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1 Research Objectives

We have developed an efficient framework for scattering calculations that combines the geo-
metrical flexibility of FEM or BEM with the efficiency of high-frequency asymptotic methods.
This framework is based on the definition of an asymptotically equivalent boundary value
problem (ABVP) that replaces the original one. We have been studying the properties of this
formulation.

2 Technical Approach and Review of Accomplishments

Our hybrid method is related to the method of matched asymptotic expansions where, in the
short wavelength limit, the scattered field contains two asymptotic regions. In the “outer”
domain, we have a “global” asymptotic expansion which we assume to be given by a geometri-
cal optics ray series (short wavelength expansion.) This expansion is valid almost everywhere
in the domain. Where it is not valid, we supplement the outer expansion with an “inner”
or “local” solution. This local solution is found using either the finite element method or
boundary integral equation method, and is patched to the outer expansion along an artificial
boundary. Thus, the FEM/BEM is applied to a collection of small regions (size O()\) =
wavelength) in the vicinity of diffraction points.

The total solution of a given scattering problem is thus decomposed into an application
of the geometrical theory of diffraction (or any other suitable asymptotic approximation), in
conjunction with a numerical solution of a problem defined over the union of several small
domains.

We chose to develop this approach over adopting any of several existing approaches for a
number of reasons (see Barbone, et al., 1997). The oldest hybrid approaches in scattering are
based on single-layer potential integral equations and thus are prone to uniqueness problems at
“forbidden frequencies.” Even so, these involve integrations of rapidly oscillating kernels over
large domains. More recently, FEM has been used as a “preprocess” to evaluate scattering
impedance matrices. These scattering impedances then get incorporated into a UTD or GTD
solution.

Our approach, we feel, has several benefits over existing strategies. First, by incorporating
the definition of an ABVP, we have separated the asymptotic from the numerical (discrete)
approximation. Thus we can analyze and understand each one separately. Further, this step
allows us to describe a hybrid asymptotic-numerical approach that is independent of whether
we choose boundary integral equation methods or finite element methods. Finally, by defining
the ABVP first on small domains (the size of a wavelength), we arrive at a numerical problem
that is compact and easy to discretize. It contains no infinite nor even large integration
domains. The domain sizes over which any integration must be performed scales with the
size of the wavelength (for example, 2}, not 1000).)

Having developed a strategy that can be combined with either FEM or boundary integral
equations, we examined both. For FEM implementation, we developed a new variational
principle that allowed us to couple the asymptotic field to the finite element representation
(described in Harari, Barbone and Montgomery (1997).) For the boundary integral formula-
tion, we have adapted the highly efficient Boundary Spectral-strip Method (BSM) (see Michael
& Barbone (1997).) We demonstrated the feasibility of using either method on the problem
of scattering from wedge geometries, and have extended both methods to allow modeling of
surface waves (Michael & Barbone, 1999-2.)

Whether to fully develop the FEM or BSM formulation remained an open question. The
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earlier analysis of Harari & Hughes showing FEM to be more computationally efficient than
BEM does not apply to the Boundary Spectral-strip Method. Therefore, we undertook a
new study of the relative computational efficiencies of the corresponding spectral methods.
Indeed, we found that when using 8-th order elements, BEM is always more cost effective
than FEM, unless static condensation is used. When static condensation is used, then FEM
regains a cost advantage in 3D. Generally speaking, BSM is more efficient in 2D, while high-
order FEM is more efficient in 3D. The results of this study are available in report form in
the appendix (Michael & Barbone, 1997-2).

In terms of implementation strategies, in FEM we have developed an element-like data-
structure and basis for the asymptotic field. This allows the hybrid method to be coupled
with existing FEM codes. This implementation can also be adapted to accommodate other
analytical representations of the radiating field.

During the last year, we have devoted much of our attention to studying the error that is
associated with the hybrid formulation, and understanding how it depends on various problem
parameters. The unique aspect of the hybrid method lies in the “accurately transmitting”
boundary conditions. These are the conditions that join the numerical domain to the asymp-
totic domain. These must not only be non-reflecting, but they must admit incoming radiation
from other regions, and accurately predict diffraction coefficients. This study is summarized
in Michael & Barbone (1999-3).

The error analysis includes estimates in errors of the diffraction coefficients for single
and multiple diffraction points, and focuses on scalings with various problem parameters
including geometry, boundary conditions, and frequency. We found that the method can
produce reliable results for a large range of problem parameters. Typically, the results are as
good as the asymptotics used to represent the field. If the field is accurately represented, the
diffraction coefficients will be accurately predicted. If the field is not accurately represented
in the asymptotic description, the associated diffraction coefficients will not necessarily be
accurately predicted.

3 Conclusions

We believe that the hybrid method is currently sufficiently mature that it is ready to be
incorporated into a test code. Our recommendation for the continuation of this project would
be to try to interface it to an existing ray code and tackle problems as they emerge. The
most efficient interface for a ray code would be probably through the FEM implementation
described in Barbone, et al. (1997). Surface/creeping waves, including the acoustic fields
associated with shell bending and shear waves, need to incorporated in a uniform manner
as in the examples in Michael & Barbone (1999-2). The anticipated errors are as described
in Michael & Barbone (1999-3), which should be mastered by anyone hoping to become a
practitioner in the area.

4 Relevance to the Navy

Our research goal has been to develop and study a hybrid asymptotic-numerical method with
application to the solution of the Helmholtz equation for large wavenumber. Our method
is especially efficient at high wavenumber. For example, the standard FEM representation
of a field scattered by an obstacle of dimension L requires O(kL?) finite element degrees of
freedom. With our hybrid formulation, we require only O(kL) degrees of freedom for the




Paul E. Barbone Final Report 5

same problem. At lower frequencies, our method reverts to a standard formulation which we
know to be well suited there.

The ability to solve the Helmholtz equation efficiently for high frequencies would allow
Navy designers to perform scattering and radiation calculations at frequencies not otherwise
possible. The method could be used to provide the forward modeling step of an inverse
scattering procedure, where high efficiency is especially important. Finally, the result of
using the formulation itself is an expression for the radiated acoustic field in terms of traveling
wave amplitudes. Repeated calculation in such terms will help engineers develop insight into
various radiation and scattering mechanisms.
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Abstract

We describe a hybrid asymptotic/boundary integral equation method for the solution
of scattering problems including surface waves and creeping waves. The hybrid method is
based on short wavelength asymptotics coupled with a boundary integral equation formu-
lation (boundary spectral strip). The method is described using non-uniform representa-
tions for both surface wave and creeping waves, and a uniform representation for surface
waves. The method is illustrated and investigated through simple examples with analytical
or semi-analytical solutions. These examples show that excitation amplitudes and diffraction
coefficients can be reliably and accurately evaluated, and that multiple scattering effects can
be systematically included. We demonstrate the importance of using uniform asymptotics
and enforcing boundary conditions on the diffraction coefficients. We investigated different
values of boundary impedance with single and multi-domains problems. The error in the
diffraction coefficients is evaluated using both representations. Finally, we conclude with
a large scale example which shows how the formulation leads naturally to an efficient and
simple domain decomposition strategy.
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1 Introduction

Computing the acoustic or electromagnetic field scattered by large obstacles remains a challenge.
Traditional numerical methods (e.g. FEM or BEM) have meshing requirements which scale (at
least naively) with the wavelength, A. The size of the domain to be meshed, on the other hand,
scales with the size of the obstacle, L. Thus, the computation cost can be prohibitively high
when \/L < 1.

Asymptotic methods, including GTD and UTD, are devised specifically to capture the limit
of A/L — 0. In practical application, however, these are typically limited by the availability of
diffraction coefficients.

Several hybrid asymptotic-numerical methods have been developed to try to overcome the
limits of each approach. The first was introduced in 1975 by Burnside, et al. [4]. It is typical
of several hybrid formulations developed since then, in that GTD inspired shape functions
are used in an otherwise straightforward discretization of the original boundary value problem
[4, 11, 15, 20, 22].

Wang [22] in 1991 was the first to introduce surface wave based shape functions in a hy-
brid method. These he included for two-dimensional scattering and scattering from bodies of
revolution. Wang noted that integration of the GTD based shape functions in order to obtain
the discretized equations was computationally expensive, and suggested that these integrals be
evaluated asymptotically.

An alternative strain of hybrid methods that has developed is that in which the numerical
part (FEM typically) is used as a “preprocess.” Jin and coworkers [21, 6, 8] describe some
very recent work on combining FEM with a uniform theory of diffraction (UTD). These au-
thors propose solving the canonical diffraction problem as a preprocess using FEM, and they
describe how to build the result into a UTD formulation. Similar approaches are advocated
in [19, 5, 18]. Calamia, Coccioli & Pelosi [5] make a point of adequately enforcing the radia-
tion condition on the calculation of the inner solution in order to avoid uniqueness problems at
interior eigenfrequencies.

We have recently presented a hybrid method that falls outside the two categories just de-
scribed [17, 2, 3]. Our approach is conceptually related to the method of matched asymptotic
expansions. The outer or global asymptotic expansion satisfies the equations of geometrical
optics. The inner or local field must satisfy the full Helmholtz equation, but is defined on a
problem with greatly simplified geometry. The inner solution is necessary to describe the field
in the vicinity of those points where the outer expansion fails to be valid. Our hybrid approach
depends on dividing the entire domain into an outer asymptotic region, and an inner numerical
region. In the outer domain, we describe the field using the geometrical theory of diffraction
[10]. In the inner region, we solve the full Helmholtz equations numerically. On the artificial
boundary between the two domains we enforce continuity of the field and its normal deriva-
tive. Thus our hybrid approach could be described as patched expansions, in which the inner
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expansion is found numerically.

Our method avoids many of the problems associated with other hybrid methods. Our formu-
lation completely circumvents the problem of evaluating large, high oscillatory integrals, noted
in [22]. Further, our formulation naturally provides for appropriate enforcement of the radiation
condition through patching on the artificial boundary.

In this contribution, we describe the treatment of surface and creeping waves in the hybrid
method. In section §2 we describe our hybrid method in general. In section §3 we apply the
method to the problem of radiation from a line-source on an impedance plane. This problem is
known to give rise to surface wave phenomena for certain values of the impedance. We compare
uniform vs. non-uniform representations of the surface wave fields. We derive the appropriate
boundary conditions on the diffraction coefficients, and show their importance in numerical
examples. We end section §3 with an examination of the error associated with surface wave
coupling between two numerical regions. We treat a second example in section §4: radiation
from a line source on a hard cylindrical surface. This problem is known to give rise to creeping
wave phenomena. We discuss the asymptotic representation, the numerical formulation, and
demonstrate high accuracy in predicting the diffracted field and the creeping wave amplitude.
Finally, we conclude with an example that combines features of our first two examples. We show
how our formulation leads naturally to an efficient and simple domain decomposition strategy.

2 The hybrid asymptotic-numerical method

We briefly discuss here the concepts of the hybrid method. More details and additional back-
ground are available in [17, 2, 3]. Here we shall present an outline of our hybrid method in the
context of the scalar wave equation

Au+klu=0 ze. (1)

Here u is the (complex) field relative to a time dependence of e"®*.  C R? is the d—dimensional
infinite domain exterior to the scatterer; i.e. @ = R?\ S, where S represents the scatterer. On
the surface of the scatterer 8S, u satisfies a (linear) boundary condition:

Ou
on

Here, B is an operator related to the impedance of the surface.

We shall consider scattering from this body due to an incident wave u;nc, and write the total
field as:

u=R_B z €0S. (2)

u = Uine + Uscat (3)
) _ ou . v
Jim, I [ — ik tsew] = 0. (4
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With u;n. specified, equations (1-4) completely determine the scattered field uscqt.

For simplicity, we shall discuss our hybrid method in the context of GTD and a boundary
integral equation formulation. Other hybrid formulations (UTD, modal expansions, Floquet
theory with FEM/BEM/MoM, etc.) are also possible with our formulation. We begin by
assuming that we have a GTD representation of the scattered field:

Uscat X uG(:z) = Z‘aj(kR)Aj(m) exp (ikv;(z)). (5)
ray j

In (5) we require that the phase functions 1 and the amplitude functions A, satisfy the eiconal
and transport equations:

(Vy)? =1 (6)
2V - VA+ Ap A=0. (7)

Such an expansion (5) typically results in an approximation which is asymptotic in kR (R is a
length scale to be specified):

k}l{im u® = ugeqs almost everywhere in . (8)
~—C0

Those points at which u@, the geometrical field, is not asymptotic to the scattered field e,
are called “diffraction points”. Thus we define the diffraction points as:

XP = {z| lim wseu —u® #0} ‘ (9)

kR— o0

We note that since u€ is not asymptotic to usc: at =P, then for any finite value of kR, u®
will typically provide a very poor approximation to s in a whole neighborhood of z?. For
that reason, we must consider local corrections to u€ valid in the vicinity of P in order to
obtain a practically useful approximation for moderate values of kR. This is one purpose of the
numerical aspect of the hybrid method. '

A diffraction point can be classified as either essential or inessential. The local solution
valid in the vicinity of an essential diffraction point provides some coefficient needed in the
global expansion (i.e. a diffraction coefficient). Local solutions valid near inessential diffraction
points do not. UTD can provide solutions that have only essential diffraction points. In practice,
we use local solutions available in the literature to describe the field in the vicinity of inessential
diffraction points. '

Around each contiguous set of essential diffraction points, we define a diffraction region QP

such that:
Tr— :z:D
QP = {:z: llz — zP|| < (kR)* f (—-———) } (10)

|z — 2P|
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Here, z? is a diffraction point and R is a fixed distance, a parameter to be chosen by the analyst,

which determines the size of the diffraction region. The accuracy of our hybrid method depends
on kR > 1. We denote by I'r the boundary of each diffraction region.

Now we are in position to define an asymptotically equivalent boundary value problem.
This problem is nothing more than a restriction of our original boundary value problem to the
diffraction regions, with continuity enforced across the artificial boundary I's. Thus we define

AuP +E2P = 0 z € QP (11)

uP = Bo,uP z € 80P (o0 (12)

uP = e +ut z€Tlgr (13)

OpuP = BpUine + Oput z € I'p. (14)

Here, u# is our global asymptotic approximation. It could be obtained by GTD as indicated

in equation (5), by UTD, or by GTD with local corrections near inessential diffraction points.
Figure 1 illustrates the method. We wrap all the diffraction points by a numerical domain and
patch the numerical solution to the asymptotic solution which is valid elsewhere.

The main solution stage of our hybrid method involves solving the asymptotically equivalent
boundary value problem ABVP (11-14). This problem is defined on a union of domains, each
of which is size O(R) = O(A). Thus each is easily discretized with few degrees of freedom.
The coupling of one region to another is accomplished through the definition of u4. We note
that u4 has undetermined functions in its definition. Any discretization of the ABVP must
allow for these functions to be evaluated, and enforce continuity on I'p (equations (13) and
(14)). A formulation that accomplishes these goals in the context of the finite element method
is described in [7, 17]. A formulation based on boundary integral equations is presented in [2].

3 Surface waves

We shall start with surface waves problems and demonstrate the method by solving the problem
of a source over half a plane with an impedance boundary condition as shown in Figure 2. The
problem is given by:

Au+k*u=0 in Q (15)
Onu+kPu=f(z) on y=0 (16)
u = outgoing. (17

We shall treat the case in which the support of f(z) is smaller than a wavelength A. We will
define the arbitrary boundary I'g as a semi circle (as shown in Figure 2) providing kR > 1. The
discretization takes place along the boundary of the domain which is bounded inside I'r. Note
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that it is an interior problem and therefore uniqueness problems which might arise in boundary
integral equation are not relevant here.

3.1 Global Solution: Non—Uniform Representation

The solution of the eiconal equation (6) in y > 0 is:

’¢71 =T (18)

(From (16) we find an additional solution which is:

o =1/1+ 5|z | -By. (19)

Substituting these solutions into the transport equation (7) yields the non-uniform asymptotic
solution u/VU:

R .
ut =uVU = (kR)‘WD(O)\/; e*T 4+ Ay, FNV (0,7)+ Aswp FAZ (8,7) kR — 005 1 #0; 0 5 /2.

(20)
Note that the first term represents a cylindrical wave while the last two represent two surface
waves going in the *z directions. Ay, , Asw, are the amplitudes of the two surface waves, while
their corresponding functions are:

Fs]:,ug - H(G 5 )e—z’kr cos(0+0sw) (21)
Fs]:JuZ . 'H( o)eikrcos(e—esw). (22)

Here H is the Heaviside step function and 8, is:

cosh™! /1 4+ 32

Osw = 1

(23)

3.1.1 Boundary condition

Equation (20) should satisfy the boundary condition given in equation (16). Asymptotic expan-
sion of this boundary conditions shows that the leading term satisfies:

( 00, ﬂ) D(6) =0 =0, (24)
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3.2 Global Solution: Uniform Representation

The non-uniform representation is not valid along the line § = 7/2. We shall use a boundary
layer solution [1] to obtain a uniform representation. In this case the uniform scattered field u¥
is:

ut =¥ = DY(9) \6/27 + Asw, FE,, (0,7) + Aswp FZ, (6,7) kR = o0; 7 #0 (25)
while the uniform surface wave functions are defined as:
FY = %eikf-i"/‘*zr [(m)% sin %(w . 0)] (26)
FY = %eikf-i"/‘*zr [(2kr)% sin -;-(0 - 03,,,)] (27)
where: o
F(z) = 7%’ /Z et dt (28)

3.2.1 TUniform boundary condition

We wish to derive a boundary condition that would yield a relation between the directivity and
the surface wave amplitudes. We also want that this boundary condition would be suitable for
a large range of impedance values 8.

In this section we will develop such a boundary condition for a more general case with
different impedance values at § = 0, 7 noted by 81 and Bg, respectively. We will start with the
right going surface wave. From eqs. (25,27) we can write the right going surface wave as:

Uswyp = sz_——_eikrF(zR) : (29)

where 1
L. . . 1
2z, = (2kr)2 sin 5(0 = bsw,) = —ilkoyz +1ikBy — kr]2. (30)

Here, 0, = {/1+ B2 and —7/2 < arg(z;) < 0 for y > 0. Expanding F(z,) for large zg [9]
yields: v ’ .
in/4 (ikzo,—kBpy)—ik . -3
F(Z}z)"“’\/-7Fe7r/1'3(2 R.ﬁRy)zr+°22—R+0(zR)- (31)

The right going surface wave can then be written as:

(ik f e—in/4 oikr 1
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where ‘
dg(6) = [o5 cos 60 + if, sing — 1]Y/2. (33)
Similarly, we obtain for the left going wave:
o e—im/4 gikr 1
Uswy = AswL {e(zka'Lx kBLY) + Nz "‘ﬁ—; [_ EdL (9)} } (34)
with ' :
d,(0) = [~o, cosf +if, sinf — 1]7/2, (35)

After setting the directivity D(6) at the surface at 8 = 0, 7 to zero in accord with equation (24),
we obtain the desired boundary condition.

—inf4 A A
DU _ € [ SWR swr ] —
) 2ym oo —1 + /o, +1 0 (36)
Uy e—it/4 [ Aswp Agu ] _ ‘
Dim - 57 Y S | R (37)

3.3 Local solution

After we have defined the global solution, we can proceed and define the local problem. Based
on equations (11-14) we can formulate the local problem:

Aul + %P = 0 z € QP (38)
Onul + kpuP? = f(z) z € 0P (60 (39)
u? = ut z€TlR (40)

oul = 8ut z € T'g. (41)

Here, the asymptotic solution u4 is given by eq. (20) or eq. (25) for the non-uniform or the
uniform representation, respectively.

To solve the inner problem, we use the boundary strip method [16]. By using BIE, we can
obtain a relation between the scattered field and its normal derivative along the boundary. This
can be written in discrete form as:

Hu=Gdu on 80P (42)

Here u and G,u are two column vectors of the nodal values (or coefficients of approximating
series in the case of BSM) of the variables u and 8,u, respectively. H and G are the associated
coefficient matrices evaluated by a weighted residual or collocation procedure. In the examples
we shall show, we used a collocation procedure.
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By dividing the boundary of the computational domain 8927 into the artificial boundary I'p
and the rest of the boundary I' we can rewrite the last equation (42) as:

[, Hry) { U }: (G Gry { Onury, } (43)

5 3nur‘§

In the case of impedance boundary condition on T’  both ur, and 8,ur, are unknown. In order
to solve both vectors we use the impedance boundary condition eq. (16):

6nupﬁ + kﬂurk = f(z), ze€lp. (44)

Using equation (20) or (25), and its normal derivative together with eqs. (43,44) yields the
following set of equations:

( D )
-Mp —Fgy, ~Fswp My 0 0 jswz, 0
—-My,p "anstL —anstR 0 My, 0 4 us:R = 0
0 0 0 Hr, -Gr, Hr‘ﬁ-f-kﬁGrR R Gpﬁf(m)
anUI‘R
.\ Ur; J
(45)

Note that if eq. (42) represents nodal values of u and 8,u then the matrices My, M 8,U are

unit matrices while the matrices M p and M, p are unit matrices multiplied by the constants
e*R /\/ER and (ik — 1/2R)e*R /\/ER, respectively.

3.4 Numerical results

To demonstrate the half-plane problem, we have chosen the radius of the numerical domain to
be R = 2), the wave number as k = 7, the impedance as 3 = 1 and the source is described by
a Gaussian f(z) = exp(—4vz?) where v = 10. The problem was solved using the uniform and
non-uniform representations and the results were compared to the analytical solution given in
the appendix. Figure 3 depicts the results obtained for the values of the field u along the surface
of the half-plane. In this figure and in the following figures the dashed and full lines denote
the imaginary and real part of the field, respectively, unless specified otherwise. It can be seen
that both representations yield excellent agreement with the analytical results. However, if we
examine the error obtained by the two representations as shown in Figure 4, we will see that
the uniform representation generally gives better results.

In order to further investigate the error, we present in Figure 5 the error in the surface wave
amplitudes as a function of the impedance. As expected, the results of the uniform representation
gives much better results over a much wider range of impedance values.
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We next investigate the error in the directivity. Figures 6a,b describe the amplitude of
the directivity for impedance values of 8 = 1,0.1 using both representations. It can be seen
that for the value of 8 = 1, both representations yield very accurate results. For the value
of B = 0.1, however, only the uniform representation gives acceptable results. We note here
that though the directivity result from the non-uniform representation looks bad, the results
of the field u matches the analytical results very well. This indicates that a “non-reflecting”
boundary condition which gives good results for the interior field does not necessarily represent
the problem correctly (i.e. diffraction coefficients can be wrong). We will extend the discussion
of the error after introducing a multi-domain problem in the next section.

3.5 Multiple diffraction points: Domain coupling

We now consider problems with multiple diffraction points. For this discussion we consider the
case in which each diffraction point is associated with three diffraction coefficients: two surface
waves and a directivity. The field u can be written as the contribution from all diffraction points:

N ikr
[ n
uA = nz.::l {Dn(en)ﬁ + 'A?WLF;lWL (en,'rn) + A?wRF?wR(On,Tn)} (4.6)

Here N is the total number of the essential diffraction points. Along each artificial boundary
I'g, we have to find the normal derivative of the field d,u. Assuming that this boundary is
defined by an arc with a radius R, we can write (with implied summation over n):

ou Orp, Ou 080, Ou
A ==t 4 B
On lFRi_ drj  0Orj Ory, + or; 96, (47)
Thus,
N ikr.
or 1 00 €rn
A = haALON ) N ha L 1) =
s S [2 (- )+ o] £
An %3F}‘m (0n,7n) %BFQUL (0ny ) +
SWL A Ay Orn or; 06y,
n _%aF?wR(em Tn) a_eﬁaF;le (071,’!‘") . (48)
SR 1 Or; Orny or; 06,

The global set of equations would be composed from several sets of equations like eq. (45). Note
that in the case of multi-domains the matrices M p and M p would not be just a unit matrix
multiplied by a constant (as in the case of single domain) but they would include coupling terms
as in eqs. (46,48) respectively.
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3.6 Numerical results

We will demonstrate the multi-domain problem using an extension of the example given in
section 3.4 for a single domain. Here we consider a second diffraction point a distance d from
the first, as shown in Figure 7. This diffraction point might be due, say, to a sudden change in
the impedance from one value to another. In order to highlight any error associate with coupling
two numerical domains together, we choose the second diffraction point so that it has identically
zero diffraction coeflicients; i.e. we consider zero step in the impedance. In this case we expect
the surface wave excited by the source to pass through the second computational domain, and
result in zero diffraction from the second domain. We chose all the data to be the same as in
the first example and the distance between the domains was set to d = 100A. The result for
the field u in the first domain looks very much like the single domain case which was shown in
Figure 3 and therefore we choose not to present it again. The result of the field on the second
domain is presented in Figure 8.

Figure 9 depicts the amplitude of the directivity of the second domain. It can be seen that
the directivity is almost zero (about 0.1% of the maximal value of the directivity of the first
domain). Figure 10 presents the error in the directivity in the second domain as a function of
the distance between the domains. It can be seen very clearly that this error behaves like one
over the distance, which agrees with our approximation order. However, if we will plot the error
in the amplitude of the surface waves as function of the distance (Figure 11) we see that the
error is not a function of the separation distance d.

4 Creeping waves

The second class of problems that we consider here is those that contain creeping waves. We
will demonstrate the method through an investigation of a source on a cylinder. Figure 12
illustrates the problem. The coordinate system of the cylinder will be (rc, ;) and its radius is
R,; the coordinate system (r,8) shall remain centered in the numerical domain. The governing
equations are:

Au+k*u=0 in Q (49)
Onu+kPu=f(6;) on r.=R, (50)
u = outgoing. - (51)

Here the source function f(f.) is assumed to have support which is smaller than a wavelength.

In the next sections we will develop the non-uniform representation for the creeping waves
problem. A convenient, fully uniform representation is at present unknown to the authors. We
note, however, that the fully uniform representations can be found in the literature [12, 13, 14].
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4.1 Global solution: Non-Uniform representation

The eiconal equation (6) for r, > R, yields:

’l/)l =Te. (52)

Equation (49) and the homogeneous form of the boundary condition (50) also admit non trivial
solutions of the form:

u= A, HD (kr,)e1%! | (53)
Here v satisfies the homogeneous form of (50):
0
o [HY) (BR.)] + kBHL) (kR;) = 0 (54)

Thus we find the asymptotic global solution:

(kR)™/2D(0)y/B e 85 <8 < 7 beo
w =u"" =9 Ay, FNU(9,r) 0> —04 kR —o00; 5 r#0 60#m/2.
AcwRRf:’U}z @,r) 0 <0
(55)
Here 0., is the cut-off angle shown in Figure 13. Ay, and Agy, are the creeping wave amplitudes
and related functions are given by:

FNY = H) (krc)e™ v (56)
FNU = H{) (kr.)ei (57)

Unlike the surface wave formulation where the cylindrical wave and the surface waves could
both contribute to the field at one point (in both uniform or non-uniform formulations), the
creeping waves and the cylindrical waves do not appear together in the non-uniform representa-
tion. The cylindrical wave will appear only in the region above the cut-off line (the horizontal
line tangent to the point where the source is applied as shown in Figure 13). Below the cut of
line on each side of it, a creeping wave exists starting at the cutoff line.

4.2 Local solution

The formulation of the local problem is nearly identical to that of the surface wave problem,
egs. (38-41). The set of equations that we form in the case of the creeping waves consists of the
following: Along the whole computational boundary the BIE holds (eq. (42)). On the boundary
I'z we will use a hard boundary condition:

Opu=f(6;) on Ty (58)
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The artificial boundary I'g is divided into three parts: the part above the cutoff line (denoted
by I'r,) and the two segments below the cutoff line (denoted by T'g, and T'g, for the left and
right segments, respectively). From eqgs. (40,41,55) we set the boundary condition on I'g to be
the following:

u=D(6) 5 } on T, (59)
Opu = (zk - *") (6 )
e -

u= Ay, F U(9 R)

cwR

6n’U1'—AcwR cwR( )} . FR3' (61)

On the boundary I'r, we use the same set of equations as in the surface wave case. On the
boundaries I'p, (and I'p,) we have to fit the functions FéXg (or FXV) and their normal deriva-
tives 8, Fpy (or 8,F77) to the nodal values of u or d,u. Since the field on T'g, (or Tg,) is
described simply in terms of a single creeping wave solution, we have some flexibility in the way
we enforce the continuity conditions (60) (or 61). We shall choose to enforce continuity of 8,u at
each of the collocation points on I'p, (or I'g,). That leaves us with just one equation to enforce
continuity on u. This we enforce in a least squares sense. Thus, we are led to the following
matrix equation:

-Mp My 0 0
~Ma.p 0 My, v 0 X
0 Hyr, -Gr, Hfﬁ

0
: T
{{D AC‘wR AC'UJL} {U]_“Rl 'U,I"R2 ’u.rna} {an'ulrnl anuFR2 anuFR:i} {urﬂ}} = 0
. GI‘,-ef(-'L')
Here
0 FI,. Feup 0 FL, My 0 0
Mp=| Mp, 0 0 ;. My= 0 My, 0
0 0 Fl,. Feu, | 0 0 FI, My,
(63)
0  pFewy O Msy, O 0
Ms,p=| My,p, 0 0 ; My = 0 Msy, O (64)

OA 0 anchL 0 0 MBnUa
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In the last set of equations we have used least squares on the functions Fe,;, and Feyp. It is
also possible to use least squares on the normal derivatives. In this case the matrices would be:

0 Fop O My, 0 0
Mp=| Mp, O 0 i My=| 0 My, 0 (65)
0 0 Fuy 0 0 My,
0  OWFT, .  0uFcu, 0
Mgy, p=| Ma,p, 0 0 ‘
0 0 OnFL,, OnFeu,
OnFL,. - Ma.u, 0 0
My = 0 Mo v, 0 (66)
0 0 OnFL,, - Ma,u,

4.3 Numerical results

The first example is of a cylinder of a radius R, = V29X = 5.39\ with a hard boundary
_condition. The radius of the numerical domain is R = 2) and the source is a Gauss1an f(6) =
exp(—-—'yR cos? §,) where v = 5 and the wave number is k = .

Figure 14a shows the result along the cylinder surface within the numerical domain. Since we
find the amplitude of the creeping waves, we can also evaluate the field outside of the numerical
domain along the cylinder surface, as shown in Figure 14b. We see that for both cases the
analytical and numerical results agree well. We also see very good correlation between the
numerical and the analytical results in the directivity, as shown in Figure 15.

We will not show here the derivation of multi-region coupling since it is very similar to the
surface wave case. We will present however, an additional example related to coupling between
domains. This problem involves an external creeping wave which propagates along the cylinder
as shown in Figure 16. The results for the field u and for the directivity are presented in
Figure 17a and 17b, respectively. Again a very good agreement is obtained in the u values
while the directivity is almost zero (as we expected, since the wave should “pass” through the
domain).

5 A Concluding Example

So far we have presented some simple examples with analytical solution in order to verify our
method. We would like to conclude with a more complex problem which will demonstrate the
potential of the method. Figure 18 defines that problem. We will consider a source over a 2D
cylinder with circular ends. The length between the arcs centers is 40 wavelengths and the radius
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of the arcs is 10 wavelengths. On the straight lines we use an impedance boundary condition
with 8 = 1, while on the arcs we apply a hard surface boundary condition. On the intersections
between the straight lines and the arcs we have a geometrical discontinuity and a boundary
condition discontinuity. Therefore we expect to see diffraction from these points.

We solve this problem by defining four numerical domains around each diffraction point.
The results for the directivity of each corner are presented in Figure 19.

6 Domain Decomposition

Because of the fact that there is no coupling between the cylindrical wave and the creeping waves
in the non-uniform representation, we can use a very efficient domain decomposition technique
to solve complex problems such as that defined in the last section.

We will decompose the problem in places where we have creeping waves. Figure 20 describes
how we decompose the last problem. Along the arcs only creeping waves exist. We will solve
the top problem first assuming that there is no influence from the bottom problem. Then after
solving the amplitude of the creeping waves we would apply them as external waves (as we did
before; see Figure 16) to the bottom problem. Thus we get new amplitudes for the creeping
waves which we use as external input for the top problem. We repeat these procedure until
convergence is achieved. Figure 21 shows the convergence obtained by this procedure. It can be
seen that the convergence rate is exponential and that we achieve machine precision after only
four iterations.

7 Remarks and Conclusions

In this work we have extended the applicability of the hybrid method to surface and creeping
wave problems. We have presented a non-uniform and a uniform representation for surface wave
problems and gave the non-uniform representation for creeping waves problems. We investigated
the method through some simple test case problems and presented the behavior of the error for
different impedance values. We have also presented a more complicated problem that might
shed more light on the class of problems for which this method is suitable.

8 Appendix: a Gaussian source over an impedance surface

In this appendix we briefly present the solution fc1>r a Gaussian source over an impedance surface.
We wish to solve egs. (15-17) with f(z) = e~27%°~#®* where ~ is an arbitrary constant. Using




Michael & Barbone, Boston University 15

a Fourier transform in the z-direction leads us to the solution:
1 oo e—§§+i[sz+\/l?f——s7y]
U = Jo | TR A B
The integrand has two poles at s = *k+y/1 + G2 which corresponds to the two surface waves.
The contour in (67) is indented below any singularities on the right of the real axis, and above

any singularities to the lest. By the residue theorem, we find that the surface wave contribution
is:

(67)

2mi e[_%k2(1+ﬂ2)/7—kﬂy]+ik\/1+B2|a:| (68)

el =

The far field can be evaluated using stationary phase:

_ sinf 1 —1k2 cos? §/~y+ikr
w0 = Zi Gomo 1 B)° rreo 670 9

An alternative way to evaluate the integral (67) is numerically by using FFT. When doing so,
however, one should first subtract the pole singularities and only then perform the FFT.
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1 The hybrid method: The numerical domains are shown shaded.

2 Surface wave on an infinite plane with an impedance boundary condition.

3 Surface wave, one diffraction point: Results of the field u.

4 Surface wave, one diffraction point: Error in the field results.

5 Surface wave, one diffraction point: Error in the surface wave amplitudés.

6 Surface wave, one diffraction point: Directivity results. (a) 8= 1. (b) 8 =0.1.

7 Surface wave, two diffraction points: Problem definition.

8 Surface wave, two diffraction points: Results of the field u on the second domain.

9 Surface wave, two diffraction points: Results of the directivity of the second domain.
10 Surface wave, two diffraction points: Error in the difectivity of the second domain.
11 Surface wave, two diffraction points: Error in the surface wave amplitudes.

12 Creeping wave: A source over a cylinder.

13 Creeping wave: Coordinate systems and cut-off line.

14 Creeping wave: Results of the field u:
(a) Results within the numerical domain (r, = R;; 0 < 8 < 21 — 8,,).

(b) Results outside the numerical domain (r, = Re; 6 < 8.,).
15 Creeping wave: Directivity results.
16 Creeping wave, wave traveling through a domain: Problem definition.

17 Creeping wave, wave traveling through a domain:
(a) Field results.
(b) Directivity results.

18 A 2D cylinder with circular ends: Problem definition.
19 A 2D cylinder with circular ends: Directivity results.
20 Domain decomposition.

21 Domain decomposition: convergence results.
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Surface Wave - Error in Amplitudes
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C.2 Scattering from submerged objects by a hybrid asymptotic-boundary
integral equation method
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Abstract

We describe a method to compute the field scattered or radiated by acoustically large objects. The method combines
the a high frequency asymptotic approximation with a boundary integral equation (BIE) method. The method is based on
patching a short wavelength “outer expansion” to a BIE representation of the “inner solutions”. The inner solutions describe
the field in the vicinity of sharp changes in geometry or boundary condition. We describe the formulation and solution of the
inner problems using a boundary spectral strip method. The hybrid formulation consistently includes effects of infinite order
multiple diffraction. The method is demonstrated by scattering from a wedge, from two small circular cylinders, and from a
triangular shaped obstacle. © 1999 Elsevier Science B.V. All rights reserved. '

1. Introduction

We consider the problem of computing the complex acoustic pressure field p(x)e~i¢¥ scattered by large bodies.
We shall be content with finding an approximation to p(x) (the time harmonic factor shall be suppressed from
hereon). We seek an approximation strategy that is capable (at least theoretically) of being refined arbitrarily so
that we can get as accurate a solution as desired. A traditional numerical method that has this property is said to be
convergent. Classical asymptotic approximations, on the other hand, are typically divergent. That is, they cannot be
refined arbitrarily in a given application.

Here we describe a hybrid method for scattering which combines short-wavelength asymptotics with a boundary
integral equation (BIE) method. In our hybrid approach, we attempt to draw on the benefits from both methods
while eliminating their largest individual deficiencies. For example, an asymptotic approach can be computationally
efficient for acoustically large scatterers; its applicability, however, is limited since diffraction coefficients are
available for only relatively simple geometries. Boundary integral equations, on the other hand, can accommodate
arbitrary geometries. Computational cost limits their applicability, however, to relatively small problems. Another
issue facing simple single layer potential BIE methods in time-harmonic acoustic scattering is nonuniqueness.
Our approach eliminates all nonuniqueness issues associated with simple BIE formulations for the Helmholtz
equation.

* Corresponding author. E-mail: barbone @bu.edu

0165-2125/99/$ — see front matter © 1999 Elsevier Science B.V. All rights reserved.
PI: S0165-2125(98)00027-4
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Our hybrid method is based on patching a short-wavelength asymptotic expansion of the scattered field to a
BIE representation of the near field. That is, the “inner” or “canonical” solutions required for the short wavelength
asymptotic expansion of the scattered field are found using a BIE method. The BIE is applied to a small interior
region (size A = wavelength) in the vicinity of a diffraction point. Inside that domain, the numerical solution can
be refined to arbitrarily high accuracy, The patching condition to the “outer asymptotic approximation” takes place
on an artificial boundary. The accuracy of the resulting boundary condition (on the numerical problem) depends on
the (arbitrary choice of) the location of the artificial boundary. Thus, the “asymptotic approximation” can be refined
arbitrarily by moving this boundary. The rate of “convergence” of the asymptotic approximation is determined by
the order of the asymptotic approximation used in the “outer” domain.

This paper introduces our hybrid method (asymptotic-numerical) in the context of a BIE numerical formulation.
Some earlier work in the area is surnmarized in the next section. Section 3 contains our problem formulation and
describes our hybrid method. The first example application, diffraction from a wedge, is presented in Section 4.
This example has been treated earlier in the context of the finite element method in [2,14]. Here we treat the
problem using the boundary spectral strip method. We also include resuits that demonstrate the role of uniform
asymptotics in defining the outer field. Following the wedge example in Section 4, we consider two more examples
with interacting diffraction regions: scattering from two circular cylinders, and scattenng from a triangular shaped
obstacle.

2. Background

The first description of a hybrid GTD-integral equation approach is due to Burnside et al. [3]. His and other
approaches since depend on a method of moments formulation of the overall problem. Shape functions based on a
GTD ansatz (see Eq. (5)) are then substituted into the integral equation. (See [3,7,10,16,17}.) This approach requires
the evaluation of integrals over large domains of hypersingular kernels multiplying rapidly varying functions.
Further, these formulations are based on integral equations that exhibit nonuniqueness at specific frequencies. For
these reasons, we have rejected hybrid approaches based on these formulations.

Below we shall present a new hybrid GTD/BSM approach which combines GTD with BSM (boundary spectral
strip method). The essential idea behind our method is to use a short wavelength asymptotic approximation wherever
it provides an accurate representation of the field. In the neighborhoods of those points where it is not valid, we
supplement the solution with a BIE representation. Thus, we divide the domam into two (not necessarily connected)
regions: the asymptotic region and the numerical region.

In our formulation, we apply the BSM to inferior domains, that are usually simply connected. Thus our formulation
is free of any problems associated with nonuniqueness of the continuous BIE for exterior problems. The formulation
naturally separates the asymptotic from numerical approximations, and can be refined systematically to obtain
arbitrarily high accuracy. The formulation leads to a matrix system of equations in which the number of degrees
of freedom scales as Ngof = O((kL)?~2). Here, k is the wave number, L is the scatterer size, and d represents the
dimensionality of the problem (i.e. 2 or 3.) Thus, the direct factorization costs scale as cost = O((kL)3@=2). In
two dimensions, the cost is asymptotically independent of frequency.

3. Formulation

The complex acoustic pressure satisfies the Helmholtz equation:
Ap+k*p=0, xef. ¢Y)

£ c R? is the d-dimensional infinite domain exterior to the scatterer; i.e. 2 = R¢ \ S, where S represents the
scatterer. On the surface of the scatterer 35, p satisfies a (linear) boundary condition consistent with continuity of
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traction and normal velocity:

dp
— - s a .
Ban+p 0, xedSs 2)

Here, B is a (not necessarily local) operator related to the impedance of the surface.

The scattering excitation is due to an incident wave pj,. that identically satisfies (1) but not necessarily (2). This
gives rise to the scattered wave ps.r. The scattered field satisfies

P = Pinc + Pscats 3)
. - d .
rl-lpgo r@é-n/2 [—!;‘La!- —ik Pscat] =0. 4)

Egs. (1)~(4) define a unique boundary value problem for the scattered Pressure Pcar.

We are especially concerned with obtaining solutions at large kR. Here, R is a reference length which will be
made specific later. We shall employ the geometrical theory of diffraction [6], or GTD, which has been devised
especially to handle this limit. GTD can be thought of as an application of matched asymptotic expansions, in which
the outer expansion is given by the ansatz ’

Pse = pO(x) = Y aj(kR)A;(x) exp(iky;(x)). )
ray j

Such an expansion (5) typically results in an approximation which is asymptotic in kR:

lim p% - py,  almost everywhere in £2. ' 6)

kR—o0

To apply GTD, one must integrate the ray equations, integrate the phase along each ray, integrate the transport
equations along each ray, etc. When a ray intersects the surface of the body, the wave can be reflected, transmitted,
diffracted, etc., and corresponding reflected, transmitted, or diffracted rays are introduced accordingly [6]. Ray
discretization requirements are determined by the geometry of the body (and the medium) and are therefore inde-
pendent of k. Further, the ray and transport equations are independent of k. Thus the computational cost associated
with computing the field scattered by a large body using GTD is independent of k.

At diffraction points (defined below), an inner or “canonical” problem must be solved and then asymptotically
matched to the outer field. For matching purposes, such a solution is typically required in some analytical form. The
availability of such solutions for complicated diffraction geometries practically limits the applicability of GTD to
problems with simple discontinuities.

3.1. The hybrid asymptotic-numerical method

In most of the domain, we shall use the asymptotic approximation (5) based on ¥R > 1. In the rest of the
domain, we shall use a BIE representation of the field. In this section, we first describe how we divide the domain
into these asymptotic and numerical regions. This division depends on the concept of a diffraction point. Then we
define an asymptotically equivalent boundary value problem on a union of “diffraction regions”. This is illustrated
inFig. 1. In this figure, we have noted “asymptotic regions” and “numerical regions”. (We use the terms “numerical
regions” and “diffraction regions" interchangeably here). This example is treated in a later section, as are several
other simpler examples. Those readers familiar with [2] may choose to skip ahead to Section 4.
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Asymptotic Solution Region

Fig. 1. An example scatterer. Shown in shades are the “numerical” and “asymptotic” regions. The field in the dark regions is found
numerically and patched smoothly to an asymptotic expression, valid elsewhere.

3.1.1. Diffraction points

In order to obtain an approximation to pscar, we proceed as follows. We first apply the principles of GTD to obtain a
“global” asymptotic solution. ! Some of the coefficients (diffraction coefficients in particular) in the outer expansion
cannot be determined from the outer equations alone. These coefficients are associated with homogeneous solutions
of the outer equations. Further, there is a set of points of zero measure at which expansion (5) is not asymptotic; i.e.
that set of points where (6) is not valid. Thus we define the set of diffraction points XP to be

XP=x
kR—>00

lim pecar — PG # 0] . | ‘ Q)

We note that since p© is not asymptotic to pscy at x2, then for any finite value of kR, pS will typically provide a
very poor approximation to Pscat in a whole neighborhood of xP. For that reason, we must consider local corrections
to pY valid in the vicinity of xP in order to obtain a practically useful approximation for moderate values of kR.

The diffraction points can be classified as either of two types. We shall refer to them as essential diffraction points
and inessential diffraction points. The local solution valid in the neighborhood of an essential diffraction point is
necessary to evaluate some undetermined functions (i.e. diffraction coefficients) in the homogeneous solutions of
the outer equations. The local solution valid in the neighborhood of an inessential diffraction point on the other
hand, yields no such global information. Typically, the locations of essential diffraction points do not depend on the
properties of the incident field (such as its angle of incidence). They are purely geometric in origin and are typically
associated with edges and vertices. The locations of inessential diffraction points, on the other hand, often change
with the incident field parameters. Examples include shadow boundaries, foci and caustics. The distinction between
essential and inessential diffraction points is hardly important except that we shall deal with the former numerically
and with the latter analytically. ‘

In order to obtain an approximate solution which is valid at the diffraction points, it is necessary to find an inner
or local solution. This solution is then matched to the outer solution. The result is a set of approximations (local and
global) that together have a range of validity that includes the entire domain. We again emphasize the importance of

! We shall alternatively use the terms “outer” and “global” to refer to quantities asymptotically valid in regions away from diffraction
points. “Local” or “inner” regions are A sized neighborhoods of diffraction points, where A is the wavelength of sound in the fluid.
Diffraction points are defined later in the text.
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the local corrections when using the asymptotic approximations at any finite value of kR. For inessential diffraction
points, local solutions are typically available in the literature. (see, e.g. [9].) For essential diffraction points, solutions
are typically available for only simple shapes and boundary conditions. The hybrid method that we propose describes
a way to obtain approximate solutions valid near essential diffraction points.

3.1.2. Diffraction regions

To do so, we introduce diffraction regions. Around each contiguous set of essential diffraction points, we define
a diffraction region £2P such that

xX—Xx

D
2P = {x I x —=xP |l< kR f (m) I . ®)

Here, xP is a diffraction point and R is a fixed distance, a parameter to be chosen by the analyst, which determines
the size of the diffraction region. The function f((x — xD) [lx— xP|) determines the shape of the diffraction region.
The outer boundary of the diffraction region shall be denoted by I'g, indicating that its location depends on the
choice of R. The value of « is chosen so that, as kR — oo, Ig is entirely contained in the domain of validity of the
expansion (5) (e.g. typically the far-field of the diffraction point). The accuracy of our hybrid method depends on
kR > 1.

