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[Pollowing is a translation of an article by V A Bodner
.and M. S. Kozlov in lzvestiya Akademii Nauk; otdelenie-
tekhnicheskikh nauk, Energétika i'Avtomagika'(News“of.the,
Academy of Sciences, Department of Technical ‘Sciefices,
¢ Power Enginéering and Aatomatlon), No. 6 1959 Moscow,
i pages 99-107] ' ; : : ol .

Inertial guidance systems can operate under an indicated condi-
tion which'is characterized by the absence of any dynamic coupling -
- between the motion of the inertial vertical and the motion of the:
flying vehicle and under a condition of control when there is such a
coupling. In the’first case, inertial systems are used cnly as
sources of guidance information which serves for general crientation.
In the case of a control condition, the information, obtained from
the igertial system, is used for the continuous contrel of the flying
vehicle with the aim of retairning it on & fixed trajectory flight or
with the aim of arriving at an-assigned point of space within‘a4’
definite time. In addition to this, signals from the output of
the frertial system are fed to the 1nput of the control system which
acts upon the flying vehicle.

Upon cotinection of systems to a control citcuit, a complex -
dynamic system is formed with several interacting closed circuits. ' - .
Analysig ‘of the dynamlics of' the transient processes in such systems
presents great theoretical and practical interest: The taek of syn-
thesizing such systems has'even more sighificancei: ~ ’

In this paper, problems of the dynamiés of closed- control sys-"‘*
tems are considered which include inertial coordinates, methods of.
improving the initial display (information of initial' deviations to
zero) of the inertial systems, the influence of the initial display

on the quality of control and certain considerations concerning the - .

selectiontof'pafameters. In'thé'capacity of basic disturbances upon -
the system, gusﬁs of wind change over signals and non-zero initial f
conditions are employed, ' . o RN P
The hook=up ‘circuit of an inertial system to a Cland control -
circuit. Inertial guidance systems are employed in the following'con-
trol circuits: 1) in a control circuit with lateral deviation of. the

mass' center from the given trajectory which includes ‘the-control cir--. -

cuit of the turn vector velocity in a horizontal plane (Figure 1);
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2) in a control circuit with deviation of the mass' center from the
assigned trajedory of flight in the vertical plane including the turn
control circuit of vector velocity in the vertical plane (Figure 2)}

3) in a control. circuit with a value of the vettor velocity (Figure 2).

As is seen from Figure 1, the control circuit for lateral
motion of the flying wvehicle, which includes the inertial coordinate
measuring instrument, is composed of two closed circuits;

a) the circuit of the intertial system, which includes'the
first and second integrators with transfer functions kj/p and ky/p,
feedback with the amplification coefficient g and direct link with
the transient function 1/Rp?;

b) the control circuit, which includes besides the integrators,
the autopilot, control devices, and the flying vehicle, Inasmuch as
both circuits have common elements, the static axd dynamic errors of
the inertial system will be virtually reproduced by the control cir-
cuit. As a result, the real trajectory of flight will differ from
the given trajectory by the magnitude of errors of the inertial system.

In Figure 2 are shown the control circuit for the inclination
angle of the trajectory © and the control circuit for the magnitude -
V of vector velocity. One of these circuits is clogsed'via the auto- .
pilot and the flying vehicle and the other via the velocity wntrol unit, .
the motor and the flying vehicle. The projection -angle of the trajec-
tory and the magnitude of the vector velocity are obtained in computers
to which the signals are fed from the horizontal and vertical channels -

of the inertial systems. .One should note that the conditions of
compensation for storage are . , : .
‘ k]_kz 1.

R ' . (1 1)
where R -~ is the distance from the center of the earth to the flying
vehicle -~ during a variation of flight altitude, it is necessary
to introduce corresponding compensation for coefficients kj and. ko

In the circuits of Figures'l and 2, the dynamic characteris-
tics of the control system and the flying vehicle are not .disclosed..
During consideration of the lateral motion of the mass' center of
the flying ‘vehicle, it is possible to accepc the tegulation law of
the control system as - v
Wp) = k + Ep (12)'
but it is possible to describe as the amplifying 1ink with the - ‘
amplification coefficient kg (Figure 3) the dynamics of the flying
device toegether with the dynamics of the final control element of-
the control system. The range of the first integrator with feedback
with coefficient k3 of with 'a direct link with coefficient k4 is ful-
filled to obtain a damped inertial system, . .

