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7.    PROBLEMS STUDIED 

This research was motivated by the fact that real-time simulation of large and complex 

multibody systems -such as Army ground vehicles- was not possible with existing technology 

in standard computer architectures. This was a challenge that needed to be addressed before 

further advances in mechanical simulation with hardware-in-the-loop and man-in-the-loop (crew 

station), intelligent vehicle control systems (IVCS) and virtual prototyping were made possible. 

This proposed research project was aimed at developing methods and concepts that would 

lead to faster-thaii-real-time simulation using standard computer platforms (high-end 

workstations). One of the concepts proposed is that of intelligent simulation, which integrates, 

depending upon the characteristics of the system, all the factors involved in the simulation 

process. It was envisioned that this concept would lead to faster and more robust real-time 

simulators that will strongly influence the missions of the US Army TARDEC such as: 

intelligent vehicle control systems (IVCS), virtual prototyping and real-time simulation stations 

with soldier-in-the-loop. This research is in essence of multidiscipliriary nature encompassing 

engineering mechanics, computational science and numerical methods. 

More specifically the following problems have been addressed: 

• Develop robust and efficient numerical algorithms in descriptor form, and hybrid integration 

methods for the real-time simulation of constrained mechanical systems. These algorithms 

will couple the dynamic formulation, kinematic constraint conditions, with hybrid 

integration procedures to achieve methods that will yield improved accuracy, efficiency and 

robustness. 

• Establish the criteria and mechanisms that will allow, based on the characteristics of the 

system to be simulated, for the systematic choice and combination of the modeling, 

formulation of the equations of motion, index reduction methods, numerical integration and 

solution method. 

• Study parallelization schemes that will integrate the different components that form the 

intelligent simulator in order to obtain efficient solutions faster than real-time. 
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2. SCIENTIFIC ACCOMPLISHMENTS AND RESULTS 

2.1  Formulations and benchmark problems. 

A library of benchmark problems has been created that includes the following systems: open 

and close chain, medium and large scale stiff problems, systems with redundant constraints, 

high frequency response, and singular topologies (Publications 1 and 3 below). This library 

has served as a testing ground for every method previously formulated or developed in the 

course of this research effort. 

Four state of the art formulations have been implemented and tested for simulation: two 

augmented Lagrangian formulations in descriptor form in index-1 and index-3, a new state- 

space formulation suitable for stiff systems, and a new fully-recursive (order N) formulation 

(Publication 3). 

Considering a multibody system whose configuration is characterized by n .coordinates q 

that are interrelated through the m holonomic kinematic constraint conditions <£(q, t) = 0,±e        pvj 

equations of motion become: 

M q + 3>q
T A = Q(q,q) 

where M is the mass matrix, Q is the vector that contains the external and non conservative 

forces as well as the velocity dependent inertia forces, <&q is the Jacobian of the constraint 

equations, and X is the vector that contains the Lagrange's multipliers. The last two equations 

constitute a set of n+m mixed differential algebraic equations (DAE) of index-3, with q and X 

as unknowns. This method is referred to as the classical Lagrangian formulation. 

Index-J Augmented Lagrangian Formulation with Projections 

This formulation leads to the following equations of motion: 

Mq + Oqa<t> + <&q X = Q(q,q) 

where X* are the Lagrange multipliers. Introducing the expression <I» = 4>q q + 4>q q + <&/   in 

equation the following equation is obtained 

(M + <&q(XOq) q + <I>q X* = Q(q,q) - &l a (3>q q[ + <&,) 

It is important to note that there is a substantial difference between this method and the 

classical Lagrange's multiplier approach presented above. The leading matrix of the classical 

Lagrangian method becomes singular in singular configurations, changing topologies and in the 

presence of redundant constraints. However, although the mass matrix M is in general positive 

semi-definite, the leading matrix of equation (M + <E>Ta<t>q), is always positive definite, which 

means that it can always be factored, even in singular positions, changing topologies and/or 



with redundant constraints. The details of how the projections are performed are given in the 

paper attached in the Appendix. 

Index-3 Augmented Lagrangian Formulation with Projections 

Publication 3 (see Appendix) also presents the index-3 augmented Lagrangian method with 

mass-orthogonal projections. Such formulation leads to the following equations of motion: 

Mq + OqOcO + 3>q X* = Q(q,q) 

where X* are the Lagrange multipliers. The numerical implementation of this formulation also 

leads to a similar leading matrix to that of the previous method. 

Modified State-Space Formulation 

A state-space representation of the equations of motion can be obtained using the basis of the 

null-space of the Jacobian of the constraints. Such basis is defined by the matrix R which will 

satisfy the following condition <X>q R = 0. Accordingly, the dependent velocities and 

accelerations can be expressed in terms of the independent ones as follows: 

q = R z        and      qj = R z; + R z 

The end result (see Appendix) is the following equation: 

RTM R z = RT Q(q,q) - RT M R z 

which constitutes the equations of motion in independent coordinates. This equation provides 

the function evaluation for the numerical integration scheme. This method requires the solution 

of the position and velocity problems at each time step to obtain the matrix R, q and q, so that 

the accelerations may be obtained. The solution of the position and velocity problems, that are 

costly computationally, have the same meaning as that of projecting the solution to obtain the 

dependent positions and velocities. 

Implicit integrators make successive calls to the above equation as a fixed point iteration. 

Such iteration is either generally inefficient or precludes convergence for stiff systems. Due to 

this reason a method has been developed that allows this method to be used in stiff problems, 

and is described in detail in the publication 3 (see Appendix). 

Fully-Recursive Formulation 

A topological, fully-recursive algorithm of order O(N) has been developed. This method is 

based and improves on the articulated inertia method by which accelerations are obtained in a 

recursive manner. The details are presented in publication 6, reproduced in the Appendix. 



Comparative Results 

Comparative results, illustrated in Tables I and II, lead to the following conclusions (this is the 

first time a comparison has been made among the most suitable methods for multibody 

dynamics simulation): 

• The index-3 formulationis very efficient but it leads to serious ill-conditioning at small time 

steps, starting at about 10-\ when the penalty parameter becomes problem dependent. 

• The index-1 formulation with projections is the most robust of all the methods, but it may 

not converge for large time steps where the index-3 does. Contrary to index-3 it becomes 

more accurate as the time step decreases and it is not affected by ill-conditioning. It is also 

insensitive to the penalty parameter which remained constant in all the simulations. 

• The new state-space method works well with stiffness, shows robust behavior and good 

energy preservation, as well as good convergence at all time steps. However, it runs 

considerably slower than the index-1 and index-3 methods in all the cases tested. 

• The fully-recursive (articulated inertia) formulation behaves in a similar way to that of the 

previous one, except in what refers to speed and stiffness. This method is much faster than 

the state-space. Also, its improves as the size of the problem increases. For large non-stiff 

problems the method becomes the most competitive. 

• The following tables summarize the findings of this paper. Each method is given a grade 

depending on its performance under different situations. The letter "A" means outstanding, 

"B" good, "C" fair, "D" poor and "F" signifies a failure. 

SPEED ACCURACY 

METHOD 
Easiness of 
Implemen- 

tation 

Free from 
Graph 

methods 

Small to 
Medium 

Problems 

Medium to 
Large 

Problems 
At< 10"5 

At>10"5 

At<l(T2 At>10~ 
2 

Index-1 A A B B A A F 

Index-3 A A A A F A A 

Space-State B A C C A A A 

Recursive D D B A A A A 

Table I. Results in Speed and Accuracy. 



PERFORMANCE 

METHOD 
Changing 

Topologies 
Singular 

Configurations 
Inequality 

Constraints 
Numerical 
Stiffness 

Redundant 
Constraints 

Index-1 A A A A . A 

Index-3 A A A A A 

Space-State C F C A C 
r 1 

Recursive D F D B D 

Table II. Performance for systems under different conditions. 

Summarizing: 
- A multi-index-1-index-3 formulation with projections is the best candidate for an efficient 

and robust general purpose real-time simulator. 
- The fully-recursive formulation may prove suitable for very large problems as a special 

purpose real-time tool. 

2.2 Modeling  and  performance   of  the   Fully   Recursive,   Augmented 
Lagrangian and Classical Lagrangian methods. 

The concept of intelligent simulation involves the coupling of the formulations with the 

modeling and solution aspects. A key conclusion of this research is the importance that the 

modeling aspects has in the overall efficiency of the simulation process. Consequently, a 

description is made on some of the modeling aspects, as well as a report of the final results 

obtained with each of the methods including numerical stiffness in sequential as well as in a 

parallel processing environments. 
The example used in all the recent work is the military 4x4 Bombardier Iltis vehicle whose 

model has been reported before. As previously described the car features four identical 

suspensions (see Figure 1) composed of a shock absorber, which provides a damping force Fp 

and an elastic force Fs (see Appendix). A leaf spring, modeled as a linear spring of 35,900 

N/m. Moreover, a rubber bumper contacts the wheel at the leaf spring connection point after a 

vertical motion, from the equilibrium position of 70 mm. The bumper stiffness is assumed to 

be a constant value of 107 N/m, which is engaged only after the clearance is used up. This last 

element is considered in some simulations, thus adding a much higher stiffness to the problem. 

Its presence will be indicated. A tire is also included whose radial stiffness is 460,000 N/m. 

The side force and aligning torque are considered by application of the tire Calspan modei. 

Finally, there is a steering system, which is kinematically guided during the maneuvers. The 

total mass of the vehicle is about 1500 Kg. 



MODELING FOR LAGRANGIAN FORMULATIONS 

For analysis with Lagrangian formulations, the Iltis vehicle has been modeled using fully 

Cartesian dependent coordinates, also called natural coordinates (see Appendix). For three- 

dimensional multibody systems, these coordinates describe the position of the whole mulübody 

system by means of the Cartesian coordinates of basic points and the Cartesian components of 

unit vectors, all distributed throughout the elements. Each body of the system should have a 

sufficient number of points and vectors linked to it, so that its motion is completely defined. 

Figure 1 illustrates how the chassis, suspension and steering system of the vehicle have been 

modeled. 

steering system 

../ // 
// / 

P2 

shock absorber pl9 
non-linear spring+dashpot 

Figure I. Modeling of the Iltis vehicle in fully Cartesian coordinates. 

As may be seen in Figure 1, basic points, unit vectors and relative coordinates of distance, have 

been used, the total number of variables being 168. The system has 11 degrees of freedom: six 

free-body motion degrees of freedom for the chassis, one for each suspension and one more for 

the steering system. In consequence, the variables of the problem are related through 168- 

11=157 constraint equations. In practice, only 10 from the 11 degrees of freedom are true 

dynamic degrees of freedom because, as said before, the steering motion is kinematically 

guided. This guidance is introduced through a new constraint equation, so that the final number 

of constraints is 158. 
The modeling problem using this type of coordinates becomes straight-f; -rward and it may 

be used in general purpose simulators, in fact its use is very similar to that of the finite element 

method in structural mechanics. 



MODELING FOR RECURSIVE FORMULATION 

Recursive.formulations require the use of relative coordinates. They define the position of each 

body in relation" to the previous one in the kinematic chain, by using the parameters or 

coordinates corresponding to the relative degrees of freedom allowed by the joint linking those 

elements. Figure 2 illustrates the way the chassis, suspension and steering system of the Iltis 

vehicle have been modeled using this kind of coordinates. 

BASE  

/////// 

Figure 2. Modeling of the Iltis vehicle in relative coordinates. 

In this case, the number of variables is 43, distributed as follows: 6 for the chassis (three 

translations and three rotations), 9 for each suspension (all of them rotations at the different 

pairs as shown, in Figure 2). and 1 distance for the steering system. As this last variable is 

kinematically guided, the total number of variables that are integrated is 42. Figure 2 shows 

where the closed-loops have been cut. Two cuts are performed for each suspension. One of 

them needs 3+3=6 constraints to establish identity between points and directions at the 

rotational joint removed (actually, only two constraints are needed to specify the direction but 

three makes it easier), while the other only introduces 3 more constraints as this time the joint 

removed is spherical. Therefore, the total number of constraints is 36, with just 32 independent. 

The modeling problem using this type of coordinates is quite involved and requires a 

substantial effort particularly in the existence of close loops. Its use is not recommended for 

general purpose simulators, but for special ones that would allow for a time consuming effort of 

implementation. 



DESCRIPTION OF THE SIMULATIONS 

The first simulation, called SIMUL1, consists of 10 seconds of motion with the vehicle going 

up an inclined ramp and the down a series of stairs at, a speed of 5 m/s, as may be seen in 

Figure 3. The simulation leads to the strong motion with accelerations of up to 5g. 

wmM 

%M 

Figure 3. The lids vehicle performing SIMUL1. 

During the second simulation, SIMUL2, that also lasts for 10 seconds at a speed of 5 m/s, the 

vehicle goes off a ramp and hits the ground as illustrated in Figure 4. 

Figure 4. The Iltis vehicle performing SIMUL2. 



In the third simulation, SIMUL3, the Iltis vehicle is driven through a series of columns in the 

slalom maneuver shown in Figure 5. The simulation lasts for 10 seconds at a vehicle speed of 5 

m/s. 

Figure 5. The Iltis vehicle performing SIMUL3. 

RESULTS ON ONE-PROCESSOR MACHINES. SEQUENTIAL PROCESSING. 

The three simulations described above were carried out on a SGI Indigo2 IMPACT with one 

processor R4400SC @ 200 MHz and 2 Mb of secondary cache memory, using the three 

formulations: Augmented Lagrangian, Classical Lagrangian and Fully Recursive. Table I 

features two columns for each formulation: the first one gives the smallest CPU time achieved 

with the corresponding method, while the second one shows the time step size which led to the 

best CPU time. 
Table III illustrates the fact that the augmented Lagrangian formulation (with a penalty 

factor of 109) is clearly superior to the classical one because it performs notably faster (between 

three and four times) and achieves convergence for greater time step sizes. On the other hand, 

the fully-recursive formulation shows to be more efficient than the augmented Lagrangian 

method although it needs to take a smaller time step size to converge. 

Therefore, when the simulation difficulty is not very high and the augmented Lagrangian 

method can work with large time step sizes (SIMUL2), it performs at the same level that the 

fully-recursive formulation. On the contrary, when the maneuver becomes sharper (SIMUL1) 

the augmented Lagrangian method must keep on small step sizes and the fully-recursive 

formulauon takes a fair advantage. 



Augmented Lagrangian Classical Lagrangian Fully-Recursive 

CPU (s) At(s) CPU (s) At(s) CPU (s) At(s) 

SIMULl 34 0.0175 139 0.01 20 0.0075 

SIMUL2 18 0.03 58 0.025 14 0.0075 

SIMUL3 27 0.025 99 0.01 9 0.0075 

Table III. Efficiency on a single-processor machine. 

RESULTS ON PARALLEL MACHINES 

To find out the effect of the parallelization over the three formulations under study, simulation 

SIMULl has been executed on a SUN Sparc Station 20 with 4 processors HyperSparc 

(RT625) @ 100 MHz with 256 Kb of cache memory. Table IV shows the reduction in CPU 

time experienced by each method as the number of processors increases. 

# of 

processors 

Augmented 

Lagrangian 

Classical 

Lagrangian 

Fully- 

Recursive 

1 0.0 0.0 0.0 

2 22.7 6.5 0.0 

3 29.6 9.0 0.0 

4 29.6 9.0 0.0 

Table IV. Reduction of CPU time in % due to parallelization. 

