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A SHORT RANOE FORECAST OF THE ATMOSPHERIC PRESSURE FIELD FOR A THREE 
LAYER ATMOSPHERIC MODEL 

[Büß is a trsBfilatioa of an articia by CV. »feM^ in lavestiia, 
Ser. (teafls., Mo J, 1959, !»«•• *32-W; CSOj *&S-lO 

An atmospheric model, consisting of three levels -- 250, 500 
and 750 tab, is used for a forecast of the atmospheric pressure 
field in 1-2 days, on the basis of the solution of the 
linearized system of hydro-thermodynamic equations. 

The condition of a maximum vertical velocity at the level of 
the 500 mb surface is used when forming an initial closed 
system of differential equations. The solution is given in 
analytic form, on the basis of which a method of forecasting 
the maps of absolute topography of isobaric surfaces is pro- 
posed. 

Considering that the flow in the free atmosphere is adiabatic and quasi- 

geostrophic, let us denote for the solution of the presented problem, the follow- 

ing system of equations of hydro-thermodynamics [1]: 

jJT **£/ +4-V +*  (£ jf)-o 
£$       (1.1) 

Here  $  is the geopotential, Jf =  /IP    is the reduced pres- 

sure, &,      is the Coriolia parameter, ^7«ss *£ JL/dy. , c     - o{ f\7~f ^ 

/f*  is the gas constant,  "7J" is the mean temperature 

of the troposphere, «{ « /?(%.— YJ       ,  <2*     is the force of gravity, 

Y&,     is the adiabatic temperature gradient,   f       is the vertical tempera- 

ture gradient. 



in the nature of boundary conditions let us take the following: 

at JT-O    -C  -O   ,at ■/-/  ^*Ö 

In part, let us examine the solution of the system of equations (1.1) 

numerically dividing the atmosphere into 2H   - I layers, equidistant 

from each other (along S     ), and replacing derivatives along J       ,  i.e. 

}(j>/}S    A*d d^/dS      ,  vith centered finite differences: 

„here fj  * '/"  * whlle (^T) * "* ^^ *    """^ " 
the quantities f -   fK =   K/*. n • In «Uiel<m ^ P*"**"' 

K =» O will correspond to cf - O    , «ad  *T - 2- fs/ to S   ~ /   . 

In this case the boundary conditions adapt the form: 

Now if we give the parameter *1  various values, we shall obtain various pro- 

gnostic atmospheric models. In particular, for /? '»   / we shall have the so 

called one level model, coinciding completely with the well known model of the 

mean level (or the barotropic model).        \   /  A \ 

Let us_put the expressions for $5 /^and^wJ/* into (1.1): 

Putting  n «• 2.   , let us write the first of equations (1.3) at 

K « Z-  , and the second at K » O   and K * *■  • Then eliminating 

the function T from the obtained system of equations (for this condition 
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use of the boundary conditions %  - # '    O      ), we arrive at the following 

system of equations: , -r  ^ -r -.   ; ■ —   -r > 

It is clear, that in the given case the index "l" corresponds to the geopo- 

tentlal of the 250 mb surface of absolute topography, the index "2" — 500 rob, 

the index "3" — 750 mb. The system of two equations (1.4) contains three un- 

known functions ~  §t    , $z        and  #3  . In order to make (1.4) 

a closed system, it is necessary to introduce another condition,' which connects 

the unknown functions. It is possible for example, to take 

x $ **" i* &      2,      __±J ä (1.5) 

' a. £— 
Then we shall have a model of the atmosphere consisting of two levels. 

Since   <£   appears as the geopotential.of the SOOrab surface, condition 

(1.5) is not completely precise, since   <J>    satisfies the equation of the 

mean level: 

0, ^i^ 
&    TZ *~   0.   »J^*;—-*-*' '   i        S'X- (1.6) 

and could be found independently %^ <£> and <J> . But then the 

system of equations (1.4) and (1.6) would be complete and could be taken for 

the determination of d£      ,        $      and   <j^^ 

For the solution of the system of equations (1.4) and (1.6) let us ■ 

look into their linearization, considering that the unknown function  <£ 

could be presented in the form Cp^ = <J\ ( ^) ■+  <j> L    ( *"' tyj ~t-) j> 

-here 3> .  ( u)     is the zonal distribution trtdg    L , related to 
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the speed of the west-east flow  V  in the mean troposphere by the relation 

