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CSOi 1730 .«S/e 

THE THEORY OF OPTIMAL FAST-ACTIMG PROCESSES 
'.'IM LINEAR SYSTEMS 

•'.-ÜSSJU- '■ 

[Following is a translation of an article by R.' V. 
GamkrelidsRe and presented by the AcademiciAn A. A. 
Borodnitsyn, in lavastlva Akadeali »aaJc_8SSa. Seriya 
MatemtiehegkayaH^TheKews of the Academy of Sciences 
of the USSR, Mathematical Series)» Vol 22, No 4» Mos~ 

...-;■ cow, 195&. pages, V+9-W«} 

In this work optimal processes in linear systems were studied. 
It is demonstrated that auch optimal processes in such systems do 
exist and equations are found for optimal.directions and optimal 
trajectories. The problem of synthesis of such systems with one 
direction parameter was also considered»'  .... 

Introduction:. 

in the theory of automatic control» considerable importance 
is attached to the maximal increasing of speed in the acting of a 
large nuasbar of various controllers and monitoring systems», in other 
words, one strives towards the fastest, and as is common to say, the 
optimal realisation of the process of control and monitoring. A num- 
ber Of other technical problems also leads to problems in which one 
axtremizes time. 

A fairly large collection of technical problems of this type , 
constitutes the type of problem considered in the.work i1:).    The 
representation of a point (vector) X » (x\ ..., oP)  of an n-dimension- 
al phase space, X has the following simultaneous equations* of motion .i 

... I •Ä*«/I(*i, .';'►". as«; ''irl, ;■.'.," ■ttf)—/t(jti't),_ r«^'i,-;-..,n.--.---  ■■.(*) 
Here (u*, .... ur) * t are the direction parameters. If the control- 
ling law is given, i.e., we have r functions &Ht)t  '•«• u

r(t) belong- 
ing to some elaas of functions, then the system (1) for given initial 
conditions xHt0) .». xf determines uniquely the motion of the point x 
in the phase space.  The class of functions from which one chooses 
the controlling functions ux(t) ur(t) depends upon the specific 



^hele^^ 2* P  . rÄU(to(tSL^;r^ kosed subspace of that apace. 
for exataile. to an r-dimentional unit cube lu1^)! 4 1. i ■ 1. •••» '• 
Se Äai meaning of this condition is obvious. Only some or 
IvenPS parameters Ly assume artitrarily ^"^'Jg£ ^ 
controlling parameter may be the quantity of fuel fedinto an engine, 
etc  Here? in the general mathmatical problem, the region in wftion 
S"wt£t(t) varies, does not have to be always bounded. In 
pfrtlculfr, it may coincide with the r-djmensional space 

Moreover, the control functions u <t), ....VfLiS discot 
to the class of piecewise continuous functions with a finite discon- 
ttnuitv  Tnis corresponds to »inert ialess« control, and the control 
pa'rame&rs S the given case may instantaneously ^^^^acco^t 
ever, in a number of technical problems, one has to take into account 
«inertia» of some control parameters, and hence, some of the func- 
tions ul(t) iHhis case shoudl be continuous and piecewise smooth  ; 

With a ^TlafsT/ve^r functions *t>. **■ ^ ^V^f*^ 
«ontrolf for the given problem, we shall call the clasjLOf^issi^e 
SS.' Visclals shall be'precisely defined below for the prob- . 

leffiS ^JSlS^tTif ining the class of admissible controls the 
fundamental problem which here presents itself, i* formulated In the ; 

following way. x |  r  ^   st , 

^> ^^1£S I)f - M« 3-1 can the = 
optimal control and the corresponding trajectory - the optimal ^ 

trajectory.    ■ ^ ^  ^^^ to the theory of automatic ! 

contort, has a slightly more specific character and may be stated 
to th9 £ä°Sn!r™a^. a priori determined, point belonging to the 
phase spTce ?oo?.£S,«sfel-it the origin of the coordinate sys- , 
+A* m with th® aid of an admissible control. 
*~ (1)ienf«Uy «MUX. —■-» "^T^i^ÄnU    ■ 
coordinate Wste» from'»/^"'f^^^ Ä a°noS by" the ««a/»« sr hv means of an admissible control. let us aenoxe oy n  mo 
setof IhSe^m;"nts belonging to the space I from which «-V 
arrive at the origin of the coordinate system by means of an optimal 
control. Then, on the set M we define a vector function 

uhftse values lie in the domain of admissible values of the control • 
r^nd which satisfies the following condition, if one travels on the 
trajectories of the system —- -- 



*'«Mn(x)>, 'x(0)«1<:.,tf> 

m the phase point %  whose arbitrary given initial position islfcH 
•rives at the origin of the coordinate system in minimum time.     . 

'The finding of the function t(x> is «H* the ^thesis of the 
»tlmal system. With the aid of this function, one builds the gt*J« . 
Luting machine A» «»• given controlling installation. The .^noting 
> the -computer In the system of automatic control may be done sehe»  ■ 
itically-iBth» following manner (of. (*)h^ _     „,tn««tie con- Assume that we have given a part of a^aystem of aut»matlc con- 
»ol consisting of the. controlled element and a controlling faotjr. 
iiä part has r inputs and n outputs The input quantity are the 
mtrol functions: -VCt). .... u*<t>. the output quantities are the 
ntrolled phase coordinates At). .... *(t>» the connection ^tween 
» quantise u1 and «* is given by system (1). The quired pattern 
» based en the fact that all phase eoordijaatea x\ as the. process of 
* controlled element continues, should tend to aero.  ,.. 

The output quantities (x1 x") « * enter the computer. 
IDS« output coincides with the input of the controlling element, 
•ms, one obtains a closed system of automatic control. If,_as a  _ 
Suit of external factors, the phase point tragslate| from the origin 
f the coordinate system to the point If. where x - (x\ ....:*.b  J»J* 
t the input of the regulator we have from the^omputer the quantities 
it)  « (ul(t). .... ur(l))» which are defined by equation (2). which 
md the phase point back onto the origin, in a minimum of time. 

In this work we consider the oase of a linear regulator, i.e., 
a have the following-system"' ,_ 

<'■./'•, ■h>«■ 2 a[x* + by + :.._; +.by**, .;. 

ftich we write as a vector ■,   ' -,-»»- < 
:/ x^Al + Ml .+ •*. + Mv. : .       , > ■...-. 

ar© x is a vector which is in an n-dimenslonal phase space X, A is a 
önstant linear transformation of this space,X are constant vectors 

-» X. We define a class of admissible controls to be the class of 
iecewise continuous functions whose modulus is at most unity, i.e., • 
x$i<£ 1. Qeneraiay speaking, unless the last restriction is made 

-■a the control function, the problem has no solution for (3), and one. 
ay Move from a point f 0 to another point 1, in an arbitrarily short 
nterval of time? however, when the transformation time tends to zero, 
he corresponding controls have their moduli increased to arbitrarily 
arge q^ exigence theorem which is proved in para 3 states this t 

If one may reach from point f 0 to point fx by some admissible 
ontrol. then one may go from the first point to tfie latter following 
n optimal control. 

* Further in the text we shall adopt tensor notation. 



■   Shi© control to a relay t«a., the control functions h»TO values 
i%) » 4 1 aai Mm a unite n«b©r of diseontiwittlee Ounpa). 

I» p&ra l'va havs obt&lnad th® equations for opttaal controls 
uid.trajectories. '"  •' ■      . . 

" 2n para 2 ¥® study tfa« probl« of optftaictag the systa» (3) 
for, r * If ©& the. basla of ws&Lta from para 1 «öd para 3 (tha «cist- 

tea «tiLstanba theorem proved in ^ 3 It »et only of aatfce« 
latieal iBsportanoa«   Wa shall prov« that tha optiiaal control *v ■. 
J * 1» .*'., r for «wati«! (3), on* «flr always (lad in-the class of 
relay- centals*   Tharafora, OR© doss not exclude .the c&s© when .there 
Deists a oäejisnoa of rmlay controls uP, k * 1». 2, ... t«bieh transform . 
fcisa phase point along tha trajectory Kof equation (3) frosa position    , 
r . to the pointf i* after a laps© of time tjj, Trfhara    . 

