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THE THECRY OF OPTIMAL FAST~ACTING PROCESSES
"IN LINEAR SYSTRMS -

":-USSR--g .

[Follewing 4is a tranalation of sn article by R.V. -
iamkrelidze and presented by the Academiclan A. A.
‘Dorodnitsyn, in Izvestiya Akademii Nauk SS3R, Seriya
Matematicheskaya (The News of the Academy of Sciences .
: of .the USSR, Mathematical Series), Vol 22, No 4, Mos. -
. gow, 1958, pages ‘&'49-4?41] ‘ ‘ o

" In this work optimal processes in linear systems were studied. -

;it ie demonstrated that such optimal processes in such systems do

exist and equations are found for optimal.directions and optimal
trajectories. The problem of sypthesis of such systems with one .
direction parameter was also considered. S 1
Introduction .
in the theery of sutomatic contrfol, considerable importance ‘

is attached to the maximal increasing of speed in the acting of & ~ .
large number of various controllers and monitoring systems, in other
words, one strives towards the fastest, and as is common to say, the
optimal realization of the process of contrel and monitoring. -A num-
ber of other technical problems also leads to problems in which one
extremizes time. : T R

, A fairly large collection of technical problems a{ this type .
conatitutes the type of problem congidered in the work (%), The ’

representation of a point (vecter) X = (X7, .

| al phase space, X has the following simultaneous equationg: of motien |

the controlling functions u

= L = p ), =t (D)
Hera-(ul. ceny uf) = % are the direction parameters. If the control-
ling law is given, i.e., we have r functions wl(t), oo uF(t) belonge
ing to some glass of functions, then the system (1) for given initigl
condltions x (to).*,ngdstarm;n&s»uniqualy the motion of the point '
in the phase space. The cinss.af funetions from which one chooses

(t)s +vo, w5 (t) depends upon the specific

x1) of #n nedimensione



details of the problem. A necessary condition is the stipulation {
. trat the vector B(t) = (ui(t), ..., uF(t) belonging to the r-dimension-
- al space, should belong to some defined closeg subspace of that space,
" for example, to an redimentional unit cube AN € 1, 4= 1, coyre
' The physical meaning of this eondition .is obvious. Only some, or l
' even no parameters may assume artitrarily large values, 0.8, the :
~ controlling parameter may ve the quantity of fuel fed into an engine,
' ete. Here,_in the general mathmatical problem, the reglon in which .
- the vector'a(t) varies, does not have to pbe always bounded. In ‘
. particular, 1t may coincide with the r-d}mansional sgace. ‘
Moreover, the control functions u (), vs., w(t) may belong
 to the class of piscewise continuous functions with a finite discon- -
tinuity. This corresponds to "inertialess* control, and the control
parameters in the given case may instantaneously change value. Howe
 ever, in & number of technical problems, one has to take into account
#inertia® of soms control parameters, &nd hence, some of the func- ‘
_ tions ui(t) in this case shoudl be continuous and pidcewise smooth
- with a finite derivative. > ‘ . | ;
; "~ 7 The class of vecter functions u(t), from which one chooses the
eontrols for the given problem, we shall call the class of admissible:
- controls., This class shall be precisely defined below for the prob-
. lems which we consider. ' -
' In addition to defining the class of admissible controls, the
fundamental problem which here presents itself, is formulated in the
following way. o v : 2 3 ' i
, In the phase space X there are _tlwo points Eo- . El‘ One must
choose an admissible control B(t) = (uH(t)y cees uwF(t)) in such a
way that the ph point would, travel on the trajectory of system
(1) from point &, to point in a minimum time.
_ The required control'ﬁ(%), if it exists, we shall call the
" optimal control and the corresponding trajectory «- the optimal
trajectory. - ' :
The problem which is interesting in the theory of automatic !
contorl, has a slightly more specific character and may be stated
in the following manner. ' i ‘ ' S :
~ From an arbitrary, g priori determined, point belonging to the .
phase space X one should arrive at the origin of the coordinate sys- '

" tem (1), with the aid of an admissible control.

: - Qenerally speaking, ohe may not arrive at the origin of the
coordinate system from -an arbitrary point belonging to the phase

space X, by means of an admissible control. Let us denote by M the

set of those points belonging to the space X from which one may v

arrive at the origin of the coordinate system by means of an optimal : -

control. Then, on the set M we define a vector functien :

@ =@,y ke / ' (2)

whose values lie in the domain of admissible values of the econtrol

- ¢, and which satisfies the following condition: if one travels on the

. trajectories of the systen S
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“ytrel functionst oW

P the coordinate system Lo the poinit X, where X = (X, . x'), then
¢, . the ‘fmgut' of the regulator we have from the computer the guaniitles

“a L. We define a class of admissible controls™ 7 }} ;
iﬁg?WiW éentinnous functions whose modulus 13 at most unity, d.e.,
u

ntarval of time; howsver, when the transfe

‘n optimal eontrel.
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| I R 3 Ty =
jen the phase point 'ﬁ, whose srbitrary given initial position is LEN
wivas at the origin of the coordipais system in minimum time. -

The finding of the function B(x) is called the eynthésis“vcf"‘vthé”

ytimal system.. With the aid of this function, one builds the optimal
mputing machine for the given gontrolling installstion. The denoting
* the computér in the system of automajic control may be done schiw
icadly in the following manner (o (BN)er o
Asgume that we have glven a part of a system of automatic ¢on= -
wl consisting of the. contrslled element and & comtrolling facter. -
138 part has r inpnti and n outputs. “The input quantities are the
wt(t)e ve uf(t), the output gquantities ‘are the
mtrolled phase coordinates xi{t)s <.y xP(t); the connection between

1e quantities u? and xJ is given by system (1), iTh,a required patitern
1 based on the fact that all phase coordinates x*, as the process of
1 contrelled element continues, ‘should tend 0 zero. . .

e sutput quantities (X3, ..., X0) % % onter the Computer, - .

1080 output coincides-with the input of the controlling element.

ma, one obtailns a ¢loved system of automatic control. If,-as’a .

seult of external factors, the phase point Atragslat:g from the origin
] é»'-‘..xn). then

() = (ur(E), oo, uF(¥)), which are defined by equation (2), whieh -
prid the phass point back onto the origin, in a minisum of time, =

" In this work we consider the oase of a linear regulator, i.e.,

» hive the fcllowing aystem’ . .- ‘
U e D) et e Bt R T

Lo mdgr bR BN e
pich we Write as a vectgr - . oy P T o

o ) x=AR e Byt b (3)
sre X is & vector which is in an n-dimensiona] phase space X, A is a
snatant linedr transformation of this space, D4 are constant vectors-
o be the class of

£ 1. Oenerally speaking, unless the last restriction is made

““'n the control functlon, the problem has no_selutien for (3), and one

sy move from & point £ , to another point 3 . in an arbitrarily short
_ rﬂﬁtim_;’ time tends to zero,

he corresponding controls have their moduli increased Lo arbitrarily’
arge quantities. -~ . L A
. The existence theorem which

w0 Lo pf orie ‘way reach from.point
ontrol, then cne may go from the first point tot

s proved in para 3 states “'th.;tgt i
o to point g, by some admissible
e latter following
* Purther in the text we shall adopt tensor notation.
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- Mads conbrol 4 8 roley L., the contrpl funclions have values
: 13("&} » & 1 and have a finite number of discontlnuities { humps) .
~ In pars L we have obteined the equationa for optimal contrels
ind trajectories, : P e o ,
© - "In para 2 we study the problem of oplimising the system (3) ,
fov = 1, on the basis of resulta from para 1 and para 2 (the existe
mee thesrems)s S o :
- The eristence theorem proved in para 3 is net only of mathe
aatival importence. We thall prove that the optimal coatrol uwY,
§m 1, ove, r for equation (3), oneé may slways £ind in the class of
relay controls. Thevefors, one does not exclude the case whan there
sxiats a peguense of relay controls ug,._k ™ 4, 2, eee vhich transform
 Ihe phase point glong the trajectery “of equation (3} from position |
': o o the pe:amt% . after a lapase of time %y, where I
| o . tf} > fal> ., .>f‘,>u‘>‘ TQ . T

