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NET THEORY ELEMENTS AND THEIR APPLICATION IN NOMOGRAPHY

[Tais is & trenslation of an article written by
P, Steyskalova in Vychislitel'naya Matematika
(Computational Mathematics), No. %, 1959,

pages 173-183.]

lately, & number of individuals engaged in nomography
nave shown notliceably greater intersest in work on topological net
theory. Considersble attention was devoted to these problems
by the Hamburg Seminar, under the guidance of Blaschke.

The results obtained in the past thirty years may be seen
as forming a self-contained, formal discipline, having its own
methods and problems.

Far from everything dealt with by this discipline has
direct relation to nomogrephy. Yet, acquaintance with certain
of the results of net theory must be considered sbsolutely
essential to nomogrephers.

The paper that follows presents some of the results con-
teined in Blaschke's book [1] which heve bearing on nomography.
In eddition, we adduce here a theorem, which parallels the
Rademeister theorem, the formulation and proof of which were

kindly supplied to us for this article by G. Ye., Jemes-levi.

1. Besic Concepts of Net Thebry

Let us be given families of curves 81, 82, 83 in an area G
on a plane (%, ¥).

w (x,y) = const, i=1, 2, 3.
where uy are analytic functions within Ge

all"_z ou;\2 :
(5;) 4'(5j> #0 at each point of area G;
one and only one curve of each family passes through each point in Gj
Jacobian: ” o
d{usp u . .
‘”‘LA(*O' k=123 j#k
d(x. )

two curves of different families have no more than one point in-
COommon . _

Let us call such a system of curves a triple system.
Tt must be assumed that each curve of & triple system has &
single continuous arc in common with area G.
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The simplest triple system is & regular net,i.e. a
system consisting of three families of parsllel straight lines,
where lines of different femilies form engles of €0°. It is
apparent that such a net forms regular hexagons, whose sides
and diagonals are the straight lines of the regular net. let
us call such hexsgons Brisnchon hexsgons, or simple B figures.

Fig. l. Brianchon Figure

We will call B figures all figures constructed in the
following wmanner (Fig. 1). Let a triple system be given in area
G. We select any point P within G and plot through it lines of
all three families, which we designate as ly, Ep, 3P,' Here,

the numeral designates the family to which the line belongs, while
the sub-index indicates the point through which it pssses. On
line ve select point A, which is sufficiently close to point P
(i.e. Such that the entire figure plotted by us is situated
within G), 2nd we plot line 2, until it intersects BP at point B.

Then we plot line lp until 1t intersects 2, at point G. Ina
similar menner, we obtain points D-‘-‘?«'.(3c X 18}, - E=(20X3p),

F=(lg X 20) & H=(3 X 15).

Point H msy coincide with A and thus close our B figure,
though this is not obligatory.

Triple systems in which all B figures are closed mey be
termed hexagonal. It is apperent that triple systems obtainable
from a regular net by topological projection will be hexagonal.

2. Auxiliary Propositions

Let us be given a triple system within a certain area Ge
Let us examine the curvilinear triangle ABC, whose sides are
formed of curves of the lst, 2nd and 3rd famllies, and which
pertains entirely to G. We may call such a triangle a coordinate
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trisngle. We select four points on side AB: P, Q, R, S (Fig.
2}, We plot lines of the 2nd family through points P, R, and
lines of the third family through points Q, S.

The intersection points. V=(2 X 30) and -

] it . .
W==(2p X 3s) are situated within our triangle,
Indeed, let us assume, for exemple, that point V lies outside
A ABC, Then curve 2-21 will intersect side AC {or curve 5Q will

intersect side CB), and this is impossible accor&ing to the
definition of a triple system (a single curve of each family
passes through each point € .). It may be shown similarly

that W is likewise situsted within triangle ABC.

Pig. 2, Coordinate Triangle

Let us plot lines of the first family iy and ly through
poiants V and W and introduce the following definitions arcs
{("segments") PG and RS may be called equal, when polnts V.and W
are situated on the same line of the list family, i.e., when

ly=lw. . From this definition, there follow the properiies
Of reversipility and transitiveness of the equation, il.e. 1) when
PQ = RS, then RS = PQ; 2) when PQ = RS and RS = T8, then PG = TU.