It may be seen from Table IV that the method that takes most advantage of the 

parallelization, up to 30% savings, is the augmented Lagrangian, since it uses it during the 

matrix formation and solution. The classical Lagrangian only takes advantage of the 

parallelization at the time of solving the equations, achieving up to 9% reduction. On the other 

hand, the fully-recursive formulation does not profit at all from the parallel computing, thus 

indicating to be a method suitable for sequential processing. It must be noticed that, in all cases, 

the fourth processor does not contribute to make any difference in CPU time. 

The simulations SIMULl and SIMUL2 are also performed in an ALPHA AXP 4000 with 

2 processors Alpha 5 @ 466 MHz with 4Mb of cache memory. The performance of the 

augmented Lagrangian method is shown in Table V. Real-time performance is achieved for 

SIMUL2, thus corroborating the fact that real-time simulation can be achieved in current 

standard workstations using the augmented Lagrangian formulation. 



Number of Processors SIMUL1 

12 seconds 

SIMUL2 

9 seconds 

Table V. CPU times taken by the augmented Lagrangian method in the ALPHA AXP. 

INFLUENCE OF NUMERICAL STIFFNESS 

Simulation SIMUL1 is carried out again using the three formulations. However, this time the 

rubber bumpers of stiffness 107N/m mentioned above, are activated in the four suspensions of 

the model, so that the behavior of the algorithms under conditions of high numerical stiffness 

may be observed. This simulation is now called SIMUL1S. Table VI compares the results 

obtained by the three methods when performing SIMUL1 and SIMUL1S. 

- ■•  ■ 

Augmented Lagrangian Classical Lagrangian Fully-Recursive 

CPU (s) At(s) CPU (s) At {s) CPU (s) Ai(s) 

SIMULl 34 0.0175 139 0.01 20 0.0075 

SIMUL1S 78 0.005 435 0.0025 34 0.0025 

Table VI. Influence of numerical stiffness. 

Table VI shows that numerical stiffness makes the Lagrangian methods take a small time 

step size, thus loosing performance with respect to the fully-recursive formulation. On the other 

hand, the efficiency ratio between the augmented and classical Lagrangian methods does not 

seem to change. However, the penalty factor of the augmented Lagrangian procedure needs to 

be increased to 1010to achieve convergence and, at lower time steps, as for instance 10~~ 

seconds, this formulation starts suffering from its characteristic ill-conditioning effect. When 

numerical stiffness remains low, this problem arises at a step size of 10 or 10" seconds, 

but the presence of high numerical stiffness makes it to appear sooner. 

CONCLUSIONS 

This is the first time that a thorough comparison of different leading methods of dynamic 

simulation has been carried out for large multibody systems. The conclusions that have been 

reached may be summarized as follows: 

• The modeling process required by the fully-recursive method leads to a relative coordinate 

formulation that is suitable for open chain configurations, but presents serious complexities 

and difficulties for the case of closed kinematic chains. The modeling for the Lagrangian 

formulations is much simpler and may be done with dependent coordinates. Therefore the 

former calls for special purpose implementations, whereas the latter is more suitable for 



2.3 Refined strategy for a multi-index variable time step integration method. 

A refined strategy has been implemented for the multi-index variable time step that has led to a 

better behavior and control of the time step size during the integration process (publications 2 

and 5). A summary of the method and results are reported below, (see Appendix for more 

details). 

THE MULTI INDEX AUTOSTEP PING ALGORITHM 

As reported above the augmented Lagrangian index-1 method is more accurate than the index-3 

for small time steps, and the index-3 method is more efficient than the index-1 (with same 

accuracy) for large time steps. Therefore, a multi-index formulation would take advantage of 

the good qualities of both methods for different time step sizes. Index-3 is the right choice for 

time steps between 10~2 and 10"4 (where it is accurate and efficient); however, as we decrease 

the size of the time step, starting in the neighborhood of Ar = 10"4(with no pivoting) or 

Ar = 10"5 (with pivoting), the index-1 method becomes more accurate and robust. 

Also, taking into account the correlation existing between the energy and the local error an 

integral of motion (system total energy in conservative systems) has been proposed as a 

measure of the local integration error. For non-conservative systems and considering the use of 

fully Cartesian coordinates, the following integral of motion (energy invariant) is established: 

n = T(t) + V(t) - J qTQdT = constant 

where T is the kinetic energy and V the potential energy, respectively. This equation clearly 

yields T + V = constant for conservative systems. 

Using this energy invariant described as a measure of the local integration error, a variable 

time step size strategy has been proposed. The key idea is to modify the step size when the 

change in the energy invariant exceeds an allowable value. When this occurs'a new time step 

size is calculated in order to achieve the desired accuracy. 

NUMERICAL RESULTS 

Simulations are performed using the front suspension, of the ILTIS vehicle, one of the models 

included in the library of benchmark problems. The model requires a total of 23 variables, 

related through 22 constraint equations. 

The simulation is performed as follows: the suspension starts moving from at rest 

conditions at a speed of 5 m/s, and its position does not correspond to the static equilibrium. 

Thus, it freely oscillates until the static equilibrium position is reached. After three seconds, the 

suspension goes over a road bump, defined by a cosine function, and afterwards it freely 

oscillates until the equilibrium is reached again. The complete analysis lasts for 6 seconds. 



general purpose simulators. In this respect, an analogy may be established between these 

methods and the finite element formulation for structural analysis. 

The augmented Lagrangian method (ALF) features a leading matrix that is symmetric and 

• positive-definite. This makes it very robust in simulations with singular configurations and 

redundant constraints. Also, this method permits the differentiation of the dynamic equations 

to get the tangent matrix in a Newton-Raphson iteration, which allows for convergence at 

larger time step sizes than the recursive formulations. Furthermore, it takes a serious 

advantage of parallel computing. However, it suffers from ill-conditioning when the time 

step size becomes small, thus having convergence difficulties for stiff systems. A precision 

environment of 32-digits (words of 128 bits) could be the cure for this numerical drawback. 

The classical Lagrangian formulation generates an almost double-size problem than its 

augmented counterpart, and takes less profit of parallel computing, thus, performing notably 

worse. In addition, its leading matrix is less robust, causing the failure of the integration 

process at singular configurations and in the presence of redundant constraints. However, 

this method is not so sensitive to ill-conditioning pr'oblems'for small time step sizes. 

The fully-recursive procedure performs well for stiff and non-stiff systems. Its involved 

formulation only permits a fixed-point iteration scheme, so that the time step size must be 

kept small to achieve convergence. Despite of this fact, it shows to be the most efficient 

method among the three compared, but does not obtain any advantage from parallel 

computing. The integration also fails in singular configurations and in the presence of 

redundant constraints. 

According to the presented results, real-time simulation of large multibody systems can be 

achieved with medium-size workstations, opening a wide field for development of hardware- 

in-the-loop and man-in-the-loop facilities, virtual prototyping tools and intelligent vehicle 

control systems. 



This simulation is carried out under two different conditions. The first one is done using a 

index-3 approach with a fixed time step of 10"2 seconds. The second simulation is performed at 

variable time step and multi-index, starting with index-3 and a step size of 10" seconds. The 

first simulation took 8.41 seconds of CPU time and the second took 36.07 seconds. 

Figure 6 shows the time history of the time step size. It may be clearly seen that, for the 

specified tolerance it is necessary to shorten the time step size only when the wheel is passing 

over the bump. At the beginning the step size is quickly adjusted to speed up the process while - 

maintaining the local error between the allowable limits. 
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Figure 6. Time history of step size. 

Figure 7 shows the total system energy in both cases. It is important to remark that only 

when translating the origin and scaling the energy represented in the vertical axis one can notice 

its change. The biggest deviation from the initial value (425,128 J vs. 100 J) is about 0.02% of 

the total system energy in both cases. Also important it is the fact that similar precision in total 



system energy conservation can be obtained performing the simulation with an index-1 

approach and a fixed time step size of 5.10"4 seconds. In that case the simulation takes 155 

seconds (over 400% more than in the variable index-variable step case), thus corroborating the 

benefits of using the proposed multi-index variable time step procedure. 

As a result of this example, it is clear that a multi-index-1-3 approach with variable time step 

provides an excellent solution, since the more efficient index-3 method is used during a large 

part of the motion, and the index-1 only at that part where the time step decreases below the 

critical limit where the index-3 loses precision and accuracy. 
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Figure 7. Total system energy. 



CONCLUSIONS 

. The system energy invariant has proved to be a good measure of the local integration error. 

This feature makes unnecessary the use of traditional (but less efficient) error criteria used in 

standard numerical integration methods. 

• The variable time step strategy and the switch from one method to the other do not cause 

problems during the integration process. 
• The use of the proposed technique allows a substantial speedup gain in CPU time for large 

scale systems, thus helping to achieve real-time behavior. 

• The method is general and can also be applied to solve the dynamics of flexible multibodies. 
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Abstract. Current simulation tools for multibody dynamics are not problem dependent, they use the 
same modeling process to all cases regardless of their characteristics. In addition, real-time simulation 
of small multibody systems is achievable by existing simulation tools, however, real-time simulation 
of large and complex systems is not possible with existing methods. This is a challenge that needs 
to be addressed before further advances in mechanical simulation with hardware-in-the-loop and 
man-in-the-loop, as well as virtual prototyping are made possible. 

This paper addresses the issue of how the modeling process - dependent versus independent 
co-ordinates, and descriptor form versus state-space form of the equations of motion - affects the 
dynamic simulation of multibody systems and how it could be taken into account to define the concept 
of intelligent simulation. With this new concept all the factors involved in the simulation process - 
modeling, equations, solution, etc. - are chosen and combined depending upon the characteristics 
of the system to be simulated. It is envisioned that this concept will lead to faster and more robust 
real-time simulators. 

Key words: real-time-simulation, computational multibody dynamics, solution algorithms. 

1.   Introduction and Background 

The kinematics and dynamics of multibody systems constitute an important part 
of what is referred to as CAD and MCAE. The advantage of computer simulations 
performed by CAD and MCAE tools, is that they allow designers to predict the 
kinematic and dynamic behavior of all types of multibody systems in great detail, 
during all the design stages: from the first design concepts to the final prototypes. 
The kinematic and dynamic analysis of multibody systems are processes which 
are most appropriately performed in real-time, allowing even the analyst to act as 
an additional element in the simulation process, man-in-the-loop, by introducing 
external or control forces over specific degrees of freedom. This obviously impos- 
es constraints on the computer hardware and software. Real-time analysis now 
requires the use of, at least, the top of the line workstations, and is not yet possible 
for large problems. 
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Relative Coordinates 
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Principles of Mechanics 
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Figure 1. Factors involved in the simulation process. 

Figure 1 illustrates all the factors that intervene in a simulation process. Such 
factors include: modeling process, use of the principle of mechanics, formulation 
of the equations of motion, numerical integration and solution of the resulting 
equations. Intelligent simulation requires the right choice of these factors which 
will lead to the best possible simulation of the multibody system at hand. 

The first issue to be considered in the simulation is that of modeling the system, 
that is, the selection of a set of parameters or co-ordinates that will allow to 
unequivocally define at all times the position, velocity and acceleration of the 
system. The most important types of co-ordinates currently used to define the 
motion of multibody systems are: relative co-ordinates, reference point or Cartesian 
co-ordinates, and natural ox fully Cartesian co-ordinates. A thorough comparison 
between these different types of co-ordinates and their influence in the solution 
process has been carried out by Garcia de Jalön and Bayo [1]. As a result of 
that study, we choose in this paper the fully Cartesian co-ordinates which lead to 
constant inertia terms and linear Jacobian of the kinematic constraints, and are 
numerically more efficient than the reference point co-ordinates [1]. 
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Another factor in the modeling process is the choice of the dynamic formulation, 
obtained from the application of the principles in dynamics, that will lead to the 
final form of the equations of motion. Dynamic principles such as Lagrange s equa- 
tions, Newton's laws, canonical equations of Hamilton, virtual power, Hamilton s 
principle, Gibbs-Apell equations, etc. constitute the basis for the formulations of 
multibody dynamics. The choice of the dynamic formulation will influence the 
subsequent choice of numerical integration schemes. 

The widely used method of Lagrange's multipliers leads to a representation 
of the equations of motion in its descriptor form constituting a set of index-3 
differential algebraic equations (DAE). The addition of stabilization techniques, 
such as the method of Baumgarte [2], reduces the index and makes the solution 
tractable by means of standard ODE solvers, however, this method does not provide 
full constraint satisfaction, leads to a limited control of accuracy, and in addition 
no ways are available for choosing the values of the coefficients used by the 
method. Recently, an augmented Lagrangian formulation with projections [3] was 
proposed that in addition to transforming the set of equations into a stabilized 
set is solvable by standard ODE methods and assure Lyapunov stability of the 
simulation process [4]. They also have the advantages of being robust under singular 
configurations, topology changes and with redundant constraints and provide full 
constraint satisfaction. 

Other formulations, such as co-ordinate partitioning [5], Kane s method [6], and 
virtual power with projection matrices [7] transform the equations of motion to a 
minimum set of co-ordinates or state-space form that is directly solvable by ODE 
methods. State-space representations may also be obtained by means of velocity 
transformations, initially introduced by Jerkovsky [8], and subsequently extended 
by other authors [9-13]. Recursive methods, also called topological since they take 
into account the structure of the mechanism, such as those developed by Walker 
and Onn [14] or Featherstone [15, 16], are also included in this family. State-space 
representations are more suitable for ODE integration than the descriptor counter- 
parts at the expense of solving the velocity and position problem at each time step. 
However they do not handle well topology changes and singular configurations. 
In addition, they cannot support stiff integrators and consequently may present 
difficulties when the system has built-in numerical stiffness. 

The numerical mathematics community has sought solutions to the index reduc- 
tion problem and has proposed many different ways. Recent advances have been 
made which have yielded stabilized index reduction methods and accurate ways 
of projecting the DAE onto the underlying ODE for more stable and accurate 
solutions Key developments are the work of Brenan et al. [17], Gnepentrog et al. 
[18] Führer and Leimkuhler [19], Lubich et al. [20], developer of MEXX, Arnold 
[21]', developer of HEDOPS, Hairer and Wanner [22], developers od RADAUX 
and Petzold [23], developer of DASSL. 

In this paper we examine and compare four methods: a recently proposed 
augmented Lagrangian formulation with projections [3] in index-1 and index-3, a 
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new modified state-space formulation based on projection matrices, that is capable 
of handling the numerical stiffness coming from built in stiff numerical properties 
(springs, dashpots, etc.), and a fully-recursive formulation proposed by Jimenez 
[24] which is an improvement of the articulated inertia method [15]. The goal 
is to be able to find guidelines as to what modeling methods - dependent versus 
independent co-ordinates, descriptor form versus state-space form of the equations 
of motion, global versus topological methods - are most adequate for different types 
of multibody systems. For this reason, the comparison is made through the analysis 
of different mechanical systems that encompass: open and close chains, systems 
that undergo singular configurations, modeling with redundant constraints, systems 
that encounter sudden changes and high frequency thus requiring very small time 
steps of integration, and lastly numerically stiff systems. Comparisons are made on 
the basis of qualitative as well as quantitative factors. Conclusions are drawn based 
on the performance of the different methods that serve as the basis to establish a 
strategy for intelligent simulation. 