%th the provies that there dves noh exlst an adnlssible control
E’ s 3= 3, ees ¥, sieh that 4% transforms the phase point from point
o onto § 4% thme T In thie case 113,;;% net -permissible to choose
E'mbamamc% of the sequenoce of copltrels uy such that it should conw
rerge to some pormissible control ud as this gontrol wonld transform
the phase point from pesition E , onto p@inté in time T. Cone
seauontly, the totelity of points of jJumps of the control wd inoreases
phihoet 1imdt dogether with the number k, and the rela c{m%g} # at
pertadn tines ov during the whole time of travel from % o W0 Fq, o
pBns to osedllete st g high fregeensye - -~ o 0
- Thus, we sre unsble to obtain an optimal trangformation from
t £ 1, however the trajetory ehall be the neargr to the optimal
tm?}m%zy, the faster ghall oscillate the contrels v’ at the raespecs
tive transformetion ims intervals, Such reglons sre well known in
the theewy of awiomatic contxol ‘snd ave called sliding regions,
Tovefore, the existence theorem for optimsl processes for -
system (3) is equivelent %o the following assertien: - . '
In lipesr systems the optimal roglon way not be sliding for
gy time interval., - - e
.. (ne may oonsider a more enersl problen and assume that some
paxt of the dontrol Punetions u™(t) may bo chosen in the class of
pontinuous plecewise mmooth functions with a bounded {with, vespect to.
moduing) derivative, L.0., to assume that the respective u” sxhibit
#inertis® while another part considered to be ¥inertizless® 1g obe
bained from previous conditions. In some cases, one of these parts,
, yosults, relevant to this general case, shall

oniy, may exist, The
pe published separately. : - o |
T e methods of the present work are s natursl extension of the
mothod published in the article (*), The present work was completed in
" the sominar of L. S Pontryagin on the mathematical theory of osoile
1ations and automatic control. RS D
T express wy deep gretitude for his stiention and great

l; .
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| ’ | msmmmcm, vhinah he afmx‘deﬁ ne during th@ wmm &twm ef thesa gs**rsaent
Pura l. BEguations i’or Optiml Gontm&& and Tm;)wtoriess o
mr 'ww case af mw awtml Paramew
‘ 1”, Statement of the problem. Ho%ﬁens. Le‘c ihéré be givm
| one. difrmmw eqsm%*wn with one cbntrol (scalar) parsmeter u:

.‘.'.‘:lxmA?»{;tu S e T (u)

: Fm? ig, the rapreamtamm pa.‘mt (vec:wr) in an n«dimﬁaional phasa
space 4, is a constant veotoy ih space X, A is a lineur transformas
tion ox space X, which 48 independent of time., The control functlon .

1w belongs to the olass of plecewlse continuous funotions (with a
finite number of points of discentinvity on every closed interval of
timé), such thet the. modulus is at mst mﬁ.ty. Such mmt&ons we shall
oall aMissiblo eontrels, ° 2

%atemm’ﬁ of g gmaml nmblam ’ﬂmm mu m pomw <.

- in the phass 8paos, e seeks to find suoh dn admissible ogntml

;. ﬁi‘mhm u = u(t), sach that the representative point (t) travelling

[ en the trejectory & ned by the equation (4) snould travel - i‘mm r
puﬁntz %o point £, in o mindnum of tine, .

sch & control funotion, 1f it exlsts, we sh ghall eall the cp_t:'s.mal
aontm‘L and the eorresponding trajectory, the ogti% trajectory, We
shell aiso sa:sr that the é:hase point axecutes an op passage from -
the poin’t o te point along the tra‘jecwry deﬁmd by tha equa~
_t:im (I} in an optiomm of i:d.ma. 5
- iet us introduce some new mtaticms which are neeessary tor
further presantation, —Theé vectors, which belong to the phase space
- X, we shall call eantmmﬁmt, thosa which ara :i.n ‘d‘m dual space of
L we shall s
Let t). Pros (t) be wntravuriant vector i‘mctiena whiah
sent a }m mwl system of solutions of the equation X = Ax,
(L), see,¥ M(%) be the coyariant vector mmtiona. dual. for
ammii. indices, to tha fanetions Yy (e)s - _

qimz (:)~ss | |
| Pt ;mi.n,n.* B

vhere A! is 2 Mear t:mwi‘omaﬁon which 48 2 dual of A. '
- In order to prove (6), in other words, that the vector functions
¥ (LY satisfy the dusl (of (6)) equa'mon (5), we mmmmm the

rela‘hﬁ,on \3 (2} ﬂ?* (1) = 8, From it we havm . T;,Js"

®
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o mu)@m “% 0.4 (z>+$ () ¢ <z>-~
[ = AP, (t)§ {0+ mz‘m -~$ O-4 0 +3. 0 ¢
R ACE (4'v‘<r>¢3(en~

As this equation is satisfied for an arbi’crary %3 ..., n, the
fallawing id&ntitiea are tz“ue'

; |5. A'@‘(t) {—qp (r)a..() m’t,.. ,n
. We d mta the scalar product of the vector functian?‘i(t) with
t‘m vecvtor f Bt “)__3 m‘ﬁ .:_..1 e

‘Th@, aoluti n, af esquation (4) with the mj.tial (:onditian x(o) = ‘é (O)=
i o {0y g™ ds wr:&.twn as follows:

sl N
As ism is:nm-m. every funciion ni{t), i == 1, ceey B is a solution
~ of' an. nf:.h order equa‘cicm, namely ,

/|4 i =0 @

J"whm'e }) is ‘the diﬂarentiation operator. E is the identity transfoma-
tion, § A ¢+ pE  ia the ch&racteristic transforz;ation polynomial for
AV,

‘ 2. Tb«a f‘r»nditmn %f Hondeganeracx. The equaticn (M») is none
degemrate if ile vector B doss not lie in some invariant subgpace,
‘whose dimengion is at most n - 1, with respect to t.he trans{‘amtion

A. Otherwise, the equation (U4) is degenerate. :

" Now we shall show that if equation (&) is degenerate, then the

time it takes to go from £, to & is irdependent of the choice of
. the control function u(t), or the problem reduces itqelf to a similar
pmblezm for an equation of, smaller order.
' Jet us assume that bE€Y, where Y is an iavarlant subspace of
the transformation A, where dim (y) #n « 1.. lst us express the phase
space X ag the direct sum:of Y and % X = Y+Z, and every vector & X,
as o sun X =% + £, where yeY and 4€ 2. The equation (4) becomes:

‘ s s ‘ ‘ ) 3

\ms+z i\+bu+Az, :
*.where A? €Y, ’Taue Y. The prajection sperator onto the subspace ¥, paral-
‘el to subspace Z, is denoted by Prl. the operator onto %4, paz‘allel to
¥, we denote by Prp. We have-
Pr::mym 1\+bv+Pr,1z, Pr;x-az» Pr,A?z Bz, .
u'here B is some iinear transformation ' '
Assume that one wants tec get to = (J “?a ) by an admissible
t\énctjbon {not, neceasarily optimal), star%i the pointg
. The. corresponding trajectory of equation (4) we. deno%e by
18 2 G, 2(t)), where

;’xtz) qw)(a’ Sk"('w(";d)w»?z(!)(li V“w'ﬁmm )
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The vector function h(t) is oalled & mlutian of the equation
z = B? and_is independent of the choice of control function u{t).

