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ABSTRACT

This report contains the results of the Study of the influence of
stress states and strength parameters on the optimum orientation,
Using Hills' strength theory for anisotropic materials, a criterion is

established to determine the optimum fiber orientation.




I. Introduction

At present, most failure criteria proposed'for anisotropic mater-
ials are generalizations of those originally formulated for isotropic
materials. Of all the hypotheses proposed for anisotropic materials,
two failure criteria have been most widely used for composites. They
are the maximum strain theory and Hill's criterion modified by Tsai
[l]. Tsai's strength theory can be used, for a given set of strength
characteristics of a planar orthotropic material and a given orienta-
tion of materiél axes, to determine a stress state at failure. On
the same basis, it is reasonable to expect that for a given set of
strength parameters and a given stress state there exists an orien-
tation of the material axes Which maximizes the strength. .An
investigation of this premise led Sandhu [2] and Brandmaier [3]
to conclude that optimum orientations are determinable. When the
shear strength S is less than the transverse strength Y, the mater-
ial attains the maximum/strength.with the major méterial axis coin-
ciding with the major principal stress direction. However, in case
the shear strength is greater than the transverse strength, the fiber
orientation maximizing the strength may be different from the prin-
cipal stress direction. Determination of the optimum orientation
then becomes more involved. In this note the problem of the influence
of stress states and strength parameters on the optimum orientations
will be examined. In the derivation of the conditioné which must
be satisfied to obtain the optimum orientations, a principal stress

state will be assumed.



II. Analysis

In Figure 1, o3 and o, are the major and the minor principal
stresses respectively acting at a point. The x-axis and y-axis are the
major and minor axes of the material symmetry. The angle between the
x-axis and the cl-axis is 8. o4y ny’ Txy are the normal and the shear
components of the stress at a point in the x~y coordinate system. Oyy,

Oyys Txy expressed in terms of oy, 02, and © are

oxx/0q cos? @ sin? © 2 sin 6 cos © 1
oyy/cl =| sin2 o c052 6 -2 sin 6 cos 8 n 1)
Txy/Ol ~sin 6 cos 6 sin 6 cos 6 cos? 6 -sin? @ 0
where : n = 0y/0, (2)
and ‘02/01‘§g1- (3)

If X and Y are the normal failure stresses such that X/Y> 1 and.
S is the failure shear stress of the material, Tsai's [1] strength

criterion is given by the Equation (4).
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Substitution of the Equation (1) in the Equation (4) yields

Ri = [X/Ol ]2 = [pz -n + a2 ] sin® o +
Enz + 2n—1+2na2+(n—l)2ézj sin 6 cos? 8 +

[l-n+a2 n2 ] cos4 0

or . Rx = f(n,a,s,e )
where a = X/Y
B = X/S
Rx = X/o1

For a given set of o, B, and n, the strength factor, Rx, assumes
extrema values when

df/de = 0

26-

or 2(n-1)sin 6 cos © U}3—Bz) n—(l+2a2—62)] sin
[(1+202-82) n-(3-82)]  cos? e]n 0
The Equation (9) is satisfied for
(a) n-1=0
(b) sin 6 =0
(c) cos 6=20

(d) tan 8 = U/L

i+

where
U= n(1+2a2—62)—(3482)

L = n(3-82)-(1+202-8%)

(5)

(6)

(7)

(8)
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(10)
(11)
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(13)

(14)

(15)



The positive sign in the Equation (13) indicates that the angle 6.1is
clockwise from oj-axis and the negative sign yields anticlockwise angle
9. Without loss of generality the negative sign will be dropped in the
subsequent discussion.

For n = 1, the Equation (5) yields

ol/X = Y/X (16)
i.e., the maximum stress ¢; depends upon the transverse strength Y
only.

When 6 = 09, the Equation (5) reduces to

I

[cl/x];‘(; \[ ——— s a7

Similarly for © = 90°, the Equation (5) yields

o /x] = - (18)
[ 1 8=90 VMZ - 10 +&*

For all stress states defined by n, and for o > 1, [Ol/X]e & is

greater than[%llxjel_ ag 3 therefore, 6 = 90° - will not be considered.

When 6 % 0°, 6 909, and n ¥ 1, the Equation (13) indicates the exis-
tence of an orientation 6 which may yeild [ol/Xt]e greater than
["1/’(]9,0‘ . The Equation (13) gives rise to real values of 6 only
when U and L are of the same sign. This depends upon the state of
stress and the values of a and B. An examination of the Equations (14)

and (15) indicates that real values of 6 are obtainable from the Equa-

‘tion (13) for the conditions

, .
(1) -1 ng _‘2__@___; and (a2 + 2) 7 82 5 1 : (19)
142~
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with the corresponding U/L £ 1;

PN 1 N
f+2 -

3- B*

(ii) -1 ¢ ng

and 62 Vi (a2 + 2)

with U/L > 1.

(20)

The next question to be examined is how does [ollx:}e computed

from the Equation (5) for the conditions (19) and (20) compare with

[cllx_] 6-6 ° To do this, the Equation (5) is rewritten as
z
[x/ol]9 = (1-n+a?n2) + (n-1) sin? [(n-—l) (24+02-82) U/BHL - U]

Now [Ol/x:le 7 Efl/X]e = Q9 if
(n-1)sin? 6 [ (n-1) (2+a2-82) U/U+L - U] <0

The condition (22) simplifies to

v [1/2-1] 5 o

The condition (23) is satisfied only for U £ 0, ie,

2
3- B
|+ 2 oc‘-ﬁ"

Hence the Equation (13) subject to the condition (19) will yield a

value of 6 which will maximize [ol/x]g .

(21)

(22)

(23)

(24)
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III . Conclusions

The results of this study indicate that when (a2 + 2)2'82, the
maximum strength of the composite is obtained by aligning the major
material axis at an angle 6 (0° ¢ 0 £ 45°) computed from Equation (13)
. If the conditions given in Equation (19) are
not satisfied, maximum strength will result by aligning the major
material axis along the major principal stress direction. For example
for the graphite/epoxy composite [3] , X =125 Ksi; Y = 5 Ksi, and-

S = 10 Ksi, the condition (a2 + 2) > 82 is satisfied and, therefore,
maximum strength can be obtained for -1.0 ¢ n < -0.14 by aligning
the fibers at an angle 6 obtained from Equation (13). For 1.0 2 ny
-0.14, the orientation angle 6 must coincide with the major principal
stress direction in order to maximize the strength. _Similarly for
Courtaulds HTS filament with 4617 resin, X = 244 Ksi, Y = 17.9 Ksi,
and S = 18.5 Ksi, the condition (a2 + 2) 7 82 is again satisfied. The
maximum strength is obtained by aligning the fibérs with the o1 direc-~
tion when -0.86 ¢ n € 1 and with 6 obtained from the Equation (13)
when -1 ¢ n & -0.86.

The conclusions drawn herein depend upon Tsai's strength criterion
being valid for the material under study. If, as a result of current
research efforts, a new criterion is evolved, results similar to those

obtained in this study can be generated.
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