2.   Modeling and Dynamic Analysis 

2.1.  FORMULATION IN FULLY CARTESIAN CO-ORDINATES 

Let us consider a multibody system whose configuration is characterized by n 
fully Cartesian (or natural) co-ordinates q [1] that are interrelated through the m 
holonomic kinematic constraint conditions 

*(q,*) = 0. (1) 

The use of the principle of virtual power directly leads to the equations of motion 

<5qr(Mq-Q(q,q) + <A)=0, (2) 

which for a general multibody system leads to: 

Mq + 3>[A = Q(q,q), (3) 

where M is the mass matrix, Q is the vector that contains the external and non- 
conservative forces as well as the velocity dependent inertia forces, 3>q is the 
Jacobian of the constraint equations, and A is the vector that contains the Lagrange 
multipliers. Note that the use of the fully Cartesian co-ordinates leads to a constant 
mass matrix M and the absence of velocity dependent inertia forces in the vector 
Q, and consequently Equation (3) is greatly simplified. 

Equations (1) and (3) constitute a set of n 4- m mixed differential algebraic 
equations (DAE) of index-3 [17], with q and A as unknowns. It is a common 
practice in multibody dynamics to double differentiate the constraints and append 
the resulting equations to (3) to avoid the direct integration of DAEs, thus yielding 
an index-1 formulation: 

M  *J 
&n      0 

(4) 
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These equations can now be integrated using standard numerical integrators with 
each function evaluation performed using Equation (4). 

2.2.    INDEX-1 AUGMENTED LAGRANGIAN FORMULATION.WITH PROJECTIONS 

Recently a method was presented by Bayo and Ledesma [3] that uses an index-1 
augmented Lagrangian method with mass-orthogonal projections of the positions 
and velocities to their constraint manifolds. Such formulation leads to the following 
equations of motion: 

Mq + *J,a* + *JV=Q(q,q), (5) 

where A* are the Lagrange multipliers. Introducing the expression <£ = $qq + 
$ q + 4t in Equation (5) the following equation is obtained 

(M + tfa*q)q + *JV = Q(q,q) - «^«(^q + **)■ (6) 

It is important to note that there is a substantial difference between Equation (6) 
and the Lagrange's multiplier approach represented by (4). The leading matrix of 
Equation (4) becomes singular in singular configurations, changing topologies and 
in the presence of redundant constraints. However, although the mass matnxM is in 
general positive semi-definite, the leading matrix of Equation (6), (M + <£g a*9), 
is always positive definite, which means that it can always be factored, even in 
singular positions, changing topologies and/or with redundant constraints. 

The following iteration process [3] yields the unknown multipliers A* 

A*+1=A* + a(*)l+1,    t = 0,l,2,... (7) 

with \*0 = 0 for the first iteration. Equation (7) physically represents the introduc- 
tion at iteration i + 1 of forces that tend to compensate the fact that the addition of 
all the constraint terms are not exactly zero. It turns out that with the augmented 
Lagrangian formulation, the penalty numbers do not need to be very large (thus 
leading to a better numerical conditioning) since the resulting error in the con- 
straint equations will be eliminated by the Lagrange terms during the iteration 
procedure. The value of the penalty factor a does not affect the solution, but only 
the convergence rate. Experience shows that when the constraints are scaled to 
unity, penalty factors ranging from 105 to 107 give a good convergence rate, and 
only 1 to 2 iterations are required to converge to the solution. The leading matrix 
remains constant during the iteration process. 

As a result of using the index-1 formulation, the solution of Equation (7) yields 
a set of accelerations that not only satisfies dynamic equilibrium but also the con- 
straint conditions * = 0. However, it is expected that some constraint violations 
will take place for $ = 0 and 4? = 0. A projection scheme is devised for q and 
q such that the constraints * and * will be zero also. These projections may be 
done as follows: 
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(a) Projection in q. 
During the time integration process the numerical integration scheme yields a set of 
co-ordinates q* that does not completely satisfy the constraint conditions 3> = 0. 
In order .to satisfy the constraints, we perform a mass-orthogonal projection of the 
solution to the constraint manifold and obtain a new set of positions q that satisfies 
<3> = 0. This can be achieved by the solution of the following iterative procedure 

[3]: 

(M + *Ja*g)Aq(l+1) = -7^ (8) 

with 

7W = M(qW - q*) + SjAW (9) 

and 

q(i+,)=q(0 + Aq(i+I),.    A^+,)=A^ + a*(i+1), (10) 

where the superscript indicates the iteration number. Equations (8) through (10) 
can be used iteratively until || Aq|| < e, where e is a user specified tolerance. 

Note the important feature that the tangent matrix in Equation (8) is identical to 
that used in Equation (6) for the dynamic analysis. Furthermore, since the solution 
q is close to the initial values q*, the projection problem can be solved using a 
modified Newton-Raphson method with no need for updating the tangent matrix. 

(b) Projection in q. 
Similarly during the time marching integration process the numerical integration 
scheme yields a set of velocities q* that does not completely satisfy the constraint 
conditions $ = 0. Again, we perform a mass-orthogonal projection of the solution 
to the velocity constraint manifold and obtain a new set of velocities q that will 
satisfy 4 = 0. This can be achieved by the solution of the following equation [3]: 

[M + *Ja$g]q = Mq* - tf{a&t + *), d 1) 

where the Lagrange multipliers of the projection problem are updated as: 

o-(*+>) =CrW+a*(l+1). (12) 

A more efficient implementation of the projection in velocities is given by the 
following recursive set of equations: 

[M + *^a*ff]q<i+1) = Mq(i) - *Ja*t, (13) 

and the iteration is started by setting 

q<0)=q*    and    *<® = a*<°>. (14) 

Since the leading matrix in Equation (11) depends only on the generalized co- 
ordinates, it needs to be triangularized only once, and the iteration described 
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by Equation (13) will require only successive forward reductions and back-sub- 

stitutions. 

2.3.    INDEX-3 AUGMENTED LAGRANGIAN FORMULATION WITH PROJECTIONS 

In [3], an index-3 augmented Lagrangian method with mass-orthogonal projections 
of the velocities and accelerations to their constraint manifolds is presented. Such 
a formulation leads to the following equations of motion: 

Mq + $^a$ + <A* = Q(q, q), <15) 

where A* are the Lagrange multipliers. The following iteration process yields the 

unknown multipliers A* 

A?+1=A? + a*i+„     » = 0,1,2,... (16) 

with X*Q = 0 for the first iteration. Similar to the case of the index-1 formulation the 
value of the penalty factor a affects the convergence rate. Experience shows that 
when the constraints are scaled to unity, penalty factors ranging from 107 to 10 
give a good convergence rate for the index-3 formulation, and only 1 to 2 iterations 
are required to converge to the solution. 

As a result of using the index-3 formulation, the solution of Equation (15) yields 
a set of qn+1 that not only satisfies dynamic equilibrium but also the constraint 
conditions* = 0. However, it is expected that some constraint violations will take 
place for <£ = 0 and <£ = 0. A projection scheme is devised for q and q such that 
the constraints <l and 4 will be zero also. The projection in q is done as follows: 

(c) Projections in q. 
Similar to the velocity analysis, the projection of the generalized accelerations 
onto the constraint manifold can be obtained through the solution of the following 

equation [3]: 

(M + *Ja*,)q = Mq* - tf{a{4>qq + *,.) + «}, (17) 

where the associated Lagrange multipliers are updated by the following formula: 

«(*+•> =«(0 + a#(<+i). (18) 

Numerical implementation of the augmented Lagrangian formulation for the pro- 
jection of accelerations is given by the recursive set of equations 

(M + *Ja$9)q(l+1) =- Mq« - tfa{*qq + *t) (19) 

and the recursion is started by setting 

q(°)=q*    and    *<°> = a*<°>. (20) 



256 J CUADRADO ET AL. 

Equation (19) constitutes ä system'of linear algebraic-equations in q that are 
solved iteratively until convergence in the generalized accelerations is achieved. 
Since the leading matrix in (19) is the same as that of Equation (13) used for the 
velocity projection, the acceleration analysis will require only successive forward 
reductions and back-substitutions. 

2.4. MODIFIED STATE-SPACE FORMULATION 

A state-space representation of the equations of motion can be obtained using the 
basis of the null-space of the Jacobian. Such basis is defined by the matrix R which 
will satisfy the following condition [1]: 

Accordingly, the dependent velocities and accelerations can be expressed in terms 
of the independent ones as follows: 

q = Rz    and    q = Rz + Rz. (22) 

Introducing Equation (22) into Equation (3) the following equation is easily 
obtained: 

RTMRz = RTQ(q; q) - RTMRz, (23) 

which constitutes the equations of motion in independent co-ordinates. Equation 
(23) provides the function evaluation for the numerical integration scheme. This 
method requires the solution of the position and velocity problems [1] at each time 
step to obtain the matrix R, q and q, so that Equation (23) may be solved. The 
solution of the position and velocity problems, that are costly computationally, 
have the same meaning as that!of projecting'the solution to obtain the dependent 
positions and velocities. 

Implicit integrators make successive calls to (23) as a fixed point iteration. 
Such iteration is either generally inefficient or precludes convergence for stiff 
systems. Due to this reason we propose below a modification of this method 
based on the direct combination of Equation (23) with the difference equations of 
the numerical integration scheme. Such combination permits a modified Newton- 
Raphson iteration that allows this method to be used in stiff problems, and is 
described in detail below. 

2.5. FULLY-RECURSIVE FORMULATION 

A topological, fully-recursive algorithm of order O(N) has been presented by 
Jimenez [24]. This algorithm uses a set of relative co-ordinates z to represent the 
state of the mechanism and the Cartesian velocities 

z< = {4 c4) (24) 
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and their derivatives Zt to formulate the equations of motion. The vector r0i 

represents the velocity of the point of body i that is currently situated at the origin 
of the inertial reference frame, while u){ is the angular velocity of body i. In the 
case of open chain mechanisms, the relative co-ordinates z are independent, equal 
in number to the degrees of freedom. If there are close chains, they are opened 
either at a pair or body, and the corresponding constraints are established. 

Once the co-ordinates are defined, the first step consists of a kinematic trans- 
mission starting from the base towards the end of the chain. The corresponding 
recursive expressions in velocities and accelerations are given by 

Z, = Zt_i+blZl, (25> 

Zi = Zi_, +blil+dl, (26) 

where bt is a 6 x 1 vector containing the value of the Cartesian velocities Z; when 
all the velocities z are made zero except z{ = 1, and dt is also a 6 x 1 vector 
containing the difference of the Cartesian accelerations Z; - Z^i, when all the 

accelerations z are made zero. 
The second step is a condensation of the forces and inertial terms starting 

from the end of the chain and progressing towards the base. In cases with closed 
chains, the reaction forces coming from points where chains have been opened 
are introduced through a penalty formulation as functions of the violation of the 
constraints and their derivatives. These reaction forces are condensed together with 
the rest of the forces. The recursive expressions for this second step are 

Mt_, =Mi_,+KiMi, (27) 

Qi_i^Qi-i+Ki(Qi-MzdO, (28) 

where 

Kt = l6_^iM. (29) 

M» and Qz are, respectively, the mass matrix and the vector of generalized forces 

of body i. 
The third and last step is the calculation of accelerations z from the base to the 

end of the chain. For this purpose, the following expressions are provided 

,.      bUQj-Midi) (30) 

b^Mib, 

z, = 
bltQi-M^dj + Zj-i)] (31) 

b\Mibi 
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Therefore, it may be seen that the formulation is fully recursive and there is no need 
of solving a system of equations. This fact suggests a good speed competitiveness 
of this method as the size of the problem increases. In those cases, non-recursive 
formulations are forced to cope with large sets of equations. On the other hand the 
complexity of this formulation and its implementation is far superior to those seen 
above, especially the index-1 and index-3 methods. 

3.   Numerical Implementation of the Different Methods 

The difference equations of the numerical integration scheme may be expressed in 
general terms as: 

qn+, = aqn+l - qn    and    qn+l = &qn+1 _ ^ (32) 

where a and b are constants that depend on the numerical integration scheme and the 
time step, qn and qn are known quantities that depend on the positions, velocities 
and accelerations at step n and/or previous steps. Note that if the method is explicit 
a and b will be equal to zero. 

3.1.  INDEX-1 AUGMENTED LAGRANGIAN FORMULATION 

Substituting Equation (32) in the equation of motion (5) for index-1, yields: 

(M + *J'a*ff)6qn+I + $JA* + tfafaq + *4) 

- Q(q, q) - (M + *J"a$9)q = 0, (33) 

which constitutes a set of n equations of the form f = 0 to be solved for the 
unknown position qn+I. We can apply a modified Newton-Raphson method and 
evaluate the solution by means of the iterative process: 

of (i) 
Aq^+') = -f(qW), 

(34) L<9q. 

where the function f is defined as 

f(qn+I) = Mqn+1 + $^(Q$ + A*) _ Qn+n 

and the tangent matrix is approximated by the following matrix: 

~ = b(M + *Za*q) _ Qq _ aQ.; 

where the last two terms of (36) represent the contribution to the tangent matrix 
coming from the elastic forces (i.e. springs) and those dependent on the velocity 
(i.e. dashpots). J 

(35) 

(36) 
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3.2. INDEX-3 AUGMENTED LAGRANGIAN FORMULATION 

The substitution of Equation (32) into Equation (15) for index-3 yields 

6Mqn+1 + *J(a* + A*) = Qn+1 + Mqn, (37) 

which again constitutes a set of nonlinear algebraic equations with qn+i as 
unknowns. We use a modified Newton-Raphson iteration and evaluate the solution 
by means of the iterative process outlined above with the function f defined as 

f(qn+i) = M<W, + <("* + A*) - Qn+. <38) 

and the tangent matrix approximated by 

^ = 6M + <a*g - Q, - aQq. <39> 
dq 

3.3. NEW STATE-SPACE IMPLEMENTATION FOR STIFF AND NON-STIFF SYSTEMS 

One of the major drawbacks of the state-space representation given by Equation (23) 
is that this equation is customarily used as a fixed point iteration for function 
evaluation. It is well known in numerical analysis that such iteration is not efficient 
and even fails when the equations of motion are stiff. Consequently, in what follows, 
we propose a combination of the equations of motion (23) and the finite difference 
equations of the numerical integration scheme (32), such that the integration of both 
stiff and non-stiff problems can be made tractable. Since we are now integrating 
using independent co-ordinates, Equation (32) may be rewritten as: 

zn+i = azn+i - zn    and    zn+i = bzn+i - zn. . (40) 

The substitution of Equation (40) in the equation of motion for state-space (23), 

yields: 

RTMR6zn+1 - RTQ(q,q) - RTMRazn+1 - RTMRz - RTMRz = 0,(41) 

which constitutes a set of n equations of the form f = 0 to be solved for the 
unknowns zn+1. Again, we can apply a modified Newton-Raphson method and 
evaluate the solution by means of the iterative process: 

^l(0Az<i+1> = -f(zW), (42) 
dz\ 

where the function f is defined as: 

f(zn+1) = RTMRzn+1 - RTQ7l+1 +-RTMRzn+1 = 0, (43) 

and the tangent matrix is approximated by the following matrix: 

^ - fe(RTMR) - RTQ„R - aRTQqR, (44) 
dz 
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Table I. Comparative results for the double pendulum. 

At 10 -2 

Error      Time 

lndex-1 No convergent. 
Index-3 2.1E-1     0.4 
State-space 2.9E-1     1.8 
Fully-rec 2.7E-1     2.0 

At= 10" At= 10' At = 10 -5 

Error      Time      Error      Time       Error      Time 

1.1E-3 2.8 1.1E-5 21.4 2.5E-7      214 
4.6E-3 1.9 2.0E-5 17.2 Wrong results 
4.8E-3 10.5 4.3E-5 96.6 7.6E-7      862 
2.6E-3 11.3 3.4E-5 100.3 3.4E-7     1003 

where the last two terms of (44) represent the contribution to the quasi-tangent 
matrix coming from the elastic forces (i.e. springs) and forces dependent on the 
velocity (i.e. dashpots). The contribution of elastic and damping terms to the 
tangent matrix makes this method more suitable and efficient for stiff systems than 
the classical fixed point iteration which only includes the first term in the r.h.s. of 
(44). 