1f B, =0, then it is negessary for the solvability of the -
problem that ®the equality 'Z ‘Z. should be satisfied, &s independentiy
rom th choica of the cont.m} finetion, we shall have the identity '

(t)ﬁ In this case the problem of gpbtimal motion from point

) in the phase space X to point (% }. along the trajectgry
of equation {4), reducas to 3 ‘problem of ptimal motion from point ¥,
in phass sp&m ¥, te point Ty on the trajectory of the equat.ian

. N : :

" L \mh%»bu}P:lflzum 4v+bu—i«? . o
where Pr Az = % i3 some constant vector in ihe space. Y. This equation :
may be take_% as im, and as equation of type (4), it does not contain
the vector Howsver Lf the transformation A, which we consider in
tre invariant subspace ¥, is not degenerate. then = AKM and we have
i '“\?.Q (w+a,) 4(\+?)+bu ' ' >
If Bzo # 0 and there exista a tra ectory: E(t) of the equation z2 = Bz, ,
¥hich’comects the points T and £, then the time it takes for point
Z, to arriva at % and the %ime 1t}takes the phase point % to move =
trom (T, ¥p) to z ¥.) is independent of the choice of the control
" function u(t). if, of c%urqe. the latter case 0£ motion is usually '
possible as it is necessary to move from poin to point ) also.

. Further, we shall consider that evquatian ?l&) is nondegeneraw. ;
From the nondegeneracy of e ation SH) it followi %irectly the linear -
independence of the v~ ctorsq’% =A@ b “ony \? Hence, it is

essy to daduce that the functions h (t) = j'(t) . b. L= l, cees M
(c:f. 1) are 1inaax'1y independent. - Indeed, let o

| 1} cah“(r)-mc,? () h=0,

w‘-zere ' #_ A= 1. ..., n ara mnataats, Lhen
AR ot c
c,,.@ b» : —_ "4» )l?m(). ‘

From fomula (6) and the above aquations it f‘ollows that:

- |c¢t{a K Sy CHPY R A L T

As the vectors b, Ag,. vensy A n - 1‘% are ind&pendant, then cw?’* (t)::o. .
and as the vectors $% (t), ¢ =1, .scy B reprasant a fundamental
system of solutions of equation (6), then S1 = oqe =

' From the linear dependence of funat.iow h (t), ,.., h“{t) it
follows that they represent @ fundamental system of aolutionu of '
an nth order equation (8). »

3. MNeceszary Conditions for Ogt;;nalit;z. ¢ let o be some
defined point of phase space X. let us denote by..n.(t) , 120, the sot
’ of all points of the space X such that one may reach them after a time

t moving along the trajectory of equation (&) by means of an arbitrary
admissible con*trc»l. for an initial condition ':?(0) = g; o+

QTN [ T P (AT VYO SR e e T e 2 e



The set JL(t) is convex for an arbitrary t % 0. As a matter of
fact if uy and up are two admissible controls and their respective :
trajectories are fl(t)' and gz(t},_ of the equation (4) and satisfy the -
initial conditions N - L - :
' ‘ ' . X1 (m == Mg {O)Vf“ﬁe;} :

then 31(’(,) ICN ’1?.2(_-1‘.) efu(t) for ay arbitrary £ 0. in arbitrary:_
point of an arc connecting the points %(t), %,(t) may be written as .

‘ ‘ - - Nl
- RO +eRy o
whers ho+ M =1, AP0, 20, -One may reach this point from a

- point % o in time t, moving along & trajectory of the equation (4) by -
+means of a control Au, +pus, such that the corresponding trajectory is’
(ef furmula yn: - v : . , ;
o ) -

T rg(d) (E&‘ +Skm,"'2d‘) = 2% () + u¥, . . /
where 4 (0) Ed = %a is the stamirfg/ ’point of the trajectory; the

~direction huy g’&uz is admissible, provided that »

' o k{}:u1+gxll»3§~$§)~!lil§~+-p.luil»g'l—}«pl'—f 1;_/’

R ' t .
Bty @+ (1 0w um)dy =230 (8 Hrw )+
. : b

o ' Iat now u{t) be the optimsl control, F(t) the corresponding
optimal trajectory of equation (4), which conmects the given point % o:'
‘with some point §, which lies in X. Moreover, let L e
o " S T PR . ‘ .
: : x(0) =8, (=% | o : '
The control u(t) and the trajectory %x(t} are defined to be optimal on
.an arbitrary int, rval 0st & Ty, where Tlﬁ'uT. Actually, if one may
arrive at point '(Tl) from the point g o in time T4 ~€,& >0 by neans
of an admissible contrel v(t), where 0g t< Ty~&, then one may reach
‘the point ¥(T)in time T - &, by means of an ddmissible direction w(t), .
0gt T - £ , where w(t) = v{t) for O0£tLTy~ & and w(t) = u(t + &)
for eI ] '
which contradicts the assumption of optimality of the trajectory FHOR
‘on the interval 0 & t<T. _— o
, ~ We shall show now that we may construct a hypsrplans P which
eontains the point 2., = #(T) and which is a base for the conveXx set
(L0T), i.e., that ¥y Is in the boundary of the set Ly, |
: It is easy to see that for an arbilrary t<T the point (L) is
' boundary point of the set fL(t) and because of thai, one may have
‘through it a supporting hyperplane to L1(t). If this is not true for
even one point X(t), where t<T, then we shall consider a spherical
neighborhood about %{t), such that it is properly contained in the
set N(t) and shall define in the ball any point X(t + £) of the
‘trajectory, where £ 20 (such a ball may be found as soon as the defined
point %(t) is an interior point of the set SL{t). As this ball is

]



~ through the point § 3

" yelocity X(t) and which emanates from point
‘tains only the boundary points of JA(L). -

T a time 1Y, t< t¥ LT, such t

properly contained in the set JL(t), then ons may procsed from point

g to ‘point x(t +£) via an admnissible control in time t<t + &,
%18, coniradicts the optimality of the trajectory %(t). = -
‘ Therefors, one may select a sequence of times t,léw;»'r ang 8
sequencs of Py hyperplanes which pass correspondingly through {
and are supporting hyperplanse forfi(ty). Morecver, asgume that the |
.sequence of hyperpignes "5 econverges Lo some hyperplane P, which passes

= gf‘l‘)., The hyperplane P is the supporting .

hyperplane forfl(T)vs . S e
- lst us denote %, the covariant vector, which is orthogonal to
t%e_}\yerp spe P, avay from the set L(ty), 1.0y, if ?e_g(f.k). then
(F - %t )X ‘< 0. One may assume that % %, where ¥ is orthogonal
‘to P.  Firther, we shall denote an arbitrary admissible control u(t) +
+ & (u{t)), where u(t) is the investigated optimal ""é("&_ﬁ't'.-f’?‘l’g u(t) is an
arbitrary admissible perturbation of the direction a(t); by () +SH(t)
we shall dengte the corresponding perturbed trajectery with the initial
condition§ R(0) = 0. . . 0 Lo ne L I

P for an arbitrary t<T.the point E(t,) +S Rt )€ L (y) and -
% .(t),) € P hence & X(ty) Ky & 0, Proceeding to the ligit, for -
i o we _obtain for an arbitrary admissible ‘perturbationd X, that = -
S ¥(1) + %<0, 1.e., that the hyperplane P passing through tho paint =
xg(‘) is the supporting plane for)(T), and hence, the ‘point itself
(R(T)) lies on the boundary of the zet.1(T). - S

We shall show that the supporting mrperpié'ney?’ ma,y always be

found for a point ‘2(T) and a vector ';g. umﬁ?' is orthogonal to it, ‘such
‘that in addition to the inequality § (1) X0, also the inequality

o | RO P AR+ B () R > 0. '

would ba satisfied. - . . e AR

" Pop. this, we shall prove that the ben;twk)xich cpn’tainé the phase’

t) for 0 t& T, cone

This theorem is sasy to prove for t < T, thus, passing to the -
limit to prove it for t=T. - = ' ; T Y
" let us assume that the beam g,, which containa the vector 2(1-,)-,;- ,

where t<. T, and emanating from the point X(i), contalns an interior

point ¥ of the set.(L(t). As Jl(t) 1s a convex set, then the whole
interval of the beam q, between the points ¥ and R(t) consists entirely
of interior points of_ft'he ‘set-Ll(t). Farthermore, the phase velocity =
vector X{t) is different from zexf%, It follows that one may find such
| hat X(t*)¢ SL(t) which is impossible, as
the t< t' and the trajectory is an optimal one. o
: From it it follows that q, does not contain ihe interior points
of the set JL(t). This implies the possibility of two cases: ejiher
the straight -line Q,, which contains the beam'q,, contains interior
points of {)(t) or_not.. ‘In the first case it is ‘evident that the
covariant vecter %, which is orthogonal to sn arbitrarily éc:h&‘sen‘aﬁp‘a-
porting hypérpl‘ane‘f’ , ralative to the sotLL{t} at point %(t) and & - *
direction away from the set [1(1) satisfies the jnequality -
R P x(t) t'fff,.?m : -

9




In the second case the supporting hyperplane P, may be chosen
in such a way that it contains a straight line Qs thus, in either
case, the inequality ' - R : )
o ()%, 20 >
is satisfied. )

Take a sequence t, —> T, and perform a similar construction
for every point "Tc(‘c.k). w{ﬁen we shall obtain in the limit an inequality .