^JK fd**  =. —X^v- 3> / 
i.J     Q t,    while  zi.  £_     are small deviations, cr.il 

whose^derivativea may be neglected. At the same time let us introduce the non- 

dimensional quantities for the horizontal coordinates, time, and velocity; L. 

is a characteristic length,  "T~  is a characteristic time, • ■=• *-/ 7~ is 

a characteristic velocity. The system of equations (1.4) and (1.6) after 

linearization take the form: 

where X\    and  X<   are non dimensional parameters: ~     , - /r 

Let us call upon the Fourier method to find the solution of the linear 

system of equations (1.7). Let us assume,, that" 

Considering, that at the initial moment of time we know the geopotential 

distribution, we must assume that at "£.-=■ O clb       /  / _, ,   -A 

is a known function. But then, it is clear, 

— ««!!• 
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ill also be a known function. Putting (L8) into (1.7), we have: 

(tnrt) ?..    ^~tr»r>) 

(1.10) 
f/wr..; 

where 

Z$-rir+uj ®: 
tmn) 

■^o 

cr~ 
r-tS^TZ +vi > r-S~% + %  *   r+ 

f' VI - % 
f £>   =SS   *2 

V,   + V* 
f       J?     as   y^2-   /-/>? 

Setting the determinant of the homogeneous linear algebraic system of 

equations (1.10) equal to zero, we obtain the equation for the determination of 

the frequency y       . If we denote 

Then the equation for the determination of^ V has the form: 

Hr,s) 
Q(r) 
0 

— N 
N 

Qtr) 
KH-S) 

p-/*(r+&) O 
From this 

(1.11) 

o 

(1.12) 
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The first equality from (1.12) gives one value for Y~ 

n ** -—. — So < (i.i3) 

The second condition yields a quadratic equation, 

which have the following values: 

(1.14) 

Since Y    has three different values, then correspondingly <T~    will 

have three values. Since equation (1.7) is linear, the solution for  *£^ 

could now be presented in the form: 

A further problem will consist in finding the nine coefficients >^ 

(tJsi^ 1,3)       :, using both equation (1.7) and the initial con- 

ditions. Let us note that  $   satisfies the third equation of (1.7) ^ 

when <T  - *~ x    ,   therefore V"* - C,  ' ^   S. O . For the 

determination of the remaining seven coefficients   <-£        , let us again 

put   <P •   into (1.7) and, using (1.11) we shall have .* 

c ,">i (n, f) - c?# * Cf'Q (n) -o <1J6) 

C,'"Q IrJ + Cl2'// + Q,ML (n,-8)°*o 
It follows that we must supplement the initial conditions at "t, •= O 

to the system (1J6): 



n ID ,   n (2)  . r <*)_  ßl»»>        c (2.)       X~ (run) (1.17) 

o 

30 

Systeas (1.16) and (1.17) together are now sufficient for the determination of 

the coefficients  <~L .  Not writing out in full the values of L,^ 

separately, let us directly introduce the expressions for the coronations of 

d, . , entering in (1.15): 
t, 

CO.      + C, e        -h c,   e       =■ _£/,    e 

; (1.18) 



fr cm 

function 

^- (fun) 

Hitting <1.18)   into (1.15)   «nil Substituting       J?g 

(l.S), »» arrive at th« final font of the solution for the unknown 

j?V   (t'm     /,   Z,   3) . 

$ kP t> =°k: «-* v ; +^)/*>'>'> « "''* *'>w 'f) *# 

(1.12) 



Jl 

(^  _   "*'      are the Green's functions, having the following 

(2.20) 

r0)-  7 [****£** (/^)~(M, + 0](T (/>A)~X (/A) 
** ~ Jo L    i /-tf*X4j(*6->4)      { 

'z    Jo &, ,0 

;&•- / tv-va-*'■>''+ y-j'^        s""\ ~~ 
2. Before going into the use of the solution obtained for (P for 

irognöstic purposes, let us stop briefly to analyze the stability of the solu- 

;ion. The frequencies d    L are connected with l^^       '      '     ' 
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on the basts of (1.10) ny means of the equality CT~^&( V^  —- o^tfln) rn , 

But, through (1.13) and (1.14) Y~^  .   is a real number, therefore <7^~^ 

is also real, and the obtained solution, generally speaking, is stable. Never- 

theless, as further analysis shows, there are possible cases, when the functions 

r   (0 rt3y 
t-3*^     and  *^"(a.-^   r  will always contain a secular term of the or- 

der ~C     [2],(and not of the order &• &~ /  O  , as this would 

have a place for complex values of G~~ £     ) for some wave number J)    ' 