3.4.  FULLY-RECURSIVE FORMULATION 

As it may be easily understood after the description of this formulation given in 
the previous section, the own nature of the fully recursive method makes difficult 
to introduce the integrator scheme (40) into the dynamic equations, since these 
equations are not explicitly formulated, but developed in three different recursive 
steps. Therefore, in this case the integration of the equations of motion must be 
performed using a fixed point iteration. The corresponding function evaluations 
(acceleration analysis) are provided by the described recursive formulation, and 
the integration scheme (40) changes its form to 

1 .. 
zn+l   —  7 zn+l  ~ and _ zn+l a 

(45) 

This fact constitutes a drawback when comparing this method to the other formu- 
lations described above which apply a Newton-Raphson scheme. However, as said 
before, this method does not require the solution of any set of linear equations. We 
will show below which effects dominate in different cases. 

4.   Numerical Results 

First Example. The simulation of a double pendulum that moves from rest in the 
horizontal position under gravity effects is carried out. Each link has a distributed 
unit mass and a unit length. We use natural co-ordinates for the modeling process [1] 
and for the integration we use the trapezoidal rule which is second order, implicit, 
A-stable method and also energy preserving in the linear regime. The total time of 
simulation is 10 seconds and the penalty factor is 107. 

Table I shows the maximum error in the energy norm and the CPU time in 
seconds taken by each of the four methods for different time steps of integration. 
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Figure 2. Assembly of two four-bar linkages. 

It is important to emphasize that the index-3 formulation does not converge for the 
time steps 10~4 and 10"5 unless the penalty factor is increased to 109 and 1011, 
respectively. Even in the last case the results obtained are wrong due to the ill- 
conditioning caused by the small time steps in the index-3 formulation (the reader 
is referred to [17] for an explanation of this effect). Note, however, that no pivoting 
or filtering is done in the solution process to avoid or diminish this ill-conditioning. 

The index-1 method is more robust than the index-3. It does not require to 
modify the penalty factor and increases its accuracy as the time step is decreased, 
as clearly seen in the table. The index-3 method is more efficient than the index-1 
for large time steps of integration. 

The state-space and the fully recursive methods work for all the time steps 
considered. Therefore, they show a robust behavior although they run notably 
slower than its two competitors. In this example, the slowness of the fourth method 
is justified due to the reduced number of variables used by the other methods 
(just 4). Moreover, the fully-recursive formulation has been developed for three- 
dimensional cases and 6x6 matrices and 6 x 1 vectors are used. Undoubtedly, this 
formulation could be simplified for planar cases, thus getting smaller calculation 
times. 

Second Example. The simulation of a one degree-of-freedom assembly of two 
four-bar linkages has been proposed in [25] as an example to test the performance 
in cases where the mechanism undergoes singular configurations. When the mech- 
anism reaches a horizontal position, the number of degrees of freedom increases 
instantaneously from 1 to 3. To define the position of the system, we use the six 
position variables (x\, y\, X2, yi, x$, y$), as may be seen in Figure 2. All the 
links are of length I = 1 m and have a uniformly distributed mass m = 1 kg. 
The gravity force acts in the negative Y direction, with a value g = 9.81 m/s2. At 
i = 0 the initial velocity is x\ —■ 1. We integrate the motion for 10 seconds with 
107 the value of the penalty parameter. Figure 3 shows different time-histories of 
the simulation and shows that the mechanism goes through the singular position 
(|xi| = 1) 10 times. 
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12 3 4 5 

Figure 3. Time-history of the two four-bar linkages. 

The results obtained are illustrated in Table II. The same trend observed in the 
previous case occurs again in this one. The index-1 method is more robust in the 
sense that it increases its accuracy as At decreases although it does not converge for 
big time steps. The index-3 is more efficient and converges for bigger time steps 
but shows moderate errors for 10~3 and fails for time steps equal to or smaller 
than 10~4. As expected [25], neither the state-space method nor the fully-recursive 
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Table II. Comparative results for the two four-bar linkages. 

At = 5* 1(T2         At = 10"2           At = io-3 
At = 1(T4 

Error      Time       Error      Time      Error Time Error Time 

Index-1 No convergent. 
Index-3 7.6E-2    0.3 
State-space Does not work 
Fully-rec Does not work 

5.6E-3     1.0 
5.0E-3    0.6 
Does not work 
Does not work 

3.0E-4    7.2    . 
7.7E-2    4.0 
Does not work 
Does not work 

2.8E-7 63.6 
Wrong results 
Does not work 
Does not work 

(X4.Y4) 

Figure 4. Andrew's mechanism. 

formulation work in these kind of simulations because they either fail or lead to 
divergent results when the singular position is reached. 

Third Example. The Andrew's squeezing mechanism, described in detail in [26], 
has been proposed as an example to test numerical algorithms in multibody dynam- 
ics. It requires very small time steps because of the small time scale of the problem. 
We perform the simulation using natural co-ordinates and redundant constraints 
to introduce the angle of the crank ß as an additional variable (see Figure 4). The 
penalty factor is a = 107, and again the trapezoidal rule is used for the numer- 
ical integration for a total time of 0.03 seconds. Sparse solvers are used in the 
non-recursive methods to solve the system of equations. The simulation yields the 
values of the angles shown in Figure 5, which are calculated in a post-process as 
functions of the natural co-ordinates used to model the mechanism. The angles in 
Figure 4 and the plot numbers in Figure 5 are related as follows: 1 - ß, 2 - 6,3 - 7, 
4 - Ö, 5- $, 6 - tt. The analysis is performed using the four proposed methods and 
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Figure 5. Angles of the Andrew's mechanism. 

Table III. Comparative results for the Andrew's mechanism. 

At = 10" At = 10 ,-5 At = 10- 
Error      Time      Error      Time       Error      Time 

Index-1 1.4E-2    0.6 
Index-3 Wrong results 
State-space 4.3E-3     1.3 
Fully-rec 3.0E-3    2.8 

2.5E-2      5.2 
No convergent. 
9.3E-5     10.2 
9.3E-5    16.2 

2.0E-4      54 
No convergent. 
6.2E-5     101.9 
3.2E-5     145.6 

the results are depicted in Table III. It may be seen that since the time step required 
is very small, the index-3 method either fails or yields wrong results (again no 
pivoting or filtering is performed). On the other hand, the index-1 method yields 
good results and shows better accuracy as the time step decreases. The state-space 
method shows this behavior also, giving even a slightly better energy conservation 
than index-1, but running at half of the speed. The fully-recursive formulation 
presents also a robust behavior, although it runs the slowest of all because of the 
number of close kinematic loops that the problem has. The system of equations for 
the index-1 and index-3 methods are solved using solvers that take advantage of 
the sparse nature of their leading matrices. 

Fourth Example. The 4 x 4 Iltis vehicle [27] has been proposed as a benchmark 
problem by the European automobile industry to check multibody dynamic codes. 
We perform two different simulations using the front suspension of the vehicle (see 
Figure 6). The model requires a total of 23 variables, related through 22 constraint 
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Figure 6. Iltis suspension. 

equations with only one degree of freedom. The characteristics of the suspension 
are: 
- A shock absorber, which provides a damping force given by the following 

nonlinear expression: 

FD = 9945.627?; + 33955.72u2 -59832.25T;
3
- 39565 1.0ü

4
[N] 

for -0.2 < v < 0.21 m/s 

FD = -416.42+ 1844.3z; [N]    foru < -0.2 m/s 

FD = 1919.1638+ 1634.727u [N]    forv < 0.21 m/s 

and a elastic force due to an external polymer, given by 

Fs = -4.0092 * 106 + 2.8397 * 107a: 

- 6.7061 * 10 V + 5.2796 * lOV [N], 

where the distance x is defined in meters. 
- A tire, modeled by means of a linear vertical spring of stiffness 460,000 N/m. 
- A leaf spring, modeled as a linear spring of 35,900 N/m for deformations 

smaller than 14.5 cm. When such deformation is exceeded the suspension hits 
a second spring of value 107 N/m, thus adding a much higher stiffness to the 
suspension. 

The first simulation is performed as follows: the suspension starts moving from 
at rest conditions at a speed of 5 m/s, and its posicion does not correspond to the 
static equilibrium. Thus, it freely oscillates until the static equilibrium position is 
reached. After three seconds, the suspension goes over a road bump, defined as a 
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Table IV. Comparative results for the Iltis front suspension. 

At = 10- At= 10 -3 At = 10" At = 10"5 

Error      Time Error Time Error Time Error      Time 

Index-1 No convergent. 1.2E-3 101.2 6.0E-5 464.9 3.0E-7      4791 

Index-3 1.6E-1      6.0 2.1E-3 38.3 7.5E-2 377.2 Wrong results 

State-space 1.6E-1     16.7 7.0E-4 137.0 4.0E-5 1091.0 4.0E-7    10435 

Fully-rec 6.6E-2      6.6 4.2E-4 38.6 6.0E-6 392.0 2.0E-7      4079 

0 1 2 3 4 5 

Figure 7. Vertical position of the wheel center. Non-stiff case. 

cosine function, and afterwards oscillates until the equilibrium is reached again. 
The stiff spring of value 107 N/m is not activated in this simulation, therefore, it 
cannot be considered as a stiff problem. The complete analysis lasts for 6 seconds. 
The analysis is carried out using the four methods and the performance results are 
depicted in Table IV. Figure 7 illustrates the time history of the center of the wheel. 

Table IV shows that the index-3 method does not converge for time steps 10~4 

and 10-5 unless the penalty factor is increased to 10" and 1013, respectively. For 
a step of 10~5 the results obtained are wrong because of the ill-conditioning. The 
index-1 method is again much more robust, not requiring to modify the penalty 
factor, whose value is set to 107 for all the time steps. Its accuracy increases as 
the time step is decreased, but the method does not converge for At = 10" (no 
pivoting is used). The state-space method also shows a robust behavior although, 
in this case, it runs notably slower than the other methods. 

Table IV also shows that the fully-recursive formulation becomes competitive in 
the simulation of this non-stiff large system. The reason for this.behavior is that in 
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Figure 8. Vertical position of the wheel center. Stiff case. 

this example the first non-recursive methods use 23 variables, notably more than in 
the previous examples, and require the triangularization of matrices of size 23 * 23 
(sparse matrix algebra has been used to solve these equations). Conversely the 
fully-recursive method does not require the solution of such system of equations 
in each function evaluation. It is important to note how the index-3 method and the 
fully-recursive method take very similar times of integration, thus corroborating 
the equivalence between exploiting sparsity and the articulated body approach for 
systems with a large number of bodies. 

The second simulation is performed activating the second spring so that when 
the suspension hits the bump and the leaf-spring exceeds a deformation of 14 5 cm 
the spring of value 107 N/m becomes active, thus introducing additional stiffness to 
the system. The simulation is performed using the index-1 and the fully recursive 
formulations at different time steps of integration. Figure 8 shows the time history 
of the center of the wheel for this case. It is important to point out that the fully- 
recursive method requires a much smaller time step, 5.0* W~6 seconds compared to 
the index-1 method which successfully performs the simulation starting at 5 0* 1(T 5 

seconds. It becomes obvious that for suffer systems such as those resulting from 
■arger springs, visco-elastic bushings, flexible multibodies, active control systems 
etc., the performance of the fully recursive method will further degrade 

As a result of this example, it is clear that a multi-index-1-3 approach with 
variable time step would provide an ideal solution, since the more efficient index-3 
method would be used during a large part of the motion and the index-1 only at 
that part where the time step decreases below 10~4. 
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5.   Conclusions 

We have addressed in this paper the issue of how the modeling aspects of depen- 
dent versus independent co-ordinates, descriptor form versus state-space form of 
the equations of motion, and global versus topological methods affect the dynamic 
simulation of multibody systems. More concretely, we have examined and com- 
pared the use of the top of the line methods that include: an augmented Lagrangian 
formulation with projections in index-1 and index-3, a new modified state-space 
formulation based on projection matrices, that is capable of handling the numerical 
stiffness coming from built in stiff numerical properties (springs, dashpots, etc.), 
and a fully-recursive formulation whose calculation effort grows linearly with the 
size of the problem. The aim is to assess how these factors may be taken into 
account to establish a new concept in intelligent simulation. 

These are the major conclusions: 
• The index-3 formulation with projections is the most efficient of all the meth- 

ods tested, but it leads to serious ill-conditioning at small time steps, starting at 
about 10~5, when the penalty parameter becomes problem dependent. (Note 
that neither pivoting nor filtering techniques have been used to avoid or dimin- 
ish ill-conditioning.) 

• The index-1 formulation with projections is the most robust of all the methods, 
but it cannot converge for large time steps where the index-3 does. Contrary 
to index-3 it becomes more accurate as the time step decreases and it is not 
affected by ill-conditioning. It is also insensitive to the penalty parameter 
which remained constant in all the simulations. 

• The new state-space method works well with stiffness, shows robust behavior 
and good energy preservation, as well as good convergence at all time steps. 
However, it runs considerably slower than the index-1 and index-3 methods in 
all the cases tested. 

• The fully-recursive (articulated inertia) formulation behaves in a similar way 
to that of the previous one, except in what refers to speed and stiffness. This 
method is much faster than the state-space but not suitable for stiff problems 
(such as those resulting from large springs, visco-elastic bushings, flexible 
multibodies, active control systems, etc.). Also, it turns out that for small 
systems its performance is inferior to the index-3 and index-1 methods, but 
improves as the size of the problem increases. For large non-stiff problems the 
method becomes competitive. 

• The following tables summarize the findings of this paper. Each method is 
given a grade depending on its performance under different situations. The 
letter "A" means outstanding, "B" good, "C" fair, "D" poor and "F" signifies 
a failure. 
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Easiness 
of implemen 

tation 

Free 
-  from graph 

methods 

Speed Accuracy 

Method Small 
to medium 
problems 

Medium 
to large      At < 10-5 

Problems 
At > 10"5 

At < 1(T2 
At > 10-2 

Index-1 A A B B A A F 

lndex-3 A A A A F A A 

Space-state B A C C A A A 

Recursive C D C A A A A 

Performance 

Method Changing 
topologies 

Singular 
configuration! 

Inequality 
constraints 

Numerical 
stiffness 

Redundant 
constraints 

Index-1 A A A A A 

Index-3 A A A A A 

Space-state C F C A C 

Recursive D F D D D 

• It remains to address in future work the real-time behavior of these methods on 
large scale industrial problems, such as the complete model of an automobile. 
More concretely, a multi-index-l/index-3 formulation could lead to an ideal 
situation since it encompasses the benefits of both methods [28]. Also sparse- 
parallel solvers have a lot of potential for the index-l/index-3 approach since a 
great deal of operations may be performed element-by-element. On the other 
hand, the fully recursive formulation becomes competitive on large non-stiff 
problems, although to be considered as a general tool it will require graph 
methods for identifying close-chain loops and spanning trees. Therefore, the 
recursive method is a good candidate for special purpose simulators of large 
non-stiff multibody systems. 
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SUMMARY 

This paper presents a multi-index variable time step method for the integration of the equations of motion of 
constrained multibody systems in descriptor form. The basis of the method is the augmented Ugrang.an formulation 
with projections in index-3 and index-1. The method takes advantage of the better performance of the index-3 
formulation for large time steps and of the stability of the index-1 for low time steps, and automatically switches from 
one method to the other depending on the required accuracy and values of the time step. Various numencal problems that 
arise during the simulation process are described. The paper also describes ways to circumvent problems. 
The variable time stepping is accomplished through the use of an integral of motion, which in the case of conservative 
systems becomes the total energy. The error introduced by the numencal integrator in the integral of motion during 
consecutive time steps provides a good measure of the local integration error, and permits a s.mple and reliable strategy 
for varying the time step. It is also shown how the energy stored in the penalty system is suitable to measure the local 
integration error. Overall, the method is efficient and powerful; it is suitable for stiff and non-stiff systems, robust for 
all time step sizes, and it works for singular configurations, redundant constraints and topology changes. Also the 
constraints in positions, velocities and accelerations are satisfied during the simulation process. The method is robust 
in the sense that it becomes more accurate as the time step size decreases. 
A section is devoted at the end of the paper to present numerical simulations that illustrate the performance of the 

proposed method. 