3.2. Asymptotically equivalent boundary value problem
Now we are in a position to define an asymptotically equivalent boundary value problem. This problem is nothing

more than a restriction of our original boundary value problem to the diffraction regions, with continuity enforced
across the artificial boundary I'z. Thus we define

ApP +K2pP =0, xe 2P, , , )
B3,p° = ~pP, xed2Pnig, (10)
PP = pinc + p*, x €Tk, (11)
3np® = Oppinc + 9up®,  x €Tk (12)

Here, p* is our global asymptotic approximation. It could be obtained by GTD as indicated in Eq. (5), by the uniform
theory of diffraction (e.g. [8]), or by GTD with local corrections for inessential diffraction points. We shall give
examples using both corrected and uncorrected GTD below. Montgomery and Barbone [14] have shown in wedge
geometries that patching p® on kR = constant as described in Eqs. (11) and (12) is asymptotically equivalent to
matching. '

Our hybrid GTD/BSM method is now simply stated. We have the “asymptotically equivalent” boundary value
problem (9)—(12) defined on the small (size kR) interior domain 2P, We shall formulate and solve that boundary
value problem using BSM. Any other numerical method might be adapted to solve this boundary value problem,
too. Barbone and coworkers [2,14] demonstrate its solution using finite elements.

We shall now illustrate our method through simple examples. We shall first consider a simple wedge geometry.
This will allow us to show examples of essential and inessential diffraction points, and show how to deal with each.
Then we investigate the interaction between two essential diffraction points by considering the scattering from
two small circular cavities. Finally, we discuss how to generalize the formulation to consider more complicated
geometries. We demonstrate this by computing the field scattered by a large triangular scatterer.
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Fig. 2. A blunted wedge. Dark shaded area is the “diffraction region™ or “numerical region”, the boundary of which is subsequently
meshed. The “outer domain” corresponds tor > R = 2A.

4. Application to a wedge

4.1. Formulation

Our first example is that of plane wave scattering from a soft blunted wedge. Since we have considered this
example before in the context of FEM, we shall include only an outline of the asymptotic solution here. Readers
interested in more detail should consult [2].

The problem of interest here is depicted in Fig. 2. We shall allow the end of the wedge to be truncated with some
shape. Such geometrical detail is assumed to be the size of a wavelength or smaller. For definiteness, we consider
the wedge blunted with a circle of radius @ = A /2. Since the wedge is soft, the boundary condition on the wedge
surfaces is p = 0, or Eq. (2) with B = 0.

The incident plane wave is taken to be of the form

Pinc = eik(x cos 6 +y sin 6;) _ eikr cos(ﬂ—-&,)‘ (13)

Here, 6; is the angle of incidence and k is the wave number. Thus, Pscat satisfies (1)—(4) with B = 0 and pjc given
by (13).
4.2. The global solution

We apply the laws of GTD [6] to the wedge shown in Fig. 3. Thus we write the scattered field as a sum of two
plane waves (shadow and reflected, denoted by pshd'and pres, respectively) and a diffracted cylindrical wave (pgigr)
as indicated in Fig. 3:

Pscat ~ P® = Psna + Pre + Paist, 1 #0, 8 # 6, 6. (14)

We have chosen an incident angle for which there is both a reflected and a shadow wave. For other angles of
incidence (i.e. 0 < §; < 2 — B), however, there could be two reflected waves. If(ie. B8 — 1 < 6; < m) then there
will be two shadow waves.
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Shadow Plane Wave

Fig. 3. The global reflected and diffracted waves from a wedge. Note that the geometrical details of the corner (o(A) in scale) are invisible
from this “global” perspective.

The individual terms in (14) are given as follows:

Psha = —e¥7e0%0—8) g <9 < g,
Pref - _eikrcos(e—e,) 91’ < 9 5 ﬂr

15
L )
pdiff = (kR) D(©) 7e 0<8 <8, kr-— oo
The reflected and shadow wave amplitudes are known from the boundary condition (2) on the wedge faces. The
angles 6; and 6, are the angles in which the shadow-wave and the reflected-wave propagate, respectively, as shown
in Fig. 3. The function D(8), the diffraction coefficient for the edge, is considered unknown at this stage.
We note that the plane waves expressions are defined only for certain values of the angle. Qutside the ranges specified
in (15) they are understood to be zero. Thus our expression for pG has discontinuities at 8 = 6, 6;.

4.3. Local solutions: diffraction points

We note that Eq. (14) is not valid at 7 = 0, nor at § = 6;, 6;. These define sets of “diffraction points”. The
point 7 = 0 is classified as an essential diffraction point since the local solution there is required to evaluate D(6).
The boundary layer solutions around the angles 6 = 6, 65, on the other hand, merely provide local smoothness
corrections, and are not associated with homogeneous solutions of the outer equations. Thus the set of points that
make up the lines 8 = 6, 6; are classified as inessential diffraction points. We shall consider local solutions near
the inessential diffraction points first. :

4.3.1. Inessential diffraction points .
An inner solution valid along the line § = 6, represents a boundary layer solution. It can be found in many text
books, either directly or indirectly (see, e.g. [4,5,15,18]). Here we simply state the result from one such choice:

; R | , ) i
plpiform . pU = _-ﬁw[(zkr)'/z sin1/2(8 — 65)]) exp {1kr - 74-] . (16)
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Here, F(z) is defined as (note that we use the complex conjugate of that used by Jones [5]):

o0
F(z) =e & /ei’2 dr. an
We note that ‘
Ps ~ g +OUR)™2 for (kr)'/2sin 36 — 6;) « 1. (18)

Thus, pg,4 provides our asymptotic approximation to the scattered field that is valid in the vicinity of the shadow
boundary. It has the advantage of some other representations in that it is an exact solution of Helmholtz equation.
Similarly, we define p.; for the reflection boundary region:

1 . . in
Pl = 2 FIH sin 30 — ool exp fir - . 19
With p.; and p3 ;, we write an approximation to the scattered field valid at all angles:
Pscat ~ pP™ = plc + ply+ P VO.r #0, 20
R .
Paire = (kR)-‘/ZD“(e)\/;e"". @1

Eqgs. (14) and (20) both provide asymptotic approximations to pscsr. They are both formally accurate to O(kR)~1/2,
The difference between them is that (20) is valid for all angles 6, while (14) is not valid at the two angles 6 = 4;, 6.
In the case of Egs. (14) and (15), the function D() is unknown and needs to be determined. In the case of (20) and
(21), the as yet unknown function is D¥(8).

4.3.2. The essential diffraction point :

The point » = 0 we have classified as an essential diffraction point. We note that the approximation in (20) is
formally valid everywhere except at r = 0. The “hybrid method” that we propose involves obtaining the solution
in the vicinity of essential diffraction points numerically rather than analytically. Therefore, we shall formulate and
solve numerically an “asymptotically equivalent boundary value problem” on a “diffraction region” which includes
the neighborhood of r = 0,

We begin by defining our diffraction region:
2 = ((n0) | r < kR)/k). 22)

Thus, for fixed kR, the diffraction region shrinks as k¥ — co. On the other hand, for fixed , the diffraction region
grows as kR — o0,

We now wish to solve the problem described in Egs. (9)—(12) with 2P as described in (22). This yields the
following boundary value problem for pP = pgey (x)| op:

Ap° +k*pP =0, r<R, 0<6 <8, (23)
P’ =—pinc, =0, 6=8, ' 24
pP=p* onr=R, ‘ 25
3.p° = 3,p* onr=R. (26)

Here, p” is given by either pC in (15) or by pASY™P in Eq. (20). The boundary condition in (25) and (26) would be
over specified if p* were known completely, since we cannot specify both p and its normal derivative on the same
surface, in general. Since D() is unspecified in p#, however, conditions (25) and (26) are not over specified.
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We now discuss the numerical solution of the boundary value problem (23)-(26).
4.4. Numerical solution for local problem

The method that we use for the numerical solution is the boundary spectral strip method (BSM). This numerical
method is based on a boundary integral formulation and utilizes a spectral series basis rather than elements and
nodes. The details of the method can be found in [11-13]. The mode! which is used for numerical solution is

3 T 1 T v T v T T T ¥

Total field

i i i i ; i i
20 05 1 1.5 2 25 3 3.5 4 45 5
Circumferential angle
(a)

]
] !
] oh
H (N
: 1
R ot
: ]
: t
: -H
: v
2 H H ; ; ; H ; i h i
0 0.5 1 1.5 2 25 3 35 4 45 5
Clrcumferential angle
(b)

Fig. 4. The scattered field from the blunted wedge. Analytical and numerical results evaluated on the artificial boundary, I'z: (2) p* given
by pASY™P; (b) p* given by pC.
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depicted in Fig. 2. It uses sixth-order polynomial strips; 10 for the outer boundary (» = R), 5 for the inner boundary
(r = a), and two for each straight edge (¢ = 0, 8). Note that the problem is formulated on a simply connected
inner domain. Therefore there are no uniqueness problems as appear in the Helmholtz single layer potential BIE
for exterior domains. The geometry is defined by a = A/2 and R = 2A, where A is the wave length. The angle of
the incident wave was chosen to be 30° as shown in Fig. 3.

We first consider the case of p” given by pASY™P, In this case, we get very good agreement between the numerical
results and the analytical results (See Appendix A.) Fig. 4(a) shows this agreement for the real and the imaginary
parts of the scattered field on I'.

To demonstrate the importance of using uniformly valid asymptotics in p*, we now consider p* given by p€in
Egs. (14) and (15). We recall that pC has discontinuities along the shadow and reflected field boundaries, § = 6;,
6 = 6;. Fig. 4(b) shows a comparison of the results obtained by our hybrid method and the exact solution evaluated
on I'g. We note that away from 8 = 6, 6,, the results agree well with the exact solution. In large regions near the
shadow and reflected field boundaries, however, we see that the presence of the discontinuities pollutes the quality
of the hybrid solution. For large enough & R, the pollution would affect a very small portion of the full angular range.
For practical values of kR like that used here, however, this range can be significant.

5. Interacting essential diffaction points

In this section we shall demonstrate our hybrid method on a problem with interacting diffraction points. For
simplicity, we consider two-dimensional scattering from two small soft cylindrical cavities (with radius a = O()))
as shown in Fig. 5. The distance between their centers along the x-axis is d 3> A. We shall consider the special case
of symmetry about the x-axis.

5.1. The global asymptotic approximation

For the analysis of this problem, we introduce two polar coordinate systems, with the origins located at the centers
of the two circles. Each point is located by either (r1, 61) or (r2, 82). Therefore, the boundaries of the two circles

Atrtificial boundary

Fig. 5. Two pressure release cavities embedded in an infinite domain, problem definition.
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are described by the equations:
n=(r.6)ln=a}, nN={02,6)n=a}. 7

In this case, we will write the exact solution and from it, extract the outer asymptotic expansion. In terms of the
given coordinate system, the exact solution of {1)~(4) for the total field can be written as

Dior = p1 + P2 + Pinc in 2, (28)
oo
pr=_ AnH{V(kr1) cos(ndy), (29)
n=0
[o.e]
pr=) . BuHY) (kr2) cos(mby). (30)
m=0 '

The coefficients A, and B,, would in general be determined from the boundary conditions on the cylinders. We
treat the cavities as soft, but allow forcing on the boundaries. Thus the boundary condition is (Eq. (2) with B = 0,
i and nonzero right-hand side):

prot = fi2(612) on . : (3D

We shall later compare our asymptotic approximation to a reference numerical solution. To obtain the reference
solution, the sums in Egs. (29) and (30) are truncated at large finite values. Eq. (31) is then enforced at various
points and the coefficients A, and By, are determined by inverting the resulting matrix equation.

Forkrj » 1,orforr; > R and kR > 1, we can approximate p; and p> in (29) and (30) using the large argument
expansion of the Hankel functions [1}:

P~ g\/’%exp(—innﬂ —im /4) A, cos(nby) \/;cﬁ expikr)
~ D1(61) Jllc_rT expikr;, k— o0, r #0, (32)
= [2 , , 1 ,
Cpa~ 2“:0\/; exp(—imn /2 — i /4) By cos(mb2) T ikrs
~ Dy(67) \/I}c_r_z- expikry, k— o0, r2 #0. (33)

Eq. (28) with expansions (32) and (33) is our outer asymptotic approximation of the field. This is the expression
which is to be used as p® in the asymptotically equivalent boundary value problem, (9)~(12). The limits on the
validity of the expansions in (32) and (33) indicate that 7; = 0 and ry = 0 are essential diffraction points. We note
that the two functions D1(61) and D,(8) are as yet unknown.

5.2. The local solutions

We define the two diffraction regions as follows:
QP ={(r1,0)la <n <R}, (34)
2P = {(r2,6)la < r2 < R). (35)

Here, we have chosen R < d/2. If we had chosen R > d/2, thena single boundary surrounding both the cylinders
would be used. Examples like this will be treated separately in 2 forthcoming publication.
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We now must solve the boundary value problem (9)-(12) on each of the diffraction regions .Q}" and .Q? . To

enforce Eq. (23), we write a boundary integral equation on the boundary of each diffraction region separately. This
can be expressed in discrete operator form as

Hp = Gv. (36)

Eq. (36) represents a (discretized) relation between the field p and its normal derivative v = dp/dn. H and G are two
coefficient matrices, while p and v are two column vectors containing the coefficients of the series that approximate
the functions p and v, respectively.

The boundaries of each diffraction region 852D can be partitioned into I'g,,, the artificial boundary separating
the diffraction and asymptotic regions, and I'; , the rest of the boundary of the diffraction region.

3920 =Tg,UTy, . 37

We likewise partition Eq. (36) to write

[Hry,,Hr; ] {P"R,,, ] [Gry,» Grz, ] [ :’;lfm ] . _ (38)
Rm
We note that Eq. (38) represents two independent, and so far uncoupled, equations. The value m = 1 corresponds
to the discretized BIE for the region on the left, while the value m = 2 represents the discrete form of the BIE for
the region on the right.
In order to enforce the continuity conditions (11) and (12), we seek expressions for 3, prPonlg ,m=121In
the asymptotic regions, the scattered field is given by pi + p2, which, using (32) and (33), can be written as

lkr,,,

Pecat ~ Z Din(Om) 7= 39)

T'm

-Since I'y is a circle, the normal derivative is equal to the radial derivative. Thus we can write

ap tkr,,
\rtn = By, arm ZDn ) === (40)
Applying the chain rule to (40) yields:
Z ik (lk— 1)D(e)+36”1;»'(e)]—"’"i @41
arm n— 37',,, nion " /krn )

Here D} (8,) is the derivative of D, with respect to ,. For the coordinate system employed here, we obtain the
following relationships:

Brn =cos(@m — On), 36n = 1 sin(@p, — 8,). 42)
'm rm Tn
At this stage, we have a choice of different ways to proceed. One way is to introduce interpolations of Dy (6,)
into Egs. (39)—(41), and substitute the result directly into (38). We chose the second option. That is to interpolate
v and p on I'g separately from Dy (6,). Then enforce the continuity conditions (39) and (40) weakly. This affords
two benefits. First, it allows added freedom in the choice of interpolations functions to be used in D, (6,) and p.
Second, it provides an obvious route to adapt our hybrid method to existing BEM codes.
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Finally, using the relations between p, v and D given in Egs. (39)~(41) together with Eq. (38) yields the following
system of equations:

Mpp Mp 0 0 PD 0
-Mpy 0 My 0 V; Ry 0 (43)
0 Hrp, -Grp —Gr Vrlf ~Hripr;
R

Each of the vectors D, Pry, Pry, Vry, Vr; contain two sub-vectors of series coefficients representing the relevant
variable on the two diffraction regions. The matrices Mpp and Mpy are evaluated using Eqgs. (39) and (40),
respectively.

‘We note that we make no special attempts to interpolate D, (9,,) smoothly. The interpolation assumes discontinuous
shape functions, and continuity results from the solution of the equations themselves. :

5.3. Numerical results

Here we let the two cavities have radius @ = 0.5 = A /4 at a distance d = 10, The wave number was chosen as
k = m,and R = 2. The boundary conditions are f; = cos6; + % cos 26y and f; = 0, with pjc = 0. The boundary

270 (c) 270 (d)
~: Simple Numerical Model

.x: Hybrid Asymptotic Numerical Model

Fig. 6. Two cavities embedded in an infinite domain: (a) pressure field amplitude along the artificial boundary: right cavity; (b) pressure
field amplitude along the artificial boundary: left cavity; (c) diffraction coefficients: right cavity; (d) diffraction coefficients: left cavity.
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strip model used sixth-order polynomial strips. On each cavity, six strips were used to describe the boundary of the
cavity and 20 strips on the artificial boundary.

We compare the results from the hybrid method to those obtained from a reference solution (described above).
Fig. 6 shows a comparison of the amplitude of the scattered field and the directivity coefficients obtained from the
reference solution and the hybrid asymptotic BSM solution. We see that there is a good agreement between the
results of the two models. Other test cases showed similar agreement provided that the boundary data had sufficiently
slow circumferential variation. For f1(6)) = cosn6), good agreement was obtained for n < 14 when comparing
the total pressure. When comparing the directivities, however, discrepancies in excess of 20% were apparent for
n = 3. In general, comparisons of py along an artificial boundary showed closer agreement than comparisons of
D, (6). ‘

Using higher-order asymptotics in the outer field improved accuracy of the directivities considerably. Increasing
the order of accuracy in the outer field to O(kR)™3/2 1ed to error in the directivies that was smaller than 5% for
n < 20. Issues related to error estimation, numerical accuracy, and higher-order asymptotic approximation shall be
addressed in detail in a forthcoming paper.

6. Scattering from a triangle

We shall now apply our method to a more challenging geometry: scattering from a triangle with blunted corners.
The boundary condition on the surface of the triangle is piot = 0, and we consider a plane wave incident:

= eikrl cos(d) -0.)_

Dinc (44)

For definiteness, we assume that the angle of incidence 0 < 6; < 37 /4 measured with respect to corner 1. The
corners of the triangle are blunted in a manner analogous to the wedge treated earlier. As with the examples described
before, we begin with an expression for the global asymptotic approximation.

6.1. Global asymptotic approximation

The geometry of our triangular scatterer is described in Fig. 7. We choose three polar coordinate systems with
origins located at the corners of the triangle. As with the wedge example, we obtain both plane wave contributions
to the scattered field and diffracted cylindrical waves from each corner:

3
pra~ 0% = pa + Y Ppue Fa# 0. On A0, fr, 0y £ 67°D, (45)
n=\

Pt = —elkr s 67"y _ _gikriz cos(@]"") gikrz cos(=6"")

0<6 <6/ and 6" <6<, ' (46)
Ppuw2 = —eikriz cos(e{’"")eikrg cos((b—ef“'z) = —gikrizcos(By—6—) eikrs cos(83-87 l"z)'

0<6 <0/ and 6/ <632, @7
w3 = —€k! cos(O1-67"") _ _gikria cos(6]"") gikrs cos(63~67")

0" <6, <p and 0<6; <6, (48)

: 3
pat = (kR)™* 3" D (em)\/zﬁ‘ expikrm. : (49)

m=1
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PW1 - Shadow Region

Fig. 7. Scattering from a triangle: problem definition.

Here, r;j represents the distance between corners i and j, 67 w0 represents the angle of propagation of plane wave
j as measured with respect to the 6; origin. In regions of the domain where the value of Pow(m) is not explicitly
specified in (46)—(48), it is understood to be zero.

Egs. (45) and (49) show apparent discontinuities at the angles 6, = 0, B, (see Fig. 7). These we classify as .
inessential diffraction points since their local solutions yield no required information for the global field. Because
of the soft boundary condition on the scatterer, we require that

D,(6,) =0 on 8, =0, B,. 50

Therefore, pC is in fact continuous at these angles. The derivative of pC, however, is discontinuous. For the purposes
of describing our hybrid method, we shall not address these inessential diffraction points and shall witness their
(small) effect on our solutions.

As with the wedge, the shadow and reflected field boundaries 6, = 6y 20 a1s0 represent inessential diffraction
points. We deal with them in a manner similar to that described in Section 4.3. Thus we write

3 .
Pscat ~ P*™ = plig + ) Pruy T # 0, 6a #0, B (51)
n=l1
Here,
- -
P = kR)™2 3 D} (6m), | — expikrm, (52)
m==1 m
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. wl
Phur = Ppwt + B(ri, 61 —7") + 72 <080 B(ry, 67" — 05), 53)
. wi . w2
Piuz = Ppun + X2 [B(ry, 6 — 6% 47N <0s6,"" B(r3, 67 — 63)], (54)
. wd . w3
P = Ppus + X8 [B(rs, 63 — 0F%) + 5T By, 0 — 1)), (55)

In (51)~(55), we have introduced the plane wave boundary layer corrections defined by
B(r,8) = 71;1?[(2kr)”2 sin %e]e“"'-i“/‘*) — H(—9)elkr=ix/¥), (56)

The function F(z) is defined in Eq. (17), while H(x) is the Heaviside step function. B(r, ) differs significantly
from zero only in a region of angular thickness O(kr)~'72 around the line § = 0. It provides a uniformly valid
additive correction along plane wave boundaries.

6.2. Local solutions for essential diffraction points

Here we have three interacting diffraction regions. The unknown functions in the outer field are the three “uniform™
directivities Dg, (6),m = 1,2, 3.The formulation of the local problems is nearly identical to that described in Section
5 for two regions, except that summation over regions must be extended to three.

Two configurations of the triangle were considered. In each case, the incident angle was 70° (as indicated in
Fig. 7), the wavelength was A = 2, and the radius of each circular blunt was a = /2. In the first configuration the
height of the triangle was 8A and in the second it was 502.

We have no reference solution for this problem. We know, however, that to a first approximation there is no
mutual influence between the diffraction regions. For a corner in isolation, we have the exact solution to which our
approximation was compared in Section 4. Fig. 8 shows the diffraction coefficients for each corner as compared to
the case when there is no mutual influence between corners. We see that the influence is indeed small. Further, the
effect of the nonuniformities at 8, = 0, B, is also apparently small.

h>>A
2 ----= h=8)
r=r=e=r h=50M

Fig. 8. Scattering from a triangle: diffraction coefficients of each corner for & = 8, SOA.
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270

153

Fig. 9. Far field directivity for a triangle, & = 8A: () contribution from cylindrical wave fields as expressed in Eq. (64). (b) Contribution

from plane wave fields as expressed in Egs. (61)(63). (c) Combined contributions.

6.3. Far field directivity

In many domain based numerical methods, evaluating the far field can be difficult. In our method, the outer field
is given semi-analytically (51) and so can be easily evaluated at arbitrarily large distances. Alternatively, the far field
can be derived explicitly from (51) in terms of the quantities already evaluated. There is no integration required to

evaluate the far field.

To derive an explicit expression for the far field, we begin by noting that as » = r; — oo with @ = 8y, we

have :

rp~r —ryppcosé,

r3~r —rizcos(d — By),

6r~0+ B —m + (ri2sind)/r,
63~6 — B1 +m + (ri3sin(@ — B1))/r.

Egs. (53)-(56) and the asymptotic expansion for F(z) [5] can then be used to write

. —el7/4 elkr | '} — exp(ikria(cos 67 W _ cos8))
Ppuwt ™~ . wl P e
2V2r kr sin(@ - 67"")

(57N
(58)
(59)
(60)

(61)
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80100

270

Fig. 10. Far field directivity for a triangle, 2 = 50A: (a) Contribution from cylindrical wave fields as expressed in Eq. (64). (b) Contribution
from plane wave fields as expressed in Egs. (61)-(63). (c) Combined contributions.

pu ,~ _ei”/4 eik"IZ cos 0{"‘” cikr 1- exp(ikr23 (COS 9{“’2 -+ COS(G + ﬂZ))} (62)
W T JEkr sin(@ — 672

- —ein/4 ks cos 93,,,,,3 eikr | 1 — exp{—ikri3(cos 83" w3 + cos(@ — A1)} . (63)
s a2 Jkr sin(@ — Glpw3)

Finally, we need only the far field form of pjj;. Using (57)~(60) in (52) yields

Pgiff ~ (kR)—-I/Z‘/—geikr[Dil(g) + e—ikrlz COSGD;(G + ﬁZ —7n) + e—-ikrlg cos(e—ﬂ|)Dg(9 _ ﬁ] +m)]. (64)

Egs. (61)64) yield the far field, directly in terms of D}, () (Eq. (64)) or quantities that are already known (61)-(63).
Figs. 9 and 10 show the far field scattering pattern for the two triangle configurations studied. We note the large

specular peaks (described by Egs. (61)-(63)) and the highly oscillatory “fuzz”, which results from interference of
the cylindrical waves as described in Eq. (64).

7. Remarks and conclusion

We have described and demonstrated a hybrid GTD/BSM technique for the calculation of high frequency scattered
fields. Our method is based on patching the asymptotic outer expansions to BIE expressions of the near fields.
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This is the first presentation of such a technique in which the inner field was described by a BIE. Further, we
have demonstrated the application of the method to problems with multiple diffraction points, i.e. interacting
computational regions.

In application to a wedge, we have shown the importance of using uniform asymptotic approximations to describe
plane wave boundaries. Nonuniformities in the asymptotic expansion can pollute the hybrid solution in a large region
of the computational domain.

In the application to scattermg from circular cylinders, we demonstrated the hybrid technique when there are
interacting numerical regions. In this case, we observed significant error (20%) in the directivities when D'(9) =
O(k). We conjecture that this error arises from the fact that p1|e, (Eq. (32)) provides a poor approximation to a
solution of Helmholtz equation over the whole of £2;. (And vice versa for p> and £2,.)

Our final application was to a triangularly shaped obstacle. It is easy to see that by changing the geometry of the
tip truncations, and choosing a short enough wavelength, one could develop a problem that is impossible to solve
by any means other than a hybrid asymptotic-numerical method. In this example, we also see one of the benefits of
our hybrid formulation, which is a semi-analytical expression for the outer field. Thus we can easily evaluate the

outer field at arbitrary locations in the asymptotic domain, and derive expressions for the far field directly in terms
of the unknowns in the formulation.
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Appendix A. Analytical solution for blunted wedge

In this appendix we present the analytical solution describing plane wave scattering from a soft wedge with a
circularly blunted tip.

The boundary value problem that we wish to solve is:

Ap+k*p =0, (A1)
p=0, r=a, 6=0,8, (A.2)
I;_mc = gikr cos@—6o) (A.3)
D — Dinc = outgoing. (A.4)

The simplest starting point is to decompose p into two parts:
P = Dsharp + Peirc. (A.5)
Here, psharp is the total field (incident plus scattered field) with minimum singularity outside a sharp soft wedge

illuminated by a plane wave. It is given by [5]:

4 = i
Psharp = Fﬂ Y Jun Gkr)e™ /2 sin vy 6p sin vy6. (A.6)

n=]

Eq. (A.6) satisfies Egs. (A.1)-(A.4), except for the boundary condition on r = a.
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We now use (A.5) and (A.6) to find that p.ir satisfies:

Apcire + K’ Pcirc = O, A7)
Pcirc = 0’ 9 = 07 ﬂ, (A8)
Pcirc = —Psharps ' = a, (A9)
Peirc = outgoing. (A.10)
Thus, we determine p.i;c by separation of variables and obtain
4 o Iy, (ka). 4, i :
ire = — —i—— e/ 5in v,y sin v,0 H (kr). (A.11
Prcic B g Hvl)(k ) n n Vn )
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Abstract

We describe a hybrid asymptotic/finite element method with application to the solution of the Helmholtz equation for large wavenumber.
Thus, this method is suitable to compute the acoustic field radiated or scattered by acoustically large objects. The method is based on
patching a short wavelength asymptotic expansion of the ‘*outer’ field to an FEM interpolation of the ‘inner’ field. The patching takes place
on an artificial boundary. Continuity of the field and its normal derivative across. the artificial boundary is enforced weakly in a variational
setting. The variational principle is described, as is an element-like implementation strategy. Two example applications are included:
diffraction by a truncated wedge and radiation by a source on a wave bearing surface. © 1998 Elsevier Science S.A. All rights reserved.

1. Introduction

We describe a hybrid method for scattering which combines short-wavelength asymptotics with the finite
element method (FEM). In our hybrid approach, we attempt to draw on the benefits from both methods while
eliminating their largest individual deficiencies. For example, an asymptotic approach can be computationally
efficient for acoustically large obstacles; its applicability, however, is limited, since diffraction coefficients are
available for only relatively simple geometries. The finite element method, on the other hand, can accommodate
arbitrary geometries and material properties. It is practically limited, however, to relatively low frequencies by
its computational cost. A further complication of applying the finite element method to unbounded domains is
the treatment of the radiation condition. In our formulation, the radiation boundary condition is satisfied by
appropriately joining the finite element discretization with the asymptotic representation of the field.

The hybrid method presented here is related to the method of matched asymptotic expansions [8] where, in
the short wavelength limit, the scattered field contains two asymptotic regions. In the ‘outer’ domain, we have a
‘global’ asymptotic expansion, which we assume to be given by a geometrical optics ray series (short
wavelength expansion.) This expansion is valid almost everywhere in the domain. Where it is not valid, we
supplement the outer expansion with an ‘inner’ or ‘local’ solution. This local solution is found using the finite
element method, and is patched to the outer expansion along an artificial boundary. Thus, the FEM is applied to
a collection of small regions (size O(A) = wavelength) in the vicinity of diffraction points. See Fig. 1.

The total solution of a given scattering problem is thus decomposed into an application of the geometrical
theory of diffraction (GTD) or any other suitable asymptotic approximation, in conjunction with a finite element
solution of a problem defined over the union of several small domains.

This paper combines and extends incremental contributions described previously into a unified framework,
and makes precise several notions upon which our earlier work [1,23] was based. In some respects, it is the
FEM counterpart to Barbone and Michael [3], which describes a hybrid GTD/BIE method and applies it to
several examples. In [1], Montgomery and Barbone described a hybrid GTD/FEM method to evaluate

* Corresponding author.
' Current affiliation: Noise and Acoustics Division, The Boeing Company, Scattle, WA 98124, USA.

0045-7825/98/$19.00 © 1998 Elsevier Science S.A. All rights reserved
PII: S0045-7825(98)00051-6
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' Num:rled
‘Domain

Fig. 1. Example scatterer. Almost everywhere outside the scatterer, a global asymptotic expansion in the form of a ray series is valid. We
use this representation of the field in the ‘asymptotic domain’. At each of the: two corners in the scatterer, however, the ray-based asymptotic
representation of the field is invalid. Near these comers, therefore, we represent the solution on a finite element mesh. The union of these
two ‘diffraction regions’ is our ‘numerical region’.

diffraction coefficients. The applicability of their implementation was limited to cylindrical waves in the outer
field only. This was slightly generalized in [23].

In this paper, we define ‘essential and inessential diffraction points’ for the first time, and make precise the
concept of a “diffraction region’. This is the region within which we represent the solution on a finite element
basis. We also describe an element-based data structure which allows our method to be incorporated into existing
FEM codes. This strategy can accommodate any analytical representation of the outer field. We demonstrate this
fact with the first reported example of our hybrid method that incorporates surface waves.

The paper is composed of the following sections. Section 2 describes the background of hybrid asymptotic-
numerical methods in scattering. This is followed in Section 3 by a description of our hybrid method. This is
presented in a manner which is independent of the numerical method chosen. Readers familiar with [3] in which
our hybrid GTD/BIE method is described may elect to skip directly to Section 4, where a variational
formulation suitable for finite element implementation is described. Section 5 describes an element-like data
structure that simplifies FEM programming, and can easily accommodate any analytical representation of the
outer field. Finally, two example applications are presented in Sections 6 and 7. The first of these represents
scattering from a wedge, while the second applies to radiation from an impedance plane and includes trapped
surface waves.

2. Background

We consider the problem of computing the complex acoustic pressure field scattered by large obstacles. In
particular, we are interested in finding an efficiént method to solve the Helmholtz equation for large wave
number k:

Au+Ku=0 xe, )

Here, u is the (complex) acoustic pressure perturbation or velocity potential relative to a time dependence of
e« 2 CR" is the d-dimensional infinite domain exterior to the obstacle; i.e. £2 = R‘\G, where O represents
the obstacle. On the surface of the obstacle a0, u satisfies a (linear) boundary condition consistent with
continuity of traction and normal velocity. Though we later describe an example treating an impedance
boundary condition, for simplicity of this presentation we shall employ the Dirichlet boundary condition:
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u=0 x€a0. ‘ (2)

The scattering excitation is due to an incident wave u,,. that identically satisfies (1) but not necessarily (2). This
gives rise then to the scattered wave u__,. The scattered field satisfies

scat*®

u= uinc + uscal (3)

2 au%ca .
lim F7"12 [Tr—' - lkum(] =0 (4)

re—o

Eq. (1)—(4) define a unique boundary value problem for the scattered pressure u

scat*

2.1. Traditional numerical approaches

Many methods exist already to find approximate solutions of the above boundary value problem. Finite
element methods are, perhaps, the most popular. A naive estimate of the cost of solving such a problem with
FEM can be obtained by considering the discretization requirements to scale with the wavenumber (ie.
kh = constant; h is the element size.)* For a three-dimensional body @ with typical dimension L, this
requirement translates into N, , = O((kL)*). Here, N, is the number of degrees of freedom in the discrete
equations. Considering the banded structure of the finite elernent matrix, direct inversion cost scales as
Cost = O((kL)").

Another popular strategy for finding an approximate solution to the boundary value problem (1)~(4) is to
apply boundary integral equation (BIE) techniques. These form the basis of the ‘Surface Variational Principle’
which is described in [26). More traditionally, the BIE gives rise to Boundary Element Methods, Method of
Moments, or the more recently described Boundary Strip Method. We shall neglect discussing formulation costs
and uniqueness issues, and focus only on discretization requirements. Meshing the two-dimensional surface of a
three-dimensional body according to kh = constant yields a scaling that grows as N, .= O((kL)®). The cost
associated with the direct factorization of the resulting full, nonsymmetric matrix grows as Cost = O((kL)®).

The result of applying finite element or boundary element methods is an approximate solution u:.'ca, =y
The method is said to ‘converge’ if

scat (5)

scat®

lim u”
kh—sp C

U

Of course, in any particular application, # is finite. Eq. (5) indicates that the numerical solution is an asymptotic
approximation of the exact solution, evaluated at a finite value of the asymptotic parameter h. One important
feature of numerical methods is that the user has control over the value of the asymptotic parameter. That is, the
possibility usually exists of obtaining a better approximate solution by decreasing h.

We conclude this discussion by noting that both FEM and BEM costs grow rapidly at large kL. Further, the
result of using either method is an asymptotic approximation of the exact solution which the user can refine as
required. The relative cost at very large values of N, as presented here should not be taken too literally. For
very large systems of equations, for example, iterative solvers would typically be employed. Therefore, our
scalings based on direct inversion would be inapplicable. For more detailed cost considerations of the two
méthods, see Harari and Hughes [11] and Michael and Barbone [22].

2.2. Traditional asymptotic approaches

Since we are especially concerned with obtaining solutions at large kL, we briefly discuss asymptotic methods
devised to capture this limit. The method with which we shall work here is the Geometrical Theory of
Diffraction, or GTD [17]. GTD can be thought of as an application of matched asymptotic expansions, in which
the outer expansion is given by the ansatz

ray j

Uea = u°) = 2 a,(kDA,(x) exp(iky(x)) . (6)

* This estimate ignores ‘pollution” effects arising from numerical dispersion.
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In the first approximation, the phase functions ¢ and amplitude functions A(x) satisfy the following eiconal and
transport equations:

(V) -1=0 Q)
2V -VA+ Ay A=0. (8)
Such an expansion (6) typically results in an approximation which is asymptotic in kL:

lim u’—>u almost everywhere ih . 9)

Kl —yoe scat

We note the similarity between (5) and (9). We also note a very important distinction. In (5), the analyst has
control over the asymptotic parameter k, whereas in (9) the analyst is typically interested in the field at a fixed
value of kL. Therefore, the possibility of obtaining a better approximation by raising kL does not exist. There is
the possibility of increasing the rate of ‘convergence’ by using a higher order approximation. This typically
improves the accuracy at a fixed kL. By the nature of a (non-convergent) asymptotic expansion, however, it is
impossible to obtain arbitrarily high accuracy for a fixed value of kL.

To apply GTD, one must integrate the ray equations, integrate the phase along each ray, integrate the
transport equations along each ray, etc. When a ray intersects the surface of the body, the wave can be reflected,
transmnitted, diffracted, etc. and corresponding reflected, transmitted, or diffracted rays are introduced
accordingly. Ray discretization requirements are determined by the geometry of the body (and the medium) and
are therefore independent of k. Further, the ray and transport equations are independent of k. Thus the
computational cost associated with computing the field scattered by a large body using GTD is independent of .

At diffraction points (defined below), an inner or ‘canonical’ problem must be solved and then asymptotically
matched to the outer field. For matching purposes, such a solution is typically required in some analytical form.
The availability of such solutions for complicated diffraction geometries practically limits the applicability of
GTD to problems with simple discontinuities.

2.3. Hybrid asymptotic-numerical approaches

The first description of a hybrid GTD-integral equation approach is due to Burnside [4). His and other
approaches since depend on a method of moments formulation of the overall problem. Shape functions based on
the ansatz (6) are then substituted into the integral equation (see [4,29,18,21,31]). These methods all rely on a
single global integral equation representation of the field. Thus, they require the integration of rapidly oscillating
and hyper-singular functions over large domains. Therefore, we have rejected hybrid approaches based on these
formulations.

Jin and coworkers [30,10,15] describe some very recent work on combining FEM with a uniform theory of
diffraction (UTD). These authors propose solving the canonical diffraction problem as a preprocess using FEM,
and they describe how to build the result into a UTD formulation. Similar approaches are advocated in
[28,5,24]. Calamia et al. [5] make a point of adequately enforcing the radiation condition on the calculation of
the inner solution in order to avoid uniqueness problems at interior eigenfrequencies.

Ross et al. [27] describe combining the FEM with a modal expansion for the analysis of a jet engine inlet.
Again, the FEM computation and inversion is done as a first step in the analysis in order to obtain an
approximate scattering matrix for the engine inlét. Calculations combining FEM with analytical expansions in
Floquet wave bases are presented in [7,24].

In all the hybrid FEM analyses just described, the FEM problem is formulated and solved independently of
the total scattering problem. One might think of this as a simple extension of the original GTD framework. The
difference is that the solutions of the ‘canonical’ problems here are found numerically for every incident field
and then stored.

Givoli and Keller {9] have proposed DtN maps as a general method of computation in truncated domains.
They require an exact solution of the field equations in some portion of the domain in order to construct the DIN

map. Effectively, in what follows, one may think of our approach as a way to construct the DtN map using any
approximation to the field.
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3. The hybrid asymptotic-numerical method

Here, we consider acoustic scattering from a large obstacle; i.e. one that satisfies kL >> 1. In most of the
domain, we shall use an asymptotic approximation based on this inequality. In the rest of the domain, we shall
use an FEM representation of the field. In this section, we first describe how we divide the domain into these
asymptotic and numerical regions. This division depends on the concept of a diffraction point. Then, we define
an asymptotically equivalent boundary value problem on a union of ‘diffraction regions.” We discuss the
numerical solution of this boundary value problem through several examples in the following sections.

3.1. Diffraction points

In order to obtain an approximation to u,,, we proceed as follows. We first apply the principles of GTD to
obtain a ‘global’ asymptotic solution” Some of the coefficients (diffraction coefficients in particular) in the outer
expansion cannot be determined from the outer equations alone. Further, there is a set of points of zero measure
at which the expansion (6) is not asymptotic; i.e. that set of points where (9) is not valid. Thus we define the set
of diffraction points X° to be

x° ={x|k1LiT°= Uy —uC # o} (10)
We note that since «€ is not asymptotic to u,, at x°, then for any finite value of kL, u® will typically provide a
very poor approximation to u,,, in a whole neighborhood of x”. For that reason, we must consider local
corrections to u® valid in the vicinity of x° in order to obtain a practically useful approximation for moderate
values of kL.

The diffraction points can be classified as either of two types. We shall refer to them as essential diffraction
points and inessential diffraction points. The local solution valid in the neighborhood of an essential diffraction
point determines the coefficients of the homogeneous solutions of the global equations. The local solution valid
in the neighborhood of an inessential diffraction point, on the other hand, yields no information about the global
solution. Typically, the locations of essential diffraction points do not depend on the properties of the incident
field (such as its angle of incidence.) They are purely geometric in origin and are typically associated with edges
and vertices. The locations of inessential diffraction points, on the other hand, often change with the incident
field parameters. Examples include shadow boundaries, foci and caustics. The distinction between essential and
inessential diffraction points is hardly important except that we shall deal with the former numerically and with
the latter analytically. :

In order to obtain an approximate solution which is valid at the diffraction points, it is necessary to find an
inner or local solution. This solution is then matched to the outer solution. The result is a set of approximations
(focal and global) that together have a range of validity that includes the entire domain. We again emphasize the
importance of the local corrections when using the asymptotic approximations at any finite value of kL. For
inessential diffraction points, local solutions are typically available in the literature (cf. [20]). For essential
diffraction points, solutions are typically available for only simple shapes and boundary conditions. The hybrid
method that we propose describes a way to obtain approximate solutions valid near essential diffraction points.

3.2. Diffraction regions

To do so, we introduce diffraction regions. Around each contiguous set of essential diffraction points, we
define a diffraction region £2° such that:

’ We shall altematively use the terms ‘outer’ and ‘global’ to refer to quantities asymptotically valid in regions away from diffraction
points. ‘Local® or ‘inner’ regions are A” sized neighborhoods of diffraction points, where A is the wavelength of sound in the fluid.
Diffraction points are defined later in the text.
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)
.QD={x kh—xbls(kR)”f(;_iDI)} (11

Here, x° is a diffraction point and R is a fixed distance, a parameter to be chosen by the analyst, which
determines the size of the diffraction region. The shape of the diffraction region is determined by the choice of
fx = x®/x = x°|). The accuracy of our hybrid method depends on kR >> 1. We denote by I the boundary of
each diffraction region. The parameter a is chosen so that I}, lies in the ‘overlap’ domain bctween the inner and
outer regions. That is, it lies in the domain where both inner and outer expansions are valid.

" 3.3, Asymptotically equivalent boundary value problem

Now, we are in position to define an asymptotically equivalent boundary value problem. This problem is
nothing more than a restriction of our original boundary value problem to the diffraction regions, with continuity
enforced across the artificial boundary I. Thus, we define

A’ +Ku =0 xe P (12)
wP=-u, x€3’°Na0 (13)
u? =y’ xEer : (14)
au’=09.ur"™ x€I,. (15)
Here, ™™ is our global asymptotic approximation. It could be obtained by GTD as indicated in Eq. (6), by

the Uniform Theory of Diffraction [19], or by GTD with local corrections for inessential diffraction points. We
shall give examples using both corrected and uncorrected GTD below. Montgomery and Barbone [1] have
shown in wedge geometries that patching u® on kR =constant as described in Eqs. (14) and (15) is
asymptotically equivalent to matching.

Our hybrid GTD/FEM method is now simply stated. We have the asymptotxcally equivalent’ boundary value
problem (12)-(15) defined on the small (size kR) interior domain §2°. We shall formulate and solve that
boundary value problem using FEM. Other numerical methods might be adapted to solve this boundary value
problem, too. Barbone and Michael [3] demonstrate its solution using the boundary spectral strip method.

4. Variational formulation

We shall now describe a variational formulation suitable to solve the ABVP described above using the finite
element method. The formulation was derived in [12].

The vanauonal form of the boundary-value problem is stated in terms of sets of trial solutions, &' and &° for
u' and u°, respectively. Here, we define

=l e (%), u'=—u, €00NaN° «=0in02"}. (16)
The space &° is.
={u’ A’ + K =0E ", u°is outgbing,
u’=—u, €30NaR*, u=0in0". (17)

We introduce a functional [T(«', u®), defined as
i o 1 . i o i 1 o ’
H(u,u)=5 a(', u') + a,l.,u.u—Eu r (18)

a(w, u) = j; " (Vw -V — wku) d2 (19)
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W wy, = fr wu dl” (20)

a(+,*)and (-, ), are symmetric bilinear forms which are nor inner products. We seek u' € &' and u° € ¥°
that render I statlonary This leads the following equations that hold for a]l w' €Y' and all wE 7°:

aw', u') + W', 8,.u° ), =0
. e2))
(annwo, ul)rn - (a"“wuv uo)rk =

The sets of variations ¥ and ¥ are the counterparts of &' and &°, respectively, satisfying homogeneous
boundary conditions on the surface of the obstacle.

The Euler-Lagrange equations resulting from Eq. (21) include (12)-(15), the strong form of our boundary
value problem on 0°. The weak form (21) requires integration only over the (small) diffraction regions, £2°,
and the artificial boundary /. Further, the formulation is symmetric, and accommodates different interpolations
in 2° and 2", respectively. Continuity between the inner and outer fields is enforced weakly in the second of
Egs. (21). This equation also allows us to evaluate any unknown coefficients in the global expansion u°.

5. Implementation: element formulation

The weak form (21) has non-standard terms in it that fall outside the typical finite element framework. In this
section, we describe an element-type data structure that allows the above formulation to be readily implemented
in an existing finite element code. The finite element code must be supplemented by a subroutine or function
that can evaluate u°(x).

We begin by replacing & "and &° by finite dimensional approximations. In particular, we approximate «° and
w® as

Nﬂuf .
O LT > M ()b, + U(x), (22)
. a=|
Nénl’
wo = Pt = > M. (x)y, . 23)

a=1

Here, the coefficients b, are unknown and v, are arbitrary weighting coefficients. The functions M, (x) € ¥°
form the basis of our outer representation and are determined by a GTD analysis. The function U(x) € &° is
known, and results from the inhomogeneous boundary data on 3¢ N 3.£2*. We note that M _(x) and U(x) have
non-compact support in general.

We divide [ into a collection of nonoverlapping elements:

o= U r rart=oe=s. 24)

e=1Ngy elem
Within each element, I';;, we approximate u' by

FEM
Ngor

“ilr;, z“i.lr;, = Z N d,. (25)

We now construct an ‘element’ that has N5, + N’ total degrees of freedom as depicted in Fxg 2. The N3,
degrees of freedom are shared by all the elements on I, and represent all of the unknowns in u}. The N o
represent the nodal values of u; at the finite element nodes in I;,.

With these definitions, we can introduce a complex symmetric ‘element stiffness’ matrix that has the form:

[0 k"
K=[% Ko]-ovmee v x i e ng 26)
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FEM "Nodes" representing
Nodes, ; degrees of freedom in
10) outer ficld
Standard =0
Helmholtz !
T N (R O

Fig. 2. Element Structure: The boundary elements contain N4, generalized degrees of freedom associated with the outer asymptotic
approximation. These generalized degrees of freedom are coupled to two standard finite element nodes in each boundary element. The two
standard FEM nodes are shared between the boundary element and the standard element, indicated by a dotted line in the figure.

