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DEVELOPIENT OF METHODS FOR ADJUSTING THE USSR ASTRONOMIC-GEODETIC NETWORK

Z?ollowing is a translation of an article by Prof, B. N,
Rabinovich, Doctor of Technical Sciences, in lzvestiya
Vysshikh Uchebnykh Zavedeniy —— Geodeziya i Aerofotos'-
yemka (Bulletin of Higher Educational Institutions —-
Geodesy and Aerial Surveying), Issue No, 5, Moscow, 1959,
pages 23-5l;7 '

The simultaneous adjustment of 87 polyzons of the main triangu-
lation of the UsSR, projected on Krasovskiy's reference ellipsoid,
made possible the establishment of the "1942 System of Coordinates" in
place of the "1932 System of Coordinates" and the “Svobodny System'.
In the near future it is expected that all field work in first order
triangulation will be completed. This brings up the question of the
best method of adjusting the large system of polygons of the astronomic-
geodetic net, In connection with this it is proposed to make a full
preparatory investigation of specific characteristics of the first
order triangulation of the USSR, methods of adjusting it and modern
views of the latter, ' '

1. Some Characteristics of the astronomic~Geodetic Network of the
USSR

The astronomic-geodetic net of the Soviet Union must insure the
accelerated development of the geodetic control base over a very wide
area (over 22 million km?) and serve the scientific aims of higher geo-
desy. With a view toward attaining these ends t he establishment of the
astronomic-geodetic net is accomplished in the form of triangulation
arcs oriented primarily along meridians and parallels, As the result
of the intersection of the arcs the astronomice-geodetic net was created
in the form of systems of polygons, (Polygons of intersecting chains
or arcs) The scheme and program of establishing this net were developed
by F. N, Krasovskiy Ref (1) and later revised by commissions of the
GQUGK (Glavoye Upravelniye Geodezii i Kartografii - Chief Administration
of Geodesy and Cartography) under the direction of S. G. Sudakov, The

- revisions were in relationto the dimensions of the polygons and the

accuracy of angular measurements, Ref (2) v

The main triangulation must be established with a very high ac-
curacy in accordance with modern methods and means of measurement,
Therefore, increasing the accuracy of angular mecasurcments and short-
ening the sides of triangles which, in turn, shortens the sides of the
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polygons, contrary to the scheme and program of Krasovskiy, arc measures
to improve the construction of the astronomic-geodetic net of the USSR,

The carefully planmncd and scientifically founded system of estab-
lishing the huge astronomic-geodetic net of the USSR acquires an espec=
ially important significance, Without using this net, deductions of
new data on the figure or dimensions of the earth can not be conclus-
ive, :
Tt is especially important to note that the grcat amount of data
on the results of angular measurements and on azimuthal and basec line
errors of closure in sections (Note: A scction is a chain between two
bascs,.), projected on the reference cllipsoid, give a basis for conclu- .
sions ‘in the study of systematic errors which accompany angular meas-
uroments., An analysis of the character of free terms of zaimuthal and
basc equations led to the disclosure of systematic errors in the mcas-
urement of angles and to the noting of means of lessening their effect.
Ref (3) Ref (4). o .

 In small trigonometric nets systematic errors of angular measure-

ments are overshadowed by the effect of accidental crrors, and, con=-
verscly, in the astronomic-geodetic net of the USSR in the influence
of systematic érrors of angular measurements is very obvious. In the
latter case, reference is made to thosc systematic errors of angles
which can be attributed to the overall geographic distribution of at-
mospheric density and which systematically distort the oreintation and
scalc of the triangulation., ‘ '

“Atmospheric density increases from the equator to the poles.
The ancular distortion from latcral refraction which arizes from this
condition must lead to a systematic distortion of the free terms of
the azimuthal and basc condition equations, If the initial azimuth .
and base arc transmitted from Pulkovo eastward in arcs (of triangula-
tion) along parallels, and southward along meridians, then, under the
influcnece of ﬁifractional distortions of angles, we theorctically must

L Wodey =0 ARl . |
Where Wé( : - 4dre the azimuthdl free terms for sections corres-

ponding tg)ﬁg%gTiels (p) and meridains (m) and Wy(,) and Wp(p) are the .
basc free mcmbers, oo p; o
' As we showed (Ref 3), the inequalities (1) find practical veri=
fication in long arcs over the entire adjusted part of the net (311 .
sections). Nam%}y for arcsralong meridians and parallels :

I
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In expressions (2) and (3), (%43), ({B;), (Cy) are the re-
fractional distortions in the tieing and intermediate angles of the
scctions of triangulation;%“*g ams D bos iy by are the errors in the in-
itial and last Laplace azimuth and basc in ?he section; m is the num-
ber of sections in the arc and ZAA, Z} B are the inercments per second
of the log sines of the angles, ' o : '

From (2) and (3) it is seen that the errors in angles A3, Bj
Gy affect mainly S, W, andéiiﬂb. The errors in the azimuths and lengths
of the starting sides (Note: starting or initial side is the expanded -
base line.) in intermediate sections arc excluded and there remain only
the difference of those crrors (3} ag - % ap) and ( A bo = ‘«a by) for the
initial and final sidecs of the arc, In other words, in the build up of
the systematic distortions > Wy and S Wy, the errors in the azimuths
and lengths of the initial sides have almost no significance, Some
idea of the magnitude of the differences ( Ya_ - % )and (3 by -

b ) is possible partly from the results of su :@tituting in along
arc, Phe first and last scction with other sections which join the same
junctions,., FExperience has shown that such substitutions do not make
essential changes in & W, and & Wy,

. 4s an illustration of the accumulation of systematic distortions
in E; W and.é: Wy let us cite some examples orn the longaest arcs,

1) Arc along the parecllel Orsha-ferma, ab = 5590, distance
7400 kmj 37 scctions, & Wé = 3 lB".?,éE W= 4 72# X 10*7 (in log units)

. 2) Arc along the parallel Prokop'evsk-Khabarovsk m = 52,97,
distance 3800 km, 17 scctions, wy = $20,3, W, = 4 220 X 10~7,

3) Arc along the meridian Arkhangel'sk-Zugdidi, A m = 40°.7,

distance 2500 km, 12 sections,< Wa = 4 12".35 Wb = 220 X 107,

(4 arc along the meridian Novosibirsk-Narym, M\m = SO,Oé, dis-
tance 1700 km, 9 sections, & W, = ¢ 18".5, S Wp = - 74 X 1077,
5) For 20 arcs along parallels of distance 32,500 km we have:

S¥, =4 52)%",51“ W, = + 3083 X 10~ in log units,

For 2. meridianal arcs of distance 21,700 km we have:
S Wy = §70".3,S W = ~1025 X 1177,

The many forms of physical and geographic conditions over the
territory of the USSR give rise to large regional ficlds of lateral re-
fraction which are not subject to the general geographic distribution
of atmospheric density with a gradient index of refraction in an appro-
ximate northeast direction., (ref 4). For certain arcs it can even
lead to a violation of the inequalities (2), (3), and (4). Howcver,
the overall pattern of systematic distortions in azimuthal and base
errors of closure is in keeping with thesc inequalities,

From data on 87 polygons of the astronomic-geodetic net of the
USSR, the mean systematic distortion (error) of free members of azimu-
thal and base conditional equations in a section is: § W, = ¢ 0."5,

¢ Wp(p) = +19 X 107 and §y Wy = - 9 X 10~7, In this fashion,
in larég “polygonal” trianguiatios, ocomputed by the method of pro-
jection, and thercforc frec from distortions of geometric origin,
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systematic distortions in‘its orientation and scale disclosc themselvés
rather clearly, - The most. essential characteristic of large astronomic-
geodetic nets is the'preponderance of accumulation of systematic distor-
tions in orientation and scale over the analogical accumulation of acci~
dental distortions, In developing methods of adjustment, this charac-
teristic must be kept in mind, Besides this it must be mentioned that

in adjusting large.astronomic-geodetic nets therc arises the problem of
simultanecus solution of systems from a very large number of equations,
In this case the solution can not lead to the violation of the proper-

ties of the first systom, The roots found must‘correspond to it,

2. General Considerstions in the Adjustment of a large Polygonal As—
tronomic~Geodetic Net ‘ S

The primary conditions in establishing a high quality astronomic-
geodetic net arc: high precision instruments, their careful use in ac-
complishihg measurcments and the character of the construction., In such
a case we must usc a method of computation in which the very accurately
measured field values would not obtain inadmissable additional distor-
tions as a result of the adjustment., The correstions obtained in the
adjustment must in general correspond to the crrors of measurement. -
The adjusted clements must be as a near as possible to the most probable.
#ith the prescnt state of adjustment computations, these requircments
can be fulfilled by means of simultanecous solution of equations of the
not under the condition (pve) = min, with the utmost rigidity. It must
be Kept in mind that in triangulation there is no such thing as ab-
solutc correspondencc between measured valucs and their assigned weights
and that therc arc no absolutely independent values. The character and
purpose of measured values in triangulation are essentially differnect .
(varied)., We have here a very large number of independently measured
horizontal dircetions which allow us to compute from a single datum
point and a single side measured in length and in azimuth, with suffi-
cient check, the coordinates of all the points in the net. However,
besides the horizontal directions, we provide in substantially less
numbers, Laplace azimuths and lengths of initial sides of basc nets,

