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three-dimensional (3-D) unstructured computational fluid dynamic (CFD) 

method. The equations of fluid motion used are either the inviscid Euler equa- 

tions or the full viscous Navier-Stokes equations cast in an Arbitrary Lagran- 

gian-Eulerian (ALE) framework. A turbulence model developed by Spalart 

and Allmaras is used for viscous solutions. The system of fluid equations are 

solved implicitly using upwind, flux-splitting techniques for the convective 

fluxes of either Roe or Van Leer with up to second-order temporal and spatial 

accuracy for steady or unsteady computations. Innovative boundary condi- 

tions for a moving mesh to include inviscid, viscous, far-field and a solid rock- 

et motor exhaust exit surface were developed. The temporal solution is found 

using an application of Newton's method. The computational field simulation 

(CFS) of two 3-D wings and a waisted-body of revolution are compared to ex- 

perimental data for boundary condition validation. An unsteady CFS of a 

pitching wing is validated by comparison to experimental data. A number of 

unsteady missile maneuver trajectories coupled with a six degree-of-freedom 

model using Euler angles and the Flat-Earth model are presented. 
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CHAPTER I 

INTRODUCTION 

The first recorded use of computational fluid dynamics (CFD) can be 

traced back more than 90 years ago, almost two generations, to 1917 when the 

British scientist L. F. Richardson attempted weather prediction by solving the 

governing partial differential equations numerically - by hand [1]. Since 

then, phenomenal advances have been made with the rapid development of 

the computer and related numerical algorithms which has made these type of 

solutions easier and faster to obtain. Throughout, the overarching objective 

has been to develop CFD methods for predicting the outcome of an important 

dynamic event - like the weather. Another critically important problem is the 

prediction of a maneuvering vehicle's trajectory. The development of a 3-D 

unstructured CFD method for trajectory prediction through numerical simula- 

tion of the flowfield about maneuvering vehicles is documented herein. The 

impetus for such techniques are as follows. 

Consider the development of an advanced fighter aircraft such as the 

United States Air Force (USAF) F-22A. In July 1997 the flyaway cost per air- 

craft was estimated to be $92.6 million and its IOC (Initial Operational Capa- 

bility) was projected to be in November 2004 - a mere 23 years after the USAF 

identified the requirement. Contrast this with the flyaway cost of the F-86A 

Sabre which was $0.2 million and it was 39 months between the first flight of 

the XP-86 and the Sabre's combat debut in Korea [2]. In a little over a few 

decades RDT&E (Research, Development, Test and Evaluation) costs and 
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schedule lengths have grown by 2 to 3 orders of magnitude. Much of the cost and 

schedule increase is directly attributable to the complexity of the technology be- 

ing incorporated as well as the high cost of building and flight testing a high per- 

formance fighter aircraft. Well before the real aircraft is built extensive wind- 

tunnel testing is done on physical models in an iterative way to establish a 

design to meet aerodynamic requirements. These costs are also quite high and 

the model building and testing process is time-consuming. For a flight vehicle 

development program as basic as a tactical missile design, once the aerodynamic 

data is available it takes at least six months and 1-4 man-years of effort to de- 

velop a trajectory simulation [3]. These are areas in the RDT&E process where 

CFD methods can be used to conduct virtual simulations at greatly reduced time 

and cost. This is the primary motivation for the development of a 3-D unstruc- 

tured CFD method for maneuvering vehicles. 

The following sections discuss the current issues in dynamic motion CFD, 

a brief history of unstructured mesh flow solver development, a review of cur- 

rent dynamic motion unstructured CFD methods, and concludes with an outline 

of the following chapters. 

1.1 Dynamic Motion CFD Issues 

The numerical simulation, or virtual simulation, of a maneuvering ve- 

hicle refers to a dynamic motion CFD problem in aerodynamics. These type 

problems are "defined as the simulation of flowfields exhibiting unsteadiness 

on the physical scale of the vehicle. Examples include, but are not limited to, 

store and missile stage separation, unsteady airfoil [and wing] motion, aero- 

elasticity, and inlet unstart [4]." The virtual simulations could consist of, but 

are not limited to, determining the flowfield about the vehicle of interest, pre- 

dicting the effect of the flowfield on the vehicle - induced motion and/or de- 



formation through aeroelastic effects, moving the vehicle and/or changing its 

shape, and then going back to the beginning to determine the flowfield about 

the vehicle in its new position. 

The work in this study addresses two major issues for 3-D dynamic mo- 

tion unstructured CFD predictions - a flow solver for a moving mesh which 

accurately captures the physics of the fluid motion about the vehicle and a rig- 

id body model which allows for dynamic motion on the order of the vehicle 

scale. Actually, in the unstructured CFD method developed herein, the two 

issues are intertwined. The flow solver allows for vehicle-scale translations 

and rotations through the use of boundary conditions whereby the numerical 

mesh, rigidly attached to the vehicle, is allowed to maneuver freely wherever 

the vehicle's trajectory may lead. This is different from other unstructured 

CFD efforts, as far as this author is aware, which peg the boundary of the en- 

tire simulation computational domain to a fixed position. Using internal mesh 

deformations the vehicle's motion is simulated through a prescribed maneuver 

or by quasi-steady or unsteady aerodynamic forces and moments. This neces- 

sitates schemes to manage the mesh deformations and mesh speeds in a way 

that drives these values to zero at the stationary boundary. It also requires 

computational domains, that is, numerical meshes, large enough to warrant 

those boundary conditions. One can easily see how this confines or restricts 

the time and distance a simulation can run on a particular mesh and requires 

more node points than may actually be required to capture the physics and the 

trajectory. 

On the other hand, a rigidly attached mesh which moves with the body 

requires constant updating of all the geometric terms, or metrics, at each 

time-step whereas the deforming mesh metric updates are usually restricted 



to the region nearest the body - which is deforming the most. However, for a 

full Navier-Stokes calculation to capture the essential physics, the boundary 

layer mesh should be kept rigid and orthogonal to the vehicle body surface to 

avoid any mesh deformation effects. The mesh in the region closest to the 

body, where the node points can be thought of as the "observers" of the com- 

plex physical phenomena near the surface, must be kept in rigid alignment to 

report the physics accurately. Eventually, to handle relative motion and mul- 

tiple bodies, a global mesh would be required with all the inherent mesh man- 

agement requirements mentioned. The integration of the 3-D unstructured 

CFD method developed herein for each body should, theoretically and concep- 

tually, present no major problems. 

Another equally important issue is the time-step restrictions imposed 

by the fluid dynamics. The time-scales for the fluid dynamics are usually or- 

ders of magnitude smaller than those for the rigid body dynamics. Techniques 

to allow larger time-stepping, such as implicit flow solvers and boundary con- 

ditions, are employed herein. In many cases there exists a small region of the 

numerical field that restricts the time-steps for time-accurate predictions. 

This may be a place where the numerical mesh cells are quite small in order to 

resolve the physics, such as a boundary layer, or a region whose imposed 

boundary condition involves large gradients with subsequent small time- 

steps. A technique to allow local time-stepping in these areas thereby in- 

creasing the global minimum time-step is also employed which arguably does 

not affect the global time accuracy. 

1.2 Unstructured Mesh Technology 

The use of unstructured meshes in the finite-volume CFD community 

was driven by the need for a Computational Field Simulation (CFS) over com- 



plex geometries with complex physics. It is well known unstructured mesh 

generation provides greater flexibility and ease of adaptation to flow features 

than structured mesh generation. Unstructured mesh generation technology 

is also far more amenable to automation than the multiblock strategies 

employed in structured meshes for complex geometries. On the other hand, 

structured mesh flow solvers have a long history of development compared to 

the unstructured mesh flow solvers and have achieved remarkable efficiencies 

and speed-ups. The unstructured mesh flow solvers require more memory to 

handle additional overhead managing the mesh data structure which are not 

necessary with the implicit connectivity of a structured mesh. In the final 

analysis, as stated by Venkatakrishnan [5], "with the best of the unstructured 

grid flow solvers, the computational costs are between two and three times 

those associated with a structured grid with the same number of unknowns." 

This is highly encouraging, in the author's opinion, because as the complexity 

of the geometry goes up the number of nodes (unknowns) required for a struc- 

tured mesh grows to many times more than that required for an unstructured 

mesh. For excellent discussion and reviews of unstructured mesh generation 

and flow solver technology see the AGARD Report [6], the VKI lecture series 

by Mavriplis [7], and the survey article by Venkatakrishnan [5]. A brief histo- 

ry of unstructured mesh flow solver development from reference [5] follows. 

Almost 13 years ago, in January 1986, Jameson et al. [8] presented the 

first full 3-D solution about a complete Boeing 747-200 for inviscid transonic 

flow using an unstructured mesh and flow solver. At around the same time, 

the structured flow solver community was actively pursuing upwind schemes 

by using the Van Leer [9] monotonic upstream-centered scheme for conserva- 

tion laws (MUSCL) and the approximate Riemann solvers of Roe [10]. These 



were eventually implemented on the unstructured side by numerous research- 

ers such as Anderson [11], Barth and Jesperson [12], Batina [13], and Frink 

[14], to name just a few. 

Turbulence modeling is required for realistic applications at high Re- 

ynolds numbers. Marcum and Agarwal [15] implemented two versions of k-e 

models for turbulent flow over an ONERA M6 wing. Recently, the one-equa- 

tion models of Baldwin-Barth [16] and Spalart-Allmaras [17] have become 

the turbulence models of choice for unstructured mesh flow solvers. Analysis 

and comparison of these two can be found in references [18] and [19]. 

1.3 Unstructured CFD and Dynamic Motion 

In the summer of 1996 the Air Force Office of Scientific Research 

(AFOSR) sponsored the First AFOSR Conference on Dynamic Motion CFD. 

This meeting served as a review of the work to date in unstructured and struc- 

tured CFD methods for virtual simulations of unsteady flows of aerodynamic 

interest [4]. There were many impressive unstructured and structured meth- 

ods and results presented. A review of a few of the unstructured results fol- 

lows. For details concerning the structured mesh technology results see the 

proceedings in reference [4]. 

Lohner et al. [20] showed explicit time-stepping Euler simulations of a 

hypersonic store release at Mach = 8 (free motion) and a fuel tank release from 

an F-16 (quasi-steady) as well as weapon fragmentation with a large number 

of objects. They also presented a rotating missile solution comparison be- 

tween a rigid and a flexible body assumption. The simulation technique in- 

volved a deforming, stationary mesh. Baysal et al. [21] employed their Dy- 

namic Unstructured Technique (DUT), which uses explicit four-stage 

Runge-Kutta time-stepping, to simulate store separation (quasi-steady) with 



a mesh rigidly attached to the store moving through a stationary global mesh. 

An adaptation window was placed about the store and the interface between it 

and the global mesh was deformed and remeshed. Venkatakrishnan and Ma- 

vriplis [22] presented subsonic inviscid simulation of a multi-element airfoil 

system during deployment and transonic turbulent flow simulations of a self- 

excited shock oscillation on a 18% thick circular-arc airfoil and a 2-element 

slotted airfoil with flap rotation. They used an agglomeration multigrid proce- 

dure for implicit time-accuracy with a multi-stage Runge-Kutta scheme as 

an explicit smoother within the multigrid algorithm. They also used a spring 

analogy for deformation of the stationary boundary global mesh and found it 

insufficient for viscous solutions. Their solution was to use a distance func- 

tion in the "viscous" region to maintain a region about the airfoil which moves 

rigidly attached to the airfoil surface. 

At NASA Langley Research Center, Kleb [23] has used an implicit 

time-integration scheme, which uses a Gauss-Seidel procedure, and an invis- 

cid algorithm to simulate a subsonic pitch-over programmed maneuver for a 

Vertical Take-off and Vertical Landing (VTVL) flight vehicle. He employed a 

spring analogy for mesh movement within a stationary mesh. His results- 

showed significant differences between an unsteady and a quasi-steady tra- 

jectory simulation. 

As far as the author is aware, the 3-D unstructured CFD method for 

maneuvering vehicles developed in this study is a first application of a num- 

ber of ideas and techniques to these type problems. An implicit Newton's 

method is used for unsteady time-accurate simulation of a transonic, com- 

pressible flow trajectory driven by aerodynamic and thrust-vectoring forces 

and moments. A rigidly attached mesh is allowed to move freely with the ve- 
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hide body over large distances without the restriction of a stationary mesh 

and inherent mesh deformations and management overhead involved therein. 

As will be shown in the results, a thrust-vectoring schedule can be prescribed 

to allow truly stand-alone vehicle maneuvers. 

1.4 Outline 

The work documented in the following chapters is organized as follows: 

Chapter II presents the equations of fluid motion, their frame of reference, 

and the turbulence model. Chapter III details the derivation of the Flat- 

Earth equations and the Six-Degree-of-Freedom (6DOF) model using the 

equations of rigid body motion and dynamic and kinematic analysis. The spa- 

tial and temporal discretization as well as the solution scheme for the system 

of fluid equations are discussed in Chapters IV and V, respectively. Chapter 

VI presents the boundary conditions for moving mesh considerations. Chap- 

ter VII consists of the 3-D unstructured CFD method for dynamic motion val- 

idation results and discussion. A summary and conclusions are in Chapter 

VIII. Finally, an Appendix is included to document the inviscid flux Jacobians 

employed in the numerical scheme which, like a large dataset, were just too 

big to include in the main text but are of vital importance to anyone wishing to 

duplicate this work. 



CHAPTER II 

EQUATIONS OF FLUID MOTION 

In this study the fluid flow is assumed to be governed by the time-de- 

pendent Reynolds-averaged Navier-Stokes equations cast in an arbitrary La- 

grangian-Eulerian (ALE) frame of reference to account for the dynamic mo- 

tion of the mesh. In the sections to follow, the governing equations will be 

presented in their entirety, followed by brief discussions of the ALE method 

and the Spalart—Allmaras turbulence model. 

2.1 Governing Equations 

The governing equations of fluid motion are given as a system of con- 

servation laws which relate the time rate of change of the conserved quantities 

- mass, momentum, and energy - in a control volume to the flux of these quan- 

tities through the boundary of the control volume. The equations are nondi- 

mensionalized by the free stream density, p„, speed of sound, a«,, temperature, 

r„, viscosity, ^., thermal conductivity, it«,, and a reference length, L. For a 

bounded domain, or control volume, Q with boundary bQ the governing equa- 

tions can be written in integral form as 

f{ I QdT + IF(Q)MS = LF'iQyndS (2.1) 
a »a »a 

where n is the outward-pointing unit normal for the control volume and the 

vector Q of the conserved variables of mass, momentum, and energy is 

Q = [p,pu,pv,pw,E]T (2.2) 
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For a constant control volume (for example, a rigid, non-deforming mesh) the 

governing equations of Equation (2.1) can be written 

<|>F(07jdS = L 
»a sa 

T^- + $F{Q)MS = $F>(Q)RdS (2.3) 

For a moving mesh with no time variation of the volume the geometric 

conservation law (GCL) is satisfied. The GCL is of the same integral form as 

the mass conservation law and a numerical scheme satisfies the GCL if a spa- 

tially uniform flow is preserved on an arbitrary moving mesh [24]. In the val- 

idation sections to follow it will be shown that arbitrary movement for a rigid 

mesh in uniform flow does not induce errors in the computed flow. 