. Let us now introduce a definition of the inequality of the

"segments". let us say that PQ < RS when line 1y lies between
curves ly and AB. This definition is also transitive and
possesses the following property: if points R, 3 are situated on
arc PG, then RS £ PO, and become equal only when P=R, S=1{Q.
This property Tollows from the fact thaei point W always lies
within or on the edge of triangle PQV and therefore that line

1y is situated between 1y and AB and that J,=lw only when | == W

iee P=R and §=(Q .
Iet us now return to our examination of coordinate
triengle ABC. We select arbitrarily on side AB a point P=P,

and we plot point Py in such a manner that PP, = AP, point P
so that PPz = AP, etc. (wve understand equaiity here and beltw
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as defined earlier). We thus obtain a sequence of points{;%}

This sequence is monotonous, i.e. if A 1s to the left of P, then
P, is slso to the left Py + 1 for any i (Pig. 3). Let us assume
the opposite, i.e. let i be found to be such that all Pk’s where
k 1 are %o the left of Pk+i’ while F; 1s to the right of Pi+l'

Then 3p {or QP and 2, )} have & point in common, and this
i 4l i 141

is possible.

5 .
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Fige 3. Monotcnous nature of
sequence of Py points
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Fig. 4. Existence of limit
point in (p;} sequance

Let us now show that point Pi will reach or pass beycnd

point B after a finite number of siteps. let us assume that this
is not so. We would then have, on finite "segment” AB; an

infinite monotonous sequence of points Pi' Therefore, this

gsequence must necessarily heve at least one limit point S

(Flg. 4)s We plot point R in such a manner that RS = AP and
that R be to the left of S. This mey always be done by plotting
3q until it intersects 1y at point @, end plotting 2. until it

intersects AB. R will be the point of intersection (23 X AB)
However, since S is the limit polnt for Pi’ then, snywhere near
point S (i.e. on "segment" RS as well), there must exist an

infinite number of points Pi' Iet us take two such points:

Pg and PJ 1s 80 that they lie strictly within RS. Then,

however, as shown earlier, I-?JP‘j +l'< RS = AP, and this is
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contradictory to the construction of "segment" P.P.+1. Thus,
the natursl number n will always be found to be gu h that
or that Ph is to the right of B.

ILet us demonstrate, furthermore, that it is always
possible to plot point P in such & manner than P,= B
for any predetermined natural number n. In other words, it is
slways possible to divide AB into n equal "segments". For this
purpose, let us first demonstrate that if P, § are two points
on AB and P is to the left of Q, then, by plotting point ,
seguences { Pi} and {Q,} as earlier descrived, for any iPi is to

the left of Q; if oniy Qi is still on AB. let this be not so,-

i.e. let all P;'s where j< k, be situated to the left of Q.,
while P, is to the right of Q.. Then, there are at least two

Q; points between P, . and F,, nemely Qy.3 and Q. However, as
we have shown earlier, in that case ka.le<Pk—_-1Pg-

i.e. we arrive at a contradiction, since, according to the plotting
of points P; and Q

Qk-—lqk = AQ> AP == P.'—’lpk'

Let us now be given a natural number N. Let us show how
to plot initial point P so that Py=B.. We take any point
on AB and plot the sequence .{Pi} . If pL=p , then

P:L is sought point P. If P% is to the right of B, we then take
point P2 to the left of Pl on AB, snd, if Pl is to the left of B,
we take point P2 to the right of L. We then piot the sequence

{f%} points and repeat our reasoning. We thus obtain a convergent
point sequence ([*} . The limit point of this sequence will be
sought point P. ‘ ,

et us now examine a specific case, that of & regular net.
Here, the curvilinear coordinate triangle AEC is a regular
(= equilateral) triangle, and the definition of the equality of
the curvilinear segments coincides with the usual understanding
of the equality of segments. We take coordinate triangle ABC,
divide all of its sides into n parts (n being a naturel number),
and plot lines of all families through the points of division.
We obtain the figure shown in Fig. 5 which we will refer to from
now on as the D, figure. We will similarly designate any
topological transformation of this figure.

Lemma 1. A D, figure may be constructed within any
hexagonal nete. _

Proof. We may provide proof for this assertion by
the method of mathematical induction. ILet n = 3 to begin with,

since the net under consideration is hexagonsl, and the hexagon
of straight net lines is to be closed.
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let us admit thet our proposition holds true for n - 1,
and let us show that it will then also hold true for n. Let
us divide AB into n parts by means of points Pi' Through these

points we plot lines of the 2nd and 3rd families. Points Qi are

located on a single line of the lst family, since all PiP, 4
segments are equal to one another. However, all R; points are
located on a single line of the lst family (Fig. 6), since, in
the net under consideration, the hexagons with centers at polnts
Q; must close, i.e. each pair of points RiR; 5 (and, therefore,
all these points) is situated on a single line of the lst
family. It follows that the distances between two neighboring
Qi points are equal, i.e. that triangle Q,Q, ,C is a D, figure.
According to the supposition of the induction, the lemms holds
true for n - 1. Thus we have shown that a D, figure may he
constructed in any hexagonal net.

lemma 2. The definition of the equality of curvilipear
segments in hexagonal nets also possesses the property of
sdditiveness.