1    INTRODUCTION 

Kinematics and dynamic simulations of multibody systems allow the accurate prediction of the behavior of heavy 
machinery, spacecraft, automobile suspensions and steering systems, graphic arts and textile machinery, robots, 
packaging machinery, machine tools, etc. The first issue to consider in the simulation process is that of 
modeling the system; that is, the selection of a set of parameters or coordinates that will allow to unequivocally 
define at all times the position, velocity and acceleration of the system. The most useful kinds of coordinates 
currently used to define the motion of multibody systems are relative coordinates, reference point (or Cartesian) 
coordinates, and natural (or fully Cartesian) coordinates. These coordinates, when combined with the principles of 
dynamics, lead to the final form of the equations of motion. Dynamic principles such as Lagrange's formulation, 
Newton's' Laws, canonical equations of Hamilton, Virtual Power, Hamilton's Principle and Gibbs-Apell 
equations, constitute the basis for the formulations of multibody dynamics1-23-4. The choice of dynamic 
formulation determines the subsequent choice of numerical integration schemes. 

The method of Lagrange's multipliers leads to a representation of the equations of motion in descriptor form 

constituting a set of index-3* differential algebraic equations (DAE). The addition of stabilization techniques, such 
as the method of Baumgartes, reduces the index and makes the solution tractable by means of standard ordinary 
differential equations (ODE) solvers, however, it does not provide full constraint satisfaction, leads to ä limited 
control of accuracy, and in addition provides no way for choosing the values of the coefficients used by the 
method. An augmented Lagrangian formulation with projections6 has been proposed which, in addition to 
transforming the set of equations into a stabilized set, is solvable by standard ODE methods and assure Lyapunov 
stability of the simulation process7. This method also has the advantages of being robust under singular 
configurations, topology changes and with redundant constraints, and provides full constraint satisfaction. 

Following (he notation used by Brenan et al (1989). glven a DAE F(/.y./)=0. ^ call index of thai DAE the minimum number of 

times that all or pan of the original DAE must be differentiated with respeci to the independent variable (in this case l) in order to 

determine the derivative of the function, y". as a continuous function of y and i 



State-space methods, such as coordinate partitioning«. Kane's method" and virtual power w.th projection 
matnces10, transform the equations of motion to a minimum set of coordinates that are directly solvable by ODE 
methods State-space methods may also be obtained by means of velocity transformations ■ ■ ■ ■ . Mate-space 
methods'are more suitable for ODE integration than the descriptor counterparts at the expense of solving the 
velocity and position problem at each time step. However, they do not handle well either topology changes or 
Singular configurations. In addition, obtaining the tangent matrix required for .stiff integrators is extremely 
involved and practically unfeasible in analytical form using state-space methods. Consequently, they w.ll not be 
a good choice when the system has numerical stiffness. Typically, numerical stiffness in mullibody dynamics 
anses from the modeling of leaf springs, shock absorbers, bushings, contact and impact problems. 

The numerical mathematics community has sought solutions to the index reduction problem and has 
proposed many different ways. Recent advances have been made which have yielded stable index reduction 
methods and accurate ways of projecting the DAE onto the underlying ODE for more stable and accurate 
solutions Key developments are the work of Brenan, et al.'6, Griepentrog, et a!.' , Führer and Le.mkuhler , 
Hairer and Wanner" (developers of RADAU5), Lubick2"-2' (developer of MEXX), Petzold22 (developer of DASSL) 

and Amold2324 (developer of HEX5). 
In regard to numerical integration, the backward difference formula (BDF) methods have been customarily 

used for the solution of differential algebraic equations because the artificial damping thereby introduced helps to 
stabilize the solution and provides convergence particularly in the index-3 setting. However, the actual 
implementation of BDF algorithms in general-purpose solvers is not free from numerical difficulties, which 
become more acute for index-3 when the time step size is smaller than 10M0'5 seconds. The main diff.cult.es 

are: 
-    For an index-™ DAE the tangent or quasi-tangent matrix  used in  the  Newton-Raphson  iteration  has a 

condition number of order O(lMr)16. Hence, the practical implementation of the method is bound to have 

large round-off errors for small time steps (usually starting at At=\0'i). 

.    Instabilities may result from sudden changes in system variables and constraints, such as impacts, sudden 
appearances or disappearances of constraints and topology changes. Any time there is a discontinuity in the 
response the multi-step BDF tries to fit a polynomial through the discontinuity and therefore the time step 
size must be severely reduced. As explained in the previous point, this results in an ill-conditioned iteration 
matrix. Consequently the Newton-Raphson iteration may end up near a solution  and yet not be able to 
converge to it. These problems can be circumvented, but at the expense of re-initializing the integration, thus 
producing delays in the integration process. 

Due to the reasons suggested above we propose a mult.-index, augmented Lagrangian formulation of the 
equations of motion in descriptor form for index-1 and index-3. The index-3 form is more efficient than the index- 
1; however, for time step sizes smaller than 10'5 the ill-conditioning of the tangent matrix in index-3 affects the 
performance of the method, while the index-1 form becomes more accurate and robust25. A single-step numerical 
integration scheme with variable index and time step size is developed based on the strategy mentioned above. 
Mass-orthogonal projections to the constraint space, as  described  in   the  work of Bayo and Ledesma6,  are 
performed to assure constraint satisfaction to machine precision during the integration process. At the end of the 
paper, numerical simulations are presented that illustrate the performance of the proposed approach. 

2.     PRELIMINARIES ON MULTI-BODY DYNAMIC ANALYSIS IN DESCRIPTOR FORM 

2. /   Formulation in Fully Cartesian coordinates 

Let us consider a multibody system whose configuration is characterized by  n   fully   Cartesian (or natural) 
coordinates2 denoted by vector q that are interrelated through the m holonomic kinematic constraint conditions: 

<t>(q,r) = 0 (') 

The use of the Principle of Virtual Power directly leads to the equations of motion: 

<5qr(Mq-Q(q,q) + <J>q
rX) = 0 (2> 

which for a general multibody system leads to: 

Mq + <X = Q(q,q) O) 



where M is the mass matrix; Q is the vector of the external, conservative and non-conservaUve forces; <Dq ,s the 

Jacobian of the constraint equations, and X is a vector containing the Lagrange's multipliers. The use of fully 
Cartesian coordinates leads to a constant mass matnx M, and the absence.of.velocity dependent inertia forces -n 

the vector Q. ',«->, 
Equations (1) and (3) constitute a set of n + m mixed DAE's of index three16, with q and X as unknowns. It 

is a common practice in multibody dynamics to differentiate twice the constraints.thus transforming the equation 

to index-1, and append the resulting equations to (3) to yield: 

M    < 

<Dq      0 xj   l-*qq-*, 

These equations can now be integrated using standard numencal integration techniques with each function 
evaluation performed using equation (4). In addition, equation (4) may also be easily modified to include 

Baumgarte stabilization1. 

2.2   Index-] Augmented Lagrangian Formulation with Prelections 

Recently a method has been presented by Bayo and Ledesma6 which uses an index-1 augmented Lagrangian 
method with mass-orthogonal projections of the positions and velocities to their constraint manifolds. This 

formulation leads to the following equations of motion: 

Mq + <E>q
roÖ + <I>q

7"X*=Q(q,q) (5) 

where X' are the Lagrange multipliers. Introducing the expression Ö = *qq + *qq + *, in equation (5) the 

following equation is obtained: 

[M + <E>q
ra<t>q ]q + <&q

rX* = Q(q, q) - Oq
ra(*qq + <t>,) (6) 

It is important to note that there is a substantial difference between equation (6) and the Lagrange's 
multiplier approach represented by equation (4). The leading matrix of equation (4) becomes singular in singular 
configurations, changing topologies and in the presence of redundant constraints. However, although the mass 

matrix M is in general positive semi-definite, the leading matrix of equation (6), [M + ^OO,]. is always 

positive definite, which means that it can always be factored, even in singular positions, changing topologies 

and/or with redundant constraints26. 
The augmented Lagrangian method comprises a combination of penalty terms and Lagrange multipliers,^ and 

they require an iteration procedure for the solution process27. The iteration yields the unknown multipliers X", as 

follows: 

x;+1=x;+o<i>+1, i=o,i,2,... (7) 

with X^ = 0 for the first iteration. Equation (7) physically represents the introduction at iteration /' + 1 of forces 

that tend to compensate for the addition of all the constraint terms which are not exactly zero. Experience shows 
that when the constraints are scaled to unity, penalty factors ranging from 105 to 107 give good convergence 
rates, and only 1 to 2 iterations are required to converge to the solution. The leading matrix remains constant 

during the iteration process. 
As a result of using the index-1 formulation, the solution of equation (6) yields a set of accelerations that 

not only satisfies dynamic equilibrium but also the constraint conditions <E> = 0. As a consequence, a projection 
in q to satisfy the corresponding acceleration constraint conditions is not necessary. On the other hand, the 

constraints O = 0 and <I> = 0 may not be satisfied since they have not been directly introduced in the 
formulation. Consequently, a projection can be done to obtain a new set of q and q that will satisfy * = 0 and 

<I> = 0, respectively. The projections in q and q may be done as indicated right below. 

2.2.1   Projection in q 

In order to satisfy the constraint <J> = 0 at each time step, a mass-orthogonal projection of the solution 
coordinates q" (obtained from the numerical integration scheme) on the constraint space is performed. In this 



way, the new set of positions q that are obtained, satisfies the constraint,  <J> = 0. This can be achieved by the 
solution of the following iterative procedure6: 

(M + ^aa^M^^-T1? (8) 

with 

y<;UM(q<'>-q*) + <X(') (9) 

and 

q(''+,)=q(,', + 4q(,"+,,
f    Ä.(''+,) = X{i) +aO(,'+,) (10) 

where the superscript indicates the iteration number. Equations (8) through (10) can be used iteratively until 
|z\q|| < £, where £ is a user-specified tolerance. 

Note the important feature that the tangent matrix in equation (8) is identical to that used in equation (6) for 
the dynamic analysis. Furthermore, since the solution q is close to the initial values q", the projection problem 
can be solved using a modified Newton-Raphson method with no need for updating the tangent matrix (usually 
convergence is achieved in just one iteration). 

2.2.2   Projection in q 

Similarly, at each time step a mass-orthogonal projection of the velocities q* on the velocity constraint space is 

performed to obtain a new set of velocities q that satisfies 4> = 0. This can be achieved by the solution of the 

following equation6: 

[M + <Dq
ro#q]q = Mq'-Oq

r(a<J> +a) (11) 

where the Lagrange multipliers of the projection problem are updated as: 

a^)=a(') + Q^0^ (,2) 

A more efficient implementation of the projection of velocities is given by the following recursive set of 
equations: 

[M + 0q
7aOq]q

(,+1) = Mq(,) - <3>q
7aO, (13) 

where the iteration is started by setting, 

q(0)=q-    and    CT(0) = o4>(0) (14) 

Since the leading matrix in equation (13) is the same as that of equation (8) used for the projection in q, 
the velocity projections will require only successive forward-reductions and back-substitutions. 

2.3   Index-3 Augmented Lagrangian Formulation with Projections 

The  index-3   augmented   Lagrangian   formulation   uses   mass-orthogonal   projections   on   the   velocities   and 
accelerations to their constraint spaces. This method leads to the following equations of motion6: 

Mq + <fq
roO + <t»q

rr =Q(q,q) (15) 

where A." are the Lagrange multipliers. The following iteration process yields the unknown multipliers X': 

A.;+1 =A.;+ctfi+„    1 = 0.1.2,... (16) 

with XQ =0 for the first iteration. Similar to the index-1 formulation, the value of the penalty factor a affects 

the convergence rate. Experience shows that, when the constraints are scaled to unity,  penalty factors ranging 



r     u      A     i formulation and once again only 1 to 2 iterations are 
from 107 to 108 give good convergence rates for the index-3 formulation, ana on       g 

rpnuired to converge to the solution. . 
Ma  es It of using the index-3 formu.at.on, the solution of equation (.5) yields a set of q...  that no «only 
AS a resunoi ubnig u JV„„C <f>-n  As a conseauence, the projection of q is 

satisfies dynamic equilibrium but also the constraint conditions * - (L Asa «ns q P   J 
not necessary, and only q and q need to be projected to satisfy * - 0 and * - 0. respec       y 
of q may be done as explained above (equaüons (1.) to (14)). The projects of q .s done as follows. 

2.3.1   Projections in q 

Similar to the veloc.ty analysis, the projection of the generated accelerations on the constant manifold can be 

obtained through the solution of the following equation6: 

[M + <ß«I»q]q = Mq'-<{«Kq + ^H) (17) 

where the associated Lagrange multipliers are updated by the following formula: 

K('-+1) = K{')+aÖ(,t,) (18) 

Numerical implementation of the augmented Lagrangian formulation for the projection of accelerates is 

suggested by the recursive set of equations: 

[M + <a«I>q]q(,+l, = Mq(,',-<aKq + *.} (19) 

where the recursion is started by setting: 

qW=q-    and    ,(°» = aO<°> (20> 

Equation (19) constitutes a system of algebraic equations in q which is solved iteratively until convergence 

of the generalized accelerates is achieved. Since the leading matrix in equation (19) is the same as that of 
equation (13) used for the velocity projection, the accelerate analysis will require only successive 

forward-reductions and back-substitutions. 

3.   NUMERICAL SOLUTION OF THE EQUATIONS OF MOTION 

During the integration process both formulation schemes, index-1 and >ndex-3, lead to a nonlinear system of 
s.multaneous equations for every time step (equations (6) and (15)) with q and X as pnmary unknowns. Tne 

so.ution of this set of equations requires an iterative process, commonly based on ^^^^Z 
as it will be shown in the following paragraphs. Th,s procedure is developed by comb.mng (6) and (15) with the 

difference equations of the numerical integration scheme. 
The difference equations of the numerical integration scheme may be expressed as: 

q„+) =aqn+i -q-i   and   q-*i =b(ln<-\ -*J«-n 
(21) 

where a and b are constants that depend on the numerical integrator and the time step, q„ + , and q,,+I are known 

quantities that depend on the positions, velocit.es and accelerations at step n and/or previous steps. Note that >r 

the method is explicit, a and b will be equal to zero. 

3.1   Index-1 Augmented Lagrangian Formulation 

Substituting equation (21) in the equation of motion (6) for index-1, yields: 

(M + <O«I»j6qn + 1+<X-+OqXÖqq + «I»J-Q(q.q)-(M + <a*q^=0 (22) 

which constitutes a set of «equations of the form f(qntl) = 0 tobe solved for the unknown position qB+l. 