-3
| | T | -
We shall now state in its entirety the n_idessary condition.
7. 1et u{t) be the optimal control and let X(t) be the correspond-
ing optimal trajectory of the equation: (&), which connects the point
2 , to the point £, both of which belong to the phase space X
| K=, TM=% o<t
Then, we are able to pass throagh ¥ = %(T) a hyperplane P which is
supporting relative to L1{T), in suc;i a3 manner that, if we denote by
the covariant vector which is orthogonal to P and is directed away
from the setL(T), then the following inequalities _ :
2y SO T= IO +DudR) 20 |
are satisfied for arbitrary admissible perturbations § %(t) of the
optimal trajectory X{t). ~ *© T . - : |
, 4. Optimal Controls and Optimal Trajectories Equations. ,
' By means of the stated necessary ‘condition, it is easy to ob- .
- 4ain equations for the optimal control u{t) and the optimal trajectory
x(t), which connects the point o = x(0) with the poin 'gl =2 (1),
0< t<T. To this end, we shall use the inequality SE(T)Y » X< 0.
It is seen, that the perturbation § 2(1.) satisfies the differential
equation ‘ TG i .
‘ ; ' ox = .15%x 4 bhou { ‘ ) ‘
with the initial conditions & i(o) = 0. Thug, on the basis of formula
(7), we have ‘ | '

, .
S
. 3_3(7‘)"&?” X"?,”) g&% ‘bindz =
P _! o

\ ¢ Jtbuds <0,

ht

- chi“ -'};;eiud':'é

e 2 3 oy » :

where oy= X+ ‘P« (T),' =1, ..., n, do not become zero simultaneously

and v‘-}a‘i_*a,‘v}f _v - =
- . R o=3@nb | o (ef.ne: 1)

The function cqh""'((t) does not_vanish jdentically, as not all the cg

 are zero, and the functions h (t) represent, as a consequence of the .

' nondegeneracy of equation (4), a fundamental systém of solutions of

an equation of the nth order (8) (ef. no 1-2). The inequality '

10



B O S
o ’\cu'h*amz': <0 N
is true for evary admissibla perturbution of the optimal contra%

Thence it follows that for positive values of the functions ogh (t)."“" o

the perturbation & u{t) may only assume values which are not greater
than zers, and for negative values of the functions oyh (t) only
non-negative values, As the inequality |u(t) + Su(t)fgl, isa
sufficient condition for the admissibility .of the perturbed direction
thm we obta:tn tha following equa.tion for the opts.mal control u(t)x

e 'c u (t)-—: signc,h (t) e clgnc& (z) bmqmn@u) h, O\J :’T ‘ (9)

“ The function which assumes auly the values +1, we shall call
a rslay function from now on. . o .
' The cavari.ant vector function cq? (t) = ?(t) satiafms the
Aequa'tion (6) B SRS e
and posaesses a s:lmple geame‘trical meaning. tha vector R 4 (t) foz'
overy i, 0 t £T defines uniquely a . hyperplane Py, which is orthoe .
gonal te it, such that it passes through the polint ?(t) and is supe
porting relative to the set {l(t), and is directed away from the set
L (t).  For an a.rbitrary admissible perturbation S (u(t)) we have

!

; ?.x(r) t!»(t) (t) ?(t}&t b?:ndf’* ca'b"(r) q:m (z) \z -gmd't,

'As the systems {?“(t)} and i‘fq(t)} °( = 1. vere n, (cf na 1) are
dual ’t.o one a.no'cher. we have S , _ .
o I Poto= .

i.an. ', \ . ; . 4' )

| Vo o?m 4 .ngcaa’ ?ouwm famr

A On the other hand. fmm equation (9} and the inaquality >
Jutt) + Sulp)ll 4t follows that sign Su(t) = - sign P (L) » g :
ang, hence, §§(t) . (L) 4 0. ¢ In particular P.r =P anxi‘@('r) =ﬁ as

T 4 ?(T) = =FEoT M=%,
S:s alconsequfb‘nca of. the duality of the system {‘P« (T)? and i.")"’( (T)z
Lo SN sasy :
At 'the end point gl 3 x(T). the inequality :F(T) k('l‘) ?0
holds, a& may be seen from no 3. . -
> - Now, we shall prove that grerywhere along the optimal trajectory
'x(t), themalar praduct '-y (t) . x(‘c) is. constant. hence. e

t

m

0

| [ x(f}*consn,, 0
'I‘ha sealar produot , :

H(tum 3{:}4.4;?@4.?,1@); L i W
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49 continuous, s0 from (9) we see that u(t) may jump only when:F (t)
.B = 0. Thus, the constancy of thescalar product shall follow from the
fact that the first derivative of the scalar product with respect to
" time is identically zero. From equations (%), (9), and (10), we have;

TR SRR SRR SO S SIS SO
@U@ +hamy =buAx0 +EOAx0 -
+30Bua=—ato X +Io- 2o+ e +
R R LT e (O R R IO S (O R
I +3uyAba —Fatu=o. T
'Having collected the conditions stated in equations %), (9), (10),
(11), we obtain the following method for the determination of optimal
controls and optimal trajectories emanating out of the given point
é? , which belongs to the phase space L. 3 .
‘A1l optimal controls u(t) and their re ctive optimal tra-
Jectoriea’i(t). which emanate from the point § , at t = 0, are con-
tained in a set of all controls and their respective trajectories,
whidh are obtaitied upon solving the system of equations as stated
below: 0 e > o wo b
o 3 m—Ax-{-_l)u, K (0) -.z-“;’;;‘,,"
u(t) #-signlﬁ’g).b, - |
s 2o Tu
3(0)x(0) =30 (Ax©) +bu(O) >0 | 5 ;
Since we are not interested in the'vector,function ‘P(t) itself,
" but merely in the gontrol fungtion u{t) = sign ¥ (t) * b, we henceforth
regard the vector 3?(0) = oy ¥ (0) as normalized. i.e., define the

equation N
Se=1do)=1. \

. to hold, for not all cu:;auél to gero. .o ~
Provided that inequality ¥ (0) * X (0) 2 0 is satisfied, we
let the initial value of (0) assume any arbitrary value and thus

obtain a set of controls and trajectories which emanate from point.
E o which we shall call extremal controls and extremal trajectories,
amongst which shall be all optimal controls and optimal trajectories .
which emanate from point % .. . i

v If we know beforehand, that by choosing an optimal control, and’
consequently, a unique extremal trajectory, we may proceed from a

_ point £, to some other point &1, both of which lie in the phase

space X, along the aforementioned trajectory, then the corresponding f
extremal control is an optimal control. This happens with the syn- 1
thesis of an optimal system, which shall be discussed in the next
paragraph. ’ - ‘ S _

The system of equations (12) expresses exactly the maximum ;
~ principle, which has been formulated in work (1). The essence of this
" principle may be stated as follows. The first two.equations of system

© (12) mey be writien in the senaergr Hamilton, using the hamiltonian. |
HE, P, u)= Be (AL + Bu) = ¥ 2. These become: :

a2

i
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 The equation u(t) = sign q?(t) N b is aquivalent to the roliowing :
‘conditient. for any t, the ggntrol ug}) ageumds ‘an admissible value, v'j
. for which the function H = $~‘(A§’¢ bu), considered to be a’function
- of the 1ndepandent variable u, for constant i?and , &Ssumes 4’
maximum value. ' This condition is. called the M&ximum Principle. 5
" In contlusibn, it follows from formula (11) that the hamiltonian
tunet%gp alang the whole axtramal trajectory B ( (t), q?(t), u(t)) =
const 0. o ‘ S Lo