Proof. It is epparent from s D, figure (Fig. 6), that
not only segments of the form P, Pi+l’ but also all segments of

the form P;P; 4 are equal, k being a nstural number (for example,
for segments P;P; ., equality follows from the fact that the Ry
points are situated on one line of the lst family).

N/ \
AVAVAVAVAV
géVAVAVAﬁYA

Fige Se D, figure

- Let us be given four "segments" MN, NP, RS and ST on
side AB of the coordinate trisngle ABC, such that MN = RS and
NP = ST. let us demonstrate the additive nature of the
equality, i.e. that MP = RT (Fig. 7).

let points M, N, P, R, S, T initially be the points of
division of certain D, figures. We will designate a D, figure
containing point M among its points of division as figure
Dp, etecs Let us teke the D figure conteining figures




Fig. 6. Construction of D, figure in hexagonal
net, assuming the existence of a Iy, _, figure.

Dn DBN D:; , Dn Dn Dn.r N (Dn will be such

a figure, for example, when n == Ny Ny-npRp-Ns-Nr e

As noted earlisr, additiveness will hold true for this figure.
If now some (or all) of the points M, N, P, B, S, T are not
points of division for any D figures, 'bhen additiveness
follows from the fact that an.y such point may be included
within en interval as minute as desired, whose end-points

are points of division of certsin Dn figures.,

c

[N\
/W\Nx>

Fig. T. Additive nature of segment‘equality. '

Remark. If Dm and Dn figures are such that m = ken, where
k is a natural number, it is spparent all lines of figure Dn are
contained within figure Dg.
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Fig. 8. D, figure in net where two line

ramilies are parallel to coordinate axes
Cx and QY.

3, Basic Theorem of Hexagonal Nets

Theorem. A given triple system may be topologlically
vransformed into 2 regular net when, and only when all Brisnchon
B figures are closed {(i.e., when this curvillnear net is hexagonal).

Proaf. To demonstrate the necessity of this, let us
ssswne that the B figure will not close, i.€. thet A=z H .
However, then the images of these points in topological projection
will not coincide, and this will contradict the definition of a
regular system.

Now let us demonstrate the sufficlency of the theoren.

et us be given a hexagonal net. Iet us project the lst
and 2nd families of coordinate lines on gtraight lines parallel
to the Ox and Oy axes of a Cartesian ecoordinate system. This
projection will be topological (according to the conditions
imposed on the lines of the triple system). ILet us examine
the coordinate triangle ABC and inscribe within it sll possible
D, figures (Fig. 8).

On segment AR let us plot function £,(x) so that the p-th

point of division of figure D. receives a notation ofg. Iet us

shov that this notation is the only one. Iet point P be the
p-th point of division of figure DCl and the r-th point of

division of figure Di. Let us posit that s> q. Then s = kq
(k is a whole number), i.e. figure D, is contained within DS.

9
But then r = kp also, and therefore . i.e, there

q 5
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corresponds to each point of division of segment AB & single
notation. Then point A will evidently have a notation of O, and
point B a notetion of 1. We have thus established the mutually
univalent relstior which holds between the points of division

of segment AB and raticnsl numbers on the segment [-8.1] of the
nugerical right line. We will term the pointe of division
retional peoints, and other points, irratiomal. It is evident
that function fl(x) is monotonous.

We still need to fully define fl(x) for irratiocnal

points of segment AB. Let R be an irrational point. It then
divides 2ll rational points into two classes, one of which is
situsted to the left of R, and the second of which is to the
right of R. The notation of this point must divide the rational
numbers into two classes such that all rational nuwmbers in the
second class are larger than the numbers in the first class.
Since the points of division of D, figures are distribubed
continuously, it follows that the notation of the irrational
point is a Dedekind section, i.e, an irrational number. Thus,
funection fl(x) defined will be centinuous end monotonous. In
analogous fashion, we define thz continuous monotonous function
fa(y) on AC.

let us now show that the Following relation holds for
any curve of the 3rd family:

f1(x) + f2(y) = const. (N

Let us first examline & line entering into D,. For all

the points of thisc line that are intersection points of a certain
, Dn figure, relation (1) obviously holds. However, the line in
question also enters into Dby, Day, eoo Dyps 1€ relation (1)

holds for the intersection points of these figures as well,
However, since these points are distributed continuously over the
entire line in question and the iine itself is continuous, (1}
holds also for sny point of that curve.