Accelerations of a flying vehicle are produced chiefly by the
force of gravity acting upon it and by the forces and moments of .con-
trol mechanisms and by gust of winds. Under the effect of gust of ..
wind, the lateral acceleration z'y’ will be
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where U -- is the velocity of a cross wind V - is the flight velo- o
city, and a5 ~- is the constant.; The action of . gust of w1nd on the
system is shown in the structural diagram’ (see Figure 3). -

-2,. A control system with an undampéd inertial coordinator. e
Let ug examine the behavior of a lateral motion control system during .
the utilization of an undamped (k3 k4 :0) of an. inertial coordinator.‘
For the composition of. equations of the system 8 motion, we will ;
utilize the structural diagram of, Figure 3, assuming k3 k4 = 0,
We find

'(pz + gklkz) ¥y = (k1k2 - 1/R)z-- o af (2 1)
4"‘{"‘:“"’”5}‘!’“9“)‘4“} f "/ersd t Wy )R)" (2'2)
where - ﬂP . :
_ Zdwo K& ) o4 k, P Jth

The first of ‘these’ equations ‘describes the variation of the ' ¥
projection angle of the inertial vertical but the second -- is the .
behavior of the automatically controlled flying vehicle. It is
apparent that the inertial vertical and the flying vehicle have a~
mutual effect upon each other., 1£ one satisfies the condition of
compensation (1. l), then the inertial vertical becomes undisturbed
and equation (2.1) takes ‘the form  *

ApFrai)ye =0 (T g/RY) R (203)

Since equation (2 3) during non- zero initial conditions has a

periodic solution ' i Y : T
i )f, cos.h_'t +- o sin_n.t._ SRR

then it follows from (2 2), that the coordinate of lateral deviation
will also effect a periodic motion. In addition, 1.8 km of oscilla-’
tion' amplitude of lateral deviation corresponds to each angular minute
of vertical oscillation amplitude. Inasmuch as the initial deviations
Yy and n? may be significant;. ‘then thé lateral' oscillations of the
objett in trajectory can achieve impermissibly 1arge magnitudes.- ‘Thus, -
for example, if r, =15', v, < 0 then the amplitude of lateral devia-
tion will be 27 km.

. It should be emphasized that by no selection of parameters k
and £ (or for that matter of w¢ and d) of the control system is it’
possible to change the reaction: of the aircraft to disturbances coming
from the inertial system. .

;- +Let us éxamine the reaction of the system to readjustment

signals and to gusts of wind. From the structure of equation (2.2),"
it is apparent that during readjustment of the control system (that . . :.
is for the assignment of£4),: the signal will be reproduced with dis-
tortions which are peculiar to distortions of a second-order system.
In addition to this, inasmuch as the connection coming from the .



conttol system to the inertial system is broken as a consequence of
the execugion of the compensation condition, then the readjustment
signal will not be transmitted to the inertial system. ' &

‘The disturbancés due to gust of wind, either singular or -
occasional, will not produce significant deviations of the z-coordi-
nate. Thus, for example, when y,' "= 0.1 (that is, when the velocity
of the gust is 10% of the flight velocity) and wyg = 0.2 sec'l;ithe -
magritude of 'the deviation z will not exceed several meters. I

Thus, system disturbances due to'the non-zero initial condi-
tions of the inertial vertiéal exceed disturbances due to gust of
wind and readjustment by several degrees. Therefore, information
of the initial deviations of the inertial vertical to zero [conditions]
is the basic problem of the application of a control system with =~
inertial coordinators. For this, it is possible to apply the precise
initial display of the inertial vertical before flight and the intro-
duction of damping into the inertial system so that in the process
of flight, the initial disturbances will be reduced to zero. The
accurate initial display of the vertical is association with consid-
erable difficulties, however, it is inevitable in objects with a low
flight time (tgy,.<< 84.4 min.). In objects of which the flight .
time is comparagie with the period of M, Shuler (84.4 min,) damping
of the inertial system is employed in addition to the precise initial
display. o o ‘