4th tha proTfiss that thara does not exist an admissible _ control 
$   A <* l*:' •#. r, snob that It transforms tha phase point ..fron point 
I   g. onto I   -is t&m T.   In this case it If not permissible to choose 
l-Asaqpane« of the eäsj&anea of cental« u£ such that it should con« 
rerge to so«© permissible eontröl n3 as thit control would, transform 
the phase point from position | 0 onto point f n to time T.   Con- 
seqüantijv the totality of'points of Juasps of t£e, control v£ increases 
uttboub Ifjdt together with' the number ky'and tue relax eontxgjL «a at 
0o»1»ia''-tSjaaB'o3P*dB]rtiig the laiola time of travel fro« | 0 to f x, l>e» 
elna to oaa4li«ta at a-hlg^-fracpMnay» 
^ ■      ftms, wa are «nable to' obtain an optimal transformation from 
f     to f T , hovwwr the trajectory shall be tue nsarar to the optimal 
trajaeto^/; tha faster shall osculate the controls u£ at the rospoc» 
fciTO teansformatim'tS» interrels*   Suoh regions ..«re* well known in 
fee theory of autcaatle control'nadsw called'sliding regions. 

Therefore» tha «clstene© theorem for optical processes for   ■ 
system (3) is aipiimlmt to -tha following assertion: 

In linear systems the ©ptt»l region mj not be sliding- for 
any.'.time ''intawal*   ■ „■ -■■   . 

Ons may consider a-obre general problem and .assy»« that, sow© 
part of the Control, fimctionis vr(t) «agr b© ehesen in-tha class of 
eontin^ous piaowisa saooth ltootion,s with a bö«nded (with respaot to. 
vodulns) dsriTOtiw, i,a«, to asstma that tha raapeotiva ■< exhibit 
•'laartiU*'ifflUa tnöthap.'part cößiidared- to b® »teartialess«« is ob« 
tatoftd-'fromprairious 'conditions-.'   2a SOBS©' eases» ona of these parts, 
only» »ay «ist»   Tm »salts» rolavuit-to this general oasa» shall 
b« pubiishad saparat©ly. ■■ '     '    '  ■ \^ ." ,     'M ^ 

■ Xh© nattoda of tha pmumXmtk ara a .natural .©xtansion Of tha 
pathod published in tha article (*)•   ^© preset work was cosaplstad te 
the s^atSnar of U S. "Pontryagin on tha math«atical theory of oscil« 
XatiflA'a and autoasatio control. ■ • ■■■.■:---\ 

I eaprass w de®P gratituda for his att^mtion and great 

* 



z'T^^x^xLVi^-y? saor."« - *»:saö5w«. mw».,««««** 

assistance, vhl«h he afforded w® during, the cospletton of the present 

Faral.   Ecp&tiens for Optimal Controls said Trajectories 
fbr "the Case ©f On» Control Parameter 

I»   Statement of-the problem*   notations.   Let there be given . 
one dlffßK^BSriSSF^ati^Äthi on© control (scalar) parameter ut 

He»'f iftjfcft -represmtativ® point (vector) In an n«dto®n&lenal phas® 
space X, I   1st constant vector In .space X, A is a linear transfottaa« 
tl« of space X, which is fcttdependeat of tixse»   The control function , 
u belongs to the «lass of pleeewis® continuous functions (wilfr a ' 
finite number of points of discontinuity on every closed interval of 
time), such that fche,iodulus is at »ost unity.   Such functions we shall 
call' ais&issibl«: ämtaeylp» '■• ' ■ ■  :i$> 
^ slateacttt of ßeaeral problem»    Bsere exist two poiats t     and 
£ . in 3E«fnM» "spaosl' "MÄ to find such an adsalesible control 
fu&etioß u » u(t), each that the repräsentativ© point &(t) travelling 
m thejfcrajectory d|fined by the equation W should travel from 
pol»t£B topetetC! 4a a !^i»«k of time* 

S&ch a control function, if it exists, we shall call the optifflaL 
control and the eerreiroohdink' trajectory* the optiatal trajectory.   We 
'tSSSTiSSimJMf that the^base point executes m opt&aal passage fro»  ■ 
the point %    to point gx along the trajectory defined by the equa- 
tion (k) in an optiirai of t&a®. ; 

lot'us introduce soste new notations «Mch are necessary for 
further presentation, -"'Htm vectors, which belong' to the phase -space' :' 
£, we ahall call contravariant» thos© which are in the dual space of 
X we shall call covariant» ■■''■• 

Let lv(t), ♦»*, %Xt) be eontrav&riant vector function»^ which 
represent a lundsMiWtal system of solutions of th« equation ;.••■:*.■» Ax. 
Let f Ht), #.o»Y Ä(t) be the covarlant vector functions, dual, for 
equal indices, to the functions f^(t) Is. 

We have:   " "'/ ' «,»=' — .4«;,    i «= 1,..'.,»,        '■'   ;■•'■■ (5) ■' • 
. -7 $*«.-yl''|j,       > a» 1,".■.'.,».'" .'-'(6) 

'-«here A* is a linear transformation which is a dual of: A» ' 
.* In order to prove (6), in'other words, that the vector functions 
f i(t)' satisfy the dual (of (6)) equation (5), we differentiate the 

^^•'^fcW^W««!.-   '.Fro* it we have* 



<$. a) -V (0)' -$. («-?1 (o +1» (0 • 4l (o *% ' 
~ 4* (01{ (0 +& (0 *''(«)« $* (<M'f (0 +1* I«) • f (/) » 

As this equation is satisfied for an arbitrary <* * 1, .... n. the 
following identities are tguet 

' A'ii(t) + 4i(t)mQ,   'i'*«l,'. ..,«.■■ ■       ^ 
tfe denote the scalar product of the vector function f^Ct) with 

the vector %  by  / ki (t) ^^X   ; = i,'..., *,* .  ^ 

The. solution of equation W with the initial condition x(0> * £ (0)» 
a^ (0)'|^;Via written as followst 

I t(<)«i(0(5" + (ft'W»W*)-i(<)('«* + Jl'W-t«(').ri'). .. (7)' 

As is known, every function h^t), 4*1. .... n is a solution 
of an.nth order equation, namely 

/ [A' + pE\h(ty = 0, ■ -Co) 

where p Is the differentiation operator, E is the identity transforma- 
tion» /A1 + pE  is the characteristic transformation polynomial for 

2. Th® Pandition of Mondegeneracy. The equation (4) is non- 
degenftrate TTti^'^tSPf^t^TT^in  some invariant subspace, 
whose dimension 10 at most h - 1, with respect to the transformation 
A. Otherwise, the equation (4) is degenerate.   .       *v.+fc- 

Now we shall show that if equation (k)  is degenerate» then the 
time it takes to go from |0 to |x is independent of the choice of 
the control function u(t), or the problem reduces itself to a similar 
problem for an equation of smaller order. 

Let us assume that b€Y, where Y is an invariant subspace of 
the transformation A, where dim (y) * n - 1. . I*t us express the phase 
space X as the direct sum^f Y and Z, X - T+Z. and every vector l£X» 
MtBUBl"!+t, where >fil and Ic Z, The equation (4) becomes: 

.—*&   -**>•>■"*   , ♦ 

• where Af £Y,"buCY. The projection operator onto the subspace Y, paral- 
el to subspace Z,  is denoted by Prx, the operator onto Z,*parallel to 
Y, we denote by Prgu We have:     ; 

where B is some linear transformation in Z» * ^   ■ 
Assume that one wants to get tog, ■ (yv, £,) by an admissible 

function (not necessarily optimal), starting from, the pointg$ ■ 
(f , z  ). The corresponding trajectory of equation (k)  we denote by 

■*($> ffl°(l(t). ?(t)),where 



■ war^rsr ^x^'yr^awy^y^s^t'"'-.' ^T? raw:J.- • -x^se.■•äa.v. <•.•■***#*■ -»HK * *,' t *MM I«*WJW> um» »--*■=■ ■■■ aeiu.'«*«.'.**«*«»/!... 

|  (y(O)*(0))«(yo,X),(f(*i).t(^))»(yl,--«I). 
-»   The vector function "l(t) is called a solution of the elation 
z  ■ BäT, and.is independent of the choice of control function u(t). 

• If M * 0, then it is necessary for the solvability of the 
problem that°the equality %  ■■£ should be satisfied, as independently 
from the choice.of the 'control function, we shall have the. identity 
t(t)"w I*. In this case the problem of optical motion from point 
(f  jt ) in the phase space X to point (fxi  %>, along the trajectory 
of equation (k)t reduces to a problem of optimal motion fro» point y0 
in phase space Y, to point fx,  on the trajectory of the equation 

■•■ .'.■■;• ,j;.« /iy + bti + Prjiz,) ~ «4 y-f-b w-f-: a. •, 
where ftjß   * S is some constant vector in the, space. Y. This equation 
may be taken as is, and as equation of type (if), it does not contain 
the vector 1. However if the transformation A, which we consider in 
the. invariant subspaee Y, is not degenerate, then I « %* «>d we ***• 

1 <i«fc ■-» *    ■> •*  "f* 

i "y-»,(y + *i)'«-4(y + fi)+.bB- .  •       ^  + 
If Ba '> 0 and there exists a trajectory t(t) of the equation a * Bs, 
which connects the points t   and "I,, then the time it takgs for point 
£rt to arrive at ll2and the time intakes the phase point x to move 

' from (Tot- yt) to Wr* %)  *» independent of the choice of the control 
' function u(t), if, of course, the latter case of motion is usually 
possible as it is necessary to move from point % to pointy also. 