For instance, ‘in the adjusted part of the astronomic-geodetic net (87
polygons), there were mecasured some 14,000 horizontal angles, 220 la-
place azimuths and the same number of bases, The purpose of these¢
azimuths and bases was to maintain the orientation and scale of the
triangulation by sections and in the entire net as a whole. These
values, unlike horizontal directions, should lessen the latitudinal and
longitudinal displacements, espescially displacements of a systematic
character which are strongly apparent in an astronomic-geodetic net,
Conscquently, azimuths and lengths of initial sides paly an cssentially
different role than horizontal directions. They are the "standards" of
oricntation and scalé of the net. The triangulation net is based on
them, hence, a part of the systematic errors of the angles can not be
laid on them,
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Howcver, we must note that azimubhs and basss, like measured
horizontal directions, arc not free of errors. There arises the
question as to how to exclude horizontal directions from the cffects
of errors in azimuths and bases,

We can proposc scveral variants for solving this problem.
Assuming as the first variant the inclusion of azimuths and bases as
values which arc adjusted with a consideration of their wieghts, For-
mally, this is the most rigid variant. We must orly keep in mind that
the role of weights in the distribution of free members of zaimuthal
and base equations can be violated by the configuration of the net and
not infrequently the essential non correspondence of the mathematical
valuec of the welght with the physiczl conditions of the measurements.

The second variant is the establishment of such freguoncy of
distribution of azimuths and bases in triangulation, that the influe-
nce of those values in the free mcembers of azimuthal and basc egua-
tions would be nogligible; that is, it would conform to the criteria
of insignificance in comparison to the effects of errors in azimuths
and bases togethcr with the influence of errors in horizontal direc-
tions, Consequently, this would allow the acceptance of azimuths and
bases as concrete values, that is, not adjustable,

The third variant originates in the location of azimuths and
bases every 200 km as practiced in the USSR. It takes into considera=-
tion that with such frequency of distribution and unequal accuracy of
thesc c¢lements, their errors arc not insignificant in all sections of
trianglation., VLVurtheless, in this variant, azimuths and bases are
accepted as true, since the accumulation of a21muthul and base crrors
of closure W, and W, in a largc astronomic-geodetic nct maintain a
systematic character and the adjust ment of azimuths and bascs leads
to a proration to them of some portion of these closures conditioned
by angular systcmatic errors. It follows that wc can not allow the
distortion of oricntation and scale of triangulation on account of
systematic errors of anglecs. _

Let us investigate which onc of these variants is the best foun-
ded and most acceptable in practice.

The practical use of the first variant rcquires the accurate
settting up of weights that are completely real in the physical sense
for azimuths and lengths of initial lines, 4s relatcs to the length
of sides, the solution of this problem is possible in cach individual
case whlch is sifficiently controlled starting with the precision ob-
tained in measuring the given basc and the errors found while computing
the lengths of the starting linc in adjusting the basc net, However,
modern instruments and methods for basc measurement insure high accur-
acy of determining the lengths of bases. From the adjustment of a base
net, the initial side is compubtced with a welative accidental error
usually, less than 1: 350,000, The effect of such an error on the
magnitude of the frec menber of a base adjust ment in comparison to
the effect of crrors of angular measurcment, is insignificant. This
principle was adhered to in the adjustment of triangulation of the USSR
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as rclates to errors of initial lincs in the sccond variant. Isolated
proposals to includc the lengths of initial sides as adjustable valucs
have not encountercd serious accoptance at the present time., Therc-
fore, we will further investigate the use of svariants for laplace azi-
muths only. It must be kept in mind that we do not have data for fully
founded- establishment of weights for thesc azimuths, 4s we showed in
our work (rcf 5) neither the value of the mean square crror My of 18
positions (readings)'of an obscrved astronomic azimuth nor the value Wé
of the free member of a Laplace cquation from reciprocally observed
azimuths arc criteris for verified determination of the weight of a
Laplace azimuth, the latter having beeen adjusted on the basis of re=-
sults of astronomic observutions on two statiorns of a base net. Be-
sides this, in case of a small value .for W,, the adjusted value of the
azimuth maey be essentially less accurate than when W_ is considerable,

Even with suitable data from azimuthal observitions for deducing
real physical errors and establishing from them the weights, there is
the possibility bocause of the shape of the net, of a violation in the
distribution of azimuthal closures Wix in the scetions. The distribu-
tion may somctimes not correspond to the cstablished wie ghts.

As an examplc, let us look at some data from the astronomic-
geodetic nct of the USSR. In adjusting 87 polygons thec same weight
was used for all Laplace azimuths, the welght being unity., 411 azi-
muths had been determined from forward and back observations. An azi-
muth obscrved in a single dircction only was assigned weight 0.5. Then
there was formed a system of 311 conditional azimuthal equations (Ref 6)

) ooV CRVEEYY
EA; k Vi F\,+ N')V\f ©

where i is the corrcetion given to all measured directions ik in
the scction (the reciprocal of the weight 1/p & fyg of this corrcction
is determined inthe adjustment of the section and averages about 4;
u; and w, are the corrections to the Laplace azimuth depending on the
errors o .(cd of the azimuth and longitude ("';;,?gsn.‘ -3 A Sir 8 );
Wi is the free member of the equation. X 4 , ‘
’ In assigning the same weight, unity, to all doublc Laplace azi-
muths, A3 it is difficult to visualize any real, physical meaning. The
Pariations in magnitudes of the frec members W,, mentioned above, in-
dicate (def 5) the uncqual accuracy of the szimuths Ay. Besides this,
an znalysis of the magnitudes of the corrections® {ys:, Ui, W reveals,
in onc third of the cases, a non-correspondence of t%esefmagnitudes
with assigncd weights (here we have a distortion of the shape of the
net,) Even if the weights uy and w, are greater than the weights |
p- { L, nevertheless the magnitude of the corrections uj and
often oxceed significantly the corrections © £ &, This condition is
illustrated by a few examples in Table 1. Wi SSLA-9 +




TABLE 1

i

Section (Chain ' ‘ . “ o
(Chain) Wi, Sab v e bl e

Pectrozavodsk-Lodeyn, Pole 1.72 0."37 0.M13 1."22 1.4 1.0 1.0
Arkhangel'sk-Plesctskaya

Percyaslavl'-Kremenchug

Buzuluk~Zirgany

Zima-Irkutsk

Uglich~Kostroma

Neya-Vologda

Birobidzhan-Khabarovsk

Thus, the distribution of azimuthal closures Wiy into parts cor-
responding to scction errors & fipf angles and errors uj and ug of La-
place azimuths, is often in contradiction to the weights.

From these rules und facts it follows that the first variant of”
using azimuths as magnitudcs which are unconditionally adjusted, is .
not without fault. In the first (variant) the accepted weights of azi-
muths willnot be frec from errors which crecp in from the actual accur-
acy of adjusted Laplacc azimuths. In the second, the degrec of corres-
pondence between the determined and the adjusted corrections and thelr
weights depends upon the shape of the net so that distribution of clo-
sures into perts by weights can be contradictory.

" The second variant should be the best. Its use requircs that
the crrors in lengths azimuths of initial lines sabisfy a criteria that
they be insignificant as compared to those errors of base and agimuthal
closurcs in scctions of triangulation, 1f the mean square error me of
a function is composcd of the mean square Crrors mj and m, of two (or
more) arguments, then the criteria of insignificance of one of these
errors will be {(ref 7): )

ML YT o
wherce-we assume b ‘

Depending on the methods and means of determining the lengths
and azimuths of initial lines, wc can find the mean squarc crrors g
and m and cstablish such frequency of loecating initial lines that the
values m, and my would be one third of the mean square value of the
frec terins of the basc mwéb) and sgimuthal mw(ai conditional equafipns, |
Lot us investigate what are the mean ro atioﬁshipglﬁ,‘S\QI'ﬁﬁ“4p) ‘
andjrgﬁ ¢§?l:lrﬂﬁuﬂﬂl) from data of the 87 adjusted polygons of the
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astro-geodetic net of the USSR, For this purposc we will avail our-
selves of the following expressions of the mean squarc value of frec
terms of base and azimuthal equations in 2 scetion of triangulation:

(Ref 8) A . . + g
k,w{(y)‘:: 2“.‘2\"' *_K?—-ﬁ "‘V\Il

i

X 1 " ; . ') , Jf"’\
# ”~ ' ’

. Tl = ﬂ“,@ﬁ-m‘"i' <Af‘ “iv&b},v}
whete m, is the mean squarc error of the Laplacc azimuth, mjog s 18 the
mean squarc erroer of the log of the length of the initial sidés, m is
the mean squarc crror of measuring first order\triangulation angles, k
is the number of triangles in a section,ll'A s, and pare the in--
cremonts per second of the log sines of the distance anglcs A and B,

The mean number of triangles k in & section of first order tri-
angulation in the USSR (from 310 soctions) is 15 and " = & 0,"7. For
the mean square values of the Frce terms we have (Ref 4 and (Ref 9):

M(a) = 2.9 5 Ty(p) = 8L X107

The relative error A\ s/s of the initial side does not, as a
rule, excced 1: 350,000, therefore mg s =Rs v =123 X 10~7 (u
0.43429 vees)e 4As far as the errors my of the Laplace azimuth which
heve been adjusted from reciprocal obscrvations are concerned, they
can be found from the equation (g). TFrom this expression, and using
the numerical values given here we obtain: - S
7 > * g ka2 kg m(Tl A
e R T R N e =410tk
then , . . g - ;
ﬁ"?n\":‘v-/flff}v,\(&.‘)i: /,.'\.) b af,,cl =0, 7 7[3

- N . e v ~jJ, 3.0 s - . .