The terms in the individual blocks are given by:

aM
12 - a 7
K= MGl @7
(28)
oM,

2 _ p22

Ks=Kg, fr‘ o, ——=Mydl’ 29
Similarly, the function U(x) gives rise to an element force vector, given by
f {[ } Neor +Nior) X 1 (30)
= - N—dI‘ A=1,... N2 (31)
J ano dof

= —f U(x) dr. a=1,.. Njf,” (32)

The element can be treated geometrically using the standard isoparametric concept based on the FEM nodes
alone. The integrals indicated in Egs. (27)~(29) and (31)—(32) can be evaluated using low order Gaussian
quadrature (based on the order of the finite element interpolations functions, N,, when the inner field is
sufficiently resolved.) To form the element stiffness, a functxon or subroutine must be available to evaluate M,
and U(x) at the element Gauss points.

We shall now illustrate our method through simple examples. We shall first consider a simple wedge
geometry. This will allow us to show examples of essential and inessential diffraction points, and show how to
deal with each. Then we shall investigate radiation by a source on an impedance plane. In this latter example,
the outer field has both radlated cylindrical waves and surface waves.
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6. Application to a wedge

Our first example is diffraction from an infinite blunted wedge. This example was also treated in [1,3].
Montgomery and Barbone [1] required the solution for the corresponding sharp wedge, while Barbone and
Michael [3] described the solution using a boundary integral formulation.

6.1. Formulation

Here, we consider scattering of a plane wave by a soft blunted wedge. The problem is depicted in Fig. 3. We
shall allow the end of the wedge to be truncated with some shape. Such geometrical detail is assumed to be the
size of a wavelength or smaller. For definiteness, we consider the wedge truncated with a circle of diameter
2a = A. Since the wedge is soft, the boundary condition on the wedge surfaces is « = 0.

The incident plane wave is taken to be of the form

ik{x cos 6;+y sin ;) ikr costf—6;)

.. —¢€

inc =e

(33)

Here, 6. is the angle of iﬁcidence and k is the wave number. Thus, u_, satisfies (1)-(4) with «;,. given by (33).

6.2. The global solution

To find a global approximation to the solution, we begin with a GTD ansatz in terms of R, a chosen reference
length:

U ~[Ag®) + (R A, () + -+ 1" + (kR) T [By(x) + (kR) !B (x) + - - -] ¥ 34)

The factor of (kR)_”2 in tﬁe second term on the right-hand side of (34) is inserted for scaling purposes. We
apply the laws of GTD [17] to the wedge shown in Fig. 4. Thus, we write the scattered field as a sum of two
plane waves and a diffracted cylindrical wave as indicated in the Fig. 4:

G — .
Ugequ ~ U = Ugpagow + Ureticciea T Uaittracrea 7703676, 6,. (35)

Here, the first two terms are associated with the A, solution in (34), while u;e,,...q 1S associated with the B,
term in (34). We shall neglect A, B, and all higher order terms. We have chosen an incident angle for which
there is both a reflected and a shadow wave. For angles of incidsnce 0 < 8. <2w — 8, however, there would be
two reflected waves. If B — 7 < 6, < then there will be two shadow waves.

The individual terms in (35) are given as follows:

Fig. 3. A blunted wedge. Dark shaded area is the ‘diffraction region,*‘which is subsequently meshed. The ‘outer domain’ corresponds to
r>R, and I is the curve r =R,
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Shadow Plane Wave
Cylmdncal Wave

---------
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Fig. 4. The reflected and diffracted waves from a wedge.

Uohagow = — €7 07 0=6<4,
— ikr cos(0-8,)
Uieflected = e' 0,. <f=< ﬁ (36)
—-1/2 ik
Ugittractea = (kR) D(O)\/_é e 0=6=<p
kr — o

The reflected and shadow wave amplitudes have been determined by enforcing the boundary condition (2) on
the wedge faces to leading order in kR. The r dependence in u ¢, .. i determined by the transport equation for
B,. The function D(#), the diffraction coefficient for the edge, is unknown at this stage, and depends on the
precise form of the truncation.

We note that the plane wave expressions in (36) are defined only for certain values of the angle. Outside the
ranges specified in (36) they are understood to be zero. Thus, our expression for 4° has discontinuities at 8 = 6.,
8.

r

6.3. Local solutions

We note that Eq. (35) is not valid at r = 0, nor at § = §,, 6,. These define sets of “diffraction points.” The point
r=0 is classified as an essential diffraction point since its location is independent of the incident field
parameters. The angles 8 =46,, §,, on the other hand, clearly do depend on the incident field parameters. The set
of points that makeup the lines 8 = 4,, 6, are classified as inessential diffraction points. We shall consider local
solutions near the inessential diffraction points first.

6.3.1. Reflection and shadow boundaries

The inner solution valid along the line 6 = 6, represents a boundary layer solution. It can be found in many
text books, either directly or indirectly (see for example [32,6,16,25]). The boundary layer solution is required to
satisfy the parabolic wave equation in the direction of propagation (6 = 6,). The matching conditions require the
boundary layer solution to tend to zero outside the shadow region and to reproduce the shadow wave in the
shadow region.

There is no unique solution to the boundary layer equations. Many different representations are possible,
including one that is an exact solution of the Helmholtz equation. (Recall that this is not required by the
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asymptotic analysis.) We choose this representation for our boundary layer solution. It is expressed as

uipitorm = — —}.— { [(2kr)”2 sin (8- 6, )]} exp{lkr - ~4—} (37

Here, F(z) is defined as (note that we use the complex conjugate of that used by Jones [16]):

F(z)=e"“zf e dr. 38
We note that
t, ~ Wingaw + OGR) ™' for (kn)'"* sin 18— 6) <1. C39)

Thus, u’po"™ provides our asymptotic approximation to the scattered field that is valid in the vicinity of the
shadow boundary. Similarly, we define ', for the reflection boundary region:

reflected

uunifm‘m - __1- {F[(Zkr)“: sin l @ - 0)] } ex {lki‘ - E} )
reflected \fq_l: 2 g p 4 .

The function F(z) has the property that F(—2) = vae = *™* _ F(z) [16]. Further, when z>>1, —m/2<
arg(z) <, F(z) can be approximated by the expansion [16]

F@)~/2z + 1142 + 0 ™%). (a1
Combining the two features of F(z) shows that
et~ Upagone T (kr)' " sin 10— 6)>>1, (42)
U~ Uyeeciea TOT (k1) sin £(0—6)>>1. (43)
uniform uniform

Thus, we see that u, . ..q a0d #40. Teproduce u

and u,...q in the outer regions. Therefore, we
uniform uniform

shadow

conclude that u, ...q and u .. provide approximations to the scattered field valid at all angles. This allows
us to write )
e ~ U™ = Uiy + Ui T Uaitteaced ¥ 7 0. (44)
fi 12
Ugitromerea = (RR)™'*D (9)\/ (45)

Eqs. (35) and (44) both provide asymptotic approximations to u,,,. They are both formally accurate to
O(kR)™''%. The difference between them is that (44) is valid for all angles 6, while (35) is not valid at the two
angles 8 = 6., 6,. In the case of Egs. (35) and (36), the function D(@) is unknown and needs to be determined. In
the case of (44) and (45), the as yet unknown function is D“(8).

6.3.2. The essential diffraction point
The point r = 0 we have classified as an essential diffraction point. We note that the approximation in (44) is
formally valid everywhere but at r = 0. The ‘hybrid method’ that we propose involves obtaining the solution in
the vicinity of essential diffraction points using the finite element formulation described in the previous section.
We begin by defining our diffraction region:

P ={(r, 0)lr < (kR)/k} ~ (46)

Thus, for fixed kR, the diffraction region shrinks as k — . On the other hand, for fixed k, the diffraction region
grows as kR —,

We now wish to solve the problem described in equations (12)-(15) with 02” as described in (46). This
yields the following boundary value problem for u® = u,_,,(x)] ;0:

Au’ +KuP =0 r<R0<6<g8, ' (47)
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W=—u_ §=0,0=4, (48)
u®=u*™ onr=R, (49)
au’=a.u"™ onr=R. (50)

Here, u**'™ is given by Eq. (44). The boundary condition in (49) and (50) would be over specified if u**Y™
were known completely, since we cannot specify both u and its normal derivative on the same surface, in
general. Since D(9) is unknown in #**'™, however, the conditions (49) and (50) are not over specified.

6.4. Numerical solution for local problem

We use the numerical formulation and implementation described in the previous section to solve (47)—(50).
In this case, U(x) (cf. Egs. (22) and (44)) is given by

\ . ,,uniform uniform
Ulx)= Uietiected + U nadow (51)
The unknown portion of u**"™ is ujiye™  which is interpclated with the same finite element interpolation as

the interior field: .
uniform — 112 ~u R ikr
Ugittracrea = kR) "D (0)\/;0

NA
R R . dofl
~(R)™VH = P % BNy ), =k cos 0,8 51m 8) - (2)

Here, N,(x) are the finite element shape functions for the interior domain, restricted to the boundary 7}, as
functions of the arc length y. The finite elements chosen were bilinear quadrilateral Helmholtz elements,
implemented in Dlearn [14].

The interpolation in (52) violates the condition that #° be smooth, since the N,(x) are C ° Nevertheless, this
condition was ignored with apparently negligible effects on the results. To account appropriately for jumps in
derivatives in 4°, one must modify the variational formulation as in [13].

-2 L L :
1

alk

3
Theta (radians)

Fig. 5. FEM results for blunted wedge: real and imaginary parts of analytical solution in comparison to hybrid asymptotic-numerical
solution.
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Fig. 6. Comparison of computed inner and outer fields on [;: real and imaginary parts.

6.4.1. Results

We first compare the analytical solution to our computed solution on I, as shown in Fig. 5. For this example,
the radius of the artificial boundary is chosen to be at R = 2A, and the angle of incidence is 30°. The exact
analytical solution can be found in the appendix of [3]. The finitz element solution was obtained with a very fine
discretization (more than 20 elements/wavelength) in order to minimize discretization error and highlight the
deficiencies of the hybrid asymptotic/FEM boundary condition.

Since the formulation enforces continuity between the inner and outer fields weakly, we expect that
discontinuity between the two fields may appear. Therefore we next compare the numerically evaluated «' and
u® on Iy. The outer field «° is evaluated by adding the contributions from u’fio™ . (52) and U(x) (S1). This
comparison is shown in Fig. 6 and we again note very good agreement between the two curves.

The next example shows that comparable results can be obtained even in the presence of more complicated
forms of the outer field.

7. Application: Source on impedance plane

In this section we shall demonstrate our hybrid method on a problem with surface wave phenomena. The
simplest geometry that exhibits such phenomena is a source placed near an impedance half-plane.

7.1. Formulation and global asymptotic approximation

We wish to solve the following:

Au+ku=0 : (53)
du .

3y tkBu=fx) ony=0 >
u = outgoing - (55)

We shall assume that the support of f(x) is much smaller than A in size, and is symmetric around the origin,
The solution of the eiconal equation (7) in y >0 with initial data at r=0 gives rise to the solution:

=r. (56)
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Further, on y =0, we find a solution that satisfies (54) and (55) for 8> 0 of the form

¥, = xl(1+ 8% - By. . (57)
~ Substituting these into (8) yields the following expression for u*™™:

u~u™"™ = kR)""*D(@)VR/r explikr} + A exp{ik(1 + 8)'*x| — kBy} for kR—o;r#0,0#7/2.
(58)

Here, A is a constant, and is the amplitude of a radiated surface wave. In order for u™™ to satisfy the boundary
condition (54) to leading order, we must require D(0) = D(m) =0.

7.2. Local solution

We note that the expression (58) has a slope discontinuity along x =0, and is not valid at r = 0. Further, (58)
has a Stokes line on § =0 and an anti-Stokes line on csc §, = (1 + B*)'"?, which prevent the expansion (as is)
to be very accurate below §,, and invalid for 8 =0 (see [2]).

We shall consider 8 = 1, and note that in this case the magnitude of the discontinuity at 8 = /2 is small and
we shall ignore it. Further, B is sufficiently far from zero that we need not be concerned with the Stokes line.
For smaller values of 8, however, an expansion uniformly valid in 8 would be required for high accuracy.

Thus ignoring all the ‘inessential’ diffraction points, we concern ourselves only with the essential diffraction
point r =0. We again use the formulation described earlier, but suitably modified for impedance boundary
conditions. In this case, U(x) =0, and #**™ is approximated as

20
Wt =yt = ) b, sin((2a — 1)8) exp ikr/Vkr + A exp{ik(1 + B°)' x| - kBy} . (59)
a=]
We note that the problem is symmetric about § =w/2, and so only half the domain is discretized. The
expression (59) satisfies the boundary conditions D(0) =0 and D'(w/2)=0.

7.3. Numerical results

We apply a force at the corner node of our domain and compare the results to the analytical solution of
(53)—(56) with fix) = 6(x). Again, R =2A and the resolution is sufficiently high to make discretization error
negligible.

The exact and computed directivities are shown in Fig 7. These show good agreement for angles above 45°,
and a slight divergence for angles below 45°. This divergence represents about 2% of the total solution at these
angles. The error of the magnitude of the surface wave is less than 2%. We suppose these errors to be reducible
in several ways. First, a uniformly valid (in 8) approximation can be used for «**Y™. Second, a higher-order
approximation (in (kR)) can be used in «**™, Finally, a larger value of R can be used. In any case, at a distance
of only two wavelengths, the error in far field quantities is of the order of a few percent.
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Fig. 7. Polar plots of directivities for line source on an impedance plane computed numerically and analytically.
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8. Remarks and conclusion

We have presented a hybrid GTD/FEM approach for acoustic scattering and radiation calculations which
combines the benefits of GTD with those of FEM. The essential idea behind our method is to use a short
wavelength asymptotic approximation wherever it provides an accurate representation of the field. In the
neighborhoods of those points where it is not valid, we supplement the solution with a FEM representation, and
patch the two representations together on an artificial boundary. Thus, we divide the domain into two (not
necessarily connected) regions: the asymptotic region and the numerical region.

The formulation presented naturally separates the asymptotic from numerical approximations, and can be
refined systematically to obtain arbitrarily high accuracy. The formulation leads to a matrix system of equations
in which the number of degrees of freedom Nyor = O(KL)* ™). Thus, the direct factorization costs scale as
Cost = O((KL)*“~ ). In two dimensions, the cost is asymptotically independent frequency.

We presented a variational formulation that allows us to couple the inner and outer fields. To ease
implementation in existing FEM codes, we have developed and describe an element-like formulation that
provides an element-type data structure to evaluate the coupling terms necessary. The formulation naturally
incorporates various types of far field expressions, including surface waves, and can be readily adapted to other
analytical representations of the field.

Finally, we have demonstrated the method for application to both diffraction and radiation problems. An
analysis of the asymptotic error incurred in our hybrid formulaticn is forthcoming in a future contribution by the
authors.
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C.4 Galerkin Formulation and Singularity Subtraction for Spectral Solu-
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ABSTRACT

A new spectral Galerkin formulation is presented for the solution of boundary integral equations. The
formulation is carried out with an exact singularity subtraction procedure based on analytical integrations,
which provides a fast and precise way to evaluate the coefficient matrices. The new Galerkin formulation is
based on the exact geometry of the problem boundaries and leads to a non-element method that is
completely free of mesh generation. The numerical behaviour of the method is very similar to the collocation
method; for Dirichlet problems, however, it leads to a symmetric coefficient matrix and therefore requires
half the solution time of the collocation method. © 1998 John Wiley & Sons, Ltd.

Int. J. Numer. Meth, Engng., 41; 95-111 (1998)
KEY WORDS: boundary integral equation; BEM; BSM; Galerkin; singularity subtraction

L. INTRODUCTION

Spectral methods are well established in the finite element method! (FEM). These methods are
used because of their exponential convergence? properties. Spectral methods are employed in
FEM in two ways. In the more conventional implementations, high-order polynomials are used
as the shape functions of the elements.> An alternative, however, is to use a spectral series in one
or two directions while the remaining directions are discretized using traditional FEM interpola-
tions.** The second approach is sometimes called the ‘finite strip” method or the ‘spectral strip’
method. One of the disadvantages of using spectral methods in FEM is the fact that the
bandwidth of the matrices increases with the order of interpolation, thus increasing the solution
time. Typically, however, the overall time that is required to solve a given problem for a given
precision by spectral FEM is still less than the time required by using regular FEM.3

Another common numerical method is the boundary element method (BEM) which is based on
the boundary integral equation (BIE) formulation. In this method, the problem is formulated in
terms of fields on the boundaries only, which leads to a reduction in the number of degrees of
freedom required for solution as compared to FEM. On the other hand, unlike the banded
matrices of the FEM, the BEM matrices are fully populated. Therefore, it usually takes more time
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96 O. MICHAEL AND P. E. BARBONE

to solve the BEM equations. Comparisons between BEM and FEM can be found in many text
books”*® and papers.®-?

Because of the fact that the BEM matrices are highly populated a priori, then no bandwidth
penalty is incurred by utilizing a spectral method. Thus, we get the convergence benefits of
spectral methods without the computational cost disadvantages that characterize spectral
methods in FEM.

Shaw!'® suggested the usage of eigenfunctions as shape functions in BEM. Another spectral

method for solution of BIE was proposed by Michael et al.,,'! named the Boundary Spectral strip
Method (BSM). In this method, the dependent variables in the BIE are expanded in a spectral
series. Two spectral approximations were suggested. The first one was a Fourier series approxi-
mation'! which performs well for continuous boundaries. The second approximation was based
on a high-order polynomial series and is more suitable for non-continuous geometries.!? In
References 11 and 12, the BSM was shown to be both more precise and efficient than standard
BEM. .
One of the problems of BSM, BEM or the BIE, in general, is that generating the coefficient
matrices requires the integration of singular kernels. This integration can be computationally
expensive and is prone to numerical error.! This is in fact one of the main reasons that the
Galerkin formulation is not typically used in the BIE method, since it requires an additional
integration which can be very computationally expensive. This is especially true in elastostatics
where the second integration would also involve a singularity.

There are some advantages to using the Galerkin formulation. These include consistency of
convergence and a unique structure of the coefficient matrices. In the FEM, the Galerkin
formulation leads (for self-adjoint operators) to a symmetric coefficient matrix which for many
problems is positive definite.!*

In this paper we present a procedure for singularity subtraction which is well suited to the
spectral method. It is based on the analytical integrations given in References 11 and 12.
We combine the singularity subtraction procedure with a fast transformation from collocation
to Galerkin matrices. This yields a highly efficient spectral Galerkin formulation for the
BIE. The new formulation shows improved numerical performance, such as partially sym-
metric coefficient matrices, reduction of the matrix population, and exponential conver-
gence. The modified Galerkin formulation seems to be more accurate than the regular
collocation-based BSM formulation which was already proven to be more accurate and efficient
as compared to the BEM.!!12 Another very important advantage to the new formulation
is the fact that it is completely free of mesh generation and there is no need for any grid
definition.

Some analytical integration formulas, on which our singularity subtraction procedure is based,
will be given for the Laplace and elastostatics equations, corresponding to both straight line and
circle geometries.

2. GALERKIN FORMULATION FOR BOUNDARY SPECTRAL STRIP

Consider a domain Q with a piecewise smooth boundary I' on which the BIE is satisfied:

e(x)ulxs) + j p*(xs, x2)u(x2)dT = fr (x4, x2)p(xs)dT o
r
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Here, uand p are the primary and secondary variables, and u*, p* are their kernels, respectively.
¢ is a constant in the case of scalar equations such as Laplace or Helmholtz equation or a matrix
of constants in the case of vector equations such as elastostatics or elastodynamics. Note that the
point x; is on the boundary I', while the point x, is the collocation point (the point where we
apply the Dirac delta function).

We split the boundary I' into ‘strips’, according to its shape, where each strip is a smooth part
of the boundary. The strips can be closed (e.g. circle, ellipse, closed smooth spline, etc.) or open
strips (e.g. line, open spline, etc.). The boundary I is the union of all the strips:

NS

= U rns (2)
ns=1
where I',, is the part of the boundary defined by the nsth strip, and NS is the total number of strips
which compose the boundary. We require further that [N, =0, ns # ms. Using the last
definition for T’ we can rewrite the BIE as

NS ' NS
clxux))+ ¥ | p*Xuxdu(x)dle = Y | w*(x,, X2)p(x5)dl, (3
ns=1JT, ns=1JI,
Equation (3) is the strip formulation. In order to get a spectral strip formulation we expand
u and p on each strip by means of a spectral series:

U(X) =3 U fu(X); P(X) =Y prgm(x) for xe Ty (4)

where f, and g,, are the spectral basis functions which are used for the approximation. u, and Dm
are the coefficients of these spectral series. Note that the spectral basis functions f, and g,, need
not be the same. For simplicity of formulation we shall take J.and g, to be the same spectral series
on the same strip. We will also approximate u and p on the ns strip, with the same order of
approximation NA,,. Thus for the ns strip the variables u, p can be written as:

NA,, NA,
u(®) = 3 uful®), p(x)= 2 Pafulx) for xeT, )

The integer parameter v is defined according to the series; for polynomial series, for example,
v = 0 while for a full Fourier series v = — NA,,,. Substituting equation (5) into equation (3) yields
the boundary spectral strip formulation based on collocation:! 12

NS NA, NS NA,
Z z U, {C(xl)ﬁ-(xx) + f p*(xl» x2)f;l(x2) drns} = Z Z Dn {J;_ u*(xll xZ).f;l(XZ) drus} (6)
As=]ln=y Cu nas=1n=v ~

For the Galerkin formulation, we multiply equation (3) by an arbitrary weight function w(x,)
and integrate over the boundary once more. This gives:

NS§

5 {f W) e(x)u(x,) Dy + f 5 w(xl)p*(x,,xz)u(xz)drn,dr,.,}
T,

ms=1 "~ Twns=1JI, )
NS NS§

= Z {fr Z - W(xx)u*(xhxz)P(xz)drusdrnu} (M
ms=1 RS 1 ~

© 1998 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng., 41, 95-111 (1998)
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Choosing the approximation functions and the weight functions to be of the same form as
equation (5) and substituting them into equation (7) yields:

NS NAL { NS NA,

S Ywal Y Y “"Hr (1) (1) fy %) AT + fr f p*(xx,xz)fm(xl)f,(xz)drn,drm]}

ms=1lm=v ns=1in=v

NS NA, NS NA,
= Zl Z W,,.{ Z Z p,.l:J‘ J. u*(xh xZ)fm(xl)ﬂl(xl)drnsdrm:]} (8)
ms=1lm=v ns=3na=v
Since w is an arbitrary function, then for each w,, the terms inside the curly brackets on the
left-hand side and on the right-hand side of equation (8) must be equal. Thus each coefficient w,
will generate one equation. Hence, the total number of equations will be T ((NA — v+ 1),
which is the number of unknown coefficients. This yields a set of equations of the form:

HU = GP , 9

where U and P are two column vectors which contain the coefficients of the series that describe
the variables u and p, respectively, on each strip. The matrices H and G are block matrices with
NS x NS block matrices:

~ - - ~ -

Hl.l b Hi.NS Gl.l o GI.NS
H=| : .. 6= . (10
HNS. 1 o ﬁNS.NS__ GNS. 1 o GNS.NS

The sub-matrices H, s, C,,.,,,., are rectangular matrices of the form:

hy .1 = hyNa. g1t v g1.Na.
Hms.ns = E : ’ Gms.ns = . (1 1)
hyaLa ha. NAL | gNa.L.l Tt gNALNAL

Finally, the sub-sub-matrices A, g, are defined as

Pon = fr C(X1) fn(X1) fu(%1) A s + r L P*(X1s X2) fu(X1) f1(x3) AT AT

.
= J;_ J;_ u*(Xy, X2) fin(X1) fu(x2) Al s Al s (12)

Note that in the case of vector equations h,,, and g, are also matrices since ¢, u* and p* would be
matrices as well.

From equation (12) we observe a few interesting characteristics of the matrices H and G. Since
the kernel u*(x,, X,) is symmetric then the matrix G is fully symmetric. Therefore, for Dirichlet
problems, we see that this formulation leads to a symmetric coefficient matrix.

The first term in the h,, is also fully symmetric, and its contribution to the matrices H,n s is
zero in the case where ms 7 ns (since ¢ = 0 or a zero matrix in the case of vector equations).
Furthermore, if we choose f, to be an orthogonal series then the contribution of this term to the
H,, . matrices would be diagonal.

We describe here two manners of spectral approximation: the first is a Fourier series which
is suitable for closed continuous geometries; the second approximation uses high-order

Int. J. Numer. Meth. Engng., 41, 95-111 (1998) © 1998 John Wiley & Sons, Ltd.
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polynomials and is more suitable for open non-continuous geometries. For Fourier series, the
integrations to be performed in the collocation formulation are:

fﬁ €"0-u%(x,, X;) T, 3§ €= p* (x,, %,) AT 13
r- .

In the Galerkin formulation, we need:

§ em-§ emur(a, x)dr dr,., § clx)eme-ar,,
Tt |

§ e""’"fﬁ €™ p*(Xy, X2) AT, T _ (14)
| . | o :

Here, 6, is the circumferential angle which is measured along the ns strip. In the case of
collocation in the polynomial approximation, we must evaluate the integrals:

fr (1) (X1, X3) T, L (o)™ (X1, %2)dCe 15)

While for Galerkin, we require

f (nmr'f ()4 (X1, %5) ALy AT, f €(%0) U™ ()" AT
} pi j o ) | g

f ()" f (a)'2* (1, %) ATy AT 16)
Te T

Here, 1, is a non-dimensional length co-ordinate which is measured along the boundary of the ns -
strip.

The integrations indicated in equation (13) can be evaluated analytically for a circular
geometry both for the case where the collocation point lies on the strip (the singular case) or for
the case where it lies off the strip. For the Laplace and elastostatics kernels, these integrals are
known in closed form.!* For the elastodynamics kernels, they are available in a series form.!5 The
integrations indicated in equation (15) can also be evaluated analytically for straight-line geomet-
ries: in closed form for the Laplace and elastostatics kernels,'? and in a series form for
elastodynamics.!® In the special cases of a straight-line or a circle geometry, the integrals in
equations (14) and (16) can be also formed analytically for the Laplace’s equation and for
elastostatics. The analytical results for these integrals for the singular case where ms = ns, are
given in the appendix.

In the case of geometries that are different from the above, the integrals must be
evaluated numerically, both for collocation and Galerkin. One of the problems in evaluat-
ing these integrals numerically is that their integrands are singular. In the case of elastostatics
or elastodynamics integrating the singularity can be almost prohibitively expensive. In the
next section we will present a procedure for subtracting the singularities of the kernels by
using a procedure which is based on the analytical results for a circle and for the line
geometry. '

© 1998 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng., 41, 95-111 (1998)
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3. SINGULARITY SUBTRACTION: LAPLACE AND ELASTOSTATICS

3.1. Continuous geometries

Consider an arbitrary closed smooth curve as shown in Figure 1. If we collocate along the
boundary I at the point where § = 8o, then the kernels are singular at this point. Let us denote
the primary and secondary kernels by d*(f, §,) and 7*(6, 0), respectively. We also define the
kernels @*(6, 6,) and 5*(6, 8,) which are the corresponding kernels of a circular geometry, (with
radius to be determined). (see F igure 1). The integrals to be evaluated are of the form:

3§ e i*(9, o) d, ﬁg e 5*(0, 6o) dI" (17)
r r

We will present the singularity subtraction procedure only for the primary variable kernel
u*(6, 8,), since that for 5*(8, 6,) is identical. Changing the integration variable in equation (17) to
6 and adding and subtracting the function e #*(0, 90)dI'/d0 (8) from the integrand yields:

. n dar drr drr 2z
e9a*(8, 6,) dT =f e'"o['* 8, 00)— — a*(0, ) — (6 ):]d@ +—(6 j e 7*(0, 6,)do
fﬁr (6, 8o) . u*(8, 0) 0 (0, 84 PTAL d9( o) . u*(9, 6,)

(18)

Note that we choose the radius of the circle to be dI/d6(8,) as shown in Figure 1. The integral in
equation (18) now contains two integrals. The first one has a non-singular integrand and it can
be evaluated efficiently and accurately based on its special form, as we will describe later. The
second integral has a singular integrand. We evaluate it analytically based on the closed form
results of these integrals given in Reference 11. Figure 2 depicts the subtracted integrand
[a*(0, 8,)dT’/d8 — a*(8, 80)dI'/df(8,)] compared to the original integrand a* (4, 00)dI*/do for the
Laplace kernel on an elliptical boundary.

W_mon%
TN

Figure 1. Singularity subtraction from a closed geometry

Int. J. Numer. Meth. Engng., 41, 95-111 (1998) © 1998 John Wiley & Sons, Ltd.
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. ~—— QOriginal kemel
4k - - Reduced kernel

_5 1 L 1 1
0 1 2 3 4 5 6

circumferential angle

Figure 2. The subtracted integrand [a*(, 8,)dT/d8 — d*(8, 8,)dI/d8(0,)] compared to the original integrand
#*(f, 8,) dI'/d8 (equation (18)) of Laplace equation, for a geometry of an ellipse with semi-major axes of 8 and 10 along the
x- and y-axis, respectively, for a collocation point at 8 = 1

3.1.1. Evaluation of the reduced integrals. The reduced integrals with non-singular integrands
can be evaluated using any integration rule such as Simpson or Gauss quadrature. However,
when it comes to evaluation of high harmonics, these integrands vary rapidly and the evaluation
of these integrals can be problematic and time consuming. In order to overcome this difficulty we
suggest exploiting the special characteristics of these integrals.

The integral that has to be evaluated has the form of {37 "°f(6)d6. The function f(6) which
stands for the reduced singularity kernel, is smooth and periodic (e.g. see Figure 2). This integral is
precisely the Fourier transform of f(6). By using the fast Fourier transform (FFT) algorithm® to
evaluate the required integrals, we reduce the integration time for a given precision in a remark-
able way as compared to other integration rules.

3.2. Non-continuous geometries

In the case of non-continuous geometries, the strips are open rather than closed. Here we define
the geometry of the boundary I using a non-dimensional variable # which is the normalized
length along the straight line connecting the start and end point of the strip as shown in Figure 3.
Note that # = 0 and # =1 at the start and end points of the strip, respectively.

Fora given collocation point at = 7, the kernels in (15) will be denoted by a*(n, no), 8*(n, no).
The integrals that must be evaluated have the form:

f 5% 7, mo) T, f W% (n, no) dT (19)
T r

© 1998 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng., 41, 95~111 (1998)
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Collocation point

Figure 3. Singularity subtraction from an open curved geometry

We note here that the regular polynomial basis functions are suitable only for ‘regular problems’,
L.e. problems without singularities at the corners (e.g. a convex corner in a finite domain). For
non-regular problems, singular shape functions are necessary to capture the behaviour in interior
corners. We limit our discussion below to regular problems.

Analogous to the procedure for the continuous geometries, we define * (n, no) and p*(n, no) to
be the kernels along a straight line with a singularity point at 5 = ,. Changing integration
variable to n and adding and subtracting the function 7"@*(x, 1) dI'/dn(no) from the integrand
yields:

_ v ar - _ dr, . dr, .t
j T, no)dr=f 7| @00, 10) S — @01 10) S 10) |1+ r) [z ma)dn (20)
r 0 dn dn dn 0

Once again we get two integrals. One has a non-singular integrand, while the other can be
evaluated in closed form.!? 4

A continuity condition between neighbouring strips might be imposed in a manner similar to
that described in Reference 12, however, it is not necessary.

3.3. Singularity subtraction: Helmholtz and elastodynamics

One of the most problematic kernels to integrate is the hyper-singular elastodynamics kernel.
The most convenient way to treat this kernel is to subtract from it the elastostatics kernel, leaving
a non-singular kernel remaining.!” Rather than subtracting the elastostatics kernel for the same
geometry, however, we propose subtracting the elastostatics kernel corresponding to the
geometry of a circle or a straight line. This way, though we will still have to numerically evaluate
the integrals over the subtracted kernel, the singular subtracted part of the integration is known
analytically.

The same procedure can be applied to the Helmholtz equation. We subtract from the
Helmbholtz equation kernels for a curved geometry, the Laplace equation kernels for a circle or
a straight line.

This procedure is applicable not just for BSM, since it can be used also in BEM using the
polynomial approximation. .

Int. J. Numer. Meth. Engng., 41, 95-111 (1998) © 1998 John Wiley & Sons, Ltd.
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4. TRANSFORMING MATRICES FROM COLLOCATION TO GALERKIN

When we use Fourier series as the spectral series for the approximation, the coefficients matrices
H and G can be transformed from collocation matrices to Galerkin matrices in a very rapid way
using FFT.

In the collocation method the sub—sub-matrices have the form

K, = c(x,)em= + f p*(x1, X2)e™= dT,s
| o

Gon = f u* (X, X;)e"™= dT,, (1)
r"
In Galerkin they have the form

hS, = f c(xl)c“”'f"""’"'drm-l-f f P*(xy, X)€" AT d T,
| v | g o

ggn = J;_ J.r u* (xh xl)ei(meﬂ+"o-‘) drns drm.s (22)

The superscripts C and G stand for collocation and Galerkin, respectively. Note that in the case
of collocation each row in the global matrices H and G€ is due to a different collocation point.
We choose to collocate along the boundary in even increments of the circumferential angle
6 (which is the simplest and most convenient way to collocate). We then use these collocation
points in the FFT algorithm to transform equation (21) to (22). To do this we simply multiply
each row in the matrices H® and G by the value of dI'/d at the corresponding collocation point
and then perform a FFT on each column of these matrices:

N . A N dr
HnGrs.ns = FFTns {HSB.IIJ : %(Gm)}9 Gﬁs.ns =FFT, {Gﬁs.ns ‘ 'ag (Bnu)} (23)

the operator FFT,, means that we form the FFT of the ns column.

In the case where we want to refine the values of the matrices HS, G® we can collocate at the
mid-point between each two previous collocation points and repeat the procedure leading to
equation (23). If we do so we can use the Richardson extrapolation!? for a further refinement.

The case of polynomial basis functions is more complicated and less effective than the Fourier
basis. Nevertheless, we can transform the matrices from collocation to Galerkin quite easily. In
this case we collocate in even increments of the parameter 7. To obtain Galerkin matrices, we then
multiply each line in the matrices G€, HS by ng dT'/dn(ne) and integrate the columns by
summation with relevant weights, e.g. using Simpson’s integration or any other convenient
integration rule which uses even spaces. This will give us the nth row in the Galerkin matrices
HS, GS. Using an evenly spaced integration rule in n has an advantage if refinement is needed. To
refine, we collocate only at mid-points of the previous collocation points, and utilize the previous
values. Note that in this case we can also apply the Richardson extrapolation for a further
refinement.

There is a difficulty in using this transformation for elastostatics and for elastodynamics since
the values of the integral over the p*(n, ) kernel are singular for the collocation points at the
edges. (See, for example, Reference 12, Appendix A, equation A.1). We know, however, that the
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singularity at such points is logarithmic. Thus it can be subtracted using a procedure similar to
that presented in this paper. Another possibility is using Gauss quadrature rule which would
overcome the difficulty of singularity. Collocating at the Gauss points, however, prevents us from
using previous function evaluations when refining our solution space.

5. NUMERICAL RESULTS

The collocation BSM was already compared to the BEM!"!2 and BSM seems to be more
efficient and accurate in most cases. Therefore, in this section we will focus on the comparison
between the collocation BSM and the Galerkin BSM.

Three potential problems (Laplace equation) are investigated herein. The first problem involves
an elliptical domain with an eccentric circular cavity as shown in Figure 4. The boundary
conditions for this problem were taken as u = 0 and u = 10 on the outer and inner boundaries,
respectively. The problem was modelled using two strips with a Fourier series approximation,
and it was solved by BSM using both the collocation and Galerkin formulations. The converged
results for du/dn along the boundaries are shown in Figure 5. It can be seen as expected that the
solution contains high gradients in the region where the cavity boundary and the outer boundary
are close. We define an overall average percentage error of the variable v along the boundary as

‘Uexc - vnuml dr

Overall error t%] = 100 x L (24)

max Ivexcl Ll‘
Here L is the length of the integration path, v, is either the analytical solution (if available) or
the converged numerical solution, and Unum is the numerical result. Figure 6 depicts the overall
average percentage error for collocation and for Galerkin BSM as functions of the number of
harmonics used for the approximation on each strip. Both formulations show an exponential

Figure 4. Elliptical domain with an eccentric circular cavity: geometry and boundary conditions-
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Figure 7. Quarter of a circle domain: geometry and boundary conditions

convergence rate. Furthermore, both formulations yield numerical results with an accuracy that
is better than BEM for the same number of DOF. It can be seen that the Galerkin formulation is
more consistent than collocation and that its convergence rate is almost purely exponential. The
results of the Galerkin formulation are at least as accurate and often more accurate than the
collocation formulation.

The second problem, which is described in Figure 7, is on a quarter-circle domain. The
boundary conditions du/én = 0 are applied on the straight edges, while u = cos 20 on the curved
edge. The analytical solution for this problem is u = (r/R)®> on the straight edges and
du/0n = 2 cos 26/R on the arc. Three strips are used to model the problem, two for the straight
edges and one for the arc. The exact analytical solution is achieved when a polynomial
approximation is used along the straight lines and a spectral half cosine approximation of the
form ¥ cos(n6/2) is used on the arc. However, in order to check the convergence of the polynomial
approximation we used high order polynomials along all three strips. Figure 8 presents the
overall percentage error as function of the order of polynomial which is used for the approxima-
tion on the arc strip, for collocation, for Galerkin and for an ‘equivalent’ (i.e. same number of
DOF) BEM model of quadratic elements. As in the case of the harmonic approximation, the
polynomial approximation yields exponential convergence for both spectral formulations. The
Galerkin formulation seems to be more consistent than collocation in this problem as well.

Since the solution on the arc is an even function we expect that the odd polynomial orders will
not contribute to the solution. We obtain this behaviour exactly in the Galerkin formulation (the
steps), but not in the collocation formulation.

There is divergence in the collocation results when a polynomial order is higher than 15, and in
the Galerkin formulation when it is higher than 10. Numerical experimentation shows that this
divergence is due to accuracy of the numerical integration. The Galerkin formulation diverges
first since it involves a double integration and therefore accumulates more error. We note,
however, that ill conditioning for high order polynomials (15 to 20 and more) will appear even

Int. J. Numer. Meth. Engng., 41, 95-111 (1998) ' © 1998 John Wiley & Sons, Ltd.
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when using exact analytical integration.!? We found the computational effort involved in
integrating more accurately to be impractical. Therefore, without improved integration proced-
ures, the polynomial Galerkin BSM is limited to p10. We emphasize that we found that no such
limitation using Fourier series.

The third problem is of a curved cavity in an infinite domain as shown in Figure 9. The
boundary conditions for this problem are u,, — u = Constant. The problem was modelled using
only one strip with a Fourier series approximation. The results for du/dn along the boundary are
depicted in Figure 9 for 2,4 and 16 harmonics. For this problem the results of the collocation and
the Galerkin results were almost identical, with only a small advantage to the Galerkin formula-
tion.

Although the difference between the collocation and the Galerkin formulation in this problem
is minor, this problem demonstrates the merits of the BSM, in general, and the Galerkin BSM in
particular. Excellent results were achieved using only 4 harmonics (9 DOF). Equivalent results
clearly would demand a much denser grid and thus a larger problem size if other BIE methods
were used.

6. SUMMARY AND COMMENTS

In this paper we presented and considered a Galerkin formulation for spectral solutions of the
boundary integral equation. To simplify and improve its implementation, we developed a proced-
ure for exact singularity subtraction based some known analytical integrations. To our know-
ledge, this is the first regularization technique for spectral boundary integral methods.?! Further,
we note that the subtracted integral functions are continuous. We presented a new Galerkin
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Figure 9. A curved cavity in an infinite domain: Geometry, boundary conditions and du/én distribution for 4,8 and 16
harmonics approximation .

formulation for the boundary strip method, and showed a way to obtain the Galerkin BSM
matrices directly from the collocation matrices by using a simple transformation rule (FFT in the
case of harmonics or a summation with weights in the case of polynomials).

The new Galerkin BSM formulation shows some unique numerical properties and advantages
that are not available in other BIE solution methods. The Galerkin BSM is completely free of
mesh generation, and apart from the definition of the strips (as might be done anyway by any
CAD system) there is no further requirement for a mesh. Another important advantage related to
mesh generation is the fact that unlike the BEM, both collocation and Galerkin BSM solve the
problem in the original geometry and there is no geometry distortion.

Both collocation and Galerkin BSM show exponential convergence rates. Generally, the
Galerkin BSM seems to be more consistent and numerically stable for Fourier basis functions
and low order polynomials. When using polynomial base functions, however, the Galerkin BSM
becomes unstable at a p = 10. _

Another advantage of the BSM is that the approximation coefficients are uncoupled. Thus, in
order to increase the approximation order, we simply add to the old matrices, rows and columns
that correspond to the added approximation coefficients.

Furthermore, we developed some analytical integrations for the Laplace and elastostatics
kernels which can be used to improve numerical accuracy and efficiency. The integrations for the
straight line geometry can be used also in a Galerkin formulation of a linear BEM. Using these
integrals we can construct the integrals for required linear BEM shape functions.

Finally, comparing between Galerkin and collocation BSM, we conclude the following:
Galerkin and collocation perform almost the same. Galerkin is completely meshless. The
pre-processing time (i.c. the time to generate the coefficient matrices) is only modestly higher in

Int. J. Numer. Meth. Engng., 41, 95-111 (1998) © 1998 John Wiley & Sons, Ltd.
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Galerkin since the Galerkin matrices can be obtained from a straightforward transforma-
tion of the collocation matrices. Further, for Dirichlet problems, the Galerkin coefficient
matrix is symmetric and therefore would require about half of the time to solve the result-
ing system of equations as compared to the full unsymmetric coefficient matrix of collo-
cation.2?

APPENDIX

Analytical integrations

In this appendix the analytical results for the integrals of equation (14) and (16) for Laplace’s
equation and for elastostatics are presented.
The kernel for the 2D Laplace equation is

1 1 du*(xy, X3) 1 or
u*(xh xZ) = Zln (;)9 p*(xly xZ) = % == EE’; (25)

Here r is the distance between the points x,, x,. Using the integrations in Reference 11 we have
the following integrals along a circular path of radius R:

—InR, m=n=0

§ @imé § einau;dr—l dl' = zR?| 1/n, m=-n |m{>1
roLJr 0, otherwise
rr . 7 I, m=-n [m>0
4; eim? 3§ e"p*dI" [dT" = zR ) (26)
r Lr ] 0, otherwise

For a straight line, we derive the integrals of equation (16) based on:!?
L? In(1/L) "*2*'/n+m+ 1) (—1)
m n, % = - —_
fr" Ur" “ dr]dr 2n(n + 1){m +1 ,‘;, ko )k + 1y

1 m (_l)k n+1 1
TarmrE T ,é,(k)(k oy R DY ey i 7 e k)}

J‘ r,m[f n"p* dr]dr =0 27
r r

where L is the total length of the line strip.
The 2D elastostatics kernel is given by

1 1
ua(xx, X3) = m[(3 - 4V) In (;) 5"‘ + r,,r,,‘]

1 or or
Pik(Xy, X5) = — m{a(l = 2V)(0u + mre — mry) + 25;".::".1} (28)
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Here, v is Poisson’s ratio and uis the shear modulus. The elastostatics related harmonics integrals

are:
[1-2(3 —4v)InR]], n=m=0
; . 2 3 — 4v)/nl, =~ >
§ e|m0[§ emOu* dr ldr = 7R ( V)/n1 n m |n| >1
r r 4#(1—") (3—4V)I—§A, n=-m=+1
0, otherwise
2(1 - )], n=m=0
>1
. . F (1 -2v)B, n=—m"
§ @imd [§ & p* dl']dl" - ™R A n<l (29)
r r 0=V |1 =-2B-4(1-vA, n=—-m=+1
0, otherwise
where

A—[l +i B_[O 1}
Lt 1} “l-10 : (30)

and for the spectral polynomial approximation:

m - _ L? _ In(1/L) 1
Jr” [Lr]u dI-.:ldr-.&t,u(l—v)(n+1){(3 4v)[m-i-l +(n+m+2)z
_"+m+l n+m+1 (—1)" mom (—l)"
kgo ( k )(k+1)2+k§o<k>(k+l')2
bl ! ]I+ - C
+k§1(n——k+2)(m+k) m+1 }
m nry* _(1-2vL 1 nEmin+m\ (—1)F
frﬂ [an dr]dr—4n(1—V){(n+m+1)2+k§o( k >(lc+1)2

n—1 1
_,‘go(n—k)(m+k+1)}B @D

The matrix C is defined as

32)

cos?f %sin Zﬂ]
4sin2f sin’p
where f is the orientation angle of the line strip.
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The application of a hybrid asymptotic/finite element method to the problem of scattering from
two-dimensional, submerged objects is considered. The hybrid method is based on patching a
short-wavelength asymptotic expansion of the scattered field to a finite element interpolation of the
near field. In patching, the diffracted field shape functions with unknown amplitude are forced to
agree smoothly with the solution in the near field along a curve at a prescribed distance from the
diffraction points. A new hybrid finite element on this artificial boundary represents the effect of the
outer domain on the solution within this new boundary. This allows the replacement of the original .
boundary value problem with an asymptotically equivalent boundary value problem, the domain of
which is small and efficiently discretized. The method is applied to diffraction by a blunted wedge,
which in this context represents a degenerate prism. The hybrid scattering solution shall be
compared to an analytic field representation found using an exact Dirichlet-to-Neumann map.
© 1998 Acoustical Society of America. [S0001-4966(98)04809-7]

PACS numbers: 43.20.Dk [ANN]

INTRODUCTION

We describe a hybrid methed for scattering which com-
bines short-wavelength asymptotics with the finite element
method. In the hybrid approach, we attempt to draw on the
benefits from both methods while eliminating their largest
individual deficiencies. For example, an asymptotic approach
can be computationally efficient for acoustically large scat-
terers; however, its applicability is limited since diffraction
coefficients are unavailable for geometries with anything but
simple discontinuities. Traditional numerical methods, on the
other hand, can accommodate arbitrary geometries but are
practically limited by their computational cost.

The hybrid method as presented here is related to the
method of matched asymptotic expansions (MAE)* where, in
the short wavelength limit, the scattered field contains two
asymptotic regions. In the inner (local) region, the full Helm-
holtz equation must be solved. In the outer (global) region,
the field can be found by means of a suitable short wave-
length asymptotic technique, such as the geometrical theory
of diffraction (GTD).? The representation of the outer field is
written in terms of certain unspecified amplitude functions
called ‘‘diffraction coefficients.”” In the MAE method, the
solutions in the two regions would be asymptotically
matched, thus determining these coefficients.

In our hybrid method, on the other hand, the inner solu-
tion is found numerically by patching smoothly to the outer
asymptotic approximation. The patching is imposed on an
artificial boundary, 'z, which is introduced around diffrac-
tion regions. This boundary is chosen to be located in an
overlap domain where both the inner and outer solutions are
valid. Patching the inner and outer fields on I, is equivalent
to using the GTD solution to specify a radiation boundary

YCurrently affiliated with Noise and Acoustics Division, The Boeing Com-
pany, Seattle, WA 98124,

condition for the inner numerical problem. Thus, we replace
the original boundary value problem (b.v.p.) with an asymp-
totically equivalent one.