Until the present, it has been assumed that the compensation
condition (1.1) is executed accurately. During inexact executicn of
this condition, when kjky -~ 1/R = n/R, where n ~ is the magnitude:

(n¢¢ 1), which characterizes the precision of compensation and 2°*
= mg (m - is the factor of proportionality), equation (2.1) takes .

the form - ' e AL I : :
‘ (pi+ntlvEnm A @)

From equation (2.4), it is possible to derive that upon the
appearance of an acceleration impulse with duration <" , the inertial
vertical will oscillate in accordance to the law .

Y= m»n.rt sin-nt . . ; ‘

For m = 0.5, n =1%, - & = 300 sec, the amplitude of oscillation
will be 5', T o ‘ -

" 3., A control systéem with a damped inertial coordinator. If one
encompasses the first integrator of the direct (k4 # 0) or reverse
(kg # 0) connection, then the inettial system will become damped, that
is, in ‘its equation of motion is a member which is proportional to
the velocity. SRR L Lo

. First, let us examine’ & system with feedback for which when
kg ¥ 0 we obtain (we assume that the condition of compensation‘(l.l)
is fulfilled). R 2 e Wk C e
(p*+200p +.1L Iy :'-blpl (. '7/"?,2011”‘4*5,6: -,-_?-" (3.1)
(P2.+ Z'J“",P' waz) 2 :quVz 4 “Ja:gp- (ZJJJ.P fu,.z')/?y
(wo s hok [ 2 deo, = ko€,

- -

(3.2)



From equation (3.1) it is apparent that within the scope of the
first integrator with feedback,: the system will become damped and:
simultaneous with'this, disturbed.’ In addition to this, the larger
the damping factor k4, the larger the term in the ‘right hand portion-:
of equation (3.1) ana consequently, the more the system is disturbed,
For an evaluation of the magnitude of 'the systeni's disturbance, let
us assume' that it .operates in the indicated condition, .that ‘is; the -
gsystem of control does not function., ' In this case, during a cross -
wind, the flying vehicle will agree with veloecity z++ Having taken,
for example the rate of, pitch z+ = 30 m/sec, we obtain from (3.1)
(D=1, . '=1,23 x 10 1/sec) .0 o ‘

. ),_ . 0 200l 0’4°

RiL* 2" - "'7;""'1

Consequently, during a strong cross wind, a danped inertial
system, operating in the 1ndicated condition, has impermissible
errors. ' ‘
Upon connection of an 1nert1a1 system to the control circait
the effect of pitch will compensate for the wind by yawing of the -
flying vehicle, Therefore, ‘the behavior of the inertial system and ,
the flying vehicle will be different.. For evaluation of this behavior,
let us solve equations (3.1) and. (3 2) Wlth reference to z and ".. s
We find g :
[(p 4«’7.)(,.7 I'Zn'-u,’u'l“- )-+ ZD-/Z./J'JT "‘b/o)/ (3 3)

ﬂp#ﬂ»lﬂ*‘m“P+“ﬂj* &mpjz ”*“le*ﬂ)7(34)
where : ',‘:/ “-vl”z. +w¢, g° .

From equation (3.3), it follows that inasmuch ‘asg magnitude'
y is multiplied by the differential operator p, then constant values
of readjustment signal and gust of wind will not be professed in the
accuracy of the vertical. 'Behavior of the vertical will be determined‘
only by the variable terd of the magnitudes ‘£ ¢ andy, . :

Now we will show that the considered closed control system, -
described by equation (3.4), is unstable. Having applied the criterion
of Hurvitz, we will obtain T : P Fo

a- 40%-& (A i.)?Dﬂ-w J<o , (3 5)

since_/‘.‘f< “g' . Thus, damping introduced into the inertial system
" by méans of the internal coupling (feedback) appears only in the-
indicated condition. In the control condition, it disappears and the
system becomes unstable,