— Further we have/f o {4 H Sxj4=75in uélts of the 7th place
: 4 : /- |
j . ) - — F f'\.‘ ( .

//Y)I%S ‘/—‘{/‘/’Y‘ui(b) }.... /7.9, g O,JJ ' /3 L

%om these calculations it is scen that the value my /27 doss
not answer to the eriteria of insignificance, The effect of this wlue
is a magnification of thc mcan square valuc of the frec term of the gaz-
imuthal cquation from £ 2",1 to } 2".9 while the effect of mgs /2
is to increase the valuc of the frec term.of the base equation overall
from + 79 X 1077 to 4 81 X 10~7, that is, by 1: 2X10 6,

Thus, the accuracy of Laplace azimuths does not correspond to

_the accuracy of initial lines and with the accepted frequency of the
latter, that is, every 200-250 km, it does not satisfy the criteria
of insignificance., Ths sccond variant, which is the most accepted,
docs not suit the astro-geodetic net of the USSR. It is nccessary that -
‘mﬂﬁ 4 1."0 or thot my = 0."7 whereas actually my = # 1¥.4, This
fé ows, however, only under the condtion that the velue my is dctermined
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less accuratcly than the value ml% ss since m; conteins the influgnce

. . A .
of systematic angular crrors which arc not considered in k + 3 m"",

_ 2
There remains the use of the third variant, in accordancc with
which is allowed a mcan square error for the entire sum of the 45 an-
gles of a scction of 1 2V, . -

' The results of speccial studies, verifying the foundation and
superiority of using the third variant, are given below, It is clecar,
howevor, that in the simultancous solution fo all equations arising
in the given astro-geodctic net, under the condition (pvR) = min, we
must give speeial consideration in the net to the lengbhs and Laplace
azimuths of the initial lines. We can not lay upon them the systomatic
crrors of basc and azimuthal closures which accumulate in a2 large nct,
It is morc feasible to add to the total of 45 angles of a section, the
additional accidental distortions of azimuths of about $ 2", than to
carry over to the azimuths the effects of systematic angular crrors,

Let us mention onc more factor which is important in a large
astro-geodetic not., The rigid adjustment of such a net under the con-
dition where (pve) = min requircs the simultancous solution of systcis
from = very large number of normel equations and is a rather difficult
assignment. Thercfore, in the previous century as well as in the first
half of this contury, for well known rcasons, large ncts had to be ad-
justed by stages, in parts and non-rigidly. Instcad of moking corrcc—
tions to dircetly moasurcd dircctions, they were mode to mutually de-
pendent functional rolationships, A method for adjusting such rela~
tionships werc developed by the German geodesist F. Holmert,

Lot us pausc for a general study of this method which was fur-

ther developed in the works of Krasovskiy for better adaptability to
the adjustment of polygonal astro-gcodetic ncts., :

3. General facts on Helmert's-Method and the Revisions Made Thercto by
Krasovskiy.

In the 80's of the last century, Helmert showed a way of adjus-
ting an astronomic~gcodetic nct. It consisted of three stages:
1) independent adjustment of cach section of first order triangulation,
2) simultoneous adjustment of polygons formed by the diagonals of the
adjusted scetions, »
3) placemcnt of the triangles of the scction between the adjusted coo-
rdinates of the apexes of the polygons. _
In adjusting cach scction, there wore sct up conditional equa-
tions for figurss, poles and bascs. There was no azimuthal cquation in
this stagc. » : '
Then the functional rclationships, which were computed from the
adjusted clements of the scetion, were usced to form polygons. They

were, the lengths 5.k of the geodctic lines (Figurc 1) and the angles
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Figurc 1

= Ay = Ayms By T Ay = Agns

_ BJK
where AJK, AKJ arc the azimuths of the geodetic line of the section JK -
nand Ajp, AKn arce the computdd geodetic azimuths of the initial lincs
I, and K (the Laplace azimuths of these lines arc indicated as A(Jm),

A(Kn) ) .

In the simultericous adjustient of polygons therc occurred the
following conditional cquations: latitudinal, longitudinal, azimuth-
2l (Laplace equation) and the condition of the sum of the angles of
the polygon. The latter equation occurs when all the apexes of the
polygon do not coincide with Laplace stations (such .cascs do not ex-
ist in the astro-geodotic nct of the USSR). | ' _
Conditional equations of polygons in Holmert's nethod have the

following characteristics. A R

" Bosides the corrcctions { s to the geodetic lincs, v to the
angles B, [a and J ‘) to the astronomic azimuths and longitudes, the
cquations still contain the unknowns Lo, [ ..which are the corrections
to the major scmi-axis a, and the fls=ttening a, of thc assumed cllip-
soid and orientation cloments (the deflections of the vorticals & a
inthe triangulation datum point, The deriyed systemof conditional
cquations including the unknowns Dou)ﬁof ,g ) K. (more accurately,
Au,,ﬂ(f,(f ”’& d,) n | see P ) is solved according to Helmert under the

condition:

- i ] ' b A NG A," ) | 5 - ‘6 ;\ )“’ — P, N:
ipos fr v dl lpst7 70 Lpara =

The terms_of the polygonal equations into which cnter the un-
knowns M. ka,f, \ W, are includad in thé free torms W, by Helmert,
Thereforc, in solving the normal cquations, the numerical*values of the
corrclates k: ~rc not yct obtained. However, the corrclates, and as
a rosult tho corrections 3s, V. §o, 3  can be prescnted
in the form of lincar functions' of the sbove mentioned unknowns.

Tt is not necussary herc to cxplain the rather cxhaustive method
of computation which included scveral stages and is intecnded in the

final analysis to arrive &t the above mentioned polygonal cgquations,
Each stage of the computations is sct forth in detail by Krasovskiy
(icf 10). Let us note only tht for obtaining the corrclates of the '
correctionség Y Sr\\ PO S 3 A - which arc cxpressed in the lincar
form asfe, Ly 4 T we can substitute one of thc computation
stages we set up, the cxpressions for declinations of the plumb lines
EL““-A {+, for all the astronomic points in the nct. Thus, the de-
clinitions of the plumb lincs on all astronomic stations will be ex- .
pressed as functions the (named) unknowns ‘ : '

h.bt.‘n ( Do Eln?"; E Oy \)
i ) A

"-'f.’);’ ::), '-lo—




It is obvious that tho functions (10) are error equations, Ap-
plying, 2s used in the derivation of clements for the corth's cllipsoid
from degree mensurcments, the roquirementye® o M~ = min., we can
switeh to the systém of normal equations, From the solution of these
cquations we obtain the unknowns Dav, [ia. &, N\ With thoss unknowns
and the froo terms W of the conditional equations, we computc the cor-
ralates ki, then the corrcetions 3s. Vi o X ¢ . .

. In this fashion, the adjustment of the astro~geodetic net by
Helmert's mcthod, solves tow problems:at the samc time: 1) derivation
of the reference cliipsoid and 2) adjustment of the polygon~l nct,

In 1931, in the Works of the State Institute of Geodesy and
Cartography, F. K. Krasovskiy published a pmethod for adjusting the
statc first order triangulztion (Ref 11), This method differed from
Helmert'!s in the scparate solution of the two problems mentioned. The
derivation of the refcrence ellipsoid from degroe measurcncnts wa s
scperated from the adjustment of the Astro-geodctic net., In this wuy,
the cxecptionally voluminous computations of Helmert's method were eli-
minated, . I - _ '

" "Krasovskiy's method, sumuarized in the "iorks" (Ref 11), was

used for the simultancous ~djustment on tho Bossel ellipsoid of eight

polygons of first order triangulation in the curopean USSR, This ad--

justment, as we know, gove risc to the 11932 System of Corrdinates®,
- The expericnce gained the adjustment of cight polygons was util-

ized by Krasovskiy in the later devclopment of his mcthod of adjustment,

The latter was foundod on his own developed method. of projecting first

order trizngulation on a refercnec ellipsoid,

in adjustment by Krasovskiy's method of 1931 consisted of the -
following stages: 1) the adjustment of cach soetion by directions
for conditions of figurc, azimuth, poles, and basc % (Footnote: 1In
Helmert's method, there was no azimuthal equation in a scction adjust-
ment).; 2) thc adjustmont of the system of polygons under conditions
(9) for the cquations of latitude, lonszitude and azimuth which appear
therein snd then the computation of the coordinates of the apexes 3)
the adjustment of the junction figures in order to isolate the sections
from one another; 4) the placcment of the chains of trianglcs between
the accepted (adjusted) sides of the junction figurcs (Figure 2) .