Let us examine the expression LJ   CY~  )  =■ / ~—* <^/_ «7 ,  y 
\        2. •*-   ** 

which after substitution of the values ^f and *>    ,   takes the form: 

V, (r*;- J-x*>t*       Q*(rD    m 

Equation  £) ( Y" }    st    ** t ^ *" ^ )     —    & determines Y~ 

and  i  -a   . Therefore if 

W-' 

P, (n )=o 
(2.2) 

"then this means that for some ^s^ ■=*   S^ }    Y\   r="     i or 

r_  a  r!  # It is possible to show, that only the equality Y"       c H 

is possible at_^/^ s.     1^ .    But then the expression 

X« {/*' > - Jo (/^> 
1-JfJü 

appearing in  ^ ■»      and vjr      , will contain the indetminate form 
a. 

0 / O   , since from VJ * V"  .   at /^ -»,//     it: wil1 

follow that ** I "~    2-    ^ ^e^initl°n' The uncovered indeterminateness 

gives the following value for the rates (2.3): 



V*    -.,    ».*- 

'i-^'i art 

This circumstance must be realized during numerical, calculations of the 

function.  £-J°    «A        &^ . For th. d.t.»i».tioa ofyö, 

let us put the quantities Cf       and   I—.  into (2.1): 

It is .«sy to «ee,  ttot        D/v J = 0»to/    ' /,  only 

in the case, when !•_/</* 
^/y -r~ '/£• 

)f. ^° t.e.    V*  ^      2. 
IJ   <?' > (2.5) 

.;   S. >°>   J*****'*'*-    K >K 
(2.6) 

Then J     i  has the following value: 

(2.7) 

in the first case the velocity of the zonal flow increases with height 

a little less than   _ ..  by the linear law.  In the second case 

there exists an extrem (a aaximum) of the spped of the zonal flow in the 

-10- 



layer, bounded by the 250 and 750 mb. surfaces. Let us note, that when using 

condition (1.5) together with equation (1.6) for the solution of the system 

of equations (1.4), we would have obtained the following values for V~^    and 

M /(/^;( V     A* p.        J(2-8) 

The extreinum of the term under the radical in (2.8) exists for J   ~ A  1-2 , 

With a value of J so that the expression under the radical can appear as 

negative, then Y"     _    is complex. 

The conditions for stability of the solution in this case take the form: 

f '  y   JT £ Z -i.   cn>      Vi— ^ ^ x-a. (2.9) 

It is easy to see, it does not depend on the value of the velocity of 

the «mal flow within the laj-er, bounded by the 250 and 750 tab surfaces. 

3. In the na*t!re of an example of the use of the obtained solution 

for  y> .    for prognostic purposes, let us apply it to a forecast of the 

700 mb map. Although   ^     is the geopotential of the 750 mb surface, 

in the future we shall identify it with the 700 mb surface, since the latter 

appears as a standard level, and the indicated substitution does not give rise 

to principle objections. 

Since,generally speaking, it is possible to show [3], that 

(3.1) JJofu*:9.}'.V</x'=-o 
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Then,   putting       ^ ^      (h      —      <~P>   . into  (1.19)  vw  deduce 

that ~j.o2> 

77i< </<'* '* - 7^? '^ 'A'^ - ^ 
__ c* 

or. the basis of (3,1). Fro« here it follows, that in the obtained solution 

(1.19) it is possible to neglect   M£"&i/l HJCit with   j±? ^  • 

In other words, the obtained solution describes the changes of its geopotential. 

Therefore, for a forecast of the aap of absolute topography of the 700 ~i> 

surface let us use the following formula: _, ^^^ 

Calculations of the influence functions   Cr    ,  \J?      ana \J~ 

should be carried out partly numerically and partly analytically if we use the 

asyaptotic integrand function. Lgt us place the initial coordinate at the point 

s —  \l  -t- >       ci-O     .In this case the function 

(~    & ( i, s.    f    £L     3"S    could be presented in the following convenient 

form for integration:     j-^-» 
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- J*_ [ Jo (M ')-£ (M> )] fJ* 

a3 - fiz?t-t-*')*y 

since 

7 A£!£^<r>H-[A,>-«->J*$ 
J X <3.5: 

if   r   ( PC^) is a function, continuous as & ^ O  and if a finite 

limit  P ( 1- od> ) -=- Um.   ^   (it)        [4] exists, then, obviously, 

using "aa**'v™*™^    (3.5) it is possible to conclude, that 

—7—- ^9Ua3  ***  J 7 ^ <3'' 
-13- 



On the other hand, the definite integral which appears in £r 

<- f       i 3 

completely coincides with the influence function & {,  / ( %   .  U '    •£ \  for 

the forecast of the absolute topography of the mean level ([l], chapter V, 

Section 5,3). Now it is possible to write that 

«L Äf +1., C?lg£ jLl!*!,, GfiG^Zo,) 