Let us show, that a systen which remains ‘unstable, 'is found
close to the boundary of stability. For this, let us note that the
polynomial in the left-hand portion 'of equations (3.3) and B.4) with
a large degree of accuracy is broken down into two co-factors of thé
type " '
Cﬁ 20 le'l'.ﬂ_z)(p #Zd P e, ){D J:;"') (3.6)



If one takes ,2./cv - = 0,01, then the growth coefficient of
oscillations when d = 1 will be D 10"4, that is, an increase of
the amplitude of oscillations dur}ng the period (during 84.4 min)
will be several fractions of a percent. -

Disregarding this increase-of oscillation magnitude (D = 0)
and assuming d = 1, one can write theé expression for the solution
of equation (3.4) during a disturbance by guscs of wind and zero -
initial conditions

- 8 uyt ‘)
2:Q.Y; L}T‘(’ c.a_s_n,r)o_n__wnﬂ.fv‘(D Q}{ ! :..;“_ 7(3 7
where . . -,;

" 6“‘,"'4"’. - A - |3 (w d'L) i o .J?:..
bt 8Ty €7 T AR TS O S

From the examination of expression (3.7), it is apparent that
the reaction of the system to gust of wind consists of two motions:
slow sustaining [wotion] with Shuler's period and rapid damping
motion. In addition to this, the maximum deviation of the damping
portion of the motion and the amplitude of the oscillation of the
sustaining portion does not exceed several meters during possible
gust and optimum parameters of the control system.

Thus, a closed control system, which includes a damped inertial
coordinator, will conduct itself with regard to gusts of wind in
practically the same manner as a system with an undamped inertial
coordinator, successfully counteracting the effect of wind. The
difference consists only in the appearance under the effect of wind
of low frequency oscillations of the vertical and flying vehicle of
very small amplitude. Consequently, external disturbances due to
gust of wind; which are fundamental for a flying vehicle, are not.
determinants for the system. The accuracy of a control system is
almost totally determined by the’ instrumental errors of the inertial
system.

Let us examine the behavior of ‘a centrol system under the
effect of a single readjustment signal £4. Assuming the .initial
conditions to be zero and v, = 0, let us derive the expression for
the reaction of the system to a readjustment signal as the solution
of equation (3.4)

8 » . Ce o bl '
o, g[r(l-ca;nt)+)f’,fnnt + (D,’—J:)‘te +;;‘; (1-e t')] (3.8)

$.1 “-’o,"

where s
(w39 Yt

o, £t : znbﬁ-Az ¢ =/~
A= i ;ﬁ:;:}.. B¢~ p e L
Disregarding in (3.3) A in comparison with w“,"l-n-/w/‘\\ 44/)

we will obtain - w,t S v
2+ £ [u Psmﬂ-‘t (1t )g =t (3 9) -



Hence, it follows that by feeding of the signal to the input of
a control-system with damped inertial :coordinator, it .is impossible
to readjust the flight to a new parallel trajectory. At first, the -
flying vehicle, for the time 4/«wy  sec, rapidly emerges on the .
new agsigned trajectory, but .then it begins -to perform -[in accordance]
to its sustaining oscillations with an amplitude, which is equal to
the doubled readjustment signals, and with a frequency A, of the
inertial system. If .one does not make the above .indicated approxima-
tions, ‘then we will find that the flying vehicle will execute the
very slow-divergent oscillations.

Similarly, one can find the reaction of the system to non-zero
initial conditions. Assuming &g =0, Vg = = 0, -and -ignoring the .
rapidly damping terms, and also- 1gnoring A+ dn comparison W*th‘ﬂy R
we will: find that .. . i - L
Lz RV (1- cos .n.*) TR RO ¢ 10)

In addition to this, 1t is assumed that there 1s only the;
in1t1a1 deviation vy, from the inertial vertical to the spatial
vertical. .. It isspparent that the system-does not- dispose of the
initial dev1ations but will os01llate with amplitude Ry, g that is,
it will "conduct itself similar‘to the system with an undamped inertial
cocrdinator. :

i.Let us now examine a control system with an 1nertial coordina-
tor in which damping is-introduced by means of the envelopment of the .
first integrator by direct connection with the tramsient.factor k, -
(see Figure 3). 1In this case, the equation of the 1nert1a1 systeﬁ
in place of (3. 1) ‘takés the form -