The separation of the adjustmentof the net from the drivation of
a reference ellipsoid climinates from the pelygonel equations the un~ -
knownsl&xa;[304,¢5 v + For instanco, in a duadrilateral polygon - 4
(Figure 2) the conditions of latitudés, longitudes and azimuths (Laplace
equation),.accqrding to Krasovskiy, taking the following form . S
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If the latitude and longitude of apex No, 3 of the polygon (Fig-
ure 2), being computed from apex No, 1 clockwisc, is denoted as By23,
L123 andfrom apex No, 1 counterclockwise as Bik3, Ljy3, then the free
torms Wy = Bypg - Byyg and Wy = 1323 ~ Iy will conform to tho equa-
tions (11) a%éB(lZ)%AB “Lh3 T ‘

The free term of equation {(13) is found from the prrCS§ion where
8ops 81y and Agp,, . CAYG the astronomic and geodetic (computed) akimuths
o the Tnitial= Am  lines 2 n and i m. _

' The coefficicnts of tho sought for corrections in cquations (11)
and (12) are computed from the value of certain derivetives for which
Helmort introduced the followiny designations:
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The corrections£¢kb,é A to astronomic azimuths and longitudes
were made only in the overall adjustment of polygons. However, in his
work (Ref, 11), Krasovskiy, in investigoting the azimuthal equation of
a scction, corrcctly notes: "We would have becn abte to also introduce
into the azimuthal equation the corrcctions of the astronomically deter-
mined longitudes and azimuths, but it is obvious that thesc corrcctions
would have boun unrcliably determined." (Page 10, first par.) It
should be added th-t since longitudes and azimuths arc common to sev-
eral scctions then in the scparate adjustmentof the latter, corrcctions
to onc and the same astronomic elements acquire quitc some significance
in gencral., The method of eliminating the multi~significance of corre-—
ctions was proposcd later by Krasovskiy, that is, in connection with




the adjustment of 87 polygons of first order triangulation in the USSR,

4, Proposals of Urmaycv and Pranis-Prancvich on the adjustment of an
astronomic-Geodetic Net

After the adjustment of the cight polygons of the astro-geodetic
of the USSR, the s.arch for a better mothod of compubing first order
triangulation did not stop. Besides Krasovskiy's work, work in this
field was divided betwoen N, A, Urmayev, and I, Yu, Pranis-Prancvich
whose proposals werc tested in experimental computations.,

Urmeyev's mcthod, like Krasovskiy's, is bascd on the fact that
tho method of least squares is practically accepted for the adgustment
of certain interdependent functional interrclationships. The diffcrence
in Urmayov's method (Ref. 12) and Krasovskiy's method of 1931 lies
primarily in the usc of an indirect mothod of measurcments for the
adjustment of polygonal first order triangulation.

Sccondly, two corrcctions to thc astronomic azimuth
and longitude are substituted for by onc correction u = :
to the Laplace azimuth. In the casc, Urmayev's method, instoad of
condition (9) uscs tho requircment

This requircment was applied in the adjustmont of 87 polygons of
the astrogeodetic net in 1942, \

In order to adapt the method of indircct measuremcnts to the ad-
justment of first order polygon:l triangulation, Urmayev derived (ref
12) threc kinds of crror equations. He introduced the sought for cor-
rections " into the functions of thc corrcctions dB, dL and
-~ the geographic corrdinates B, L and the oricntation ongles zO (the
0 significs an approximated value). :

The prescntation of these crror equations give us Figurc 3 and
the following exprcssions: '
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Prom these cquations we see that for cach apex of a polygon (ex-
cept for the detum point) from the adjustment we must determine three -
corrcctions: dB, dL and £ . Urmoyov con siderced the method of indir-
cct observations, when used in the adjustient of an astro-geodetic, =
mor¢ simple and flexible in the organizational (overall) sense,

'Let us now consider the proposals. of Pranis-Prancvich, as eX-
pressed in the unpublished "Notes on methods and order of adjustment
of first order triangulation", proposed to GUGK in 1939-40.

The "Notes" is composcd af two sections. In tho first are given
the characteristics of methods of adjusting first order triangulation
(simplificd and rigid) while in the sccond is given an account of the
method and program of adjustmont computations. , '

Pranmis-Prancvich did not support adjustment by dependent func-
tions. He did not recognize the most widely accepted methods of Kras-
ovskiy and Urmayev, bolieving that jith the aim of practically over-
coming the problems of adjusting large measurcnonts (dimensions of first
order triangulation, thc basic principle of least squares has been
violated. In both methods the problem is not solved under the condi-
tion of minimum sum of squarcs of the corrcctions to the weight of in-
depcndent (one from another) functions of measurement results, All
functions of measurcment results, the corrcctions to which &are sought

-1 -




the astronomic elements 4 - A sin ¢/, by the methods of Krasovskiy-
Urmaycv, are intcrrclated. In adjusting ncts of polygons (step 1I)
the forward and back dircctions of geodetic lines are valucs which are
related (dependent) by pairs. They arc functions of the measured di-
rcections of onc and the same section, after that, the lengths of gco-
detic lines and their dircction, since they arc functions of the mea-
sured directions of onc and the same section, arc also relatoed values
in pairs, Finally, the sclection of junction figurcs as a rigid (cor-
rect) base for scale and for positions on the earth cllipsoid for in-
dividual scetions is illegitimate (untenable),.”

Further: "A dectailed study of the accuracy of first order tri-
angulation, adjusted by the mcthods investigated here, shows that the
greatest source of crror in triangilation is not the indircct mecsure-
ment (determination) of dircctions and not the beses, but the artifi-
cial crcation in the sccond stage of geodetic coordinates of the
unction points" (pp 2-3 "Notes).

It is difficult to find complete grounds for objceting to these
critical notes of Pranis-Prancvich is we consider the latest achieve-
ments in the ficld of computing technology. . ‘

Instead of the method of Krasovskiy-Urmayev, Pranis-Prancvich
proposed two variants of rigid adjustment of first order triongula-~
tion. & requircment common to both variants is that:

Lov*drip, v’

under the condition of minimum with?§hc exccption of functions from

where u and P, are the corrcetions and weight of the functions of as-
tronomic eleménts which arc independent of horizontal dircctions (La-
place azimuths 4 = 2 «~L) sin @ ) and v,p arc the correcctions and
weight of the measured horizontal directions, Besides this, into the
foundation of both varients is included "The theory of conditional e-
quations betwecen the most probable results of dircet measurcments and
the most probablc magnitudes of the non-measured detormined values"
(p 15 "iotes"). - »

Let us explein this, issume wc have a system of q conditional
cquations with n corrections in the obscrved values and with f non-
mcasurcd unknowns X ,
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Settlng up thu rquermcnt (vv) = min, we arrive by wcll known
moans to a system of .(q + £) normal oqumtlons. o _
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rron:the systums of cquatlons (21&) we can forn the expression
of corrclates ki through thc unknowns x, xQ......nnd the cocfficients
with then A iy, esses .Thoesc expressions, substituted in (21b) bring
about. a sys%cm of normal uquatlons with the unknowns X3, X2 «..., the
solution of which allows us to find thc terms’ Alx% BiXi eaeey QX5
which onter equation (2la). Theon it is possible to solve those equg—
tions and from the determined corrcletes ki compube the corrcetions
VJ_ = alkl b12k see » L.

- In his first variant, Pranis-Prancvich proposcd to subdivide a
net of closcd polygons into scveral parts, for instance, into thrco
parts as shown in Figurc 4. The boundaries of thesc parte arc-arcs of
trlwngulutlon A, abca, and NqpgrN » . The equations of valucs of di-
roctions in trlangulatlon arc determined by w»aons of  geodetic coor-
dinates (latitude and Longitude) and goodetlc azimuths on the boundary
points a3, a, b, ¢, 42, Ny, p, Q, r, N_. These coordinates and azi-
muths, or more prcc1saly, the correctlgns to their abproxlmated values,

are th "non—mcasur»d unknowns” .
(Flgure L)

In the above-mentioned "Notes", Pranis-Prancvich stites that
teonditional ‘equations are formed scparately for each part, into these
equations enter, bosides the most probable valucs of directions and
astronomic elements, the most probable geodetic coordinates and geo-
detic azimuths of the initial lincs of base nets. . The latter are lo-
czted on the boundaries bétwuen ad301n1ng parts, also on external bor-
ders turncd to (facing) the side not yet covercd with geodetic ncts,.”

, The systems of normel equations which arise in .cach part arec
solved until such time as the corrclations arc climinated. It follows
that for cach part therc remein the elimination equations and the
transformed normal equations with the non-measured unknowns. Then,
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grouplna together corresPQndlnn parts of the transformed normal equa-
tions, wc obtain a general systom of nor.al equations, that is, we
usc the well known method of Pranis-Prancvich for solving normal equ-
ations by subdividng the triangulation into parts (Ref 15).