For a line of the 3rd family, passing through an
irrational point on segment AB, the velues of sum fl(x) + fg(y)

are enclosed between two rational values, which may be
arbitrarily brought closer together. Therefore for such a line
as well, relation (1) holds true. :

Now, let us effect the transformation

X=f(x), Y = {9 | @
This transformetion will be topological, since functions fl(x)
and f,(y) are continuous and monoctonous. In this transformation,

the firest two families of coordinate lines will evidently
remain on straight lines parallel to axes Ox and Oy, vhile the
third family, for which we have x 4+ y = const., will be
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transferred to the family of straight lines thet are parallel
to the bisectriz of the second coordinate angle. By an
affinal trensformetion, it is now possible to convert these
three groups of parallel straight lires into three groups of
parallel straight lines forming angles of T in pairs.

2
o

Thus, the theorem is fully demonstrated for smy coordinate
triangle situated within area G, where the net under examination
is given to us. It follows for the entire ares G, since G may be
covered with such coordinate triangles, inasmuch as coordinate
lines are everywhere continuously distributed. '

k, Thompson and Redemelster Flgures

Along with Brianchon's B figure, let us examine Thompson's
T figure and Rademeister's R figure (Fig. 9).

Theorem 2. To have a triple system be s hexagonal net,
it ie necessary and sufficient that any T (or R) figure in this
system be closed.

Proof. Let us first provide the demonstration for a
T figure.

@ £__0

AT F
Fig. 9. Brianchon, Thompson and Rademeister figures

The sufficiency of the theorem is obvious, since the B
figure is a perticular case of a T figure, in which points P
end R coincide. And since all T figures are closed, all B
figures are closed also, i.e. our net is hexagonal.

£ D
J 2
A

AVAEERAVA

AY
£ A 7 5 H

Fig. 10, Closure of T figure on assumpbion
that B fiugres close
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Fig. 1l Closure of R figure on condition
that all B figures .close

Its necessity follows from the property of additiveness
of hexsgonal nets. Indeed, we wish to prove that points E and D
(Fige 10) are on the szme line of the lst family, l.e. 1z & 1pe

Let us prolong EF, CD and AB until they intersect at points G
and H, and let us examine “segments” GB and AH, These "Segments"
are equal, because GB = GA + AB, AH = AB + BH and GA = BH, and
thersfore points ¥ and € are situsted on the same line of the
lst family. But since GB = AH, according %o the definition of the
equality of curvilinear segments, points E and D are situated
on the same line of the lst family, Q. E. D.

The demonstration proceeds in en snalogous manner for an
R figure. The sufficiency of the theorem follcws from the fact
that a B figure is a psrtlcular case of an R figure, in which
points P, Q and S coincide. To dewcastrate 1ts necessity, we
meke use asgain of the property of additiveness of bexagonsl nets,
and we shall prove that = 1y (Fig. 11). We prolong lines AB,
EF, ES, DQ and DC and we designate the points of intersection as
KL = MN. Indeed, KL = KA + AL, MN = MB + BN, But KA = MB, since
lp = 1o, and AL = BN, since lS = lC' Thus, in view of
additiveness,.we have KL = MN. The theorem has been fully
demonstrated, ' ' :

~ 5+ The Application of Net Theory to Nomogrephy

We have demonstrated that any triple system in which all
T figures (or all R figures, or all B figuresy are closed may be
projected topologleally on a regulaer net. This is of great impor-
tence for nomography. Indeed, if we plot & cartesian abacus for
& given equation, and its lines intersect at very acute angles,
large errors are possible in the use of the nomograph.

For this reason, it is desirable that the sngles of
intersection of lines in the abacus be as large as possible.
The ideal case is that of intersection at angles of 60°, This
case takes place precisely when the sbacus forms a regular
net. It is therefore important to find the equations which
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always allow the construction of such an sbacus. Third order
nomographic equations are equations of this kind.
Theorem 3. In order that an equation