. g (

f'a;P&r& 2. The Syrthssis of Gptimal Linear Sywtems
_ “With One CQntrol Pmrameter

l Formulatiom of thﬁ Rroblem._ In thﬂ theory of automatic o
control. One is interssted in the optimal traverse from an’ “arbitrary
Cdnitial poaition to the origin of a coordinate system, along a tra- '
Jectory defined by equation (&) {cf. the introduction). .
In this paragraph, we Bhall ‘assume that the existence ‘theorem
ggr the eptimal proeeases for equation (6). are proved (cx.para 3. no .
- In Ma 2 ut this paragraph. Ve show that only 0ns extrenal tra»
jectory. expressed by equation (&), leads from an arbitrary point of
the phase space to the origin of the coordinate system, such that it~
. is also the optimal trajectory (ef pars 1, no 4, ‘para 3, fic 2).' There~
fore, it is not necessary to distinguish betuesn ‘axtremal trajectories ‘
- which lead %0 the corigin, with their respective extramal controls. anq;
_ optimal trajectories and controls.
In No 3 we shall consider a set of all those points of the phase
‘{space from which one may arrive at the origin of the coordinate system
along an admissible, and therefore. ‘an ‘optimal, ‘control. ‘We §hall de.
- _note this set by M. This set proves to be a convex domain in the phase
| space X. If the characteristis values of the transfbrmation A are all
} distinet, the set M is identical with the space X.
| ' " At the basis of the theorem of uniqueness of the extremal trae
| jectory which leads to the origin of coordinates, lies the fact that
| along such an exiremal trajectory there exists an extremal control .
u({t) which is defined uniquely to be the function of a point lying on
the trajectory, with the exclusion only of theose points of the tira-
Jectory which correspond to. the times at which the control jumps. The
_ number of such times i & finita ane in & finite time interval &8 -
|
|

; ”(I)a: “m'“t;(,‘ g L
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(ef. (12)), and the function ??(t) - B does not vanish identically and

' 1s a seclution of an nth order linear equation (8) with constant co-
‘efficients. It is immaterial which values we ghall ascribe to the

. control u(t) at the time of the jump, let us arbitrarily state that at
. such time u = 0. R T '

g Tt follows that the set M may be uniquely decomposed into a
‘direct sum of three sets: M =M, UM_ UM, according to the following

' eriterion. If a point ¥(t) which lies on the extremal trajectory be-
| longs to M, then u(t) = 1, if ¥(t) € M_, then u(t) = -1, finally, if
g?ﬁt) belongs to M,, then at that time u(t) jJumps. = = B ;

: The dimensionality of the set M,, therefore, is at most n - 1.
This enables us to. obtain a monovalent function u(®) which is

: defined on the set M by the following gonditions: o

zu(;?)--;fll for f( M, (:?)M--i‘ for S?EM“, u(}’)mog for gEMO; . )
' which possesses the property such that, if it moves along the tra-
! jectory expressed by : ;"44.;::;f., : SR )

e aeted 2opean }~ - (13)

' then we shall arrive at the origin of .coordinates from %(0) along the -
- optimal trajectory defined by equation (4) after an optimal lapse of
' The process of finding of such functian(u(ﬁ)”is the synthesis

| of the optimal system desgribed by equation (&) (cf introduction). -

: If the function v(x) satisfies the conditions -

ﬂ§>0lmr %hﬂ};H%<0 for T/, Mﬁxo

- then u(;3 = sign Wy. s T ,
. In order to find the function v(x), it is very convenient to
“use the structure of the "set of jump points" of the function u(x) =

sign v(X), i.e., the set M,. This artifice as well as an approximate
- determination of the set M, may be carried out by means of system (12).

. If the transformation A has real characteristic values, then
the set M, of jump points is an (n - 1)-dimensional hyperplane which
_divides the set M into two connected sets M, and M_. This hyperplane,
.. and also the method gf its construction were first discovered by o
Ao A. Fel'dbaum (cf(%)). We are representing it parametrically in No 5.
: The second order system = ' o o

.,for zﬁz1ln.\ ,

- X=y, v,i'l T (as)
, R s L T
" was conaidered by Bushaw (cf.(3)). The characteristic values of the
‘matrix ‘i 0, f‘f o o e
: ' o =1, @ R ’ o
_ determine the set M and the set of jump points ¥,, which in this case
is a linear one lying in the phase plane x, y, as found by Bushaw. =
The application of system (14) with the aid of equations (12},
13 an elementary problem. . L

L
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In the gemral case the set H is a pseudamamfald and t :n,a.y o
be appraximately determined by using 12). R

2., The ynigueneas Theoram Here we prcve two uniqueness
heorema.
* Iet ¥y, u be two extmmal cam.rols which move a phase point
along a t!'aject expressed by equation () from & given initial
positionE towarda the origin of the coordinate system, after the
lapse of time and ta, respectively The raspectwa trajectories
{of fomula (7)3' aret 2. :

' ?Jyy(t)"“ ?x(t) ('“"} && buxd ) k(tx) e= 0,

:‘ xz(t) ?a(t) \q? Sq;a bmdm) x(;z)w o,

“where ¢, (o)§ E’ Then for t] = ty, we havo n:),(t) uuz(t). 3‘1(‘)%
(t) for 0€ £ £ty = by
x2 1st tl‘-’ft- ‘tz andl 2

t ?z(tz)“?a(ta)“’$ (t;')(c“"i‘é:i zu,dv) ? (tz)(i‘ S“fr zuad':) 0 x

o ’I’he vectors-? (t)y™=1; «vv.m ara linearly indapendant for -
| any t. and we have n equatims' . R
ep" hu,d'c m&“+\&-ﬁugdmm0,'-_'m_éa T R

0 P -

9
Om

a
l
I
. whence ! o

Lo W "”“’;‘*.“S*'?m« es e

i

_ The control u; (t) ‘48 an ‘exgremal control, mmce t.he second equation
" from (12) haa a mlution B(t) = ey 5}" “(t) apd up(t) = sign? () * gt
m3ign oy (t) lp COntract the second systm of equatians m’uh Ca( to

obtain: ) C“W bu,dchagi T;u,d*:wszbu,d*ml: o
/mS?%ugdxmg;bmgna - S ;ngd SRR
" from which follaws the equality, 4 ’ - e

‘which agraes with the imquality il(t) nly when the canditmns e i

. = t5 and u, (1) 2 us(t) = sign . are aatisfied. which
: tkerefora proVes our %haor'em.

._4»\

_ Therefore, we may, ralying on para 19 no by dietinguish extrem» -

- trajeotaries'

Immediately follows the statemsnt of tm Swond Uniqueness
o Theorm

Assuﬁo u R to be two oprtﬂ.mal controls which move the phaaa
"1 o
15
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s v, TN AT A AT L R R AL

" point aleng optimal wéigctorias as d@ﬁnag,ﬂby-ef@atim {4) from a
given initisl pesition B, onte position "il after sn optimal lapse
of time T. The respeclive optimal trajectories are denoted as balow

L =0+ {Fbur), Lo=-wo+ o Buas),

!
o iy s . ' m:; ) ‘l\ e : e

EE -

and we have | T (1) =% (1) =T (H(K + (- Buge) =Fun (s +§$’=‘5§uad»=)_-
S Ce e e Y ' ' 4 ’