Further, we shall consider that equation (4) is nondegenerate. 
Fro» the nondegeneracy of equation (k)  it follows directly the linear 
independence .of the v etors 5 *A°b, .... 4 " " x % Hence, it is 
easy to deduce that the functions h*(t) *T (t) • b, 1 *!,..., n 
(of. 1) are'linearly .independent* ■■'■..Indeed» let  ;/.v-..,■... 

where e.,,* * 1, ,.*, n are constants, then 

From formula (6) and the above equations it follows that: 

.■■:-:•.-.   ■ j..e^ct.bs£Ctt^
8.^bs=...eica4".4',.1bJSH0. ; :;  ' / ■. ' "  : 

As the vectors %  At, .... A n * x*b are independent, then o*?** (t)*0, 
and as the vectors ?"*. (t), <* ■»■■1, ..-■•, n .represent a fundamental 
system of solutions of equation (6), then c^ * ..*;: » fiR ..* Ö. 

From the linear dependence of functions hx(t), *.., hn(t) it 
follows that they represent a fundamental system of solutions of 
an nth order equation (8), ^ .    •  , 

3* Kecessary Conditions for OptImaiity. let %.n be some 
defined point of phase space X, let us denote by Jl(t-), t>0, the set 
Of all points of the space X such that one may reach them after a time 
t moving along the trajectory of equation (4). by means of an arbitrary 
admissible control, for an initial condition x(0) * $: o. 



The setsfUt} is convex for an arbitrary t » 0.    As a matter of 
fact if u-f and u, are two admissible controls and their respjct*ve 
SSectoäefL^Ct) and ^(t). of the equation (*) and satisfy the 
initial conditions 

, • ■x,(0)«x2{0)"-5<»; 

thent^t) £il(t), f2(t) €A(t) for an ^itrary O 0     *$£%* 
point of an arc connecting the points XjCt), X>(t) «ay be written as 

where  "X + H » 1. A>0", Jx^O,    One may reach this point fro» a 
point | 0 intime t, mving^long a factory pf ^ •q««t^* 
■wrns of0* control Au,+,a.u2> such that the corresponding trajectory is 
(cf formula (?)):      •   '     ■   ' . 1 . 

0 ' '0 ■/■ 

'    ■.-■'"     .=■■■■■ ■   ■     ■   ■/■■'■ 

where %(0)  gl ffi f o is the starting"point of the trajectory; the 
direction Tui! fyu2 is adaissible, provided that 

Let now u(t) be the optical control, f«t) the corresponding 
optimal trajectory of equation (*>. which connects the given point £0. 
iwith some point f, which lies in X. Moreover, let m       ■ 

The control u(t) and the trajectory x(t) ^^ff^.f^l^ 
an arbitrary interval 0<.tCTl9 where T^-T. *f

ua^vf ™*!^ 
arrive at point «(TO from the point %    in time T1-e,«>0 by means 
of S aSi^ible ooKrol v(t). where fet«T,-* . then «. «j.reach 
the point t(T)in time T - £. by means of an admissible direction w(t). : 
0^t ^T - £ , where w(t) « v(t) for O^t^Ve, and w(t) * u{t ♦ e.) 
for ^i—.8^*-s£T.~r:.E>.i      ^     , ,  "±/i.\ ^ 
which contradicts the assumption of optiaality of the trajectory x(t) 

6n the ifSS aw^V*we ■* CORStrna T^flLSIet ; 
contains the point £, «*(Ji) and which is a base for the convex set 
nil:),  i.e., that I-, Is in the boundary of the set-»UTJ.   „*   . 

ll is easy to" see that for an arbitrary t«T the point !<t) is 
a boundary point of the setil(t) and because of that one «^ have 
through it a supporting hyperplane to A(t). If this is not true for 
eveTone point ft), where t*T, then we shall consider a spherical 
nIShborhSd about *<t), such that it is proper^contained in the 
setJXCt) and shall define in the ball any poimt 5f(t + E) of the 
trajectory, where €»0 (such a ball Bay be found as soon as the defined 

■poSt l(t) is an interior point of the set Jl<t). As this ball is 

8 



f= *':idi'*«a-. ■ t'ji^'rtyfcM«.-"-*1 

properly contained in the set 11. (t), then on« my proceed from point 
€     to point x(t + £) via an admissible Control l*ktiae t<t + fc» 
whiSh contradicts the optimallty of the trajectory 5c(t).     . 

Therefore, one »ay select a sequence of times V~*T an| J 
sequence of Pw hyperplanes which pass correspondIn&y through *J V 
aTare »upportSrhJperplane, foril<tk>. Moreover, «»»»<*" ^ 
sequence of hyperplanes JL converges to seme hyperplane P,which passes 
through the point fi «it'D. The hyperplane P is the supporting 
hyperplane for.il(T)» 

to 

*M9 

to P. further» we snau oerww an «w"»jf w«*»«-.^^- T <;„/+*. a« 
♦ <§•(u(t)>, where u(t) is the investigated optimal ^ntrol,^u(t) is an 
arbitrary admissible perturbation of the dirjction+u(t); by *(t)JJJW 
we shall denote the. corresponding perturbed trajectory with the initial 

condition4 x(0) * 0. -^y   . ts^,.   w c\ /+ s »«H  ^ 
For an arbitrary t<T.the pointT(tk) +0 «(yyi *k ,•« 

*£ (ti ) €  ft, hence4l(tk) % v^'  0. Proceeding to the li|lVfOf 
WS? we ÄU& f or a* arbitrary admissible perturbation^' jg that 
|t(T) »&p, i.e., that the hyperplane P passing through the point 
f(T) is the supporting plane förJ^T), and hence, the point Itself 
'(I(I)j lies on the boundary of the setJ\(T). 

We -shall show that the supports« hyperplane P »ay always^be ■ 
found for a point 1E(T) and a vector T* whlSk is orthogonal to it, such 
that in addition to the inequality £ $(T> «0, also the inequality 

would »«'satisfied/' '•■ .. .' ■,••■■■""'.■ ;■■■■. ''•■■.■• 
Forthis, we shall prove that the beam which contains the phase 

velocity xtt) and which emanates from point X(t) for Ö^,tJ& ^»con- 
tains only the boundary points of~A.(t). „".' 

This theorem is easy to prove for t < T, thus, passing to tne 
limit to prove it for t » T. ■ ■ • •£,./ 

Ißt us assume that the beam qt, which contains the vector *W>", 
where t<^ T, and emanating from the point *(t), contains an interior 
point T of the set.jri(t). As JX(t) is a convex set, then the whole 
interval of the beam q+ between the points f and ^(t) consists entirely, 
of interior points of the .set~&(t). Furthermore, the phase velocity 
vector "x*(t) is different from aero. It follows that one may find such 
a time t», -t-<! t* -CT, such that X(t»)6 Sl(t) which is impossible, as 
the t-st t» and the trajectory is an optimal one. 

From it it follows that q+ does not contain the interior points 
of the set Jl(t>. This implies the possibility of two cases: either 
the straight line Qt, which contains the beamqt, contains interior 
points of-Q.(t) orjnot. In the first case it is evident that the 
covariant vector jf+ which is orthogonal to an arbiträri3y4ch6sen sup- 
porting hyperplane Pt, relative to the set JX<t) at point x(t) and ft 
direction away from the set JX(t) satisfies the inequality 

:       x(t) ♦ ft ^0. 
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In the second ease the supporting hyperplane Pt may be chosen 
in such a way that it contains a straight line Qt, thus, in either 
case, the inequality t 

is sati^f;  uence t ^  Tf md perform a similar construction 
for every point i(tk>, wSen we shall obtain in the limit an inequality 

t(7')-X>°-./ 
• -. . We shall now state in its entirety the necessary condition. 