The combination of the geometrical theory of diffraction
(GTD) with traditional numerical methods in scattering ap-
plications dates back to 1975.° Burnside et al.® introduced
the method and demonstrated its utility by computing the
two-dimensional electromagnetic fields scattered by a per-
fectly conducting wedge and a perfectly conducting cylinder
of square cross section. They substituted GTD-based shape
functions for the fields diffracted by the vertices into a
current-based integral formulation of the scattering problem.
The GTD-based shape functions were used for distances
greater than \/2 from the vertices, while pulse shape func-
tions were used for distances smaller than N/2. A set of
discrete equations was obtained by collocation. Agreement
with exact and benchmark solutions was remarkable, espe-
cially considering that the near field “‘numerical region’’ ex-
tended only to a distance of A/2.

Since 1975, Burnside’s hybrid method has been applied
to scattering from a tetrahedron,4 has been augmented to ad-
dress grazing incidence,’ has been included within a Galer-
kin formulation, and applied to bodies of revolution.®

Wang’ in 1991 was the first to introduce surface wave-
based shape functions in a hybrid method. These he included
for two-dimensional scattering and scattering from bodies of
revolution. Wang noted that integration of the GTD-based
shape functions in order to obtain the discretized equations
was computationally expensivé, and suggested that these in-
tegrals be evaluated asymptotically.

None of these authors address uniqueness issues associ-
ated with their boundary integral formulation for Helmholtz
equation on exterior domains. Further, all rely on a surface
integral equation formulation as a starting point of the analy-
sis. Shape functions motivated by asymptotic expansions are

1 J. Acoust. Soc. Am. 104 (3), Pt. 1, September 1998 0001-4966/98/104(3)/1/9/315.00 = © 1998 Acoustical Society of America 1



(a) Qur hybrid approach

(b) Far-field ABC approach

FIG. 1. Conceptual application of our hybrid method compared to a more
typical ABC (artificial/absorbing boundary condition) approach. Our
method is based on short-wavelength rather than far-field asymptotics. In
our method, the condition on the artificial boundary comes from enforcing
continuity of the function and its normal derivative with an outer asymptotic
expansion. In the ABC approach, a boundary operator (usuaily a homoge-
neous differential operator) is applied on the artificial boundary.

then substituted into the equation in a straightforward man-
ner.

There are several distinctions between our approach and
these previous approaches. First, we begin with a short
wavelength asymptotic expansion of the overall solution,
rather than with an integral equation formulation of the over-
all solution. Within the short-wavelength analysis we embed
a well-posed boundary value problem that can be solved nu-
merically. This is in contrast to simply using asymptotics-
motivated shape functions in an otherwise traditional nu-
merical formulation as in the works cited above,>™” or as in
some applications of infinite elements.®?

Second, we patch the inner numerical solution to the
outer short-wavelength asymptotic solution. This concept
might be compared to using a far-field asymptotic expansion
to derive an approximate boundary condition to be applied
on an artificial boundary.!%!! Short wavelength expansions
are valid when the wavelength A\ is much shorter than all
other dimensions in the problem. Far-field expansions, on the
other hand, are valid when r, the distance from an origin
“‘near’’ or in the scatterer, is much larger than all other dis-
tances in the problem. Only when \ and r are the only char-
acteristic distances in a problem are the two expansions
equivalent. (It so happens that the example we shall study in
the following sections fits into this category.) One clear dis-
tinction between these two approaches is depicted in the car-
toons in Fig. 1, which shows the numerical domains associ-
ated with each of the two approaches.

. Even when the short wavelength expansion and the far-
field expansion are equivalent, there is a considerable differ-
ence in the implementation of each approach. In the
artificial/absorbing boundary condition (ABC) approach,!®!!
the far-field expansions are used to derive boundary opera-
tors that must be satisfied by the numerical solution. The
high-order versions of such operators require the evaluation
of high-order tangential derivatives of the finite element
field. Since most finite element interpolations are only C?,
these implementations require special attention.'? Further,
this formulation yields only the solution inside the artificial

2 J. Acoust. Sac. Am., Vol. 104, No. 3, Pt. 1, September 1998

boundary, and some extra postprocessing is therefore neces-
sary to obtain the field outside the artificial boundary. In the
general formulation of our hybrid method described in Sec.
IV, on the other hand, we enforce continuity (of both the
function and its normal derivative) between the short-
wavelength asymptotic approximation and the numerical so-
lution. We thus avoid the need to derive a boundary operator
that must be satisfied by the finite-element field. Our bound-

ary condition on the artificial boundary requires no deriva- -

tives of the finite-element interpolants for any order
asymptotic approximation.

Alternatively, one might compare our hybrid method to
an application of infinite elements. One distinction is that, in
our formulation, the outer field is required to satisfy the
Helmholtz equation (at least asymptotically) before we even
formulate the numerical boundary value problem. In typical
infinite element applications, on the other hand, the outer
field is interpolated in some convenient,'*™'¢ or physically
inspired,® manner. These interpolations are then substituted
into a weak form that enforces the approximate satisfaction
of the field (Helmholtz, in this case) equation. Further, most
infinite element formulations enforce continuity between the
inner and outer fields strongly. Finally, our formulation is
free of infinite or large domain integrals, while almost all
infinjte element formulations require infinite integrals of
some kind. [The exceptions to these is the infinite element
formulation devised by one of the authors (PEB) in collabo-
ration with I. Harari, as described in Refs. 17 and 18.]

In addition, we remark that our hybrid approach is based
on the formulation of an asymptotically equivalent boundary
value problem defined on a small domain. We can choose
any numerical method to solve this problem. (This is also in
clear contrast to infinite elements, for example, in which the
treatment of the outer domain is integral in the entire prob-
lem formulation.) Here we discuss solving this problem us-
ing finite elements, but in another contribution we discuss
using the ‘‘boundary strip method.”” !

The idea of patching a short-wavelength expansion to a
collection of numerical solutions (as needed to supplement
the validity of the outer expansion) can obviously be applied
to a quite complicated scatterer. We have elected to first
study and present our method in the context of the most basic
of problems, diffraction from a truncated wedge. The formu-
lation and asymptotic solution of this problem is presented in
Sec. II. We follow this in Sec. II by discussing the issue of
patching inner and outer fields together as opposed to match-
ing them. Our hybrid method depends on patching, yet
matching is known to yield the correct directivities. The
comparison between patching and matching makes it clear
that the patched directivity can provide a good approxima-
tion to the exact directivity. More importantly, it shows that
the approximation can, in principle, be improved to arbi-
trarily high accuracy. This gives us reassurance that the pro-
posed technique can be built into a reliable numerical
method. ’

Patching of the numerical solution to the outer
asymptotic solution gives rise to a boundary value problem
defined on a finite (and relatively small) domain. This
boundary value problem is outside the realm of application

J. M. Montgomery and P. E. Barbone: Hybrid asymptotic-FEM 2



FIG. 2. Blunted wedge with incident plane wave.

of standard finite element methods because of the patching
boundary conditions. In Sec. IV, we describe a weak formu-
lation of the asymptotically equivalent b.v.p. as part of a
finite element implementation. Here, we enforce the bound-
ary condition by introducing a new ‘‘hybrid’’ finite element.
The results from the hybrid method, utilizing this new ele-
ment, are compared to a reference solution found by means
of a Dirichlet-to-Neumann (DtN) map.?

I, FORMULATION

We imagine the wedge, of exterior angle B, positioned
such that the tip coincides with the origin while one face lies
on the positive x axis. The tip is blunted by a truncation
described by r=a(6) (see Fig. 2). We assume that the maxi-
mum of a is on the order of a wavelength (\). Thus, a(6)
=0(k™!) or ka=0(1). We let I be a predetermined dis-
tance from the tip with which we nondimensionalize all of
our spatial coordinates. Then in the limit as kI—o, the
wedge appears to be acoustically infinite.

In all that follows we will work in terms of nondimen-
sicnalized coordinates as well as wave number, k. We shall
also work in terms of a time-harmonic acoustic pressure:

p(x,y,8)=R{uy(x,y)e ). (1)

The time dependence will be suppressed from here on. The

total field is then represented as the sum of an incident plane-
wave and scattered field contributions:

. oy o gt

Uiy =Uipe+ 1, uim::exk(x cos §'+y sin ') (2)

In the absence of sources, u is governed by the reduced wave
equation

(A+E)u=0. (3)

We consider a wedge with soft faces, such that u,,,=0 on the
wedge. Equation (2) then yields

r=a(6),
U= = Uy 0-——0, r?a(O), (4)
=2, r=a(p).

Further, the scattered field must satisfy a radiation condition
as r—o,
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il. ASYMPTOTIC EXPANSION

We seek an asymptotic approximation of the solution to
(1)-(4), valid in the limit as k—c°. In this section we discuss
the process of obtaining the outer approximation to the field.
We follow this by a description of the inner b.v.p. and char-
acteristics of its solution. We then seek to compare the
method used in patching these solutions to the method of
matched asymptotics.

A. Outer solution
We assume a solution of the form
u(x)~w(x,k)e®® koo, (5)

Here w(x,k) is the amplitude, k is the wave number, and
s(x) is the phase. Substituting (5) into (3) yields

=K [(Vs)?—=1]w+2ikVs-Vw+ikwAs+Aw=0. (6)

To solve (6) for large values of k, we assume that w can be
expanded in a series of inverse powers of ik:

N
w(x,k)~k-°2_0 W (X)(ik) "™ +o (k™). (7)

Inserting (7) into (6) and equating powers of k yields the
eiconal equation

(Vs)?=1, ®
and the transport equations

2Vs - Vwu+wpAs=—Aw,_;, m=012,..., (9

where w,=0 for n<0. These equations can be solved by
standard characteristic methods which provide the rays of
GTD. The phase can be determined using Fermat's
principle.? The scattered field can be expressed as the sum of
a reflected plane wave, a shadow wave, a diffracted cylindri-
cal wave, plus higher order terms

(10)

The three different terms in the above equation represent the
leading terms of three different expansions, each of the form
(5) with (7). By defining an angle ¢=6’'—24, these contri-
butions can be expressed as the following:

u~umﬂ+ ushad'*‘ udiff+ O(k_sa).

- ik(x cos 6’ +y sin 6”)

Ughadow= —¢€ shadow region,

tk(x cos ¢+y sin ¢)

Upg=—€ reflected region, (1n

D(6,8")
e 4
diff \/]C—;

Here, D(4,6’) is not yet determined. It represents the am-
plitude of the field diffracted into the § direction due to an
incident wave in the ' direction. It is sometimes referred to
as the *‘diffraction coefficient’’ associated with the wedge.

An immediate concern regarding this representation (11)
is the discontinuity between the regions. In order to obtain a
smooth transition across the boundaries, we introduce a
boundary layer solution. Such solutions are readily available
in many textbooks (e.g., Refs. 21-24).

ir  everywhere.
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As an example, we consider the boundary between the
shadow region (I) and the illuminated region (II). We intro-
duce a change of coordinates:

E=xcos §'+y sin ¢, (12)

7=-—xsin 8'+y cos 6’ (13)
In terms of these new variables,

Ugnaa~ T 1) %5, (14)

Here J# is the Heaviside step function. This solution is
clearly not valid on 7=0, where there is a discontinuity
predicted. Following the example in Ref. 21 yields the
boundary layer solution:

1 ; . » .
up(€,7)= T e"(""‘)e"‘ff e dz. (15)

v - VkI2E
Equation (15) shows that in the limit of | 7Vk/]>1 there
exists a plane wave, e**¢, for >0 and no first-order contri-
bution for #<0. On the boundary (7=0) the amplitude of
the field is the average of the amplitudes in (I) and (II).
Replacing ugqq, in (11) with u,, in (15) yields an
asymptotic expansion for the field which is valid everywhere
except at r=0. We note that a representation that is uni-
formly valid in angle can be obtained without specific solu-

tion of a ‘‘canonical’’ or inner problem near the wedge tip. -

Until the solution of the inner problem is obtained, however,
the directivity D(6) that appears in (11) remains unknown.

B. Inner diffraction problem

It is the solution of the inner problem, or canonical prob-
lem, that provides the unknown diffraction coefficient. In the
usual GTD or MAE approach, the inner solution is found
analytically and then matched asymptotically to the outer
solution. In our hybrid method, on the other hand, we shall
find the inner solution numerically by patching it smoothly to
the outer solution [Egs. (11) and (15), or an equivalent solu-
tion]. In this section, we shall examine (analytically) the pro-
cess of matching and patching to show that in some sense
they are equivalent. This tells us that our hybrid method,
based on patching, can provide a good approximation to the
diffraction coefficient.

The inner problem is obtained by rescaling in *‘inner”’
variables:

R=kr; ©®=6; U(R,®)=u(r,6). (16)

Rewriting the reduced wave equation (3) in polar coordinates
gives the inner problem:

# 1a 1 &
(W+E3§+FW)U+U=O’ (17)
U=-Uinc{R=ka(e)’ 18)

®=0,8, R>ka,
U matches u as R—, (19)

We note that in contrast to the outer equations, the limit k
—x does not simplify the inner differential equation at all.
We must solve the full Helmholtz equation.
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FIG. 3. Inner and outer regions.

In all that follows, we shall find it convenient to work in

terms of U=U-U sharp- Here Ugp, represents the field
(with minimum singularity) scattered by a sharp wedge due
to an incident field U, .? Further, Uy, can be shown to
match the plane wave and boundary layer solutions in the
-outer field. Thus, the function U satisfies (17) and

7 ~Uipe=Ugray on R=ka(6),

=10 on ©®=04. (20)

For a general a(#4), the solution for U cannot be obtained in
closed form. Without the analytical form, we cannot match
U to u as indicated in Eq. (19). Therefore, in Sec. IV, we
shall describe a numerical method to find U subject to a
patching condition replacing (19). For either outer boundary

condition, U can be uniquely represented outside R =k
as

U(R,0)= 2, A,H(R)sin 1,0
n=1 "

+B,H(R)sin v,0. (21)

Here, H s,i) and H ("i) are the Hankel function of the first and
second kind of order v, ,% where v,=nm/j. A, and B, are
unknown complex constants. For any given a(8), there is a
set of coefficients S,, such that A, and B, can be related as
follows:

A, =A%+ 21 SumBum - (22)
A} satisfies the inhomogeneous boundary condition (20). The
sum 2. S,,B, represents the amplitude of the nth scat-
tered mode due to all incident modes with amplitude B, .

We would now like to match (21) to the cylindrical
wave in (11) to find D(6) in terms of 4, and B,. In the
method of matched asymptotic expansions, this requires an
overlap domain in which both (21) and (11) are valid (see
Fig. 3). This domain occurs when

R=k% 0<a<l. (23)
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The hybrid method, on the other hand, relies on patching.
The inner solution will be found numerically and forced to
agree smoothly with the outer asymptotic solution (11) along
I'g. Here, I'z is chosen to be an arc of a circle lying in the
aforementioned overlap domain.

C. Patching versus matching

The method of matched asymptotic expansions yields a
solution which is asymptotic to the exact solution. Thus, we
are guaranteed that the difference between the exact and
asymptotic solutions vanishes in the limit as k—. Patching
on the fixed curve R =const, on the other hand, has no such
asymptotic validity. Here we shall compare the directivities
obtained by patching (D ,(6)) to those obtained by matching

(D (). In particular, we shall show that patching in the
overlap domain leads to the result that

D,(6)~Di(6); (24)

We denote the outer solutions to be used in the compari-
son as follows:

k—co,

. b,(8) .

1p(r, 6) =up=tpr,= \7;%— e, (25)
r

. D(6) .

um(r’0)=um—ushaxp= ( )e’kr- (26)

Jir

1. Patching

We shall patch along the curve R=k%ry, or r
—ka'

up(ka- ro,0)=ff(k“r°,6), 27
3 (k™ 'ro,60)= 6,0 (k0. 6). (28)

Equations (21), (25), (27), and (28) then yield D ,(6) as

—4i ¢~ %%
D,(6)= 2
? k"ro
A, sinv,6
L ) (29)
H( (k®ro) = (i~ 12k%ro)H (k%)
In obtaining (29) we have used the identity?®
’ ' 4i
Hy (@R @)= HO@HY) (2)=— —. (30)

Similarly, we can eliminate D ,(6) from (27) and (28) to
obtain a relation between B,and A,:

(i~ 12k%ro)H O (kerg) ~ HY (kero )
(1—1/2k"r°)H(2)(k°ro) H(Z) (k%rq )

=0(k% )% (31)
Equations (22) and (31) show that patching yields
A, =A2+0(k%) 2. (32)
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2. Matching

We obtain D,,(§) by using Van Dyke’s matching rule.!
First we express the inner solution (21) in terms of outer
variables:

Inner solution:

0O(R,0)=> AHV(R)sin v,0
A=l "

+B,H?(R)sin v,0. (33)
In outer variables:
OO kr,6)= 2;,1 AnH S (kr)sin v,6

+B,,HS‘;)(kr)sin v,6. (34)

We now expand (34) for large k to obtain the outer
expansion of the inner solution:

> 2
0,- 1/2) = —_ i(kr=(m/2) v~ w/4)
g (kr,6) gl \/ ——[Ae

+Bne-i(kr—(ﬂ/Z)v,‘—‘rrM)]sin V,,e- (35)

Outer solution:

8
( 1/2)(7‘,6)"" ”'( )ezkr (36)
r
Inner of outer:
N R Dn(®) |
(=120 £ _Ym iR
u (k’®) R e 37

By Van Dyke’s matching rule, (35) and (37) must be equiva-
lent. Thus we conclude that

Dn(8)= 2[\/7 “"”’”“’n*%’”]sm v,0, (38)

A=l
B,=0. (39)

Equations (22) and (39) show that matching yields
A,=AC. (40)

Therefore, we coriclude from Egs. (32) and (40) that match-
ing and patching yield the same values for A, to order
O(k%rg)~2.

3. Error in directivity

We note that D,(6) in (29) and D ,,(8) in (38) appear to
be different. Further, we note that D ,(6) depends explicitly
on the location of our artificial boundary. This is a typical
feature of patching. The matched directivity, D,(6), is
clearly independent of the purely artificial parameter ry.

We measure the error in patching as the difference be-
tween D,,(8) in (38) and D »(0) in (29). Thus, we define the
following function:
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error (6)=2, E, sin v,0=D,(6)~D,(6). (41)
n
Substituting Egs. (29) and (38) into (41) leads to
R %
E =A \/:2: o= i(m2) v, = i(mid) _ T4ieT™
n n T P karo
1

HYY (k®ro)= (i - 112k%ro) HP (k°ro)

+O(kaf0)_2. (42)

Since 0<a<1, k%ry— as k— . Therefore, we can obtain
an asymptotic approximation for E, as k— by expanding
the Hankel functions for large argument. From Ref. 25 we
have

H( )(ka )= \/‘[ 4v, _1] e~ i D+i(m4)
ro *
}ka
+O0((k%rg) ™). (43)

Combining (42) with (43) yields an asymptotic approxima-

tion of the error as
—i(vr/Z)v,,—i(qrM)_l_ 0((](“1"0)-2).

\/’2'4&-1
E,~—iA = 8kerg e
44

Clearly, as k—, E,—0. We note, however, that E,, grows
like n® for kry ﬁxed For solutions with bounded energy,
however, it can be shown,®® that A,=o(v, ") as v,—.
Therefore, (44) vanishes as k— for all z.

Itl. THE HYBRID METHOD

Up to now we have considered the asymptotic aspects of
the hybrid asymptotic-numerical method. Here we discuss a
numerical formulation suitable for determining the inner so-
lution. Patching the outer asymptotic solution to the numeri-
cal solution on the artificial boundary effectively enforces
the radiation condition on the inner field. In this section, we
describe a weak form developed by us for this purpose. This
is followed by a finite element discretization.

A. General formulation

We now describe a weak formulation of our boundary
value problem that is suitably incorporated into our hybrid
method. We denote the region outside of the scatterer by Q.
The *‘internal’” boundary of {) is denoted by I', which we
assume to be piecewise smooth. We consider I' as being
partitioned into I'y and 'y, where I'=T,UT ;. The classical

or strong form of the problem is to find u in ) such that

(A+k)u=-f in O, (45)
u=g on I, (46)
ou

—=ikh on T, 47

on
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é
lim r“z(a—: —iku) =0,

re—o

(48)

The unbounded domain {2 is decomposed by an artificial
boundary I into a bounded inner domain QF and its un-
bounded outer complement Q°. The solution to the original
b.v.p. is decomposed into an inner and an outer field:

u' on QF,
u=t

on Q°.
In our hybrid method, we choose the outer field, u°, to be
given by the expansion in Egs. (10) and (11), wherein the
directivity D(6) is unknown. [Or equivalently, when solving
for u—ugy,,, by (25) with Dp(e) unknown.] Equations
(45)—(47) are r.hen supplemented by the patchmo boundary
condition on [p:

(49)

w'=u’ on Iy, (50)

d.u'=3,u° on [p. (51)

Standard finite element formulations are incompatible
with the patching boundary conditions (50) and (51). Here
we shall employ the weak formulation of Harari et al.:*’

a9

i ou ) L( (')
w, 5 =L\w),
an’® -

dw’ ; ' dw? o) =0
o Iy on’ o TR— )
It should be noted that a(.,.) and (.,.)rR are symmetric bi-

linear forms which are not inner products. Rather, they are
defined as

a(w",u")+( (52)

(53)

a(w,u)= fn‘_(Vw-Vu—wkzu) aqQ, (54)
(w,u)rR=L wu dr’, (35)
R
L(w)=fniwf dQ+fr wikh dT. (56)
h

We note that to evaluate the terms in (52) and (53), there is
integration only over the inner region Q' and the artificial
boundary, I'. Thus, there is no integration over infinite or
even large domains. For (52) and (53) to be valid, the outer
solution u° must satisfy the Helmholtz equation as well as
the radiation condition. If the scatterer is not completely con-
tained in I'g, then u° must also satisfy all natural and essen-
tial boundary conditions in {°. The functions ' and w’
represent the arbitrary weighting functions of %! and u?, re-
spectively. The Euler-Lagrange equations of (52) provide
satisfaction of the governing differential equation in Q' and
enforce continuity of normal derivatives across I'; . The re-
lation in (53) enforces continuity of the unknown functions
across ['g.

J. M. Montgomery and P. E. Barbone: Hybrid asymptotic-FEM 6



B. Finite element formulation

We now turn our attention to the problem of the imper-
fect wedge. In what follows, we shall be solving for .,
— Usharp- Thus, u® will contain only a cylindrical wave con-
tribution. Inside of I'g we use standard bilinear, quadrilateral
elements with degrees of freedom representing the real and
imaginary parts of the field. Let ¥ and D denote shape func-
tions with local support, defined on Q' and 'y, respectively.
Then our inner field can be represented in the context of the
finite element method.?®

Inner solution:

u"=§A) diNi(r,6), (57)

w"=§ ciNi(r,8). (58)
Here each sum is over the total number of elements in our
mesh. Similarly, we choose a finite element representation
for D 2(68) on ', and so obtain the following representation
of the outer field:

Outer solution:

=3 D ()2 e,
M r
w'=2 c3D}(6) \/rrE elKr=r0),

Equations (59) and (60) reflect the GTD form of our outer
solution (11), normalized by the radius of T'z.

To treat the boundary condition on I'; we introduce
what will be referred to as a ‘‘hybrid element.”” We shall
assume that the shape functions N and D are both piecewise
linear. Thus, for the special case treated here, the hybrid
element has four nodes, two of which are shared with a
Helmholtz element. The spatial coordinates of the two pairs
match, forming what appears to be a one-dimensional ele-
ment. We can then use (52) and (53) to find the following
element stiffness matrix:

(59)

(60)

K¢= 0 % 61
REA (61)
Here 2 is 2 2X2 complex matrix with entries:
%‘AB-_:J—I" CoN:‘N‘B dI", (62)
‘ !
Co= : ik 6
(U 2’.0 L. ( 3)

We note that this matrix is symmetric. The lower half of the
block weakly enforces continuity between the inner and
outer fields. The upper right-hand block contributes to the
continuity of normal derivatives.

C. Comparisons

We have implemented the hybrid element and per-
formed calculations for a wedge of angle 3=7m/4. The in-
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FIG. 4. Mesh used for radiation and scattering from a consharp soft wedge.

terior domain (f was meshed with 2 minimum resolution of
ten elements per wavelength (Fig. 4). On the blunted tip, we
define a(6) =ay=const, where kay= . We locate the arti-
ficial boundary, I'g, at krg=4. The solution is forced by
the inner boundary condition (20), where the infinite sum for
U sharp (Ref. 22) is truncated with negligible error.

Our numerical interpolation is implemented twice: first
we use the hybrid elements to represent the radiation bound-
ary condition, and then we compare these results to those
obtained using an ‘‘exact’’ DtN boundary condition.?’ The
DtN map is derived in the Appendix. Although error will
occur due to the finite element discretization of the interior
problem, we expect this error to be identical in both the
hybrid element and DtN methods. Thus, any difference in the
results highlights inaccuracies in the hybrid formulation.

Here we consider a plane wave incident from &
=7w/6. At this incident angle, we expect both a shadow and
a reflected region to exist. Figure 5 shows the magnitude of
the pressure on I'y for both the hybrid element and DN
methods. The first thing we notice in comparing the two
solutions is that they are hardly distinguishable from one
another. The same is true when comparing the phase, al-
though this is not shown. From these results we conclude
that the hybrid and exact DtN representations compare favor-
ably. '

The shape of the curve (Fig. 5) is another point of inter-
est. We note that the tip blunting does not significantly dis-
place the shadow boundary from that formed by a sharp
wedge. Such a displacement would be signaled by two in-
finities in D(6). One infinity would be associated with the
new position of the shadow boundary. The other would be
required to cancel the shadow boundary solution in ughyp .

To better interpret the shape of the previous curve, the
magnitude of the pressure on Iz is plotted for different in-
cident angles (Fig. 6). In addition, we use our original nu-
merical solution for #, along with ¥y, , to construct a total
field representation (Fig. 7). The repetition in the first plot
reinforces our assumption that no shadow boundary correc-
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0.18
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270

FIG. 5. Magnitude of the pressure on I'p as a function of 8. The solid curve
represents the results obtained using the hybrid method. The ‘‘+"' symbols
mark the results obtained using an exact DtN boundary condition.

tion is present. The three “‘lobes’ represent backscattering
and interference between the diffracted and reflected fields,
which differ from the solution to the sharp wedge. This dif-
ference is small when compared to the magnitude of the total
field (Fig. 7).

In examining the total field representation, given the
original angle of incidence, we observe all of the expected
phenomena. The first is our soft boundary condition, which
requires the pressure to be zero on the wedge. We further
observe sharp variations in the field in the reflected region
due to interference between the diffracted and reflected
fields. But most interesting are the smooth transitions across
the shadow and reflected boundaries. In particular, we notice
very small pressures in the shadow region compared to those
on the other side of the shadow boundary.

270

FIG. 6. Magnitude of & on [y for incident angles: 57/6 ~.~, 7 ——, /6
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FIG. 7. Magnitde of the total field on I's, due to an incident plane wave of
angle 7#/6 on a blunted wedge of angle 7w/4.

IV. CONCLUSIONS

We have described a hybrid GTD/FEM method to
evaluate diffraction coefficients. The method depends on first
performing an outer GTD analysis (less the diffraction coef-
ficients) to obtain an outer asymptotic approximation of the
field. An example of this procedure was presented in Sec. III.
The outer approximation necessarily involves undetermined
diffraction coefficients. To find those, an inner problem is
formulated with a patching boundary condition on an artifi-
cial boundary. We found the relation between the patched
directivity and the matched directivity in Sec. III C. In par-
ticular, we determined how their difference scaled with both
kr, and with v, .

In Sec. IV A, we described a weak formulation of the
inner boundary value problem that allowed us to enforce the
patching boundary condition within a FEM framework. In
Sec. IV B, we specialized this to the problem at hand, dif-
fraction from a wedge, and showed that the patching condi-
tion can be enforced by introducing a ‘‘hybrid element.”’

The results of our hybrid method in this simple geom-
etry were compared to reference calculations performed us-
ing the DIN method. The DtN method provides an exact
(modulo the truncation of an infinite series) representation of
the artificial boundary condition. The two calculations were
performed on the same inner mesh, and so any difference
between the two highlights error in the patching boundary
condition. We found the methods to be in excellent agree-
ment with each other, and therefore conclude that our hybrid
method might be successful in more complicated scattering
geometries.
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APPENDIX: DERIVATION OF DTN MAP

The DN map, or Dirichlet-to-Neumann map, is simply
the impedance map for the fluid outside the artificial bound-
ary I'z . To find the DtN map, we must solve the following
problem. Given u(6), find J,u|r, such that

(A+E)u=0 in B<6<0; r>rg, (A1)
I; on FR,

u={0 on =0, r>r,, (A2)
0 on 6=8, r>rg.

Further, u must satisfy a radiation condition as r— .
The solution of (A1) and (A2) can be written in the
following form:

u(r,0)= 21 [A/H D (kr)JH Y (kr) sin v,0.  (A3)
n= n n
We recall that v,=nm/B. The constants A, are given by

1 el
A,,=§-E fo u(6) sin v, 8 d6. (A4)

We now use (A3) to evaluate 3,4 on r=rq:

3(r0, )=k 3, (4, /HS (krg) I (kro) sin v,6.
n= n n
(AS)

The DtN is obtained by combining (A4) with (A5), and
substituting u(ry, §) for u(6). Thus we obtain

ko (8
d,u(rq,6)= ﬁgl fo u(ry,d)sin v, do

XLHSY (kro)/ HiD (kro)Isin v, 8. (A6)

Equation (A6) is the exact DtN boundary condition for scat-
tering from a soft truncated wedge. In practice, the infinite
sum must be truncated, which causes the boundary condition
to be inexact. In our calculations with krg=2, we included
ten terms in the sum.

M. Van Dyke, Perturbation Methods in Fluid Mechanics (Parabolic, Stan-
ford, 1975). )

*]. B. Keller, ‘A Geometrical Theory of Diffraction,” in Selected Papers
on Geometrical Aspects of Scartering, edited by P. L. Marston, SPIE Mile-
stone Series, (MS 89):5-25 (SPIE Optical Engineering, Bellingham, WA,
1994); reprinted from Calculus of Variations and its Applications, Proc. of
Symposia in Applied Mathematics, Vol. 8, pp. 27-51 (American Math-
ematical Society, New York, 1958).

*W. D. Burnside, C. L. Yu, and R. J. Marhefka, *‘A technique to combine
the geometrical theory of diffraction and the moment method,” IEEE
Trans. Antennas Propag. AP-23, 551-558 (1975).

“J. N. Sahalos and G. N. Thiele, **On the application of the gid-mm tech-
nique and its limitations,’* [EEE Trans. Antennas Propag. AP-29(5), 780-
786 (1981).

9 J. Acoust. Soc. Am., Vol. 104, No. 3, Pt. 1, September 1998

T. J. Kim and G. N. Thiele, “‘A hybrid diffraction technique-general

- theory and applications,”” [EEE Trans. Antennas Propag. AP-30(5), 888~
897 (1982). .

SL. N. Medgyesi-Mitschang and D. S. Wang, ‘“‘Hybrid methods for analy-
sis of complex scatterers,’” Proc. IEEE 77(5), 770-779 (1989).

D.s. Wang, *‘Current-based hybrid analysis for surface-wave effects on
large scatterers,” IEEE Trans. Antennas Propag. 39(6), 839-850 (1991).

R. I. Astley, G. J. Macaulay, and J.-P. Coyette, ‘‘Mapped wave envelope
elements for acoustical radiation and scattering,” J. Sound Vib. 170, 97~
118 (1994).

%D. S. Bumett, “*A three-dimensional acoustic infinite element based ona
spheroidal multipole expansion,” J. Acoust. Soc. Am. 96, 2%78—2816
(1994). ‘

1. Bayliss and E. Turkel, **Radiation boundary conditions for wave-like
equations,”” Commun. Pure Appl. Math. 33, 707-725 (1980).

' A. Khebir, A. Kouki, and R. Mittra, **Higher order asymptotic boundary
condition for the finite element modeling of two-dimensional transmission
line structures,”” IEEE Trans. Microwave Theory Tech. 38, 1433-1437
(1990).

D. Givoli, I. Patlashenko, and J. B. Keller, *‘High-order boundary condi-
tions and finite elements for infinite domains,”” Comput. Methods Appl.
Mech. Eng. 143, 13-39 (1997).

M. 3. McDougall and J. P. Webb, *“Infinite elements for the analysis of
open dielectric waveguides,’” IEEE Trans. Microwave Theory Tech. 37,
1724-1731 (1989).

'P. Bettess, “'Infinite clements,” Int. J. Numer. Methods Eng. 11, 53-64
(1977).

0. C. Zienkiewicz, K. Bando, P. Bettess, C. Emson, and T. C. Chiam,
**Mapped infinite elements for exterior wave problems,”” Int. J. Numer,
Methods Eng. 21, 1229-1251 (1985).

0. C. Zienkiewicz, C. Emson, and P. Bettess, **A novel boundary infinite
element,” Int. J. Numer. Methods Eng. 19, 393-404 (1983).

"1 Harari, P. E. Barbone, M. Slavutin, and R. Shalom, ‘‘Boundary infinite
clements for the Helmholtz equation in exterior domains,’” accepted in Int.
J. Numer. Methods Eng. (1997).

'8]. Harari, R. Shalom, and P. E. Barbone, **Higher-order boundary infinite
elements,”” accepted in Comput. Methods Appl. Mech. Eng. (1997).

19p_ E. Barbone and O. Michael, *‘Scattering from submerged objects by a
hybrid asymptotic-boundary integral equation method,”” submitted to J.
Acoust. Soc. Am. (1997).

BD. Givoli, Numerical Methods for Problems in Infinite Domains (Elsevier,
Amsterdam, 1992).

2E. Zauderer, Partial Differential Equations of Applied Mathematics (Aca-
demic, New York, 1989), 2nd ed.

2D. S. Jones, Acoustic and Electromagnetic Waves (Clarendon, Oxford,
1986).

BA. D. Pierce, Acoustics: An Introduction to its Physical Principles and
Applications (Acoustical Society of America, New York, 1989),

24L. B. Felsen and N. Marcuvitz, Radiarion and Scartering of Waves (IEEE,
New York, 1994).

M. Abramowitz and 1. A. Stegun, Handbook of Mathematical Functions
{Dover, New York, 1972). )

B M. Montgomery, “‘Acoustic Scattering Calculations by a Hybrid
Asymptotic-Numerical Method,”” M.Sc. Thesis, Dept. of Aerospace and
Mechanical Engineering, Boston University, Boston, MA, 1997.

71, Harari, P, E. Barbone, and J. M. Montgomery, **Finite Element Formu-
lations for Exterior Problems: Application to Hybrid Methods, Non-
reflecting Boundary Conditions, and Infinite Elements,” Int. . Numer.
Methods Eng. 40, 2791-2805 (1997).

BTh. 1. R. Hughes, The Finite Element Method (Prentice~Hall, Englewood
Cliffs, NJ, 1987).

¥D. Givoli, Revisions of the FEM cods DLEARN found in Ref. 28 to accom-
modate Helmholtz elements.

J. M. Montgomery and P. E. Barbone: Hybrid asymptotic-FEM Ej

F rola -’4



Paul E. Barbone Final Report 108

C.6 Dispersion Free Finite Element Methods for Helmholtz Equation

“Dispersion Free Finite Element Methods for Helmholtz Equation,” Paul E. Barbone and
Isaac Harari, Proc. 16t* International Congress on Acoustics and 135" Meeting
Acoustical Society of America, Vol. 1, pp. 199-200, Acoustical Society of America, 1998.
P.K. Kuhl and L.A. Crum, eds.



16" INTERNATIONAL CONGRESS
ON ACOUSTICS

AND

135" MEETING
ACOUSTICAL SOCIETY OF AN\ERICA

The Sound of the Future:
A Global View of Acoustics in the 91st Century

Seattle, Washington, USA
20-26 June 1998

VOLUME |

EDITORS

Patricia K. Kuhl
Lawrence A. Crum

University of Washington, .

Seattle, WA



Dispersion Free Finite Element Methods for Helmholtz Equation
Paul E.Barbone* and Isaac Harari'

*Dept. of Aerospace & Mechanical Engineering, Boston Univ., 110 Cummington Ave.,Boston, MA
02215 and 'Dept. of Solids, Materials and Structures, Tel Aviv Univ., Tel Aviv, Israel.

Abstract
We derive Petrov-Galerkin finite element method. In one-dimension, our method is H! op-

timal and symmetric. In higher dimensions, our formulation must be approximated to maintain
local coupling, which results in asymmetry. The formulation itself yields an expression for the
“distance” from optimality, related to the lack of symmetry.

1 Introduction

The classical (Bubnov-) Galerkin finite element method is known to produce suboptimal results
(sometimes referred to as quasi-optimal (Babuska and Sauter (1997)) when applied to problems
involving the Helmholtz operator (Harari, et al. 1996.) One of the main practical ramifications of
this fact is that a solution propagating on a finite element mesh will express a wavenumber other
than that specified in the original continuous equation. Thus, even when a particular solution
appears to be well resolved, “numerical dispersion” can cause small error to accumulate over large
propagation distances. Numerical dispersion leading to the a.ccumula.tlon of large error is also called
the “pollution effect” (Babuska and Sauter, 1997).

Formulations proposed to reduce this effect have existed since Courant’s time (Courant, 1943), and
some of the most recent efforts are described by Hararx, et al., (1996), and Brezzi, et al. (1997),
and in references therein.

We consider the problem of finding %(z), the H! projection onto a given finite element space S of
u(z), a solution of the Helmholtz equation. We show that the problem of finding % is approximately
equivalent to a Petrov-Galerkin formulation of the original boundary value problem. The optimally
chosen weight functions must satisfy several criteria that are specified below. In particular, we
show that the weighting functions are the shape functions themselves (i.e. what would be used in
a Bubnov-Galerkin procedure) plus bubble functions. The bubbles can be found approximately in

a straightforward and systematic manner.

2 Formulation )
We consider the problem of finding #(z) € S such that for u(z) in S:

[l = @] g1 () = minimum. (1)

Here, u(z) : § — C is the (complex valued) unknown solution of Helmholtz equation. Q c R?
denotes a d—dimensional domain with boundary I'. We shall consider the function spaces Sand S
to be defined as follows:

= {u(z)lu(z) € H'(Q);u(z) = uo(z) on I',} (2)

S
§ = {a@)ie) € Siu(z) = Y da Na(z)}. 3)
A
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Finally, we suppose that f is a complex valued function in L2(f2) and that u(z) satisfies (k2 is a
given known constant):

Vu+ku4f = 0 | z€ (4)
uz) = u(z) zely (5)

We shall consider f(z) to be known, though u(z) is not.

Minimizing (1) subject to the constraints (4-5) leads to the following weak form:

Z/e{vuo-va-k%oa—uof} dx = S k? /ane(u—-ﬁ)Z—Zd'y. (6)

If we choose to neglect the right hand side term in (6), then what we are left with is just a Petrov-
Galerkin formulation based on the original weak form.

In (6), Q° is the element domain. v,(z) is the “optimal” weight function, which for a given N4(z)
(2 basis function in &) satisfies V2, + k?v, = N4(z) in ©, and v, = N4(z) on 9Q°.

In one-dimension, u — @ on the element boundaries is exactly zero, and so the last term in (6) is
indeed zero. In that case, the method is truly optimal. In higher dimensions, the method is only
approximately optimal. Since the function and the weights are in general different, the formulation
is non-symmetric. In the special case that the right hand side of (6) is zero, however, the formulation
can be shown to be symmetric (Barbone and Harari, 1997.)

3 Conclusions

We have developed a stabilized Petrov-Galerkin formulation for the Helmholtz equation. Our
starting goal was to find an H?! optimal projection of u(z) onto a given finite element basis. This
seems to be a logical starting point for the development of stabilized and bubble methods, as well
as a logical target for stabilized methods to try to obtain. Our formulation achieves nearly H!
optimality in any dimension, and exact H! optimality in one dimension.
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FEM, BEM, SPECTRAL FEM OR SPECTRAL
BEM?

Ofer Michael* and Paul E. Barbone -
Department of Aerospace & Mechanical Engineering, Boston University
110 Cummington Street, Boston, MA 02215

Abstract
We study the computational cost associated with solving a given boundary value problem
by BEM and FEM. The field equations considered relate to Laplace, Helmholtz, elas-
tostatics, and time harmonic elastodynamics. The computational cost in floating point
operations is determined as a function of number of nodes per edge (n,4) and element
order. We find that for any. given element order, there is a crossover point n., such that
for n,g > n.,, BEM is more cost effective, while for n,4 < n.,, FEM is more cost effective.
The value of n, is a strong function of element order. Based on the results of the study,
we draw the following general conclusions: For high order finite elements, static conden-
sation of FEM is crucial to achieve high efficiency. For 2-D problems, BEM is generally
more efficient than both standard FEM and FEM with staticly condensed elements for
most element orders. For 3-D problems, FEM with staticly condensed elements is more
cost effective than BEM (and standard FEM) for fnost practical problem sizes. When
using very high order elements (p > 8), BEM is generally more efficient than standard

FEM (but not staticly condensed FEM) for all problem sizes.

key words: Computational cost, spectral element, FEM, BEM, Helmholtz, Laplace,

elastostatics, elastodynamics, comparison.
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1 Introduction

We consider the computational cost associated with solving a given linear boundary
value problem using either the finite element method (FEM) [1] or the boundary element
method (BEM) [2]. Both BEM and FEM have distinct advantages in different contexts.
In many problems, however, which method to choose will depend on the computational
cost associated with obtaining a solution. By computational cost, we mean both the CPU
time required to get to the solution and the core memory required to obtain a solution.
It is the purpose of this paper to determine under which conditions one method is more
economical than another.

The r.elative benefits and drawbacks (in terms of efficiency) of the two methods are
easily summarized. In FEM, the entire problem domain must be discretized. This leads
to a relatively large number of equations, NZ®". The coefficient matrix that must bé
inverted, however, is banded and (usually) symmetric. Once the coefficient matrix is
inverted, the solution is known everywhere in the domain. In BEM, on the other hand,
only the boundary of the domain needs to be discretized. This leads to a relatively
small number of equations, N3#M. The coefficient matrix that must be inverted is full
and (usually) non-symmetric. Once the coefficient matrix is inverted, the solution is
known only on the boundary. Additional computation is required to obtain the solution
everywhere in the domain.

For “equivalent discretizations,” the number of BEM equations required to solve a
3D boundary value problem can be related to the number of FEM equations to solve

the same problem by NSFM o (NEEM)2/3, When NEEM js a relatively small number,



the symmetry and bandedness of the FEM matrices gives FEM a cost advantage in
direct inversion of the coefficient matrix. On the other hand, when NQEM is a relatively
large number, the smaller size of the BEM matrix gives BEM a cost advantage in direct
inversion of the coefficient matrix. Thus it has lbng been assumed that for very large
proble;ns, BEM is more cost effective than FEM.

This idea was challenged in an enlightening paper by Harari and Hughes [3], who
studied the relative cost of the two methods in solving the Helmholtz equation with

linear elements. Those authors concluded for N2FM large enough so that BEM is more

efficient than FEM, the problem was too large for direct inversion techniques to be used.

Therefore, in the full range of problem sizes in which direct inversion would be applied,
FEM is more efficient. They also compared iterative inversion methods. In this case,
they found that BEM was more cost effective for smaller problems, while FEM was more
cost effective per iteration for larger problems. They thus concluded that in the range
where iterative techniques would be applied, FEM was more cost effective than BEM.
The work of Harari and Hughes [3] is based on comparing the efficiencies of solving the
Helmholtz equation using linear elements with FEM or BEM. A simple argument! shows
that their conclusions do not hold for arbitrarily high order elements. As the element
order in a BEM application is increased, the structure of the BEM coefficient matrix
remains unchanged. As the element order in a FEM application is increased, however,
the bandwidth of the FEM coefficient matrix also grows. Thus, the efficiency advantage

of FEM associated with its banded structure is gradually forfeited. Therefore, for any

1Due to I. Harari.




given number of elements in a computation, one would expect to find an element order
at which BEM would become more efficient than FEM.

The goals of this paper include determining the crossover point (the problem size where
FEM and BEM have approximately the same cost) as a function of element order. We
make the comparison for the Helmholtz equation, Laplace’s equation, elastostatics, and
(time harmonic) elastodynamics. In each case, we compare spectral (high order) BEM
to spectral (high order) FEM. In the FEM case, we consider both staticly condensed
element-inteﬁor nodes and non-condensed element-interior nodes. In the case of BEM,
we consider both the typical non-symmetric collocation formulation and a symmetric
Galerkin formulation. We also compare the memory requirements for each method. This
extends the work of Harari and Hughes [3] to high order eI.ements, and to fields other
than time harmonic acoustics.

The organization of this paper is as follows. In the néxt section, we discuss the basis of
our comparison of the two methods. This is followed in section 3 by an evaluation of the
factorization cost associated with directly inverting FEM/BEM coefficient matrices. In
section 4 we consider the set-up cost of both Galerkin and collocation BEM and compare
the overall solution time of the various methods. In section 5 we present the memory
requirements of the different methods for the different field problems. This is followed in
section 6 with a discussion of issues related to exterior problems. No direct comparisons
are made in this context, since relevant conclusions can be drawn based on our earlier
results. The final BEM/FEM comparison is made in section 7. There we consider

iterative solvers and compare the cost of performing a given number of iterations for



each method. The penultimate section compares different versions of FEM to each other
and different versions of BEM to each other. In particular, staticly condensed FEM is

compared to non-condensed FEM, while Galerkin BEM is compared to collocation BEM.

2 The basis of comparison

2.1 Computational Cost

Several choices must be made to determine a fair basis of comparison between the two
methods. The first choice relates to the cost that should be measured. This choice
depends to a certain extent on what cost is quantifiable. The main human-time cost
associated with a computation is the definition of the computational model. This can be
significantly easier in BEM than in FEM since BEM requires only the boundary of the
domain to be meshed. In any case, the cost associated with this task is highly application
specific. The main computational cost of solving a linear boundary value problem is
usually associated with inverting the coefficient matrix in the equation Ax = b. In
smaller BEM problems, the cost associated withvevaluating the coefficients in A, the
“set-up cost,” can also be significant, as can the cost associated with evaluating the field
in the interior of the domain.