The sccond varinnt differs from the first only in the orgrni-
zotion of the computing process. In the sccond voriant, the normal
squations nre set up for cach scction., They contain, in the form of
unknowns, not only the corrclatcs, but also the non-measured unknowns;
the corrcctions to the geodetic corrdinates ~nd azimuths =t the ends
of the scction, as a matter of fact, in this variant each scction may
be trcated as a part of the trlnngulatlon for which we find the elimi-
nation cquations of the corrclates and transformed equations containing
only the non-measured unknowns, There is no need here to go into
-greater detail for the second variant. This can be found in the works
(Ref 13) or (Ref 14),

. after subjocting the methods of Krasovskiy and Urmaycev for the
adjustment of astro-geodetic nets to scrious criticism and going on
receord for rigid adjustment, Pranis-Pranevich nevertheless violated
his own recommende d rigidity in the two variants, He proposed that,
before the simultancous adjustment of the entire net, at the inter-
scets of arcs, junction flgures be scparated and adjusted as frge
systcms.,

The angles obtained as a result of this adjustment were to be
used as rigid (true), In this fashion there was crcated a source of
decreased accuracy in the scale and orientation of the external sides
of the junction figure sin cc the lengths and azimuths of the initial
sides of the basec nct were carried forward to thesc sides) the ex-
ternal sides), Howevor, even in Krasovskiy's method, the scparate
adjustment of junction figures formed by intersceting ares, also led
to the lowering of the accuracy of the results of the final scection
adjustment., _

5. Later Proposals of F, N, Krasovskiy on the use of the Mothod of
Projecting and aAdjusting Scctions

In the simultancous adjustment of first order triangulation in
the Europcan USSR by Krasovskiy's mcthod, eight polygons laid onto the
Bessel ellipsoid without any change whatsoevor in the following: 1)
the relationship of the lengths of tho bascs to the geoid and 2) the
horizontal angles moasurcd on the physical surface of the =arth,
~ These lengths and angles, togcther with the clements of Bessel'!s elli-
psoid, scrved for the computation of geodetic latitudes, longitudes and
azimuths, Such an order of detcrmining geodetic coordinates without
preliminary projccting of base lines and horigzontal angles on the sur-
- face of a reference ellipsoid is known as the method of dGVolemGnt

(unrolllng). A :




" Krasovskiy's investigations in the derivation of the dimensions
and shape of the ‘earth showed that the dimensions of the Bessel elli-
psoid were too -small and did not suit the territory of the USSR. They
also showed that the development of triangulation on the surface of an
ellipsoid which was ill suited by dimensions and shape for the actual
figure of the earth within the limits of ‘the USSR, would inject into
elements of triangulation, fundamental distortions of a systematic
character., If, for instance, on the surface of an ellipsoid whose di-
mensions are too small, we develop (unroll) arcs of triangulation along
‘a parallel, then it will be found to be turned systematically toward

- the equator, - R o o .

" We have here-a distortion similar in character to the distor-
tion caused by the actiond the overall refracﬁipnal,field in arcs of
triangulation, ' ' ' v _

Latitudinal displacements of geometric nature (source) distort
the free terms of azimuthal equations and in long arcs reach signifi-
cant proportions (ref 26). ' o S

Assume that the bending of an intermediate side O-~l of an arc
of triangulation of equilateral triangles relative to its true direc-
tion 0-n will be w; then each succeeding side, as shown in Figure 5,
will bend relative to direction O-n by 2 w, 3w, ...., nw. - It can
easily be seen that the latitudinal displacement of the last (end)
point of the arc will be o ' ‘ A
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the error in the azimuthal free term is

l; ﬁchk‘“i: 1 M

Using differential formulas of the second series, we find (Ref
26) for an equilateral section (section of equilateral triangles with
.sides of 25 km) along a parallel B = 52° that O/w = dAjx = ¢+ 0,"14,
We also obtain from (22), the latitudinal displacement X, = .63 m while
the distortion of the free term of the azimuthal equation will be wy =
8 = 1",1 when the section length is 200 km (n = 8), ' S

The values X? and W, are far from being negligible (are not
insignificant), therefore, these errors of geometric origin must not dis-
tort or obscure the errors of the measured elements of triangulation,
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~ In accordance with the method of projection developed by Kras-
ovskiy, before the adjustment, triangutation bases are projected upon
the reference ellipsoid while corrections for astrogeodetic deflection
of the vertical are made to the measured horizontal directions. After

. this, the triangulation is adjusted, This allows the elimination of

errors of geometric character in the astro-geodetic net regardless of
the suitability of the adopted reference ellipsoid for the given ter-
ritory. This is a very important feature, the singnificance of which
is very difficult to overestimate. A

The method of projection was first applied in the USSR in the
simultaneous of 87 polygons on Krasovskiy's reference ellipsoid. In

. this way the astro-geodetic net of the USSR was freed of distortions
of geometric origin, - - '

It is noted above, that in the application of Krasovskiy's
method in 1932 for the adjustment of eight first order polygons, cor-
rections were not determined for Laplace azimuths in the section ad~-
justments. Is is understood, that is was impossible to obtain a uni-
form system of such corrections from individual section adjustment.
With the aim of improving the accuracy of azimuth determinations, Kra-
sovskiy proposed (Ref 10) to determine every 800-1000 km using a spec-
‘ial program, astronomic, azimuths and longitudes of higher accuracy.
These so-called fundamental Laplace azimuths would be accepted as true
velues, Between fundamental azimuths there would be set up azimuthal
equations which would include for each section, not only the correction
< A 3K for the horizontal direction of the section JK, but also the
corrections uy and w, to the ordinary Laplace azimuths. Simultaneous
solution of these equations by the method of least squares made possi-
ble the attaimment of a uniform system of corrections to the ordinary
Laplace azimuths -~ but not the fundamental.

The order of adjustment of sections in this case was as follows:
1) preliminary adjustment of sections for the conditions of figure,
pole and base, 2) the setting up (from directions which have been pre-
liminarily adjusted) and solving of systems of azimuthal equations of
the following type ’
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(corrections up and u, to the fundamental azimutthequal»zero), 3)
correcting the ordinary azimuths with the corrections Ujy Up «ovey -
u,.1 and solving in each section the azimuthal equation including the
corrected free term,mﬁdksimultaneously-with the equations for -figure,
pole and base. Since the section had undergoné a preliminary adjust-
ment for the stated three types of conditions, then in the second ad-
justment of the section, their fre e terms equalled zero, o .
In the transition from conditional equations (25) to the nérmal
it was recommended that a consideration be given to weights for £ A
and u also,  This probleém is very difficult is we reject its formal’
solution whichis rarely satisfactory. S o
From the above it can be seen that the later studies of Kras-
ovskiy in the field of adjusting an astro-geodetic net led to his de-
tailed development of the method of projectien which protects -the net
from errors (distortions) of geometric character. Besides this, in
striving for an increase in the accuracy of azimuthal determinations,
Krasovskiy proposed including within the net, a system of concrete
fundamental azimuths, However, this proposal, which was not put into
practice, allowed the formation in this case of two different systems
of azimuthal corrections: 1) from the simultaneous solution of azi-
muthal equations by sections and 2) as the result of solving polygonal
“equations in the simultaneous adjustment of systems of polygons.

6. nrasovskiy*s Method and the Proposél of D, A. Larin in the Adjust-
ment of 1942, . .- I o

For the proper applicstion of Krasovskiy's method in the adjust-
mént of 87 polygons on the reference ellipsoid bearing his name, there
were compiled suitable instructions.: (Ref 6), In the first part of
this instruction therc is a detailed statement as to the order of pro-
jecting the astro-geodetic net of the USSR on Krasovskiy's reference
ellipsoid, Here are given, with proper explanations, formulas to.cor=-
rect horizontal dircctions for relative deflection of the vertical and
for elevation of the observed object (station), A formula is also .
given for the reduction of measured directions in normal cross scction
to geodetic lines, oo

Then follow instructions for computing corrections for the ef-
fects of various types of errors and applying them to the base line
measurements, Within these corrections there is apportioned a correc-
tion for projecting the measured length of a base on the surface of
the reference ellipscid., ‘

In this same part of the instructions, there is examined the or-
der of processing astronomic determinations (expressions arc given for
torrections in order to change to the system of catalog FKZ, for osi-
cillation of the pole, and others,)
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The second part is especially interesting. In this section,
adjustment by Krasovskiy's method with minor deviations, is given in
detail step by step for practical use,

In view of the absence of fundamental azimuths in the astro-
geodetic net, the instructions reflect another of Krasovskiy's pro-
posals on adjusting scctions, i.e., the above described azimuthal
equations (5) arc set up for all sections after their preliminary ad-
justment and are solved simultancously. It follows that though the
first proposal of Krasovskiy excluded determination of corrections to
fundamental azimuths thc sccond stipulates the determination of cor-
rections to all Laplace azimuths except the initial (Pulkovo).