Let u(t) be the optimal control and let l(t) be the correspond- 
ing optimal trajectory of the equation (4), which connects the point 
%     to the point fx, both of which belong to the phase space X: 

^(0) ==t, 1(7') =4,, ' 0<l<7\„ / 
Then, we are able to pass through %.  *"*(T) a hyperplane P^hich is 
Supporting relative to-il(T), in sucfi a manner that, if we denote by 
5ftneco?aSant vector which is orthogonal to P and is directed away 
from the set~ii(T), then the following inequalities 

are satisfied for arbitrary admissible perturbations <S 5c(t) of the 
optimal trajectory x(t).    ' ■  ",,  ■ 

k.    Optimal Controls and Optimal Trajectories Equations« 
By means of the stated necessary condition, it is easy to ob- 

tain equations for the optimal control u(t) and the optimal trajectory 
l(t), which connects the point f - x(0) with the pofcittx -JW. 
0 ^ t ^ T. To this end, we shall use the inequality <$ *<T) • *«, 0. 
It is seen, that the perturbation 5 l(t) satisfies the differential 

equation 8?» .i3*+?2u | 

with the initial conditions 5 $(0) =0. Thus, on the basis of formula 
(7), we have T^ ^ 

•*  ^ -» 

'$<•* 
b oiuh ^ \ c jSiiul". < Ü, 

where a-« 5* ^ (T), <* Ä 1, .... n. do not become zero simultaneously 

and ■•*„•'. "*v -» 
A"_(/>«^*(0-b .-]   (cf.no: 1) 

The function c^h^t) does not .vanish identically, as not all the c* 
are zero, and the functions H*(t) represent, as a consequence of the 
nondegeneracy of equation W, a fundamental system of solutions of 
an equation of the nth order (8) (cf. no 1-2). The inequality 
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Ja»7*f".Miv-\:Äi^B«,«'.rcte:^^ 

.» " .       '.- • 
ti      ..''•■.     •■•--. 

is true for every admissible, perturbation of the optimal control^ 
Thence it follows that for positive values of the functions e^h (t), 
the perturbation § u(t) may only assume values which are not greater 
than aero* and for negative values of the functions <s*h (t) only 
non-negative values. As the inequality lu(t). ♦ <§u(t) li^i, is a 
sufficient condition for the admisslbility of the perturbed direction 
then we obtain the following equation for the optimal control u(t)j 

;  ^ I u(ty-* slgnt Ji*(t) e* sign c$\(t)-h^ sign tyit).}),  0^t<?\  (9) ;'■ 
The function which assumes only the values ± 1, we shall call 

a relay function fro» now on.       -*„,    If,     ''"■ 
The covariant Vector function o^f ■ (t) * f (t) satisftes the 

equation (6):      ■ ;'"f" ••■'--•* tia\ 

and possesses a simple geometrical meaning! the vector f (t) for 
every t,. 0*£ t 4?? defines uniquely a.hyperplane Pt* which is ortho- 
gonal to it, such that it passes through, the point f(t) and is sup- 
porting relative to the set^l(t), and is directed away from the set 
Jl(t). For an arbitrary admissible perturbation <$\(u(t)) we have 

'/ Sx(/);f(0»t(0-$I(0$?
x^ 

As the systems ff^Ct)] andi^(t)} ,M * 1, ..., n, (cf, no 1)  are 
dual to one another, we have ^ ■■"■■.*"■.•'"• 

1 .   / ■• 

l • ft • »  . V ^k      f   ^ ^   '  • * 

t(t) •+.(*) ™fot'$Züd~-ä ^ttud~. 

On the other hand» from equation (9) and the inequality j, 
j u(t) + §u(t)Kl it follows that sign «§u(t) ■ r sign f (t) • b 
and, hence,<£$(t) • 9 <t).<SO. In particular PT » P.and^(T).-^, as 

(as a consequence of the duality of the system {^ (T)/andif (T) /., 
M, ** 1,  ...',' hi ''■'    :-# : «*'■•■ ■ '""'-AS-, i'-V"?, \'-i/: ■" 

At the end point & x ■■ x(T), the inequality T(T) •» *(T) 5*0 
holds, as may be seen from no 3. 
^   How, we shall prove that everywhere along the optimal trajectory 
x(t), the scalar product f (t) * x(t) is. constant, hence,  ; v:;<> 

The scalar product ■'■■■      ' '.-■•'' -vi'■ 
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is continuous, so from (9) m  see that u(t) may jump only when ? (t) • 
. b « 0  Thus, the constancy of the scalar product shall follow from the 
fact that the first derivative of the scalar product with respect to 
time is identically zero. Fro« equations (4), (9), and (10), we have* 

(«J. (i) • (A X(t) + b «<<)))' = IV) • '* x (0 + $ (*) • A x (t) -r 
+ $(t)tu(t)^~A't(t)-Ax(t)+%(l)-A(At(t)+tu(t.)) + 

: + (-A'$(t)$a(t)) « -?(0-/l2x(f) + &(t)-A*x(t) + 

Having collected the conditions stated in equations ('*)• (9), (10), 
(11), we obtain the following method for the determination of optimal 
controls and optimal trajectories emanating out of the given point 
fcf t which belongs to the phase space X. ■•■ 
* °  All optimal controls u(t) and their respective optimal tra- 
jectories l(t), which emanate from the point f 0 at t * 0, are con- 
tained in a set of all controls and their respective trajectories, 
whidh are obtained upon solving the system of equations as stated 
belows   ' ' ' ;* / : ♦ '* " -3»/A f ■ jc == Ax + au, x(0) *=.,;„, 

-A't> 
«(O^ign^O-b, + 
4 (0) • x (0) = .$ (0) • (.4 x (0) + b M (Ö)) > 0. 

(12) 

Since we are not interested in the vector^ function V(t)  itself, 
but merely in the control function u(t) * sign ?(t) * b. we henceforth 
regard the vector f (0) * c^V (0) as normalized, i.e., define the 
equation „ 

' S^-!!?(0)||-i. 
to hold, for not all coequal to zero. -^  . 

Provided that inequality f(0) • x (0) > 0 is satisfied, we 
let the initial value of ? (0) assume any arbitrary value and thus 
we obtain a set of controls and trajectories which emanate from point 
C , which we shall call extremal controls and extremal trajectories, 
amongst which shall be all^optimal controls and optimal trajectories = 
which emanate from point §0* ' 

If we know beforehand, that by choosing an optimal control, and 
consequently, a unique extremal trajectory, we may proceed from a 
pofcit €n to some other point f,, both of which lie in the phase 
space X, along the aforementioned trajectory, then the corresponding ; 
extremal control is an optimal control. This happens with the syn- 
thesis of an optimal system, which shall be discussed in the next   ; 
paragraph. 

The system of equations (12) expresses exactly the maximum 
principle, which has been formulated in work (i). The essence of this 
principle may be stated as follows. The first two equations of system 
(12) may be written in the sense of Hamilton, using the hamiltonian ; 
H(x*, f, u) » f*(Ax*+ btt) - yx. These become: 
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• ''■•'^7._«^»#(J,?'+t;»--i^-->^'■■■■■' ■ 
The equation u(t) ?-.slgn T(t)^.b la equivalent to the following 
condition^ for any t,-the ^ritrbluH) assumes an adaiselble value, 
for which the function H*^* (Ax+ bu),^n8Wered to be a function 
of the independent variable u, for .constant*ana YY assumes-a;';.:; 

maximum value. This condition"i*called the Maximum Principle.r 
In conclusion, it follows from formula (11) thaVthe hämiltonian 

function along the whole extremal trajectory H (J(t), f (t), u{t)) = 
const <^0v,;.•■!.';' ■ . \\ --'y    \i':; 

•*'  ■■iPara. 2. The Synt he sis of Optimal linear Systems 
'■With One Control Parameter 

'"■■'^  i..."';Foriiai&tion 'of'the" problem, 'r:in the theory of automatic ; 

control, one is interested in the optimal traverse from an arbitrary 
initial position to the origin of a coordinate system, along a tra- 
jectory defined by equation (4) (c£ the introduction). 

In this paragraph, we 'shall ^assume -thatthe existence theorem 
for the optimal processes for equation (4), are proved (c& para 3, no 
2%  . .   .,- - :. .  ..     , 

In Ko 2 of this paragraph, we show that only one extremal tra- 
jectory, expressed by equation (4), leads from an arbitrary point of 
the phase space to the origin of the coordinate system, such that it 
is also the optimal -trajectory (cf pa>a 1,'no 4, para 3, no 2).' There- 
fore, ,it is not necessary to distinguish, between" extremal trajectories 
which lead to the origin, with their respective extremal controls, and 
optimal trajectories and controls. 

In/No% we shall consider a set of all those points of the phase 
space from which one may arrive at the origin of the coordinate system 
along an admissible, and therefore, an optimal, control. We shall de- 
note this set by M. This set proves to be a convex domate in the phase 
space X. If the characteristic values of the transformation A are all 
distinct, the set K is identical with the space X. 