~ We shall concern ourselvés mainly with the cost associated with inverting A. This
cost can be primarily attributed to the factorization cost. This basis of comparison is
consistent with that presented in [3]. We shall also consider the set-up cost associated

with an efficient implementation of the BEM. We neglect the set-up cost associated




with FEM, since it is typically negligible compared to the factorization cost. We also
ignore the cost associated with BEM in evaluating the field in the interior of the domain.
Though this is not necessarily negligible compared to the factorization cost, the number
“of field point evaluations is often problem specific and therefore application dependent.
There'fore, we believe that focusing on factorization cost and BEM set-up cost is a fair

basis of comparison between the two methods.

2.2 Equivalent Meshes

BEM and FEM have different meshing requirements. In comparing the relative efficiency
of the two methods, one must choose a basis to compare the space-filling finite element
mesh with the on-surface boundary element mesh. There are two obvious choices avail-
able. The first is to cbmpare the methods based on equal accuracy. That is, a FEM mesh
would be “equivalent” to a BEM mesh if in some measure, they gave equally accurate
results. The second choice is to make the BEM mesh the restriction of the FEM mesh
to the boundary of the domain. Thus, on the surface of the domain, the FEM and BEM
meshes would have an identical number of nodes.

The first basis of comparison is difficult if not impossible to quantify in a general
manner. Though error estimates are available, the precise values of the constants in such
estimates is problem and mesh specific. The second basis of comparison, on the other
hand, is straightforwafd to consider and apply. Further, there is precedent in this choice
in the comparisons that can be found in [3, 4, 5, 6]. For these reasons, we shall choose

the second basis of comparison to define our “equivalent meshes.”



It is noted in [4] that BEM typically yields more accurate results than FEM on such
“equivalent meshes.” Thus, our choice of equivalent meshes may appear to favor FEM
over BEM in the cost comparison. On the other hand, discretization requirements in
practice are often set by geometrical considerations rather than accuracy requirements.
In this case, a fine FEM mesh near the boundary of the domain might be blended
into a coarser FEM mesh in the interior. Further, we shall choose a cube (or square
in 2D) canonical geometry. (See section 4.) This shape that has the highest volume
(area) to surface area (perimeter) ratio of any hexahedron (quadrilateral). These two
considerations imply that the ratio of NEFM/NZFM is higher in our comparison than in
most applications. In this respect, our choice of equivalent meshes favors BEM. Therefore, -

our choice of equivalent meshes favors FEM in one respect, and BEM in another.

2.3 Operation Counts

The computational cost of any given algorithm is difficult to quantify in advance. Since
multiplies and divides have the longest latencies of ALU (arithmetic logic unit)' instruc-
tions, a count of these floating point operations (multiplies plus divides) can give an
indication of algorithm efficiency. We emphasize, however, that this should serve only
as an indication. Multiplies, for example, can be 2 — 4 times faster than divides. More
important, multiplies are usually pipelined, while divides are usually not [7]. This can
make divides a factof of 10 — 20 more costly than multiplies.

Perhaps more important than multiplies versus divides, however, is the branching and

memory behavior of an algorithm [7]. In our comparison, we are assuming that the dom-



inant computational cost is in the inversion of the coefficient matrix. In that situation,
almost all branching behavior is loop-oriented and can be well predicted. Further, many
if not all floating point operations are vectorized with completely predictable memory re-
quirements. Thus the compiler can take full advantage of the processor cache to minimize
memory instruction delays.

With these caveats, we believe that our comparison of algorithms based on floating
point operation (FLOP) counts can give a reasonable estimate of the relative efficiencies

of inverting BEM and FEM coefficient matrices.

3 Direct solution technique

The standard BEM formulation leads to a full non-symmetric system of equations with
a non-singular coefficient matrix which can be real or complex?, A € RneaXMeq [CMeaXNeq,
The most suitable solver for such a system of equations is LU decomposition. For this
solver, two steps are required namely factorization and back-solve. The number of floating
point operations-flops which are required to factorize a real matrix A is given by Golub

and van Loan ([8] pp. 53-58) as:
A=LU, n/3 flops (1)

We note that in the second edition of Golub and van Loan [9] a slightly different termi-
nology is used for “fops”. Since we are using the paper of Harari and Hughes [3] as a

basis of comparison for this work, we will stick to the terminology of the first edition [8]

2For Laplace and elastostatics it is real and for Helmholtz and elastodynamics it is complex.




which is consistent with [3}.

The back-solve step is composed of a forward reduction Ly = b and a back-substitution
Uz = y. Each step requires nzq/ 2 flops, thus, the back-solve requires a total of nﬁq flops.
For a complex coefficient matrix A € C"«*™ the factorization and the bacic—solve time
must k;e multiplied by a factor of four.

The FEM coefficient matrix is banded and symmetric and therefore, a more efficient
solver can be used ([8], pp. 93-97, [1], pp. 635-643). In this case the factorization will
be:

A=U'DU, net3/2—1b2/3 flops @)

where D is a diagonal matrix and b, is the mean half-bandwidth of the matrix A. The

corresponding back-solve procedure would be:

U'z =b, forward reduction, ngzb, — b2%/2, flops

Dy = z, diagonal scaling, nq, flops (3)

Uz =1y, back-substitution, neqbi; — b2 /2, flops
Thus, the FEM back-solve requires a total of ﬁeq(2bw +1) - b2, = 2negb, — b2 flops.
Note that we can assume that b, > 1. The FEM coefficient matrix is usually real. An
exceptional case is wave problems with dissipation. In this case the coefficient matrix
becomes complex and the factorization time and the back-solve time should be multiplied

by four as in BEM.




4 Interior problems

The test case problem is chosen to be the same model discussed by Harari and Hughes
[3] which is a square domain for 2D and a cube for 3D. Each edge or face is discretized
using n divisions of p order elements as shown in Figure 1. We emphasize here that
the equivalent BEM/FEM models are equivalent in the sense that they have the same
number of nodes/elements per side, and they use the same interpolation for the elements.

For the 2D problem, the total number of nodes 7,4 in the BEM model would be:
g = 4(n7) @)
and for 3D we get3:
nna = 6(n p)* +2 ~ 6(n p)°. (5)
For a 2D FEM model the total number of nodes will be:
Npg = (np+1)? ~ (n p)? (6)
and the corresponding bandwidth b,, would be:
by =1y [(np+ 1p+ (p+1)] = nyn p. (7)

Here, n, is the number of variables per node. Thus, for Laplace and Helmholtz equations
n, = 1, while for elastostatics and elastodynamics n, = 2,3 for 2D and 3D, respectively.
If we staticly condense the FEM inner nodes so that the element would have only exterior

nodes the total number of nodes and the related bandwidth would be for 2D:

e = (np+1)* —n?(p—1)? = n?(2p - 1) (8)

3Note that np > 1.
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bo=m, [(np+1)p+ (p+1) —n(p—1)?] = nu[n(2p — 1) +2p]. ©)
For 3D FEM with inner nodes these values would be:
g = (np+1)* ~ (np)® (10)
by =, [(np+1)% + (np+ 1)p + (p+ 1)] ~ nun’p®, )
while for staticly condensed 3D FEM these values become:
Nnd = (n p+1°%—n*(p—1)° ~n®(3p* - 3p+1) (12)
by = Ny [(n p+1)’p+(mp+1p+(p + 1) —n*(p— 1)3] ~ 1y, [722(3102 -3p+1)+ 3np2] :
(13)
4.1 Factorization time crossover

Based on egs.(1,4) and eqs.(1,5) we can evaluate the factorization time for 2D and 3D

BEM, respectively:

4
ty = %—cmnﬁ(np):’, for 2D
t; = T2cmni(np)®, for 3D. (14)

Here, ¢, is a factor which is unity if A is real (Laplace and elastostatics) and is ¢, = 4
if A is complex (Helmholtz and elastodynamics.)
For the FEM with interior nodes we derive from egs.(2,6,7) and egs.(2,10,11) the

factorization time for 2D and 3D, respectively:
ty = nin3(3n—2)p/6, for 2D

ty = n3n%(3n—2)p%/6, for 3D. (15)

11




By equating eqs.(14) and (15) we find the crossover point from FEM (with inner nodes)

to BEM:
128 ¢
Neo = [( p +2) /3] , for2D (16)
Neo = [14492‘- + 2/3] for 3D (17)
co p3 ’ ) *

Note that if n < n., then FEM is more cost effective then BEM and vice versa for n > ne,.
Similarly, using egs.(2,8,9) and eqs.(2,1213) we find the factorization time for 2D and

3D staticly condensed FEM:

t; = ndn(2p-1)+2p) [3n2(2p -1)-2n(2p-1) - 4p] /6, for 2D
ty = nd [n"’(3p2 -3p+1)+ 3711)2]2 X

[3n3(3p2 —3p+1) - 2n*(3p® — 3p+ 1) — 6np®] /6, for 3D. (18)

By equating (14,18) we can find the crossover between BEM and staticly condensed FEM.
The expressions for these crossover points can be found only in an implicit form.

The “crossover point” n, is the number of elements on each edge of the domain. This
corresponds to m,q4, = NP + 1 nodes per edge, which is more closely related to the
problem size than the number of elefnents. Therefore, we shall compare our results in
terms of n,q,,, the number of nodes/edge at the crossover point from FEM to BEM.

We first compare the cost of non-condensed FEM to standard BEM. Figures 2a and
2b depict the number of nodes on each edge for the crossover case versus the order of the
elements used. Figure 2a shows the crossover for Laplace and elastostatics where ¢, = 1,
while Figure 2b shows the crossover for Helmholtz and elastodynamics (¢, = 4). Figures

2a,2b together show that BEM is more cost effective for all 2D problems where a 6-th or

12



higher order element is used. For 3D problems, BEM is always more cost effective when
using 8-th or higher order element for Laplace or elastostatics equations, and a 9-th or
higher order element for Helmholtz or elastodynamics.

We define the “optimal crossover” from staticly éondensed FEM to BEM is that which
yields the smallest problem size. It can be seen that for all types of equations (Laplace,
Helmholtz, elastostatics and elastodynamics) the optimal crossover occurs for quadratic
elements in 2D problems and for cubic or 4-th order elements in 3D problems.

In the 2D case, the optimal crossover point is nnq,,(p = 2) = 25 for Laplace and
elastostatics and n,q  (p = 2) ~ 100 for Helmholtz and elastodynamics. In either case,
the model is modest in size and one could conclude that using BEM is generally preferred.
For 3D prqblems the optimal crossover is n,q,, (p = 3, 4) = 45 for Laplace and elastostatics
and n,q_, (p = 3,4) ~ 185 for Helmholtz and elastodynamics. For the 3D cases, especially
for Helmholtz and elastodynamics, these values represent large problems (=~ 10° fully-

coupled, complex equations).

5 Set-up cost

For large problems, the factorization cost is certainly the dominant solution expense.
For smaller problems, however, the formulation cost or set-up cost becomes an issue. It
has been reported [5] that the set-up costs can dominate especially in relatively small
problems. Therefore, we shall attempt to estimate the set-up costs of BEM as a fraction
of the total solution costs.

Since we are going to evaluate the set-up cost time for symmetric Galerkin formulation
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in BEM we will discuss in the next sub-section issues which are relevant to the Galerkin

formulation.

5.1 Symmetric Galerkin formulation for BEM

One way to reduce the factorization time and the required memory when using BEM is
to use a symmetric formulation (e.g. Galerkin [10, 11, 12, 13, 14, 15).) In [10, 11, 12, 13]
a symmetric formulation is achieved for Dirichlet boundary value problems, while in
[14, 15] symmetric formulations are presented for both Neumann and Dirichlet boundary
conditions. A symmetric coefficient matrix leads to a reduction of the direct solution time
and memory requirements by about half. On the other hand, in order to generate the
symmetric matrices of the Galerkin formulation, a sécond integration must be performed.
 This might increase the set-up cost significantly and therefore it is not clear whether the
overall solution time is reduced at all when a symmetric Galerkin formulation is used. In
this section we will try to take into consideration the second integration and to compare

between the regular collocation BEM and the symmetric Galerkin BEM.

5.2 Set-up cost evaluation

We will assume that for each nodal/collocation point the values of the Jacobian and the
normal are given and stored in the memory, and that their computational cost is negligible

compared to the time required to evaluate the coefficient matrix.* For the evaluation of

4\We remark that the storage and retrieval of such data may not be performed as efficiently as in the case of inverting
the coefficient matrix. Therefore, the CPU equivalent of one operation count of this section may differ significantly from
that of the last section. Nevertheless, though our relative CPU time estimate may be off by a factor of two, it is unlikely

to be off by more than a factor of ten.
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the coefficient matrix, we will need the values of the kernel at the collocation points. We
will denote this time by tx, and we will evaluate it later in this section. At this stage
we will assume that the kernel is given at all collocation points. We will also neglect the
time required for regularization of the singular elements because of the fact that this time
scales iinearly with the number of elements, and the additional computational cost which
is required for this regularization can be reduced considerably if an efficient procedure is

used [16, 10].

5.2.1 2-D BEM

We will start by evaluating the set-up cost of 2-D regular collocation. The number of

entries in the coefficient matrix is:
na(p+1)% (19)
For each entry we must evaluate an integral of the form:
I= /F N(z:1)K (21, )dT (20)

where N is a shape function and K is the kernel. This integral can be rewritten in
discrete form as:
Nint

I~ wpxN(ET) x J(T') x K(zT", z2) (21)

m=1

Here, ni,: is the number of integration points, w and J are the integration weight and
the Jacobian at the relevant integration point. In the last equation w, N and J are all
real numbers and therefore the product of w,, X N(z*) x J(zT*) requires only two flops.

The kernel K is an n, X n, real or complex matrix and therefore the multiplication
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of the wy, X N(z) x J(z) product by the kernel requires an additional &nn2 flops.®
Therefore each integration point requires (2 + ¢n2). Considering all integration points

and all matrix entries we find that the total integration time is:
tg;tm =n3(p+ 1)’nim(2 + nlcn)  flops (22)

The Galerkin coefficient matrix is symmetric and therefore requires evaluation of about
half the number of matrix entries as does regular collocation. For each entry in the

Galerkin matrix, we must evaluate an integral of the form:

I= /F Nj(z2) { /F Ni(ml)K(ml,mg)dF} dr (23)
and in discrete form:

I~ Y wp x Ny(@}) x J(a}) x {Z W X Ni(@™) x J(2) x K (2™, m;)} (24)

n=1 m=1

In the former calculations we found that the product in the curly brackets requires
Nint(2+n28,) flops. Multiplying this product (which is a real or complex n, x n, matrix)
by the product of w, X N;(x}) x J(x}) requires an additional (2 + n2cy) flops per
integration point. Finally, considering all integration points and all the matrix entries

we find the integration time for 2-D Galerkin to be:
1
bt = §”§1 (P + 1)*ning [(2 +N3Cm) + Nine(2 -+ nﬁém)] flops. (25)
5.2.2 3-D BEM

For 3-D collocation the number of matrix entries is:

ngz(P + 1)4a (26)

5

&m = 1 or 2 for real or complex problems, respectively.
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and the integrand must be evaluated at nZ,, points since it is a 2-D integration. The
integrand consists of a kernel, two shape fuhctions, weight function and the Jacobian.

The integral to be evaluated for each entry has the form:
I= /S N, (1) Ne (1) K (1, z2)dS. 27)

The evaluation of the integrand at each integration point requires 3 real number oper-
ations (because of the additional shape function) and n2 real or complex operations for

the kernel multiplication. The integration cost in this case is:

tmtap = nzl (p + 1) mt(3 + nvcm) ﬁOpS (28)
For 3-D Galerkin, after considering the second integration and symmetry, we obtain:

t$ 2(p+1)*nZ,, [(3 + n2em) + n2,(3 +nly)|  flops (29)

intsp — Enel

We will choose the integration order to be consistent with the element order p, thus,
Nine = (p + 1). After using the fact that ny = 4n and 6n? for 2D and 3D, respectively,

we can rewrite the set-up cost as:

tS,,, = 16n%(p + 1)*(2 + n2en) + tkw flops 2D collocation
t8,, =8 (p+13(p+2)(2 4+ n2em) + tr,, flops 2D Galerkin (30)
tS,., = 36n'(p + 1)%(3 + n2enm) + tx,, flops 3D collocation

8., =180 (p+ 1) [(p+1)2 + 1) (3 + nlCm) + tk,, flops 3D Galerkin
We note that the time #; is identical for Galerkin or collocation.
We shall digress briefly here to compare the relative costs of standard BEM to sym-

metric Galerkin BEM. From equations (30), we get the difference between the set-up cost
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of symmetric Galerkin and regular BEM:

8(2 + n2e,)n’p(p + 1)3 2D
Aty =18 — 18 = (31)

18(3 + n2en)n'p(p+2)(p+1)¢ 3D

We note that the factorization time of the symmetric Galerkin method is half the time
of the regular BEM (14). The total difference in the solution time At,,, is the sum of

At,, in (31) and the the difference in the factorization time (14). Thus we obtain:

8(2 + n2&,)np(p + 1)3 — Lcynd(np)® 2D
Atsor = Aty + Aty = ’ (32)

18(3 + nZe,)n*p(p + 2)(p + 1)® — 36¢,nd(np)® 3D

By using equation (32) we can find the conditions under which Galerkin BEM is more

cost effective then regular collocation BEM:

2= 3
"> 3(2+nic,) (p+1)
= depnd p?
(3 +n2em) (p+1)°(p+2)
2cpmnd pd

2D

1
2

n> 3D (33)

Figures 3a,b show the crossover from regular BEM to symmetric Galerkin BEM for 2D
and 3D prloblems, respectively. It can be observed from Figure 3a that in 2D, Galerkin
is more cost effective for problems with about 5 or more elements per edge for quadratic
elements (except for the Laplace equation case). For Laplace’s equation, collocation is
more cost effective up to about 15 element per edge. Similar trends are seen in the 3D
case, as shown in Figure 3b.

From this study we conclude that generally speaking, symmetric Galerkin is more
cost-effective than collocation, except in smaller problems where cost is less of an issue.
We remind the reader that this conclusion was reached under the integration scheme

described above. Other integration methods may lead to different results.




5.2.3 Evaluation of {;

In order to compare the total solution time to that of FEM we have to estimate #
explicitly. We will start with the evaluation of t; for Laplace and Helmholtz equations.
For these two equations the kernel is defined as: G(z1,®2) = G(r) where 7 =| z; — z2 |-
We will assume that the values of G, -lr-% are tabulated as functions of r2. Given two
points, ; and x5, d-flops are required to evaluate r? (d is the dimension of the problem).
In order to locate the value of the kernel in the table another flop is required. If a finer
value is needed then a linear interpolation can be used and another 2¢, flops will be
required. Higher order interpolation is possible, of course, but at greater expense. This
gives a total of (d+ 1+ 2¢,) flops to evaluate G. To integrate over the normal derivative
8G/dn = dG/dr r/0n, we must also evaluate 7 Or/0n. We find that d flops are required
to evaluate r3r, since
r-g—:; = (zy, —x;)n;  j=1.d. (34)
The evaluation of (0G/8r)/r is identical to the evaluation of G and requires the same
number of flops. An additional &, flops are required to multiply r dr/0n by %%‘f—. This
sums to a total of (2d + 1 + 3&,,) flops to evaluate G /0n. Table 5.2.3 summarizes the
number of flops required for the evaluation of 6G/0n:
We will choose the time to evaluate dG/On as representative for kernel evaluation.

We denote by ty, = 2d + 1 + 3¢, the time required to evaluate the kernel once. In order

to find #;, one should multiply ¢, by the total number of nodes in the model, squared:
tr = 16(np)%(5 + 3¢m) 2D
(35)
tr = 36(np)*(7 + 3¢,) 3D
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Operation Number of
flops required
evaluate r2 _ d
locate (dG/dr)/r in table 1
refine using linear interpolation 2Cn
evaluate r(9r/0n) d
multiply r(8r/0n) by (dG/dr)/r Cm
Total 2d+1+3em

Table 1: Number of flops required to find 8G/8n at one node.

Under similar assumptions,® we find t;, for elastostatics and elastodynamics to be:

tr, = 6d%+2d for Elastostatics
(36)
tr, = 13d%? + 10d + 28 for Elastodynamics
After multiplying t;, by the relevant number of nodes squared we find that:
tr = 512(np)?  for 2D Elastostatics
tr = 2160(np)* for 3D Elastostatics
(37)

tr = 1600(np)? for 2D Elastodynamics

tr = 8460(np)* for 3D Elastodynamics
The total set-up cost for BEM is thus given by using the values for ¢; together with
equation (30). The total solution time for BEM is the sum of the set-up time and the

factorization time given in (14).

6\Ve use the conservative assumption that we have to evaluate the traction kernel.
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The set-up cost time of FEM scales linearly with the number of elements ng;, while
the factorization time scales like n% and n¥, for 2D and 3D, respectively. Since in FEM
ne > 1 we will neglect the FEM set-up time as compared to the factorization time.

Finally, we will compare the staticly condensed FEM and the BEM for the four equa-

tions.

5.3 Comparison of overall solution time

Since the BEM set-up time is non negligible, we will compare the BEM solution time (set-
up and factorization) to that of the staticly condensed FEM solution time (factorization).
This comparison in presented in Figures 4a and 4b for 2D and 3D problems, respectively.
It can been seen that for 2D problems the optimal crossover point is for quadratic ele-
ments. The crossover for Laplace and elastostatics occurs for relatively small problems
" while for wave problems the crossover corresponds to much larger problems (more than
100 nodes per edge).

Similar conclusions can be obtained for 3D problems. The optimal crossover point is
for quadratic or 4-th order elements. For Laplace and elastostatics BEM becomes more
cost effective for relatively small problems while for wave problems BEM becomes better
only after using a large number of nodes per edge (more than = 110). Another interesting
feature of these graphs is the remarkable reduction of the crossover between linear and
quadratic elements. For example, for 3D problems the crossover is about 5 times smaller
in the quadratic case. This translates into a problem which is about 125 times smaller

than in the linear case.
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5.4 Set-up cost as a proportion of the overall solution time in BEM

The crossover between BEM and FEM generally occurs at relatively large problem sizes.
At such values, our estimates indicate that set-up costs are relatively unimportant. Nev-
ertheless, we find it interesting to estimate the percentage of total solution time that
is dedicated to evaluating the coefficient matrix. We will choose Laplace equation as a
representative equation. Figures 5a and 5b show the percentage of the set-up time out
of the overall solution time as function of number of nodes on each edge for 2D and
3D, respectively. In both Figures the comparison is done for 4-types of elements (linear,
quadratic, cubic and 4-th order). It can be seen that the differences between the elements
types are very small.

In Figure 5a we see that the contribution of the set-up cost to the overall solution
time is generally not negligible, especially for small to medium problems. For example,
for problems smaller than 20 nodes per edge (total of 80 BEM nodes) the set-up cost is
more expensive than the solution time.

Figure 5b shows the corresponding results for 3D. We see that the drop in the set-up
cost as a function of the number of nodes per edge is much sharper. However, still for
10 nodes per edge (total of 600 BEM nodes) or fewer, the set-up cost is greater than the

solution time.
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6 Memory

One of the most important issues in solving large problems is the memory required to
store the matrices. In many cases the memory issue is more crucial than the CPU time
issue. This is because of the fact that a large problem that fits into memory may take
a long time to solve, but it would still be solvable. A problem that cannot be fit into
memory may never be solvable.

The memory required for BEM is n'g’q words, while for FEM it is byne, words. In
the case of complex equations the number of storage words in BEM is doubled. Using

equations (4,5) we can find the number of words required for storage by BEM:

16¢,n%(n p)> words for 2D
(38)

36¢mnZ(n p)* words for 3D
Recall that ¢, is 1 or 2 for a real or complex system of equations, respectively. For the
symmetric Galerkin BEM the storage size is reduced by half. Using equations (6,7) and

(10,11) we find the required storage for FEM with inner nodes:

n?n3p! words for 2D
(39)

n2n°p® words for 3D

Using equations (8,9) and (12,13) we find the required storage for staticly condensed

FEM:

n2n?(2p-1)[n(2p—1)+2p) words for 2D ()
n2n*(3p? — 3p + 1) [n(3p* — 3p+ 1) + 3p*] words for 3D

By equating (38) and (39) we can find the memory crossover between BEM and FEM
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with inner nodes:
Neo = 168, /p* for 2D

(41)
Neo = 36Cm/p* for 3D

Similarly, by equating (38) and (40) we find the memory crossover between BEM and

staticly condensed FEM:

Neo = 166,p%/(2p - 1)* = 2p/(2p — 1) for 2D @)
Neo = 36Emp*/(3p% — 3p + 1)2 — 3p?/(3p* — 3p+1) for 3D
We note that for high order elements, the memory crossover point tends to the value of
Ngo = 46m — 1 for bot_h 2D and 3D cases. Thus BEM is more cost effective after using 3
(real) or 8 (complex) elements on each edge.

Figures 6a,6b describe the memory crossover. In comparing BEM and non-condensed
FEM, we see that the crossover to BEM decreases as the approximation order grows.
The problem size at which the crossover occurs is in fact quite small. We note that the
3D linear case for wave problems is an exception, where the problem size is‘ relatively
large.

In comparing staticly condensed FEM to BEM, we find the optirﬁal crossover to BEM
for quadratic elements, except the 3D Laplace and elastostatics where it is cubic. In the
cases of Laplace and elastostatics, the problem sizes for quadratic elements is 13 and 23
nodes per edge for 2D and 3D problems, respectively. For wave problems, it is 27 and
45 nodes per edge for 2D and 3D, respectively. In the case where we use a symmetric
Galerkin BEM formulation, the required memory storage is half of the original value,

and the crossover values decrease accordingly.
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7 Exterior Problems

The FEM in its regular formulation is not capable of treating infinite domains and some
modification is necessary. One of the methods which is suitable for exterior problems is
the DtN method [17, 18]. The DtN method relates the function to its normal derivative
along an artificial boundary. Typically a simple shape such as a circle or a sphere is
chosen since the method requires the Green’s function (or equivalent solution) on the
exterior domain bounded by the artificial boundary. In this case, one must mesh the
area between the artificial boundary and the original boundary as shown in Figure 7.
The DtN coefficient matrix is full and symmetric and it has to be solved together Qith
the additional elements which are used. Comparing factorization times for the coupled
DtN/ FEM method to the Galerkin BEM shows that the Galerkin BEM is faster provided
the number of elements on the real and artiﬁcial boundary are about the same. This is
due to the fact that the size of the DtN matrix and the Galerkin BEM would be about
the same and they would both be symmetric. The DtN/FEM system, however, has the
additional computational effort associated with the interior finite element nodes. This
conclusion ignores issues of set-up costs.

An increasingly common way to treat exterior problems in FEM is through infinite
elements [19, 20, 21]. The contribution of these elements to the coefficient matrix is
similar to regular finite elements. Typically one uses several layers of regular elements
to mesh an artificial boundary, oufside of which infinite elements are used. In the case
where the number of layers is large the comparison of BEM and FEM becomes similar

to that of an interior problem. In the case where it is small then the bandwidth of the
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FEM becomes much smaller than that in problems that we studied in the interior case,
and therefore FEM would be more cost effective. These comparisons ignore the fact that
in practice infinite and finite elements are usually different orders.

Some caveats are required in the discussion of exterior wave problems. The standard
BIE formulation is known to be non-unique at frequencies of the interior domain [22, 23].
Various methods have been proposed to overcome this difficulty, [24, 25, 26]). The first
two [24, 25] methods are more appropriate for lower frequency applications. The third
[26], known as the Burton-Miller formulation, involves a highly singular kernel and thus
requires additional computational effort in the set-up. For example, using Burton-Miller
approximately doubles #; (eq. 30) since both the kernel and its normal derivative must

be evaluated. The cost of implementing such strategies has not been considered.

8 Iterative Solvers

Unlike direct solvers, the efficiency of iterative solvers depends strongly on the problem
itself, including the boundary conditions and initial solution guess. In general, of course,
there is no way to predict a priori the number of iterations required for convergence.
Therefore it is impossible to determine in general which of the methods FEM or BEM
will converge faster. We can estimate, however, the time required to perform k iterations
fdr each method. Therefore, we will comparé only the cost for the same number of
iterations for FEM and BEM and neglect the cost of pre-conditioning.

We shall consider the generalized minimal residual procedure - GMRES [27, 28] as

our iterative solver. The solution is based on an iterative substitution which consists of
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two steps[3]. The first is the Au product:

Uy = Aug

(43)

The second is an orthonormalization with respect to the Krylov space, and requires

cmkneq flops, where k is the iteration number.

The Au product requires cmnZ, flops in the case of BEM and CmMeiN24,; flops for FEM.

Here ng; is the number of elements and .4, is the number of DOF of each element. Note

that the orthonormalization time is a linear function of the iteration number.

Using the former definitions we can tabulate the cost per iteration for the different

methods:
No. of | Awu product | Orthonormalization
equations [flops] [flops]
Mesh Neg cmngq CmkTieq
nXn 4dn,np 160,,1723(7110)2 depnyknp
nxnxn| 6n,(np)? | 36c,nZ(np)? 6cmnyk(np)?
Table 2: Cost of k-th iteration using BEM.
No. of No. of | No. of DOF | Awu product [ Orthonormalization
equations | elements | per element [flops] (flops]
Mesh Tieg el Nedof et Mgy cmkneq
nxn n,(np)? n? ny(p+1)? | ennn®(p + 1) cmnyk(np)?
nxnxn| n,(np)? n3 n,(p+1)% | &nnnd(p +1)° cmnuk(np)?

Table 3: Cost of k-th iteration using non-condensed FEM.

27



No. of No. of | No. of DOF Awu product Orthonormalization
equations elements | per element [flops] [flops]
Mesh Neg Nel Tedof Cm el Mo Cmkneg
nxn ny,n?(2p — 1) n? dny,p 16,12 (np)? cmnykn?(2p — 1)
nxnxn | n,n3(3p?—3p+1) n’ 2n,y(3p°+1) | 48mnin®(3p*+1)? | cmnykn®(3p?-3p+1)

Table 4: Cost of k-th iteration using staticly condensed FEM.

Since the orthonormalization time behaves like kf(cm, 7y, n,p), we find that the or-

thonormalization time required for k iterations is: 3k(k + 1) f(cm, v, n,p) = 3k2 f for

k > 1. The Au product time is not a function of the iteration number and therefore

the time required for k iterations is simply k times the time of one iteration. The sum

of these two steps is the total time required to perform k-iterations. These times are

summarized in Table 5.

2D 3D
BEM 2kennynp(8nynp + k) 3kemny(np)? [12n,(np)? + k]
Non-condensed FEM skEmnyn?x skemnyn®x
27 (p + 1)* + kEmp?] [2n4(p +1)° + kEmp’]
Statically condensed FEM tkEmnyn®x 1kEmn,ndx
32,02 + k&m(2p — 1)] | [870(3p2+1)2+kEm(3p2 — 3p+1)]

Table 5: Cost of k iterations.

Based on the times given in Table 5, we find the crossover conditions for which BEM
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becomes more cost effective: For non-condensed FEM:

2nun[166mp2—(p+l)‘]
Emp(np—4)

2n.,n[36t‘:mnp“—(p+1)6]
Emp?(np—6)

k

v

& np>4 for 2D
(44)

k> & np>6 for3D

and for condensed FEM:
kz%}ﬁf & n>4p/(2p—1) for 2D

E> 8n,,n[75mnp4—(3p2+1)2J
= &m[n(3p?-3p+1)-6p?]

(45)

& np>6 for 3D
We emphasize again that these results reflect only which of the two methods is faster for
the same number of iterations.

The second issue that we would like to investigate here is the memory consumption.
We note here that this comparison is applicable to those situations in which all element
stiffness matrices are stored prior to solution. The comparison will be based again on the
same number of iterations for both methods. We will use the assumption that the number
of the equations n., is much larger than the number of iterations k, thus, ne, > k. From
this assumption we find that the storage space for regular BEM would be Emngq words,
and half of that when a symmetric Galerkin BEM is used. In the case of FEM &kn.,
words are required for the storage of the Krylov vectors from the former iterations and
ngn,, f words are required for the storage of the coefficient matrix non-zero terms. The
storage space for the different methods can be written as:

Using the values in Table 6 we can find the memory crossovers. In the 2D case we find
that for Laplace and elastostatics, BEM always requires less rhemory space for the same
number of iterations, while for waves problems the crossover from staticly condensed

FEM to Galerkin BEM occurs when k > 4n,p%/(2p — 1). For 3D problems the crossover
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2D 3D
Regular BEM 16¢mn2(np)? 36¢nn?(np)*
Galerkin BEM 8¢,n2(np)? _ 182,n2(np)®
Non-condensed FEM | n2n?(p+1)*+¢cnkn,(np)?. n2n3(p+1)8+&mkn, (np)?
Condensed FEM 16n2(np)®+Enkn,n?(2p—1) | 4n2n3(3p?+1)%+¢,,kn,n(3p*=3p+1)

Table 6: Memory required for k iterations [words].

between staticly condensed FEM and Galerkin BEM will occur approximately when

k > 18n,np*/(3p* — 3p + 1) (for n > p).

9 FEM static condensation

Here we compare FEM to staticly condensed FEM. Thus we evaluate the importance of
static coﬁdensation in high order FEM approaches. Based on equations (15,18) we can
find the factorization time ratio between the condensed and the non-condensed FEM for
direct solvers. The memory ratio for direct solvers can be found from equations (39,40).
For iterative solvers we can find the ratio of solution time for k iteration from Table 5
and the memory ratio from Table 6. These ratios are summarized in Table 7 under the
assumption of n > p.

The results in Table 7 neglect the cost of static condensation. The assurﬁption that
this cost is negligible becomes invalid when p = O(n) > 1. The cost associated with

static condensation can be estimated to be that of inverting a n,(p — 1)¢ square, full
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2D 3D

Factorization time p®/(2p-1)3 °/(3p? —3p+1)3

direct solvers

Memory p*/(2p—1)? p°/(3p* — 3p+1)?

direct solvers

Solution time [2n, (p+1)*+ (k+1)Emp?) / [2n,(p+1)°+ (k+1)Cmp®] /

for k iterations | [32n,p?+(k+1)énm(2p—1)] | [8n4(3p%+1)%+(k+1)Em(3p*—3p+1)]

Required memory | [ny(p + 1)* + &nkp?]/ [ny(p + 1) + Enkp?] /

for k iterations [16n,p® + Emk(2p — 1)] [4n,(3p? + 1)? + € k(3p® — 3p + 1)]

Table 7: Ratios between non-condensed and condensed FEM.

symmetric matrix for each element. This is given by the expression:

n?n3(p — 1)%/6 flops, for 2D
Lcondensation = nelnﬁ(p - 1)3d/6 = (46)
n3n3(p—1)°/6 flops, for 3D

Comparing (14) to (46) shows that condensation cost is indeed negligible for p < n.

10 Remarks and Conclusions

We have presented an extensive theoretical cost comparison between FEM and BEM for
low and high order elements. The work applies to four equations: Laplace, Helmholtz,
elastostatics and elastodynamics in 2D and 3D. This comparison dealt both with direct
and iterative solvers. We evaluated the set-up cost time for BEM in its regular form and

in its symmetric Galerkin form and compared those two methods to each other. Finally
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we compared pure FEM with staticly condensed FEM. In this section we will summarize

our conclusions from each comparison separately.

10.1 Direct solvers: Solution time

From the comparison between standard FEM and BEM, we find that there is a significant
drop in the crossover values of high order elements as compared to linear elements. For
Laplace and elastostatics BEM, becomes more cost effective when using just one element
per edge of 6-th and 8-th order, for 2D and 3D, respectively. For waves problems, the
order of that element is 9 and 13 for 2D and 3D, respectively.

From the comparison between staticly condensed FEM and BEM, we find that the
minimal crossover is obtained for quadratic elements in 2D and cubic in 3D. In 2D for
quadratic elements the crossover occurred at about 100 nodes per edge for wave problems
(equivalent to a total of 400 BEM nodes or 7,500 condensed FEM nodes). For 2D Laplace
and elastostatics the croésover is at about 40 nodes per edge (equivalent to 160 BEM
nodes or 1,200 condensed FEM nodes). These problems are well within the range of
application of direct solutions methods.

The optimal crossover in 3D occurred for cubic elements at about 50 nodes per edge for
Laplace and elastostatics equations. This corresponds to 15,000 BEM nodes or 10° con-
densed FEM nodes. For the Helmholtz and elastodynamics equations, the corresponding
figures are 190 nodes per edge giving 200,000 BEM nodes or 6-10° condensed FEM nodes.
These problem sizes challenge the current capabilities of direct solvers. Therefore, we

conclude that in 3D, FEM is more cost effective for the full range of applicability of direct




solvers.

10.2 Direct solvers: Memory

From the comparison of the memory between staticly condensed FEM and BEM we
find t};at the minimal crossover is for quadratic elements (except for 3D Laplace{ and
elastostatics where it is for cubic elements). In 2D, the crossover is about 15 or 30 nodes
per edge for real or complex equations, respectively. This is equivalent to a total of 3,800
BEM nodes or 12,000 condensed FEM nodes for the static equations, and 12,000 BEM
or 75,000 staticly condensed FEM nodes for the dynamics equations. Since memory is
typically a problem only for very large coefficient matrices, we conclude that BEM is
generally more memory efficient than staticly condensed FEM for 2D problems and for
3D Laplace and elastostatics. The case of 3D wave problems, where 12,000 BEM nodes
with complex values need to be stored might be considered borderline. For Helmholtz,
this corfesponds to 4 GB of memory for double precision arithmetic, which is currently

available on a few high performance computers. '

10.3 BEM set-up cost

The BEM set-up cost might be a very significant part out of the overall solution time.
We chose the Laplace equation as representative to find that the set-up cost is more
expensive than the factorization cost for meshes of fewer than 10 (20) nodes per edge
for 3D (2D) problems (equivalent to a total of 600 .(80) BEM nodes). The set-up cost

drops very rapidly with increasing number of nodes, and for large problems, has a small
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contribution for the overall solution time. For example, for the Laplace equation the
set-up cost is less than 10% of the overall solution time for a mesh of 40 (200) nodes per
edge in 3D (2D) (equivalent to a total of 9,600 (800) BEM nodes).

We note that the set-up procedure is typically much more memory and data intensive
than the matrix inversion procedure. Therefore, the unpredictable memory behavior
of any given application would tend to make the true time estimates larger than those
described here. Therefore, we can consider our estimates of the set-up costs to be lower

bounds on what a user might expect in practice.

10.4 Standard BEM versus symmetric Galerkin BEM

The optimal elemeht order where the symmetric Galerkin BEM formulation is more cost
effective than collocation BEM is quadratic or cubic in 2D or 3D, respectively. For
2D quadratic elements in elastostatics and wave problems, Galerkin becomes more cost
effective‘ after using only 5 elements per edge. For Laplace’s equation, this crossover is
at 15 elements per edge. In 3D for cubic elements the crossover to symmetric Galerkin
BEM is at 7 elements per edge for elastostatics and wave problems and 13 elements per
edge for Laplace. From these results (especially in the 2D case) we conclude that the
expense of the extra set-up in the symmetric Galerkin BEM formulation is compensated
in factorization time savings in most problems of interest. These conclusions were reached
on the basis of the integration strategy described in section 5, which was developed for
efficiency rather than accuracy. The use of other integration strategies would certainly

affect our conclusions.
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10.5 Iterative solvers

We compared the iterative solution of FEM equations to BEM equations for equal num-
bers of iterations. We found that the solution time crossover occurs at k., iterations,
where k., = 72n,np for np > 1. When using 50 cubic elements per edge in 3D to solve
the elastostatics equation, the k. = 32,000 iterations. For problems that converge in

fewer than k., iterations, FEM is more cost effective.

10.6 Static condensation

Our comparison of standard FEM to FEM with static condensation show the great effi-
ciency improvements that static condensation provides with a direct solver. ‘For example,
Table 7 shows that using 4-th order elements and condensing oﬁt the interior degrees of
freedom is about 12 times faster in 2D and 5 times faster in 3D than standard FEM. In
the same case, pure FEM demands 5 times the storage space used by condensed FEM in
2D and 3 times in 3D.
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Figures caption

Fig. 1: FEM/BEM models of a square and a cube.

Fig. 2: Factorization time, crossover from FEM to BEM.
a) Laplace and elastostatics.

b) Helmholtz and elastodynamics.

Fig. 3: Set-up cost + solution time, crossover from regular collocation BEM to Galerkin

BEM.
a) 2D problems.
b) 3D problems.
Fig. 4: Solution time, crossover from condensed FEM to BEM.

a) 2D problems.

b) 3D problems.

Fig. 5: Set-up cost time out of the over all solution time.

a) 2D Laplace equation.

b) 3D Laplace equation.

Fig. 6: Memory, crossover from FEM to BEM.
a) Laplace and elastostatics.

b) Helmholtz and elastodynamics. .

Fig. 7: Exterior problem.
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1 Introduction

We consider the problem of finding @(z), the H! projection onto a given finite element space S of u(z), a
solution of the Helmholtz equation. We show that the problem of finding @ is approximately equivalent
to a Petrov-Galerkin formulation of the original boundary value problem. The optimally chosen weight
functions must satisfy several criteria that are specified below. In particular, we show that the weighting
functions are the shape functions themselves (i.e. what would be used in a Bubnov-Galerkin procedure)
plus bubble functions. The bubbles can be found approximately in a straightforward and systematic
manner.

We shall formulate the problem of finding the desired projection in a rather straightforward way. We
desire to minimize the norm of the difference between the interpolant and the unknown function,
subject to the constraint that the unknown function satisfies the desired differential equation. Upon
manipulating the resulting equations, a “stabilized finite element method” results. For definiteness, we
shall work in terms of the Helmholtz equation and the H! semi-norm, though generalization to other
equations or norms is possible.

2 Formulation

We consider the problem of finding #(z) € § such that for u(z) in S:
||u - Ul| g1 () = minimum. (1)

Here, u(z) : & — C is the (complex valued) unknown solution of Helmholtz equation. @ C R? denotes
a d—dimensional domain with boundary I'. We shall consider the function spaces S and S to be defined
as follows:

§ = {u@)u(=) € A (Q)u(z) = uo(a) on Tu} 2)
S = {ua(z)|i(z) € S;u(z) = ZdA Na(z)}. 3)
A

By assuming that § C S, we are assuming that our chosen basis can exactly represent the essential
boundary conditions » = u, on T',. That may or may not be the case in practice, but we shall restrict
ourselves to this case for simplicity. We further introduce two spaces of admissible variations:

V = {w(z)w(z)e H(Q);w(z)=0on T} 4)




V = {#(z)lo(z) € Viw(z) =) caNa(z)}. (5)
A

Finally, we suppose that f is a complex valued function in Ly(f2) and that u(z) satisfies (k? is a given
known constant):

Viut+ku+f =0 z€eQ (6)
u(@) = wup(zr) z€T, )
%= pe) zeTy ®

We shall consider f(z) to be known, though u(z) is not.

We wish to find @(z) which denotes the H! projection of u(z) onto S. Therefore, we introduce the
functional:

M[u, @, A] = % /Q [Vu* — V&*][Vu - Vildx - /Q A(V2 + B2)u + fldx ©)

Here, A(z) € Ly(Q) is a Lagrange multiplier enforcing the constraint equation (6). Its variations v(z)
are also in Ly(Q?). The complex conjugate of a quantity (-) is denoted by a star: (-)*.

We now make II stationary with respect to variations in u (w), @ (@) and A (v):

w1 . o 1 T T e — 2, 1.2

. =0= 2/9% [Vu Vu]dx+2/QVw [Vu* - Va*)dx /QA(V +P)wdx  (10)
811 ] ]

5 =0= /QVw-[Vu-—Vu]dx (11)
s -

o =0= /Q W(@)[(V? + k)u + fldx (12)

Integrating (11) by parts yields

—/ V& - Vadx — / @ Vu dx + wa—udx =0 (13)
Q Q an On
From equation (6), we have
Viu = ~f - ku. (14)
Combining equations (13) and (14) yields
/ [V - Vi — k20 u)dx = / D fdx +/ o2% dx. (15)
Q Q aq On

We note that equation (15) is almost the Galerkin weak form for @. If we were to replace u(z) in (15)
with @(z), arguing that their difference is negligible, then we would recover the Galerkin equations.
Instead, we turn our attention to equation (12), which is the Euler-Lagrange equation that determines
u(z). We use this to approximate the term (@, u) in (15).



3 Evaluating (7, u)

From (12) we have

E/ﬂe v(2)[Viu + E*u + fldx = 0. | (16)

Here we have introduced the “element domains”, Q¢, e = 1,...,N. We now restrict our attention to
those functions v which are piecewise continuous. Integrating the first term of (16) twice by parts then
yields

v Ou
2 1.2 - ov . _ ot -
ze:/ﬂ" w(V*+k*)v + fvdx ;/mcuand'y anuand'y 0. (17)
We now choose v(z) (which is arbitrary) to satisfy the following over each element domain, Q°:
(V24 kY = @ on Q° (18)
v = k(0 -v,) (19)
v, = w on 09° (20)

It is clear from (18-20) that ¥(z) so chosen is continuous across element boundaries. For the remainder
of this presentation, v(z) is no longer arbitrary, but that special function associated with w(z) as defined
in equations (18-20). Combining equations (17) and (18) now yields

ze:/eu’)udxz—Xe:/nefvdx+ze:/aneug—%d’y. (21)

3.1 The closure assumption

Equation (21) requires the knowledge of u(z) on the element boundaries in order to evaluate f,. Wudx.
We shall replace integrations of u(z) over element boundaries by corresponding integrals of @(z). There
we set

ov _Ov
/ane ub—;d'y = Joge u%d'y + erre. - (22)

The quantity err, introduced in (22) represents the “error” of our “closure” assumption. That is, we
shall later neglect err. in (22) to relate integrals of u(z) over element boundaries to integrals of %(z).

Replacing u(z) with %(z) on 99° is exact pointwise in one dimension, but is satisfied pointwise only
approximately in higher dimensions. That is the approximation that has been used and discussed

by Hughes in his multi-scale work [1]. Equation (22) is a relaxation of the pointwise requirement
u(z) = @(z) on 9Q°.



4 Deriving the final weak form

Before we substitute everything back into our main equation (15), we simplify the result from (21) and
(22). We begin by applying the divergence theorem to the right hand side of (22):

/ igedy = [ V-(@vv)dx (23)

= Vi - Vv + @Avdx. (24)
Qe

We now use equations (18) and (19) to replace Av and v in (24):

“on

k? /m -‘9"d~, :/ Vi -V(®-v,) + kv, dx. (25)
e Qe

Equations (21), (22) and (25) can be combined to obtain:
kzzf Dudx = Z/ (V@ Vo — fo) — (Vi Vv, — kv, — fro)dx+ Y kerr..  (26)
e Qe e Qe €
Finally, we substitute (26) into (15) and use (20) to obtain:

_ _ ou
;/G{VVO-Vu—k%ou} dx:/Quofdx+/891/o%d'y+;k2erre. (27)

If we choose to neglect err. in (27), then what we are left with is just a Petrov-Galerkin formulation
based on the original weak form. It is in a suitable form to determine @(z) given a set of shape functions
defining &, and given functions f(z) and p(z). We shall now examine the implications of neglecting
erre.