The flux vectors are 

F = fi + gj + hk and F = |j-(fi + gj + h'k) (2.4) 

where i, j, ic are the unit vectors in the x, y, z directions, respectively, M«, is the 

freestream Mach number and ReL is the Reynolds number, a measure of the 

ratio of inertia forces to viscous forces, which is defined as 

P„|?.|L 
ReL = (2.5) 

where p« is the freestream coefficient of viscosity. The inviscid if,g,h) and vis- 

cous if, gv, h") fluxes are defined as follows 

/ = 

pU 
pUu +p 

pUv 
pUw 

(E + p)U + x,p 

.   g = 

r    PV    i 
pVu 

pVv + p 
pVw 

(E+p)V + y,p^ 

,   h = 

pW 
pWu 
pWv 

pWw + 
(E + p)W 

P 
+ z,p 

r = 
r       o 

uxa + VTjq, + wxa - qz 

,   8V = 
urs 

0 
txy 

y   +    Vtyy    +    WTp    -   qy 

h" = 

r       o tu 

UXa + VTp + HT= - ■4z 

(2.6) 

(2.7) 
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In the inviscid fluxes the contravariant velocities, U, V, and W, are defined by 

U = u-xt,   V=v-y,,   W=w-z, (2.8) 

where x,, y,, and z, are the mesh speeds in the x, y, and z directions, respectively. 

Hence the velocity vector of a fluid particle, V, is written relative to the motion 

of the mesh with the contravariant velocities of Equation (2.8) as the velocity 

components in the x, y, z directions, respectively. The contravariant face speed 

is defined as 

a, = x,nx + y,ny + z,nz (2.9) 

where nx,ny, and nz are the components of the outward-pointing unit vector, n, 

in the x, y, z directions, respectively. The set of equations for the inviscid 

fluxes is closed by an equation of state for a perfect gas. Hence, the pressure p 

is given by 

P = (Y - l)[s - \P{u2 + v2 + w2) ] (2.10) 

where y is the ratio of specific heats and is assigned a value of 1.4 for air. 

For the viscous fluxes the stress components are defined as follows: 

ra = C" + /*T)\2"* - |("x + v, + wz)\ 

Tyy    =    (U    +  f*T)\2Vy   -   ^(u,   +   Vy   +   W^ (2. Ha) 

xa = {p. + /iT)\2wz - |(wx + vy + wz)\ 

and 

and the heat flux is 

Txy = Tyt =  (jl + /lT)(uy + Vx) 

T« = ra = in + nT)(uz + wx) (2.11b) 
Vyz = tz) =  (M + PT)[VZ + Wy) 

v'--7^r(w+fth (2-12) 
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where n and fiT are the laminar and turbulent viscosities and Pr and PrT are the 

laminar and turbulent Prandtl numbers. The laminar viscosity is computed 

using Sutherland's Law which is 

fc-jmriFfw <2-13> 
where C - 110.33/r» is Sutherland's constant (the numerator constant as giv- 

en by Warsi in [25]) divided by a freestream reference temperature which is 

assumed to be in °K. The turbulent viscosity is computed by solving the Spa- 

lart-Allmaras one-equation turbulence model [17] which will be discussed in 

a later section. The laminar and turbulent Prandtl numbers are given values 

of 0.72 and 0.9, respectively [26]. 

2.2 Arbitrary Lagrangian-Eulerian (ALE) Method 

The ALE method was first described in the 1974 paper of Hirt et al. [27] 

and has been used by many researchers since then to handle unstructured 

CFD problems with moving meshes. Publication of a number of results within 

the past few years using the Arbitrary—Lagrangian Eulerian technique can be 

found in [20] - [23] and [28] - [37]. 

The ALE method is a combination of Lagrangian and Eulerian methods 

which essentially allows the mesh motion to be chosen arbitrarily and is per- 

fect for simulations where the mesh motion is not predetermined. In the La- 

grangian frame of reference the computational mesh is attached to the fluid 

particles and moves with the local fluid velocity while in the Eulerian frame 

the mesh is fixed in space and the fluid particles move from one control vol- 

ume, or cell, to another. Hence, in the Lagrangian method each cell is associ- 

ated with the same fluid element whereas in the Eulerian method the fluid 

flows through each cell.    The inviscid if,g,h) fluxes of Equation (2.6) are re- 
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peated below to show how one recovers either frame from the ALE formula- 

tion. 

/ = 

pU pV         ] 
pUu +p pVu 

pUv ,    R = pVv + p ,    h = 
pUw pVw 

(E + p)U + x,p (E+p)V + y,p^ 

pW 
pWu 
pWv 

pWw + p 
(E + p)W + ztp 

Recall that the mesh speeds were contained in the contravariant velocity 

terms, defined in Equation (2.8) repeated below 

U = u - x,,    V = v - y,,    W = w - z, 

If the mesh is fixed then the mesh speeds are zero and the Eulerian form of 

the inviscid fluxes are recovered, that is 

/ = 

■    pu     • 
pu2 +p 

■    pv     ■ 
pvu 

"    pw 
pwu 

puv 
puw »  g- pv2+p 

pvw 
(ß+p>m 

,   h = 
pwv 

pw2 + p 
(E + p)w 

(2.14) 

If the mesh speed equals the fluid velocity then the contravariant velocities 

are zero and the Lagrangian form of the inviscid fluxes are recovered whereby 

the advective terms vanish identically [381 • 

2.3 Spalart-Allmaras Turbulence Model 

In this study, the one-equation turbulence model of Spalart-Allmaras 

is used [17]. The form of this equation is given by 

DW  _   .   N        r 10."   .    M. 
Dt  = cM[l -/JSv + ^{v-[(v + (1 + cM)^)Vv - c„vV*v]} 

where 

f  -    % „ - *      c — w x M*_v_r       r  - -, X 

and 
(\ 1/6 

l±fk\     a~r + r    <S       A     r- M. 
Re sKidi 

(2.15) 
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In these equations, d is the distance to the nearest wall and S is the magnitude 

of the vorticity, that is 

S = M - vzf + («2 - wx)
2 + (vx - uyy (2.16) 

For a moving mesh the left-hand side of Equation (2.15), the material 

derivative of the eddy viscosity, v, = vfvU is 

ff-*+m-^e <2-«> 
where Ut and x,. are the fluid velocity and mesh speed in the respective Carte- 

sian directions. Furthermore, the definitions of fa and fn are 

fa = cöexp(- c,#2)      ftl = c,,g(exp(- ct2jfe[d2 + g2d2]) (2.18) 

The last term in Equation (2.15) is used when specifying a transition location 

where /rl is the trip function. In this trip function, Spalart and Allmaras [17] 

state that "d, is the distance from the field point to the trip, and AU is the dif- 

ference between the velocity at the field point and that at the trip. Then 

g, = min(0.1, AU/(oAx) where Ax is the grid spacing along the wall at the trip." 

The implicit turbulent flow solver used in this study, obtained from Anderson 

and Bonhaus [39] at NASA Langley Research Center, includes this term but 

all the computations were done assuming fully turbulent flow. 

Finally, for completeness, the constants are given as cM = 0.1355, a = 2J3, 

cb2 = 0.622, K = 0.41, c,rt = CJK
2
 + (1 + cb2)/a, cw2 = 0.3, cw3 = 2.0, cvl = 7.1, c(1 = 1, ca 

= 2, ca = 1.2, c/4 = 0.5. 

For a complete explanation of the precise meaning and the detailed der- 

ivation of each term in the Spalart-Allmaras one-equation turbulence model 

for aerodynamic flows as well as comparisons to existing models such as Bald- 

win-Barth and Johnson-King for a number of different cases, the reader is 

referred to [17]. 
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After Equation (2.15) is solved for v, the eddy viscosity is evaluated as 

Ht = pv, = pvfvl (2.19) 

The value of v is specified to be zero on the body. In the far-field, the depen- 

dent variable is the free stream value for inflow and is extrapolated from the 

interior for outflow. To solve the one-equation model, discretization of the con- 

vective terms uses first-order upwinding and the higher-order derivatives are 

evaluated as described in Chapter IV. The temporal discretization is described 

in Chapter V. 



CHAPTER III 

EQUATIONS OF RIGID BODY MOTION 

A detailed derivation of the equations of rigid body motion will be pre- 

sented in this chapter which constitute the six degree-of-freedom (6DOF) 

model used in this study. The next section serves as an overview of the 6DOF 

model. The following sections present dynamic and kinematic analyses used 

to derive the state equations. The last section is a summary of the set of equa- 

tions derived in this chapter, the Flat-Earth equations, which are the basis for 

the 6DOF model. 

3.1 Six Degree-of-Freedom (6DOF) Model 

There are many good engineering mechanics references for the kine- 

matics and kinetics of rigid bodies which list and describe the equations of rig- 

id body motion [40], [41]. For the majority of the equations to be presented, 

particularly as they apply to maneuvering flight vehicles, the text by Stevens 

et al. [42] was used extensively. 

The notion of a rigid body implies the vehicle's shape remains constant 

with no deformation such as bending, twisting or stretching. Hence, for a nu- 

merical mesh that constitutes a mathematical, or computational, model of the 

body of interest all the mesh points maintain fixed relative positions in space 

at all times - although their inertial positions may be changing. The type of 

rigid body considered in this study will be a flight vehicle - a manned or un- 

manned aircraft or a missile. The equations of motion for this vehicle can be 

16 
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decoupled into rotational and translational equations if the coordinate origin 

is situated at the vehicle's center of mass. The center of mass is more common- 

ly referred to as the center of gravity (CG) which is the term used herein. The 

rotational motion of the flight vehicle, say an aircraft, is then the same as 

pitching (nose up), yawing (nose right), and rolling (right wing down) motion 

about the CG as if it were fixed in space. The translational motion consists of 

the three components of the translation of the CG. These constitute the six 

degrees of freedom (6DOF) for the maneuvering vehicle. 

A state vector can be designed which contains 12 variables which com- 

pletely define the vehicle's motion. Three components of position determine 

the vehicle's potential energy in a gravitational field. Three components of ve- 

locity specify the translational kinetic energy and three components of angu- 

lar velocity specify the rotational kinetic energy. Lastly, three attitude vari- 

ables are needed to specify the vehicle's orientation relative to the gravity 

vector in the inertial frame. Therefore, these 12 components constitute the 

vehicle's state at any instant during a simulation. A set of four equations - 

force, moment, attitude and navigation - will be derived which allow predic- 

tion of the vehicle's state at the next instant from current state information. 

Before deriving the necessary equations it is important to get a visual 

picture of a flight vehicle's frames of reference and orientations. Consider the 

aircraft shown in Figure 3.1. An axes system aligned backwards, up, and left 

relative to the aircraft will be used for development of the kinematic relations. 

This system is traditionally used for wind tunnel data because drag, D, lift, L, 

and cross-wind force, C, are defined naturally in these axes as the aerody- 

namic force components along the positive x, y, and z axes, respectively. 
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*/ 

Figure 3.1 Definition of flight vehicle axes 

Figure 3.1 shows the two sets of flight vehicle axes used in this study for 

development of the 6DOF model. One set of axes will be fixed in space which 

is the inertial frame and variables referenced in this frame will be denoted by 

subscript I. The other set of axes moves freely through inertial space and is 

rigidly attached to the vehicle body frame with its origin at the vehicle CG. 

Variables referenced in this frame will be denoted by subscript B. The position 

in inertial space of any point on the vehicle body is defined by the relative posi- 

tion vector, denoted with a subscript o, from the CG to that point. For a rigid 

body the length of the relative position vector remains constant. Thus, the 

position vector of any point on the flight vehicle in the inertial frame can be 

written as 

r = rCG + r0 (3.1) 
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The velocity of any point on the flight vehicle can then be determined by tak- 

ing the derivative of the position vector, which is 

r = vCG + <5 x r0 (3.2) 

where the angular velocity term is 

0) = (3.3) 

and P, Q, and R are the components of the angular velocity of the vehicle body 

frame in inertial coordinates in the x, y, and z directions, respectively. 

In the following two sections, dynamic and kinematic analysis will be 

used to derive the four state equations. 

3.2 Dynamic Analysis 

The translational and rotational equations of motion (EOM) for the ve- 

hicle can be determined by applying Newton's second law. The derivation of 

these EOM's will be presented in detail in the following paragraphs. 

Newton's second law, applied to translational motion, relates force to 

rate of change of linear momentum. In this study there are three forces in- 

volved - aerodynamic, propulsion, and gravity. The aerodynamic forces de- 

pend on the vehicle shape and the airflow about it while the propulsion forces 

are reaction forces on the vehicle caused by the propulsion system. Hence, it is 

better to apply Newton's second law in the reference frame attached to the ve- 

hicle body with origin at the CG. Then the translational EOM is given by 

FB + Bmg = jfimvs) (3.4) 

where FB is the vector sum of the aerodynamic and propulsion forces with the 

subscript B indicating these are in the vehicle body frame, Bmg is the gravity 

force rotated into the body frame by the rotation matrix B (presented in the 
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next section), and 4-(mvB) is the time rate of change of the linear momentum of 

the vehicle taken with respect to the inertial reference frame. Expanding this 

last term yields 

J-(mvfl) = rhvB + m£-(yB) (3.5) 

For some flight vehicles, missiles for example, the m term can be important, 

but for aircraft it is negligible. This term will be dropped in this analysis so 

that the translational EOM is simply 

FB + Bmg = mg-(va) 

The time derivative can be expanded as 

dt, (Vfl) = vB + WB X VB 

(3.6) 

(3.7) 

If the equation is divided through by the vehicle mass and the acceleration 

term is moved to the left-hand side then the force equation, the first of the set 

of four state equations, is obtained and given by 

7B= -ßBvB + Bg + ^ 

where 

0- -R   öl 
R o-p 

-Q P     0 

(3.8) 

(3.9) 

is the cross-product matrix, which is defined by 

c5B x vB = QBvB (3.10) 

and, referring to Figure (3.1), the gravity vector in the inertial frame is 

(3.11) 
8 = 

0 
-go 

0 

Newton's second law, applied to rotational motion, relates the resultant 

external moment about the CG, or the torque force, to the time rate of change 

of the angular momentum. The angular EOM is given by 

f„ = A.(H 
dt, (PB) (3.12) 
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where fB is the net torque acting about the vehicle body CG, HB is the angular 

momentum vector of the rigid vehicle, and the time derivative is taken with 

respect to the inertial frame. For a flight vehicle the torque is generated by 

the aerodynamic control surfaces, reaction control thrusters, or by any part of 

the engine thrust not acting through the CG - thrust vectoring being a good 

example. The torque vector is defined as 

rB = 
r 
M 
N 

(3.13) 

where Z7is used for the rolling moment component to distinguish it from lift, L. 

