpproximaticn
one can roughly estimate guch errors.

2. Numerical evaluatlion

The numerical integeration of Eq, (5) nas been
carried out 1ndepen&e?§1% by Slater i& Krutter, by Fefgm%n,
Metropolis and Tellerii0), by March and by Lattertii2),
ete. Among these the caleulation by Latter 1s most
exhaustive. However, there are only flve significant
figures in his tsbulated data; and such are not sufficlent
for an evaluation of the cohesive energy. Here ve have
utilized his tables to find the relation between fo,
fx and X, while we eatimate two more flgures. The numerlical
results are as shown in Tsble 2. The initlal glope 1is
about - 1.588073 for the igolated atom solutlon.
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Table 2

X | ~ ¢ ox b -4 $u
4905 - 1.58376% 0.20059 2733 1.587854 0.071490
5.270 1.584923 0.18058 2.565 1.587931 0.05946%
s401 1.585302 017095 9.858 1.58797¢ 0.056426
5.506 1.585504 0.16511 10.804 1.588023 0.045934
5.850 1.586275 0.14899 11.300 1.588030 0.042832
+477 1.586675 0.13547 11.963 1.588033 0038086
6206 1.586687 013432 12.369 1.583036 0035529
7.014 1.587314 0.10539 13.771 1.588040 0.028322
7.385 1.587435 0.058098 15471 1588045 0.0270%2
7.790 1.587560 " 0.088823 15.870 1.588050 0.010215
8.015 I 1.587643 0.084193 16.00 1.588060 0.020454
8.588 i 1.587798 0.073521

If we substitute in Eg. (11) the numbers gilven in
Teble 2, we can obtain a graph of AK against X; this
graph has & minimum value which corresponds to atomic
radli as shown in Table 3.

Pable 3 (R in units of &)

YN Y . ! e
Flement | Na | m_% K|V | o ‘ Co | Cu | Mo ; As
Atomle number | ! \ 13 ‘ vo| on ‘ 2% E 27 i“-ze t 42 ; &7
Experiment| jo. | 1e2 | 257 \ 147 | 14t l! 139 | 141 t 1.5¢ ‘ 1.59

R Theory | e " v ; ‘
|4 |y | | asn |0 | var | a0 | | 1

The A, values obtained are equivalent to thoze
ottained by the previous approximatlion method.

IV. Discussion

From the above tables we see that the atomic radil
derived from the theory are basically in agreement
with the experiments. For multivalent and B-group metals,
e.g., V, Cr, Co, Cu, Ag, etc., the agreement is very good,
put for A-group univalent alkall metals, Na, XK, ete., the
deviation becomes larger. Since the coheslve energy of

il



alkall metals ls due chlefly to the change in electron
cloud distribution of one single valence electron, the
reason for the deviation is easily .seen to be the large
errcr csused by the applicatlon of Fermi statietles to
the single-electron system, Therefore one should not
expect conslstent results for univalent alkall metals,

As to the gresait deviatlion between the theoretical
and experimental wvslies of cohesive energy, We would
attribute it to the following reason: khe coheglve
energy of metals is of the order of 10=% to 109 that of
the total eleotronic binding energy cof the atom; a
1 percent or even 0.1 percent error in the total energy
of the atom is enough to cause & completely srroneous
result in the cohesive energy., Since the = Ferwl-Thomas
method is accurate to the order of %;—, it would be hard
t0o do any accurate numerical calculatlon of the cohesive
energy. If one can find a mathematleal teshnique for
cancelling the energy of the atom from the final result
8o that 1t wlll not appear in the final result for the
cohesive energy, then one cen elimlnate a great portion
of the eiror,

In the Fermi-Thomas statisilcal method, we use the
classical concept that the electron momentum p has to be
real so that the electron kinetlc energy will be positive,
This, however, 1s not conslstent with the quantum-
mechanical concept. Quantum mechsnlcs indicates that in
the outer part of the atom, the kinetleenergy of the
electron can be negative. When the Fermi-Thomas method
is applied to the calculation of the total energy of the
atom, no significant error could occur from omitting this
negative pert of the kinetle energy; however, the
numerical value of the coheslive energy could be affected
immensely. Therefore, in an sgcurate caloulatlion,
correctlions should be mede asccording to an estimate of
magnitude of this negative kinstic energy. In actual
problems, for example, the calculatlon of ensrgy of an
alloy, one can make use of the experimental data for pure
metals to decide on this part of the correction.

This paper presents & preliminary cslculatlion of
the cohesive energy of pure metals without taking into
consideration the exchange energy and the correlatlon
energy. Nevertheless, the results obtained prove to be
an improvement over the work by Slater and Kruttler since
the negative minimum value for the coheslve energy of
metals and the radil of the atomic spheres obtalned are
basically in agreement with the experimental data. It
is hoped that, after some modiflcatlon of the above
method, 1t would be possible to caloulate the coheslve
energy of heavy metals, e.g., the rare-sarth metal alloys

32



and the black metal alloys. It is therefore of considerable
significance for the study of alloys.
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