At the basis of the theorem of uniqueness of the extremal tra- 
jectory which leads to the origin of coordinates, lies the fact that 
along such an extremal trajectory there exists an extremal control 
u(t) which is defined uniquely to be the function of a point lying on 
the trajectory, with the exclusion only of those points of the tra- 
jectory which correspond to the times at which the control jumps. The 
number of such times is a finite one in a fintite time interval, as 

j u(f)» sijfuf (/)•£ ■ ;... ... . 
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(cf (12)). and the function V (t) • b does not vanish identically and 
is a solution of an nth order linear equation (8) with constant co- 
efficients. It is immaterial which values we shall ascribe to the 
control u(t) at the time of the jump, let us arbitrarily state that at 
such time ü * 0.  ' 

It follows that the set M may be uniquely decomposed into a 
direct sum of three sets: M =.M+UM„ UMO according to the following 
criterion. If a point x*(t) which lies on the extremal trajectory be. 

I longs to M«. then u(t) ». 1, if 2(t) f M_, than u(t) * -I, finally, if 
£(t) belongs to %,  then at that time u(t) jumps. 

The dimensionality of the set M0, therefore, is at most n - 1. 
This enables us to obtain a mbnovalent function ii(x) which Is 

defined m the set M by the following conditions 

for ti-.M tt(x) = l ■ 1 for xtAA., Oi for x 6 Mü 

which possesses the property such that, if it moves along the tra- 
jectory expressed by      . .-.-. .'i ',,, i     m. 

x = .!?4«M t(0)i.:M.    I       UjS' 

then we shall arrive at the origin of;coordinates from x(0) along the 
optimal trajectory defined by equation (4) after an optimal lapse of 
time« .   .   jp 

The process of finding of such function u(x) is the synthesis 
of the optimal system described by equation (4) (cf. introduction). 

If the function v(x) satisfies the conditions 

»(t»0 for t«:.V. r(?)<0 for t\:M., p(x) = 0 for tf. M„. 

then u(x) = sign v(x). -■■-*' 
In order to find the function v(x), it is very convenient to 

use the structure of the "set of jump points» of the function u(x) * 
sign v(x"), i.e.. the set M0. This artifice as well as an approximate 
determination of the set *L may be carried out by means of system (12). 

If the transformation A has real characteristic values, then 
the set Mo of jump points is an (n - l)-dimensIonäl hyperplane which 
divides the set M into two connected sets H^ and M_. This hyperplane, 
and also the method of Its construction were first discovered by 
A. A. Pel'dbaum (c£(2)). We are representing it parametrically In No 5, 

The second order system 

■■■ '  i-«y, •  (14) 
y = — x„+ay + u 

was considered by Eushaw '(of, (3)). The characteristic values of the 
matrix        .      °> ' *' I 

1 —u  « [  . 
determine the set M and the set of jump points %„  which in this case 
is a linear one lying in the phase plane X, y, as found by Bushaw. 

The application of system (14) with the aid of equations (12), 
ia an elementary problem. 
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tSjtatXSii&SiA #m£r..l ..;i'*k,At*-*bsu- ~ ■ 

In the general case,'the set M   "la ft pseudoaanifold and it aay' 
be approximately deterained by using 112)• ....     „w4m,Avlft„- 

%.   The ShlttttMMH-BaMEm.    Here we prove two uniqueness 
theorems. 

Let u 
i„ u„ be two extreaal controls which «ove^a phase point 

along a traäctory expressed by equation (4) from a i*<™ *»*£ 
Än£ ImA t5 origin of the «»«^LS^tÄrtÄ. lapse of time ti and t2. respectively.   The respective trajeow * 
(of. formula (?)} are»    1  •        ■_••■ *•> f   ,.\     *lt,n 

•        0 

where ?« (otf#- Then for tx «;t2, we have »x<t) * u2(t). %(t>•» 

3* XgCt) for 0 4 t < tx ■ tjj.  ■ 
let tvC t2 and    ..•-*. ,,/ v, {?-,*'■*•'•; v - ■■ 

yihe vectors^ (t)/^*!; .... n are linearly independent for 
any t, and we have n equations!: 

whence 

V^-bwjrft«» ^«.fTi»^*,' a«. 1, ..., n, 

The control u2(t) is an extremal control, hence the second equation 
fro» (112) has'a solution f(t) * e* «f* (t) and u2(t) .« signf (t) • b - 
•sign e^f*(t) • ^ Contract the second .systea of equations with c^to 

°btainj ■-■' '■" 7 -e.^'^*-e.Jf ^*rSt?M*W- '..■"•.'*■ 

froa which follows the equality, 

' H^.bttjdxi-J^.blrft  ■••■■.■:•»■.■ 
*■...." ":" •'"■'"'.'■•.'. ■ .'    •'■:'.■■■. ! 0   ...;•  ;':o'   .;■-*.• "     '■•■.'••.    ■■■■■"■., 

which agrees with the inequality %-,& t2 only when the conditions 
t,.- t2 and ux(t)K u2(t) » sign Y (t) • Fare satisfied, which 
therefore proves our theorea. ■  ' '«* 

• Therefore» we aay» relying oh para 1» no *, distinguish extrea? 
als which lead to the'origin of the coordinate systea along optiaal , 
trajectories. . . 

laaediately follows the stateaent of the Second Uniqueness 
Theorem. 

Assume ui, Ug to be two optimal controls which aove the phase 
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point along optänsl trajectories as define^ by equation W from a 
given initial position tf0 onto:position. £rafter an eptiBal lapse 
of-tu». T. The respective optimal trajectories are denoted aa^below 

where 

a system of n equations >. -t -T 

j (0) SS «» &' Then for ul(t) S "tt2(t>' *l(t)     ^2^t), 0 < t < T, 

and we have | %(T)»xt(T) -f. (f)faa + (?«■?«!«>) «T.(D(S? + jl-'-bu»*). . 

Vectors ?^ <T), ©C » 1,,.... B are linearly independent» hence we have 

'The ^wi of the proof is identical with the proof of the previous 
theorem»        "*':     ■■". v. .■■,.■ 

3. The Stady of the, Setjj. •- 
Define!?^ for all non-negative T to be the set of all phase 

points of the phase space X, fro® whieh ©ne »ay reach the origin of 
.'the coordinate system along a trajectory defined by equation W. by 
means of an admissible control» which does not necessarily have to be 
optical» after a lapse of time» which is at most T. The set M Is 
identical with the un&m of all M(T) for all non-negative T. We shall 
prove that the set M(T) is convex and closed for all positive T. 
(M(0)is the origin).. ' : ''"''■**  * 4.v 

Assume that it is possible to arrive at the origin of the 
coordinate system after *-lapse of time t, and t-, with the motions 
being defined along trajectories expresses by equation ££), by means 
of the directions Uj. and u,, respectively, from points «i, E 2 
respectively, which belong to the phase space X. We shall assume 
that t-j * t«, so in the case of an Inequality tj*: t2 we shall be 
able to take an admissible control u~» which is defined for all t, 
such that 0^ t <<t2, by. »sans of thrf equations u^t) « u,(t) for 
0*41 <,t,, uAt)& Q for tn< t «Ct, and such thSt it »oves the 
phase point ftt» f, onto tSe origin^of the coordinate syste» after a 
lapse of time to. Therefore it is possible to arrive at the origin 
fro® any point which belongs to that interval» after that particular 
lapse of tlrae t, * t?» by aseans of an admissible control**, u^ + p-u^* 
where v'      ■  : .•: . \.^> ■    n      . -.„ 

/• ■ -&+»&■ >.+i*-ii- *>°> *t0,. ■  .; 

(cf similar reasoning in para 1» no 3).    ■■  ''        . 
The closure of M(T) follows from the existence theore» (cf para 

3» no 2). In order to prove it, take % x» ...» ^k, .». to be a 
sequence of points» which converge to the point ^ , which belongs to 
the phase space, and assunse that every point Wk  £ M(T). We shall 
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show, that also the point %€ M(T). 
Define uk to be an admissible control which moves the phase 

:point from position fk onto the origin of the coordinate system, jifter 
;a lapse of time t^ T. On the basis of the existence theorem, the con« 
trol uk may be assumed to be an optimal one, such that, on replacement? 
iof an admissible control by an optimal control the time it takes to 
reach the origin from S'^ may only decrease. Moreover, let,us assume 
that t^s^T. From ffrmulas (12), u^Ct) • sign f k(t) * b, «here the 
function Yk(t) • Via not identically sero and is a solution of the 
Inth order linear equation (8) with constant doeffieiengs. • 

As previously, let us denote by fcnftXr :{t) • b,<**1, .... n 
the fundamental system of solutions of equation (8), and get 
Yk(t)  * F* c^HU). The coefficients c^, « - 1, ...#.»; for every 

\k ■* 1, 2, ... may be assumed normalised $  ' « ,v  . 

las we only care about the functions uk(t) «sign c^kh*(t) therefore, we 
jmay assert that for k~-> •• the coefficients c^k~?c^,<X* 1, .... n» tor 
lkr^**we have.: •-. ■_*    "^ ;• - ■ ':.-"■■.;"■'->'   -?  ,-f    ->    JL2 ■"-.. <. 

