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FOREWORD' 
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OK  CONDITIONS   SUFFICIENT  FOR  OPTIMUM 

[Following Is   the  translation  of   an  article 
by-L',.1,.   Koaanoer   In j^k^^dgiirAltadjami^i_iiaiSiL 
SSSji   (Reports   of   the  U'SSB Academy   of  Sciences) 
VoX   127»   Mo   3S   l.©505   pages   320-5^3'^ 

(Prese n t © d is 3? A.e a d em i ö 1 a a X- * 3 . P & a t r 3? a g £ ß 

on S J'amiary 1SS§) 

In the theory ef automatic control., ever greater 
importance is being attached t© tli© problea of creating 
systems optimal from tlis standpoint of a given criterion 
(tits© öf* response, &t f ieiency, pöwr ©xpÄndittirs). L*3. 
PontryagSn*s Maxlsaua Principle*- formulated <*>©£. 1) and 
proved (2) at first for the case of time optimization, and 
than gensralissed (3) for optimum response in gsnsral, defines 
th@ aeseasary optimiifö conditions for a broad class of varia- 
tions! problems arising in the theory of optimal systems.. 
Ths present paper,, .in saay respects relying upon ideas put 
forth in CD and developed is (2 and 3), established certain 
sufficient conditions for- optiinality in the ease of a single 
varii tiosal problem» to wMe« may. be reduced a^ number of 
automatic control problems (specifically, variations of 
B»V, BulgaJcov*s problem <4tS) on disturbance build-up in 
dynaisle systems), , t 

~x°   Sta-tetaeBt. of tMs problem,- Let' us examine the 
Etoveiaent of a point in an n-diiaensional phase ©pace x » 
(sc-5 , «« « »xn> described by th© system of differential ©qna~ 
tions 

X  »  £ (■*>*, t) j (\) 

where f = (£,,..»»'£„>„ u -- (ttlM(tu„), Let us term the 

variable vector u(t) = (u^Ct) , ♦ «,t;rCt> ) the "control'8 (1> 



As a class of permissible controls, let us take a class of 
piecewise continuous vector - functions u{t) varying ' within 
a certain .fissed' closed set U of aa r-diraensioaal space 
H(u7 »,** ,iO* E-©t us consider the functions f^Cl = l,...(n) 
continuous"*'for the combination, of arguments (x,u,t) and 
as having continuous partial derivatives with respect to 
the arguments (xtu) through the second order Inclusively. 

W© now state the following problems with a fixed 
initial position of the' point x<T0> - x° to choose a control 

«Ci>£lJ such that the sum S= 2 &;**,. C1") at a given »orient of 
f 

t  sT  takes   on a erinlsmrfi   (saxlmum)   value« 
Tfee  control   whioh   yields   the  aininmsa   (ssaxirsus)   value   • 

fsr   the   functional   3   will   be   teamed  mia-optiraal   (jaax-optiaal) 

iIsS™JäfiJtiZ2,lÄ *»©t  uo   introduce   a  vector   p(t>   ~   (p;L (t) s « . ♦J>a(t)) 
and   a  function  H<x,p,u»t}   bound   by   the   conditions   <1): 

i 

* of*.; 

Let   us   writ©  clows   the   systeav   CD»    (3)   with  the   aid 
of   (2)   la  the   following:   form   (ref, .1); 

•i. * *H        a, „ „ a.H is. i ;,.   n, ^) 

Tha vector p(t).ls uniquely ddtes'tained by (4), provided that 
u(t> and the corresponding boundary conditions are specified. 

The combination of. (2) and (4) yields the equation 

>ue. if (4) is satisfied for arbitrary controls 
and boundary conditions. Let us choose -so.iae .control u(t)€u 
and examine its increment £u(t). let x(t),pCt) be the solu- 
tion e>£ system. (4) for the control u<t}^and certaia boundary 
'conditions, while x(t) +^x(t), p(t> +tip(t) is the solution 
of system (4). lor the control u(t) ^^xiCt) vrith the sane 
boundary conditions. Let us consider the difference 
A « X (■£ * $% j f "* ^^ J ^ * ^ ^ "~* "£ ^ '* IP* Ut^ * wi*h ^ ~ 0 at all 
tis-nes. The corresponding development -using (4) leads to 

T 
f r h 

H 
* 

"T„  • 



fche  following   expression   for    As . 

^» ~ A 

>*•*■ f J5* t 

frhere 0< ©,Z. I > Ö^©».^ \       and the vector 

iBtrodfuceä for the sake of brevity* 
Let us set the following expressions as the boundary 

& «iditIons for (4> 

requiring thereby that §*c <T„)* ^l^*0. Then, taking into 
account tbat&*0, we obtain from (6) that 

I 5 ~ at- -- b- p '* *       %»T 

Let us evaluate ths rsinaisded term ija (SO* Xe't the 
Jnoresaent $u(t) differ from aero only on the segment 
[t, t'let'T^.TK^"^^ There Is th© ■ following expression for 
the inoreräeßt of the solution of system C4) for boundary 
conditions of tho type <8)t 

* . f• 
where M is a constant independent of t^, t2, and du(x). 

From (10) it easilv follows for T\ that '. 

4^ r * , H where C is a constant independent of t^, t2* ana «tutj. 