In this study, the components of this vector come from the aerodynamic mo- 

ment calculations. An expansion of the time derivative term yields 

£(HB) = HB + (SBxHB (3.14) 

The angular momentum is given by 

HB=JB(5B (3.15) 

where JB is the inertia matrix of the rigid body which is 

(3.16) 
•'JCT -'* -JA 

-'* Jyy -Jy* 

-Ja ~  Jyz Ja 

Terms of the inertia matrix are computed, for example, as 

moment of inertia about x-axis = Ja= I (y2 + z^dm 

cross—product of inertia J, ry = Jy*=    xydm 
(3.17) 

A set of axes, called the principal axes, can be selected such that the cross- 

products of inertia become zero and the inertia matrix becomes diagonal. Most 

flight vehicles are symmetric about the x-y plane so that for every xz or yz in 

the cross-product of inertia integral there is a product identical in magnitude 

but opposite in sign. Hence, only the J^ (and, of course, /^ ) cross-product of 
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inertia is nonzero and the inertia matrix has four zero entries. The time deriv- 

ative of the angular momentum is 

HB=JBf5B+JBW (3.18) 

When finding derivatives of the angular momentum with respect to time it is 

easier to fix the reference frame to the vehicle to avoid varying moments and 

cross-products of inertia which then makes the inertia matrix constant. After 

some rearrangement the second of the 4 state equations, the moment equa- 

tion, is obtained 

wB = - JB
X
QBJ^B + J?fB (3.19) 

The fourth equation of the four state equations, the navigation equa- 

tion, is easily obtained from kinematics as 

P, = B1?, (3.20) 

The left-hand side of the navigation equation is the time derivative in the in- 

ertial frame of the vehicle position, denoted by P, or the vehicle's velocity in 

the inertial frame, which is 

P = (3.21) 

and BT is the transpose, which is the same as the inverse, of the rotation ma- 

trix. 

The next section will develop the third of the four state equations, the 

attitude equation as well as B, the rotation matrix which takes a vector from 

the inertial frame to the vehicle body frame. 

3.3 Kinematic Analysis 

In this section the coordinate rotation matrix from the inertial frame to 

the vehicle body frame will be developed. A fundamental kinematic relation- 

ship for relative rotation between two coordinate frames, called the strapdown 
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equation in guidance and navigation computations, will then be used to devel- 

op the third of the four state equations, the attitude equation. 

Referring back to Figure 3.1, recall the vehicle body frame is aligned 

x-backward (from the nose of the aircraft), ;y-up, and z-port (the left side of 

an aircraft or missile looking forward). This is known as the wind tunnel axes 

system due to its common use in the reduction and presentation of wind tun- 

nel data as discussed previously. In the aircraft industry there is an accepted 

sequence of rotations to describe the instantaneous attitude of the flight ve- 

hicle with respect to the inertial frame at any instant during a trajectory sim- 

ulation. Starting from the inertial frame the sequence is as follows [42]: 

1. Rotate about the y-axis, nose right (positive yaw y>) 

2. Rotate about the new z-axis, nose up (positive pitch 0) 

3. Rotate about the new x-axis, right wing down (positive roll <£) 

If going from the body frame back to the inertial frame, the sequence is done in 

reverse order - roll, pitch, and yaw. The yaw, pitch and roll angles y, 0, $ are 

known as the Euler angles. In terms of coordinate rotations, or transforma- 

tions, the relationship between the vehicle body frame and the inertial frame 

can be written as 

\y]  =lwJ£| (3.22) 

Figure 3.2 shows a rotation of an aircraft's nose to the right to graphi- 

cally illustrate the construction of the individual rotation matrix for yaw 

which would be 

r^-i       T cosV    0 sinv' m       ««v   o sinv m       m 
\y   =     o     i   o    y\ =Bjy\ (3.23) 
rJfl   I_ sin^ o "^ LZJ,      LZJ/ 
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Particular features of the plane rotation matrix of Equation (3.23) to note are 

that it approaches the identity matrix as \p approaches zero, contains sine and 

cosine terms, and leaves the ^-component unchanged. The other individual 

rotation matrices for pitch and roll can be determined by inspection in a simi- 

lar manner as Br Equation (3.22) can then be written as 

X 

y 
z 

L   Jfl 

1    o 0    " COSÖ - sinö 0 " cosV   0 smxp' "x 
0 cos0 - sin0 sinö cosö   o 0       1     0 y 
0  sin0 COS0 0 0       1 - sinV 0 cos^ z 

(3.24) 

'Zi 

Figure 3.2 Rotate nose right from inertial to body frame 

The rotation matrix B provides for the complete transformation of a vec- 

tor from the inertial frame to the vehicle body frame. It is the matrix multi- 

plication result of the individual rotations which can now be written as 

B   —  BfBgBy   — 

cosöcos^» — sinö cosösin^ 
cos0 sinö cos^ + sin 0 sin V    cos 0 cos 0    cos^sinösin^ - sin^cosV 
sin^sinöcosV — cos^sin^    sin 0 cos 0    sin^sinösinV + cos^cosV 

(3.25) 
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To transform from the vehicle body frame to the inertial frame involves using 

the inverse of the rotation matrix. Since the rotation matrix is orthogonal its 

inverse is simply the transpose, that is 

5-1 = BT (3.26) 

The rotation matrix satisfies the strapdown equation (see reference [42] 

for a derivation of this relationship) which is given as 

B = -Qß (3.27) 

where QB is the cross-product matrix given in Equation (3.9). The strapdown 

equation yields nine coupled differential equations. From these a set of three 

state equations expressing the Euler angle rates as functions of the Euler 

angles and the body-axes angular rates can be derived. Using Equations 

(3.25) and (3.27) and evaluating elements (1,2), (1,3), and (3,2) yields the fol- 

lowing equations for the Euler angle derivatives 

d_ 
dt 

_ 1 — tan0cos0   - tan0sin0' 
0       sin0 — cos<p 
0 - cos <p/ cos 6 — sin 0/cos 0 

Q 
R 

L   JB 

(3.28) 

or, in more compact notation, 

0 = B(<P)aB,    <PT = [<f>, 6, V] (3-29) 

The set of equations represented in Equations (3.28) and (3.29) are the third 

set of the four state equations, the attitude equations. 

There are a few disadvantages to using the three-variable Euler angles 

for attitude orientation which is readily apparent by a close examination of 

Equation (3.28). First of all, if the pitch angle 6 reaches ± 90° there is a divi- 

sion by zero. In digital simulations, reaching ± 90° exactly rarely happens, 

but numerical difficulties also arise in the vicinity of those value. Secondly, 

the Euler angles themselves may integrate up to angles outside the standard 

± 90° range of pitch and the standard ± 180° range of the bank and yaw angles. 
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This leads to uniqueness problems when determining the vehicle's attitude. 

Finally, the equations are linear in P, Q, and R, but nonlinear in terms of the 

Euler angles. These problems can be overcome by using a four-variable atti- 

tude orientation. These four variables are known as quaternions [42] and 

they would be required for simulations of around-the-Earth flight, all-atti- 

tude flight and simulations of spinning bodies. 

For the trajectory simulations considered in this study the Euler angles 

will be sufficient. The final set of equations using the Euler angles are com- 

monly referred to as the Flat-Earth equations [42]. These equations and the 

state vector will be summarized in the next section for easy reference. A short 

discussion of some features of this equation set will also be provided. 

3.4 Flat-Earth Equations 

The so-called Flat-Earth equations have been derived in the previous 

sections and are summarized as follows 

vB= - QBvB +Bg + ^ (force) (3.30a) 

&B = ~ J^QJißB + Jh~lTB (moment) (3.30b) 

$ = mSB (attitude) (3.30c) 

P^B^B (navigation) (3.30d) 

where the vehicle's state at a particular instant is now completely defined by 

the state vector, which is 

^«[vJ.Sj, *",£/] (3.31) 

As pointed out by Stevens et cd. in [42] there are nonlinearities and coupling in 

these equations which should be mentioned and discussed. 

The force equation requires <5B and <P from the other equations for the 

coefficients in the QB and B matrices and is driven by the external gravity and 
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body forces. The moment equation is nonlinear in the first term, couples into 

the other equations through wB, and is driven externally by the applied torque. 

The attitude equation is driven by c5B from the moment equation and is nonlin- 

ear. The navigation equation is uncoupled from the other equations. Finally, 

note that terms in the equations are non-dimensionalized using the same di- 

mensional variables as those used for the governing fluid equations. 

Aerodynamic force and moment calculations provide the body force and 

torque terms necessary to drive these equations for a trajectory simulation. 

These force and moment results are the integrated result of pressure and skin 

friction forces acting on the vehicle surface and are referenced to the vehicle's 

CG. In the axes system used in this study, the force calculations are in the 

inertial frame and the moment calculations are in the vehicle body frame. 

These are the natural frames of reference for the wind-tunnel axes system. 

Appropriate rotations to either frame are accomplished using the rotation ma- 

trix. Many texts, such as references [43] and [44], discuss the calculation of 

the forces and moments from the pressure and skin friction distributions. 

These should be referred to for details. 



CHAPTER IV 

SPATIAL DISCRETIZATION 

The spatial discretization of the system of fluid equations will be pre- 

sented. In the following sections the finite-volume approach will be used to 

evaluate the inviscid and viscous flux contributions, upwind schemes for the 

inviscid fluxes will be discussed, and methods for schemes higher than first- 

order spatial accuracy as well as limiters will be discussed. 

4.1 Finite-Volume Scheme 

The system of equations of fluid motion in Equation (2.3), which is re- 

peated below, are discretized using a node-centered, edge-based, finite-vol- 

ume approach. 

T^- + lF(Q)ndS= lr(Q)-ndS 

»a sa 

In this study, the domain of interest is divided into a finite number of tetrahe- 

dra, although, from a strictly edge-based point of view any 3-D polygonal 

shape can be used. Control volumes are constructed about each node, or ver- 

tex, of the numerical mesh by connecting the centroid of each tetrahedron, or 

cell, to the centroid of each of the four triangular faces of the cell and to the 

midpoint of the six edges of the cell. The net result is division of the cell into 

four equal sub-volumes. In 2-D the control volumes are constructed by con- 

necting the centroid of the triangular face to the midpoint of the three edges 

dividing the face into three equal areas. The resulting mesh of nodes at cen- 

troids and midpoints with non-overlapping volumes is called the dual mesh. 

28 
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Figure 4.1 Control volume surrounding node 

Figure 4.1 is a representation of the control volume surrounding a node 

for a 2-D case. The numerical evaluation of the surface integrals contained in 

Equation (2.3) is handled separately for the inviscid and the viscous contribu- 

tions. 

In a finite-volume formulation, the inviscid flux contribution can be 

approximated using midpoint evaluation of the flux over each surface (edge in 

2-D, refer to Figure 4.1) that constitutes the bounding surfaces of the dual 

mesh control volume. Hence, the inviscid flux evaluation of Equation (2.3) can 

be written as 

lF(Q)m/ISä = &F(Q)dnd - |>(ß+,ß"; «„,)«<, (4.1) 
BO aa 

The Nd limit represents the number of dual mesh surfaces of the control vol- 

ume about the node of interest and ad is the area ofthat surface. The numeri- 

cal flux function, 4>(Q+,Q~;nd), is constructed from values on the left (ß+) and 

right (ß~) sides of the surface. These values are extrapolated from surround- 

ing data and details on this procedure will be discussed in a later section. The 
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left and right sides are determined by the outward-pointing normal, ft, which 

points from the left side of the surface (inside) to the right side (outside). The 

so-called edge-based (edge-surface based) formulation exploits these facts by 

looping over each edge, determining the flux contribution at each edge-sur- 

face, and distributing these to adjacent nodes thereby accumulating, or sum- 

ming, the net contribution at each surface about all the nodes. Hence, the con- 

tribution to each surface is added to the control volume 'inside' and subtracted 

from the control volume on the 'outside'. 

An improvement in computational efficiency can be obtained by replac- 

ing the directed areas from the dual mesh that join at the midpoint of an edge 

in the tetrahedral mesh with a single directed area [45]. The resulting aver- 

age directed area is the same as the area vector normal to the line formed by 

connecting the adjoining cell centroids. For a numerical flux of first-order 

spatial accuracy on the face a simple average of the fluxes at the two adjacent 

nodes can be used, 

#(Q+, Q- \n) = \{F{QL) + F(QR))-n (4.2) 

where ß+ is the value at the left node, QL, and Q~ is the value at the right 

node, QR. Techniques to obtain higher order estimates of Q+and Q- will be dis- 

cussed in a later section. Upwind schemes for the inviscid flux evaluations 

will be discussed in the following section. 

A finite-volume formulation for the viscous flux surface integral evalu- 

ations involve terms such as those in Equations (2.7) and (2.11), which are of 

the form 

l[(a + fiT)(uy + vx)]-nxdS (4.3) 

9fl 
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The laminar and turbulent viscosity term, (u + fiT), is evaluated as an average 

of the surrounding nodes. Gradient terms at the nodes themselves are calcu- 

lated using Green's Theorem. The evaluation of the viscous terms with this 

approach yields identical formulas as a Galerkin approximation as given by 

Barth in reference [46]. 

4.2 Upwind Schemes 

In modern CFD, upwind schemes have been developed to "numerically 

simulate more properly the direction of propagation of information in a flow 

field along characteristic curves" [47]. This development was driven by the 

problems central-difference schemes experienced with flow discontinuities 

such as shocks, slip-lines and contact surfaces. In this study, two upwind flux 

splitting techniques are used - Roe's Flux Difference Splitting (FDS) [10] and 

van Leer's Flux Vector Splitting (FVS) [48]. The extension of van Leer's FVS 

technique for unsteady computations on a moving mesh can be found in refer- 

ences [37], and [49] to [52]. The derivation of these splittings can be found in 

the references. The following two sections will present the split flux results as 

used herein. 

4.2.1 Roe's Flux Difference Splitting (FDS) 

A numerical flux on the edge-surface of a control volume constructed 

using Roe's approximate Riemann solver is formed as 

<P = ±{F(q+;n) + F(q-,n)) - ^\A(q;n)\(q+ - q~) (4.4) 

This numerical flux can also be written as 

<P = \{F(qL) + F(qR))-n - ±\A(q;n)\(q+ - q~) (4.5) 
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In Equation (4.5), F(qL) and F(qR) are the flux vectors evaluated from values at 

the nodes on each side of the edge instead of from data extrapolated to the 

edge. Furthermore, in Equations (4.4) and (4.5), note that 

(4.6) q = 

is the vector of primitive variables and q in the Roe-matrix, A, is the primitive 

variables constructed from the Roe-averaged variables which are 

U    = 

V = 

w = 

JF + Jfr 

Jp + v+ f JjFv- 

IF *■ IF 

Jp*w+ + Jpw- 
JF + JfF 

Jp^H+ + JFH- 

(4.7) 

JF + JF 

5 = (y - 1)\H - \(u  + v + w2)l 

and H is the total enthalpy which is 
E +p 

P 

These as well as the flux Jacobian Roe-matrix A can also be found in many 

H-ZjP (4.8) 

texts such as references [53] and [54]. Roe's scheme for a moving mesh prob- 

lem is particularly easy to implement from a non-moving mesh formulation by 

redefining the Roe-averaged contravariant velocity as [37] 

U = ünx + vriy + wnz - a, (4.9) 

where a, is the contravariant face speed given in Equation (2.9). 