Veotors %{ (1), X = 1, ees B are ﬂ.imarly in@epahdent‘ hence we have

a system of n equations . SR ST S
- U S?ﬂ‘fuﬂmg@'buw«:, emd,
s & : o

The ‘end of the proof is identical with the proof of the previcus
theorem. = S . .
3. The Study of the Set M. St
Define _MZTS for all nonenegative T to be the set of all phase
points of the phase space X, from which one msy reach the origin of
‘the coordinate system along a trajectory defined by equation {4), by
‘masns of an admissible control, which does not necessarily have to be .
optimal, after a lapse of time, which is at most T. The set M is
ddentical with the un®on of all M(T) for all non-negative T. We shall
prove. that the set M(T) is convex and closed for &ll positive T. '
{(M(0)is the origin). ' - . - . St
- Assume that it is possible to arrive at the origin of the
_ coordinste system after a lapse of time t, and t,, with the motions
being defined along trajectories ’egcpres’se& by eq%a;ti_.an‘ g};}.‘ by means
of the directions uj. and u,, respectively, from points £ 7, ?’ a
" respectively, which belong to the phase space L. We _sha.‘di assume
© that £ = t,, 80 1n ‘the casze of an inaquality,tl_-’;i ‘ta'we gshall oa
able to také an admissible ‘eontrol w., which is defified for all t,
such that 0K t by, by weans of thé equations u,(t) = u (4) for
0L t Lty u,(2)2°0 for t;< 1t <1, and such that it moves the
phase poifit from ¥ 4 onto the origin“of the coordinate system after &
lapse of time t3. l‘herefore it is possible to arrive at the origin
from sny point which belongs to that interval, after that particular
.- lapse of time t; = t,, by means of an admissible econtrol.X’ u; + pug,
where = - - T T L . R '
JoR e u=t a0 w0
(ef similar ressoning in para 1, me 3). =~ - RN
" The elosurs of M(T) follews from the existegnce theorem (ef para
3, no 2). In order to prove it, take &3, «.uy Fy4 ess tobea
sequence of points, which converge to the point £, which bslongs to
the phase space, and assume that every point £, € H(T). We shall

.
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‘shov, that also the point'Ee H(T)
: Define v, to be an adwsissible control which moves the phase R
‘point from position g{k onto the origin of the coordinate system,’ after
:a lapse of time t, < T. .On the basis of the existence theorem, the ool
trol u, may be assumed to be an optimal one, such that, on replacemsnt%
‘of an admissible control by an optimal control the time it takes to-
-reach the origin from may only decrease, Moregver, 1e§>ua assume
‘that tgwyscrr. Frop formulas (12), (t) = sign ¥y (t) * B, where the.
‘function Ql {t) * b is not 1dentica11y gero and is a solution. of the R
inth order 1 §near equation (8) with const nt gquficiengg. L S
f " As previously, let us denote by h(t)XY™ {t) - B, A= 1.}.... no
t CR fundamantal Q?stem of solutions of 9quation (8), and get - B
| k(t) H(t). The cosfficients qu- o = l. eees Wy for every |
| =1, 2, ... may he aasumed normalized~ ‘ 45 : ‘ '
! . L (M =
' ' o A / ' P
as we only care about the tunctions uk(t) = gign q4kh (t) therefore we -
Imay assert that. for k> wthe coefficients ch-—?c vAE Ly edee My for
k> ve havea : :
B TQ(:) b—-—c,un(z)..”,h (’)""Czq‘ (l)? g’:’(z) Z c“._i

For the sequence of optimal controls uk(t) = sign ‘T‘ k(t‘)ﬂ " b
we have for k- %0

Cug(t) = sxgn c,,;.h« (1) —> 51gn o,h (t) = sign t!a(t) fw w (t), \ g i

where‘f (t) = Cu :?“(t) iz a “solution of the -second equation in system o
-{12)... The trajectory which corresponds to the control uk(t) (cf :
fomla (?)) is:

; B v . xk(t) = @7 (t) (‘k +S¢°‘ bukd"!‘) }

: ., : ,
Ewhere q(O) ‘§ .« The tr %jectory corresponding to the control
§u(t) and the mitial condition (0) =E& i8:

Cto-mofer [FRw). )

where “Fq(o)gq é . It ollows that the eontrol u(t) moves the .~
.phase point from position & onto the origin of the coordmte system
‘%after a lapse of time sa-.w. such that we have: . ‘ L

x(s)aax(s)—«x,,(tk)z—: lsm (x(s)ka(s))n'ﬁ |

- nm(‘f(s) (e*mik)+¢, (s)ﬁ’ h(uwu,,) d~)

: . From the formula u(t) = sign (t) . b and from thp existence
theorem for extremal controls. prove in no 2 it folloWs that tha ‘
‘control u{t) is optimal.

R It is easy to prove that’ the sst H(T) contains interior points
‘for afbitrary positive T. From it and the convexity and the closure
.of the set 'M(T) for positive T, 4t follows that M(T) is homeomorphic ‘&
“to the n-dimensional’ ball. ‘and: its boundary S(T) ia homsomorphic :

7 -



to the (n « 1)edimensional aphere. : - ‘

. We shsll show that the topological spheres 8(7} may be
characterized by epnsidering that a point which belongs to the phase
space, belonge also to S(T), if snd only if, vhen it is possible to
meve & phass point from it onto the origin of the coordinate system
by mesns of an optimal control, after an optimal lapse of time T,
along a trajectory defined by equation By,

I ¥ 4 ong<iamgblﬁ to reach the origin of the coordinatg system
from some point & by means of en admissible control, then Emay be .
contained in sueh a neighborhood D, such that one is able to reach the -
origin of the coordinates from any point which belengs to D by means
of sore admissible control. The proof follows.  lat us define u(t) to
be a control which moves a phase point from position £ onto the origin
of the coordinate system, after a lapse of time T. This centrol,
after o lapse of that time T, shall move the phage point from an
arbltrary initial pesitioen ifi ¢ U onte point £,, which liss in an
srbitrary, previously defined neighborhoed of the origin, provided
that the neighborheed D is sufficiently small. Bat reczll that the
origin of ths cosrdinate system is the intericr point of the get M(T)
for any positive T, Therefore, we may resch the origin from the point
¥ 5 by means of an admissible control, which implies, that we may '
réach the origin by meidns of an’ admissible contrel: from an arbitracy
posnt B 4 € Do S | .
T 7 Consider a point £°¢S(T).” Define about it a neighborhood D
which ha¢ the characteristics described above, and*gelact init &
point seduence & ~»Efor k~»%and such thal no g belongs to the
set M(T). Define to be the optimal control which moves the phase -
point from the posi MM1§fk ontos the origin of the coordinate system
after & lapse of time ty; bearing in mind that tgﬁ>*r. Analogical
' peasonings to thoss. done above, enable us te lay down & hypothesis to
the effest that w (t)—>u(t) and ty w38 ZT for k—pewo, and that the ,
sontrol v(t) is the optimal control which moves the phase point from
the position & énto the origin of the coordinate system, after an -
optimal lapse of time &2 T. .As it is possible to arrive at the
origin of the ecordinate system by means of soms admissible control,
from g position, after a lapse of time T, it is evident that s = T,
whick proves the lwmplication one way. - . ' - .

- Conversely, assume that by means of an optimal control one may .
arrive at the origin from point % after an optimal lapse of time T.

We shall show that £ €8(T). The resulting optimal trajeciory is
. . . . P - .. ' N , - M . N - .- M
S Ro=t oy Sig-f,;az).

. T S o L o e
‘The function Y (L) ~“ﬁ: which satisfies equation (8) is defined for
all real valugs of the parameter t, and thersfore the relay funciion
a(t) = sign ¥ (L) * ¥ may be studied for all real values of t, o
.. 1et T4 be an arbitrary positive mumber, it is evident, that ons
ay arrive at the origin of the coordinste system from the point = .
(»Tl),.which‘belongs‘to the phase space,.after a lapse of time

T, +7T, by means of the optimal eontrol |
S “HJ;MngwEhﬂﬁ.uﬂﬁg;gr{“mMmhwwww;w
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however now, it should be studied on a much larger interval of Lo,
namely: T gt &l. © g T T LA
7T Assuis, that for the point & belonging to the interior of the
gat M(T), for a sufficiently small .70, the point i . oo

L terezen(e s | T
). .