5 Analysis of closure assumption (22)

We can rewrite equation (22) as follows:

N |
erre = /{;Qe(u - u)é‘_n dy. (28)

We shall now examine equation (28) and show that equations (11), (16) and (27) are consistent with
err, vanishing.

In this section, we shall assume only that u(z) satisfies (16) for all functions v(z) € Lo(Q), and that

v(z) and v,(z) are related as in (18-20). We begin by applying the divergence theorem to the right
hand side of (28):

erre = /slze V- ((u— @)Vv)dx, (29)

= /Q (V(u—1T)- Vv + (u— B)Vv)dx. (30)

4



Equation (18) allows us to replace V2 with @ — k?v. Combining this with (19) allows us to write
Vv = v,. (31)
We use (31) in the second term of (30), and (19) in the first term to write
erre = /Qe (k72V(u — 8) - V(@ — v,) + (u — @)v,) dx, (32)
= k[ Vo V(u-0)dxc-k /Q (V0o V(u = 7) = wo(u - B)) dx (33)

Summing k2 err, over all elements and separating the contributions on the right hand side of (33) yields:
8

Sk, = ¥ [ Vo-V(u-)dx
+ /9 (Vo - Vit — kv, ) dx
e

—- E /{;e (Vv, - Vu — k21/ou) dx. (34)
e

To evaluate the last term on the right hand side of (34), we integrate equation (16) by parts once:

Ou »
-_— — - 2 —
0 = Ee. /Qc[ Vv-Vu+kvu+v fldx+ Ee /ageu(‘)nd% (35)

> [—VV-Vu+k21/u+Vf]dx+/ V@—L—d’y. (36)
= Jae aq On

The last term simplifies since both v and Vu are continuous functions. We note that (36) holds for all
allowable functions v, and so in particular holds for v = v,.

We now substitute (36) into (34) to obtain
Z E’err, = Z A V- V(u-—1u)dx ‘
€ [ ¢

+> /Qc (Vv, - Vi — kE?v,8 — v, f(z))dx — Ln Vogﬁd‘/. (37)

We see from (37) that the approximation (22) (i.e. with err, = 0) is consistent with both our formulation
(27) and our objective (11). That is not to say that our closure assumption erre = 0 is always satisfied in
practice! If both (27) and (11) are satisfied, then our closure assumption is valid. In practice, however, we
would evaluate @ with (27); there is no way to impose either of the additional conditions that err =0
or equation (11). If, in fact, it turns out that erre = 0 as a result of a particular calculation using
(27), then we see that (37) implies (11). Thus, we have optimality in that case. In general, however,
computing with (27) under the assumption that err, = 0 does not yield H 1 optimality, because that
assumption is not always justified.



In certain cases, the closure assumption (22) is always satisfied. In particular, in one dimension the
assumption is satisified since u(z) = @(x) at element boundaries. Further, in the limit kA — 0, the
assumption is asymptotically satisfied to o(kh)? in any dimension.

We now turn our attention to evaluting v,(z) in certain cases.

6 Determining v,(z)

6.1 Piecewise linear shape functions in one dimension

The weighting function in (27) is determined by solving equations (18-20) over each element. In one
dimension, with element nodes at points z,_1, z,, and Zn41, Vo(z) is given by

sink(z — z,-1)
sink(zp, — Tp—1)
sin k(Zp41 — )
sin k(zp41 — Zn)

forz, 1 <z<z,

vo(z) = (38)

for z, <z < Tpy1

We note that as kh — 0 (where h represents the element size) then v,(z) — @(z). Thus in the limit
of mesh refinement, we recover the standard Bubnov-Galerkin approximation, which we know to be
optimal in that case.

6.2 Rectangular elements in two dimensions

Here we consider bilinear rectangular elements with dimensions h; and hy in the z and y directions,
respectively. We write v,(z) as

vo(z) = w(z) + v (z), (39)

and note that v () satisfies
Avi +kn(z) = Ko ze€Q° (40)
rn = 0 ze€09Q°. (41)

In local (element) coordinates, equations (40) and (41) become

[iﬁ+'_}_ﬁ"’_],, tK = —KEN.(&,m)  Eme(=1,1)x(~1,1) (42)
hg@fz h§3n2 1 1 al§y 7 » 7 H] ’

" 0. £=+£1;n7==+1. (43)

I

Here, No(£,1) = (1 + & €)(1 + nan).



We can solve (42) and (43) by writing »1(z) as a series of eigensolutions; viz.

.nr(l1+¢) . mr(l4+7

n(z)= Z; AZ, sin (2 )sm (2 ) (44)
nm=1

We note that each term in (44) satisfies (43). The superscript ‘a’ indicates that this 14 () is associated

with the shape function N,. Substituting (44) into (42) yields

1 n22%2 1 m¥r?| | nr(14+¢) . mr(l+ a
Z k2 - ymib e (2 &) sin (2 n) A2 = —k® No(&,1). (45)
T )

n,m=1

pr(14€) gr(14n)
2 2

We now multiply (45) by sin sin
o _ 1 [(1-&)— (1P + &) = 72) — (=1)°(1 + 7a)]
Ay = 2 2.2 3.2
pyr L g
4k%hZ  Ak2h

and integrate over the (local) element domain to obtain:

(46)

Equations (39), (44) and (46) give v,(z) associated with each of the element shape functions, N,
a=1,2,3,4.

6.3 Series approximations for other elements

That v,(z) is approximated by @(z) can be used to find an expansion for v,(z) in the general case. In
fact, equations (18-20) combine to show that v,(z) satisfies:

Av, + kRh?y, Aw  on Q°f (47
v, = w on 09° (48)

Here we have introduced a nondimensional distance & = z/h. We can find a useful approximate formula
for v,(z) based on the following asymptotic approximation:

Vo(z) ~ @(z) + kb (z) + kh*vy + . .. | (49)

Substituting (49) into equations (47-48) yields

Avy = -y, on ° (50)
Av, = -vp; on Q° (51)
mn=v, = 0 on 09Q°. (52)

The boundary condition (52) shows that v4(z), v2(z), etc. are bubble functions. They can be approxi-
mated optimally from (50) (or (51)) by using the Bubnov-Galerkin method and a bubble shape function.
The approximation can theoretically be refined indefinitely. Doing so yields the approximations to be
described next.



6.4 (Bubnov-)Galerkin approximations to v,

Here we write v,(z) as

vo(2) = w(z) + 11 (2), (53)

and note that () satisfies
Ay +En(z) = ko  zeQ° (54)
Vv = 0 T € aQe. (55)

We approximate #(z) by a (combination of) bubble shape function(s) satisfying (55):
ny
v(z) = ) By()Bs. - (56)
b=1

The coefficients (3, can be obtained by requiring (54) be satisfied weakly via a (Bubnov-) Galerkin
approximation. This leads to the equations:

ilfﬁ,ﬂf = —k*wB (57)
b=1
KB = /Q VBa(z)- VBy(z) - KBu(2) By(z) dx (58)
W8 = [ Bu(e) Na(a) dx. | (59)

We recall that Np(z) was introduced in equation (3) as one of the shape functions spanning V. Equation
(58) can be solved on each element to determine S, and thus v,(z).

6.5 Relation to bubble functions

The above discussion points out that v,(z) differs from @(z) only by a bubble function. Here we
investigate the relation between v,(x) and the use of bubbles. For simplicity, we shall neglect forcing.
For sake of this discussion, we shall consider a bilinear quadrilateral element and consider augmenting
this element with a quadratic bubble corresponding to a node entirely in the interior of the element.
We shall denote the four “original” shape functions (without the bubble) by Ny(z), i = (1,2,3,4). The
bubble shape function will be denoted by By(z), b= 1,...,ns.

This leads us to the following stiffness elements:

K = /Q _VNi(z)- VNj(a) - Ni(2)Nj(z) dx 5 =1,2,3,4. (60)

5 = /n VN;(z) - VBy(z) — k*N;(z) By(z) dx 1=1,2,3,4;b=1,...,n. (61)

KB = /Q _VBa(2) - VBy(z) - kBu(x) By(x) dx a,b=1,...,m (62)
8




Thus the reduced stiffness for the bubble element can be written as

(k5] = (k5] — [REILKR) " [k8;). (63)

For the sake of comparison, we now consider the element stiffness matrix that would arise from the
approximation to v,(z) given in the previous section. Thus, with »,(z) given by (53) and (56), equation
(27) leads to the following element stiffness matrix:

(k5] = (k] = [R5l kS ™ [ W3], (64)

We note that (64) is not identical to (63), nor is (63) the symmetric part of (64). The two are similar,
though, and differ only in the extent that k> W} differs from k. Interestingly, these differ only in the
gradient terms.

7 Example in one dimension

Here we consider a simple example in one dimension utilizing linear shape functions. The element
stiffness matrix is obtained from (27) with v,(z) given by (38). This yields

kcoskh

;1 = k§2 = sin kh (65)
e e -k
k12 = k21 = sin kh (66)

We consider a problem on the unit interval (z € (0,1)) with k = 80, subject to the boundary conditions
w(0)=1 ; ¥'(1) = 0. (67)

We choose a mesh of 50 randomly sized elements. The largest and smallest values of kh in the mesh
are 3.04 and 0.16, respectively.

A plot of the results are shown in the figure. We note that nodal exactness is obtained for any degree
of mesh distortion.

8 Conclusions

We have developed a stabilized Petrov-Galerkin formulation for the Helmholtz equation. Our starting
goal was to find an H! optimal projection of u(z) onto a given finite element basis. This seems to be a
- logical starting point for the development of stabilized and bubble methods, as well as a logical target
for stabilized methods to try to obtain.



Nodal exactness on uneven mesh in 1-D
10 T T T T

A [% o Kl
|
|

B 10 1 I 1 1
0 02 04 0.6 0.8 1

Figure 1: Exact solution compared to nodal values of FEM approximation

Our formulation achieves nearly H! optimality in any dimension, and exact H! optimality in one
dimension. We have demonstrated the nodal exactness of the method in one dimension in a numerical
example. (It is easy to prove nodal exactness in one dimension since the Green’s function can be
represented by a combination of weighting functions.)

The weighting functions to be used in our Petrov-Galerkin formulation depend on the choice of basis
of the trial solution space. In particular, the weighting functions v,(z) must satisfy equations (18-20).
In one dimension, we have described v,(z) exactly (for piecewise linear shape functions). We have
also described a method to approximate v,(z) for applications in higher dimensions. Further work is
required to test the usefulness of the approximate v,(z) functions described in section 6.
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Abstract

We develop and apply a hybrid asymptotic-finite element method to the problem of acous-
tic scattering from two-dimensional, submerged objects. The hybrid method is based on
patching a short-wavelength asymptotic expansion of the scattered field to a finite element
interpolation of the near field. In patching, the diffracted field shape functions with un-
known amplitude are forced to agree smoothly with the solution in the near field along a
specified curve. This curve is chosen to contain any local diffraction points. This procedure
allows us to replace the original boundary value problem with an asymptotically equivalent
boundary value problem, the domain of which is small and efficiently discretized. A new
hybrid finite element on this artiﬁcia] boundary represents the effect of the outer domain on
the solution within this new boﬁndary. The method is applied to diffraction and scattering
by a blunted wedge, which in this context represents a degenerate prism. The hybrid solu-
tions are compared to two bench-mark solutions: an exact analytic solution and a numerical

solution found using an exact Dirichlet-to-Neumann map.
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Chapter 1

Introduction




We describe a hybrid method for scattering calculations which combines short-wavelength
asymptotics with the finite element method. In the hybrid approach, we attempt to draw
on the benefits from both methods while eliminating their largest individual difficiencies.
For example, an asymptotic approach can be computationally efficient for acoustically large
scatterers; however, its applicability is limited since diffraction coeflicients are unavailable
for geometries with anything but simple discontinuities. Traditional numerical methods, on
the other hand, can accommodate arbitrary geometries but are practically limited by their
computational cost.

The hybrid method is related to the method of matched asymptotic expansions (MAE)
where, in the short wavelength limit, the scattered field contains two asymptotic regions
[1]. In the inner (local) region, the full Helmholtz equation must be solved. In the outer
(global) region, the field can be found by means of the Geometrical Théory of Diffraction
(GTD) [2]. The representation of the outer field is written in terms of certain unspecified
amplitude functions called ‘diffraction coefficients.” In the MAE method, the solutions in
the two regions would be asymptotically matched, thus determining these coefﬁciénts.

In the hybrid method, on the other hand, the inner solution is found numerically and
is patched smoothly to the outer asymptotic approximation. The patching is imposed on
an artificial boundary, T'r, which is introduced around diffraction regions. This boundary
is chosen to be located in an ‘overlap domain’ where both the inner and outer solutions are
valid. Patching the inner and outer fields on I'r is equivalent to using the GTD solution to
specify a radiation boundary condition for the inner numerical problem. Thus, we replace
the original boundary value problem (b.v.p.) with an asymptotically equivalent one.

We discuss the hybrid formulation in detail in its application to scattering from a trun-




cated wedge. In this example, the wedge represents a degenerate case of a simple two
dimensional object. We begin by obtaining asymptotic approximations to the inner and
outer fields. We seek a complete representation of the outer field which we specify on
I'r. We obtain the inner asymptotic solution and discuss the issue of patching these fields
together as opposed to matching them.

We then describe a weak formulation of the asymptotically equivalent b.v.p. as part
of a finite element implementation. Here, we enforce the radiation boundary condition by
introducing a new ‘hybrid’ finite element. The results from the hybrid method, utilizing
this new element, are then compared to a reference calculation of the field. In one case,
we compare the computed diffracted field to that found by means of an exact Dirichlet-to-
Neumann (DtN) map{3]. In another case, we compare the entire scattered field to an exact

analytic solution of the blunted wedge.



Chapter 2

Formulation




\j

Figure 2.1: Example of a complex, submerged elastic structure

The hybrid method is motivated by a desire to compute acoustic fields scattered by complex,
submerged elastic structures which are large in comparison to a wavelength. Scattering
from these objects gives rise to a number of interesting phenomena which can be difficult
to model. Such aspects include reflection from smooth surfaces, diffraction from geometric

discontinuities, and surface waves which propagate along fluid-elastic interfaces (see Figure

2.1).

2.1 Motivation

To solve such a complicated problem analytically would require information about the

field near the diffraction points. In order to solve the problem using the Finite Element



Method, on the other hand, the domain exterior to the object must be discretized with
enough elements per wavelength to sufficiently represent the solution. As the wavelength
of the incident field decreases or as the size of the object increases, the number of elements
required also increases. Thus, in the limit of a well refined mesh, the computational cost of
the problem can become unmanageable.

In the hybrid method, we propose a combination of these two approaches. The lopal
regions around the diffraction points are discretized and the field there is found numeri-
cally. The field in the rest of the domain is represented using the Geometrical Theory of
Diffraction.

We examine the field in the short wavelength limit, where the diffracted field evolves
rapidly in the spatial domain. Because of this, each diffraction point cz;n be examined in
isolation from the rest of the object (Figure 2.1). We then replace the large complicated
object with a canonical problem of an infinite wedge with impedance boundaries. The
impedance condition is chosen because it is the simplest boundary condition that can exhibit

some of the same wave phenomena as an elastic boundary (see Appendix A).

2.2 Model Problem

We imagine the wedge, of exterior angle 3, positioned such that the tip coincides with the
origin while one face lies on the positive x-axis. The tip is blunted by a truncation described
by 7 = a(f) (see figure 2.2). We assume that the maximum of a(#) is on the order of a
wavelength. Thus, a(8) = O(k™!) or ka = O(1). We let I be a predetermined distance from

the tip with which we non-dimensionalize all of our spatial coordinates. Then in the limit



/: a( 6) 0=

0-p

Figure 2.2: Blunted wedge with incident plane wave

as kl — oo, the wedge appears to be acoustically infinite.
In all that follows we will work in terms of non-dimensionalized coordinates as well as

wavenumber, k. We shall also work in terms of a time harmonic acoustic pressure:

p(z,y,1) = R{uwt(z, y)e'iwt} (2.1)

The time dependence will be suppressed from here on. The total field is then represented

as the sum of an incident plane-wave and scattered field contributions:
Utor = Uine + Ujpe = eik(z cosd' 4 y sind') (22)
In the absence of sources, u is governed by the reduced wave equation

(A+Ek)u=0. - (23)

We first consider a wedge with soft faces, such that u;,; = 0 on the wedge. This is a limiting




case of infinite impedance. Equation (2.2) then yields:

4

r = a(f)
U = —Unc ON j 6=0 r > a(0) (2.4)
6=8 r2ap)

Further, the scattered field must satisfy a radiation condition at r = oo.




Chapter 3

Asymptotic Expansion Method




We seek a solution to the problem of scattering from this truncated wedge. We begin by
finding asymptotic approximations to both the inner and outer fields. The inner expansion
will be useful in analyzing the method of patching. We will compare the solution found
by patching to that found by matching in order to obtain an asymptotic error estimate.

Because it is used directly in the hybrid method, we begin by examining the outer field.

3.1 Outer Asymptotic Expansion: Geometrical Theory of

Diffraction
We assume a solution to the outer problem of the form
u(x) ~ 2(x,k)e** ™ k- oo, (3.1)

Here z(z) is the amplitude, k is the wave number, and s(z) is the phase. Substituting this

solution (3.1) into the reduced wave equation (2.3) yields
— k*[(Vs)? = 1]z 4+ 2ikVs - Vz + ikzAs+ Az =0 (3.2)

To solve this for large values of k, we assume that 2z can be expanded in an asymptotic
series in inverse powers of ik:
N
2(%,k) ~ D zm(x)(ik) ™™ + o(k™N) (3.3)
m=0

In the limit as k£ — oo, we can truncate this series with negligible error. Inserting (3.3) into

(3.2) and equating powers of k yields the eiconal equation

(Vs)2 =1 (3.4)

10
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Figure 3.1: Mluminated and Shadow Regions

and the transport equations
m=0,1,2,... (3.5)

2Vs - Vz, + 208 = =Azp

where z, = 0 for n < 0. These equations can be solved using the Geometrical Theory of

Diffraction [2].

3.1.1 Outer Solution

The Geometrical Theory of Diffraction shows that the scattered field can be expressed as

the sum of a reflected plane wave, a shadow wave, a diffracted cylindrical wave, plus higher

(3.6)

order terms
_3
U ~ Ul + Ushad + Uaif + O(k72)

In terms of an angle 8% = 23— 27 —@’, these contributions can be expressed as the following

11




.
_etk(zcost’ + ysind’)
Ushadow =
0
;
_eik(:CCOSGR + ysin %)
Urefl =
0
\
D(6,¢) ;
Ugif = ( ) )ezkr

kr

<@
6> 6
6> o8

6 < o8

Everywhere

(3.7)

The function D(8,6') is not yet determined. It represents the amplitude of the field

diffracted in the #-direction due to an incident wave in the #'-direction. It is sometimes

referred to as the diffraction coefficient associated with the wedge. The amplitudes of the

shadow wave and reflected wave are determined by satisfying the boundary conditions on

8 = 0, 3, respectively.

An immediate concern regarding this representation (3.7) is the discontinuity between

the regions. In order to obtain a smooth transition across the boundaries, we make use of

boundary layer theory [4]. We first examine the boundary between the shadow region and

the illuminated region.

3.1.2 Boundary Layer Theory
We begin by introducing a change of coordinates:
€ = 2 cosl + ysind
n = zsinf — y cosf
In terms of these new variables,
Ushad ~ H(m)e™

12

(3.8)

(3.9)

(3.10)




Here H is the Heaviside step function. This solution is clearly not valid on = 0, where it
has a discontinuity. We seek a boundary layer solution valid near = 0 which describes the
transition between the shadow and the illumination. We assume that the boundary layer

solution will have the form:
up(€,m) = w(€,n)e. (3.11)
Inserting (3.11) into (2.3) yields:

0w 0w . Ow : | .

We magnify the region near the shadow boundary to establish a local solution by introducing
stretched local coordinates

= =¢; H =kbn; WEH) =wE,n). (3.13)

We insert (3.13) into (3.12) to find

2 2
AL (3.14)

0H? 0Z=? 0=

We now assume that W has the following asymptotic expansion:

We~Wo+o0(l) 5 k— o0 (3.15)

Inserting (3.15) into (3.14) and keeping the first order in k yields the equation:

Wy . OWo _
oz T 2igs =0 (3.16)

Following [4], we consider a general solution of this parabolic equation (3.16) of the form

Wo(E, H) = /_ m[%ei(H“s)2/25]F(S)dS. (3.17)

13



Here F(S) is an arbitrary function. Equation (3.17) with (3.11) and (3.13) is our inner
solution, valid in the region of the shadow boundary. The function F'is found by matching
our inner (3.17) and outer (3.10) solutions using VanDyke’s matching rule [1]. We first

write the inner solution in terms of outer variables

Wo(€, k2n) = / Z[\/ge““‘""s)”%] f(s) ds. (3.18)
Here we have defined the following:
S = k¥s ; F(S) = f(s) (3.19)
We now expand (3.18) to O(k°) by the method of stationary phase:
W(E kin)et ~ Var f(m)e'Tet + O(k™2) (3.20)
For (3.20) to match with the outer solution (3.10) we require:

=L -z
f(77)=\72=7re H(m). (3.21)

Using (3.18) and (3.21) allows the boundary layer solution to be written as

w(€,n) = i /%&-e—i% /0 etk(n1=9)?12¢ g, (3.22)

Alternatively, changing the integration variable allows us to rewrite the boundary layer

solution as

L iz ke [ iz?
up)(é,m) = —=e"'t1e / ¥ dz. 3.23
(&m) 7 TR (3.23)

Equation (3.23) shows that in the limit of ||71/k/€|] 3> 1 there exists a plane wave, e*¢, for
n > 0 and no first order contribution for # < 0. On the boundary (7 = 0) the amplitude of

the field is the average of the amplitudes in the two regions.

14



We now have a complete solution to the outer asymptotic problem. We note that
the boundary layer solution has been obtained without reference to the inner diffraction
problem. So we turn our attention to the inner diffraction problem and seek a similar

asymptotic solution.

3.2 Inner Asymptotic Expansion: A Canonical Problem

We begin by introducing inner variables
R=kr ; ©=6 ; U(R,0)=u(r,0) (3.24)

Rewriting the reduced wave equation (2.3) in polar coordinates gives the inner problem:

d? 1 0 1 82

(W+Eﬁ+ﬁm)[] + U = 0' (3.25)
R = ka(f)
U = _Uinc on (326)
O =0, R>ka
U matches u as R — oo (3.27)

In what follows, we shall find it convenient to work in terms of U=U- Usharp- Here,

Usharp represents the field (with minimum singularity) scattered by a sharp wedge due to an

incident field Uinc [5]. Further, Usharp can be shown to match the plane wave and boundary

layer solutions in the outer field. Thus, the function U satisfies equation (3.25) as well as:
. ~Uinc = Usharp on R = ka(8)

U = : (3.28)
0 on®=0,p

For a general a(6), the solution for U cannot be obtained in closed form. Qutside R = kamqz,

however, the solution can be uniquely represented. We assume U to be separable such that:

U = F(R) G(©) | (3.29)

15




Inserting this into the wave equation yields relations for the two separated functions:

G"(@)+vG(O) =0
(3.30)
R F"(R)+ RF'(R)+ (R* - v)F =0
Utilizing these equations with the boundary conditions on 6 = 0, 3 results in the represen-
tation:
o0

U(R,0) =" A.H)(R)sinv,0 + B, HP(R)sin 1,0 (3.31)

n=1

Here, H ,S,ll) and H ,53) are the Hankel function of the first and second kind, respectively [6].
They are of order v, , where v, = n7 /3. The A,, are complex constants which depend on
the particular details of a(f). We seek to relate equation (3.31) to the cylindrical wave in

(3.7), resulting in an expression for D(#) in terms of A, and B,.

3.3 Patching vs. Matching

The method of matched asymptotic expansions requires an overlap domain in which both
the inner (3.31) and outer (3.7) solutions are valid (see Figure 3.2). This domain occurs
where

R=k* 0<axl - (3.32)

The hybrid method, on the other hand, relies on patching. The inner solution will be
found numerically and forced to agree smoothly with the outer asymptotic solution (3.7),
along I'r. Here I'g is chosen to be an arc of a circle lying in the aforementioned overlap
domain.

The method of matched asymptotic expansions yields a solution which is asymptotic

to the exact solution. Thus, we are guaranteed that the difference between the exact and

16



asymptotic solutions vanishes in the limit as k£ — oco. Patching on R = const, on the other
hand, has no such asymptotic validity. Here we shall compare the directivities obtained by
patching (D,(8)) to those obtained by matching (Din(6)). In particular, we shall show that

patching in the overlap domain leads to the the result that

Dy(8) ~ Dn(8) ; k — . ' (3.33)

3.3.1 Matching

In general, the inner and outer expansions complement each other, one being valid in the
region where the other fails. In order to find a uniform first approximation, the inner and
outer solutions are asymptotically matched. We denote the outer expansion of the diffracted
field in terms of a cylindrical wave with unknown directivity:

Um(r,0) = tUm — Usharp = —Dm\/_T(f)e"’" (3.34)
We obtain D,,(6) by using VanDyke’s matching rule [1]. First we express the inner solution
(3.31) in terms of outer variables:

Inner solution:
UO(R,0) =Y AT HD(R)sinv,© + B{™ HO(R) sin v,0 (3.35)
n=1
In outer variables:

GO (kr,0) = > Al HD(kr) sin v,6 + B H® (kr) sin 1,0 (3.36)

n=1

Expand (for large k) [6] to obtain the outer expansion of the inner solution:
GO(r,0) = 3 A2 or-i8mi% in 0.4 B[ ehrriBotif in 0
= Tkr Tkr
(3.37)

17
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Figure 3.2: Inner and Outer Regions

Next, we find the inner expansion of the outer solution.

Outer Solution:

a=D(r,0) = _D\/ﬂk(_i)ez‘kr
T

Inner of outer:

Dm(O)eiR
vR

By VanDyke’s matching rule [1], (3.37) and (3.39) must be equivalent. Thus

a9(E 0) =

.[)m(e) = Z[\/—%_Agm)e—ig(un+%)] sinv,0 ; BT(Lm) = 0.
n=1

18
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3.3.2 Patching

We again denote the outer solution in terms of a cylindrical wave. We shall patch along the
curve R = k%rq, or r = k*1ry, where 0 < @ < 1. Along this curve we enforce continuity of

the field and its normal derivative:
ﬂp(k"'lro,O) = U(k"‘TO,O) (3.41)

8“"(ka “170,8) = k (karo,a) (3.42)

The first of these two conditions leads to:
o0
Dy(8) = 3 Vikamoe= ¥ o[ AP HD (ko) + BP HP (k¥ro)] sin v,6. (3.43)

The second condition (3.42) on T'g yields the relation:

CiDy( o) \/.EE_ Z[A(” HY'(k%ro) + B H{P(k*ro)] sin v, . (3.44)
Crz=i—— (3.45)
k= 2k‘°”l‘0 '

We recall that matching the two solutions resulted in B™ =0 (3.40). We expect a similar
result in patching, such that B,/A, is asymptotically small. To find a representation for

B,,, we multiply equation (3.44) by sinv,,,6 and integrate from 0 to 3:

C ek?ro 9 HY (ko)
) = k _ A \F To)
B'? oo k%ﬂ/ D,(6)sinv,,0d0 — A} 29 (hro) (3.46)

Using equation (3.43), we evaluate the integral in the above relation (3.46) and eliminate

D,(0):
’ Ce Y (k7o) — kHY (kro) )
 CLHD (koro) — kHD (kory) A

(3.47)
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Since 0 < @ < 1, k®*rg — o0 as k — oo. Therefore, we can obtain an asymptotic approxi-
mation for B,/A, as k — oo by expanding the Hankel functions for large argument. From

[6] we have:

2 AvE — 1] &% .. it _s
HE)(ker0) = \/;[Hz 8karo ] f/Fr—e 2% 4 O((k"r0)7F) (3.48)

N 2 A2 —1] e 0 5 x 5
D (kr0) = \/;[1 8karg } Me 2T 4 O((kro)72) (3.49)

Using these expansions, we can express the ratio of the constants in the following way:

P _ Nm)(kro) /%™ 4 o (ko) /%)
AP T D(vy)(kro)=1/2e= 70 4 O((kro)=3/2)

= O((k%ro)™?%) (3.50)

As expected, we find that the contributions from the B,, terms are asymptotically small in

comparison to the A, terms. Equation (3.50) and linearity of the problem implies that

A = AP £ O((k%r0)72) = A, (3.51)

3.3.3 Error Analysis

We measure the error in patching as the difference between D,,(8) in equation (3.40) and

D,(6) in equation (3.43). Thus, we define the following function:
error(f) = Y Epsinvyf = D(6) — Dy(8). (3.52)
Substituting equations (3.43), (3.40), and (3.51) into equation (3.52) leads to:
E, = An[\/g e~ En =it — koo e o H(D(k%ro)] + O((k%r0)~2). (3.53)

Using equation (3.48) to expand the Hankel functions, we find an asymptotic approximation

for the error:

B i \/7 8k%rq —1§un-i-} -1-0(()'60‘7'0)'2) (3.54)
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Clearly, as k — oo, E, — 0. We note, however, that since v,, ~ n, there is a potential for
E,, to grow like n? for krq fixed.

We must now examine the constants, A,, to see if this is the case. We examine the
series [8]

Up = > An sinvy,® HY(R) (3.55)

n=1

for arbitrary but fixed values of R and 6. We assume that this series converges, and thus
conclude that the constants A, must compensate for the dependence of the Hankel functions

on n. In the limit of large n, we can express this dependence as [6]:

(k) ~ (G~ g

Vn 2vy,

Y/ 2mv, = O(Wir) vy — (3.56)

which clearly grows without bounds for large v,,. In order for our series (3.55) to converge,

we require that

A, = o(vy™) vy — (3.57)

Thus we see that our error coefficients are not only small in the limit of large k, but vanish

in the limit of large v,, as well.
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Chapter 4

Variational Formulation for FEM

Solution
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Up to now we have considered a typical MAE approach in examining the asymptotic aspects
of the hybrid method. Here we discuss a numerical formulation suitable for determining the
inner solution. By patching, we use the outer solution to formulate a radiation boundary
condition along the artificial boundary. In this chapter, we discuss the strong and weak
formulations used and follow this by discussing the hybrid finite element implementation

[10].

4.1 Strong Formulation

We now describe a weak formulation of our boundary value problem that is suitably incor-
porated into our hybrid method. We denote the region outside of the scatterer by Q. We
further denote the ‘internal’ boundary of Q by Iim and assume it to be piecewise smooth.
On I';;, we shall impose an impedance boundary condition. This allows for a boundary that
supports surface waves, yet also provides the simple limi;cs of a hard or a soft boundary.

The classical or strong form of the problem is to find « in Q such that:

(A+k)u = —f inQ (4.1)

ou QUine
—a—n+Zu =~ — ZUine on Tim (4.2)
u© = outgoing as r — o0 (4.3)

The unbounded domain 2 is decomposed by an artificial boundary I'r into a bounded inner
domain Qi and its unbounded outer complement Q°. The solution to the original b.v.p. is
decomposed into an inner and an outer field:

u' on QF

u= (4.4)
u® on °
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We assume that the forcing, f, vanishes in the outer field. Further, we enforce the continuity

of the solution across I'r weakly in a variational setting.

4.2 Weak Formulation
Following [11], we define the functional of our weak formulation:
1 i 4 1 1 i 0
O(u,A) = §a(u’,u’) + Ea(u",u") — L(u') = L(v®) + (A, u' — w%)rp. (4.5)

a(w,u) = / (Vw-Vu—wk?u) dQ - lim [ iwkudl + wZu dl (4.6)
Q

= Jry Cim
(w,u)r, = / wuy dT (4.7)
Tr
L(w) = /wfdQ—/ W(Zte + 240y gp (4.8)
w) = 0 .. inc on .

Here, A represents a Lagrange multiplier, introduced to enforce continuity across the artifi-

cial boundary. We restrict our choice of functions such that:
la(u,u)| < o (4.9)

For the purposes of this discussion, we employ the method of limiting absorption. That

~ is, we allow the natural wavenumber of the fluid to contain a small imaginary part:
k= ko(l+ia) a<l. (4.10)

Next, we perform the integration over the boundary at infinity, which we now denote by
I'eo. We then take the limit as & — 0. Assuming that our outer solution is of a cylindrical

wave form:
eikr

Vkr

Uyw ~ (4.11)
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Figure 4.1: Boundaries and Domains for the Hybrid Formulation

then the integral over I's, in equation (4.6) becomes

2 eiZkor
/ iwku dT' ~ lim ikTe—zakO"r dd = 0. (4.12)

r—o0 Jo 7

Subject to the constraint of equation (4.9), we seek to find the functions u and corre-
sponding Lagrange multiplier A that render II(u, A) stationary. We examine the variation
in the Lagrange multiplier:

61l .0
S l%E(H(U,A+EV)) =0 (4.13)

which leads to a condition enforcing continuity of the solution across I'g:
(et —u)r, = 0 (4.14)

We then examine the variation in the trial solution:

611 .0
3 = 21_1% EE(H(U +ew,A))=0 | (4.15)
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Utilizing the arbitrariness of the weighting functions, equation (4.15) yields the relations:

a(w’,u’) — (A, w)rg, = L(w°)

(4.16)
a(wivui) + (Aawi)rn = L(wi)
Examining the first equation, we obtain the following;:
(Vwe - Vu® — w°k?u®) dQ - iw’ku® dT
fe Feo Du (4.17)
+ / (20 + Ztine + 22y gD — [ AP dT =0
Tom dn° Tr

We define the boundary of Q° as I'> = T'r + I'?,, + 'ec. We note that:

V. (w’Vu®) = Vw’.Vu® + w’Au’. (4.18)

We now use equation (4.18) in (4.17), and employ Gauss’ integral theorem to obtain:

)

(9’&0 du
[ 4 2,0 o 110, 0 (]
—/ow(Au -{-!cu)dQ-{-/F w’( o—zku)dI‘+/ w(a

auinc -
% 4 Zutine) AT =0
(4.19)

——\)dl

o Ou° 0
+/F§’,,,w (8n°+Zu +

Because w? is arbitrary, we require each of the integrands to equal zero independently. The
first two terms in equation (4.19) require u° to satisfy the Helmholtz equation as well as a
radiation condition:

(A+Kku® =0 (4.20)

lim rl/z(%i— —1ku®) =0 (4.21)

T—00
Next, u® must satisfy the impedance condition on the boundary of the scatterer which is

contained in the outer field:

ou’ Miine

one " 7" T Tone T

(4.22)
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A final condition yields an expression for the Lagrange multiplier, and we assume an anal-

ogous relation for the weighting function:

ou° ow°
A= o v = o (4.23)

We now choose u° to satisfy equations (4.20-4.22) and eliminate A and v using (4.23).

Equations (4.14) and (4.16) thus reduce to:

o due :

a(u',w') + ( auo,w’)rR = L(w') (4.24)
n

3w° i 3w° 0

(5,0080rr = (55,%)rs = 0 (4.25)

This is our weak formulation. In this formulation, we integrate only over the bounded
domain and the artificial boundary. In the hybrid method, the outer solution u° is repre-
sented by a set of functions which asymptotically satisfy the wave equation. This solution

is determined by the GTD representation discussed in Chapter 3.

4.3 Hybrid Formulation

4.3.1 Cylindrical Wave Field

We introduce the hybrid formulation by considering the simple problem of computing the

diffracted field 4. We specify the outer field using equation (3.38):
& ~ D(6) frﬂe“‘(r*’o) (4.26)

W° ~ D(6), /%eik(r-"o) - (4.27)
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Substituting equations (4.26)-(4.27) into equation (4.24)-(4.25) yields a weak form for u’

with arbitrary w':

(Vo - Vi — k%) d + [ Zwid dT - / ikroD(8)w' df = 0 (4.28)
Qi ri 0

8 - . B .
- / ikroD(6)a’ d8 + / ikroD(6)D(8) d6 = 0 (4.29)
0 0

4.3.2 Cylindrical and Plane Wave Fields

We now examine the hybrid formulation for the full scattered field, including reflected plane
waves, shadow forming plane waves, and surface waves. The shadow and reflected waves
are dependent on the characteristic angles associated with the shadow (8°) and reflected
(HR) boundaries. The surface wave contributions have a similar dependence on the complex
angles associated with the subsonic waves on the faces of the wedge.

We specify the outer solution to be of the form:

to ~ D(6)y/ frﬂeik("-fo) + B5(r,60,6%) + BR(r,0,0R) + d,oB(r,0,050) + dssBP(r, 0, 045)
(4.30)

w, ~ D(6) Cr‘leik(f—ro) + dsoB°(r,0,0.0) + dspB5(r,0,0,5) (4.31)

Both the B and B functions exactly satisfy the wave equation. Further, they are asymptot-
ically equivalent to functions found by boundary layer theory in Chapter 3. They contain
a smooth transition from plane wave to o(1) contributions across the boundary defined by
their characteristic angles. The B functions match the inhomogeneous part of the bound-
ary condition on the scatterer in equation (4.22). Knowing the incident field, we can then
solve for the reflection coefficients from that equation. The B functions, on the other hand,

satisfy the homogeneous form of the impedance boundary condition, thus determining 65
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and 6,3. The corresponding complex coefficients, d;o and d,g, are unknown. They represent
the amplitudes of the diffracted surface waves.
Substituting equations (4.30-4.31) into the weak form (4.24-4.25) once again yields a

hybrid formulation for 4* with arbitrary w':

An+ A=k (4.32)
Ay +An=F (4.33)
where we define:
Ay = / (Vo - Vi — wik?ul) dQ + / Zwhut dT (4.34)
Q Tim
8 . Y
A = —-/ tkroDw* do —/ (dso— +d 5,3 ar )w rodf (4.35)
0
oB° - i
Ay = — / ikroDu’ df — / (dro 5 + dsﬁ - B\ rods (4.36)
0
3 L 0
Agg = / (D + dsoB° + d,3B°)(ikD + d 088i +dyg—— aa ) rod@ (4.37)
0
R s
P = ‘93 aB (4.38)
0
/ (BR + BS)(ikD + dy a;s + dsﬁaa ) rodf (4.39)

This is the hybrid formulation for the field scattered from a blunted wedge with impedance
boundaries. Equations (4.32)-(4.39) define, in a weak form, the ‘asymptotically equivalent
boundary value problem’ for u* in Q.

For simplicity, we examine the problem in the limit of infinite impedance, or soft bound-

aries:

osﬂ i ﬁ
Z — oo. (4.40)

930—>0
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This effectively eliminates the B functions from equations (4.34)-(4.39). What remains is a
hybrid formulation for the scattered field which contains both cylindrical and plane wave
terms. With this formulation, as well as equations (4.28) and (4.29) for the diffracted field,
we now seek to introduce finite elements and the numerical implementation of the hybrid

method.
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Chapter 5

Hybrid Finite Element

Formulation




Figure 5.1: Example of the mesh used for radiation and scattering from a non-sharp soft

wedge

We now turn our attention to the problem of the imperfect wedge. In order to implement
our weak formulation, we express the inner and outer fields in terms of shape functions
with unknown amplitudes. We choose the inner domain shape functions such that the
corresponding unknowns represent the real and imaginary parts of the field.

We will implement our finite element formulation in two cases. In the first case, we shall
solve for 4 = up] — Usharp. Thus u® will contain only a cylindrical wave contribution. We
then compare the hybrid solution of this diffracted field to a reference calculation found by
means of an exact DtN map.

In the second case, we solve for the entire scattered field. To do so, we must first

represent the plane wave contributions in the shadow and reflected regions. We combine
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this with the previous representation of the diffracted field. We then compare this result to

an exact analytic representation of the scattered field.

5.1 Diffracted Field

In the asymptotic outer region, we express the radial dependence of the diffracted field
according to the GTD solution. The outgoing cylindrical waves are represented by expo-
nentials, normalized with respect to the artificial boundary. The inner field and the outer

angular dependence are modeled with simple piecewise linear shape functions.

5.1.1 FEM Formulation

Let N and D denote linear shape functions with local support. The field can then be

represented in the context of the finite element method [10] as:
Inner Solution:

= Y dyNi(r,9) (5.1)
A

= ZcﬁNﬁl(r, ) (5.2)
A

QOuter Solution:
W = nglpgl(a),/%"efk(r-’o) (5.3)
M

° = 3 3, D3(6) f}eik(f—ro) (5.4)
M

€
|

Here each sum is over the total number of elements in our mesh. Inserting equations (5.1-
5.4) into our weak formulation (4.24-4.25) and recognizing that the ¢’s are arbitrary yields

a matrix equation of the form:
Kd=f. (5.5)
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K denotes a stiffness matrix, d a vector of the unknown pressures or wave amplitudes, and
f aforce vector. In the case of the diffracted field with plane wave incident, the force vector
can be derived from the stiffness matrix, using the prescribed incident displacements.
Following this analysis, we seek an element representation of the stiffness matrix. In
an element domain which lies interior to I'r, the stiffness is governed by the Helmholtz

equation. The element stiffness for such an element is [10]:
K%p = / VN -VN§ — k*NYNE dQ (5.6)
Qe

To treat the boundary condition on I'g we introduce what will be referred to as a ‘hybrid
element.’ It has four nodes, two of which are shared with a Helmholtz element. The spatial
coordinates of the two pairs of nodes match, forming what appears to be a one-dimensional
element. It could be thought of as the connection between a quadrilateral element in Q¢
and an infinite element in °.

Recall that the shape functions N and D were both assumed to be linear. On the local,
element domain these functions look identical. Using this, we find the following hybrid

element stiffness matrix:

0 K
K¢ = (5.7)

K -K

where:
Kap = —/ Co NiN}, dT (5.8)
rs
Co = (ik - — (5.9)
0= 27‘0 )
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5.1.2 DtN Representation

The exact DtN method is very similar to the hybrid method in its approach to infinite
domain problems. Again, we introduce an artificial boundary, I'g, which divides the domain
into inner and outer regions. We theén solve the outer problem analytically and derive an
exact relation between the unknown function and its derivative. This relation is imposed
on I'p and is used as a boundary condition on the inner problem. This inner problem is
then solved numerically, typically by means of the finite element method.

In a simple case, the exact boundary condition has the form:
Uy, = —Mu on Tpg. (5.10)

Here u represents the unknown function and u,, is its normal derivative on the boundary.
The operator M is called the Dirichlet-to-Neumann (DtN) map.

The constraint on the problem in the outer domain is that it must be simple enough so
that the DtN map can be easily computed. This implies that a relatively simple boundary
is chosen, such as a circle or a sphere. We further assume that the outer domain is ‘regular.’

We seek a DtN map suitable for our diffracted field representation on I'r. We express

the function and its derivative as the following sums:

u(rg,0) = Y AnHV(kro) sin (v40) (5.11)
n=1
Ou = .
oo (10:0) = = :‘:‘1 kAn HIO (ko) sin (v,6). (5.12)

We then multiply equation (5.11) by sin (v,6) and integrate from 0 to 3. This results in
an expression for the unknowns:

2

B
Amz-——/ u(rg, 8) sin (v,,6) db 5.13
,BHS,I,,)(kTO) 0 (0 ) ( ) ( )
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We now substitute this expression into equation (5.12) and find the following representation:

H O (ko)

8
,BH,S,I,)(ICTO) sin (Vnﬁ)/o u(ro, 8) sin (v,6) df (5.14)

Mu(ro,8) =3k

This is our DtN map, valid on the artificial boundary r = 5. We employ the DtN boundary
condition in the variational formulation. The finite element formulation is then constructed
similar to that in the hybrid method. Because we use the same discretization, any error

due to mesh refinement is removed from the comparison.

5.1.3 Results

We have implemented the hybrid element and performed calculations for a wedge of angle
B = 7r /4. The interior domain 2’ was meshed with a minimum resolution of 10 elements
per wavelength (Figure 2.2). On the blunted tip, we define a(8) = ag = constant, where
kay = . We locate the artificial boundary, I'g, at k7¢ = 4w. The solution is forced by
the inner boundary condition (3.28), where the infinite sum for Ugharp [5] is truncated with
negligible error.

Our numerical interpolation is implemented twice: first we use the hybrid elements to
represent the radiation boundary condition, and then we compare these results to those
obtained using an exact DtN boundary condition [12]. Although error will occur due to the
finite element discretization of the interior problem, we expect this error to be identical in
both the hybrid element and DtN methods. Thus, any difference in the results highlights
inaccuracies in the hybrid formulation.

Here we consider a plane wave incident from # = 7w /6. At this incident angle, we

expect both a shadow and a reflected region to exist. Figure 5.2 shows the magnitude of
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the pressure on I'g for both the hybrid element and DtN methods. The first thing we notice
in comparing the two solutions is that they are hardly distinguishable from one another.
The same is true when comparing the phase, although this is not shown. From these results
we conclude that the hybrid and exact DtN representations compare favorably.

The shape of the curve (Figure 5.2) is another point of interest. We note that the tip
blunting does not significantly displace the shadow boundary from that formed by a sharp
wedge. Such a displacement would be signaled by two infinities in D(B) One infinity would
be associated with the new position of the shadow boundary. The other would be required
to cancel the shadow boundary solution in Ugharp-

To better interpret the shape of the previous curve, the magnitude of the pressure on
T'r is plotted for different incident angles (Figure 5.3). In addition, we use our original
numerical solution for 4, along with #gharp, to construct a total field representation (Figure
5.4). The repetition in the first plot reinforces our assumption that no shadow boundary
correction is present. The three ‘lobes’ represent interference between the diffracted and
reflected fields, which differ from the solution to the sharp wedge. This difference is small
when compared to the magnitude of the total field (Figure 5.4).

In examining the total field representation, given the original angle of incidence, we
observe all of the expected phenomena. The first is our soft boundary condition, which
requires the pressure to be zero on the wedge. We further observe sharp variations in the
field in the reflected region due to interference between the diffracted and reflected fields.
But most interesting are the smooth transitions across the shadow and reflected boundaries.
In particular, we notice very small pressures in the shadow region compared to those on the

other side of the shadow boundary.
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5.2 Scattered Field

A similar approach to the problem of the diffracted field is taken to examine the full scattered
field. Here we are solving for uy,) rather than % = up) — ¥sharp. Thus we must represent the
shadow and reflected plane waves. We insert the trial solutions into the weak formulation
in order to obtain element level representations for the stiffness matrix and force vector.
But first we need to obtain a representation for the plane wave shape functions in the outer

domain.