The solution of the linearized Riemann problem involves discontinuous 

jumps and entropy violating expansion, or rarefaction, waves result when 
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these waves are transonic or sonic [1], [53], [54]. An entropy fix proposed by 

Harten and Hyman [55] to avoid this expansion shock "consists in introducing 

a local expansion fan in the approximate Riemann solution when an expan- 

sion is detected through a sonic point" [54]. The modulus of the eigenvalue |A \ 

of the flux Jacobian matrix for that wave is corrected by 

WH 
where 

'      |A| if|A|ge 
I(Ai + !i)       tfm<|r (4.10) 

e = max[0,(A - A+),(A" - A)] (4.11) 

4.2.2 Van Leer's Flux Vector Splitting (FVS) 

For van Leer's FVS, the flux vectors are formed in terms of the Mach 

number normal to the face - the contravariant Mach number - which is 

M* = ¥: (4.12) 

where the contravariant velocity is 

U= V-n = unx + vny + wnz — a, (4.13) 

The fluxes are then evaluated according to whether the flow is supersonic or 

subsonic through the control volume face. For supersonic flow in the direction 

of a face normal, Mn § l, the fluxes are evaluated as 

F+ = [F(q) ■ n}+ = F,       f = [F{q) • n]~ = 0 (4.14) 

and for supersonic flow in the opposite direction of a face normal, Mn S - l, as 

F   = [F(q) ■ n}+ = 0,       F~ = [F(q) • n]~ = F (4.15) 

In a subsonic flow case, \M„\ < 1, the fluxes are split into two contributions 

F+and F". This splitting is done in such a way that the Jacobian matrix of F+ 

has positive eigenvalues and the Jacobian matrix of F- has negative eigenva- 

lues. The split fluxes are evaluated as 

F = h{q~) + F-(q+) (4.16) 
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The split fluxes are given by 

fi •± 
mass 

fLlu + nx(- U ± 2a)/y] 
F* = \f!L,[v + ny(- U ± 2a)/y] 

fLs[w + nz(-U ± 2a)/y] 
Jenas/ 

with 

and 

pa 
fn%ss=± <j(Mn  ±   l)2 

Jtntrg/        JmassX 
(1 - y)U2 ± 2(y - l)Ua + 2a2    u 

(Y2 ~ 1) 
* + v2 + w2 . a,(-U± 2a) 

(4.17) 

(4.18) 

(4.19) 

4.3 Higher-Order Methods 

To evaluate the flux vector it is necessary to extrapolate flow field val- 

ues to the control volume face or edge from surrounding node values. First-or- 

der spatial accuracy is obtained if the flow field value at the node on that side 

of the face is used to evaluate the flux at the edge. To obtain higher-order 

spatial accuracy piecewise linear variable reconstruction is commonly used in 

unstructured flow solvers for the extrapolation [45], The primitive variables, 

qT = \p, u, v, w, p], are extrapolated rather than the conserved variables, 

QT = \p, pu, pv, pw, E], to keep negative pressures from occurring. 

Piecewise linear reconstruction is obtained by using a Taylor's series ex- 

pansion for a function of multiple variables which is 

qQcbyhzd = q{x0,y0,z0) + Vq(x0,y0,z0) • Ar + Q(AP) (4.20) 

where Vg is the gradient of q and A? is the vector from the node at (x0, y0, z0) to 

the desired point at (x„ yh z,). The two methods used in this study to obtain the 

gradient, Vq, are based on least-squares and Green's theorem discussed in the 

next two sections. The final section discusses the limiter used in this study. 
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Figure 4.2 Least-squares reconstruction data 

4.3.1 Least-Squares 

The least-squares approach uses data from surrounding nodes and the 

assumption the data behaves linearly in this region to estimate a gradient at 

the node o. Figure 4.2 shows a node o with 5 surrounding, or adjacent, nodes. 

All the node data will be used to construct a gradient at node o. The data at 

each node i can be expressed as 

9, = q0 + q*0(Xi - x0) + qfo(yt - ya) + ?Zo(z, - z0),    i = 1,..., 5 (4.21) 

For the nodes shown in Fig. 4.2, a 5 x 3 system of equations is formed which 

can be solved for the gradient components at node o which can be written as 

Axx Ayx Az[ "Aqi 
Ax2 Ay2 Az2 M Aq2 

Ax3 Ay3 Az3 *. = ^«3 

Axt Ayt, AZ4 «*„ Aq4 

Axs Ay5 Az5 Aqs 

(4.22) 

where, for example, 

Axx = *j - x0,   Aqx = qi-q0 (4.23) 
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This over-determined system of linear equations, Ax = b, can be solved using 

the normal equation approach by multiplying both sides by the transpose of 

the coefficient matrix, A, to obtain a 3 x 3 system of equations. 

ATAx = ATb (4.24) 

As pointed out by Anderson and Bonhaus [45], for grids which are highly 

stretched the accuracy of the normal equation approach to the least-squares 

solution is degraded because the sensitivity of the solution is dependent on the 

square of the condition number of A. In other words, the numerical solution 

using the normal equation approach is susceptible to roundoff error [57]. To 

circumvent this problem, Anderson and Bonhaus [45] employ a Gram- 

Schmidt QR decomposition process which is used in this study as well. Addi- 

tional methods for solving linear least-squares problems are Singular Value 

Decomposition (SVD) and Householder transformations [57]. These were not 

implemented in this study. 

In the Gram-Schmidt QR process the coefficient matrix A is decom- 

posed into a product of an orthogonal matrix Q, and an upper triangular ma- 

trix R, that is 

Ax = QRx = b (4.25) 

and the solution of the system becomes 

x = R-*QTb (4.26) 

The Gram-Schmidt process was selected over the other methods because it al- 

lows for the easy precomputation and storage of weight factors so gradients at 

each node can be evaluated by looping over the edges in the mesh and distrib- 

uting the contribution of each edge to each of the nodes [45]. The formulas for 

calculating the gradients at node o are 

?,0 = X^<7,       q» =%*»&,       qZ0=JjW\Aqi (4.27) 
1=1 /=i i=i 
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The summation is over all the nodes adjacent to (the edges that connect to) 

node o (N = 5 in Figure 4.2). The weight factors are given by 

■7 - f - ;&(*," *%) + '"t^'h "*fc " &(*, -*ftj\ (4.28) 

*? - ih - A*'4 - ^h - << - £(*'" **)] 

"'-ih-*#-£(*'-*&)] 
where 

iY 

r« = 

i=i 

r« = 

I^K-^a 
r-n = 

'22 

'33 

(4.29) 

(4.30) 

(4.31) 

(4.32) 

(4.33) 

Equation (4.22) is an unweighted least squares system in which all the data 

surrounding node o are given equal consideration. However, the elements of 

the coefficient matrix A are components of the distance vector to node i and 

consequently the least squares process tends to de-emphasize more distant 

data when compared to the Green's theorem method [58]. 

4.3.2 Green's Theorem 

The Green's theorem approach can also be used to estimate a gradient 

at the node o. Green's theorem is 

\VqdT = iqndS 
a »a 

(4.34) 

Referring back to Figure 4.1, the control volume about node o is the dual mesh 

volume.  With the assumption the gradient is constant throughout the dual 
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volume, Green's formula for the gradient can be evaluated by numerically in- 

tegrating along the dual mesh boundary and dividing the result by the dual 

volume. The right-hand side of Equation (4.34) can be approximated using 

the trapezoidal rule, which is exact for piecewise linear q [59], and written as 

l * qndS = ^hq, + qi+l)nj (4.35) 

where Ns is the total number of endpoints of the sides of the dual mesh about 

node o, qj and qj+l are the values of q at each endpoint of a side, and n} is the 

area vector perpendicular to the side. Barth [60] has shown how to transform 

and rearrange the summation to put it into a form particularly amenable to 

the edge-based data structure. The final formula for the gradient at node o 

can then be written as 

Vq0=^Jj\{qi + q0% (4.36) 

where T is the dual volume, the summation is over all the nodes adjacent to 

(the edges that connect to) node o (N = 5 in Figure 4.2), and the n, in the sum 

are the individual area vectors normal to the lines formed by connecting the 

cell centers to the midpoints of each edge of the adjoining cells. 

4.3.3 Barth-Jesperson Limiter 

The Barth-Jesperson limiter [12] is used to control oscillations in the 

numerical solution which may occur near steep gradients. A limited form of 

Equation (4.20) is implemented as 

9*. = <lo + VfaJq» • AT (4.37) 

where Vis a variable that varies from zero (first-order spatial accuracy) to one 

thereby limiting the flux. 
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The value for W is determined as 

Vi = < 
(i>&)> «*-*<o (4-38) min 

1 if ?, - q0 < 0 

where ^s1" and qfa are the maximum and minimum value of q among the adja- 

cent nodes and node o, q{ is the adjacent node on the other side of the face of 

interest, and hence W, is the limiter value for the face in that direction. In this 

study, each q, is limited separately as opposed to using a single value for W for 

all. This limiter invokes the monotonicity principle in that values of the lin- 

early reconstructed data do not exceed the maximum and minimum of neigh- 

boring values [12]. 

An additional limiter due to Venkatakrishnan [61] is available in the 

code. During the course of development of the flow solver, it appeared this lim- 

iter produced varying pressure distributions depending on the choice of a 

threshold parameter and so it is considered somewhat case dependent. For 

these reasons, the Barth-Jesperson limiter was used exclusively for all the re- 

sults requiring a limiter presented herein. 



CHAPTER V 

TEMPORAL DISCRETIZATION AND SOLUTION SCHEME 

In this chapter, an implicit formulation for the temporal discretization 

of the equations of fluid motion will be presented and the numerical scheme 

for a steady-state solution and for an unsteady solution are presented in the 

two sections thereafter. 

5.1 Temporal Discretization 

The temporal discretizations are implicit and can be written directly 

from the integral form of Chapter II using a backward Euler time-differencing 

scheme as 

where 

AQn = Qn + l _ Q„ (5 2) 

and r is used to indicate non-dimensional time. The flux vectors are linea- 

rized according to 

Fn+1 =Fn + ^AQ" (5.3) 

where dF/dQ is the flux Jacobian, which is referred to as the A matrix. Using 

this linearization and rearranging Eq. (5.1) the "delta" form for the following 

system of linear equations is obtained 

[A]n{AQ}n = W (5.4) 

where 

W =£'+[§]" (5.5) 
40 
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In this equation R is the residual at any time level n, and dR/BQ indi- 

cates the flux Jacobians. For consistency, the same formulation should be 

used for the fluxes and the flux Jacobians. However, using a higher-order for- 

mulation for the Jacobians will result in a larger stencil, leading to an in- 

crease in memory and computational time requirements. Hence, only first-or- 

der accurate fluxes are used in the Jacobian computations. 

The inviscid flux Jacobians are based exclusively on the van Leer FVS 

since these Jacobians are much cheaper to compute than Roe's FDS Jacobians 

which are based on the Roe-averaged variables. The analytic flux Jacobians 

for the 3-D inviscid split-fluxes for dynamic motion of Roe and van Leer are 

not trivial to derive. In this study, analytic and numeric flux Jacobians for van 

Leer FVS and numerical flux Jacobians for Roe's FDS are implemented. The 

analytic Jacobians of the flux vector are presented in the Appendix. The nu- 

merical flux Jacobian is computed using difference quotients [62] and the Ja- 

cobian elements are obtained by 

-1Q- = h  (5-6) 

where et is the /* unit vector and 

h = ^machine s (5.7) 

The viscous flux Jacobians are evaluated by differentiating the viscous 

fluxes based on the finite-volume Galerkin-type approximation as discussed 

previously in Section 4.1.   This formulation results in a central-difference 

type evaluation for these terms [45]. 

5.2 Steady-State Solutions 

The steady-state solution of the system of equations represented by Eq. 

(5.4) is obtained with a relaxation scheme whereby {AQ}" is obtained through 
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a sequence of iterates, {AQ}', which converges to {AQ}n [45]. To clarify the 

scheme, [A]n is written as a linear combination of two matrices representing 

the diagonal and off-diagonal terms as 

[Af = [D]n + [0]" (5.8) 

A Jacobi iteration scheme for the solution of the system can be obtained by 

taking the off-diagonal terms to the right-hand side and evaluate these using 

the values of {AQ}' from the previous subiteration level i, that is 

[D]"{AQ}i+1 = [{R}n - [0]n{AQY] (5.9) 

To obtain a Gauss-Seidel type relaxation process, with improved convergence 

rates, a sub-iterative procedure is formulated which uses the latest values of 

{AQ} as they become available. A red-black, or even-odd, approach is taken 

where the nodes are "colored" according to whether the node is even or odd. 

All the even-numbered nodes are updated in a subiteration and then all the 

odd-numbered nodes in the next subiteration, that is 

[D]"{AQ}i+1 = [{R}n - [OfiAQ}1] (5.10) 

where i indicates the subiteration level and ;' corresponds to i + 1 for the even- 

numbered nodes and i for the odd-numbered nodes. 

Local time-stepping is used to accelerate the convergence to steady- 

state. The time-step calculation is based strictly on inviscid stability consid- 

erations for each node and is given by 

Ax = CFL—^  (5-11) 
L\U\ +a)dS 

»a 

In Equation (5.11) T is the dual-mesh volume, U is the velocity normal to the 

boundary of the control volume, and a is the speed of sound. Anderson and 

Bonhaus [45] found computations on 2-D turbulent flow problems remained 

stable for CFL numbers up to 500. The best convergence they found, however, 
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on large grids CFL numbers between 100 and 200. In this study, a wide range 

of CFL numbers for the steady and unsteady solutions of inviscid and viscous 

problems were used as will be discussed in the results section. 

5.3 Unsteady Solutions 

For unsteady solutions, the Newton-Relaxation procedure of Whitfield 

and Taylor [62] was used in this study. In this Newton approach to the proce- 

dure, the solution of Equation (5.1) would be perfect if a value for Qn+l could be 

found that satisfies the system of equations. In other words, find ß"+1 such 

that 

V[Qn+l) = 0 (5.12) 

where 

S(ß"+1) = *^ + i>(ß"+1)-"5< - 2>(ß»+I)-ÄS, (5.13) 
1=1 i=l 

Newton's method for the function 9r(j2n+1) would be 

3F'(ö"+1,m)(ß"+1'm+1 - ß"+1'm) = - V(Qn+l-m) (5.14) 

where m = 1,2,3,... are Newton iterates and $'(Qn+l) is the Jacobian matrix of 

the vector 3r(ßn+1). When numerical Jacobians are used the procedure is re- 

ferred to as Discretized Newton-Relaxation (DNR). 

Equation (5.12) uses a first-order approximation for the time-deriva- 

tive. For higher-order accuracy in time a second-order backward approxima- 

tion is used which is 
dQ _ 3ß"+' - 4ß" + Q-' _ 3Jß" - AQ»-i (. -_. 