¢

> . _ Decdise we may reachthe origin of the eoordinate system from
%(aT,), after a lapse of time T, and on the obther hand by t__he{.g%ove-“
me‘ntionad optimal time lapse, for the motion of the point. from X(=T,)
onto the origin of ‘the coordinates, being equal to.T, -+ T 7 T, which
~"contradiets the definition of optimal tiIMB, . v oo
: The obtained characteristic of the set S(T) enables us to. . .
arrive at the following important observation: for T LT, the
sphere S(Tl) i3 proparly contained in the sphere S(T J}. "
, The set M is obtaired by taking the unien of %11 sats M(T) for
211 nonensgative T. It follows then, that M is a convex subspace, as
. 1is every set M(T) and if -'g € M(T) then the point ¥ is the interlor
,point of ‘M(T,), whera T, > Ty, = - © wee o
© . If the 'ch‘.alxracwr%stic values of the transformation A are stable,
" i.e., have negative real parts, thén M is identical with the phase
space”X. This fact is the consequence of the property that, when . .
T-»®, the distance between the origin of the cocordinate system and
the set S(T) also->, We shall prove the last theorem. = . . . .
. If the system (12) is solved for the initial condition Y(O) = 0,
then in the totality of initial value ¥'(0) = ¢, %(0), cne is sble
. to find an arbitrary sovariant vector which is rot equal to zero, such
thet in this ease: o L 0 -
N (N7 CER AP O ACET N CEX{ON S T,
. 'As was stated in para 1, no 4, the vector F(0} may be regarded
a3 normalized, in other words, the following equation is satisfied
= o _\_,.\_'B'cgwﬁ’(ong_a._‘.', R e A
. AT 0 mey : a h
The corresponding extremal t;'sjﬁ?tory begomes < v oo e T
/ x’(z)mﬁ»i(x)g@-feign'i;ﬂdm o as)
+ - 1 -The point F(t) shall also be investigated for negative values
.~ of the parameter t. From.the Uniqueness Theorem No 2 and the =

. :Ezistence Theorem from para 3, No 2, for an arbitrary non-negative T,

- the equation (15), when investigated for the walues of T lying in the

. interval - T& t €0, gives us ‘a%vopt.‘iml trajectory as per equation -
{4}, which leads from the point X(-T) onto the origin of the coordipate
"...system. The corresponding optimal control iz u(t) = sign }F_{t) s b '

o Tt <0, and the optimal lapse of time of motion is T. Thus, the

"



entire set S(T) may be obtained, if in formula (15) t is replaceg
- T and P(0) is allowed to vary in every concgivable way. As Y (0)
is assumed to be normalized, then the vector q:(O) should describe
and (n - 1)-dimensional sphere in the space which is dual to L. (It
should, however, be born in mind that the obtained map from this
sphere into the topological sphere S(T) is not a homeomorphism.)

From it we obtain the following raprasentation of the points
of the set S{T}):

=D =F(~ T)S A b«,‘gn? b de =% (»-T)S tpfﬁ’s:gn(c,,?ﬁ'ﬁ’)de,/

where %’(0) = cMTF“(O) describes an (n - 1)-dimensional sphere.

. If the transformation A possesses stable characteristic values,
then the chdrdcteristic valuss of the transformation - A' are unstable,
Therefore, when - &, the function (t)-;o exponentially and
uniformly, relative to the initlal values 1»(0). which fill the (n - 1)~
dimensional sphsra- hence !

Fe1 x<»T>r~c¢¢e<-—T>?<~—r>$ q’i’ Tt Bore =
o S cj hsrgn(cuw Fdr = S 2}"5,4¢<0 | i

o
It follows that for T-¢=¢the expression wl(- %¥L ¢ X (m T)—Ba unifornly,
relative to thé choice of initial conditions (0), where-=ga < 0,
which means that for T->< the distance from an arbitrary point X(- T),
which is in S(T), from the origin of the coordinate system, tends
unifozm%y to infinity, relative to the choice of that point in the
set S(T : :
&. Evaluation of the function uggz
From the latter part of no 3 we have the following method of

approximate evalution of the set M, and the function u(X).

"~ We solve the system (12) for all non-positive real values of
T for the initial condition %(0) = 0. The initial value of F (0)
descrives the whole (n - 1l)-dimensional sphere of initial ﬁglues An
‘the dual épace of X. For each choice of an initial value ¢ (0), i.s.,
for a solution of the second equation in the system (12), we obtain .
a time sequence 0> ty »t,> ..., which may be infinite, and which
congists of all odd multiplicity zerces of the function ﬁf(t) « B for
all negative real values of time, in other words, the values ti yield
all the times of jumps of the optimal control

u (t) mgn?(t} -f

on the negative time axis. It is evident that the values x(tie M,
1 =1, 2, vees :
For the values of t, which are ccntained between ti and t
© the points X(t) belong either to the set M, or to the set'M_, de&end%ng
.on the sign of the function u(¥). If one performs this computation for
initial values of §?<o). which are sufficiently densely distributed on
the sphiere of inxtial values, then we may obtain an arbitrarily precise

S
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. Hal“.

'fom:

- we uss the property of the qnaat»pa?ynumial o "

Informat Lo sbogt the function u{ﬁ? &md the gat Mﬁ. . '
- It is evident that the presented method of smudying the function

‘u{x) and the set M , rests upon the use of & distribution of the real

serces of sclutions of thm nth crder 11near equ&tion (8) with econstant
ccefficisnts. U : .
. . ," ‘3 ﬁmcﬂﬂ(t) bwc,fz“(t 2,(‘?1—:-—1

dml -

- If one wishms 1o investigata the ganeral cags of arbitvary
corplex characteristic vives of the transformation A in the nedimen=
sional space, one ir able to prove, that the set M isen (n = 1)=
dimensicnal pseudomanifold, and that M, and M are connectad sets. -
The faet, that in this general case, one ‘£ails 1o see clearly strycture

of the sets M, M_, and M_, is due to the fact that the functional
relation of the real geross of the’ functions cyh 3(t) and the coafu
ficignts oq, = 1, ..., 1, iz not a simple one. -The function cxh (t)

in this case 18 & quasi-polynomial with somplex’ indices. .
In spite of this, an approximgie’ camputation with the aiﬁ of

&yatem (12) of the sbove functien u for an arbitrary aquation (4)

ith real coefficients presents no diffioulty.
' 1f the characteristic values of the transformation A are. real

 and distinet, than an arbitrany solution of the equatinn (8) assumes
.the fnrm- L (aha(t)wucz, ' S

¥
v L

where 9g¢are distincﬁ raal numb@ra.- In this ea&e the roots of th@

" Tunctiong mxh“(t) deperd in a straightforvard menner on the coefficients

Cuyy and one may without any diffienlty obtain the results stated in
The ssme may be stated about the zeros &f solution h“(t) of

-A_: equation (8) for n = 2, independently of the nature or th@ character.
) istic values of the transformation A. -

TS Eﬁg&g;g. let us consider the éaae of real characharistic
vaiues of the transformatian A.  In order 4o make things simple, we

'define these characteristicvslues to be simple &nd negative., Then £he

set M, in this case coincides with the space L. .
' We prove that the set of switch points M, is-a hyperplane which .