5.2.1 Plane Wave Contributions

To find a specific representation for the reflected and shadow forming fields, we consider

the following exact solution of the Helmholtz equation [5]:

ps = —-;—eik"w{—ei”/4v2krsin %(d)—gbi)} (5.15)
w{z} = e e~Hdt; = e erfe(—iz) (5.16)

ﬁ —iz

In the above expression there exists a transition from plane wave to smaller order contri-
butions in a small region about ¢ = ¢'. The plane wave terms exist when z in (5.16) is
negative.

For the wedge, we use the above solutions to create a representation which combines a
shadow forming field in the region 0 < 6 < 6% with a reflected field in the region 6% < 8 < g,
where R = 28 — 27 — 65. Here § still represents the exterior angle of the wedge. By
recognizing the behavior of the error function in (5.16), we can express the shadow and

reflected fields as the following:
BS(r,0) = _%eikrw{ef“/‘*zs} (5.17)
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BR(r,0) = —%eikrw{ei”/“zr} (5.18)

zs = V2krsin —;—(9 - 6%) (5.19)
z, = V2krsin —;—(HR — ) (5.20)

The plane wave and cylindrical wave components are more readily apparent when examining

the asymptotic approximation of equation (5.16) [6]:

t 1 K I -(2m-1) 3T
7.L)(z)~ﬁ[;-}-mz=1 S AT ] z-—+oo,|argz|<-4— (5.21)

Equation (5.21) is valid when z;, 2, > 1, i.e.:
| Vkr sin %(0—95) , Vkrsin %(O—GR) [> 1. (5.22)

In the region where (5.22) holds, we insert (5.21) into (5.17) to find the following:

. ikr
BS(r,0) = —eikrcos(6°-0) 4 A(e)fﬁ +O((kr)™3%) <65 (5.23)
ikr
BS(r,0) = A(O)f/ﬁ +O((kr)™%) 65 <0 (5.24)
ir/4
A(6,65) = ° (5.25)

V8rsin 1(65 - 6)
In the limit as # approaches 6%, the amplitude A of the cylindrical wave is singular to ensure
that BY is smooth across the boundary. Further, BS has outgoing behavior in the limit as
r — 00. A similar expression can be found for BE, with the plane wave term existing in the

reflected region. On the boundary of the wedge, they asymptotically satisfy the conditions:
BS ~ —uy on 8 =0,7 > a(f) (5.26)

BR ~ e on 8=8, 7> a(f) (5.27)
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In order to implement these functions in our weak formulation, we will also need to

represent their radial derivatives. Making use of the r-dependence in z we find that:
0B Lz . 1 .
0 = ikB ikr : ir/4 ~ir/4 )
5 (r,8) = ikB+e 5y (izw{e™ %z} + ﬁe ) (5.28)

Now that we can represent the plane wave contributions, we turn our attention back to

the finite element formulation.

5.2.2 FEM Formulation

We define our inner numerical solution in the same way as in the diffracted field case. The

outer solution is then defined as:
w = d5B5(r,0) + d®BR(r,0) + 3 di &\/ffeik“-"o) (5.29)
M

W = % & N/ ’;—Oe"k(r—m) (5.30)

The weighting function only contains the cylindrical wave shape function because we are
taking d5 and dF to be known. This is necessary for u° to satisfy the essential boundary
conditions (5.26-5.27) on I'},,. We determine the values of these displacements by making
use of our knowledge of the magnitude of the incident field and the boundary condition on
the wedge. In our case of scattering from a soft wedge, we have d¥ = dF = 1.

Inserting this outer solution into the weak formulation results in an identical stiffness
matrix as in the diffracted field case. Additional terms appear in the force vector. We

can then express the governing equation for the hybrid degrees of freedom in the following
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complex matrix notation:

0 0 K3 K dy f
0 0 Kz Koy dy fa
- (5.31)
K3 K3 —Kzz —Kzy d3 f
| Ky Kao —Kyz Ky | | dy | i fa ]

Here the d’s are the complex unknowns. Recalling the definition Cy = ik — 1/2rg allows us

to write the stiffness and force contributions as:

Kap = - /F CoN4Ng dT (5.32)
R
0B oBR
fa = [ G+ TgrNadr (5.33)
fa = [ Co(BS+BR)N,ar (5.34)
It

In order to have some way of validating our numerical results, we seek an exact analytic
solution for the field scattered from a blunted wedge. The derivation of this solution can be
found in Appendix B. With this exact representation as a benchmark, we wish to examine

the hybrid scattered field solution.

5.2.3 Results

We compare the hybrid solution to a nodally exact, analytic solution on krg = 4r. We
implement the hybrid method using the same physical parameters as in the diffracted field

case. Figure 5.5 contains the real and imaginary components of these two solutions on the
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artificial boundary. We first observe that the essential boundary conditions are satisfied on
the faces of the wedge. We then note that the magnitude of the field is noticeably larger
in the reflected region. We attribute this to the positive interference between the diffracted
and reflected components of the field.

We further observe the hybrid solution to be extremely accurate everywhere on I'r. The
regions near the shadow and reflected boundaries tend to produce the most error. However,
even the error in these regions decreases as we adjust the size and refinement of our mesh.

To study the interior, we compute the scattered field for a fixed angle, along the shadow
and reflected boundaries (Figure 5.6). In doing so, we observe an extremely favorable corre-
lation between the hybrid and the exact solutions. We further notice that the magnitude on
the shadow boundary remains approximately constant, while the magnitude on the reflected
boundary appears to fluctuate. This could be attributed to a number of things, including
interference in the reflected region or spatial decay.

We now seek to compare the hybrid solution on the artificial boundary for both the

inner and outer fields. Recall that our outer solution is of the form (5.29):
u® = @°(r,0)+ BE(r,0,0%) + BS(r,0,6°%) (5.35)
@ = D() f}eik(f-fo) (5.36)
In order for the field to be continuous across I'g, we require:
u'(r9,0) = D(8) + BR(ro,8,0%) + B3(r0,0,6%) (5.37)

We indeed observe an excellent correlation between the two solutions (Figure 5.7), indicating

that the boundary condition on I'p has been enforced correctly.
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Next, we wish to examine the cylindrical wave components of the scattered field. We
begin by expressing the asymptotic expansion of the B functions as in Section 5.2.1:

ikr
e - /
= +O((r) ) (539)

B(r,0,0,) ~ —ekreos(0=0)qy(9 _ 9.) + A(6,9.)

AS(9,6° il 5.39
(6,0%) = V8 sin (6 — 65)/2 (5:39)
ir/4
AR(9, %) = ° 5.40
(6,67) /8 sin (6 — 6R)/2 (5.40)
We combine equations (5.39-5.40) with equation (5.36) to produce:
D(6) = D(8) + A5(8,6°) + AR(8,6%) (5.41)

We call the quantity D(€) in (5.41) the directivity. We plot the real and imaginary compo-
nents of D(f) in figure 5.8 and the magnitude as a function of 6 in figure 5.9. We observe
its singular nature at the critical angles, 8° and #%. The existence of the step in equation
(5.38) causes these singularities to arise. They allow for a ‘smoothing’ of the solution across
the shadow and reflected boundaries.

These results were all computed for large kro and a well refined mesh. We assume
that the size of the artificial boundary and refinement of the mesh result in the largest
contributions to the error. We now seek to examine the effect of altering the FEM mesh

and compute an asymptotic estimate for the total error.
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Figure 5.5: Real(+) and imaginary(o) parts of the hybrid solution compared to a nodally

exact solution(- -) on I'g.
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Figure 5.9: Magnitude of the directivity as a function of 6, truncated at the node values

adjacent to #° and 6%.
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Chapter 6

Error Analysis



In order for a numerical or analytical method to be reliable, we must characterize and un-
derstand the sources of error. In this chapter we consider error arising from both numerical
dispersion and our asyﬁptotic boundary condition. We express the error in the hybrid
method as the sum of the error due to patching the inner and outer solutions and the error

due to dispersion in the finite element mesh:
E = E,+ Eq. (6.1)

Minimizing the overall error associated with the location of the artificial boundary I'p

results in guidelines for choosing the value of krg.

6.1 Dispersion Error

We assume that numerical dispersion of cylindrical waves is qualitatively similar to that of
plane waves. In an analysis of the dispersion, we begin by representing an exact solution u

and an approximate FEM solution u” as the following:

u=HM(kr) (6.2)
uh = Hﬁi)(khr) (6.3)

Here k" is the approximate wavenumber associated with the FEM solution. The parameter
h defines the relative discretization of the mesh. We define a non-dimensional parameter
as the product k*h. For plane waves in a regular mesh of piecewise linear shape functions,

k™h is given by [13]:

(kn)?
24

khh ~ kb -

< kh (6.4)
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Equation (6.4) implies that the approximate solution propagates in the radial direction with

a characteristic wavelength such that:
A > (6.5)

We compute the scattered field along a line of constant § (Figures 6.1 and 6.2). It is
apparent from the output that equation (6.5) is satisfied. We further observe that | A — A% |
decreases as we decrease kh.

Inserting equation (6.4) into equation (6.3), we find:

2
uh ~ HV(kr) - H,S,?'(kr)%’%kr kh < 1. (6.6)

From this we can express an asymptotic approximation for the FEM error as the following:
Eq=|u—u" |~ Ci(kh)2kr  kh—0 (6.7)

As we would expect, this pointwise error depends on the propagation distance as well as the
mesh refinement. In Figure 6.3, we compare the hybrid and exact solutions on the artificial
boundary. Holding k¢ fixed, we double the value of kh. What results is an increase in the

error in agreement with equation (6.7).

6.2 Patching Error

In chapter 3, we found an asymptotic approximation of the error due to patching of the

form:

C
Ep ~ E—’I-‘_(; a=1. (68)
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We now consider holding kh fixed and observe the effects of varying krg. Combining equa-

tions (6.8) and (6.7) yields an expression for the total error on I'p:

E |pp~ Cy(kR)2kro + 7:1;1 kro — 00, kb — 0. (6.9)
0

We verify an asymptotic error estimate in our numerical solution as follows. We choose kh

small enough so that:
2 Ca
Cl(kho) kro € 76;‘— kro > 1 (610)
0
Then we compare the hybrid and exact solutions at this fixed khg for five different values
of krg. The cases for the largest and smallest krq are plotted in Figure 6.4. We further plot

the maximum error for each krg versus (krg)~!. As equation (6.9) predicts, the relation

between the error and (1/kro) appears fairly linear (Figure 6.5).

6.3 Optimal Location of the Artificial Boundary

In order to find an optimal approximate solution, we seek to minimize the error with respect

to krg while holding kh fixed. In doing so, we are left with the relation:

% lkn= C1(kh)? — (k€§)2 = 0. (6.11)

Solving for krg yields

c
kro= 1 (6.12)

which is equivalent to what results in balancing E, with E;. Thus, for optimal convergence
to the exact solution, using piecewise linear shape functions and for kh — 0, krg must tend

to infinity as 1/kh.
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Figure 6.1: Real(+) and imaginary(o) parts of the hybrid scattered field compared to a

nodally exact solution on the shadow boundary. kh = kh; in the lower plot, kh = 2kh; in

the upper.
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Figure 6.2: Real(+) and imaginary(o) parts of the hybrid scattered field compared to a

nodally exact solution on the reflected boundary. kh = kh; in the lower plot, kh = 2kh; in

the upper.
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Figure 6.3: Real(- -) and imaginary(-.-) parts of the hybrid scattered field compared to a

nodally exact solution on I'p. kh = khy in the lower plot, kh = 2kh; in the upper.
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Chapter 7

Conclusions
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Short wavelength asymptotics and the finite element method are two fundamentally different
approaches which are successfully combined in the hybrid method. What results from this
union of analytic and numerical methods is a highly efficient and extremely accurate tool
for solving complicated scattering problems.

The success of the hybrid approach relies on the accuracy of the method of patching
the inner numerical solution to the outer asymptotic approximation. It is this boundary
condition which allows us to replace an infinite domain problem with a finite domain one
which is readily discretized.

In the MAE method, an outer solution was matched exactly to an inner solution in
an asymptotic overlap domain. Patching, on the other 'ha)nd, does not yield a similar
guarantee of convérgence. However, our analytic error analysis clearly shows an asymptotic
equivalence between the methods of matching and patching, provided we always patch in
the overlap domain.

Our numerical solutions of the scattered field reinforce this analytic argument. We also
observe that the error in the hybrid method is dependent on both the discretization of
the mesh as well as the propagation distance from the scatterer. Thus, by adjusting the
size of the artificial boundary and mesh refinement, we obtain a hybrid solution nearly
identical to an exact analytic solution. For any fixed discretization, we are then able to find
a corresponding optimal location for the artificial boundary.

In patching the inner and outer solutions, we assume some knowledge of the outer field.
This representation of the field typically contains the form of the solution Wif;h unknown
coefficients. We can choose a particular component of the solution, however, to be par-

tially prescribed without altering the overall solution. This was observed in our analysis of
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the directivity of the outgoing scattered field, which consisted of both computed (D) and
prescribed (BE, BS) data.

We compare the hybrid solution to reference calculations in two separate cases. In
one case, we have a nodally exact analytic solution where the error in the comparison
represents both the asymptotic error inherent in the method as well as the error due to
discretization. The DtN map, on the other hand, provides an exact representation of the
boundary condition. Using the same discretization in both the DtN and hybrid methods
then eliminates the error due to mesh refinement from the comparison. In both cases, the
results from the hybrid method were nearly identical to the bench-mark calculations.

Although the DtN method provides an exact representation for this problem, we expect
the hybrid method to be better suited to accommodate interactions between diffraction
regions. Looking forward, we seek to model these interactions. To do so, we discretize each
inner domain separately as before. The outer field, however, must represent the combined
problems. This effectively couples the different inner problems, requiring that they be solved
simultaneously.

We further seek to introduce ‘impedance’ elements on the surface of the scatterer. These
local, one-dimensional elements are used to satisfy the homogeneous form of the impedance
boundary condition. We implement these elements without introducing any additional
degrees of freedom on the boundary of the object, although there are unknowns which are
introduced on the artificial boundary. These unknowns represent the amplitudes of the

diffracted surface waves.
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Appendix A

Boundary Conditions and Surface

Waves
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Two of the most interesting aspects of a complicated scattering problem can be observed
in edge effects and along fluid-solid interfaces. We model scattering from edges by means
of the Geometrical Theory of Diffraction. To understand the interactions on the interface,
we first examine a simple problem containing elastic boundaries. We will then examine a
similar problem with a less complicated boundary condition which produces some of the

same wave phenomena.

A.1 Fluid Loaded Elastic Plate

Here we discuss the vibration of an elastic plate in contact with a fluid. [16] These vibrations
cause unsteady pressures in the fluid which in turn exert a surface loading on the plate.
This loading is in addition to that which is caused by mechanical excitation or boundary
layers.

We seek a solution for the fluid acoustic field above a thin elastic plate driven by a time
harmonic line force. We examine the problem in the wavenumber domain and then obtain
a space domain description of the field by approximating the Fourier transform. Even this
simple model problem involves competition between several distinct physical attributes,
causing the acoustic near field to have a very complicated structure.

In the limit as kr — oo, however, the main contribution to the field can be obtained
by the method of stationary phase (see Appendix C). Features of the directivity of this
asymptotic solution can then be attributed to specific wave phenomena on the fluid-elastic
interface. Although this method ignores certain phenomena exclusive to the near field, we

seek to find a representation of the field in the asymptotic outer region.
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Figure A.1: Elastic plate excited by a time-harmonic line source
A.1.1 Formulation

We imagine a thin elastic plate with specific mass m and bending stiffness D, lying in
the y = 0 plane. Above the plate is a fluid of density py and sound speed cg, while the
region below is taken to be a vacuum. We excite the plate with a time harmonic line
—twt

force Fpe along the z-axis, generating two-dimensional fluid motion in the xy-plane and

one-dimensional motion along the plate.
In terms of a time harmonic acoustic pressure, the field in the fluid is governed by the
reduced wave equation
92

32
(5;2'“1' a—ngrkg)P(i‘,?/) =0 (A.1)

where ko = w/cp. This field must satisfy a radiation condition at r = oo as well as the

boundary conditions associated with the plate [15]:

1 op - o (2
= 5(2,0) = 5y(e) (4.2)

4

(0 mt)2E — Rio(a) - pz,0) (A.3)
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Here v, denotes the velocity of the plate in the y direction. The first term in the parenthesis
of equation (A.3) is the biharmonic while the second term represents the acceleration of the
plate. The terms on the right represent the line forcing and pressure exerted by the fluid.

For convenience, we introduce a constant with units of wavenumber:

1= po/m (A4)
and non-dimensionalize our pressure field such that:

p=—. (A.5)

From here on we shall ignore the "notation. It is then convenient to examine these equations

in the wavenumber domain, so we now define a Fourier transform:

- 1 *° —ikzx
phy) = 5= /_ p(z,y) e *%dz. (A.6)
The solution of the transformed Helmholtz equation can then be written in the form:

plk,y) = p(k,0)e'Fs? (A7)

ky = k¥ —k? |k|< ko supersonic

ky= i\/k?—k% |k|>ko subsonic

This choice of sign on the square roots is determined in accordance with the radiation

(A.8)

condition, such that the supersonic waves propagate while the subsonic waves decay up into
the fluid. If we were to ignore fluid loading but imagine wave-like behavior having been

established on the plate, then there would be an associated spatial frequency from (A.3):

k, = (mw?/ D)4, (A.9)
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Substituting (A.7) into the boundary conditions (A.2)-(A.3) yields:

4 1

Pk, 0) = o R = Ry, 4 k-

(A.10)

By the inverse Fourier transform (A.6), the acoustic pressure in the space domain can be

expressed as:

kY oo tkx itkyy
p/ e et vdk (A.11)

p(z,y) = 27 J oo (k* = k2)iky + pk?

A.1.2 Surface Wave Contributions

To examine this integral, we first allow the wavenumber to be complex, such ‘that equation
(A.11) becomes a contour integral in the complex k-plane. The contour is initially taken
to be along the real axis. We then allow the natural wavenumber in the fluid, ko, to have
a small positive imaginary part. The effect of this is to push any poles off of the real axis,
below for negative values and above for positive values. This ensures that singularities
initially on the real axis correspond to outgoing waves.

The main items of interest in the evaluation of the integral (A.11) are the poles, the
choice of branch cuts, and the stationary point. The poles are simple zeros of the denom-
inator of the integral. Each corresponds to a different surface wave phenomenon. For this
problem, we find poles to be located as pictured in Figure A.2 [17]. The surface waves cor-
responding to k = %k, propagate along the fluid-solid interface with a phase speed ¢s < co.
Although they propagate in the z-direction, the subsonic waves decay away from the plate.
Therefore, these waves can be observed only in the region near y = 0.

The poles which do not lie on the real axis in figure A.2 correspond to surface waves that

propagate above the natural speed in the fluid. The behavior of these two sets of supersonic
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Figure A.2: Poles, branch cuts, and the stationary point

waves are essentially the same. The surface wave decays as it propagates in the z-direction,
shedding energy into the fluid at some critical angle 6.. Along a line of constant z, we then
observe an exponential growth in the field in the y-direction. This seemingly non-physical
result is justified by recognizing that a line taken at the critical angle, originating at the
source, serves as a cut-off for the wave shed into the fluid.

The main difference between the leaky (k = +k;) and evanescent (k = +k.) supersonic
waves is evident in the limit of small fluid loading (1 = 0). In this limit, S{k;} — 0 while
$t{k.} — 0. The evanescent wave therefore decays rapidly and is observed only in the very
near field. Although the leaky wave also decays, the rate is much slower and it has a greater
effect on the far field.

We introduce branch cuts that extend from the branch points of equation (A.8) to
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infinity in the complex plane [16]. The choice of branch cuts is important, as it effects how
the poles contribute in the mathematical analysis. Regardless of the choice of branch cuts,
however, we shall not ignore any of the pole contributions discussed.

The stationary point represents the dominant contribution to the acoustic far field.

Examining the integral (A.11) in this limit:
p = / F(R)eRm B dE kor — 0o (A.12)
C

where ¢(k) is the phase. We seek a particular value of k = k such that d¢/0k(k) = 0. This
is called a stationary point (see Appendix C). The method of stationary phase yields the

following;:

p(r,0) ~ f(k) e"k°rq(’_“)\/27r/korq”(1?:) eim/4 (A.13)

In this particular problem, we find k = ko cos 8. Thus, the dominant contribution to p(r, )
is dependent on the observation angle. We further observe from equation (A.8) that this
contribution is restricted to the supersonic domain.

For convenience, we introduce two more constants
M= ko/kp a = y,/ko. (A.14)

Here, o is a fluid-loading parameter and M is called a phase Mach number. Combining
equations (A.11)-(A.13) allows us to express the pressure field as:

(r,6) eir/4 sin 8 etkor
P V2r (1= Micos 0)sin 0 + ia vkar

(A.15)

We now wish to use this expression to examine the power radiated to the outer region.

In the frequency domain, we calculate the acoustic intensity in the radial direction as [14]:

I(r,0) = 2%’%. (A.16)
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Integrating this intensity over an arc of constant radius, we express the radiated power as:

1 1/7r sin? ¢
~ powdn Jo (1 - M4cost8)?sin?6 + o2

do (A.17)

We imagine the driving frequency to be larger than some critical frequency, w, = /mc3/D,
such that M > 1. This frequency is not necessarily large, depending on the material
properties in the problem. We further assume that @ € 1 which, for a typical problem of
a steel plate submerged in water, is a fair assumption. The main contribution to the power

integral can then be attributed to a critical angle, 8., where
cosf, = 1/M. (A.18)

We examine the integral (A.17) in the region near the critical angle, such that 6 = 6, + af’.

The integral then becomes:

1 1 1 sin? @
~ — = deo A.19
pow 4w / o 16(M6")2sin* 6, + 1 ( )

From this we observe that I = O(a™!) for ||§ — 6;|| = O(a) and that Il = O(1) other-
wise. The significance of this is that the plate motion is equivalent to a large projector or
antenna, resulting in beams at the critical angles. The surface response is dominated by
the contribution from a leaky wave, whose imaginary part is proportional to a. The wave
contribution is bounded by a line emanating from the source slightly below the critical angle
and decays with respect to z as the surface wave loses energy. What results is a beam which
eventually diffracts into a highly directive cylindrical wave.

Our expressions for the pressure (A.15) and radiated power (A.19) are not valid for all
values of the fluid loading parameter, «, and observation angle, 8. This is most apparent

when examining the field near the surface. When 6 = 0, the integral for the pressure (A.11)
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does not contain a stationary point. Therefore, the method of stationary phase does not

apply. What results is the following nonuniform limit:
%1_1% clxlinop(r, 6,a)# 01(1310 ;%p(r, 6,a) (A.20)

In the limit § = 0, we can wrap the contour of the integral (A.11) around the vertical
branch cut at k = kg. In doing so, we pick up contributions from the poles at k = k., k = k;
and k = ks. From [17], we know that the branch cut integral is O((kz)~3/2). Further,
pole contributions from all the poles except & = k; decay exponentially with respect to
kz. Thus, the dominant contribution observed in this region is the subsonic surface wave;
i.e., the residue from k = k;. This contribution does not present itself in equation (A.11),
however, since that approximation is not valid at 6 = 0.

Because surface wave phenomena are not unique to fluid-elastic interfaces, we seek to
replace the elastic boundary condition with a less complicated one. We now consider surface

wave phenomena on an impedance boundary.

A.2 Impedance Boundary Condition

We assume a fluid in the region y > 0, bounded by an impedance boundary. The governing

equation for the total field in the fluid can be expressed as:

9? 9?
%l%t- + 79% + kZut =0 (A21)

Ut = Upne + U (A.22)
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We define the impedance as a complex parameter, Z, and represent the boundary condition
in the following way:
8ut

5; +koZu; =0 ony=290 (A.23)

We wish to consider free modes that will propagate on the boundary. We assume a

solution for these modes to be of the form:
u = etko(oz+uy) (A.24)
Inserting this solution (A.24) into the governing equation (A.21) yields:
ol +put=1 (A.25)
Imposing the boundary condition (A.23) on the solution yields:
V1427 2=k 7y (A.26)

u=e

We now explore different options for the value of Z in expression (A.26). Choosing Z > 0
to be purely real results in a wave which propagates in the z-direction while exponentially

decaying in the y-direction. The surface wave on the plate has an associated wavenumber:
I ks | = koV1+22 > kg (A27)

This corresponds to a subsonic wave such that ¢; < ¢g. It is observed only for the region
where y < 1/koZ.

Next, we examine a complex value for the impedance:

Z=-a-1tn a<gn<l (A.28)




Here, both « and 75 are positive, real numbers. In order for the solution (A.24) to satisfy

the boundary condition, we require:

o=1/1-n?1+ (1i_0”7772)] (A.29)

H=n- Xo (A30)

This choice of Z yields a leaky wave solution. The wavenumber along the boundary can be

determined as:

[kt = koy/1—n%+o2n?/(1-n?) < ko (A.31)

Thus, the wave propagates along the boundary at a speed faster than the natural velocity
in the fluid. The exponential decay in the z-direction can be attributed to energy which is
shed into the fluid at the critical angle, ;. As before, the amplitude of the wave in the fluid
grows in the y-direction. However, it is again bounded by a line emanating at an angle 6,

from the point of excitation.

A.3 Summary

In comparing an elastic boundary condition with an impedance boundary, we observe that
certain surface wave phenomena are common to both. We further observe that the analysis
of even a simple problem involving elastic boundaries can be extremely complicated. By
choosing an appropriate value for the impedance Z, we replace the elastic boundary with a
less complicated boundary condition which exhibits some of the same wave phenomena.
In our analysis of scattering by a hybrid method, we seek to represent aspects of the

field such as diffraction and surface waves while keeping our canonical problem as simple
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as possible. Thus, we require the surfaces of our truncated wedge to have an impedance
boundary condition and seek to model the resulting diffracted surface waves of the scattered

field.
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Appendix B

Exact Analytical Representation
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In order to compare the results obtained using the hybrid method, we seek an exact analytic
representation for the field scattered by a blunted wedge. We begin by examining the
solution to the problem of the sharp wedge. One solution that is readily available [5]
represents a line source at (7o, 0;inc), incident on a sharp wedge with soft boundaries. We

express the incident and resulting total field as:

1.
ui = =i (kl|x = o)) (B.1)

g = % S HD (kro)d,,, (kr) sin (va8) sin (vn6inc) (B.2)

n=1

where H is the Hankel function, J,,, is the Bessel function, and v, = nr/p.
Since we wish to model an incident plane wave, we now examine the source term (B.1).

We note that the first term in the asymptotic expansion of the Hankel function is as follows:

2 . . ‘l.kTo
HD(kr,) ~ \/;e—wwﬂ-m/‘*———e = kro— oo, (B-3)
[¢]

We then modify the amplitude of the incident field to be dependent on the distance from

the scatterer and expand the argument of the Hankel function in the limit as this distance

tends to infinity:
wi = (y/mhro/2 e #rotin/4y gD (k|1x — xol|) (B.4)
El|x — xo|| ~ kro —krcos(0 — 0inc) kro — 0. (B.5)

In this limit, we combine equations (B.3)-(B.5) with (B.1)-(B.2) to form a new expression

for the total field:

Ujne = e—ik’r cos (0—0inc) (B6)
w .
Usharp = (47/8) Z e"“’““/z.],,"(kr) sin (v 0inc) sin (v,0). (B.7)
n=1
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This is the solution #gharp for scattering from a sharp wedge with plane wave incident. The
problem of interest, however, is that of scattering from a blunted wedge uy). We now wish
to find a representation for the difference up; — Usharp Which can be added to the solution
of the sharp wedge.

In both problems, the total field can be expressed as the sum of an incident and a

scattered field:

Usharp = Uinc T Usct
(B.8)
Upl = Upnc t+ U
For convenience, we introduce
U = up — Usharp (Bg)
where
—Ugharp ONT =@
4= (B.10)
outgoing as r — oo
Because of the outgoing nature of 4, we can represent it in the following form:
o0
@ = Y AgHD(kr)sin(va8) (B.11)

n=1
Satisfying the boundary condition in (B.10) results in an expression for the unknown con-

stants:

A, = —(4n/B)e” "2 sin (v,0inc )., (ka)/ HD(ka). (B.12)

Having solved for these constants, we combine the expressions for % (B.11) and sharp (B.7).
This results in the following series representation for the total field in the blunted wedge
problem:

upi(r, 0) = (47 /6) i e~ WnT/2 01 gin (Vnbinc) sin (v,0) (B.13)

n=1
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where

Mn = Jy(kr) = [ o, (ka)/H{)(ka) ] HS (kr) (B.14)

In comparing (B.13) to the hybrid solution, we subtract out the incident field and evaluate
the resulting scattered field nodally. This solution is then interpolated linearly between
the nodes, consistent with our FEM representation. Thus, we are comparing the hybrid

scattered field solution to a nodally exact analytic solution.

7




| Appendix C

Stationary Phase




A useful tool for evaluating certain integrals is the method of stationary phase. Here we
discuss a general integral representation which was motivated by the complicated transform

integral in Appendix B. We first assume that this integral has the following form:
b .
I(k) = / f(@)e*4E@ g (C.1)

Here, k is a large parameter and the amplitude function f(z) varies slowly compared to
the exponential function. For convenience, we choose the phase ¢(z) in this discussion to
have a single stationary point at the value z = z¢. We further require this to be a local
minimum, such that ¢”(z¢) > 0. These restrictions are for simplicity, and one can easily
account for several stationary points of different type.

Due to the magnitude of k, the exponential is a highly oscillatory function for all values

of z except those very close to zp. Because of this, we make the following approximation:
oo .
I(k) ~ / F(z0)e*@)dz (C.2)
—00

Since the main contribution to the integral comes from values near z = zp, we can integrate
over all space without losing much accuracy. Expanding ¢(z) around the stationary point

yields:

8(z) = 9(z0) + 56"(a0)(x — 20)* + .. (C.3)

We then insert equation (C.3) into (C.2), resulting in the following approximation:

I(k) ~ f(z0)e™#e) | " ek eo)(e=m0) gy (C.4)

For convenience, we introduce a new variable:

€= ,/—ik%w(mo) (& — 7o) (C.5)
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—ikd"(zo)dz

df = ———=——. (C.6)
2,/ —iki¢"(x0)
Expressing (C.4) in terms of this new variable yields:
. i2y/—ik1¢"(zg) foo
I(k) ~ f(zo)e*¢(=0) 2 / e¢d C.7
(k) ~ f(z0) el R (c)
We define the integral component in (C.7) as:
J= /°° e dz (C.8)
0

Further examination of this function (C.8) yields a solution to the integral in closed form:

JZ:/E/ e rdrdf = = (C.9)
o Jo 4

Combining equation (C.9) with (C.7) yields a final asymptotic representation of the integral

using the method of stationary phase:

N ik(zo) 2T /4
I(k) ~ f(zo)e 79 (o) e (C.10)

We consider a final question regarding the sign on the square root in equation (C.5).
This is resolved by examining the contour in z. With ¢” positive, the change from z
to £ deforms the contour from the real axis so that it is rotated forty-five degrees in the
counter-clockwise direction about the point z = zo.

If the sign on the square root is positive, the contour extends in the direction of increasing
z. If the sign on the square root is negative, the opposite is true. In the first case, we can
connect the deformed contour with the original through the first and third quadrants. At
infinity, the first and third quadrants produce a negative real part in the exponential (C.7)
such that the contributiéns to the integral are negligible. In the other case, however, the
contributions at infinity are large. Therefore, we choose the positive sign on the square root

in our change of variables.
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SUMMARY

We develop formulations for finite element computation of exterior acoustics problems. A prominent feature
of the formulations is the lack of integration over the unbounded domain, simplifying the task of discretization
and potentially leading to numerous additional benefits. These formulations provide a suitable basis for hybrid
asymptotic-numerical methods in scattering, non-reflecting boundary conditions and infinite elements. © 1997
by John Wiley & Sons, Ltd.

KEY WORDS: finite element methods; unbounded domains; acoustics; Lagrange multipliers; absorbing boundary condi-
tions; infinite elements

1. INTRODUCTION

Finite element methods are the numerical technique of choice for numerous classes of boundary-
value problems. In order to use domain-based discretization in a problem with an infinite domain,
a finite computational domain is formed by introducing an artificial boundary. The ‘far-field’
behaviour is then represented either by boundary conditions specified on the artificial bound-
ary, or by interpolation assumed in the complement of the computational domain.! The for-
mer approach is associated with non-reflecting boundary conditions (see, e.g. Reference 1 and
pp- 95-116 of Reference 2) and in particular the DtN (Dirichlet-to-Neumann) method, which was
conceived as a general procedure for exterior boundary-value problems by Givoli and Keller® and is
related to earlier work in acoustics.“3 The latter approach is termed infinite elements.5~% A third
approach currently being explored by the authors is called a ‘hybrid asymptotic-numerical method’
in that it utilizes analytical asymptotic approximations of the field to formulate approximate DIN
conditions. '

Global DtN boundary conditions can be very accurate, but all of the degrees of freedom on the
artificial boundary are coupled, potentially increasing the cost of computation. In contrast, infinite

* This research was performed in part while the author was visiting the Department of Aerospace & Mechanical Engineering,
Boston University
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elements retain the element-based data structure of finite elements. This preserves the bandedness
of the discrete equations, but typically at the cost of including extra unknowns in the formulation
arising from discretization of the unbounded domain. The hybrid method will be described more
fully in a future contribution.

In what follows, we introduce a framework for finite element computation in an unbounded
domain which has applications to the hybrid approach, the DtN method and to infinite elements.
We describe the basic ideas in the context of the Helmholtz equation governing time-harmonic
acoustic radiation and scattering. This framework may also be employed as a basis for finite element
solution of exterior problems in other fields such as steady heat conduction and elastostatics, as
well as elastic and electromagnetic waves.

We arrive at our formulation as follows: We first introduce an artificial boundary which partitions
the domain into sub-domains. The variational form of the problem depends explicitly on the par-
tition, regardless of discretization, as in hybrid finite element methods, e.g. p. 24 of Reference 11
(to be distinguished from the hybrid asymptotic-numerical approach discussed herein). We enforce
continuity at the interface between the sub-domains weakly via Lagrange multipliers. The con-
cept of finite element methods with Lagrange multipliers enforcing boundary constraints is well
known,'? with application to contact and interaction problems, as well as analyses combining dif-
ferent types of elements'® and independently modelled sub-domains.! !5 Least-squares stabilization
permits arbitrary choice of finite element interpolations.!®!” We solve for the Lagrange multiplier
exactly and thus remove it from the formulation, in a manner similar to Nitsche’s method.'® Inte-
gration by parts further simplifies the formulation by removing all integrations over the unbounded
domain. This results in a formulation which is exact, is free of any constraint degrees of freedom,
and can be used to recover many well-known formulations developed previously.

A similar procedure of removing the Lagrange multiplier was described in the context of elastic-
ity problems by Key.!? Key’s formulation, sometimes referred to as a ‘Simplified Variational Prin-
ciple,” was explored with mixed results by Mang, Gallagher and Haugeneder in various studies.?®23
Our formulation differs significantly from Key’s, however, in at least two respects. First, we inte-
grate by parts in the unbounded domain and therefore require our basis functions there to exactly
satisfy the differential equation. Further, and perhaps more importantly, we choose our outer domain
so that the problem is homogeneous there. The analytical and numerical results presented below
show that our procedure can lead to an effective and accurate numerical method.

The boundary-value problem related to acoustic radiation and scattering governed by the
Helmholtz equation is described in Section 2. We present the details of the derivation of our
formulation in Section 3 and follow that discussion with examples in Section 4.

2. EXTERIOR BOUNDARY-VALUE PROBLEM OF ACOUSTICS

Let #CR? be an unbounded region, where d is the number of space dimensions. The boundary
of #, denoted by I, is internal and assumed piecewise smooth (Figure 1). The outward unit
vector normal to ' is denoted by n. We assume that ' admits the partition I = Iy UT,, where
r g N Ty=0.

We consider a boundary-value problem related to acoustic radiation and scattering governed by
the Helmholtz equation: find u: 2 — C, the spatial component of the acoustic pressure or velocity
potential, such that

—Pu=f inR 1
u=g onl, (2)

Int. J. Numer. Meth. Engng., 40, 2791-2805 (1997) © 1997 by John Wiley & Sons, Ltd.
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Figure 1. An unbounded region with an internal boundary

du/dn =ikh on T} 3)

o d-nz [Ou . _
Jlim 7 y (5 —lku) =0 4)
Here Lu := Au+k%u is the Helmholtz operator, A is the Laplace operator and k € C is the wave
number, du/dn := Vu - n is the normal derivative and V is the gradient operator; i = v/=1 is the
imaginary unit; r is the distance from the origin; and f: # — C, ¢:T'y = C and h:T — C are
the prescribed data.

Equation (4) is the Sommerfeld radiation condition and allows only outgoing waves at infinity.
The radiation condition requires energy flux at infinity to be positive, thereby guaranteeing that
the solution to the boundary-value problem (1)—(4) is unique (See Reference 24, pp. 296-299;
Reference 25, pp. 55-60 and references cited therein.) Appropriate representation of this condition
is crucial to the reliability of any numerical formulation of the problem (1)-(4).

3. MIXED VARIATIONAL FORMULATION IN A BOUNDED DOMAIN

Here we outline the development of a simple variational formulation that couples two parts of
an acoustics problem in a partitioned domain by weakly enforcing continuity at the interface.
Our starting point is a generalization of the procedure presented by Hughes®® as a basis for his
multi-scale interpretation.

3.1. Partitioned problem in strong form

The unbounded domain % is decomposed by a smooth artificial boundary I’z into a bounded
inner domain Q' and its unbounded outer complement Q° (Figure 2), expressed analytically as
R=0QUQ° (5)

where QN Q° =0 and Ix = Q2 N TS,
Following Hughes,?® the solution of the original boundary-value problem (1)—(4) is decomposed
into the inner field «' and outer field u°:

u=u +u° (6)
where ui|qo = 0 and %o =0, so that
u= { ui on Qi (7)
u* on Q°

© 1997 by John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng., 40, 2791-2805 (1997)
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Qﬂ

Figure 2. The partitioned domain

Continuity requirements across I'x are discussed below. We assume that f vanishes in the outer
domain:

f=0 inQ° (8)

An example in which such a decomposition is desirable is short-wavelength scattering prob-
lems, where Q! contains regions of diffraction, while the ray ansatz is valid in Q°, In order
to accommodate such configurations we treat the continuity of u across Ix (i.e. ! =u° on Ik)
weakly in a variational setting, rather than as an essential requirement that is enforced strongly.
Weakly enforcing continuity across the interface is our point of departure from the derivation of
Hughes.?

3.2. Variational statement with weak continuity

The variational form of the boundary-value problem is stated in terms of sets of trial solu-
tions, &' and &° for u' and u°, respectively. For Neumann problems (I, = 0), & = {ui|d €
H'(Q), ¥' =0 in Q°}. Otherwise, Dirichlet boundary conditions on I, must also be satisfied by
functions in &'. The space &° is described below.

A variational form of the original boundary-value problem (1)-(4) is augmented to enforce
continuity across the artificial boundary by Lagrange multipliers 1. Thus we seek to find 4 € &,
u® € &#° and A € H~'2(Ty) that render II(x, 1) stationary, where

(s, 2) = fa(u',u') + 3a(u,u°) ~ L(') + (Au' =), )
a(w,u) = / (Vw - Vu— wk*u)dQ — lim | wikudD (10)
QuQe r—ooJr,
(w,u)r, = | wudl (1)
Ik
L(w) =/wfdQ+/ wikh dT (12)
R 38

and I is a d-dimensional sphere of radius ». Here a(-,-) and (-,-)r, are symmetric bilinear forms
which are not inner products.

The limit in a(-,-) must be evaluated in the context of the principle of limiting absorption (see
p. 261 of Reference 24 and p. 360 of Reference 27). That is, we consider k — k+iy, with u > 0.

Int. J. Numer. Meth. Engng., 40, 2791-2805 (1997) © 1997 by John Wiley & Sons, Ltd.
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The limit » — oo is evaluated with u held fixed and positive. Then the limit p | 0 is taken. Thus:
a(w,u) = / (Vw - Vu ~ wk?u)dQ — lim lim / wi(k +ip)udl’ (13)
Quae #l0 r—oo jp

Where no confusion can arise, the limiting absorption shall not be written explicitly.

We define &° as the set of functions u°® for which (13) is defined and bounded, namely &° =
{u° | a(u®,u°) < 0o, u° = 0 in Q'}. For cases in which the artificial boundary does not completely
contain the scatterer, all essential boundary conditions on the boundaries of 2° must be satisfied
by u° and contributions of inhomogeneous natural boundary data must be included.

The stationary point of this functional is obtained by setting its first variation equal to zero,
which is equivalent to: '

a(wh,ul) + (W, D), + a(w®,u®) — (w°, A1, + (v, — u®)p = L(w') (14)

Here, wic ¥, w® € ¥, and ve H ~V(I}), are the arbitrary variations of !, 4° and 1, respec-
tively. Accordingly, for Neumann problems ¥ = {w! | wi € H!(Q), w' =0 in Q°}; otherwise, ho-
mogeneous counterparts of Dirichlet boundary conditions on I; must also be satisfied by functions
in ¥, In the outer field ¥° = %°. Note that no constraints are specified on the values of »' and
u° across T, or on the values of w! and w° across [z.

The mixed formulation (14) may be recast in partitioned form

a(w',u') + (W, ), =L(w)
a(w°,u°) = W°,A)r, =0 (15)
(V, “i)l‘k - (V, uo)l‘g =0

The key stability condition for mixed formulations is the BabuSka-Brezzi (inf-sup) condition
(e.g. p. 57 of Reference 11) governing the selection of finite element interpolations. Discretiza-
tion of (15) entails additional degrees of freedom enforcing the constraint and the typical ‘zero’
diagonal block (see p. 74 of Reference 11) which may lead to ill conditioning. We now discuss
removing some of these drawbacks by eliminating A from the formulation. In general, elimination
of the Lagrange multiplier does not guarantee stability. However, in support of the plausibility of
the procedure proposed herein, we note that one of the applications of its outcome leads to a new
derivation of a known formulation (see Section 4), for which stability in the BabuSka-Brezzi sense
is not an issue.

3.3. Eliminating the Lagrange multiplier

The Euler-Lagrange equations of the second variational equation in (15) are the homogeneous
Helmholtz equation

L =0 inQ° (16)

and the radiation condition (4) for «°, and

0

l=6u

py on I'z an

where n° denotes the outward normal with respect to Q°.
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Equation (17) gives the interpretation of the Lagrange multiplier. We eliminate the Lagrange
multipliers from the formulation by making this substitution and the analogous one for the weight-
ing functions

0

on°

on I’z (18)

Therefore, for functions u° that satisfy the homogeneous Helmholtz equation (16) and the radiation
condition, equations (15) simplify considerably

i | g 0w\ _ i
a(w,u)+(w,-5;l-3)rk—L(w)

ow° . ow®
o) (2 =0
(ano’“)n (a"o,u)r,

In this formulation there is integration only over the bounded domain and the artificial bound-
ary. Thus, the outer field 4° may be viewed as specifying boundary conditions on the artificial
boundary I, thereby defining a boundary-value problem for the inner field «' in the bounded
domain 2. Continuity across the artificial boundary is weakly enforced by energy flux-like terms.
Specifically, the second variational equation in (19) enforces continuity of the unknown functions
across the artificial boundary. The Euler-Lagrange equations of the first of equations (19) provide
satisfaction of the differential equation in i and enforce continuity of normal derivatives across
the artificial boundary. Previous investigations of the well-posedness of bounded-domain formula-
tions for exterior problems®®? indicate that enforcing continuity of the functions and their normal
derivatives is fitting.

Equations (19) have many advantages over the previous formulation, (15) The zero diagonal
block associated with Lagrange multiplier methods is absent from (19). Similarly, there are no
extra degrees of freedom enforcing the constraint. Perhaps most significantly, there is no integration
over the unbounded domain 2°.

(19)

4. APPLICATIONS

Formulation (19) may be viewed as a general framework into which many existing finite element
formulations for unbounded domains can fit as special cases. This framework is based on a rigorous
derivation in which each requirement and assumption is explicitly stated. Therefore, it can serve
not only as a starting point for the development of new methods, but also as a basis for theoretical
evaluation and comparison of existing methods. In the following we specialize our framework to
three different applications.

4.1. Hybrid asymptotic-numerical methods in scattering

The development of hybrid methods for short-wavelength scattering problems formed the orig-
inal motivation for deriving our formulation. The essential idea is to utilize a ray ansatz for
a geometrical description of the scattered field in those parts of the domain where it is valid,
based on the Geometrical Theory of Diffraction’®3! (GTD), and to use traditional discretization
in other parts of the domain. This approach requires one to be able to use entirely different basis
functions over adjacent domains.

Int. J. Numer. Meth. Engng., 40, 2791-2805 (1997) © 1997 by John Wiley & Sons, Ltd.
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In the region Q°, the ray ansatz is valid. There the differential equation is approximately satisfied
pointwise to a specified asymptotic order f > 0, as kR — oc:

Lu® = O((kR)?) in Q° (20)

On certain points, curves or surfaces, however, the ray ansatz is invalid. Q is chosen to completely
contain all such points and their neighbourhoods. In Qi, a numerical solution is sought which is
patched to the ray ansatz along the artificial boundary. The location of the artificial boundary
is selected on one hand to control the asymptotic approximation error of #° and on the other
hand to minimize the size of the computational domain. In this application the artificial boundary
often does not completely contain the scatterer, so that all essential boundary conditions on the
boundaries of £2° (except on I'z) must be satisfied by u°.

A GTD-type analysis of the scattered solution yields the geometrical form of the field «° with
unknown ‘diffraction coefficients’. This may be considered an approximation with global basis
functions. The approximation of #' in the diffraction region is in terms of traditional finite ele-
ment interpolation with local support. These expressions (and admissible analogues for weighting
functions) are substituted into equations (19). The lack of continuity across the artificial boundary,
inherent in this approach, poses no difficulty. In solving (19), approximations of the diffraction
coefficients of «° and the nodal values of u' are obtained simultaneously. Thus the geometrical
form of u° is employed to specify boundary conditions on a problem for ' in the bounded Q.
Solving for u' provides the unknown diffraction coefficients.

4.2. Absorbing boundary conditions, the DtN formulation

Formulations of exterior problems that are amenable to domain-based computation are often
derived by introducing an artificial boundary into the problem to bound a computational domain
Q. Correct far-field behaviour is enforced by specifying non-reflecting (or absorbing) boundary
conditions on this boundary. Numerous such schemes have been proposed, many of which are
surveyed in the exhaustive reviews of References 1 and 2, pp. 95-116.

A noteworthy class of non-reflecting boundary conditions is obtained by the DtN method. This
is a general scheme for handling boundary-value problems in unbounded domains, which employs
a rigorous derivation to yield accurate boundary conditions. The method in its general form was
developed by Givoli and Keller®3? and is related to similar work in acoustics.*?