To obtain a second-order solution, the first-order scheme is run for the first 

time-step to obtain two time levels for Q. 
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Time-accurate solutions are obtained by using a constant time-step 

throughout the computational domain and by converging the Newton itera- 

tions. A minimum time-step is determined and then an effective CFL is calcu- 

lated as 

CFL^ =     AT~* (5.16) 
"* mvnüme-step 

In the 3-D unsteady Euler solutions obtained in this study the effective CFL 

ranged from 25 to 500. 

For the trajectory simulations it was found that the motor exit condition 

surface contained the elements with the smallest time-steps. These cells were 

less than a few per cent of the total number of cells. By allowing these cells to 

use local time-stepping and letting the rest of the domain to proceed at a high- 

er time-step effective CFL numbers on the order of 10 were obtained without 

significantly affecting the overall time-accuracy of the solution. Details of this 

technique and its implementation are contained in Chapter VII. 



CHAPTER VI 

BOUNDARY CONDITIONS 

The three types of boundary conditions used in this study were imple- 

mented for inviscid, viscous and far-field surfaces. The emulation of a rocket 

motor exhaust exit surface was handled through a modified far-field bound- 

ary condition. For the inviscid and viscous surfaces, during the initial start- 

ups while using first-order spatial accuracy, a zero pressure gradient condi- 

tion was also imposed. 

6.1 Inviscid Surface 

An inviscid surface is impermeable whereby the normal component of 

velocity is zero while a tangential component is allowed. This is also referred 

to as a slip condition. For an Euler solution about a maneuvering vehicle, the 

vehicle body surface is an inviscid surface boundary. Characteristic variable 

boundary conditions similar to those described in [63] were used to set the val- 

ues of the flow variables for an inviscid surface. The flow field values on the 

surface of the vehicle body for pressure, density, and the velocity components 

are determined by 

Pbody =PKf + P^r^nf (6.1) 

Pbody = Pnf + {pbody ~ Pr^l^nf (6-2) 

"bo* = *W - n&« (6-3) 

Vbcdy = »V ~ "yU* (6-4) 

Wbod, = "V - n&*f (6-5) 

45 
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where 

U« = ("* ~ x,)nx + (Vnf - y,)ny + (wKf - z,)n2 (6.6) 

The terms with ref subscripts are dual mesh cell-averaged and the mesh 

speed and unit normal terms are face-averaged. That is, characteristic 

boundary values at the surface are determined from cell (tetrahedron) and 

boundary surface (triangle) centroid values. The energy at the body surface is 

calculated using the characteristic values and the equation of state as 

jr» lrbody       .    1 /   2 2 2     > 

*"* ~~ (y - 1)     2^(W*,'M*Ä*'     V,xxfy     Wbodyj 'body) (6.7) 

6.2 Viscous Surface 

A viscous surface corresponds to a no-slip boundary condition whereby 

the fluid velocity has the same value as the surface velocity. For a non-mov- 

ing mesh, this surface condition implies the normal and tangential velocity 

components are zero. For a moving mesh the surface velocities are equal to 

the mesh speed. In both cases there is a prescribed surface temperature. The 

enforcement of these conditions is obtained by a modification of the diagonal 

matrix and right-hand side terms of Equation (5.10) [45]. An expanded repre- 

sentation of one of the rows in Equation (5.10) yields 

'Dn Dn D13 Du D15" 

"21 ■£'22 "23 "24 "25 

D31 D32 D331?« D35 

D41 DA2 D„ I»*, Z>45 

Dsl DS2 D53 D54 DS5 

\Af>] 'RHS; 
Apu RHS2 

Apv = RHS3 

Apw RHS4 

AE 
V.           J 

RHS5 

(6.8) 

where RHS represents both the residual and the off-diagonal terms on the 

right-hand side of Equation (5.10) and D^ represents the components of one of 

the diagonal blocks in [D]. The first row of Dv, to calculate the density from 

the continuity equation, does not need to be modified and is left unchanged. 
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First, consider the modification for a non-moving mesh. The second, 

third, and fourth rows are modified so the solution of Equation (5.10) yields a 

zero velocity at the nodes on the viscous surface. The fifth row is modified to 

enforce the prescribed constant wall temperature which is set to the adiabatic 

wall temperature [26] 

?f* = 1 + fö?^±Ml (6.9) 

The adiabatic wall temperature is used to relate the change in energy at the 

wall to the change in density which yields 

AE^„ = y(y -  1) Ap (6.10) 

Dn Dn Dn Du Asl ■Ap' fRHS, 
0 1 0 0 0 Apu 0 
0 0 1 0 0 Apv = 0 
0 0 0 1 0 Apw 0 

T*Jv(y - -1)     0 0 0 1 AE 0 

Note this relationship was derived from the non-dimensional form of the state 

equation. The modified matrix for enforcement of these viscous boundary con- 

ditions is 

(6.11) 

For a moving mesh case, the surface velocity at the boundary nodes are 

the mesh speed. The relative velocities are zero which gives the no—slip vis- 

cous boundary condition. Consider the change in x-momentum 

A(pu)n = (pu)n+1 - {puf = pn+lun+1 - pnu" = (Apn + pn)un+1 - p"un        (6.12) 

or, rearranging 

A{pu)n - Ap"un+1 = p"(un+l - u") (6.13) 

Since the node velocity is the mesh speed this can be written as 

A(pu)n - ApX+1 = p"(x?+l -x?)= p"Ax, (6.14) 
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This gives relationships for the momentum terms. The adiabatic wall temper- 

ature condition, or recovery temperature, uses the relative freestream Mach 

number. There is a kinetic energy portion of the total energy at the surface 

due to the mesh (surface) speeds which was zero for the non-moving mesh 

case. The relationship of Equation (6.10) now includes some additional terms 

which can be written as 

Strictly speaking, for an implicit formulation the density and mesh speed 

terms should be at the n + 1 time level. Using a linearization for density as 

was done for the momentum terms the modified matrix for enforcement of the 

moving mesh viscous boundary conditions, with columns 2 through 5 of D the 

same as in Equation (6.11), becomes 

Du 

-z?+1 D2   D3   D*   Ds 

- rt^üri) - 5# + y<+ z>y+x - w+1Ax<+**1Ay>+ z'+1Az') 

Apu 
Apv 
Apw 
AE 

RHS1 

p"Ax, 
p"Ay, 
p"Az, 

pn(x?+lAx, +y?+1Ay, + z1+xAz) 

(6.16) 

For unsteady problems with forced motion, such as an oscillating wing, 

the surface positions and velocities at the next time-level are known. For a 

trajectory simulation, coupling the equations of fluid motion with the 6DOF 

model within a Newton iterate is one way to predict future positions and veloc- 

ities within a time-step and then correct during the solution process with 

additional Newton iterates.   This would be required if the time scale of the 
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fluid dynamics is on the same order as those for the rigid body dynamics. In 

this study, the fluid dynamic time scales were much smaller than the rigid 

body dynamic time scales and explicit updates of the mesh and surface posi- 

tions and velocities were used. This will be discussed further in the results 

section.   For a mesh moving with a constant speed, Equation (6.16) reduces to 

u D 

-y. 
-z, D2   £>3   D*   Di 

i(v2 J. „2 J. *2\ 
y(y-l)     2* -Uxj+yj + zf) 

[Ap] [RHSA 
Apu 0 
Apv = 0 
Apw 0 
AE 0 

V.              J 

(6.17) 

where the superscripts on the mesh speeds were dropped since they are 

constant and zv represents columns 2 through 5 which are the same as those 

in Equation (6.11). 

6.3 Far-Field Freestream Surface 

As described in Anderson and Bonhaus [45], a far-field freestream sur- 

face of the flow field is assumed to be inviscid. Characteristic reconstruction of 

flow field values needed for the flux computation along this outer boundary 

can be obtained from two locally one-dimensional Riemann invariants. Many 

textbooks on compressible flow cover the derivation of the method of charac- 

teristics and Riemann invariants ( [64], [65] ) and only the results as applied 

in this study will be presented. 

The Riemann invariants are constant along characteristic lines defined 

normal to the far-field freestream surface, the outer boundary, and are given 

by 

R* = U± 2a (6.18) 
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where the plus and minus sign correspond to right- and left-running charac- 

teristics, or sound waves, respectively. The contravariant velocity, U, takes 

into account the mesh speed. Recall from Chapter II the form of U is 

V- n = U = (u - x,)nx + (v - y,)ny + (w - zt)nz (6.19) 

For subsonic flow, R~ is evaluated from freestream conditions outside the com- 

putational domain and R+ is evaluated from present values of the flow field 

data at each node along the boundary which is inside the computational do- 

main. For supersonic outflow, R~ is evaluated the same way as R+ for subson- 

ic flow - from interior data. For supersonic inflow, R~ and R+ are evaluated 

using freestream conditions from outside the computational domain. The nor- 

mal velocity and speed of sound local to the far-field boundary surface are de- 

termined using the Riemann invariants as 

Ubomdluy = \{R++R-) (6.20) 

abmmdav = y-^{R+-R-) (6.21) 

If ^tou^toy is greater than zero there exists an outflow condition and flow field 

reference variables (subscript ref) are taken from inside the computational do- 

main. If I/tou^toy is less than zero there exists an inflow condition and flow field 

reference variables are taken from freestream conditions. The velocity compo- 

nents are evaluated by decomposing the normal and tangential velocity vec- 

tors as 
Ubomdary = unf + nx[^boundary ~ Uitf) 

^boundary = »V + "yf^Wutoy ~  UJj (6.22) 

Wboundar, =  Wref + n^U^wulay ~  Unfj 

The entropy on the far-field boundary surface is determined as 

sboundaiy =        y-i \b.Zo) 
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Then the density on the far-field boundary surface can be determined from 

the entropy and the speed of sound as 

Pbou^ = [w^ij (6-24) 

Finally, the pressure and the energy are calculated from the equation of state 

given in Chapter II and the flux evaluated using these characteristic recon- 

struction values; 

6.4 Far-Field Motor Exit Surface 

A simple emulation of a motor exit boundary surface works in essential- 

ly the same way as a far-field boundary surface. An exit pressure, density, 

and Mach number are assigned to these surfaces. In this study, chemical reac- 

tions are neglected in the exhaust stream so standard air is assumed. These 

exit plane values are non—dimensionalized using freestream values in a con- 

sistent manner as the rest of the flow field values. An example for a solid rock- 

et motor used in a typical advanced air-to-air missile will be presented in the 

next chapter. 



CHAPTER VII 

RESULTS 

Recently, a special section in the May 1998 AIAA Journal was devoted 

to assessing the credibility of CFD simulations. According to the summary 

therein, written by Mehta [661, "validation assesses whether correct things 

are performed, and verification assesses whether they are performed correct- 

ly." The results presented in this chapter constitute the verification and val- 

idation (V&V) of the 3-D unstructured CFD method for dynamic motion docu- 

mented herein. 

An accepted method for validation of the CFD solutions generated by a 

particular method is comparison to CFD-quality wind-tunnel data. This type 

of data provides more detail than integrated wind-tunnel data and is more 

suitable for code validation. For instance, a favorable comparison of the pre- 

diction of the pressure distribution along a wing with experimental data for a 

transonic Mach number at low angle of attack with no separation is probably a 

reasonable indicator that the Euler flow solver is correct. For this same con- 

figuration, a Navier—Stokes solver should give the same pressure distribution 

results as well as predicting viscous data such as skin friction distributions. 

For steady-state solutions, there is an abundance of CFD-quality 

wind-tunnel data available. For unsteady solutions, the wind-tunnel data 

available is restricted to tunnel models that are not free flying - oscillating 

configurations or, for a trajectory simulation, quasi-steady data. Most of the 

unsteady data, however, is not CFD-quality data in that integrated results 
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are measured and presented such as lift and drag coefficient time histories. A 

favorable comparison of an unsteady CFD solution to an integrated result 

really does not assess the detailed time-accuracy of the solution. The inte- 

grated result may fortuitously match the experimental data while grossly 

missing the flow field distributions at a particular instance. The unsteady 

wind-tunnel data used herein was selected because it was specifically de- 

signed to provide CFD-quality data for time-accurate code validation. 

As previously mentioned, for trajectory simulations the wind-tunnel 

data is restricted to non-free flying models. Flight test data for a true trajec- 

tory simulation is usually not CFD-quality for validation in that integrated 

results are presented due to limitations in real-time measurement of flow 

field data. Hence, the validation results for the equations of fluid motion in the 

flow solver of the 3-D unstructured CFD method for dynamic motion uses 

wind-tunnel data. The validity of the results for the trajectory simulation, 

which couples in the 6DOF model, appeals to heuristic arguments. A summa- 

ry of the results to be presented in the following sections are as follows. 

First, the far-field boundary condition for steady relative motion is vali- 

dated with a cube in arbitrary motion. Next, the inviscid boundary condition 

is validated with wind-tunnel data comparisons for a delta and a rectangular 

wing at various transonic Mach numbers. The viscous boundary condition is 

validated for steady relative motion with wind-tunnel data for a waisted-body 

of revolution. The unsteady inviscid dynamic motion validation is assessed 

with time-accurate wind-tunnel data for an oscillating rectangular wing. 

Lastly, an unsteady inviscid trajectory simulation for a missile with a motor 

condition is presented. As mentioned above, the missile solutions will have to 

appeal to heuristic arguments due to the lack of CFD-quality data. 
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7.1 Arbitrary Motion Cube 

A uniform freestream is a valid solution of the equations of fluid motion. 

Furthermore, an arbitrary moving mesh should not affect the flow field. 

Hence, the first results presented to validate dynamic motion are those for a 

cube moving through a uniform freestream. 

Figure 7.1 shows the surface mesh and orientation for the arbitrary mo- 

tion cube. The 3-D mesh of consists of 7,328 nodes with 35,443 tetrahedrons 

and with 5,360 faces on the far-field boundary surface. The mesh was moved 

arbitrarily in a uniform flow field at M„ = 2.0 for 200 iterations total - 100 

iterations each of first- and second-order spatial accuracy with local time- 

stepping, a CFL of 20.0 and with Roe's FDS and van Leer's FVS. There were 

no changes to the uniform flow field above machine accuracy in the numerical 

solution. Thus, the far-field surface boundary condition was considered vali- 

dated. 

x 
.*» %'%-^-  

(a) Unstructured Mesh (b) Cube Orientation 

Figure 7.1 Unstructured mesh (a) and cube orientation (b) 
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7.2 Steady Solutions 

Full 3-D Euler and Navier-Stokes steady-state CFD solutions 

compared to CFD-quality wind tunnel data were used to assess the accuracy 

of the flow solver. The data used for comparison consisted of pressure dis- 

tributions for the inviscid results and pressure and skin friction distributions 

for the viscous results. Then, steady relative motion was applied to the same 

problems to evaluate the inviscid and viscous surface boundary conditions for 

a moving mesh. If the solutions obtained for steady relative motion were the 

same as the solutions without mesh motion then these boundary conditions 

could be considered valid. 

There were two 3-D wing configurations used for the inviscid solutions. 