( »—Z.DJLp +../7. )y ": b,; 2 (2t .7//? zan. a7/r,_k, b? /.‘/f,/) (3 11) -

_ Equation '{3.2) remains’ ‘unchangéd’ s o
" Solving ‘jointly equations (3.2) and: (3 1), ‘we will find

/(p +n..‘)(,a faz;.,wfiwl)f.zt)/-d/? ]y AFV (3 12)
- u.».*)zp +24,-/>m )420 Jl,»]z.'-éa m,om‘) a, o (3 13)
where S C o
A 3 J f'g}:_:f_ N - . R . s ti', ‘,. ‘ e L e
Z w = ?ld “‘“'-'*““"_';“‘- s wx’: _ “l.é‘,. S
1p#0 2= YD Lo
N D. =: ._‘._m i R (- ’,é * W _z' :"A‘_A . St ra
e D 7 = "f, ! - 2 'Zo' RN



Comparing equations (3.3) and (3.4) for the control system with
an initial coordinator, with the damped [one] by means of feedback,
with equations (3.12) and (3.13) for a system 'with direct coupling,
we come to the conclusion that with regard to the z-coordinate, both - .
systems ‘conduct themselves similarly. In other words,: independent - ’
of the type of damping coupling in the inertial coordinator, the
behavior of the ‘autdmatically controlled flying vehicle in a flight
trajectory will be the same in both cases. Therefore, the above made
analysis of the reaction of the flying vehicle to various disturbances
also remains correct in the considered case. Regarding the reactions
of the inertial vertical to readjustment disturbances and gust of
wind [we find that] it will be different for both examined systems.

In the system with feedback envelopment of the first integrator, the
vertical is at one time static ‘with regard to readjustment and gusts

of wind and then as in a system with envelopment of the first integrator
by direct coupling, the vertical is three times as static with regard

to these disturbances. o N

The performed analysis indicates that upon rigid tying of the
control object to an assigned trajectory, it is impossible to achieve
introduction of damping into the system for elimination of the initial
deviations (errors) because of the single couplings inside the inertial
system. This is expldined by the fact that damping for the inertial
systen in the indicated condition is introduced at the expense of
effects on the system of external disturbances which are proportional
to the derivative of the lateral deviations.  In the case of connection
of the ddmped inertial system to a closed control circuit, .these
disturbances will be quickly compensated at the expense of forces,
which are created by the control system and as a result, the reason
is eliminated which caused damping of the inertial system, |

4., A control system with an inertial coordinator for flexible
tying to the assigned trajectory. Up to now, a closed control system
has béen considered in which rigid tying to the assigned trajectory
has been provided. Such a method of guidance of an object is not
always necessary. --Most frequently of all is required control which
provides an outlet to the assigned point in space. Let us consider
one of the possible variants of such a guidance method.

From expression (3.5), it is apparent that an increase of N
damping coefficient D of the inertial system will result in an increase
of instability of the control system, In this case, the control
system, as a result of the violation of the compensation condition
oscillates the inertial system, For elimination of the effect of the
control system on the inertial system, it 1is expedient at the display
time of the vertical to reject the rigid tying of the objects to the
assigned trajectory; in this. case, the inertial vertical will execute
damping motions. For proof of this, let us turn to Figure 4 in which
is shown the structural diagram of the system.




Equations of the motion of the inertial vertical and the
control circuit can be represented in(perational form

(pPrA i e Ay o)y = (p.,,q,.m,),, yé—by o (4 S
e J&J”:,ﬂﬂ.;¢ﬂﬁbz Hp2 4z paF,Jz)y_ R

%.2)
- L. cl‘*’a/?‘P #‘ZD"’L)P Ya

"e”eAﬂ. idwélDJL ) Aai et -z./ .n. R

3'“"” Ly b*i‘.’."’
R

chtu :akk zD.fL.s/f *y, R -7k ka.