3*   R^SlMlMJiMä,^ L'fet Dt/^'^s   a   segment   lying1   is 
£T&x"T),<or»   possiblv»   "Coinciding  with  the   latter),. We ■■will 
call   the   control  «Ct)€.U !sin-optimal   (siais-optimal)   in S: 

1}   in   the   ssa-ill   seg-snent Ct4/"0>   l'£   there  exists   a 
sufficiently  SKalX   nuiaber £ »   such  that   the   functional  S 
reaches   a  least   (greatest)   value   iß.  u(t)   of   all   values 
on  a 11   t ft r e e  pout ro Is   u C t) + hi (t)f U, 

*T     ,        '   * ■   • 
fro   which aas    'S* |^^-*("^ M '^ ■£• ?-.nd  bu(t>   =  0  are   external   to 

the- segra©r.t-£"TJ ~TJU 

2) i» small portions öf the segiaent^T^^^ ^provided" 
there exists &• sufficiently snail auaber  such that the 
functional 3 reaches a least (greatest) value on  u(t) of 

IK 

all values on  all three controls u(t)4-öa(t) Cü io? t/hich 
Suf*)= 0 externally to the segment Cfc^tsT^€fTlJ"0 which is 
arbitrary,, but such-that to - t ■•, &'Vz 

3) for a sxaall magnitude in the small segment CC,^3kJL 
if there exists such a pair of sufficiently small numbers 
C/V for which the functional 3 reaches a' least (greatest) 

e on u(t) of all values on all three controls u(t)+ou(t)6U 
which 4«(t) - 0 externally to the segaest' Ct,,t»3fc CT* /^l 

which is arbitrary* but such thai tv - CS4'X * and» in addition» 

V..i 

sax S ^u-  ('tMf- f 

-•   ^MLJSS^S^ääM^SIhä^M^M^ ^e"fe   «Ct)€ U  be   seme   con- 
trol   det'ertsiaed   on  the   Interval C^-f5'-^ ,   and   s(t),   p{t).— 
the   solution  of   the   system   (4.)   with boundary   conditions 
(S)   for  the   control   u<t).   We   will  say  that   control  uCt) 
satisfias-   the  jaaacismsa   (rainiauia) condition   on  CTtoj*0 if   the 
function  G(uf t)S ll(jj(t } 9p(t) 9u»t )   roaches   aacl  absolute 
ssaxitnusi   (stixsinrnsi)   along   u  =   Ctti» , „ ,.,ur>   on  the  set   Ü   for 
u   ~  u(t)   and   arbitrary fc^lTa/i* 

The   necessity   of   the maaiimvua  '(nininua.). condition 
for   the   Kin-   Ctsas:-)   optimality   of   the   control  u(t)   is?   easily 
proved   on   the  basis   of   formulas   (9)   and   (11)   (considering 
the   increments   6n(.t}   with sufficiently' ssall T>uOTee   Not ©7 
^"Notet   The   aesessitj'   of   the   maxi sum   (isiniiBum)   condition 
also   follows   easily3 from  I,S,   Pontryagin's   Maxitaum   Principle/. 

5*   ZM(S£itSL_i»_ het   the   control   u(t)   satisfy   the  raaxi» 
in-asi   Cminiraurai)   condition  on  the  segment  [Ye TJ ;   £urtheraore, 



letDVÜbö  a  aograoBt   lyian wSthia D"»/^or*   possibly,   coincid- 
ing   with  it}. 

Then, • 
1}   if there exists e. constant -A/v such that the 

inequality 

lHC*tfl,f to, aCvr) ♦ ^ H - H t* ^ ,Htk(rt, t)i > A^Rj   ; 

is -satisfied for an$%&^J^.nü arbitrary, sufficiently ssaall 
0".(tn-»i»rAw+^6^t then the "control vt<t) is min-optiaal Itaax- 
outimal) os S is a small wagnlttid« within the segment [T.^j, 

2) if there -ssists a constant  B>Osueh that 
the inequality ' f 

,,. „atiafled for any ttft&land arbitrary sufficiently small 
^(rj+#tij  , the control u<t> iß ^in~   (max-) optimal on 

,3 in. ssa.ll portions of the segseat fr.J^« 
3} if the conditions.of point 2> pt   the present 

theorem are satisfied* the set U is a compact oae, and 
in addition» - - ' 

fer any *>~ ^ O^O*)4"^* then the control uCt) is min-   (sax-) 
optimal on 3 on small portions of the segment n*«*"^i« 

The proof of the theorae follows easily, from (9> and 

(11). 
6*  ^JjlSiyL-tSJlHif^ Let  us   consider  a  ©lass. ©f  problem« 

for  which the   system   (1)   is'linear   in xs 

' %£SJJ§1LJULE- &   necessary  and .sufficient   condition 
for   the" min-*   Caax«-)   oxtistality   of   control  uCt)   on 

^E^C^jtlj f0?   the   system   (12)   is   the  fulfillment   of   the 
aazisme   CmiraiKmsi)   condition. 

The  proof   of   its   sufficiency  follows   out   of   the  fact 
thafTjsöin   C9>,   T'he   latter ^is   easily  show   by   hearing   is 

mind   thatQ*H#*v2*»SO   ,   S^M/D^K   ~~   D  , 
r<älÜ/2fv$Xs« 0..i(t)..   and  finally   that   ^ (fr) a Q (^ , & «  I,...,«). 



"■'he neoessitw for the EE:»:1SUS imxn±%inm}   coaoitjOE naf- 
already been noted in Section 4, 

The aui&or wish ess to express bSs gratitude to B«.¥» 
Gaffikreliao for a number of e ©aste rris hö trade in the- course 
o£ xl;,o   preparation of this paper for publication» 
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