A clipped delta wing at transonic Mach numbers of 0.852 and 0.95 and angles 

of attack (AOA) of zero and two degrees were used to assess relative motion 

with mesh speeds in the x andy directions. A rectangular wing at Mach = 0.8 

and zero degrees AOA further validated the inviscid surface boundary condi- 

tion and provided the starting solution for the unsteady oscillating wing solu- 

tions. The configuration for the viscous steady relative motion solutions was a 

waisted-body of revolution at a Mach number of 1.4 and zero degrees AOA. 

For this case, the wind tunnel data included skin friction data as well as pres- 

sure coefficient data which provided a more complete assessment of this 

boundary condition. 

7.2.1 Delta Wing Euler Solutions 

The solutions presented in this section were used to validate the invis- 

cid surface boundary condition for steady relative motion.  The surface pres- 
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sure coefficient data was obtained from an Arnold Engineering Development 

Center (AEDC) wind-tunnel test of a clipped delta wing (NACA 64A010 airfoil 

section) at transonic Mach numbers of 0.852 and 0.95 and angles of attack of 

zero and 2 degrees [71]. 

Since yaw angles were not initially being considered, and to save on 

computational resources, the computational domain was modelled using a 

symmetry plane with a slightly rectangular far-field outer boundary placed at 

5 wing-root chords away from the wing surface in each direction. The un- 

structured mesh for the 3-D Euler solutions was 42,584 nodes with 16,376 

surface triangles and a total of 228,984 tetrahedrons. The nodes were clus- 

tered along the leading edge which implicitly provided a slight clustering 

along the span. A uniform node distribution was used along the trailing edge 

which, in retrospect, should probably have been clustered also. The distribu- 

tions were satisfactory for evaluating the inviscid boundary condition. Figure 

7.2 shows the symmetry plane and the wing surface node distributions for the 

NACA 64A010 clipped delta wing. 

(a) Symmetry Plane (b) Wing Surface Mesh 

Figure 7.2 Clipped delta wing symmetry plane (a) and surface mesh (b) 
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The following steady solutions were run with local time-stepping for 

2000 iterations with Roe's FDS and a CFL = 3.0. The first 200 iterations used 

first-order spatial accuracy and a zero pressure gradient surface boundary 

condition to get past the initial transients. After the first 200 iterations, the 

spatial accuracy was switched to higher-order and characteristic variable 

boundary conditions were used. The Barth-Jesperson limiter and Gram- 

Schmidt least-squares linear reconstruction were used for higher-order accu- 

racy as discussed previously. 

For all the Euler solutions to be presented the root mean square (RMS) 

of the density residual and the lift coefficient were used to monitor the conver- 

gence of the numerical solution. The density residual is used because it is the 

most sensitive of the flow field variables. The lift coefficient is monitored be- 

cause when it settles down when the pressure distribution about the body has 

stabilized. The log^ of the RMS of the density residual indicates the number of 

orders of magnitude reduction of the density residual. Typically, a three to 

four order magnitude reduction from the initial residual is considered con- 

verged for engineering applications. With the Barth-Jesperson limiter the re- 

sidual reaches a steady cyclic state. As mentioned by Venkatakrishnan [5], 

the Barth-Jesperson multidimensional limiter can be thought of as a general- 

ization of a min-mod limiter and, as such, can have convergence difficulties. 

The Barth-Jesperson limiter was needed for the higher Mach number and 

AOA cases so it was used for all the solutions for the delta wing for consisten- 

cy. As will be shown in later sections, for solutions run without the limiter, the 

convergence goes to machine zero. 
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Figure 7.3 is a comparison of the Euler solution pressure coefficient dis- 

tribution for Mach 0.852 and zero degrees AOA with the AEDC experimental 

data at a wing butt line (BL) of 8.3. This corresponds to approximately 64% 

semispan (8.3/13.0 in inches). The symmetry of the numerical solution about 

this symmetrical airfoil cross-section is shown by plotting the upper and low- 

er surface results for comparison with the upper and lower surface AEDC ex- 

perimental data. Despite the lack of an experimental data point near the 

leading edge, it appears the leading edge expansion was resolved quite nicely. 

The Euler predictions in the supersonic region also compare favorably to the 

experimental data. The experimental data and the CFD results at semispan 

locations closer to the wing root had stronger shocks. The CFD results pre- 

dicted the location of the shocks slightly aft of the experimental data which is 

as expected for an Euler solution. 
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Figure 7.3 Delta wing pressure coefficient distribution at Mach = 0.852 and 
AOA = 0 at wing BL = 8.3 for steady Euler solution with no mesh motion 
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A AEDC Experiment - Upper Surface, BL = 8.3 
— M„ = 0.852, Mesh Speed = 0 
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Figure 7.4 Delta wing pressure coefficient distribution at Mach = 0.852 and 
AOA = 0 at wing BL = 8.3 for steady Euler solution with and without mesh 
motion 

Figure 7.4 shows upper surface pressure coefficient comparisons be- 

tween the AEDC data, the previous steady Euler solution with no mesh mo- 

tion, and a steady relative motion Euler solution where the delta wing and rig- 

idly attached mesh move at Mach = -0.852 into a quiescent flow field. Hence, 

the relative Mach numbers for the two Euler solutions are the same. These 

line plots of the predicted pressure distributions for both Euler solutions are 

virtually identical. This gives confidence the inviscid surface boundary condi- 

tion is being modelled correctly for mesh motion in the x direction. The next 

case will assesss the validity of the inviscid surface boundary condition for 

mesh motion in the x, y, and z directions simultaneously. Before looking at 

those results a consideration of the iteration history proves quite interesting. 
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Figure 7.5 Delta wing density residual history comparisons 

Figure 7.5 presents a comparison of the density residual history for the 

delta wing Euler solutions with and without mesh movement. The jump in 

the residual when the higher-order spatial accuracy is switched on at 200 it- 

erations is clearly evident. Both solutions were converged after a 1000 itera- 

tions. The transient history of the solutions are not the same because the flow 

fields start with different initial freestream conditions. When there is no 

mesh movement every node is initialized with final freestream total condi- 

tions. For the mesh movement case the initial freestream conditions of every 

node are lower because of the quiescent state. That means the total energy of 

the field is greater in the first case and the flow field adjusts to the influence of 

the body quicker. Since an unsteady simulations can start moving from a 

steady solution on a stationary mesh, it makes sense to obtain the starting 

solution on a stationary mesh and then start the mesh movement. 
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Figure 7.6 Delta wing pressure coefficient distribution at Mach = 0.95 and 
AOA = 2.07 degrees at wing BL = 4.7 for steady Euler solutions with and 
without mesh motion 

Figure 7.6 presents pressure coefficient comparisons at Mach = 0.95 

and AOA = 2.07 degrees on the upper and lower surfaces of the clipped delta 

wing between the AEDC data and the Euler solutions with and without mesh 

movement at a wing BL = 4.7 - semispan location of around 36% (4.7/13 inch- 

es). At this Mach number and semispan location the flow is predominantly 

supersonic with a strong shock near the trailing edge. Both the moving and 

nonmoving mesh solutions are virtually identical and slightly overpredict the 

expansion and shock location. These are typical of Euler solutions and mesh 

refinement would not improve the comparisons to the experimental data. The 

important point is these results seem to indicate the inviscid surface boundary 

condition for a moving mesh calculation is working properly. 
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7.2.2 Rectangular Wing Euler Solutions 

The solutions presented in this section were generated to compare to 

the steady pressure measurements taken on a half-model of a rectangular 

wing of aspect ratio 4 from an AGARD wind-tunnel experiment described in 

reference [67]. These solutions will be used as initial conditions for the un- 

steady results to be shown in a later section. The wing was mounted on a 

half-body attached to a sidewall of the Royal Aeronautical Establishment 

(RAE) 8 x 8 ft. wind tunnel. The mounting was done with the intent of dis- 

placing the wing model far enough away from the tunnel wall to be outside the 

wall's boundary layer. The rectangular wing cross section is a NACA 64A010 

airfoil with a thickness/chord ratio modified to 10.6%. 

A series of uniformly spaced unstructured meshes were generated to 

study the effect of mesh density on the accuracy of a steady-state Euler solu- 

tion. This was also used to determine which spacing to use for the unsteady 

pitching wing results. These high-quality meshes were generated using the 

advancing-front/local-reconnection (aflr3) procedure of Marcum described in 

references [68] to [70]. 

Figures 7.7 to 7.9 show the node point distribution on the symmetry 

plane with uniform spacings about the wing surface of 0.02c, 0.025c and 0.03c, 

respectively. Note that c stands for wing chord. Figures 7.10 to 7.12 show the 

node point distribution for the far-field boundaries as viewed from the inside 

and the outside. The far-field boundary was modeled as a half-sphere with a 

radius of 7 chord lengths. The total number of node points for the three grids 

were 57,741, 39,320 and 28,624, respectively. This gave a total number of tet- 

rahedrons of 300,912, 205,877, and 149,759, respectively. The boundary face 

totals came to 27,348,18,652 and 13,614, respectively. 
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Figure 7.7 Rectangular wing and symmetry plane, uniform spacing = 0.02c 

Figure 7.8 Rectangular wing and symmetry plane, uniform spacing = 0.025c 

Figure 7.9 Rectangular wing and symmetry plane, uniform spacing = 0.03c 
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Figure 7.10 View from far-field to symmetry plane 

Figure 7.11 View from outside far-field to rectangular wing 

Figure 7.12 View from rectangular wing to far-field 
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The following solutions were run for 2,000 iterations using Roe's FDS, 

local time-stepping for accelerated convergence, and the higher-order spatial 

accuracy was switched on after the first 200 iterations. Convergence was 

achieved after about 1,000 iterations with a reduction in the density residual 

by three orders of magnitude with no noticeable change in the density residual 

after another 1,000 iterations. 

Figures 7.13 to 7.15 show upper surface pressure coefficient compari- 

sons between steady Euler solutions on the three meshes and the RAE experi- 

mental data for M„ = 0.8 and AOA = 0 degrees for 50, 77 and 94% semispan 

locations, respectively. In all three figures the inadequacy of the mesh resolu- 

tion at the leading edge is readily apparent as the leading edge expansion is 

over predicted. At 50%, semispan, Figure 7.13, the mesh with 0.02c uniform 

spacing resolves the suction peak and shock better than the other two meshes. 

At the 77 and 94% semispan locations, disregarding the leading edge region, 

all three grids are in close agreement with each other. This is because the suc- 

tion peak and shock strength further out towards the wing tip is weaker. 
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Figure 7.13 Rectangular wing surface pressure coefficient, semispan = 50% 
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Figure 7.14 Rectangular wing surface pressure coefficient, semispan = 77% 
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Figure 7.15 Rectangular wing surface pressure coefficient, semispan = 94% 
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Figure 7.16 Rectangular wing and symmetry plane, refined mesh spacing 

Figure 7.16 shows the symmetry plane and a close-up of the wing sur- 

face for the refined mesh generated from these results which was constructed 

with additional nodes about the leading and trailing edges and in the mid- 

chord region. It consists of 96,755 nodes and 518,189 tetrahedrons. 

Figures 7.17 to 7.19 show comparisons between the refined and the 

0.02c mesh and steady Euler predictions and RAE experiment data for M„ = 

0.8 and AOA = 0 degrees for 50, 77 and 94% semispan, respectively. In all 

three figures the leading edge expansion is resolved much better and 

compares well with the experimental data for the refined mesh. Note the 

sharper shock resolution of the refined mesh Euler solution for 50% semispan, 

Figure 7.17, which does not match the experimental data as well as the 0.02c 

mesh. This is due to the viscous boundary layer in the data which smears the 

true shock. The coarser 0.02c mesh also smears the Euler solution while the 

refined mesh Euler solution produces a sharper shock. These differences will 

come up again in the unsteady results. For the refined mesh solution at 77 

and 94% semispan, Figures 7.18 and 7.19, the results match the experimental 

data better than the 0.02 c mesh. The refined mesh was selected for use in the 

unsteady computations and validations to be presented in the next section. 
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Figure 7.17 Rectangular wing surface pressure coefficient, semispan = 50% 
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Figure 7.18 Rectangular wing surface pressure coefficient, semispan = 77% 
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Figure 7.19 Rectangular wing surface pressure coefficient, semispan = 94% 

Before proceeding to the next section a brief discussion of the reasons 

for selecting Roe's FDS over van Leer's FVS and the linear reconstruction re- 

sults are presented. Figure 7.20 presents an upper surface pressure coeffi- 

cient comparison between Roe's FDS and van Leer's FVS for steady Euler 

solutions and the RAE experimental data at Mach = 0.8 and AOA = 0 degrees 

for the 0.02c uniform spaced mesh at semispan = 50%. The results from Roe's 

FDS matches the experimental data better in the leading edge expansion re- 

gion and in the vicinity of the shock. These results were typical and Roe's FDS 

was used consistently throughout this study. Figure 7.21 presents a similar 

comparison using Roe's FDS and the two types of techniques for linear recon- 

struction - Green's theorem and Gram-Schmidt least-squares. In this case 

the results are virtually identical and the Gram-Schmidt process was used. 
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Figure 7.20 Roe's FDS and van Leer's FVS at semispan = 50% 
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Figure 7.21 Green's theorem and Gram-Schmidt at semispan = 50% 
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7.2.3 Waisted-Body Navier-Stokes Solutions 

The viscous solutions presented in this section were generated to 

compare to the steady pressure and local skin fiction measurements taken on 

a waisted-body of revolution from a wind-tunnel experiment conducted by 

collaboration between the Aerodynamische Versuchsanstalt and the Royal 

Aircraft Establishment described in reference [73]. The model was mounted 

on a sting and tested in the RAE 8 x 8 ft. wind tunnel at Mach numbers be- 

tween 0.6 and 2.8 and Reynolds numbers, based on body length, between 5 

and 20 million. The model was designed to produce axisymmetric converging 

flow with an adverse pressure gradient. This was done by starting from the 

nose with a parabolic body with concavity over the aft end and adding a flare 

to obtain diverging flow while retaining some of the adverse pressure gradi- 

ent.  "Fipiire 7.22 shows the wind tunnel model.  Tt was not neressarv to model 

^d' 

:    —"    *     • *! i 

Figure 7.22 Waisted-body of revolution geometry and axes orientation 
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A full 3-D unstructured mesh was generated which consisted of 

165,187 nodes, 17,544 body surface triangles and a total of 957,580 tetrahe- 

drons. The wind tunnel model body length was 60 inches. The numerical 

mesh model body length was nondimensionalized to 1 and the outer far-field 

boundary was positioned 5 body lengths from the surface to form a sphere of 

diameter 10. The mesh generation method, Marcum's aflr3 [68] - [70], uses 

advancing-front/advancing-normal point placement with direct insertion and 

iterative local-reconnection to efficiently generate high-quality meshes suit- 

able for viscous flow applications [74]. For the supersonic case considered 

with flow field conditions of M„ = 1.4, AOA = 0 degrees, and Reynolds number 

of 10.2 x 106, the node/mesh spacing off the wall was set to 1 x 10 _6 which gave 

computed y* values over the body surface between 1 and 3. 