For the sequence of optimal controls uk(t) « sigh fk(t) • b' 
!we have fork—;> «*: - ^   -    '■•   , •.■. 

Iwheref (t) - c^*H(t) is absolution of the second equation in system 
1(32). The trajectory which corresponds to the control uk(t) (cf 
;formula (7)) is:     _       ,   c?"£  A     f 

where 7^(0) 1°^ * jk'.' The trajectory,corresponding to the control 
u(t) and the initial condition x(0) * £ is:  ;   >'•!*,.> \   \ 

■:t(o'««?«(o(^'+\*"-i>urfT), 3 

. It .follows that the control°u(t) moves the 
phase point from position Conto the origin of the coordiftate system 
iafter a lapse of time s^=T, such that we have: 

"?(s)**¥(s) —X(tk) == Urn (x(s) — s£ ($)) = 

From the formula u(t) * sign ^(t) • t and from the existence 
theorem for extremal controls, proved inno 2, it follows that the 
control u(t) is optimal. ,„.*  ^ V  . x w   :* V"' 

It is easy to prove that the set M(T) contains interior points 
for arbitrary positive T. From it and the convexity and the closure 
of the set M(T) for positive T, it follows that M(T) is homeomorphic 
"to the n-dimensional ball, and its boundary 3(T) is homeomorphie 
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to the (n - D-dimenslonal' sphere. 
K© stell shew that the topologieal spheres S.(T) may be 

characterised by considering that a. point which belongs to the phase 
'space, belongs also to S(T>, If «fid only if, when it is possible to 
move a, phase point fro® it onto the origin of the coordinate system 
by means of an optimal control»'after an optimal laps» of time T, 
along a.trajectory d©£ined by equation O}* ■'•'"' ■ 

If one is able to reach the origin of the eoordinate^aystem 
from »me point £ fcjy means of an admissible control» then "^may be 
contained in such a neighborhood D, 'such that one is able to reach the 
origin of the coordinates from any point Which belongs to D by »«ans 
of so« admissible'control. The proof follows. 'let us, define u(t) to 
be a'control which moves a phase point from position g onto the origin 
of the coordinate system, after a lapse of time T« This control* 
after a lapse of that time T. shall move the phase point from an 
arbitrary initial position f^ D onto point f2, which lies in an 
arbitrary, previously defined neighborhood of the origin, provided 
thai the neighborhood D is sufficiently mall. But recall that the 
origin of the coordinate system is the interior point of the set M(T) • 
for any positive T. Therefore, we may reach the origin from the point 
if* by awans'of an admissible control, which implies, that we^say 
reach the origin by mans of an' admissible control-from an arbitrary 
point '§ j_ i  D. ■ /, ■ 
'* "  Consider a point ftS(T). Define/about it a neighborhood D 
which has the characteristics described above, and^select in it* 
point sequence §\—^gfor k—«»^and such that no % k belongs to the 
set M(T). Define u*. to be the optimal control which moves the 'phase • 
point from the position Ck 

0ßto the origin of „the coordinate system 
after a laps© of tins tk; bearing in mind that t^> T. Analogical 
reasonings to those done above, enable us to lay down a hypothesis to 
the effect that ulf(t)—^u(t) and tu~*s>T for k—>«», and that the 
control u(t) is the optima! control which moves the phase point fro« 
the position 8 onto the origin of,the coordinate system, after an 
optimal lapse of tine s>T. As it is possible to arrive at the 
origin of the Coordinate system by means of, some admissible control, : 

froisff position, after a lapse of time T, it is evident that s * T, 
which proves the implication on© way.. 

Conversely, assume that bjrmeans of an optimal control one may. 
arrive at the.origin from point % after an optimal lapse of time T. 
m  shall show that ig^SCT). The resulting, optimal trajectory is 

• ./ J^Kfj/);.;" -f \$* -hud'.). 

The function V(t) *X which satisfies equation (8) is defined 'for 
all real values of the parameter t, and therefore the relay .function 
u(t) * sign f(t)  * If may be studied for all real values of t, 

let Tx be an arbitrary positive namber» it .is evident».that one 
»ay arrive at' the origin of the coordinate system from the point 
ÜC-T-j,)» which belongs to the phase space» .after a lapse of time 
T^ +T, by means of the optimal control 
     J MtO~siK"T(0-l£ .—Ti<t<,TL •'  
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where th# optimal trajectory shall be . .... ■-.- :.. ■ ii,.: ^ :..; 

however how, it should be studied on a much larger interval of time, 
MUK&lYi' ■' *T i 6 't 'imatE* ■& " 

Assume, that for-the point fc belonging to the interior of the 
set M(T), for a sufficiently small T^O, the point 

■■,""'■ \    t^r^^r^^^^ufO'). 
Because we may reach the origin'of the coordinate system from 

?<-*,). after a lapse of tin» f. and on the other hand by the above- 
mentioned optimal time/lapse, for the motion of the point.frora M-x,; 
onto the origin of the Coordinates, being equal to T1 + T7 T, which 
eontradicts the definition of optimal tl»e.    ,    , 

The obtained charaeterietic of the set S(T) enables us to. 
arrive at the following Important observationi    for .T, <£ T2, the 
sphere S(T,) is properly contained in the sphere S(Tg7. 

The set M is obtained by taking the union of Sll sets M(T) for 
all non-negative T. It follows then, that M is a convex subspace, as 
is every set M(T) and if ^ £ K(T) then the point f?la the interior 
point of *!(?*>» where T?> Tr    -..,;.■    . .• >v' ' '4 *. v':-■, UVä 

•If the characteristic values of the transformation A are stable, 
i*e,, have negative real parts, then K is identical with the phase 
space X, This fact is the consequence of the property that, when . 
T~->«\ the distance between the origin of the coordinate system and 
the set S(T) also-*"*. We shall prove the last theorem.    ,j~  ..  . 

If the system (12) is solved for the initial condition *(0) ■ 0, 
then in the totality of initial va3ue W(6)  - <ytf*(Ci), one is able 
to find an arbitrary eovariaht vector which is not equal to zero, such 
that'in this case $ V:.^ ^ '■' '■■':■' '■■-• .■'■■ 

/ ?(0}.(Xx?(0)+fif(Ö}) ==y(0).^(0)-T(0)l>9}goT(0)-T^ 
As was stated in para 1, no fc, the vector «T(0j may be regarded 

as normalised, in other words, the following equation is satisfied 

*~1 
The'corresponding extremal trajectory becomes 

,:, The point l(t) shall also*be investigated for negative values 
of the parameter t. From.the uniqueness Theorem Ho 2 and the 
Existence Theorem from para 3. Ho *, *« *» Arbitrary non-negative T, 
the equation (15), when investigated for the values of T lying in the 
Interval *. T«4t ^0, .gives us Sä optimal trajectory as per. equation ^ 
(4), which leads from the point *<-T) onto the origin of the coordinate 
system. The corresponding optimal control is u(t) «sign f (t) • b, 
- T-^t^O, and the optimal lapse of time of motion is T» Thus, the 
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entire set S(T) way be obtained, if in formula (15) t is replaced by 
- T and 'f(O) is allowed to vary in every conceivable way. As y (0) 
is assumed to be normalized, then the vector vj?(0) should describe 
and (n • l)-dimenslonal sphere in the space whioh is dual to X. (It 
should, however, be bom in mind that the obtained map from this 
sphere into the topological sphere S(T) is not a homeomorphism.) 

Prom it we obtain the following representation of the points 
of the set S(T): -T 

■# 

where f (0) ■■ c^^O) describes an (n - l)-dimensional sphere. 
If the transformation A possesses stable characteristic values, 

then the characteristic values of thetransformation - A* are unstable. 
Therefore, when t->- «, the function f(tHX) exponentially and 
uniformly, relative to the initial values $(0), which fill the (n -■ 1)- 
dimensional sphere; hence _f 

§{— T) - x (» T) « c$* (- T) -Ja'(~ T)\ r ■ b sign qbd* ** 
-T 

■:.-** \ <vf*• bsigh(c„|«.1)dt 1= i j<f. bjrfi:<Ü. 