It is also scen from the contents of the instructions that the
adjustment of polygons is carried out under the condition

"~
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that is, correctionsj a and { ato the astronomic azimuths and longi-
tudes (contrary to Krasovskiy's proposals) arc substituted by a single
correction““‘b?*ﬁﬁﬁiniy to the Laplace azimuths. Here is also given
the practical order of determing the weights pg, py and Pyo

The schomos for conducting the computations as proposced by 0.4,
Larin for various stages of the adjustment, give the entire adjustment
continuity and harmony., Sspecially essential is the proposal of Larin
for setting up conditional cquations of coordimates for systems of
poiysons., Each polygon is independently projected on a planc in the
Gauss hruger projection in which casc a local origin of coordimates is
selected for the first point of each polygon whilc the plane coordinates
of other vartices arce found from geodetic coordimates, Thus, in the ap=-
plication of Krasovskiy's method Hr the adjustment of 87 polygons, com-
plicated setting up of coordinatc equations into geographic coordinates
was done away with., In accomplishing this portion of adjustment compu-

_ tations D. A, Larin then used a second simpler and novel method of com-

piling polygonal cquations on a planc. This method is not reflected in
the instructions (Hef 6) but it is cxplained in our work (Ref 16). The
essence of this mcthod lies in the use of Legendre's theorem for sub-
stituting planc angles for spherical in polygons and later sctting up
conditional corrdinate equations on a planc. We shall explain this
briefly, : } v

Assumc (Figure 6) a pentagonal polygon of the astro-geodetic net
(among the 87 polygons there were some with more vertices), We sub-
divide it for our study into thrce triangles, One of the variants of
such a subdivision gives us spherical triangles JKG, KGE, and KFE with
corresponding angles n = Byg - Pygs X 1, Wy; Xpps Wyps, by and dypys

¢ trox ,
Figure 6 -

Having computed the spherical excess of these triangles by the
known formula (Ref 10), A
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The conditional equations of coordinates on a plane will be (ref
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Herc, in contrast to the coordinate cquetions introduced ;n the instruc=-

tions (def 6), thc coefficients with correctionsf jand </ do not con-~

tain scale coefficient my which occurs in.the use of Gauss! p?ojectlon,
' The azimuthal equations worc united with the corrdimte eugations
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which were set up for each side JK of the polygons. In equatiop (35},
At,a' indicate the corresponding computed geodetic and astronomic azi-
muths of the initial sides Jm, Kn of the section, ' . )
In the astro-geodetic net of the USSR which was adjusted in tyls
order there were 310 scctions of triangulation and one traverse forming
87 polygons. Therefore, in the sectional adjustment, there pad ?o be .
simultaneously solved 311 azimuthal equations of type (5) while in the
adjustment under the above named condition (15), therc were solved .
simulteneously 174 coordinate equations~(34) and 311 azimuthal equatlons

(35),

- Certainly, it could have becn foreseen earlier that the correc-
tions to the Laplace azimuths obtained from the solution of 311 equa~
tions of type (5) will be essentially different from the corrections
of like type obtained from the solution of a system of 485 cequations
Yor an cvalustion of the character of thc diserepancies between these
corrections, Table 2 is included below with a few corrections obtained
from the solution of various systems of equations,

, ' " TABLE II

Azimuths at the ends of sections: Corrections u from s Corrections u'from
' solving 311 equa, solving 485 equa,

J i K HR : ug iou's : uly

Bezhetsk Shimsk 2% 0N,70 L 1v,77 -0",15

Gomel! Orsha ’ :

Tambov Annea,

Agyz o ‘Kazan!

Neya Vologda

Krasn, Kuduk Biryuzak

Zima ' Irkutsk

Birobidzhan Khabarovsk
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Krasovskiy -did not publish his proposition concerning the simul-
tancous solution of azimuthal equations (5); therefore, it was never
made clear, whet purpose had the author-in allowing the derivation of -

" two systems of agimuthal corrections. '

7. B. N. Rabinovich's Investization of the Order for Utilizing Laplace
azimuths.

Elimination or reduction of systematic errors is of great impor-
tance in a large astro-geodetic net, where its deformition acquires sys-
tematic chiracter and leads to the distortion of orientation and of tri-
angulation scale. The main sources of systematic deformation of the net
are: (1) developing the triangulation on the surface of a reference
ellipsoid which has dimensions wnsuitable for the given territory; (2)
effect of overall rufraction field caused by heat transfer from eguater
to pole. if the development of triangulation is done on a reference
ellipsoid of undersized dimensions the, as already noted, the resulting
deformation will be similar to thot which is caused by the effect of
general refraction field. However, in the astro-geodetic network of
the USSR the effect of source one is excluded, because of the applica=
tion of projection method. Bending of that net toward equator, due to
the effect of source two, is established, according to B. K. Rabinovich's
investigation (Ref. 4), by frec terms of azimuthal and base equations,
sct up for long triangulations arcs from Pulkovo.to the east (arcs along
meridians), = - : o . o : ,

Accumulation of systematic rcfractional distortions in these free
torms is characteorized by inequalities given above (2), (3), and (B)e
The best way to rectify the distortions is to use skillfully Laplace
azimuths in moking adjustment of the astro-geodetic net. .

Investigating the effect of latcral refraction, the Gorman geo~
detists Forster and Schutz. (Ref. 22) have discovered thit. in the arc of
the first-order triangulation along 52° porallel betwoen Greenwich and
darsaw (some 1,600 kn long) latitudinal shift of the Warsaw station
towerd the equator is somewhat more diminished, if corrections to La-
place azimuths arc not sought in making the general adjustment of the
triangulation by Helmert's method, Namely in this casc, the shift will
be diminished by 52.66 m, while in secking corrections to Laplace azim-
uths itiwill be diminished only by 45.11 m. However, even after the

- publication of the work (ilef, 22) in 1929, the geodetists of* the USSR -
and of other countries continucd to follow the order egstablished by '
Helmért in using astronomic clements-in triangulation as-values which

receive corrections from its adjustment. L

It is difficult to indicate thc reason, why neither in the Soviet
Union, nor abroad, was the order of using the Laplace azimuths revised
after the publication of work (Ref, 22), Possibly, the high reputation
enjoyed by Holmert was here decisive, Ur, it may be, that the experi-
ment of Forster and Schutz did not appcar convineing, since the large
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shifts could be attributed to distortions of geometric origin, due to
plotting the Grecnwich-.arsaw arc on Besscl's reference ellipsoid of
undersized dimensions. Actunlly, corresponding computations show
(ief 26) that for this arc the latitudinal shift of geometric origin
is A X,. =36.4 m. Thus, over two thirds of thc 53-m shift indica-
" tcd in the work (Ref 22) can be attributed to the method of develop~
ment (unrolling). ' :
The results of B. N. Rabinovich's investigation which is based
on the very extonsive deba of the astro-goodctic net of the USSR, pro--
cessed by projection method, are fros from distortions of guometric
origin end thereforc are rcliable, In analyzing the deformation of-
fect in the triangulation of the Cis-Caucasus anomaly field of latitu-
dinal refraction (occurring on the northorn cold slope of. the ridge)
it was osbablished (Acf L) that the arc armwvir - Bak (some 900 km long)
: appears bont to the north in case of purely geodetic adjustment, while
it is less bent, if the Laplace azimuths arc taken as correct. This
situntion is illustrated by data on the Table 3, where ¢ and # ‘indi-
cate the latitudes of junctions points, obtained from two ad justments,
of which one w:s with the determination of corrections to laplacc azi-
muths, and the othsr without it.

TABLE 3

Junction points VIRV AR Sy ARAS
_ n poin ( Y 4 ) | Qv% — 1 )
Armovir | 9%,0000 0,000
Georgiyevsk -0 ,0011 -0,034
Gudermes -0 ,0023 -0,071
Makhach-Kala -0 ,0012 -0,037
Jerbent -0 ,0029 -0,090

Baku -0 ,0161 B 0,497 m

The data of this Table makes it doubtful, whether the order
establishod by Helmert for the utilization of Laplace azimuths is
corrcet, To vorify this, an analysis was made of truc residucl er-
rors obtainable from the clemcnts of a model which w:is distorted and
then adjusted by one and the othir method for utilizing Laplace azi-
muths.,

The model of polygons used for this purposec consisted of 48
sections formed by 18 quadrangular polygons with sides of 180, 210
and 232 km., 4ngles in the ssction were distorted by systematic errors
duc to the cffect of a homogenous refraction ficld, according to the '
formula




whero &~ pg is azimuth of the side, )@y is its longth, an is the
rcfraction for the side so, situated normally to the gradient of air
density. .