For the wind tunnel experiment a transition trip was attached on the 

nose of the body at X/L = 0.025. There were 29 pressure taps located along two 

axial rows at circumferential angles, <p, of 0 and 30 degrees. The hole for the 

pressure tap at X/L = 0.15 became blocked early in the test matrix and could 

not be cleared. The skin friction was measured by a razor blade technique at 

the <p = 0 degrees. See reference [73] for additional details concerning the tun- 

nel model geometry and the test set-up. 

The Navier-Stokes solutions were run for 1000 iterations using Roe's 

FDS, local time-stepping, a CFL of 1.0, the Barth-Jesperson limiter, the Spa- 

lart-Allmaras turbulent model with fully turbulent flow assumed from the 

nose at X/L = 0 and the higher-order spatial accuracy was switched on after 

the first 100 iterations. Then the CFL was increased to 5.0 and the solutions 

run another 4000 iterations. The solution was fairly converged around 2000 

iterations, but the pressures in the waist region had not quite settled down. 
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Figure 7.23 presents pressure coefficient comparisons between the RAE 

experimental data and the steady Navier-Stokes solution at 1,500 and 5,000 

iterations during the solution process. The experimental data at <p = 0 degrees 

is represented with an upright triangle and will be used throughout. At 1,500 

iterations the flow solver has captured the pressure distribution in the zero 

and favorable pressure gradient regions (X/L = 0.0 to 0.142 and 0.142 to 0.4, 

respectively) fairly well while the adverse pressure gradient region (X/L = 0.4 

to 1.0) needs more iterations to settle down. By 5,000 iterations the solution is 

converged. This is reflected in the iteration history for the density residual 

and the lift coefficient shown in Figures 7.24 and 7.25. For this case, the limit- 

er was needed to handle the base region flow transients. The use of the limiter 

did not unduly influence the overall convergence. 
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Figure 7.23 Waisted-body pressure coefficient comparisons at Mach = 1.4 
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Figure 7.24 Waisted-body density residual history at Mach =1.4 
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Figure 7.25 Waisted-body lift coefficient history at Mach = 1.4 
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Figure 7.26 presents skin friction coefficient comparisons between the 

RAE experimental data and the steady Navier-Stokes solution at 5,000 itera- 

tions. A scatter plot showing the computed skin friction coefficient at every 

surface node was used to show the symmetry of the numerical results. There 

is excellent qualitative agreement between the experimental data and the 

Navier-Stokes results. At X/L = 0.142, the end of the conical nose section, 

there is discontinuity in the model surface curvature which appears to cause 

a slight separation and may account for the blockage of the pressure tap at 

X/L = 0.15. The flow solver appears to sense this phenomenon. In the con- 

verging flow section, from X/L = 0.4 to 0.7 the adverse pressure gradient 

causes a thickening of the boundary layer with maximum thickness and 

minimum skin friction coefficient near the waist. The diverging flow after 

the waist thins the boundary layer and increases the skin friction coefficient. 

5.0 

4.0 

3.0 
o 

2.0 

1.0 

FV 
!,*•: = 

^e A -■7:^:A A 

* it'-? 

„'Sie: 

V..„/ 

A RAE Experiment 

AAAAA 

0.4 0.6 
X/L 

0.8 1.0 

Figure 7.26 Waisted-body local skin friction distribution at Mach = 1.4 
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The next validation consists of testing the moving mesh boundary con- 

ditions for steady viscous flow. This is also a good test of the modifications to 

the turbulence model. The previous converged Mach = 1.4 viscous solution on 

the stationary mesh was restarted with a far-field freestream Mach number 

of 1.3 and a mesh speed of x, = -0.1. This yields a relative Mach number of 1.4 

and should converge to yield the same results as the stationary mesh viscous 

solution. To accelerate the convergence to a steady-state, the x-momentum of 

the restart file was adjusted to reflect the change in mesh speed. 

Figure 7.27 shows pressure coefficient distribution comparisons be- 

tween the converged Mach =1.4 solution on the stationary mesh and the con- 

verged relative Mach = 1.4 solution with the mesh moving into a Mach = 1.3 

freestream. This last solution took 300 iterations at a CFL = 5.0 to reduce the 

RMS of the density residual a few orders of magnitude. The viscous solution 

pressure coefficient comparisons to each other and to the RAE experimental 

data are excellent. 

Figure 7.28 presents the local skin friction coefficient comparisons be- 

tween the RAE data, the converged Mach = 1.4 solution, and the moving mesh 

solution with relative Mach = 1.4. This is a good test of the modification to the 

Spalart-Allmaras one-equation turbulence model for dynamic motion. The 

viscous solutions completely agree with each other and both compare very well 

with the RAE wind tunnel results. It is especially encouraging to see the Spa- 

lart-Allmaras turbulence model work so well in the adverse-pressure gradi- 

ent region between X/L = 0.4 and 0.7. 

These viscous solution validations for mesh motion, coupled with the 

previous inviscid prediction validations, seem to indicate these boundary con- 

ditions have been implemented correctly. 
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7.3 Unsteady Rectangular Wing Solutions 

The next logical step in the mesh motion validation is unsteady applica- 

tions. For the time-accurate unsteady Euler computations the rigid RAE rec- 

tangular wing was oscillated about its midpoint periodically with angle of at- 

tack according to 

a(t) = - ammsin{M„kt) (7.1) 

where the amplitude is amax = 1"; the reduced frequency is k = coc/U„, where <o is 

the circular frequency (rad./s), c the wing chord length, and um is the free- 

stream velocity; and t is a nondimensional time based on the wing chord and 

a», the freestream speed of sound. For these computations M„ = 0.8 and k = 

0.268. The steady Euler solution at M„ = 0.8 and AOA = 0 degrees is used as 

an initial condition at time zero. Then the numerical mesh is rigidly rotated 

according to Equation (7.1). The first Fourier components of the real, ReCp, 

and imaginary, ImCp, pressure coefficients, normalized by amax, are used to 

compare the numerical and experimental results. These components can also 

be thought of as in-phase and 90 degrees out-of-phase with the unsteady 

angle of attack given by Equation (7.1). 

A complete oscillation, or cycle, of the RAE rectangular wing at 720 

steps/cycle had a time-step of 0.04. Based on a minimum time-step analysis 

of the steady-state Euler solution, this was an effective maximum CFL of 112 

for the refined mesh and 43 for the 0.02c mesh. The Euler results to be pre- 

sented are second-order time-accurate, using Roe's FDS, freezing the analytic 

Jacobians, three Newton iterations, Gram-Schmidt for linear reconstruction 

for higher-order spatial accuracy, and the Barth-Jesperson limiter was not 

used. Additional Euler results using first-order time-accuracy, numerical Ja- 



79 

cobians, and Green's theorem for linear reconstruction for higher-order spa- 

tial accuracy were virtually identical and will not be presented. 

Figure 7.29 presents three cycles for the Euler solutions for the imagi- 

nary pressure coefficients at the 50% semispan location. By the second cycle 

the solution was periodic. All the Euler solutions were run three cycles to en- 

sure periodicity. Figures 7.30(a) through 7.30(f) show comparisons between 

the refined and the 0.02c mesh and real and imaginary pressure coefficients 

for the unsteady Euler solutions and experimental data for 50, 77 and 94% 

semispan, respectively. In these figures the numerical results are plotted for 

the top and bottom of the wing surface to show the symmetry of the solution. 

The experimental data was from the upper surface and is indicated with an 

upright triangle symbol. This data was reflected for comparison to results on 

the bottom surface and is indicated with an inverted triangle. 
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Figure 7.29 Periodicity of oscillating rectangular wing Euler solutions 
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For the 50% semispan location, Figures 7.30(a) and 7.30(b), the refined 

mesh result compares well to the experimental data in the leading edge region 

but is slightly aft of the data in the shock excursion region. The 0.02c mesh 

matches the experimental data better in the shock excursion region. There 

may be a few reasons for this behavior. It was noted in the RAE report [67] 

that the experimental data at a semispan location of 17% had been affected by 

the sidewall boundary layer and could not be relied upon. There may also be 

an affect at the 50% semispan location as well. Also, in the steady-state solu- 

tion for the refined mesh in Figure 7.17, the predicted shock was much sharp- 

er with a greater peak and slightly aft of the 0.02c mesh solution. Further- 

more, it appears the shock moves outside the uniform region centered about 

the mid-chord location of the refined mesh. This excursion in and out of cells 

of differing aspect ratios may also adversely influence the time-dependent 

Fourier coefficients. A uniform mesh of 0.01c was constructed to evaluate this 

and a discussion of those results will be presented shortly. 

For the 77 and 94% semispan locations, Figures 7.30(c) through 7.30(f), 

the solution trends are similar to the previous results. The 0.02c mesh 

matches the experimental data better than the refined mesh. In all cases the 

refined mesh resolves the leading edge unsteady data better than the 0.02c 

mesh. However, for the region about the mid-chord, which is supercritical for 

the 50 and 77% semispan locations and slightly subcritical for the 94% semi- 

span location the uniform spacing 0.02c mesh appears to match the experi- 

mental data better. Since the experiment was fully turbulent and these are 

Euler solutions it may very well be that the dissipative nature of the coarse 

uniform mesh models the true viscous flow field better than the refined mesh. 
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Figure 7.31 Steady and unsteady pressures for oscillating wing 

Figure 7.31 presents a comparison of the Euler pressure coefficient dis- 

tributions at M„ = 0.8 and a = 0* along the upper wing surface for the steady 

solution and the upper and lower surfaces for the unsteady, oscillating solu- 

tion. The unsteady solution is plotted at the instant it completes the third 

cycle and passes back through a = 0°. The oscillation starts with a pitch down 

to a = - 1° , pitches back up to a = r, and then pitches back down through 

a = 0°. The unsteady Euler results at this instant captures the shock motion 

during the oscillation. Notice the unsteady shock is slightly aft on the upper 

surface and slightly forward on the bottom surface of the steady solution shock 

location. 

As mentioned, further investigations with a finer uniform mesh were 

conducted. The uniform mesh spacing was set at 0.01c which resulted in an 

overall 3-D unstructured mesh of 212,895 nodes with 1,111,104 tetrahedrons. 
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Figure 7.32 presents steady Euler solutions at Mach = 0.8 and a = 0" at the 

50% semipsan location for this finer uniform mesh compared to the selectively 

refined mesh. The finer 0.01c mesh Euler solution produces a sharper shock 

than the refined mesh at the 50% semispan. The results at the other semi- 

span locations were close to those for the refined mesh. An unsteady Euler 

solution produced results that were virtually the same as those for the refined 

mesh and will not be presented. 

These Euler solutions produce sharper shocks at a slightly downstream 

position compared to the RAE experimental data As expected, this affects the 

unsteady results and comparisons to the unsteady experimental data. Howev- 

er, the overall trends are correct and the inviscid boundary conditions are con- 

sidered valid. 

-l.o 

-0.5 

Figure 7.32 Pressure coefficient, refined and 0.01c meshes, semispan = 50% 
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7.4 Missile Trajectory Simulation 

The simulation of a missile trajectory encompasses the coupling of the 

3-D unstructured flow solver for the equations of fluid motion with the 6DOF 

model which solves the rigid body equations of motion. Additionally, the simula- 

tions presented in this study incorporate a rocket motor exit boundary condition. 

Most trajectory simulations start from a steady, dynamically stable condition. 

Then, various control-surface or motor inputs, such as thrust-vectoring, are 

added to assess the dynamic reaction of the vehicle's trajectory. For the 3-D un- 

structured CFD method the first step was to obtain a steady Euler solution, use 

this as an initial state for the 6DOF, then run the 6DOF coupled with the flow 

solver until a steady dynamic state is obtained or, if starting from a steady dy- 

namic state, try various inputs to assess the missile's flight reaction. The follow- 

ing sections present the results from two such trajectory simulations - a steady 

roll and pitch and yaw thrust-vectoring. These trajectory results will follow the 

discussion of the missile model and motor exit condition in the next section. 

7.4.1 Missile and Solid Rocket Motor Models 

The missile and solid rocket motor models were built from pictures and 

data in the open literature, as will be referenced, and are not to be construed 

as anything other than generic and unclassified. The missile is modeled after 

the AIM-9X (Air Intercept Missile) Sidewinder which is a short range heat 

seeking missile with enhanced maneuverability through thrust-vector control 

[75]. The geometry consists of a spherical nose cap, tapering conically into the 

cylindrical body, with four delta fins fore and four clipped delta fins aft. The 

"box size" of the missile is such that it can fit in a rectangular box around 10 

feet long with sides less than a foot in length to be carried internally in ad- 

vanced fighters such as the USAF F-22 and the Joint Strike Fighter. 
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Figure 7.33 Missile geometry 

Figure 7.33 shows the missile geometry with exhaust plume at a super- 

sonic flight condition. The solid rocket motor nozzle exit plane conditions for a 

typical air-to-air missile exhaust are Mach numbers from 2 to 4, pressures 

from 1 to 3 atmospheres, and temperatures from 800 to 1,200 degrees Kelvin 

for standard propellants or 1,500 to 2,500 degrees Kelvin for more energetic 

propellants [76]. To separate the exhaust plume effects from the pressure dis- 

tribution along the body the flight conditions for the trajectory simulations 

were supersonic at Mach 3. If a viscous simulation were run there may be 

large exhaust plume effects on the missile afterbody if the initial expansion 

causes the boundary layer to separate. To isolate the evaluation of the cou- 

pling of the flow solver to the 6DOF model, and to save computational re- 

sources and time, the trajectory simulations were run inviscidly. 



86 

Figure 7.34 shows pressure contours in a plane in the fore delta fin re- 

gion for the missile at Mach 3.0 and zero degrees AOA. Notice the bow shock 

and a secondary shock off the nose-/body juncture. From the stagnation pres- 

sure at the nose there is a rapid expansion along the spherical cap which then 

starts compressing along the conical portion of the nose. At the juncture of the 

nose conical portion and the body the flow passes through this secondary 

shock with a step increase in pressure. After the juncture the flow expands 

and then rapidly accelerates between the delta fins causing greater expansion. 

A tertiary shock between the fins compresses the flow once again. After that, 

the flow gradually expands to the freestream pressure along the missile body 

until another rapid acceleration between the rear clipped delta fins. 

Figure 7.34 Nose view of missile with bow and secondary shock 



Figure 7.35 Missile body surface pressure contours between fore delta fins 

Figure 7.35 is a contour plot of the pressure distribution near the coni- 

cal nose and cylindrical body juncture and between the fore delta fins. The 

small compression shocks off the leading edge of the fins coalesce at the cent- 

erline. The pressure distributions on the fins seem to indicate a secondary 

shock from about a quarter of the root chord of the base of the fin to about 75% 

semispan of the fin trailing edge. The qualitative features of this complex 3-D 

region was captured quite nicely by the Euler solver. 

In the next couple sections the simulation trajectories will be discussed. 