■■■■.■•■■'-■ ■-»•--' ■      ■":'"~ - 

It follows that for T->*ttai expression Y (- £L* *<- T)-*a uniformly, 
relative to the choice of initial conditions ^ (0), where-*£a<0i 
which means that for T~>«»the distance from an arbitrary point x(- T), 
which is in S(T), from the origin of the coordinate system, tends 
uniformly to infinity, relative to the choice of that point in the 
set S(T). ' '   >Ä 

4. Evaluation of the function uffl. 
From the latter part of no 3 we have the following method of 

approximate evalution of the set M and the function u(2). 
We solve the system (12) for all non-positive real values of 

T for the initial condition x"(0) Ä 0. The initial value of f (0) 
describes the whole (n - lj-dimensional sphere of initial values in 
the dual space of X. For each choice of an initial value f.  (0), i.e., 
for a solution of the second equation in the system (12), we obtain 
a time sequence 0> t, >t~> ..., which may be infinite^and which 
consists of all odd multiplicity zeroes of the function >p(t) ♦ b for 
all negative real values of time, in other words, the values ti yield 
all the times of jumps of the optimal control 

B (0 « sign <?(/) T? ] 

on the negative tijne axis. It is evident that the values ~x.(Hb %' 

For the values of t, which are contained between t and t. + ,, 
the points t(t)  belong either to the set M+ or to the set K., depending 
on the sign of the function u(3f). If one performs this computation for 
initial values of Y(0),  which are sufficiently densely distributed on 
the sphere of initial values, then we may obtain an arbitrarily precise 
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taforasti©» about the function u{"#) and the s?t.M0. .•:■.■■.,.. 
«> It is evident that the presented method of studying the function 

'•U(JC) and the set JL, rests upon the use of a distribution of the real 
t&rom of solutions of the nth order linear equation (8) with constant 
coefficients.   :'".*•■''''«*>  -> '■ s»'* "''-  "'■ ■& •'■-'•■"' 

j ' . s-l : .   . ■ 

If one wishes to Investigate the general case of arbitrary 
complex characteristic' vlues of the transformation A in the n-41aftiw 
sional space» one is able to prove, that the set H is ah (n - 1)- 
dimensional pseudomanlfold, and that M+ and M_. are connected sets. 
The fact, that In this general Case, one fails to see clearly structure 
of the sets ML, M , and ML,, is due to the fact that the functional 
relation of the rial aeroea of the functions c^h'Xt) and the coef« 
fleilftnts eij,'*(» 1, ■'•.... ri, is not a simple one* The function c^(t) 
in this.case is a quasi-polynomial with compleit'dndices«, -• 

In spit© of this, an approximate computation with the aid of 
ssyste» (12) of the above function u(2) for an arbitrary equation (4) 
with real .coefficients presents no difficulty* 

If the characteristic values of the transformation A are real 
and distinct, then an arbitrary solution of the equation (8) assumes 

..the'form;-" \%k*{t) ^cj1"^ »'" "     .'■•■>•■.■- ;■■■'•-■. 

where \&H distinct real-nu»bers.T in this case the roots of the ;. 
functions Oefh^t) depend in a straightforward manner on the coefficients 
Cb{, and on© may withoutany difficulty obtain the results stated in 

The same »say be stated about the zeros of solution c^h^t) of 
equation (8) for h ■ 2, independently of the nature of the character- 
istic values of the transformation A. 

'■■$•■ • T&fttttp*» '  l»t us consider.the case of real characheristic 
values of the transformation'A. < In order to aak& things simple, we . 
define these characteristic values to be simple and negative; Then the 
set M* in this ■•ease coincides •with', the space X. ,, 

We prove that the set of switch points ..«^ is a hyperplane which . 
divides the space X'lnto -two ■connected spaces 3% and ML.. 

An arbitrary optimal control» in our case, has the following 
föWH / „ m __ .;„„ „ J-3.i Ayr 

wm-e ^,Xj',<*■'It *»•♦ n are distinct real numbers* For, the proof 
we use the property of the quasi-polynomial c^N*, whleh.States that 
for distinct c^» X^» may have at most (n - 1) »eros, taking.into 
account the multiplicity of the aeros» and that one may obtain an 
arbitrary, a priori, distribution of these aeros, by a suitable ohoioe 
of the' ■ coefficients e^, ** * 1» "■•■.♦> n. .;  ■ •-'"■ VL    '  ' '-:'L,\ 

IJat us denote by 8+ the following solution of the equation (4)t 
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f)£3ti>täiAt-siv.B Affltii*v-ii.«s.* 

jmd by R* the solution ^ -f'^ ^ __■£ (t) C |? . b siff» ehnh,     — » <« <0. 

These solutions yield us optimal trajectories» w^fJ;f*f f** 
the origin of the coordinate system, and the corresponding optimal 
control»     .' j B+(*)-* sign e**'« 1, ■«_(/)'«—Vign^«—1. 

The control has no jumps aloar thee© *ra36ctories* „,„,., 
, . The stated property about the seres of ^^^JJftSS 

c/«* / enables us to choose the optimal control to have the form. 

.    u (t) *='«ig»('^e5,1' 4- C^H\' 
such that on the totmii- «Vt<0 it would ha*a only one jump at 
t - tö» which would be chosen beforehand, the jump being «"■ + **? 
- 1» when going towards smaller t. Consider now a phase point *J** 
leaves the origin of the coordinate system at a time t - 0 andproceeds 
in the direction of negative t, along a trajectory, which corresponds 
to-the control '  ''-,....    / u (t) = sign (cxe^' + c2<?x«<) 

This point shall» at first, follow H* (in the W»1* J^^L,fUP 
the first (and only one) jump of the control u(t), whichas the con- 
sequence of arbitrariness of t_, may be made at «my PJ*»*»» 2«tf it 
trajectory RJ , the phasfeypoin? then leaves the RJ and never meets it 
•gSto, according to the uniqueness Theorem for the extremals (No 2). 

For r\we may have a symmetric construction. 
As a consequence of the uniqueness of extremals, we obtain ag 

two-dimensional surface R2, which is the disjoint ™ioVf *+.^* rl ' 
by the partition by the line R1 « R* Ri * The ffT1" "f < f*+K* 
those parts^of optimal trajectories which haye^their origin in the 
points of Ri and are described by a phase point, after the one and only 
one jump of the control  ,    .',•>,,  >«\- : . / u (t) = sign (c,*V + c£e'

st) 

from + 1 to - 1 (if one proceeds in the direction of decreasing t). 
R2 is defined by the existing symmetry.  -■■■■,/'  «   -«« 
" .  It is clear, that any point belonging to this surface, for 
n>3 is suitable for the optimal control to have its jump at it, ana 
80 <m" In this manner we obtain a sequence of imbedded surfaces, which 
is totally ordered by proper inclusion: 

/ü'_cüäc...cr1cr 

The surface R* has the dimensionality '\^^tr^A^-\V^falem 

face tl - x into two connected spaces R£ and R$,. The domain R+ 4s 
filled by optimal trjectories which originate'on R^ - \  if one pro- 
ceeds in the direction- of decreasing time. They correspond to the 
optimal controls, which are of the form: 
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which along these trajectories assume the value + 1. The function u(t) 
is stabilized at this value for all hon-positive t after its (i - l)-th 

which takes place at the time the phase point leaves the surface jump, whii 

Any point which belongs to the surfaces R$ "-1 or R" " v which 
are subspaces of'the hypersurface Rn " -1, may be the point at which 
the (n • l)-th, i.e. the last jump of the control 

■■■''.        '■■•■ '■■■      '■   n   ■ ■: |     -'.        : ■■!■■■■ ■    . ■       :  .-■■. 

■'.■«W!«2.c*yJ    ■ ■.. .   .;■•'■     ■■■  ,  . 
■■■■ [■■■ ■■■■■-    ■ ..        .    «-!..,:..  / ■ '.:■ ..    ;.r-,:.■-.  .   ,  ••.■ ■ 

Rn coincides with the space JCf the subspaces R+ and R". coincide with 
the spaces M+ and «^respectively* 

Let-the numbers t,,t~, ..*, tr     , satisfy the condition: 

Then, there exists an optimal control n 

u (/„...,'in-,; 0 = sign 2C«*V 

such that its jumps occur for nön-positive t, only at the points  ;, 
t1# ..., tn m ^.   It follows from the above, that every point which 
belongs to the switch hypersurface Rn ~ 1 may be expressed by 

where O^t^^t^.,. £t\ _ ', are suitably chosen values. Conversely 
every such point «"(t^, .'.",' t- ^ j) £ Rn "*■ . From it we have the 
parametric representation of the hypersurface Rn "" *i 

'• "',»  "'' "'    '  '»-■"'"'   ■■''n-i ■'■''''■■''■ u ■;(16)" 
* ±?T(in_0 (£?.• b rft~ ^ -Tdt H- ... + <- I)'-2  J. > • B^)> ; /. 

'. ': 5 '••'   ...  °   :-" '-  -T : '»  -; - ■ •'    •:.  .' ■ ' ..-■'■■' -'"■ .'«-3 ■■'-,'. ."•' ' ■:.'l;' 
where the parameters tlt ...» tn- ^ satisfy the single condition;t 

0>• ti^>>... l>i„~x. 'I 

Several Control Parameters. 
Existence Theorem. 