Note that, by introducing the difference equations (21). the positions at step  n + \  have become the pnmary 
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process: 

3f *,«♦»=-f(q<'>) (23) 

where the function f is defined as: 

f(q.+,) = Mqn + 1+<(a*+*')-Q«+. (24) 

and the tangent matnx is approximated by the following matrix: 

ü^(M + oqVt>q)-Qq-flQq 
(25) 

3q 

where the last two terms of (25) represent the contribution to the tangent matnx coming from the elastic forces 

compared to those of equation (24) (see Garcia de Jalön and Bayo2, Chapter 8). 

3.2 Index-3 Augmented Lagrangian Formulation 

The substitution of equation (21) into equation (15) for index-3 yields 

fcMqn+1 + tf(a& + r) = Qn+1+Mq\, (26) 

wh.ch again constitutes a set of nonlinear algebraic equations with qn+1 as pnmary unknowns. A modified 

Newton Raphson iteration is used again to evaluate the solution by means of the iterative process outlined above 

with the function f defined as: 

f(qn+1) = Mq„+1+<(o* + V)-Q,,+. (27) 

The reader should notice that equations (24) and (27) are not the same: the constraints * are doubly cüfferenüated 
in equation (24) whereas they are not in (27). The tangent matnx is approximated by 

^ = fcM + Oq
roOq-Qq-aQq (28> 

3q 

3.3 Numerical behavior of the formulations. A Simple Numerical Example. 

In order to illustrate the behavior of the methods outlined above for different time steps, we perform> the 
muVatonof a double pendulum which moves from at rest conditions in the honzonta posmon under grav ty 

eo^l Figure 1). Each link of the pendulum has a distributed unit mass and a unit length. We use naural 
Ordinate! for tie modeling process2 and for the integration we use the trapezoidal ™le wh,ch^ . s£g -- ■ 
second order, implicit, A-stable method and it is also energy preserving ,n the linear regime. The total time 

simulation is 10 seconds and the penalty factor is 107. 
Table 1 shows the maximum error in the energy norm resulting from each method, index-1 and index-3, tor 

different time steps of integration. It is important to point out that the index-3 formulation does not converge for 
t,me steps eoual or smaller to 105 seconds when no pivoting is used. Th.s fact ,s due as mentioned above to the 
,11-condLning of the tangent matrix (equation (28)). The problem may be partially crcumventedI by either 
increasing the penalty factor or by using a pivoting strategy in the triangularizauon of the tangent matrix. 

Table 1 shows how the pivoting helps the convergence, and extends the range in which the index-3 method 
can be applied, in this case up to 105 seconds. However, for time step of 10* seconds (despite the time taking 
the integration) the error starts increasing even with pivoting, and the method lacks robustness. 



Conversely, the index-1  method is   more robust than the .ndex-3 for time steps size smaller  than   10 
seconds.    Robustness is  meant in  the sense that i, increases in accuracy, convergence   and does  not  show 
numerical ill-conditioning as the Urne step decreases. On the other hand, Since the index-3 formulation is simpler 
and involves a smaller amount of nonlinear terms is  more efficient   numerically  than  the  index-1   (see  the 
execution time columns in Table 1). This trend is even more pronounced for large scale systems   . 

It may be concluded, therefore, that a multi-index formulation would take advantage of the good qualities, of 
both methods for different time step sizes. Index-3 behaves well in accuracy and efficiency, and« the right choice 
for large time steps; however, as the sire of the time step is decreased, starting in the neighborhood of At= 10 
seconds, the index-1 method becomes more accurate and robust. A switch mechanism can be .mplemented w.thin 
the framework of a variable time stepping algorithm, which will be described next. 

Time step size Index-1 Index-3 Without Pivoting Index-3 With Pivoting 

Error Exec, time Error Exec, time Error Exec, time 

At = lfJ-2 3.8e-l 0.4 s 2.1e-l 0.4 s 2.2e-l 0.4 s 

At = 10'3 4.68e-3 3.14 s 4.6e-3 1.6 s 4.8e-3 1.67 s 

At = 10'4 4.3e-5 26.6 s 2.0e-5 15.2 s 4.4e-5 15.9 s 

At = 10-5 1.25e-7 254.6 s Wrong res. - 3.6e-7 92.5 s 

4r = 10'6 1.0e-8 2550 Wrong res. - l.le-4 922.9 s 

Table 1. Comparative results for the double pendulum using Index-1 and Index-3. 

4.   A MULTI-INDEX VARIABLE SINGLE STEP METHOD 

As mentioned above the index-1 method is more accurate than the index-3 for small lime steps, and the index-3 
method is more efficient than the index-1 (with same accuracy) for large time steps. Therefore, a multi-index 
formulation would take advantage of the good qualities of both methods for different time step sizes. Index-3 is 
the right choice for time steps between 10" and 104 (where it is accurate and efficient); however, as we decrease 
the size of the time step, starting in the neighborhood of d/ = ICT^with no pivoting) or Al = 10" (with 
pivoting), the index-1 method becomes more accurate and robust. 

When performing a simulation, it is desirable to obtain the most accurate results with the least 
computational effort. Therefore, it is preferable to use an index-3 approach rather than an index-1 whenever 
possible (possible in this case means when the accuracy in the results is sufficient for the given purposes). 
Hence, choosing an integration time step is a critical task: if the At is too small, the integration process will last 
more than needed, probably with no evident benefits in the accuracy of the numerical results. Conversely, if the 
time step is too large, the integration process may diverge or the results obtained may be wrong. Consequently, 
the optimum combination of integration time step and index approach for each problem should be sought. 

Considering a single and fixed time step algorithm, the best combination of index approach and time step 
will be determined by the nature of the problem and by the worst function conditioning in the sense of its time 
history. That is, if the function being integrated is smooth all over the time interval, a moderate time step size 
combined with an index-3 approach will be a good choice. However, in cases where the function has sharp zones, 
even of short duration, the whole integration process would have to be carried out using a small lime step, 
otherwise it would fail. The choice for the right index would be determined by the step size. As a general rule if 
the time step size is smaller than 10'5 seconds an index-1 should be the choice. Conversely, for time step sizes 
over 10'4 seconds, the choice should be index-3. There is a gap between 104 and 10s in which both methods 
perform well and the choice becomes irrelevant. 

A variable time step integrator would certainly lead to an economy in CPU time for the case considered 
above. If the time step is variable, then it will be possible to accommodate it to obtain constant local error or to 
maintain this error below some given reference value. Classical approaches in ODE establish a variable time step 
strategy based on a measure of the local truncation error, which is determined by evaluating either the integrated 
functions using two different order, methods (the Runge-Kutta-Fehlberg, for example), or by integrating two 
successive time intervals with step size h„ and hjl. Any of these strategies require many more extra function 

evaluations, thus compromising the numerical efficiency of the method. 
A first thought is to use the kinetic energy stored in the penalty system as a measure of the local integration 

error This energy is evaluated in the following way 



K   =±a0T<P <29> 
"     2 

which can be computed easily and efficiently. F.gures 2, 3 and 4 show the vertical acceleration of the end point 
in the double bar pendulum, the penalty system kinetic energy, and the total system energy, respectively. It may 
be observed that the acceleration is very spiky because the second bar of the double pendulum undergoes a very 
strong motion. Also, when sudden changes in the acceleration take place the penalty kinetic energy increases-and 
the total system energy varies. Hence, qualitatively the energy in the penalty system can be taken as a measure of 
the local integration error, provided it increases when the system encounters more difTicult.es in satisfying the 

constraints. 
Although good in principle, this manner of evaluating the local integration error has an important drawback: 

it is quite difficult to establish a general quantitative relationship between the local integration error and the 

energy stored in the penalty system. 
Due to this reason, and taking into account the existing correlation between the energy and the local error 

(see Figure 4 and Figure 5), we propose to use an integral of motion (system total energy in conservative 
systems) as a measure of the local integration error. For non-conservative systems and considering the use of 
fully Cartesian coordinates, the following integral of motion (energy invariant) may be established: 
premultiplying the equations of motion by qr and integrating over time the following expression may be 

obtained: 

t'qT(Mq + tfX-Q)dT = constant (30) 

Since the constraint forces are composed of sets of internal forces that do not produce work, the integration of 

this equation leads to: 

n = T(t) + V(t) - \'qTQdr = constant (31) 

Equation (31) clearly yields T+ V = constant  for conservative systems. 

5.   THE MULTI-INDEX AUTO-TIME-STEPPING ALGORITHM 

Using the energy invariant described in the previous section (equation (31)) as a measure of the local integration 
error, a variable time step size strategy is proposed. The key idea is to modify the step size when the change in 
the energy invariant exceeds an allowable value. When_this occurs a new time step size is calculated in order to 
achieve the desired accuracy. The new time step size Atn can be expressed as a function of the previous time step 

size At„ in the following way   : 

4r„ = T]rAtn (32) 

where rjr, is a parameter defined as: 

nr = 
veh, 

n) 
\lr 

(33) 

where T, is a function of the local error estimation; t is the allowed local error; r the order of the integrator (it 
should be set to 2 for the trapezoidal rule) and v a safety factor typically taken as 0.8. In fact, good results are 
obtained for values of the parameter r in the range 0.25 < \/r < 0.5 . 

The strategy to perform the change of index is based on the general consideration that when integrating in 
index-3, the larger the time step size, the better the performance, and that the time step should never be smaller 
than 10". On the contrary, for the index-1 approach, the smaller the step size, the belter the results. There is an 
overlapping zone ranging from At = 10 4 to 10- in which both approaches are suitable In this zone, it is 

preferable to use the more economical index-3 rather than the index-1 approach. 
Figure 6 illustrates in a flowchart manner the general strategy established for the modification of the time 

step size. The index change is also based on convergence considerations. If any integration step does not 
converge, or the local error is larger than a specified allowable value Ur, a time step reduction is performed. If the 



problem persists, using the index-3, after several consecutive lime step reductions (denoted as maxtte ,n the 
flowchart of Figure 6), even for step s.zes larger than 10J then it is necessary to change to index-1 On the 
contrary when the local error is below some specified value L, the step size is enlarged and a change of .ndex ,s 
performed (from index-1 to index-3) provided the step s.ze is larger than lO"". Based on emp.r.cal evidence the 

estimated values for U, and L, are around   105 and   10 7, respectively. 

It is important to remark that prior to the change to index-1 from index-3, it rs necessary to recalculate the 
accelerations q and velocities q to satisfy equation (5) for the current positions q. 

6.   NUMERICAL RESULTS 

In this section two examples are presented. First of all the double pendulum described earlier in this paper and the 

front suspension system of an off-road vehicle. 

6.1 Double Pendulum 

As it has been written before, the double pendulum case consists on the simulation of the behavior of a 
double pendulum released from its horizontal resting position for a total time period of 10 seconds. Each bar of 

the pendulum has a length of 1 meter and a uniform mass of 1 Kg. 
•Figure 7 and Figure 8 show the results obtained in this simulation. It may be seen that index and time step 

size changes occur when sudden variations in the system energy invariant take place. In this simple example the 
overhead introduced by the variable-time-stepping algorithm is comparatively large to the total CPU time 
consumed. Hence no benefits, in terms of CPU time, are obtained. However, considerable accuracy is obtained 
when integrating at variable time step size, as seen in Figure 8, when compared to fixed time step size. 

6.2 Off-road vehicle suspension system 

The 1/4 ton 4x4 Iltis vehicle" has been proposed as a benchmark problem by the European automobile industry 

to check multibody dynamic codes. 
We perform the simulations using the front suspension of the vehicle (see Figure 9). The model requires a 

total of 23 variables, related through 22 constraint equations, since there is only one degree of freedom. The 

characteristics of the suspension are: 
.    a leaf spring, modeled as a linear spring  of stiffness  35,900  N/m  for deformations smaller than   14.5 

centimeters. When such deformation is exceeded the suspension hits a second spring of value 107 N/m, thus 
adding a much higher stiffness to the suspension; 

• a shock absorber, which provides an elastic force in Newtons due to an external polymer, given by, 

Fs = -4.0092 106 + 2.8397 10
7
JC - 6.7061  10V +5.2796 lOV (34) 

and a damping force also in Newtons given by the following formula: 

FD =-208.21 +922.15v    v<-0.2m/s 

FD = 4972.8135v + 16977.86v2 - 29916.125v3 - 197825.5v4    -0.2 < v< 0.21 m/s (35) 

FD =959.5819+ 817.3635v    v>0.21m/s 

where the distance x is in meters; 

• a tire, modeled by means of a linear vertical spring of stiffness 460,000 N/m. 

The simulation is performed as follows: the suspension starts moving from at rest conditions at a speed of 5 
m/s, and its position does not correspond to the static equilibrium. Thus, it freely oscillates until the static 
equilibrium position is reached. After three seconds, the suspension goes over a road bump, defined by a cosine 
function, and afterwards it freely oscillates until the equilibrium is reached again. The complete analysis lasts for 

6 seconds. 
This simulation is carried out under two different conditions. The first one is done using a index-3 approach 

with a fixed time step of 10 : seconds. The second simulation is performed at variable time step and multi-index, 
starting with index-3 and a step size of 10"' seconds. The tolerance values Ur and Lr are set to 10'6 and 10 , 
respectively. The first simulation took 8.41 seconds of CPU time and the second took 36.07 seconds. 



Figure 10 shows the time history of the time step size. It may be clearly seen that for the specified 
tolerance it is necessary to shorten the time step size only when the wheel is passing over the bump. At the 
beginning the step size is quickly adjusted to speed up the process while maintaining the local error between the 

allowable limits. 
Figure 11 and Figure 12 show the total system energy in both cases. It is important to remark that only 

when translating the ongm and scaling the energy represented in the vertical axis (Figure: 12) one can notice its 
change. The biggest deviation from the initial value (425,128 J vs. 100 J) is about 0.02% of the total system 

energy in both cases. 
It is important to remark that similar precision in total system energy conservation can be obtained 

performing the simulation with an index-1 approach and a fixed time step size of 5-10"4 seconds. In that case the 
simulation takes 155 seconds (over 400% more than in the variable index-variable step case), thus corroborating 
the benefits of using the proposed multi-index variable time step procedure. 

As a result of this example, it is clear that a multi-index-1-3 approach with variable time step provides an 
excellent solution, since the more efficient index-3 method is used during a large part of the motion, and the 
index-1 only at that part where the time step decreases below the critical limit where the index-3 loses precision 

and accuracy. 

7.   CONCLUSIONS 

The proposed multi-index formulation shows a behavior that could be defined as complementary. On one hand, 
index-3 is very accurate and more efficient than index-1 for large time steps, whereas, index-3 provides wrong 
results for very small time steps due to numerical ill conditioning. In order to accommodate all these features a 
multi-index variable time step size strategy has been devised based on the following criteria: 

1. Whenever possible the time step is increased. 
2. The time step size is decreased based on the measure of the total energy invariant, which has been showed to 

maintain a relationship with the local error. 

3. The threshold to change from index-3 to index-1 is set to 10J. 

These are the major conclusions: 
.    The system energy invariant has proved to be a good measure of the local integration error. This  feature 

makes unnecessary the use of traditional (but less efficient) error criteria used in standard numerical integration 

methods. 
• The variable time step strategy and the switch from one method to the other do not cause problems during the 

integration process. 
.    The use of. the proposed technique allows a substantial speedup gain in CPU time for large scale systems, 

thus helping to achieve real-time behavior. 
• The method is general and can also be applied to solve the dynamics of flexible multibodies. 
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Figure 1. Double pendulum initial position. 