Y, - is the initial value of the deviation an91e of the verticai.'v
- It is easy to see that ‘the considered system is stable. In fact,

AZ-AA 2, .—-»_/7_3-204 so0 (4. 3)

Consequently, the closed system is stable during damping in
the inertial vertical and in addition, the stability reserve does
not depend on the amplification coefficient of the control systenm.
Together with this, damping of the inertial vertical does not oisappear
ashappened above. ,

From the structure of the coefficients of the left-hand por-
tions of equations (4.1) and (4.2), it is apparent that ome can estab-
lish a definite transientprocess in a closed system, .For this, in
accordance to known optimum criteria, one should determine the tran-
sient number k of ‘the control system and the attenuation factor kg
of the vertica ,

The physical s1gnificance of the behavior of a closed control
system during feeding to the input does not consist of a deviation but
of the velocity in the following [explanation] If at the initial
moment of flight, the indicated vertical, assigned by the 1nertial
system, does not coincide with the spatial vertical, then in the iner-
tial system there arise oscillations which will be transmitted to the
control system, In addition, the control system will produce accelera-
tion of such a phase during which attenuation of the oscillations of
the vertical are réndered. Indsmuch as motions of the vertical are
damping, then with the lapse of time which is approximately equal to .
a quarter of the period, the' indicated vertical will be found near the
true vertical,

‘The most important quality of the examined system 1s that in o
the process of eliminating the initial deviation of the inertial ver- -
tical, drift compensation of the gyroscope is provided. This 1s:f
achieved at the expense of the creation of a signal by the first
integrator which compensates the disturbing moment. Md, which acts

-9 -



along the correction axis of a gyroscope and effects its servicing.
In the considered case, deviation of the inertial Vertical is static
with regard to disturbing moment My x
X s - Kvglpehny)
Md Pﬂ“-”'l,i -}A;ﬁ-",ﬂfJL3 l
One must note that the elimination process of the initial
deviation of the inertial vertical from the true vertical is accom-
panied with an accumulation of the deviation of the flying vehicle
as follows from the transient function
Z nr
iy p’,.AJz., W LY

It 1s possible to conecive a possible way of utilizing the
proposed method of demping of the inertial vertical in the following
form. From the very start of the flight, the control system is con-
nected in a stabilization rate condition during which the initial
deviations of the vertical are corrected to permissible value. 'This
elimination occurs at this expense -~ that the flying vehicle descends
from the primary trajectory to the side of the indicated vertical
deviation. When the indicated vertical approximates the true spatial
vertical, the flying vehicle is apart from the primary traJectory by
the value R .

At the instant of approximation of the indicated vertical to
the spatial vertical, which comes after 25 - 30 minutes, it is nec-
essary to determine by means of a source of external -information (1]
the magnitude Ry , to introduce this value z into the measuring
gystem, to switch over the control system from stabilization rate
condition to the stabilization lateral deviation condition of the
new direction, and to switch off the damping circuit of the vertical
(link k, in Figure 4). ! ‘

ihe theory expounded in ‘this article is applicable to systenms
the operation time of which is comparable with the period of the
inertial system.

Conclusions. 1. Upon connection of an undamped inertial sys-
tem to a closed control circuit, retention of theobject on the
assigned flight trajectory is provided However, upon imprécise
execution of the compensation conditions and during non-zero initial
conditions, the inertial system will perform damping notion which
will result in inaccurate guidance of the object and in inaccurate
exit to the assigned point. '

2. For any method of the introduction of dauping into an inertial
system by way of internal couplings, the compensation conditions are’
violated and the system will become disturbed., Connection of such
an inertial system to-a closed control circuit will result in the
disappearance of damping and the entire control circuit will become
unstable, ‘Although the growth -of oscillations in such a system is
very slow and during the flight time the departure of the object

- 10 -



from the assigned trajectory may be insignificant, nevertheless, the
impossibility of readjustment of the system for flight along a para-
1llel trajectory limits the application possibilities of the system,

3. The best results within the concept of the dynamics of the
transient process in a closed circuit are obtained in that case when
during the display time, the system is switched over from stabilizat-
ion of lateral deviations to stabilization of lateral velocities.
After completion of the vertical's display, one should again switch
over to system to a condition of lateral deviation stabilization,
having disconnected at the same time the damping.

Submitted June 10, 1959
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Figure 3.
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