Fix,y, 2)=0 (3)

be a third order nomographic equation, it
sufficient that of the six equations

§ necagsary sud

ode

Fxo, g1, 21) =0 F(x, ¢, 2,) =0 F(x., 4 ?3)""’0} (4)
F(xg, yy, 25)=0 Fxy, yo, 25) =0 F(x1, Yo, 2) = 0]

each one be the consequence of the osher five,

let us clarify the formulation of thig theorem. Let us
assume thet a cartesian shacus hes been plotted for equation (3).
We take three arbitrary lines of level z in that equation:
& =Ly, 2 =2p, Z =23, Bach one of the squations (&)
Flx;, Vs 2} = O meshs that lines x = x4, y = Yir 2 =2y
intersect at a single peint, i.e. thet the Thompson figure
obtained (Fig. 12) is closed. But since all figures are closed,
this means that the cartesien abscus forms s hexagonal net,
Thus, having demonstrated this theorem, we show that it is
possible to plot a cartesian abacus whose lines form a regulax
net for any 3rd order nomographic equation,

Proof. let us first demomstrete the sufficiency of the
theorem.,

It is posited that the level lines of equation (3) form
a hexsgonal net. It is reguired to demonstrate that (3} is a
5rd order nomogrephic equaticn. In demcnstrating the basic
theorem of hexagonal nets, we found that the relstion
X + Y = const, holds true for every line of the 3rd family,
4 and Y belng the notations of lines of the first two families.
Taking now this conetant as the notation of the corresponding
ine of the 3rd family and designeting it as Z, we get

X+Y¥=2

This is an equation of the 3rd nomographic order.

Now let us demomstrate the necesgity of the theorem. Let
us be given a 3rd order nomographic equation. We must prove
that each one of the equations (&) is a consequence of the five
others. We know that slong with a Cartesian abacus, it is possi-
ble to construct a nomograph on a2 conical section and a right
line for a2 3rd order nomographic eguation. There exists &
mutvally-univelent reletion between the nomograph and the
cartesian sbacus, and this relation is double (Fig. 13).

The equation F(xi, Y35 zk) = O means, on the abacus,

that level lines x = X1, ¥ = ¥5, 2 = 2y pass through a singl
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Fig. 12. Thompson figure in cartesian abacus
for 3rd order nomographic equation.

Flg. 13. Figure, corresponding to s Thompson
figure on nomograph of egualized points.

point. On the nomograph, this corresponds to the fact that
points xy, Vi, 2y are on the same straight line. ILet us

assume, for example, that the first five equalities in (&)

are satisfied, and let us demonstrate the sixth. We take
points Xg, X1, Xo, ¥o» ¥ys Y2, %75 2o &8nd 23, satisfying the

' first five equations in (&).

Let us plot the straight line (xl, yo) and show that it

passes through point z; (Fig. 13), i.e. thet f£(xq, Yor 21)s = O,

Indeed, straight lines (x5, ¥y, 21}, (Xgs Y25 25), (X9, Y1 zg)
and (%, yo,_zz), together with straight line (x4, yo), form a

Pascal configuration with apéxes on the two x and y scales,
situated on a 2nd order curve, and the Pascal right line belong
to the third scale z., But then, according to the Pascal
theorem, right line (%, y,) must pass through z;, Q.E.D.

Remark. In demonstrating the necessity of the theorem,
we made use of resulits derived from projective geometry.
However, the reverse is also possible, and to demonstrate
certain theorems of projective geometry from the properties
demonstrated above for hexagonal nets,

—
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We have seen thet the Thompson figure corresponds to
the Pascal configuration. It is evident that there corresponds
to the B figure that pariiculer case of the Pascal configuration

in which points Xy, ¥y, z, 8re situsted on & single vright line

(Fig, 14). Let us now find out what corresponds to sn R
figure. lLet & quadrangle be piotted on e ceriain 2nd order
curve K and a right line P as shown in Fige 15. We will
designate the corners of the quadrangle &8s X1, ¥y, ¥p: Yp» snd

_the points of intersection of the sides of gquadrangle and

straigbt line p &8s 21, Zp 23, 2y We then have the following
theorem, which parallels the Rademeister theorem.

Fige 14. Brianchon figure in cartesisn abacus
and its corresponding figure in a nomograph of
equalized peints.

Any quadrangle C, whose sldes pass through points 2z,
Zos z5, zk»of right line p and whose apexes are situated on
second-order curve K will be closed if one such guadrangle Co
is closed.

.{/ i\
'!é . ™~

9t
i ;

2 R, Ny b

L7 i S S——

x, Z \\tz}\\ -22\ \ x
Zs 73 27 24

Fig. 15. Rademeister figure in cartesian abacus
and corresponding figure in a nomograph of equalized
points.
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The proof of this theorem follows directly from the

- closure of the R figure, since there corresponds to every pair

of quadrangles C(x'y, ¥'y, x'p, y’z) and Cy (%), ¥35 %55 ¥p) &0
R figure in a hezagonal net,
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