150T 

100" 

a 
CD 

CO 
c 
0) 

o_ 

-100x 

1.8 

1.5- 

1.3- 

1.0- 

0.8 

0.5- 

0.3- 

simulation time (s) 
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Figure 9. Model of the Iltis suspension system. 

50.00 

40.00     - - 

"       30.00 

20.00      - -■ 

10.00   --; 

0.00 4- 

- lndex-1 

\ 

0.00 100 2.00 3.00 4.00 

 lndex-3                     Simulation time (s) 

6.00 

Figure 10. Time history of the time step size. 



440.00 -- 

400.00 

360.00 

320.00 

280.00 

O 
^ 240.00 

>. 
21 200.00 
© 
c 

160.00 

120.00 -- 

80.00 -- 

0.00- 

0.00 

30.00 

20.00 

10.00 

0.00 

-10.00 

-20.00 

-30.00 

-40.00 

-50.00 

-60.00 

-70.00 

-80.00 

-90.00 

-100.00 

l/W»—' H 
X) 

2.00 3.00 4.00 

Simulation time(s) 

5.00 6.00 

variable time step size 
fixed time step size 

Figure 11. Total system energy. 

1.00 2.00 5.00 6.00 

Simulation time(s) 

variable time step size 
fixed time step size 

Figure 12. Amplification of the total system energy. 



PUBLICATION  3 



Intelligent Simulation of Multibody Dynamics: Space-State and 
Descriptor Methods in Sequential and Parallel Computing 
Environments 
J CUADRADO, J. CARDENAL and P. MORER 
EscuelaPolitecnicaSupenor University of La Coruna. MenAaäbal, s/n. 15403 Ferrol. Spam. 

Isl^Politecmca Superior. University of La Coruna. MeruiiMJn '^%"^fl"; ^ 
School of Engineering cwd Architecture. University of Navarre. 31080 Pamplona. Spam. 

Abstract. Real-toe dynamic simulation of large, realistic and complex multibody systems is 

essential to develop modem technologies such as virtual prototyping, man-in-the-loop simulators and 

intelligent vehicle control systems. In order to achieve real-time performance, current commercial 

codes require the use of large costly computers, thus limiting the number of potential users. 

This paper shows that real-time can be achieved on medium-size workstations if, on one hand, an 

adequate combination of modeling, dynamic formulation and numerical integration scheme is selected 

and, on the other hand, advantage is taken from sparse matrix technology and parallel computing. A 

study of space-state and descriptor methods involving the dynamics of a whole vehicle model is 

earned out, and, as conclusion, two methods are proposed as the best candidates for real-time 

simulation. 

Key words: real-time-simulation, multibody dynamics, solution algorithms, parallel computing, 

sparse matrix technologies. 

1.  Introduction and Background 

Simulation tools axe becoming more and more relevant in mechanical design as they allow for a 

reduction of the design-cycle, thus leading to products at reduced costs and with earlier presence in 

the market place. More specifically, computer aided dynamics • of multibody systems is of great 

interest for automotive, aerospace, robotics, biomechanical and military industries. In a number of 

applications, the time spent by the computer in performing the analysis is not a crucial matter. 

However, there are applications that cannot be developed unless real-time simulation is achieved. This 

group encompasses hardware-in-the-loop settings, where a real component may be tested; man-in- 

the-loop devices, used for training purposes; virtual prototyping, that allows the designer to interact 

with his model and immediately see the results of a what-if analysis; and intelligent vehicle control 

systems, that lead to safer and more comfortable transportation vehicles. Available codes and 

algorithms are capable of reaching real-time performance on conventional computers when managing 

small and academic examples, but large, realistic and complex models lead to very large calculation 

efforts which require powerful computers and efficient codes to meet real-time. 

In a previous paper [1], the authors earned out a study on the different factors involved in the 

simulation process: modeling, dynamic formulation and integration procedures; and concluded that 

the adequate combination of these factors depends on the properties of the system to be analyzed. 

Therefore, it is not correct to talk about the best method for all cases but about the best method for a 
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particular problem, and consequently the concept of intelligent simulation was introduced. In (I ], four 

methods were developed and tested to find out what kind of problems they managed better. For this 

purpose, a benchmark library containing open and closed kinematic loops, mechanisms with singular 

configurations and stiff systems was also set up. Result, led to conclude that two of the methods 

were notably superior to the others: an index-3 augmented Lagrangian formulation with mass- 

orthogonal projections (a descriptor method), and a fully-recursive formulaüon based on relative 

coordinates (a state-space method). However, none of the examples examined in [1] was large 

enough to be able to generalize the conclusions for complex systems. Realistic models of vehicles, 

satellites, robots or humans usually exceed 150 coordinates in size. Furthermore, parallel computing 

and sparse matrix solvers, whose influence is noticed when the problem size increases, are factors to 

be taken into account which had not been considered. 
These are the reasons that led to develop the work presented in this paper. The two methods 

mentioned above, and a third one, an index-3 classical Lagrangian formulation, commonly used in 

commercial codes, are described in detail. Emphasis is made on the implementation aspects which are 

crucial, and constitute a major improvement with respect to reference [1], Then, the dynamics of the 

complete model of a 4x4 military vehicle composed of 168 coordinates undergoing several demanding 

maneuvers, are solved using the three methods under comparison. The influence of sparse matnx 

technology and parallel computing is also examined. Based on the results, it is concluded that real- 

time performance can be reached on medium-size workstations. 

2.    Dynamic Formulations and  Numerical Implementation 

In this section, the three methods whose performances are to be compared will be briefly described. 

Description of each method includes the form of the dynamic equations and the integration scheme. 

2.1. INDEX-3 AUGMENTED LAGRANGIAN FORMULATION WITH PROJECTIONS 

The index-3 augmented Lagrangian formulation with mass-orthogonal projections may be found in 

[2]. The corresponding equations of motion are given by 

Mq + <D JoO + <E> JX* = Q (1) 

where M is the mass matrix, q are the accelerations, Oq the Jacobian matrix of the constraint 

equations, a the penalty factor, <D the constraints vector, X* the Lagrange multipliers and Q the 

vector of applied and velocity dependent inertia forces. The Lagrange multipliers are obtained from 

the following iteration process [2], 

?k-+1=A,;+ö<l»i+i,   /=0,1,2— (2) 

In [2], the value A,* = 0 was chosen to start the iteration. However, more recent experiences have 

-demonstrated that better convergence is attained when extrapolating X0 from the Lagrange multipliers 



(nn** that sub-index n indicates the time step, and sub-index / already calculated in previous time steps (note that suD maex 

refers to the iteration step within a time step) 

(3) 
>n+\ 

(X*0)       =2\n-Xn-l 
V      ln+\ 

AS mtegtauon scheme, the taplid. sbgle-step trapezo.dal mte has been adopted. TTte corresponding 

difference equations in velocities and accelerations are: 

2 ~ ( 2 

q"+1=^qn+1 + qn   wlth    q" = _Uq" + qn (4) 

qn+i=—q«+i + (i«   Wlth    <in-- 
At AtZ & 

(5) 

Dynamic equilibrium can be established at time step »+1 by introducing the difference equations 

(4) and (5) into the equations of motion (1), thus yielding 

At' 
■MqB+1 + *Jn+1(a*n+l+^fl+l)-Q«+l+M5»=0 (6) 

4f_ 
4 

For numerical reasons, the scalmg of equation (6) by a factor of — seems to be convenient, thus 

yielding 9 2. 

(7) 

or, symbolically f(qn+i)-0- 

In order to obtain the solution of this non-linear system, the widely used iterative Newton- 

Raphson method may be applied 

~#(q)" 
dq 

Aq(+i = -[f(q)], (8) 

where 

2 

[f (q)] = ^-(Mq + * Jo* + <^ - Q) (9) 

and the approximated tangent matrix is: 

<*(q) ^M + ^C + ^-(*Jo*q + K) (10) 



where C and K repres.nl the contention of dampmg and elasuc forces of the system provided they 

exist. .        ,      . 
A closer look at the tangent matnx reveals that ül-condiüoning may appear when the time step 

becomes small. It may be seen in equation (10) that K and the constraint terms are mulüphed by At , 

C by At  and M is not affected by the step size. As a consequence when At  reaches small values, 

large round off errors will occur. In fact, it has been demonstrated in [3] that for an index-3 

differential  algebraic  equation   the   tangent   matnx   has   a   condition   number   of   order   IIAt . 

Consequently, the method is bound to have round-off errors for step sizes smaller than 10   . 
The procedure explained above yields a set of positions qn+l that not only satisfies the equations 

of moüon (6), but also the constraint conditions 0 = 0. However, it is not expected that the 

corresponding sets of velocities and accelerations satis : <t> = 0 and <D = 0, because these conditions 

have not been imposed in the solution process. To overcome this difficulty, mass-orthogonal 

projections in velocities and accelerations have been proposed in [2]. However, we propose a 

modification to the method of [2] in order to get as leading matrix the same tangent matrix appearing 

in equation (10). As a consequence, triangulanzation is avoided and projections in velocities and 

accelerations are performed with just a forward reduction and a back substitution. 
If q* and q* are the velocities and accelerations obtained after convergence has been achieved in 

the Newton-Raphson iteration, their cleaned counterparts q and q are calculated from 

At „    At1 

M + —C + 
2 T($H+K 

q = 
w   At „   Ar v M + —C + K 

2 4 

*     At    ,-T -*. 
q ——Q^atot (ID 

for the velocities, and 

w    At„    At1 

M + —C +  
2 4 

(oJaOq + K) q = 
w   At _   Ar xr M + —C + K 

2 4 

At' 
■<&Ja(<i»qq + *,)  (12) 

for the accelerations. 
Sparse matrix technology has been implemented to solve all the linear sets of equations that arise 

when applying this method. The fact that the leading matrix is symmetric and positive-definite has 

been taken into account as well. 

2.2. INDEX-3 CLASSICAL LAGRANGIAN FORMULATION WITH PROJECTIONS 

An equivalent statement may be developed for the classical Lagrangian formulation [4]. In this case, 

the equations of motion are 

Tn Mq + 0'X = Q (13) 

0 = 0 (14) 



„here due former reladon express the dynamic equilibrium aud ihe lauer one eonuons ihe constrain« 

among variables. . 
Again the trapezoidal rule is chosen to solve the initial value problem. The combination of the 

difference equations (4) and (5) with equations (13) and (14) leads to: 

At' 
'Mqn+1+<„+1^+l-Q«+l + Mqn=0 

*«+l=° 

(15) 

(16) 

Equations (15) and (16) are set at time step n+l. As for the augmented Lagrangian formulation 
AJ1 

4 described before, these equations are scaled by a factor of —, yielding 

2 
Mq,+1+f<+1^l-^Qn+1

+^M^=0 (17) 

At1 

■<D n+\ 0 (18) 

Equations (17) and (18) may be written symbolically as f(qB+1) = 0 and then solved by means of 

a Newton-Raphson procedure with 

2 

[f(q)] 

At1 

Mq + <Dl"k ~ Q) 

At' 
■<D 

(19) 

and the tangent matrix approximated by 

£(q) 
dq 

At „    At   wr M + —C + K 
2 4 

— ** 

A4< 
0 

(20) 

Since only constraint conditions in positions have been imposed, it is not expected that first and 

second derivatives of the constraints are satisfied by velocities and accelerations. Similar to the 

augmented Lagrangian formulation seen above, mass-orthogonal projections may be performed in 

such a way that the corresponding leading matrices are identical to the tangent matrix (20). If again 

q* and q* stand for the values to be cleaned, the projection for velocities is 



At „   Ar 
M +—C + ——K 

2 4 

At2 *. 

Atl AJ M + — C + —-K 
2 4 

V 
zlf2 

■O/ 

(21) 

and for accelerations 

At _    zir „ 
M + —C + -—K 

2 4 

4f2.T 

IK| 

M + — C + ——K 
2 4 

V 
z^ 

(4>qq + #,) 

(22) 

Again, sparse matrix technology for symmetric and positive-definite matrices is used at the time of 

obtaining simulation results. 

2.3. FULLY-RECURSIVE FORMULATION 

A topological, fully-recursive algorithm of order 0(N) was developed by Jimenez [5] based on the 

articulated inertia method originally proposed by Featherstone [6]. To represent the state of the 

mechanism, a set of relatives coordinates z are used, as shown in Figure 1. If the kinematic chain is 

open, these coordinates constitute a minimum set, equal in number to the degrees of freedom, and 

therefore independent; else, they are dependent and so related through a certain number of constraint 

equations. On the other hand, each body of the mechanism is defined by the Cartesian velocities 

ZT={r0
T    C0T} (23) 

where r0 stands for the velocity of the material point of the body that is currently situated at the origin 

. of the inertial reference frame, and co is the angular velocity of the body. 

Figure 1. Configuration of a multibody system of 6 bodies and 6 relative coordinates. 
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Based on this kinematic assumption, the principles of dynamics lead to the following mass matrix 

and vector of applied forces for a certain body 

M = 
ml -tni-Q 

mrG    JG-m?G?G. 
(24) 

J f-cox(coxmrG) 1 
Q = |nG - Cü x JGco + rG x (f - co x (co x mrG))j 

where m is the mass of the body, rG is the 3x1 vector containing the position of the center of mass of 

the body, rG is the 3x3 dual antisymmetric matrix of rG, JG is the 3x3 inertia tensor referred to the 

center of mass, and, finally, f and nG are the 3x 1 vectors of applied forces and moments acting at the 

center of gravity of the body, respectively. 
As for any recursive formulation, the accelerations are calculated, without the need of solving a set 

of simultaneous equations, by going through the kinematic chain in a forward and backward manner. 

The first step consists of a kinematic transmission starting from the base towards the end of the chain. 

The corresponding recursive expressions in velocities and accelerations are given by 

Z^ZM+bfZf (26) 

Zj = Z,-_! + bj-z,- + d,- (27) 

where b is a 6x1 vector containing the value of the Cartesian velocities of body i, Z,-, when all the 

velocities z are made zero except for z,- = 1; and d; is also a 6x1 vector containing the difference of 

the Cartesian accelerations Z, - Z,_i when all the accelerations z are made zero. This first step 

remains the same whether the kinematic chain is open or closed. Obviously, the vectors b, and d, 

depend on the kind of kinematic pair that joins body /-/ with body /'. Equations (26) and (27) form a 

recursive relation between the velocities and accelerations of two consecutive bodies, in terms of the 

relative joint velocity and acceleration. 

The second step is a condensation of the inertial and applied forces starting from the end of the 

chain and progressing towards the base. If the kinematic chain is open, the principle of virtual power 

for an N-link multibody system may be formulated as follows 

IZ*T(M(ZrQi) = 0 (28) 
(=1 

where Z* represents the virtual velocities of body /. Since they are not independent, they cannot be 

eliminated in equation (28). Introducing the recursive relations (26) and (27) in equation (28) for the 

body N, one may obtain: 



A
I

2
Z*

T
(M,Z,-Q,)+ 

z;
TbS[Mwbwzw + MN±N-i ~ (QK " M«d«)] = ° 

TOe vi^-l Native velocity i^ appears in the tinrd tine of equation (29). S.nee it is dependent of 

„* renaming vntna, ve,oc,ties, the bracket muktply.ng tt ntust be zero. This eondtuon aUows ns to 

obtain the independent accelerations: 

r-N 
= (b^Myvbw^fbJlQw - M/Vd/v) - bjMyyZ^! 