A graph of the function  Gr   '     is presented in fig. 1, function G 

.   -     , r     ^ <0 
in rig. 2 and function'Lr^    in fig. 3.  During the calculations the 

following values of the parameters were used: 

■ L - Jo ur*}     T » / «^} f3 - /. it  A2" * I.L,   S * o. s, 

<fo •= a, V , . -fc - /, A/ - 3. 

For the realization of a forecast, now calculation of the integrals 

appearing on the right'side of (3.3) remains.  It is possible to do this, since 

it was proposed, for example, in [2], i.e. a polar system of coordinates was 

introduced and an approximate integration was constructed over little rectangles, 

bounded by radii and circles.  Using the approximate integration in (3.3), let 

us bring it into the given case with the following form:  let us take the (x-   u) 

plane in the equivalent "small" squares, in order that it could be possible to 

cons ider CP .    and G" 
i, o 

<3) 
constants within each of them, equal to 

their values in the center of the square.  If a side of the square takes the 

value h      ,  and the centers of the squares are denoted at the points by 

(t m k,  1 n h)  ™, n-1, JL t _ f then foraula (3>3) 

can be presented in the following form: 

m* -M  />*-£   **',*, 3 

where 

<£it)*jkG"}{mk'nh,tJ c™l> Zf 3 
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a 24 hr forecast we produce the tables of the values of ^     ( 6 } 

uted for r~L.    "=-  0.25 and IT-   1 (tables 1-3)«, 

For a forecast, It follows that we must calculate   c./5, -^  at every 

ejection of the given grid by formula (3*8), and then "advect" the ob- 

ed field from west to east a distance equal to V\    "C-   » 

■Examples of forecasts of the ''       ~/o a Diap *or ^ "nours?  on  t*Ie 

s of the model of the atmosphere considered and with the obtained solution 

, are illustrated in figs. 4-8« In figs. 4 and 5 the initial 

of  fj T for 1.800 on the  11 and 12 of January 1954 are given, in 

. 6 and 8 the predictions are given, while in figs. 5 and 7 the correspond- 

actual/maps for 1800 on the 12 and 13 of January 1954 are given« The fore- 

st ware made by K. M. Kirev. 

In conclusion, it should be mentioned that the given examples of pro- 

is still can not serve as an evaluation of the given method of forecasting» 

this, it follows that we should amass the necessary statistical material, 

pite of the simplicity of the idea of construction of the atmospheric model 

obtained solution of the linearized system of equations, by which the fore- 

method becomes quite simple, its realization, nevertheless, calls upon the 

iderabie difficulty of numerical calculation of a series.  It is easy to cal- 

te, that for every forecast it was necessary to make 94,770 operations of 

Lplication and addition. For that reason tests of the indicated atmospheric 

L £>r prognostic purposes should only be carried out through the use of high 

i electronic-computing machines.  In addition, it is necessary to note the 

is of the parameters &        and Ö     ^ f  which play an important- role 

is calculation of the influence functions. For the realization of a 24 hr 

:ast of the pressure field the values of these parameters must be close to 

: actual values at the initial moment of time. 



~Zß      -2,0       -iß       -Iß        -Vß Iß iß 

Fig. 1. Graph of the function G^^ 
(3) 

-2ß    -iß     -ij     -to      -äß 

Fig. 2. Graph of the function G0 

-OJ   -0,2 

Fig. 3. Graph of the function G^ (3) 
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Fig. 4 Map AX7nfl £or 18Z 11 January 1954 
700 

1 v~ 

Fig. 5. Map AT700 for 18Z 12 January 1954 
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Fig. Forecast Map AT 700 at 18Z 12 January 1954 
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Fig. 7. Map AT?00 for 18z 13 January 1954 
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Fig. 8. Forecast Map AT   at 18Z 13 January 1954 
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