The distorted model was ndjustod twice: with Leplace azimuths
ajusted (veriant I),.2nd rigid {yariant II), Thus, in overall adjust-
ment of the model by variant I, the above mentioned equintions (34) and
(35) wore developed and simultancous solved, In all, therc were 8l
cquations, of whiéh 36 werc of the first gpe, and 48 of the second type,
cccording to the number of scetions, In applying the variant iI, we
have in the cquations (35) u'y = u'; = 0, and Wy = 0; therefore we
arrive at the equality vig = Vyye . rhis equality is equivalent with
> Agg = Vg, bub with a weig% Py = 2 Py, and the cquations (34)

_ 2nd(35) in Variant IT are substituted (Ref 18) by the following systenm
of coordinate cquations: , '

i;fs ) b k4'_;le_[ ;
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Here Ay - 1,1 arc azimu%hs of the dingonals of sections, while
are corrections to the lengths and to azimuths of these dia-
gonals., _ ' ' '
In solving the system of equations (34), (35) and the system
of ecquations (36) by thu method of least squares, the following condi-
tions .arc assumed: “
(a) for the first veoriant

) i - ,' -
!,

L pohe” ot e, rE Lig +7z mill

(b) for the second variant
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From.the éomparison of deviations of the adjusted valucs of coor-
dinates from their truc values Xx,, ¥,, for both variants, it was estab-
lished (Ref 17) that deviations -

,';xé-:: %f{ ~-Xu
24
dy, Y, 4

corrcsponding to the varinnt I of equation, considerably excced the
deviations ) = 5

AN
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obtained in adjusting by v:.riant II. Residual systematic lateral shifts

"are in casc of variant I =lmost 10 times.larger than th shifts after
adjustment by variant II (Ref 9).

. ' Therefore, Holmerts qpproac”x to the utlllzntlon of L%place azi—
nnths, as adjusted values; is less accopto ble for the rcductlon of
systematic lateral shifts; than variant 1T of adgustmont

However, there arises the quostion: is not variant I leading to
.more accurate results in casc of adjustment of a net dlstorted only by
_ random crrors? -In analyzing this question, it was taken into account
" that both variants of adjustmont are not strictly. rlgorous, since the
minimun conditions (37a) and (37b) are 1mposed on the sum of squares of
. interdependent functions,

YMoreover,in comparing both v rlants, the followlng consideration
must be kept in mind: the practieal applig-tion for the adjustment of
astro-geodetic network of a non-rigorous mothod which requires-consid-
erable amount of labor can be justified only under the condition that
this mothod produces always morc accurate results, than-the othor non-
rigorous mcthod which is less labor-consuming.

The accoracy of adjustment results was determined by the value
of the mean absolute error remaining in the corrdinctes of the cnds of
scctions or vertcxes of polygons, after adjustment of the distorted
modcls. Naturally, when the trinagulation, distorted by a certain ag-
gregate {) of random crrors, is deusted by two variants, the degrec of
compensation of the offect of those errors in functional dependencies,
(for exemple, in the above menti-ned corrdinates) depends upon the dis-
~ tribution of the aggregate () of errors over the 1dJusted elomunts,

" and upon the applied voriant of adjustment.

" In B, N. Rabinovich's work (Ref 19) it is shown that in an are,
‘consisting of n scctions, adjusted by two variants, there exists for
each scetion JK the following relationship between the true r651duel
errors of azimuth of AJK .of the diagonal

I W )

B 8 P =D AT AT R
‘where’, Ajg andj}AdK arc re51dual errors of azimuths corresponding to
variants L and II. jj.g Ayp is the difference of azimuths (La-

) place azimuth and geodctlc,iiy computed one) for the ihitial side Jm;

" uy and vyg are corrcctions to Laplace azimuth A(gp) and angle ,? K

respectively. In the same work it was cctablished th-t, when ‘is

sufflclehtly large, we have in-the arc o

{+ 75

1

A
.

3y s
‘Since the values entoring into thls inequnlity are basic for the
‘determin-tion of the mean square root error »);wﬁiﬂf““ » then the
‘accuracy of the azimuths of dlagonals in variant’I of the zdgustment is
 Yower than the accuracy obt ined in viriant iI, In other words, the

' lateral shifts of the ends of dingonals, remaining after the adjustment,
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must be larger in variant I, than the same shifts in variant II, Since,
however, the compensation of errors in the corrdinates depends upon the
distribution of the given aggregnte of random errors, then, even with
the existing inequality (39), the mcan absolute residual error of coor-
dinates in variant II may be cither larger or smaller, than the resi-
dual error of corrdinstes, resulting in v riant I.  These assertions
wzre confirmed by the results of cxperimental adjustment (Ref 19), Bx-
perimental adjustment of polygon models by two variants has shown (ref
9) that the residusl shift of vertex most remote from the initial point
‘may be in variant I cither be larger or smaller, than the shift of the
same vertex, remaining zfter sdjustment in variant II. Thus, out of

two non-rigorous variants of adjusting the astrogeodetic net for random
errors, the morc labor-consuming variant I does not always assure a more
accurate result, Morcover, variant I always reduces less the effect of .
systcmatic errors duc to the action of the general field of lateral re-
fraction. A1l this leads to the conclusion that therc is no sufficient
basis for using the Laplace azimuths as concrete values for the subse-
quent adjustment of astro-geodetic network of the USSR.

8, New propositions Concerning the Adjustment of the astro-geodetic
Net of the USSR

fxperience with inserting lowsr-order nets within the first-order
triangulation framework adjusted in 1932, has demonstrated thzt the
cffect of crrors of this framowork sometimes essentially distorts the
measureddirections in the arca triangulation, The same happens in case
of adjustment of modern second-order area nets bascd on the adjusted
elements of 87 polygons of astro-geodetic network, projected on iras-
ovskiy's refercncc ellipsoid. The cause of this phenomenon basically
are the error in the adjusted elements of the said network. In order
to reduce the effect of these errors, it is nccessary to coordinate
the accuracy =nd construction principles of the l-st order and 2-nd
order triangulations, and to observe as strictly as possible the condi-
tions of the application of least squares method to the adjustment of
the astro-geodetic network,

It should be remembered that the accuracy of angle mcasurement
in the 1-st order and 2-nd order triangulation in the USSR is typified
by the mean square errors of ¢ 0".7 and + 1,0 respectively. These
values differ but little from each other, and thus the effect of the
first error will not be negligible in comparison with the effect of
the second error,

Non-observance of the criterion of negligibility for the errors
of astro-geodetic net, in relation to the errors of area net of tne
2-nd order triangul:tionfollows also from the character of distribution
of extra data in these networks: the adjusted elements of the second
netowork are derived on the basis of considerably more extra data, than
those in the first network, &xtra d-ta in the adjusted part of the l-st
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order triangulation of the. USSR (87 polygons) make up about 80%,
while in the area net of the 2-ind order triangulation they exceed

Thus, the first-order triangultution, by its structure itself,
cannot guarantee more accurate determination of the'position of points
on the ground than the area triangulation of- second order, Because of
this circumstance, it becomes necessary to raise somewhat the weight
of the clements of polygonal astro-gedetic net by inerdasing it in the
amount of extra data, after adding to it the mostcarefully triangula-
tod parts of the second-order area triangulation., There have been made
certain propositions concerning this question. . T '

. The author of the present article, writing on the problem which

was discussed in TsNIIGA i K (Central Scientific iescarch Institute of
Geodesy, 4erial Surveying and Cartography) in 1951, pointod out the
possibility of increasing considerably the extra data in the polygonal
astro-geodetié net, by supplementing it with di~gonals, determined ac-
cording to the diagonal arcs.of triangles, taken from second-order area
triangulation net, Utilizetion of these diagonels a, b, c, (Figure 7)-
doubles the amount of extra data arising in the system of quadreongles.,
Actually, in order to detormine gk-l vertices, the length and the agi-
muth of gk-l diagonals must be known, i,e, the number of the necessary
values is p =-2(gk-1) (where g and k indicatec the number of arcs along
meridians and parallels respectively). Figure 7- . S

The nuuber of additional lengths and azimuths of diagonals will.
be 2(g--1) (¥-~1) in case of quadranguler polygons, while in adding the
diagonnls a, b, ¢,.. just as much cxtra data will be added, ahd their .
number Q = 4 {g--1) (k=-1)., Consequently, the ratio of thc additional -
data to the number of the necess'ry oncs will be oo .

QA=) (k=)
; P E . {\g{x“rw¥uvm__u.m “ | e o
‘. Vhen g = 41 (distance ébout 9000 km) and k = 12 (about 2400 km)

we obtain for 440 polygons @ = 1.80, or 180% of extra data, i.e, 100%
- moré than without diagonalsPa, b, c.. (Ref 20). S
‘ °  The percentage of the extra data is incrcased even more, if two
intersecting diagonals p and q (Figure 7) ary introduced into cach poly=-

gon from data’ of second-order arca triangulation nct.