Reintroducing iyv in equation (29), and defining 

K^ = I6-MyVb^(bjMwbw)   bj 

QAM = Q/v-i + K/v(Q/V - M/Vd/v) 

(30) 

(3D 

(32) 

(33) 

makes tt possible to rewnte equation (29) in an analogous form to equaüon (28) but where all the 

terms affecting body N have been eliminated 

I2Z?T(MI-ZI" - Q,) + Z^M^Z^, -Q„_l) = 0 
N-2 
I 
i=\ 

(34) 

There are only N-1 terms in equation (34) and MN_{ is the articulated inertia of bodies N-1 and N. 

Repeating the same reasoning in a recursive manner for any relative acceleration one obtains the 

accelerations at any joint i: 

z, = (bjM ,b(^[b^Q, - MA) - b/MÄM (35) 

and the recursive condensation of applied and inertia forces which constitute the second step for open 

chains is performed by means of the following expressions 

\-l 
K^Ie-M.-b^bjMib,-)" bj 

Mi-1 = M.-l + KfM,- 

QI-_i=Q«-l + Kl-(^-|Ä'-d'') 

(36) 

(37) 

(38) 
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The thud and last step for open chains is me calculanon of the relauve accelerauons z from the 

base to the end of the chain. Th1S calculation is earned out by recursively using equation (35). 

Looking at Uhe triple recursive procedure, it may be seen that me number of a— operations 

grows proportionally with the number of degrees of freedom of the open cham: an 0(M) method.. . 

The consideration of branches in me kinematic cham is a simple task. In me junction bodies, the 

forward recursive computations (steps 1 and 3) must be split into two separate procedures that move 

independently along each branch. In the backward recurs.ve computations (step 2) the two separate 

procedures along each branch meet at the junction body and yield a single procedure. 

As said before, steps 2 and 3 are not valid for closed kinematic chains. However, these two steps 

may be modified in order to tackle closed-loop multibody systems. To obtain it, they must be 

transformed into open-loop systems through the cut-joint method, which eliminates or cuts a joint m 

each closed-loop. This method is described in detail in [5] and [7]. 
In this work the method shown m [5] is followed. When a joint is removed, the corresponding 

constraint forces (d>Jx) and (-*Jx) must be 'introduced on both links connected at the joint, and 

condensed along with the other forces. Oz is the Jacobian matrix of the constraints with respect to 

the body variables Z. and X are the Lagrange multipliers. A penalty formulation is used, so that 

where «is the penalty factor. Equation (39) may be written as a function of the variables that define 

the two bodies (say r and s) connected at the cut-joint, 

X = a(0zZr-0zZ, + y) (40) 

and 

Y = ÖzZr - OzZ, + 2/if2(<DzZr - <DZZS) + Q2<& (41) 

Now, the second and third steps explained above for open chains must be reformulated. If the joint 

between bodies r and s has been removed to open a closed-loop, application of the principle of virtual 

power gives the following equation 

i Z;T(MI-Z,--QI-)+ 
.''=1 (42) 

Z;T(MrZr - Qr + <t>z^) + Z;T(M,Z, - Qs - ®ZX) = 0 

instead of equation (28) which is valid for open-loop systems. Starting from equation (42), a similar 

process to that developed before for open chains should be carried out. Expressions will be obtained 

either for mass and force condensation (second step), as for relative accelerations (third step). 

Nevertheless, this process requires a considerable amount of effort as it is very much problem 
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dependent,  ■«ding  to  invo.ved  expressions  and   tedious   ealcdations.   Consequently,   genera! 

expresses >dce (35)-(38) cannot be provided, and they are to be developed for each pardcular 

mullibody system. 
Unlrke dte previously presented Lagrangran formulations wh.ch featured a Newton-Raphson 

seheme thus fully-recursive method ordy allows for a fixed pom. iteration to be used for totegmuon 

purposes The reason is that introducing the integrator equations and obuuning the tangent matnx 

becomes pracdcally unfeasible. If ag™ the trapezotdaj rule is used, then positions and velocmes 

should be expressed in terms of accelerations. 

O A + 

At    ~       _,_-      „,-,th     ~ .-7... + Ati„+ — ~zn (43) -in+]+zn   with    in=zn + Atzn + 

At - -       .       A 
Zn+l=yz«+l+z"   Wlth    z*=z«+^ — in+1+z„   with    zn=zn+~Zn (44) 

3. The Example: Modeling Aspects 

To compare the three formulations presented above, the dynamics of a complex and realistic 3D 

multibody system have been analyzed. The chosen example is the military 4x4 Bombardier Iltis 

vehicle [8], which was proposed by the European automobile industry as a benchmark problem to 

check multibody dynamic codes. The vehicle features four identical suspensions (see Figure 2) whose 

characteristics are: 
- A shock absorber, which provides a damping force given by the following nonlinear expression: 

FD = 9945.627v + 33955.72v2 -59832.25v3 - 39565 l.Ov4 [N]   for -0.2<v<0.21 m/s 

FD = -416.42 + 1844.3v [N]   for v<-0.2 m/s 

FD = 1919.1638 + 1634.727v [N]   forv<0.21 m/s 

and a elastic force due to an external polymer, given by 

Fs = -4.0092 * 106 + 2.8397 * 107x - 6.7061 * 10V + 5.2796 * 107x3 [N] 

where the distance x is defined in meters. 
- A leaf spring, modeled as a linear spring of 35,900 N/m. Moreover, a rubber bumper contacts the 

wheel at the leaf spring connection point after a vertical motion, from the equilibrium position of 70 

mm. The bumper stiffness is assumed to be a constant value of 107 N/m, which is engaged only after 

the clearance is used up. This last element is considered in some simulations, thus adding a rauen 

higher stiffness to the problem, but not in others. Its presence will be conveniently indicated in the 

results below. 
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- A tire, whose radial stiffness is 460,000 N/m. The side force and aligning lorque are considered by 

application of the tire Calspan model [9]. 
Also, there is an steering system, which is kinematically guided during the maneuvers. The total 

. mass of the vehicle is about 1500 Kg. 

3.1. MODELING FOR THE LAGRANGIAN FORMULATIONS 

In order to perform the analysis with Lagrangian formulations, the Dtis vehicle has been modeled 

using fully Cartesian dependent coordinates, also called natural coordinates [4]. For three- 

dimensional multibody systems, these coordinates describe the position of the whole mechanism by 

means of the Cartesian coordinates of basic points and the Cartesian components of unit vectors, all 

distributed throughout the elements. Each body of the system should have a sufficient number of 

points and vectors linked to it, so that its motion is completely defined. Figure 2 illustrates how the 

chassis, suspension and steering system of the vehicle have been modeled. 

Figure 2. Modeling of the Iltis vehicle in fully Cartesian coordinates. 

As may be seen in Figure 2, basic points, unit vectors and relative coordinates of distance have 

been used adding to a total number of 168. The system has 11 degrees of freedom: six free-body 

motion degrees of freedom for the chassis, one for each suspension and one more for the steering 

system. In consequence, the variables of the problem are related through 168-11=157 constraint 

equations. In practice, only 10 from the 11 degrees of freedom are true dynamic degrees of freedom 

because, as said before, the steering motion is kinematically guided. This guidance is introduced 

through a new constraint equation, so that the final number of constraints is 158. 
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3 2 MODELING FOR THE RECURSIVE FORMULATION 

Recursive formulas resume the use of relauve coordmates. TTdey define me poshion of each body 

in relatton to the prevmus one in the hmemat.c cham, by us.ng tbe reiat.ve degree, of freedom allowed 

by thejo.nt Unlang those elements. Figure 3 illustrates the way the chassis, suspense and stccang 

system of the Iltis vehicle have been modeled us.ng this land of coordinates. 

BASE 

/////// 

Figure 3. Modeling of the Iltis vehicle in relative coordinates. 

In this case, the number of variables is 43, distributed as follows: 6 for the chassis (three 

translations and three rotations), 9 for each suspension (all of them rotations at the different pairs as 

shown in Figure 3) and 1 distance for the steering system. Since this last variable is kinemaucally 

guided, the total number of variables amounts to 42. Figure 3 shows where the closed-loops have 

been cut. Two cuts are performed for each suspension. One of them needs 3+3=6 constraints to 

establish identity between points and directions at the rotational joint removed (actually, only two 

constraints are needed for the direction but using three is easier), while the other only introduces 3 

more constraints as this time the joint removed is spherical. Therefore, the total number of constraints 

is 36, with just 32 independent. 

4.    Simulations Results 
In order to test the numerical efficiency of the previously presented formulations, the Iltis vehicle is 

driven through three different simulations, which are described below. 

4.1. SIMULATIONS DESCRIPTION 

The first simulation, that will be called Simull, consists of 10 seconds of motion with the vehicle 

going up'*n inclined ramn and the down a series of stairs at a speed of 5 m/s. The simulation leads to 

the strong motion with accelerations of up 5g shown in Figure 4. 
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Figure 4. The Ms vehicle performing Siraull and vertical acceleraüon of its center of mass. 

During the second simulation, Simul2, the vehicle goes off a ramp and hits the ground, leading to 

the acceleration time history of Figure 5, that also lasts for 10 seconds at a speed of 5 m/s. 

Figure 5. The Iltis vehicle performing Simul2 and vertical acceleration of its center of mass. 

In the third simulation, SimuB, the Iltis vehicle is driven through a series of columns in the slalom 

maneuver. The simulation lasts for 10 seconds at a vehicle speed of 5 m/s, leading to the acceleration 

time history of Figure 6. 
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Figure 6. The Iltis vehicle performing SimuB and transversal acceleration of its center of mass. 

4 2. RESULTS ON ONE-PROCESSOR COMPUTERS 

The three simulations described above were earned out on a SGI Indlgo2 IMPACT with one 

processor R4400SC @ 200 MHz and 2 Mb of secondary cache memory, using the three formulations 

being compared. Table I features two columns for each formulation: the first one gives the smallest 

CPU time achieved with the corresponding method, whüe the second one shows the time step size 

which led to that best CPU time. 
Table I illustrates the fact that the augmented Lagrangian formulation (with a penalty factor of 10 ) 

is clearly superior to the classical one because it performs notably faster (between three and four 

times) and achieves convergence for greater time step sizes. On the other hand, the fully-recursive 

formulation shows to be more efficient than the augmented Lagrangian method although it needs to 

take a smaller time step size to converge (due to the fact that it uses fixed point iteration). Thus, in 

simulations such as Simul2 the augmented Lagrangian method can work with larger time step sizes, 

and performs at the same level as the fully-recursive formulation. On the other hand, when the 

maneuver becomes sharper (such as in Simull) the augmented Lagrangian method must keep on 

small step sizes and the fully-recursive formulation takes a fair advantage. 

Auemented Lagrangian Classical Lagrangian Fully-Recursive 

CPU (s) At(s) CPU (s) At(s) CPU (s) At (s) 

Simull 34 0.0175 139 0.01 20 0.0075 

SimuI2 18 0.03 58 0.025 14 0.0075 

SimuB 27 0.025 99 0.01 9 0.0075 

Table I. Efficiency on a single-processor machine. 
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4 3 RESULTS ON PARALLEL MACHINES 

To find out the effect of parallelen on the three formulates under study, "^^^ 

ha, been executed on a SUN Sparc Staüon 20 with 4 processors HyperSparc (RT625) @ 100 MHz 

with 256 Kb of cache memory. Table n shows the reducüon in CPU time expenenced by each 

method as the number of processors increases. 

# of 

processors 

1 

4 

Augmented 

Lagrangian 

0.0 

22.7 

29.6 

29.6 

Classical 

Lagrangian 

0.0 

6.5 

9.0 

9.0 

Fully- 

Recursive 

0.0 

0.0 

0.0 

0.0 

Table II. Reduction of CPU time in % due to parallelization. 

It may be seen from Table H that the method that takes most advantage of the parallelization, up to 

30% savings, is the augmented Lagrangian, since it uses it during the matrix formation and solution. 

The classical Lagrangian only takes advantage of the parallelization at the time of solving the 

equations, achieving up to 9% reduction in CPU time. On the other hand, the fully-recursive 

formulation does not profit at all from the parallel processing, thus indicating to be a method suitable 

for sequential processing. It must be noticed that, in all cases, the fourth processor does not 

contribute to improve the CPU time. 

4.4 INFLUENCE OF NUMERICAL STIFFNESS 

The simulation Simull has been carried out again using the three formulations. However, this time it 

has been called SimullS, since the rubber bumpers of stiffness 107 N/m have been introduced into 

the four suspensions of the model, so that the algorithm behavior under conditions of high numerical 

stiffness may be observed. Table III compares the results obtained by the three methods when 

performing Simull and SimullS. 

' 
Augmented Lagrangian Classical Lagrangian Fully-Recursive 

CPU (s) At(s) CPU (s) At {s) CPU (s) At(s) 

Simull 34 0.0175 139 0.01 20 0.0075 

SimullS , .78 0.005 0.0025    . 3 4 •     0.0025 

Table III. Influence.of numerical stiffness. 

Table IE shows that numerical stiffness makes all the methods reduce the time step size. The 

fully-recursive by a factor of 3, the augmented Lagrangian by a factor of 3.5,  and the classical 
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Ugrangian by a factor of 4.   Thus the las. two .„se performance with respect .0 Ore fuUy™ 
follLm The penahy factor of the augmented Lagrangran procedure „eedS to he .creased to   0 

achteve convergence and, at !ower ume steps, as for .„stance .CT3 seconds, th,s —on star, 

„ffenng fron, ühcondtttonütg effects. When numertcal süffness rematns low, Cats pro Went anses ata 

step size of 10"4 or 10"5 seconds, b«. dtc presence of h.gh nuntcncal stiffness makes ,t appear a, 

larger time steps. 

5.    Conclusions 
,n this paper a thorough and novel comparison of deferent leadtng methods of dynamic sumulauon 

has been earned out for large muMbody systems, Tne conclusions mat have been reached may be 

summarized as follows: 

. The modeling process required by the fully-recurSIve method leads to a relaüve coordinate 

formulation that rs suitable for open chain configurations, but presents serious completes and 

difficulties in the case of closed kinematic chams. The modeling for the Lagrangian formulations rs 

much Simpler and may be done with dependent coordinates. Therefore the former calls for special 

purpose implementations whereas the latter is more suitable for general purpose simulators. In 

respect to modeüng, an analogy may be established between the dependent coordinates and the 

finite element formulation for structural analysis. 

. -he augmented Lagrangian method present, a leading matrix that is symmetric and positive- 

definite thus making it very robust to address simulations with singular configurations. Also, this 

method permits the differentiation of the dynamic equations to get the tangent matrix in a Newton- 

Raphson iteration, which allows for convergence at large time step sizes. Furthermore, it takes a 

senous advantage of parallel computing. However, it suffers from ill-conditioning when the time 

step size becomes small, thus having convergence difficulties for stiff systems. A precision 

environment of 32-digits could be the cure for this numerical drawback. 

. The classical Lagrangian formulation generates an almost double-size problem than its augmented 

counterpart, and takes less profit of parallel computing, thus performing notably worse. In 

addition, its leadmg matrix is less robust, causing the failure of the integration process at singular 

configurations and with redundant constraints. 

• The fully-recursive procedure performs well for stiff and non-stiff systems. Its involved 

formulation only permit a fixed-point iteration scheme, so that the time step size must be kept small 

to achieve convergence. Despite of this fact, it shows to be the most efficient method among the 

three compared, but does not obtain any advantage from parallel computing. 

• According to the results presented-in this paper, real-time simulation of large multibody systems 

can be achieved with medium-size workstations, opening a wide field for development of 

hardware-in-the-loop and man-in-the-loop facilities, virtual prototyping tools and intelligent vehicle 

control systems. 
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