The initial solutions were run inviscidly with Roe's FDS, the Gram-Schmidt 

least squares procedure for higher-order spatial accuracy, the Barth-Jesper- 

son limiter and local time-stepping. The first 500 iterations were first-order 

spatial accuracy and then higher-order was switched on for 1,500 iterations 

for a total of 2,000 iterations. A CFL = 1.0 was required for the initial tran- 

sients due to the motor condition and was used throughout. It could have been 
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bumped up sooner, but an initial solution took a little over 5 hours at around 

5.57e-04 seconds per node per iteration on an SGI Onyx 2 R10000 which runs 

at 250MHz and has 4MB secondary cache. By comparison, the trajectory sim- 

ulations ran at around 1.8e-03 seconds per node per iteration with 3 Newton 

iterates, first-order temporal accuracy, CFL = 2.5, and time-step sorting and 

truncating. 

The time-step sorting and truncating during a trajectory simulation 

was used to allow a larger global time-step than a straight minimum time- 

step would allow. For the missile trajectory simulations the motor exit condi- 

tion presented the severest case for the flow solver and dictated a very small 

time-step. Figure 7.36 is a histogram plot comparing the percentage of the 

total nodes in the computational domain to the logarithm of the predicted 

time-step from inviscid stability analysis as given in Chapter V. The number 

of nodes with the restrictive time-step is less than a few percent of the total 

nodes in the computational domain. Figure 7.37 is a contour plot of the time- 

step distribution along the missile's motor exit plane where the lighter grays- 

cales indicate the smaller time-steps. By allowing these relatively few node- 

centered cells to advance temporally with local time-stepping and using a 

global time-step which is a minimum for the rest of the cells the solution can 

be run at a larger time-step without adversely affecting the global time accu- 

racy. The cut-off percentage was kept at 1% for the trajectory simulations to 

be presented. The sorting was done at each time-step to ensure the simula- 

tion did not step over any salient temporal features should they arise. With a 

CFL of 2.5 and using the effective CFL analogy discussed earlier effective CFL 

numbers up to order 10 were used. A higher cut-off percentage allows a high- 

er CFL, but the effect on the overall temporal accuracy may be compromised. 
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Figure 7.36 Histogram of percentage of total nodes to LOG™ (time-step) 

Figure 7.37 Contour plot of time-step distribution on missile exit plane 
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7.4.2 Roll Trajectory Simulation 

The first missile simulation begins with the missile in flight with a roll 

angle close to 20* off the dynamically stable "X" cruciform position as shown in 

Figure 7.38(a). The first step was to obtain a steady-state Euler solution as 

an initial condition. The simulation is set at an altitude of 17 km with the 

missile flying at Mach 3. The solid rocket motor exhaust exit conditions were 

1.3 atm, 1,070 °K, and an exit Mach number of 3.0. This gave an exit to ambi- 

ent pressure ratio of 15.5 and allowed for isentropic expansion of the exhaust 

stream to a maximum Mach number of 5. The initial position of the CG was at 

the center of the missile (nose-to-exhaust) at inertial coordinates of x = -2.5, 

y = -0.47, and z = 1.69. The angular position and angular velocity state vari- 

ables were initialized to zero. The simulation was run for 10,000 iterations to 

a non-dimensional time just under 1.0. This corresponds to an actual time of 

about 0.01 seconds, based on the non-dimensionalizing quantities of missile 

nose-to-exit plane length, L = 3.1 m, and the freestream speed of sound for 

this altitude, a.= 295.1 m/s. A longer simulation could be run, but at these 

speeds the missile moves 2.5 body lengths and the salient steady roll trajecto- 

ry features are evident. 

J9(- 
(a)    \ 

)■( 
(b) 

Figure 7.38 Missile roll trajectory simulation initial (a) and final (b) position. 
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Figure 7.39 Missile roll trajectory start and stop positions 

Figure 7.39 graphically displays the start and stop position of the mis- 

sile during the trajectory simulation. The motor exhaust is not displayed. 

Figure 7.40 shows the Euler angle positions in non-dimensional units (ra- 

dians) during the trajectory. Notice the positive roll angle which indicates the 

missile has a right-"wing" down roll as would be expected for this initial mis- 

sile orientation to move to a dynamically stable flight position. The positive 

yaw, although difficult to see compared to the roll angle, indicates the nose is 

moving to the right. Figure 7.41 plots the rate of the Euler angle changes. As 

expected the roll rate is much greater than the pitch or yaw rates. The pitch 

angle and rate changes during the simulation were also of interest. At these 

flight conditions and at this altitude there was not enough lift generated and 

the missile initially pitched down and yawed to the right. As the missile rolls 

to the "X" cruciform position the fore delta fins start to generate lift in the "up" 

direction of the missile body reference frame, the pitch rate goes positive and 

the missile pitches up into a positive angle of attack. This is graphically de- 

picted in Figures 7.42 and 7.43 which plots the pitch angle and pitch rate time 

history during the roll trajectory simulation. 
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Figure 7.43 Pitch angle rate during roll trajectory simulation 
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7.4.3 Thrust-Vectoring Trajectory 

The second missile simulation begins with the missile in flight in the 

dynamically stable "X" cruciform position as shown in Figure 7.38(b). Once 

again, the first step was to obtain a steady-state Euler solution as an initial 

condition. This simulation is set at an altitude of 7 km with the missile flying 

at Mach 3. The solid rocket motor exit conditions were 6.7 atm, 1,430 °K, and 

an exit Mach number of 3.0. This gave an exit to ambient pressure ratio of 

16.5 and allowed for isentropic expansion of the exhaust stream to a maxi- 

mum Mach number of 5. The initial CG position was at the center of the mis- 

sile (nose-to-exhaust) at non-dimensional inertial coordinates all at the ori- 

gin — x = y = z = 0. The angular position and velocity state variables were 

initialized at zero. The simulation was run for 10,000 iterations to a non-di- 

mensional time just under 1.0. This corresponds to an actual time of about 

0.01 seconds, based on the non—dimensionalizing quantities of missile nose- 

to-exit plane length, L = 3.1m, and the freestream speed of sound at this alti- 

tude, a„ = 312.3m/s. A longer simulation could be run, but at these speeds the 

missile moves 2.5 body lengths and the salient steady roll trajectory features 

are evident. 

As explained in Chapter VI, the solid rocket motor exit condition pre- 

scribes the Mach number, density and pressure at the exit plane surface. The 

thrust-vector control is handled by rotating the subsequent velocity and force 

vectors, which are normal to the surface, to the prescribed yaw or pitch angle, 

utilizing the following rotation matrix 

Bjy - 

'cos 6 cos ip — sinö cos 6 sin tp 
sin 9 cos V COS0 sin 0 sin i/» 

— sinip 0 cos^> 
(7.2) 
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7.4.3.1 Pitch Thrust-Vector Trajectory 

The first trajectory simulation using thrust-vectoring is a comparison 

between the missile's flight paths at two different altitudes during a prepro- 

grammed series of pitch maneuvers. In a missile flight test program a con- 

trolled-vehicle test is usually conducted whereby "step acceleration com- 

mands are programmed in the missile to occur at specified intervals during 

the controlled flight [3]." Hence, this simulation used step thrust-vectoring 

commands. An actual servo-motor for thrust-vector control vanes would take 

fractions of a second to rotate into position. 

The flight altitudes selected for the simulation are 7 and 17 km - the 

lower altitude case more representative of where a tactical missile would be 

launched in air-to-air combat. The 17 km missile used stronger motor condi- 

tions than those for the roll trajectory simulation. The solid rocket motor exit 

conditions were 2.7 atm, 1,250 °K, and an exit Mach number of 3.0. This gave 

an exit to ambient pressure ratio of 31 and allowed for isentropic expansion of 

the exhaust stream to a maximum Mach number of 5.7. This resulted in the 

missile at 17 km having an exit to ambient pressure ratio close to twice the 

ratio for the 7 km missile — the net results being it had almost twice the thrust 

of the 7 km missile. This is offset by the fact the 7 km missile is operating at a 

higher altitude where the density of air is 75% less than the density of air at 7 

km. Therefore, the results will show predominantly altitude effects. 

The thrust-vector pitch angles were alternated between ± 45° using 

step thrust-vectoring commands. The simulation was run for 10,000 itera- 

tions using a 1% cut-off value for the time-steps which gave an effective CFL 

of 2.8 for both cases. The simulation time comes to just under 0.6 which 

equates to an actual time of 0.006 seconds. 
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Figure 7.44 Y position during missile pitch thrust-vector maneuvers 

Figure 7.44 shows the change in each missile's altitude during the pitch 

maneuvers. The missile's weight and the low amount of lift generated, even 

when the thrust-vectoring gives a positive pitch angle, was simply not enough 

to keep the missile from losing altitude. These results show the altitude effects 

because the 17 km missile has a greater sink rate than the 7 km missile. 

Figures 7.45 to 7.48 depict the pitch schedule via the pitch angles, pitch 

rates, roll angles and roll rates, respectively, during the maneuver. In Figures 

7.45 and 7.46, the step thrust-vector command effects are shown in the slope 

changes in the pitch angles and pitch rates. In Figures 7.47 and 7.48 both 

missiles take on a right-wing down roll attitude. The thrust-vectoring affects 

the roll rate. When the missiles pitch down the roll rate increases. The pre- 

dominant altitude effects are also evident. The 17 km missile, with the great- 

er thrust, has a flatter pitch and roll angle schedule than the 7 km missile. 



97 

6.0e-03 

4.0e-03 

u 
eh 

2.0e-03 

0.0e+00 & 

G 07 km 
Q Q17km 

0.2 0.4 

Simulation Time 
0.6 

Figure 7.45 Pitch angle during missile pitch thrust-vector maneuvers 
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Figure 7.46 Pitch angle rate during missile pitch thrust-vector maneuvers 
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Figure 7.47 Roll angle during missile pitch thrust-vector maneuvers 
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7.4.3.2 Yaw Thrust-Vector Trajectory 

The second trajectory simulation using thrust-vectoring is a compari- 

son between the missile's flight paths using different time-step cut-off per- 

centages during a continuous yaw maneuver. This was done to see if the pre- 

dicted flight-path is adversely affected by allowing a greater percentage of the 

cells to advance with local time-steppping. This larger cut-off value allows 

the simulation to run at a larger global time-step. If the Euler solutions for 

the fluid motion at the larger global time-step do not unduly influence the 

flight-path results from rigid body motion then it may be possible to run these 

type of simulations quicker. 

The flight altitude selected for the simulation is 7 km with the solid 

rocket motor exit conditions given in the previous section. The time—step cut- 

off percentages were 1% and 5% using the technique discussed previously. 

From the histogram plot in Figure 7.36, a 1% cut-off corresponds to the first 

two "bars" from the left. A 5% cut-off corresponds to the first four "bars" from 

the left which includes a significant jump in the minimum time-step. With a 

CFL of 2.5 the 1% and 5% cut-off values yielded global time-steps of 7.9e-05 

and 2.25e-04, respectively. This is an increase in global time-step of 2.84. 

The effective CFL numbers, that is, the global time—step divided by the mini- 

mum time-step, were 2.85 and 8.13, respectively. The thrust-vector yaw 

angles were alternated between ± 45° using step thrust-vectoring commands. 

The simulation was run for 8,500 iterations using the time-steps indicated for 

final simulation times of 0.67 and 1.92, respectively. 

Figure 7.49 is a plot of the change in the X inertial position during the 

course of the yaw thrust-vector maneuver. It appears the larger time-step 

has no affect has no affect on this trajectory and allows the missile to move 6 
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body lengths. The Y and Z position changes follow the same trend. This 

would lead one to conclude there may be no harm in allowing the larger global 

time-step in the Euler solutions of the fluid motion. 
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Figure 7.49 X position during missile yaw thrust-vector maneuvers 

Figures 7.50 and 7.51 depict the yaw angle and yaw rate, respectively. 

These trajectory curves also appear to be unaffected by the larger global time- 

step. Figures 7.52 and 7.53 present the roll angle and roll rate, respectively. 

These curves are of the same relative magnitude as the yaw angle and yaw 

rate curves. However, in this case the roll angles take distinctly different 

paths during the two trajectories. With the smaller 1% cut-off the roll angle 

and roll rate increase during the yaw thrust-vector maneuver is greater. This 

means there are fluid motion affects that must be accounted for during the 

maneuver. The increased global time-step using the larger percentage cut-off 

would miss this trend in the yaw thrust-vector maneuver. 
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Figure 7.50 Yaw angle during missile yaw thrust-vector maneuvers 
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Figure 7.51 Yaw angle rate during missile yaw thrust-vector maneuvers 
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CHAPTER VIII 

SUMMARY AND CONCLUSIONS 

Development and validation of a 3-D unstructured CFD method for ma- 

neuvering vehicles with innovative boundary conditions has been documented 

in this study. The Euler and Navier-Stokes equations of fluid motion were 

cast in an Arbitrary Lagrangian-Eulerian frame of reference. Innovative in- 

viscid, viscous, far-field, and rocket motor exit plane boundary conditions 

were developed and validated for mesh motion. The Spalart-Allmaras turbu- 

lence model was also modified to account for mesh motion and validated. In- 

viscid steady relative motion solutions were validated with experimental pres- 

sure coefficient data for two 3-D wings — one delta and one rectangular. 

Viscous steady relative motion solutions and the turbulence model modifica- 

tions were validated with experimental pressure and skin friction data for a 

waisted-body of revolution. Unsteady inviscid solutions using Newton's 

method for the time-accuracy was validated with experimental data for a 3-D 

oscillating rectangular wing. 

A 6DOF model was developed using Euler angles and the Flat-Earth 

equations. The 6DOF was explicitly coupled with Euler fluid motion solutions 

and used to simulate, for the first time, an advanced tactical missile trajectory 

in free flight and with pitch and yaw thrust-vectoring. Techniques to allow 

greater global time-steps were implemented. The trajectory results appear 

very promising for preliminary design and evaluation of advanced missile de- 
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signs. Application to more complex flight vehicles and maneuvers is definitely 

a recommended course of action. 

Additional recommendations for future work include a complete evalua- 

tion of an unsteady viscous solution. The oscillating RAE rectangular wing 

would be a good starting point. Trajectory validations for the coupled 6DOF 

and flow solver using experimental and flight test data would be very interest- 

ing. Then a missile at high angles of attack, pitch and yaw, would be an im- 

pressive virtual simulation of a missile trajectory. 

Finally, implementing this technology in a way to allow studies involv- 

ing multiple bodies in relative motion would be the an ultimate culmination of 

a 3-D unstructured CFD method for maneuvering vehicles. 
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APPENDIX A 

INVISCID FLUX JACOBIANS 

The flux Jacobians appear in the 3-D unstructured CFD method for dy- 

namic motion as a result of the time linearizations and Newton's method. 

They are derived from taking the partial derivative of the inviscid flux vector 

with respect to either the conserved variable or primitive variable vector, de- 

pending on the formulation required. The net result is a five by five matrix, A, 

the flux Jacobian matrix. 

The flux vector at the surface of a control volume is obtained by taking 

the dot product of the flux with the unit normal, that is 

F -n = 

_pU 
pUu + pnx 

pTJv + pny 

pTJw + pnz 

(E + p)U + pa, 

(A.1) 

where the contravariant velocity is 

U = V • n = (u - x,)nx + (v - y,)ny + (w - z,)nz (A.2) 

and the contravariant face speed is 

a, = x, nx + y, ny + z, nz (A.3) 

The flux Jacobian is obtained by 

^=A 
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