1. Generalization of''„the previous method, ^or the case of 
several control parameters. 

The methods which have been developed in para 1, are here used 
without change for the ease of several control parameters. Therefore, 
only the fundamental definitions shall be briefly stated, as well äs 
the equations for optimal controls and their corresponding optimal 
trajectories.. 

Assume that we are given a differential vector equation with f 
control parameters: u, ..., urs 
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£**Äx+%ui + ... + hta.r.    j (1?) 

As in para 1, so here x"is a vector which lies in the n-dimensional 
phase space X, % b^. are the fixed vectors of this space, A is a 
time invariant linear transformation of X*    :   ■■ '      ^ 

The control vector function u ■ (uS ,.., ur) is selected from 
a class of piecewise continuous vector functions, such that none of 
their coordinates, for an arbitrary t, is numerically greater than 
unity, (t^jO., i ■ 1, ..., r, such controls we shall call admissible. 

The fundamental nroblem is stated as in para 1, i.e. there exist 
two given pointsf ,' g in the phase space X, and one has-to jhoosa 
such an admissible vector control i£ * (uMt), .... ur(t)), such that 
the representative point *(t) would proceed alone the trajectoryof, 
equation (1?), and would travel from the point %0 . to the point g x 
after a minimum lapse of time. 

These controls, as was the case in para 1, for the optimal con- 
trols and optimal trajectories, here we give also for the non-trivial 
case. 

The equation (1?) is called non-degenerate If every i-th system 
i * 1, .... r, contains n linearly independent vectors: 

%, A$l,:.., A*-V&,    '/ = !,..., r.:/ '- 
Conversely, if the equation (17) is non-degenerate, then each i-th 
system (for i as above) contains n linearly independent functions, 
(ef para l)j     ~?  w      -*►  IP 

ÄJ(I) « 4» (0_. b, A» (0« *"(!)• »i. . *~l...-. '>  j (18) 

The optimal controls and their corresponding optimal trajectories 
of the non-degenerate equation (17), which originate at the given point 
% 0 which belongs to the phase space X, are defined by means of the 
following proposition*   ■ , ,       _, •'■■■-.. 

All optimal controls (ux(t), ..., ur(t)) and"their corresponding 
trajectories T(t), which originate at point f 0 at time t » 0, by the 
equation (17), belong to the class of solutions of the following system 
of equations for the controls and their corresponding trajectories! 

x « At+ Kit1 + • • • + nr»
r,      S (0) « g0 I 

"$(0)..(Ax{0) +%'1(0) + ... +fru'(0))>0.^ 

(19) 

As the function (18) ~ are linearly independent and | f (Ojj+Q, so the 
equations' «^" ^ ■      .,      ^ 

v.B^n.^BigninO-Äi — rigÄ^iO;^*«^***!.^   ■*•»*  r» / 

uniquely define the control (ux(t), ..., ur(t)). 
* The two uniqueness Theorems which had been proved in para 2, 

No 2, and which play an important role in synthesizing of optimal 
systems, quite naturally apply also>n the case of equation U7). 

2. The Kxisteftce Theorem. ^, %1 are two arbitrary points 
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' in the phase space I, connected by a trajectory of ^tlon (17), by , 
means of sea© admissible control (ux(t), ■.♦•» »*<*>>> . *J*****•' f exists an optimal controi/whloh describes the equation o^jwtiofoi 
a phase point fro» the position g0 onto the position £x «iong an 

opt^l^ajeoto^ _ "  ■  ■    for     ?   ^i»^- 

trols (3(t). .... u*?t) -in equation (1?). *^^lAJ?£^ 
(At), ... V(t)> «hall be defined to be admissible if eacJ *^tiott 

JX<t), i « 1, ... r» is measurable and everywhere, but at a finite 

number of points exceeds unity, i.e. |u*U * • *h* ettf ^lÄn and 
l(t) of equation (17) is an absolutely continuous vector function, ana 
the equation (17) is almost everywhere satisfied. ._ ■ —  evten. 

The necessary conditions (19) remain valid, for such an exten- 
sion of the class of admissible controls, if one assumes that tne 
equations (19) are. satisfied aLnost everywhere.    .. a. ^«VMi 
V  in other: words if (u*(t), .♦., *r<t)Vi» an ^Ä^almoat 

which belongs to the class of measurable controls, ^^Vj^^S 
everywhere the inequalities lu^i, i - 1 *..«* Wh^J?!f If 
the motion of the phase point x(t) bf equation (17) from position «^ 
onto f., along an optical trajeetory, then there exists such a solu- 
tion f U) =M of the equation^ « - A» f, which almost everywhere 

; •■       ' \'\ui(t)^sigtx'^(t} .^;/:i« i,..,, \..-;V     ":; (20) '■'.- .''• 

This »ay be proven by «« obvious adaptation of the proof from para 1. 
Lit'there 'be given (u£(t), ...» u£(t)>, k • 1, J. ...»■**£..' 

quence of admissible (measurable control, ^hichdescfibe the equation 
of motion of the phase point t(t) from g  onto &..<• a1^.™® ** :rÄVÖi 
Jectory of equation (1?) and which mtalmSse the *^°JJ^ J**™*1 
between those points. Such a sequence shall be called the minimizing 

.sequence^    ^ trawl, which corresponds to ^ «wntrol (%(t), "•• 
■E(t». we shall denote by tk, the lower bound of th^travel tSme from 
fk> to fi, shall be denoted by T. As the sequence (uk(t), ...» 
u£(t)) becomes the minizing sequence, so | limtkaaTt 

k~i» 

The corresponding trajectories of equation (17), («*• formula 
(7)), have the following formt 

• .. /t(i)-t(ou;+-i:tv-ÄBi+-"+^^vdr--^(Bir 
■ ..      ■;:      ■ - ,..,..;  .-...   o. ■. ...   *•■ .■ ■- 

is dofined for an arbitrary k and^(T)-^g tar.*-?«,  because 

* The proof given here, is considerably sampler than the ff»MttJJ»* 
previously. It was A. F. Filippov who pointed out to me the possibility 
of such a simplification 
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£viiWlim»3V(t*,fcWfcw*-'' * =j= 

(t ) Ä si'for an arbitrary k» A -, / l/+\ 
' k Wsfiall now» that the» exists a» admissible-.control OfW, 
.;, n*(t)) (in the class of measurable controls), which *<"*»" the 
mation of motion of the phase point from g 0 to .£*, dui tag time i. 
Ss proves the existence theorem, «s in agreement with the equations 
>0), almost'everywhere 

id therefore the relay control 
: 1 (siga^'Üi,...,■sig'ß'f-'br), 0<i<2', 

>ves the ohase point along the trajectory of equation (17) from the 
xition 10 to .% after a lapse £**■•»•._ . , , ■  ■ _ k . , 

Let 5a consider functions u|(t), Q£t4Tt i « 1.. ;•••*•*  ■*- 
, ,.., to be the elements of the Bilbert spac• .L«,, of all square 
tegrable functions, defined on the internal JÄt^T. *°J *»**£ 
Kt>. is contained in a sphere of radiusff, which lies in this space, 

As a sphere 1* a Hilbert spaceis weakly compact^ there exists 
ach a measurable vector function u(t) * <»;<*>•/••?«* (t)i»™Jre 
^t>.. i * 1, ...» r, belongs to a sphere of ««liujYT, such that 
b have a subsequence of a sequence of controls (uiW, ...»JV^'' 
bicfconverges weakly to that vector function. Let this subsequence 

;*  ' ■■ \(*%(t),~.,  •»$(*))» _*-?1' 2-"-.: 

From the definition of weak convergence we have: 
y ■ •* 

■   ■:'■ /'   ffi{t)>fa{t)+\..+%*],(*))&tr*' 

... /r . ' '. .     ..>■'' 

:»r k./^00   '"-- «'.'.'■. 
'"Moreover, for kjr*:00'. ;T 

rtd therefore     A v ^ 

It follows here0that the measurable control (^(t). ...,;.u (t)) 
»scribes the equation of «otion of the phase point from the position 
t   "to the position g-, in time T (cf formula (21)>.        . 
* °  In order to complete the proof we have yet to show, that for 
4t£T,'m have -|«*j£l, t - 1. .... r. I*J »'«» 2*1 Ü^. 
TserUon is false. Let ui(t)>l on the set g, ^ "»»*••** 
ositive. Then on <§ the following inequality is satisfied« 

... ' :      :-JiuHt)-«i-(0>"
i(0-i>°- •- 
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Let f(t) be the characteristic function of the set- db, where 
f(t) * 1 for t£ £ ,, and f(t) * 0 for t, $ £ . It -follows then, that: 

lira (/(tHttUO-'lWWot/lWöHO —*)*" 

«J(»»(/)~l)rf/>0, 
which contradicts the assertion of weak convergence of the sequences 
v£(t) and u£(t). 
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