In terms of the notation employed herein, the boundary conditions in the Givoli—Keller derivation
are obtained from an analytical solution #° in the exterior region 2°. For this purpose, the artificial
boundary is constructed in a relatively simple geometric shape (often a d-dimensional sphere, but
not necessarily so, e.g. References 33 and 34), and located so that all geometric irregularities,
non-linearities and source terms, as well as material anisotropy and inhomogeneity are contained
within it. The analytical solution u°, obtained for arbitrary Dirichlet conditions on the artificial
boundary, is used to form a relation between the function and its derivatives, called a Dirichlet-
to-Neumann (hence, DIN) map. This relation, which is the exact impedance, is then imposed as
the boundary condition on the artificial boundary, completing the definition of the computational
problem. Solving this problem determines the solution in the entire original region .

4.2.1. New derivation. The DIN boundary conditions have been derived anew recently in the
multi-scale approach?® based on the Green’s function for the homogeneous Dirichlet problem in
2°. We now re-derive the DtN boundary conditions in the framework of our formulation (19), at
first in abstract form, followed by an example in two dimensions.

© 1997 by John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng., 40, 2791-2805 (1997)
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We denote the homogeneous Dirichlet Green's function in Q2° by g(x,x’). Here, g(x,x’) satisfies
ZLg=-6x-x'), g|r, =0, and g is outgoing. Consequently,

w(x) = K(x,x)u’(x'), xe€°, x' el (21)
Here,
i_ 99 ;
Ku' = N anou dr

Using g as the weighting function in the second of equations (19) together with (21) yields
WO(x) = K(x,x)ul(x'), xeQ°, x' €l (22)

Equation (22) is a relation for the outer field in terms of the inner field on the interface.

In the Givoli-Keller derivation of the DtN boundary condition, the analogue of equation (22)
is an expression for the outer field in terms of arbitrary Dirichlet data on the artificial boundary.
In Hughes’s multi-scale approach, the analogous equation relates the outer field in Q° to the outer
field on I'z. The interface I’z is usually chosen as a separable boundary. The Green’s function may
then be represented as a series of the products of d-dimensional spherical surface harmonics and
Hankel functions in the radial direction.

The normal derivative of «° is required for the first of equations (19)

o .
%(x) =M, x)u(x'), xeQ° x' eI}y (23)

Here M = 0K/0n° is the standard DtN map. Substituting this expression into the first equation of
(19) yields '

a(w',ul) + (W', M), = L(w') (24)

Equation (24) is identical to the variational equation for #' in the computational domain obtained
by the Givoli—Keller derivation.>3? It is equivalent to specifying the boundary condition

oul .

Fori -Mu', on Iy (25)
in the strong form of the inner-field problem, where n' denotes the outward normal with respect
to (' (Figure 2). .

In the simple two-dimensional case the artificial boundary is a full circle, [z ={(r,0)jr=R, 0>
0>2n}. The general outgoing solution of the Helmholtz equation in Q° is

u’= f:/ H D (kr)(a, cos nf + b, sin nf) (26)

n=0

The prime on the sum indicates that the first term is halved. H (1 are Hankel functions of the first
kind.

The coefficients a, and b, are unknown. By the Givoli—Keller derivation, these coefficients are
expressed in terms of arbitrary Dirichlet data on the artificial boundary. The normal derivative
on the artificial boundary is determined by differentiating (26), and is thus valid for arbitrary
Dirichlet boundary data. The relation between «° and its normal derivative on the artificial boundary
is specified as the boundary condition for u' on I, thereby completing the definition of the
computational boundary-value problem in Q.

Int. J. Numer. Meth. Engng., 40, 2791-2805 (1997) © 1997 by John Wiley & Sons, Ltd.
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The procedure just described is contained naturally in the variational equations (19). We assume
that the outer weighting function has the same circumferential variation as the trial solution:
ow® =

5 = z—:o&" cosnd + b, sinnf (27)

Here, 4, and b, are arbitrary. We note that the variation in the radial direction is unspecified since
only values on the artificial boundary are required. Substituting the expressions into the second
equation in (19) yields the coefficients in terms of ' on I'z

2n
ap, = -—(11)--—/ cos nfu'(R,0)d6
nH ' (kR) Jo
2 (28)
by = —(1-1)—-— / sinnf u'(R,0)d6
nH ; '(kR) Jo

These expressions are substituted into the series representation of the outer-field solution (26),
resulting in a specific definition of X and the well-known DtN map for this case

2n
Mii = S, / cosn(8 — 0') (R, 8') d6’ (29)
0

n=0
The coeflicients are

k HD' (kR)
© HV(kR)

n = (30)
The prime on functions denotes differentiation with respect to the argument.

Substituting the normal derivative of outer-field solution (26), with the computed coefficients a,
and b, into the first equation of (19) leads to a variational equation for u' that is identical to the
one obtained by Givoli and Keller. There is no difficulty in duplicating existing DN formulations
for more general configurations by this procedure.

We close this section by noting that we employed our procedure, starting with the mixed
variational form (14), to derive a known formulation for which stability in the Babuska-Brezzi
sense is not an issue.

4.2.2. Numerical examples. Numerical evaluations were performed on two-dimensional con-
figurations of problems representing infinite cylinders of radius a. Soft boundary conditions are
specified on the wet surface to represent a pressure-release cylinder. DIN non-reflecting boundary
conditions with eight terms in the operator are employed on an artificial boundary I'x at R=2a.
The inner domain €' is discretized by 3 x 32 linear quadrilateral elements, so that element sides
are roughly equal in length (Figure 3). The resolution is six node points per wavelength (ka=m,
the wavelength is equal to the diameter of the cylinder). Eight terms in the DtN operator are
sufficient to guarantee well-posedness of the computational problem under these conditions. 2% %

Radiation from an element of a cylinder: We consider the non-uniform radiation from an infinite
circular cylinder with a constant inhomogeneous value on an arc (—o <0 <a) and vanishing
elsewhere. The normalized analytical solution to this problem for a cylinder of radius a is

% sinna H(kr)

cosnf 31
a0 " HY(ka) @1

2
U= -
T
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Figure 3. The computational domain exterior to a cylinder of radius @, with an artificial boundary at R =2a, discretized by
3x32 linear quadrilateral elements

,.,

=

N Z}/
.\\L\___gf

'Y

Figure 4. Radiation from an element of a cylinder of radius a, R=2a, ka=m, nodal interpolation of the series solution (31)
by on the left, finite element solution on the right

For low wave numbers this solution is relatively uniform in the circumferential direction. The
directionality of the solution grows as the wave number is increased, and the solution becomes
attenuated at the side of the cylinder opposite the radiating element.

We select a=>5n/32. Figure 4 (left) shows the real part of the analytical solution, nodally inter-
polated by the mesh employed. The low-amplitude oscillations in the vicinity of the wet surface
are merely an artifact of the truncated series representation of the discontinuity in the boundary
condition, and are not relevant to the validation of the numerical results. The real part of the finite
element solution with DtN boundary conditions is presented in Figure 4 (right), in comparison
to the series solution denoted by the dotted contours. The numerical solution captures the essen-
tial features of the problem, demonstrating the effectiveness of the DIN boundary conditions in
representing the radiation condition on the artificial boundary.

Scattering of a plane wave by a soft cylinder: The difference between an undisturbed wave
and the field generated when the wave encounters an obstacle is called a scattered wave. As an
example we compute the scattering, by an infinite cylinder of radius g, of a plane wave travelling
along the positive x axis (6=0) in a direction perpendicular to the cylinder’s axis. The normalized
analytical solution of this problem is

7 Jn(ka) 1
u= =253 " - H(kr) cos nd 32
.,Z;; H(ka) ) ©¢2)
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Figure 5. Scattering of a planc wave (at §=0) from a cylinder of radius a, series (left) and finite element (right) solutions

The directionality of the response increases with wave number, and the distribution becomes more
complicated.

The real parts of the analytical solution (nodally interpolated by the mesh employed) and the
finite element solution with DIN boundary conditions (in comparison to the series solution denoted
by the dotted contours) are presented in Figure 5. Again the numerical solution represents the
expected behaviour of the solution.

4.3. Infinite elements

The variational formulation (19) can provide a suitable basis for finite element computation
in unbounded domains based on the infinite element concept. This is attained by considering
the artificial boundary to be a closed surface, and by letting the infinite element interpolation
satisfy the assumptions on the behaviour in the exterior domain (as outgoing solutions of the
Helmholtz equation). Under these conditions we have an infinite element formulation that is free of
integration over the unbounded domain, and in which continuity of infinite element interpolation
with piecewise polynomial finite element functions need not be assumed in advance. As such, this
approach may offer superior computational performance in practice (in addition to the advantage
in eliminating the discretization of the unbounded domain). Further, we hope that the apparent
simplicity of the formulation will ease the analytical burden associated with convergence proofs
and error estimates of infinite element approximations.

Two approaches in developing infinite element interpolations are possible in this framework.
In one approach, infinite element shape functions exactly satisfying the Helmholtz equation are
used directly with equations (19). Weak continuity between the finite element shape functions
and the infinite element shape functions on Iz is then enforced naturally. An alternative is to
assume strong continuity between the finite element shape functions and the infinite element shape
functions on Ig. Then, the infinite element shape functions (generally) do not identically satisfy
the Helmholtz equation and a different error is introduced. Both cases may easily be developed
within the wave envelope procedure,® and the simplicity of the underlying formulation may provide
a suitable setting to evaluate the merits of this procedure.

4.3.1. Approximation. The first class of shape functions consists of outgoing solutions of the
Helmholtz equation. In most cases, the circumferential behaviour of these functions on the ar-
tificial boundary differs from piecewise polynomial variation of finite element shape functions.
Weak enforcement of continuity across the artificial boundary is then performed naturally within
the framework of our formulation (19). The infinite element mesh need not be the restriction
of the finite element mesh to the artificial boundary. For each unknown in the infinite

© 1997 by John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng., 40, 2791-2805 (1997)
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element interpolation, the associated weighting function provides an equation to evaluate that
unknown.

The basic two-noded element is obtained by combining linear interpolation in the circumferential
direction, with H f,l)(kr)/H f,”(kR) in the radial direction. Strong continuity is satisfied when this
infinite element mesh matches the restriction of a linear finite element mesh to the artificial bound-
ary. This implementation is equivalent to the lowest-order local DIN boundary conditions.2 35
A high-wave number asymptotic approximation is obtained by replacing the Hanke! function in

the radial direction with e’*"~®),/R/r. Subsequent numerical results are based on this approxi-

mation. Generalizations involving trigonometric interpolation in the circumferential direction are
ibl 36

possible.

An alternative approach is to require continuity across the artificial boundary in advance. In this
case the second equality in (19) is satisfied identically and all that is required is an expression
for (0u’/0n°)|r, in terms of u'|r,. Such an expression may be obtained by high-wave number
asymptotic approximations of outgoing solutions of the Helmholtz equation

u® = A(r,0) =R (33)

Here 4 is expressed as an asymptotic expansion in inverse powers of ik. Such an expansion
‘converges’ as kR tends to infinity.

Higher-order approximations contain higher-order tangential derivatives, leading to increased
coupling on the artificial boundary. For example, the approximation

A ~ dg + Ay (ik)"' + O((ik)~?) (34)
yields the relation
0w  —ik , e _,8%ul
6_:0 ~ Tl [(2+1(kR)" + (kR)™%)d' + (kR) ZW] on I (35)

This may be compared to the two-term local DtN boundary conditions

u_, Hgl)'(kR)u Hgl)'(kR)_H(l‘)'(kR) Pu L,
or H{P(kR) HPWR) HPR) ) 062

(36)

where the derivatives on the Hankel functions are with respect to their argument.

This framework offers an unconventional perspective on infinite element computation that may
be used to shed light on some of the outstanding issues in the field, such as integration over
the surface at infinity and cancellation of ill-defined integrals in the unbounded domain. This
formulation also provides a suitable basis for comparing infinite elements with other common
representations of the radiation condition, namely, non-reflecting boundary conditions such as the
Bayliss-Turkel conditions,’” and the global and local DtN conditions.

4.3.2. Numerical examples. Numerical evaluations of two-noded infinite elements with asymp-
totic radial behaviour were performed on the problem of radiation from an element of an infinite
cylinder with the parameters described previously, except where otherwise noted. The analytic
solution is given in equation (31). The mesh employed is shown in Figure 3.

We select a=n/2. Figure 6 shows the variation of the infinite element solution along the artificial
boundary Iz, compared to the DtN solution. The results are virtually indistinguishable.

This infinite element is based on a high wave number approximation, so its performance deteri-
orates at lower wave numbers. This is demonstrated in Figure 7 which shows the variation of the

Int. J. Numer. Meth. Engng., 40, 2791-2805 (1997) © 1997 by John Wiley & Sons, Ltd.
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Figure 6. Radiation from an clement of a cylinder of radius @, R=2a, ka=7, infinite element and DtN solutions along by
artificial boundary Iz
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Figure 7. Radiation from an element of a cylinder of radius a, R =2a, magnitude of infinite element and DtN solutions by
along artificial boundary Iz at kR=2n (top), kR=37/2 (middle), and kR=n
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infinite element solution along the artificial boundary Iz at different wave numbers, again com-
pared to the DtN solution. There is good agreement at kR=2m, but the infinite element solution
progressively degrades at kR=3n/2 and kR=n. This is merely an indication of too low a wave
number for the asymptotic approximation, which may be alleviated by increasing the size of the
computational domain. ’

5. CONCLUSIONS

A general framework for developing finite element formulations for solving exterior problems is
presented in this work, with particular application to time-harmonic acoustics. The original motiva-
tion for constructing this framework is the development of hybrid analytic-numerical methods for
acoustic scattering. The unbounded domain is partitioned into a bounded domain containing diffrac-
tion regions and its unbounded complement, in which a geometrical description is employed. The
functions in this application lack strong continuity across the interface, so it is enforced weakly
via Lagrange multipliers. By identifying the Lagrange multipliers as normal derivatives on the
interface, they are eliminated from the formulation. With the additional assumption that the outer
field satisfies the differential equation, this leads to a mixed formulation (19) defined only in the
bounded domain and on the interface. In terms of hybrid methods, the analytic representation of
the outer field may be viewed as specifying boundary conditions for the inner field on the inter-
face, thereby completing the definition of a problem in a bounded domain which is amenable to
finite element computation.

By selecting specific representations of the outer field, several methods underlying finite ele-
ment computation of exterior problems are obtained as specific instances of the mixed variational
equations (19). Examples of formulations employing DtN non-reflecting boundary conditions are
reproduced. Employing infinite element interpolations for the outer field in (19) yields methods
that are devoid of integration over the unbounded domain, simplifying the task of discretization.
Strong continuity with finite element interpolation is not a prerequisite. This unconventional ap-
proach to infinite element computation has the potential of leading to numerous theoretical and
practical benefits.
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Abstract

We treat the problem of scattering by an impedance surface as a singular perturbation from scattering by a hard surface. We
wggest that this method of approach can yield useful approximations to diffraction coefficients where exact solutions are
unl(vailable or complicated. We substantiate this claim by considering a simple problem where an exact solution is availabie.
We use matched asymptotic expansions to develop a description of the field radiated by a source near an impedance surface.
From this calculation, we extract a one-term uniformly valid (in angle) approximation to the far-field directivity, and a one-
term approximation to the surface wave excitation coefficient. The uniform directivity is within 10% of the exact solution for

vafues of € (the small parameter) up to unity. The approximate surface wave amplitude is within approximately 10% for values
of0-ceg /2.

1. Introduction

The plane wave reflection coefficient for an impedance surface is — 1 at grazing angles of incidence. This limit
is independent of the magnitude of the impedance of the surface. The reflection coefficient of a hard surface, on the
other hand, is + 1, independent of the angle of incidence. Thus, the grazing limit of a hard surface is not equal to
the hard surface limit of grazing incidence. The source of the singular behavior of acoustic fields propagating near
4 nearly-hard surface has been the subject of many studies in the past.

In 1951, both Ingard [6] and Lawhead and Rudnick [8] published papers examining the field near an impedance
nline due to a point source above that plane. The results of the two papers were found to disagree. Resolution of
the disagreement was not possible without a full treatment of the interaction between a saddle pointand apoleina
Fourier integral, as was being developed during the 1960s [3]. Wenzel’s results [9] in the early 1970s have since
been confirmed by Chien and Soroka [4], and a full review of the problem is presented by Attenborough et al. [2].
Inall these papers, the authors present approximate evaluations of the formally exact expression of the field radiated
P* a point source above an infinite impedance plane.

The problem of scattering by a nearly rigid object can be thought of as a perturbation from a rigid surface. Though
iy §ingular perturbation, we show here that it is amenable to solution by the method of matched asymptotic
“}pansions. Matched asymptotic expansions have the benefit that a uniformly valid expansion can be derived, even
*hen an exact solution is not known for that geometry. Thus we anticipate that similar perturbation procedures can

": used to find approximations to diffraction coefficients from objects with complicated boundary conditions and
“hapes,

HAS:
o 125/95/09.50 © 1995 Elsevier Science B.V. All rights reserved
PI0165-2125(95)00017-8
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Here we examine the problem of an acoustic line source above an impedance plane. We derive a solution
uniformly valid near the surface of the impedance plane using matched asymptotic expansions. The leading order
behavior in each of four separate regions of the domain is identified and shown to match with the neighboring
regions. These four regions can be identified as: the inner region near the source, the outer region, the near surface
region, and a surface wave boundary layer region. The results derived here agree asymptotically with a uniformly
valid expansion of the exact solution, presented in the appendix.

As ameans of quantitative comparison, we compare the far-field directivity and surface wave amplitude predicted
by the method of matched asymptotics to those from the exact solution. Based on the agreement found in this
comparison, we conclude that the method of matched asymptotics can be used to compute diffraction coefficients
by solving singular perturbation problems from a hard surface.

2. Formulation

We consider an acoustic line source located on the surface bounding a half-space. The half-space is filled with

an acoustic fluid with sound speed c, the surface is characterized by a specific admittance B3, and a time dependence
of e ~i' shall be assumed throughout.

The boundary value problem governing the acoustic pressure (%, £) is:

82 % - ., .

FP-’- 'aszp-l-k p=0, in >0, (n
?9_[; + Bp=6(%) , on =0, (2)
P(X 2) is outgoing as Ff—oo, (3)

Here, k= w/c is the wavenumber and B is the specific acoustic admittance. We have already scaled the pressure
linearly with the source strength. The parameter that naturally arises as a perturbation parameter, e= 3/k, is the
ratio of two lengths. Therefore, we can expect that the perturbation may be singular [5].

2.1. Inner problem and solution

We shall now define our inner problem by non-dimensionalizing the distances that appearin (1)—(3) with respect
to the wavelength. Thus, we define

X=kg%, Z=kZ, e=Blk. (4)
We now substitute (4) into (1)~(3) to find:

%P  3%pP )

ot 5 TP=0. inz>0, (5)

aP

7 +eP=86(X), onZ=0. (6)

Here, P(X, Z) =5 (%, 7) is the acoustic pressure and is denoted by a capital letter to indicate that it depends on the
inner variables (X, Z).

We now solve equations (5) and (6) by seeking a solution in the form

P(X,Z)=Py(X,Z) +€P\(X, Z) + O(&) . . (7
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s

It is a siraightforward matter to calculate Po(X,Z) and P,(X, Z) .‘ Therefore we present only the results here:

-

1 o
Po(X,2)= —— I p” (o)X rimaZg (8)

-0

1 ( 2y ~ 1 ioX +i
Pl(X,Z)=;TJ’ (1=g?) ~leiX+imanzy, (9
Here p(0) = (1~ 0?)"'2, with the branch chosen to satisfy the radiation condition at infinity. We note that P, may
be written in a more familiar form in terms of a Hankel function, but that given in (8) is convenient for our purposes.

Itis interesting to evaluate (9) on the boundary Z=0. Then the integral in (9) can be evaluated exactly via Cauchy’s
residue theorem yielding

Pi(X, 0)=(—i/2)&'X!, (10)

We note that (10) resembles a plane wave propagating along the surface without attenuation or algebraic decay.

2.2. Quter problem and solution

We now define the outer problem. In the previous section, we nondimensionalized distances by the small length

scale, k~' (wavelength). Here we rescale the problem in terms of the longer length scale, 8~ (impedance).
Therefore, we define the outer variables:

x=f%, z=pz. (1)
We now substitute (11) into (1)—(3) to find:

3% P _ .

5;5+?+e p=0, inz>0, (12
ap

= 4p=58(x), onz=0, (13)
0z

p(x, z) is outgoing , as r—»oo (14)

Here, p(x, 2) = P(X, Z) is the acoustic pressure and is denoted by a lower case letter to indicate that it depends on
the outer variables.

We note that the expansion for small € in equations (12)—(14) is equivalent to a short wavelength expansion.
Therefore, we seek a solution of equations (12)—~(14) in the form:

p=e’"A(x, Z)eiqb(x.z)/e’ (15)
A(x’ Z) =A0(x’ Z)+€A|(X, Z)+O(€2) . (16)
The factor €” is inserted for scaling purposes. The value of m shall be determined by matching to the inner solution.

2.2.1. Determination of A/(x, z) and A (x, 7)

To determine the forms of Ag(x, z) and A, (x, z), we substitute (15) and (16) into Eq. (12), and set each power
of € to zero independently. Thus we find:

(Vo(x,2))2—1=0, (17
2V VA +AdAy =0, (18)
2Ve- VA, +AdA, =144, . (19)
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We assume the initial condition for ¢(x, z) is ¢(0, 0) =0. Solving (17) subject to this initial condition yields
d(x, 7y =r=(x2+2%)""2. (20)

The solution ¢= — r is excluded by the radiation condition. Upon substituting (20) into (18) and (19), we find
that

Ag(x, 2) =Do(0)r ™%, (21)

ifl
Ai(x, 2) =Dy (O)r ™"~ 5(; Do() + 3(0)) o, (22)
Here, Dy( 8) and D, () are as yet undetermined functions of 6. The angle 8 is measured from the positive x-axis so
that x=rcos 8. We note that the field thus derived represents a cylindrical wave emanating from the source and
propagating into the fluid.
We now consider the boundary condition, (13). We substitute (15) into (13) and obtain (for x+0)

— A, =0,

3z o (23)
ad 04,

_—A = e— _.A .

oz ' ez ° (24

We note that ¢ as given in (20) automatically satisfies (23). Upon considering Eq. (24), however, we see that
d¢/3z=0 leads to an unbounded prediction for A,. Therefore, we must reconsider our ansatz in the vicinity of the
surface z=0. We shall address this issue once the matching has been accomplished.

3. Matching inner and outer solutions

We shall now match the inner and outer solutions and thus determine the functions Dy(8), D,(6). For this
purpose, we appeal to Van Dyke’s matching principle [5] using two terms in both the inner and outer expansions.
We begin the matching by writing the inner solution ((7) with (8) and (9)) in terms of outer variables:

-

1 . . € T , .
P~ — —1 Jiox/e+iuz/e —_— j —2 iox/e+iuzle .
= J u-le do+ Zy po%e do (25)
Expanding (25) for small € by the method of steepest descents yields
1 [2e . ,._. € [2ee”i™*
P~ — ir/e—im/4 1—ie/ 2 = ir/e .
5 € [1—ie/8r+0(e/r?)]1+ V7 sng © [1+0(e/r)], z#0 (26)

Eq. (26) is what Van Dyke refers to as the ‘‘outer expansion of the inner expansion’’.

We now find the inner expansion of the outer expansion. The outer expansion consists of an expanding cylindrical
wave, described by (15) with (20) and (21).

p~€"[[Do(6) +€D,(8)]r ™2~ i€ 1(4Do(6) +D5(8))r ~>*1e"<. @7n

Writing (27) in terms of inner variables, expanding to two terms, and then rewriting in terms of outer variables

simply recovers (27) back again. Thus, the matching in this case can be carried out by a simple comparison of (26)
and (27), which shows that
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- 1 Z —im/4
D, = 5 ‘/:re , 28

1 2 e—i1rI4
= =,/= 2
b, 2 \/:r sing’ (29

m=1/2. &€

n

The unknown coefficients in the outer expansion (27) are thus determined. We note that the inner expansion in this
case yields as much information as the outer expansion. That is, the far-field form of the inner expansion is equivalent
to the outer expansion (27) in this case. So, we can conclude that (25) is valid at least wherever (27) is valid.

We note that D, () becomes infinite at 6=0, =, thus confirming our conjecture that the outer expansion would
break down on z=0. We shall now describe how to overcome the non-uniformity at z=0.

4. Surface waves

The term A, (r, 8)e'’< becomes unbounded on z=0. This can be understood to be necessary because the outer
expansion (27) does not satisfy the boundary condition there. To overcome this nonuniformity in the expansion.
we must reconsider the form of the solution on the boundary. In particular, we must match A, (r, 8)¢”’ to a solution
defined near the boundary that satisfies the boundary condition.

We expect that the solution near the surface will include propagating free waves. We determine the characteristics
of these waves by assuming the form
Psurface aexP(iaox'*'iHoZ) . (31)

We then substitute the assumed form (31) into the governing Eq. (12) and boundary condition (13), to find

0'0=j:5—1V1+€2, (3’)

Mo =1. (33)
The positive (negative) sign in (32) corresponds to a wave propagating in the positive (negative) X direction.
These considerations, combined with the radiation condition, indicate that the field near the impedance surface is:

Psurface =Eeexp[iv 1+é |X[/€"Z] . (34)

Here E is an unknown constant, representing the excitation coefficient of the surface wave. The power of eis chosen
to facilitate matching to the first order field in the outer solution (27). The surface wave field decays exponentially
with distance from the surface and is therefore “‘trapped”’ near the surface.

4.1. Boundary layer between the surface wave and the cylindrical wave

We shall now derive a boundary layer solution that describes the transition from the outer cylindrical wave field
(27) to the surface wave field (34) near the surface. We assume that the field in the boundary layer has the form

Poarylayer = E€a(x, 2) exp[iV1+ €x/e—7z] . (35)

We must find a(x, z) 50 that puyey 1aye, in (35) matches to the cylindrical wave field (27) away from the boundary,
and matches the surface wave field (34) near the boundary. We shall show this calculation explicitly only for x> 0.
The field in the region x <0 can be obtained by symmetry.

To do so, we substitute (35) into (12) and find that a(x, z) satisfies
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2 2 . > 9 d ‘
-6—-0'+-a—2'a+2l€ 'V1+6‘—a-—2—-a=0. (363
ax? 9z ax 9z

The third and fourth terms in (36) represent a gradient in a particular direction. We find it convenient to work in a
coordinate system aligned with that direction. Therefore, we introduce the variables (£, 1) such that

B[ sl )

The matrix appearing on the right hand side of Eq. (37) is orthogonal, thus the transformation of coordinates can
be thought of as a simple rotation *. In terms of the new variables (37), Eq. (36) becomes

32 82 ., 0 ‘
— a+ —Sat+lie”! —g=0. 38
a§2a4-an2a 2 0 (38)

We now magnify the 7 dircction so as to balance the highest derivatives in n with the €' term in (38). Therefore.
we introduce the inner boundary layer variables (5, H) as

E=¢, H=¢" 2y

(39)
In terms of these variables, we seek solutions of (38) in the form
a(x, z) ~ay(E, H) . (40)
Upon substituting (39) and (40) into (38), we find
32 o
'a?ao'f‘zla_éaO:O(G). (41)
The general solution of Eq. (41) can be written in the form [10]
= __l_ f f(s) ei('l~.r)2/25ds . (42)

The function f(s) is to be determined by matching the boundary layer solution to the surface wave solution.

To carry out the matching procedure, we write (42) in terms of outer variables and expand for small e by the
method of stationary phase. This process yields

a ~\/2_7_re“’”f(zv I+e' -jex) .

(43)
Here, we have changed back 1o the outer variables. Using (43) in (35) gives the near surface pressure as
Prdry layer ~ Ee 27"6”/4./'(: - isz)ei Vitelix/e~z (44)

When z=0, we require f( —iev) =e~i"4/1/27 50 that (44) matches (34). When z=0(1), on the other hand, we
require the surface wive to vanish and so f=0. Therefore, we choose f( 7) to be

! The angle of rotation corresponding 10 the change of coordinates in Eq. (37) is com
wave ray being shed from the surface to the real point (.,

in the landmark paper of Keller and Kara) [7]. Here, the rotation into the complex plane is introduced merely as a mathematical convenience.

The necessity to analytically continue the solution into the complex plane in order to achieve matching, however, is dictated by the fact that the
line z=0 is a **Stokes line”, and 2= ex/v/1 + €2 is an “*anti-Stokes line™. Therefore the complex angles introduced on a purely geometrical

basis by Keller and Karal are seen to be relevant in the current context. (We wamn the reader that some authors use the reverse terminology for
Stokes lines. We choose to follow the nomenclature in Ref. [3]).

plex. It represents the direction of the complex surface
z). A full motivation and interpretation of complex surface wave rays can be found
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A )={e—i1r/4/\/ZT, for Zn< —Fn 5)
K 0 for #n> - #n.

We now combine Egs. (35), (42) and (45) to obtain the form of the boundary layer solution

o
Eeeif/e‘—iﬂ/4 s EE . »
pbdrylayer~ -W_’I?. —J‘ ei(ﬂ )2/2£Eds= 7elg"leel.fc[e ””477/]’265] . (46.47)

Here, the complimentary error function is defined to be [1]

2
erfcz= T!e"zdt. (48)

m

Eq. (46), or equivalently (47), describes the transition between the surface wave near the boundary and the
cylindrical wave field far from the boundary. The transition occurs with a region where | 72/ 2e€| < 1, or when

|z—iex| < (ex)'’?. (49)

Equation (49) shows that along z=0, the boundary layer solution (47) describes the leading order correction to
the field for distances x << O(e™"). Therefore, the surface wave does not fully reveal itseif until |x| ~e~!.

4.2. Matchiﬂg the surface wave to the cylindrical wave

The excitation coefficient of the surface wave, E, has yet to be determined. This shall be found by matching the
boundary layer solution (46) to the outer solution (27).

Eq. (46) is already written in terms of the outer variables (£, 7). The two leading terms of the expansion of the
integral in (46) come from the stationary point and the endpoint, respectively. Thus expanding (46) for small e
yields

2,im/4

. . E )
Podrytayer ~ EE€Z (— 7 ("™*n)) ) exp[it/ €] + \/-;r_ef -sexp iE1+79%/28%) /€. (50)

Here, 7(z) is the Heaviside step function. Eq. (50) is the “‘outer of the inner’’ expansion. We now proceed to find
the ‘‘inner of the outer”’.

From (22) and (28)-(30) we have

—inw/4
E7A,(r, ) erle=e? L — [—1— - l/8r] =12l (51)
V2m Lsing
We now write (51) in terms of the inner (boundary layer) variables (£, H) and expand to find
. e—i‘rr/4 E
€%A,(r, 9) e ~e [— —O(e”z)] E-"expiE(1+eH*/25%) /€. (52)
Var LH

For purposes of comparison, we now rewrite (52) in terms of outer variables

ei /4

oo E7 2 expit(1+ 21282 /€. (53)

eJ’ZAl(r, o)eir/s~ G3/2

A direct comparison of equations (50) and (53) where — .7 (el™ ‘1) <0yields
E=—i. (54)
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We note that —.7 (€"™#n) > 0 corresponds to angles §=0(¢€). With E determined, the solution is complete. We
shall now collect and discuss our results.

5. Summary and discussion

We can now collect the results form previous sections together. At distances r << 1, the acoustic pressure :s
described to first order in € by the inner expansion, (7) with (8) and (9). The outer expansion (27) with (28)-
(30) is valid for r > 1, except at angles 6=0 and = . Near the impedance surface at distances |x| > €', the
pressure is well described by the surface wave field (34). Poary tayer describes the development of the surface wave
field (34) and the transition to the outer solution (27). It represents a first order correction to the hard surface
solution that is uniformly valid in the vicinity of the surface, i.e. at angles 8=0(€). A similar expression can te
derived for 8= m—O(¢€). Combining these results, we have:

1 . .
(_5; j [‘L—l(a.)+ie(1_0.2)—l]ewx/e'+|p.(¢r)z/sdo,, r< 1,
el/2e—i17/4 . ie
irl e :
p~ﬁ —¢ 14+ — —ie/8r |, r>1,z#0,
iv2mr sin 6
1/2, —inl/4 s —im/4 2 _
Ls_e___ews O [e inld (/1 + € —ie|x])

, r>1,z=0(¢€|x]). (35
iv2mr 2 [2£|x|\/1+ez+2iezz]”2]
The above expressions give the leading order asymptotic behavior as €— 0 in all regions of the field. We confirm
the asymptotic nature of (55) by comparing it to the expansion of the exact solution in the Appendix.

In what follows, we shall be concerned with the accuracy of the approximate field (55) above for use in practicai
applications (i.e. for finite values of €). To that end, we shall derive the far-field directivity and surface wave

amplitudes from (55) and compare these to the far-field directivity and surface wave amplitude derived from the
exact solution in the appendix.

5.1. Far field directivity

We shall define the far field directivity in terms of the asymptotic behavior of the pressure as r— <. Thus we
shall call D(8) the directivity, where

p(r, 8) ~Ve/rD(0) exp(ir/e), rox®. (56,
From Eq. (85) in the appendix, we see that that exact directivity is given by
e ™% sin@
D)= ———T". 57
(6) V2 etisiné (31

Eq. (55), on the other hand, predicts the far-field directivity to be

—~im/4 [ ie
DOII 0 = 1+ . ’ 58
ler( ) 1\/2_71' sin 9] (
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D~ Dy, as €0 for values of §+0, . Therefore, we expect that Doy, in Eq. (58) will provide an approximation
to D valid away from the surface. We shall refer to the result (58) as the “‘outer’’ or “‘non-uniform’’ approximation.

The form of the solution near the surface simplifies considerably in the far-field. When r— o, we may use the
large argument expansion of the erfc(z) [1]

erfc(z) ~m'/%z " 'exp(~22), z—®, |argz|<3m/4. (59

Using (59) in the last of the expressions in (55) together with the identity erfc( —z) =2 —erfc(z) gives us

El/2e—i1r/4[ iG y
~ 1+ — +0(e ]e" ‘
P iv2mr /| x| —ie )
—ieZ(e|x| —zV1+€’)exp[ivi+ € |x|/e—z], r—o, z/|x]=0(e). (60)

The first term in (60) describes the near surface behavior of an expanding cylindrical wave, while the second term
represents a surface wave. From the first term in (60) we see that the directivity near the surface is

—in/4 ie ]
Dinncr 0 = 1+ . ’ =O . 1
(6) im[ dlx—iel” * (elx]) (61)

Here, D ~ D;qqe, for angles 8=0(e) and §=mw—O(e). Therefore, D, provides an inner approximation to the
directivity, valid at near grazing angles from the surface.

A uniformly valid composite expansion can be formed from the outer and inner expansions, equations (58) and
(61), respectively. Using a multiplicative composite expansion [5] to correct for the non-uniformities at both §= 0
and 6= 1, we have

1 1 ] 1
1.4 F Exact ——
* Composite —---
Nonuniform +
1.2 .
1F .
0.8 | J
0.6 4
0.4 f o
+
+, +
+ +
0.2 F + %
. + +
+ +
0 . olo = 1
-1 -0.5 0 0.5 1

Fig. 1. Polar plot of directivities as functions of 8 for e=0.05. Shown are the directivities derived from the exact solution (57), the non-uniform
approximation (58), and the composite uniformly valid solution (62). We note the presence of singularities in the non-uniform prediction at
0=0, .
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Fig. 2. Polar plot of directivities as functions of 8 for €=0.1.
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Fig. 3. Polar plot of directivities as functions of 6 for e=0.5.
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1.4 | R T Exact — |
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-+
1.2 F N
1F i
0.8 i -
0.6 I .
0.4 F N
0.2 F .
0 1 1 0obees L 1
-1 -0.5 0 0.5 1
Fig. 4. Polar plot of directivities as functions of 8 for = 1.0.
e i ie 62 (m—6)°
D(8) ~ Deyrposie( 0) = 14+ — ) 62)
composite 1J2_-7T sin 0 82 + ez (,n__ 0)2+ €2 (

D omposite ~ D as € 0 for all angles 6. Therefore, we expect that Dympesice Should provide a useful approximation
to D. Since Deomposice has a larger range of validity than D, it is not unreasonable to expect that Deomposice Will be
more accurate for larger values of € than D,,..

Figs. 1-4 show plots of the magnitude of D( ), D,,..(6), and Domposiee( 8) for values of €=0.05, 0.1, 0.5, 1.0.
respectively. We see that the composite expansion provides a good approximation to the exact form of the directivity.
even up to values of €= 1. The non-uniform approximation, D, is valid only at angles 6 > ¢, and provides an
accurate approximation only for comparatively small values of €. Examining the relative error of D ompositc 38 an
approximation to D shows D composite to be within 10% of D for all 0< e< 1 and 0 <8< .

3.2. Surface wave excitation coefficient

The surface wave excitation coefficient is nothing other than the amplitude of the surface wave. We shall call the
amplitude of the surface wave that constant A such that as |x| -, z=0,

p~Aexplilx|V1+¢€?/€] . (63)

By inspection of Eqs. (34) and (54) we see that the method of matched asymptotic expansions predicts the
amplitude of the surface wave to be :

A~—ie, €e-0. (64)

From Eq. (85) in the appendix, we notice that the exact amplitude of the surface wave is
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-~ 1 T T T T -
Approximate
Exacg¥-----
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0.2 | -
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Fig. 5. Surface wave amplitude A as a function of €. Shown are the exact surface wave amplitude and the approximation derived by matched
asymptotics.

A= —ie/V1+¢€ . (65)

Fig. 5 shows compares the two predictions (64) and (65) on the same plot as functions of e. It shows that the
error of using (64) as an approximation to (65) grows with ¢, and is approximately 40% at e= 1.

5.3. Conclusions

'We studied the acoustic field radiated by a time harmonic source placed on an infinite surface with small
admittance. We derived the form of the field as a singular perturbation from the corresponding problem with a hard
surface. A comparison of the expressions derived using matched asymptotic expansions to the uniformly valid
expansion of the exact solution is presented in the appendix, and shows the two results to be asymptotically
equivalent. A quantitative comparison of the directivities and surface wave amplitude shows the practical utility of
leading order uniformly valid asymptotics.

Within the inner region, for distances r << 1, the field is well described by the hard surface field, po, with a small
correction of O( €). At larger distances, the correction to the hard surface field is again O(€) except near the surface.
The near surface structure of the field was obtained by assuming the surface wave fields and matching to the outer
solution. It is important to note that the outer solution exposed a non-uniformity which dictated the need for the
surface wave and the associated boundary layer solution.

The method of matched asymptotic expansions has been shown to be able to determine the leading order behavior
of an acoustic field scattered by a nearly hard surface. Previous results on the problem studied here are abundant,
but they have been derived by determining the exact solution and then expanding for small values of the admittance.

The method of matched asymptotics, on the other hand, has the very powerful advantage of being applicable
where no exact solution is available. We anticipate that singular perturbation techniques from hard surfaces shall
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prove to be a powerful method in the determination of diffraction coefficients where complications due to boundary
conditions or geometry preclude the possibility of finding an exact solution. For example, the application of the
method described above to determine the field scattered by an impedance discontinuity is almost immediatelyv
available from the results included here. Similar statements may be made regarding diffraction from impedance
wedges, elastic discontinuities under light fluid loading, and elastic wedges also under light fluid loading.
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Appendix A. Comparison to exact solution

A.l. Derivation of exact solution

Here we shall derive an exact solution of the problem of a source on an impedance surface. We expand the exact
solution in different regimes to illustrate how the solution derived using matched asymptotic expansions compares.

For the exact solution, the choice of variables is unimportant. We shall use the outer variables for convenience.
Recalling the problem statement in Egs. (12)~(14) shows that p satisfies

% 9% _ .

gx—z--i'a—zg"ré p=0, inz>0, (66)

op

— +p=468(x), onz=0, (67)

a9z

p(x, z) is outgoing , as r—oo, (68)
We shall explicitly extract the *‘hard surface” part of the field by seeking a solution of Eqs. (12)—(14) in the form

P=potp;. (69)
We define p, so that

3% %P0 , _ :

-5;23+FZ—2—+6 po=0, inz>0, (70)

%o _5x) , onz=0, (71)

9z

Po(x, z) is outgoing , asr—o, (72)

Therefore, p, is the solution corresponding to a source on a hard surface, while Ds is the correction to that field due
to the finite surface impedance.

It is a straightforward matter to calculate p, and p,. Expressing p, and p, as Fourier integrals yields

o0

Do = ﬁ J’ “—1(0.) eiax/e-l»i,u.(a)z/cda,, (73)

- 00

—ew 1

= — —_— eiax/e‘+iu(zr)z/s . 74
P~ 2 ) wGpre do (74)
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A direct comparison of (73) to (8) shows p, and P, to be identical, once the relations x= €X and z= €Z are used.
Therefore, we expect that for small €, p, should agree with P. Writing (74) in terms of inner variables yields

—-ea° 1

eia’X+ ip( U)Zda,

Ps (75)

T 2m J pip+e)

Thus, to leading order in ¢, with (X, Z) fixed, (75) indeed agrees with (9). This verifies the validity of the inner
expansion, or the first of the four expressions in Eq. (55).

It is more interesting to compare the exact solution (73)—(75) with the outer solution and surface wave boundary
layer. For that purpose, we shall need uniformly valid expansions of pg and p;.
Since p, is identical to Py, its expansion is identical to that given in Eq. (26). Thus,

1 [2¢ .,._,
Po~ 3 \/—;5e"/"”’/"[l—ie/8r+0(52/r2)] . (76

We note that a small € expansion of py, is equivalent to a large r expansion. That is not strictly so for p..

A.2. Uniformly valid expansion of p,
We shall now evaluate p, using the method of steepest descents. To do so, we introduce a new integration variable
u, defined so that
—1u*=i{ocos 8+ usin 6—1] . (77

Substituting (77) into (75) yields

™

—-€ ., 1 do _, ./, ., € x| VT E e em
= ir/ e —_— ru2/2eq,, 60— 8 itxivV1+eie z 78
Pe= om © I p(ipte) du® du—i 1+ €& X(0=8)e (78

In changing integration variables from o to u, we have also changed integration contours from the real o axis -
to the real u axis. In moving the integration contour, there are two angles at which a residue contribution is picked
up from either of the two poles in the integrand. The residue contribution is the second term in (78), in which we
have implicitly assumed that x> 0. In what follows, we shall restrict our calculations to be applicable in the region
x> 0. The field for x <0 is obtained simply by symmetry. The angle 6, is the angle at which the new contour Ju=0

crosses the pole, and is defined by tan 8, =€/V1+ €. x(6—6,) is unity when the pole is encircled and zero
otherwise. Thus,

_J1, for6<8,,
x(6-6)= {0, otherwise . (79

We note that the location of the pole, and thus the phase of the resulting surface wave, depends upon e. For this
reason, in order to develop an expansion which is uniformly valid in angle and distance along the surface, the
location of the pole must be included exactly. Therefore, we will keep the factor (ip+e€) 7" in tact exactly, rathe:
than expand it into a series in powers of e. The result that we shall obtain in this way is equivalent to a large -
expansion of p;.

In terms of the new integration variable, u, the pole in the integrand corresponding to o= V1+¢€ is located a
u=u,, where
p?

2 Technically, the original integration contour is the real o axis, indented below the pole and branch point on the positive real axis and indente
above the pole and branch point on the negative real axis.
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u;'=(1—i)[1/1+e2 cos O+iesin 6—1]"2.

(80"
The branch of the square root in (80) is chosen so that Zu, > 0. Long but simple calculations show that
1 do i + sin @—ie—u,V1+ee ™4 +OWw) .
— = = u) . ‘
plipte) du 1+ (u—u,) —u,V1+€*(e+isin 6) (
Substituting (81) into (78) and integrating yields
sin f—ie—u,Vi+e*e '™ —¢ 2/
Ds = eir’e j (1+0(u))e™™"*du
V1+e (e+isin 8) 2"“
- - e|r/e J' ______e—mz/thu i X(o 0 )e||x|\/l+€1/¢- (8:1
2mi Vi+€(u—uy) Vi+ 62

—esinf—ie—u,V1+e*e” ™ e
-~ _6 in 1 uP lelr/z+eo((€/r)3/2) (83'
- le+e (e+isin 8) r

i€
- erfc[ —iu, Vr/2€] explixV1+e2/e—z2] . (83
Wite pVr/2e] expl :

Eq. (83) is an expansion that is valid for all values of ¢, provided r/e > 1. The first term in (83) represents part
of a cylindrical wave propagation outward from the source at r=0. The second term represents a surface wave
propagating along the boundary z=0 (x> 0) with its associated ‘‘boundary layer’’ describing the transition between
the surface wave field and the cylindrical wave field.

The argument of the complementary error function in (83) is large except where |u,| < (r/ e) 172 Away from

these regions, we can use the large argument expansion of the complementary error function to simplify (83) and
obtain

—e e Dqwe € )
~—_—— . [Z"* irle_: - ilx] V1+e€¥/e—2z 84)
P amerismo| v ¢ fize x0T fe : (
The full expression for the pressure field is now obtained by combining (76) with (84):
1 f[2¢ ,, ,4[ € ] . € x| VT em
\/ rle=im/4l | —ie/8r— - — 6,)e1FIVIT ez, 85
T 2 © terer €+isin 6 l‘/1+€2X( e (8)

Equation (85) compares directly with the second of the expressions in Eq. (55). In addition, it also reveals the
same near surface behavior of the cylindrical wave field as does Eq. (60).

The surface wave amplitude revealed in Eq. (85), however, differs from that derived previously (55) by a factor
of V1+ € ~1+€/2+0(¢€*). Thus, the surface wave excitation coefficient as calculated by the method of matched
asymptotic expansions is wrong by O(€?), which is to be expected.

So far we have verified the form of the asymptotic solution in the inner region, the outer region away from the
boundary, and near the boundary itself. It remains only to compare the exact solution to the asymptotic solution in
the boundary layer region. Both solutions describe the transition in terms of a complementary error function. We

shall examine the form of the argument of erfc in (83) in the vicinity of the boundary layer. We now use (80) 10
write

—iu,Vri2e= —i(1—i)[V1+Ercos §+iersin 0—r]"2/V2¢. (86)
Expressing this in terms of boundary layer coordinates, (=, H), (recall Egs. (37) and (39)) and simplifying gives
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Ziu,Vri2e=e "4 [H?/2E+0(€) ]2~ eI 40/ 2¢. | (87,88)

Thus, we see that the arguments of the complimentary error functions agree within the boundary layer.
Therefore, we conclude that the asymptotic solution constructed previously agrees to leadin g order with the exact
solution throughout the entire domain.
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