3 »

However, ‘this proposition ignores ‘the conditions of strict appli-
cation of least. squarcs method, sincéc the dependent functions are taken,
' ‘as the valucs to be adjusted., But, aftor all the grest achicvements of
our tiac in the dovelopment of elec tronic computing machines for the
solution of linear equations, it would hardly be justifiable to abbre=~
viatc the system of cquations in the not just to make the computation
work dasier, by replacing the directly measured values with their inter-
dependent functions, thus violating the rigor of adjustment.and, con-
sequently, decreasing the accuracy of results. - A

Sy




Another proposition for the construction and adjustment of the
state basic goodetic nctwork was made by Professor 4, I, Durncv (Ref.
25). His suggestion to provide the main triangulation with bascs and
Laplace azimuths, in order to increase the amount of additional data,
deserves attention, as conducive to the increase in weight of the ele-
nents of astro-geodetic network. ' :

However, the principles of adjustment, offered in this writing
(ief 25), are contradictory to the conditions of rigorous adjustment;
they rcsemble the proposals made by Hungarian geodesists (Hazay, Tar-

czy-Hornoch) rogarding the substtitution of large "fictitious" tri-
angles (side length 150--200 km) for the block of small triangles.

as a motter of fact, the angles and the length of sides of large
triangles are computed from the elcments of the small triangles, and
thus arc their interdependent functions. Tarczy-Hornoch points to the ,
mutual dependence of angles and lengths of sides of fictitious triangles
and, in order to weaken this dependence, he proposecs to measure in the
.center of each block of triangles its own base line (Ref 23), However,
this does not restore the rigor of adjustment; cach consaecutive placing
of & block of small triangics in the corresponding adjusted large tri-
angle introduccs greater errors into the elements of the net being
pleced, than those errors which would appear in the same elements in
cese of a simultancous adjustment of the net, without dividing into
blocks of small triangles. .

' It must be noted that there is in the proposals rcgarding the
adjustment of functiional dependencies a certain point which descrves
attention and proctical epplic.tion: This is the possibility of in-
creasing the amount of additional data in the astro-gcodetic net by
including into it the arcs or blocks of triangles of sccond-order arca
triangulation., However, the main thesis of these proposals, chvisaging
the adjustment of computed values of dependent functions, could be just-
ified. only in that case, if it were practically impossible to perform
the difficult computations of rigorous adjustment. At present, when
fast~operating electronic computers ar. being rapidly developed, the ef-
. forts of Sovict geodesists in the field of adjustmentof astro-geodetic
net of the USSR should not be directed toward a simplified, non-rigorous
" golution of this problem. It would be unjustified to concentrate geo-
detic thought on the opplic tion of the method of least squarcs to the
~ adjustment of interdependent functions, the morc so, that the practical
work on adjustment will bezin not esrlicr, than ofter 7-8 years, when
experience in usc of clectronic computers for the solution of very large
systcms of linocar equations will moke this tosk considerably easler.

There is, however, a more rigorous method for the adjustment of
the astro-geodetic net, which was worked out in detail by a group of
goodsists consisting of 1f, V, aveyev, Ye. Ye. Biryukova, I. i, Landis,
A, I, Petrova, and L. V, Zinevich (Ref 21).

The basic features of this method 2ro: (1) adjustment by the
method of o conditional observations with non-mcasured unknowns, and
(2) division of the not into sections according to the multigroup so-
lution of the system of equations by the method of Pranis-Prancvich,
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Thus, this method is based on the propositions of Pranis-Prancvich,
" nade in connsction with the: inpending odjustment. of 87 polygons of"
the astro-geodetic net of the USSR. T - -

‘ Howgver, Pranis-Prancvich, as already noted, has violated. the
rigor of the method by excluding junction figurcs fron simubtaneous
adjustment of the entire nct, In Pranis-Pranevich's”proposition, the
corrcctions to the approximated values of geodetic soordinates of the
junction points and'geodetic azimuths-of the initial sides are non=-
measured unknowns. B et ‘ _

The.proposition,of-the\group'of,geodesists'envisagcs a simul-
tancous solution.of all equations of the astro-geodetic network (in-
cluding also equations in the junction figures) under the condition -
(pvz) = min, Corrections v are detormined to the measured angles
only. It is correctly assumed that the Laplaée azimuths ond bases
do not reccive corrections from the adjustment. In order to shorten
the time neccessary for .adjustuient, the multigroup method "of Pranis-
Pranovich is applied, dividing the nct into portions, the boundaries
of which can be any sides of the sections in the triangulstion, Those
sides which scrve as the boundaries of portions, are called by zuthors
Ythe dividing lincs" (parczy). - As non-measurcd unknowns serve the:
corre’ctio.ns&g‘( 155{‘ ‘;p,:« i, })1 o ~, according to the approxima-
tod values of the directional angles of the dividing sides;- the length -
of these sides, and coordinatcs of onc of their cnds (adjustment is™
done on a planc). L o ' T :

Thus, in addition to the. conditional equations of figures, hori-
zon and poles, thc following conditions will arise for each portion of
the astro-geodetic net, bounded by k dividing lines: ST
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Among thesc cquations, we have, according to the terminology of
Pranis-~Pranevich, partielly indepcndent and partially connecting equa-
tions. : . , ‘
Although in the method of dividing lines the adjustment is done
by angles, and not by independently measured dircctions, neverthcless
the simultancous solution of all equations, formed in the astro-gcode-
tic not, is accomplished by this method completely, This is a great
step toward the incrcase of rigor in the adjustment of the polygonal
first-order triangulation of the USSR. ' ‘

The method of dividing lines would become absolutcly rigorous,
if not the angles, but the pertinent dircctions wer. adjusted, since
the method of angle measurcment with the same weight in all combina-
tions, as accopted in the USSR, at each station lcads to o number of
independently measurcd directions, This fact was token into account ;
by D. A, Larin in his 1958 draft of inmstructions for the adjustment
of the astro-geodetic nct of the USSR, The method of adjustment, as
set up in these instructions, is bascd on the following: (1) pro-
jection of the nect on the surface of refcerence cllipsoid, (2) pre-
serving unchangeable the lengths and Laplace aizimuths of initial
sides, and (3) simultancous solution of all equations of the net
under the condition (pv2) = min, where v are corrections to the di-
rections, independently measured at cach station., Solution of equa-
tions is done by multigroup mcthod of Pranis-Franevich. HWaturally,
the procedure and the practical details of a rigorous adjustment of
the cnormous astro-gcodetic net of the USSR STIll have to be worked
out thoughtfully and carcfully. It must be taken into account that
the adjustment of directions in the net increases the number of com-
putations; since we have to do here with a very large net, it is ne-
ccssary to ascertcin on the bosis of preliminary investigation, how
far is it possiblc to accomplish the enormous volume of computation
work even with the holp of available improved devices and methods,

In order to bring the values of weights p nearcr to the reality
in the physical sense, they should be established according to mean
squarc crrors, derived from non closures of triangles, and not from
the number of operations; then the regional valucs of weights thus ob- .
tained, cvidently will have to be assigned to large massifs of the :
astro-geodetic net,

If g and k represcnt the number of triangles forming the astro- .
geodetic net along the dircction of meridians and parallels rcspective-
ly, then we have in such a net quadrangular polygons and scections

P=(g—i ) (k.




Considering thot in some regions of the USSR it is admissible,
according to the decision of GUGK (Main administr-tion of Geodesy and
Cartography) Committec, to incrcasc the area of polygons from 40,000
sq km to 60,000 sq km, (Rof 24), It may be accepted for oricntation
g =hl and k = 12; then p = 440 and r = 930, Since in a section of
the first-order triangulation there arce on the average 15 triangles
(as per data from 87 polygons), then the number of conditional equa-
‘tions of figures will be about 14,000, ‘The number of azimuthal and
base equations will be 2 i 930 = 1,860, and the number of coordinate
conditions 2 X 440 = 880, added to it should be the conditional cqua-
tions of polcs, which arisc.in some ssebions and in junction figurcs.,

. Therofore, whén the astro-geodetic net of the Ussk is completed, the

total number of conditional equations will be of the order .of 20,000,

- haturally, in this system of cquations the relationship between
.. the cquations of considerably rémote partys: of the nét will be weak.

. issentially, the system of 20,000 cquations. will be regarded as consis-
ting of 4-5 Yindepondent" or barcly dependent systems, and therc is no
. special reason to foar the difficulties of solving them and uniting
them into a singlec eonnccted system. - Even at present, the kioscow aero-
. geodetic Establishment of @UCK- has positive experience in solving sim-
ultancously o system of 3,800 cquations., Of course, it is not absol-
utely nocessary to adherc to the method of conditional observations.,
Possibly, the method of indircet observations my prove to be more con-
vonient whatever the method, the total connecting system of cquations
. will hardly include ‘morc than 6,000 equations. . Bevertheless, there will
bc an enormous volunc of. computing work which has to be earefully
.. planned in advancc. Of great importance for the solution of this prob-
- .lom arc tohe resolutions adoptod by the HCommittee for working out the
measurcs connccted with the construction and adjustment of the state
geodetic nct of the- USSR".  This Committec which was organized by the
QUCGK of the wdnistry of Interior of the USSR conducted its work in
sumaor 1957 and, conccrning the adjustment of the astro-geddetic net
of the USSR, has adopted resolutions No, 2 and No.6  (Ref 24). The first
of thesc resolutions speeifics fundamental propositions for the impen-
ding adjustment of the astro-geodetic nct, and the second points out a
number” of -investigations of which pirticularly important is the improve-
ment of methods ond techniques in solving the system of algebraic linear
equations. Namely, the practical experience in the usc of the method
for accuratc solution of very large systems of lincar cquations by
ficans of clectronic computers will make it .possible to-perform a con-

" pletely rigorous adjustment of the astro-geodetic net of the USGR, and,
consequently, to attain & greiter accuraey of the adjusted elements,
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