’div;dea the space X into two connected spaces My and M,

An arbitrary-cptimal control, in our case, . has tha following
/ u(z}msxgncme’ GH

where Q&,>u AL, 4aey 1 are distinet real ng@ rs. For tha proof
., which states that
for distinet cqy Xes mEY have at most (n - 1} zerog, taking into

‘ageount the multipliciﬂy of the zeros, .and that one may obtain an

erbitrdry, a priori, distribution of these zeraa. by a suitable ohoiee
of the coefficients oy, =1, vou, B
. 'lst ub denote by Ry the fallowing sulution of the aquatian (&):

/ﬂ?(t) ?(t g;;’ ?S.Lgnf"'d':, --mao(h{(}
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md by R.._ t’.h‘&‘ solution ‘\\‘.i‘?(zf) = ~$ () g .t?: « bsign phatgdy, - oo <t L0, -

]

VE Thésa‘sbluﬁibns yiald~u$vdptiﬁal trajedtories. which lead into
the origin of the coordinate system, and the corresponding optimal
con'l.".rols : j u, (f)=signeMt =1, ‘u (f)= ~sign &'t e= -1,

The control has na’jumpg‘aloﬁg¥£h5§§ ifahééio;iéé. ‘
A ‘The stated property sboni the zeros of the quasifpolynumial
cy® " enables us to choose the optimal control to have the form:

: N,izru)asﬁgn(qéd-%cw”ﬁy

guch that on the interval = = <t<0 it would have only one Jjump at

t = t,, which would he choaen beforshand, the Jump being from + 1 to

- 1, when going towards smaller t. Consider now a phase point which
leavss the origin of the coordinate systenm at & time t = 0 and proceeds
in the dirsction of negative t, along s trajectory, which corresponds
to-the eontrol = ‘i Ju(f)e=sign(ned ey

This point shell, at first, follow R& (4n the opposite direction), after
the first (and only one) jump of the control u(t), which as the con-
sequence of irbitrarinaas‘or t., may be made at apy point along the .
trajectory Rg , the.phaa&%paing then leaves the R and never meets it
again, accorging to the Uniqueness Thesorem for ine extremals {No 2).

© ' For Rl we may have a symmetric conatruction. ,

As a consequence og the uniqueness of eXtremals, we optain &,
two-dimsnsional surface R™, which ii t&e disjoint union _of R§ amd R,
by the partition by the line R! = R} Rl . The domain R% is filled by
thosa'partslar-apt&mal trajectories which have their origin in the
points of R. and are described by & phase point, after the one and only
one jump of the comtrel S L '

R T - /u(2) =sign (6,84 4 ee£™t)
fpom + 1 to « 1 (if one proceeds in the direction of decreasing t).
RS 4s defined by the existing gymmetry. . o

. Tt is clear, that any point belonging to this surface, for
n>13 is sultable for the optimal control to have its jump at it, and
80 Oft. - Lo to
~ . In this mannsr vwe cbtain a sequence of imbedded surfaces, which
is totally ordered by proper imclusion: . T
. E .'/iR‘_c:,H’;c:...-c:R"““c:R“. R -
The sagfaca RY has the dimensionality 1 and isipartitioned.hy he sute
face R = 1 into two connected spaces R and Ry, The domain Ry ds
£illed by optimal trjsctories which originate on R_ * 1, if ohe proe
ceeds in the directien of decreasing tims. They correspond to the .
optimgl controls, which are of ths form: -

. .‘ " )
1w () == sign D et

e aamy
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which along these traiectories assume the value + 1. The function u(t)
is stabilized at this value for all non-positive t after its (1 - l)~th
dgmp, which takes place at the timo the phase poznt leaves the surface

Any point which belongs to the s¥rfaces R+ - 1 or Rn = % ﬁhiQh',‘:'
are subspaces of the hypersurface ‘R" , may be the p°1Nt at “hiQh
the (n - 1)-th. i.e. the last jump of the control SR .

- =3 o ;}/ e
] S I ‘

RP comncides with the space X, ‘the subspaces R+ and coinclde "ith
the spaces M, and M_ respectively. -

1st- the numbers tl. Ty enes £t s atisty the condition.‘_

0>t 82 .. >tn.1 B .'j“ ‘
Then. there exists an optimal control _$v
) } . )(

u(th 2n~11 ) = S*gn che }

@l
such that its Jumps occur for non-positive t, only at the points -
t1s eeey By 3¢ It 'follows from the abpve, that every point which.
belongs to the switch hypersurface R -may be expressed by
ﬂ«-—!
.X (t]_s oy tﬂwl) = :t ?a (fn—-'-l) S 3 bll (tl’ .y f,;_.,, "C)d }
: . S ']
where 03 17/1:2‘7,. .o > t# - l are suitably chsen values. COnversely. ‘
every such point x(t covs y € R" TN From it we ‘have the
parametric representation of ghe ersurface R 1:__ e
x thy W
ST ’f,(tn f;t-1)*“‘ i‘?a (zw«l) S ? hll (t:n n < dx.~ 1(16)
: " : _,"n‘
= :W«(tm) (W Bz — S«pa bdt-{ +{~»1)"““" S '97 hdc) YA

where the parameters tl. eevy t -1 satiafy the s1ngle condltion' fﬂf?"

o
.Q»; tx /' o t!}-—-l' |

: . f

Para 3. Several Control Parametars. .
- -+ Existence Theorem. :

1. Generalization of the pr
geveral control parameters. - :
The methods which have been developed in para 1, are here used
without change for the case of several control parameters. Tharefore.

only the fundamental definitions shall be briefly stated, as well as '~

-the equations for optimal controlﬂ and their correaponding optimal
trajectories. »

Assume that we ire given a differential vector equation with r
control parameters: -u', eee, Wi -
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%= AX + %‘iuf + + b?u*. g . (17

As in para 1.”g%,here E?&; a vector which lies-in the n-dimengional
phase space X, By, ..., D, are the fixed vectors of this space, A is a
time invariant linear transformation of X, - : S :

The control vector function & = (ul, ,.¢y u') is selected from
a class of piecewise continuous vector functions, such that none of
their coordinates, for an arbitrary t, is numerically greater than
unity, |uil¢l, 1 =1, ..., ¥, such controls we shall call admissible.

The fundamgptal problem is stated as in para 1, i.e. there exist
two Eiven‘pOintsﬁiv"éi'in the phase space X, and one has to cheose
such an admissible’vector control § = (ul(t), ..y u'(t)), such that
the representative point ¥(t) would proceed along the trajectory of,
equation (17), and would travel from the point ”éo {to the point £,
after a minimum lapse of time. o o

These controls, as was the case in para 1, for the optimal cone
irols and optimal trajectories, here we give also for the non-trivial
case. - :

The equation (17) is called non-degenerate 1f every i~th system
i &1, ..., r, contains n linearly independent vectors:

'i;,, Av,. A"‘“lﬁ, o= §ros r.‘f/ i
Conversely, if the equation (17) is non-degenerate, then each i.th
system (for i as above) contains n linearly independent functions,

(e¢f para’1l)s - e _
\ () .«.z'epl(t)fb,-,...,.}z;’(t).e:q»f‘(t}-ﬁ, “ i=1,..,r | (18)

 The optimal controls and their cOrrespbnding optimal trajectories
of, the non-degenerate equation (17), which originate at the given point
zfo‘which belongs to the phase space X, are defined by means of the
following proposition: o , S N
-A11 op&;mal controls (ul(t); ceen ﬁr(gl) and ‘their cofresponding
trajectories X(t), which originate at point £, at time t =0, by the
equation (17), belong to the class of solutions of the following system
of équations for the controls and their corresponding trajectories:
B o 3 : R
x = A¥4 l;,ul +...+§,m F0) = |
sy | wesadw) [ Y
| o) - (4%10) + B ) + . + 1, 0 (0)) > o I
As the function (18) are linearly independent and | ¥ (0)i%0, s0 the
equatdons . U o |
: - ,,‘ui(t).»xsigngﬁt)-ﬁasignckﬁ(t)..ﬁ; Sighc“h:(t)' fe=t,, r,/

uniquely define the control (ul(t). eeny WEED).
- The two Uniqueness Theorems which had been proved in para 2,
No 2, and which play an important role in synthesizing of optimal
systems, quite naturally apply also in the case of equation (17). -
2. The Existefce Theorem.*gfo. }§i~are two arbitrary peints
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in the phase space X, cormected by & trajfectory of equation (17)s by .
. means of seme admissible ecntrol (u (L), eser vF(t)), Than thers. .
_exists an optimal control, which escribes the equation of motion of
a phase point from the position E, onto the positien £ along an .
optimal trajectory. Ao it Lol .
of*, To begin, iet ue solve for the class of admissible cone -
trols (u™(t), vosy uf(t))-in equation (17). Specificially, a control
(y(t)s vee, u'(t)) shall be defined to be sdmissible, if each function
u(t), 4 = 1, v.., ¥, is measurable and everywhere, but at a finite
umber ‘of points exceeds unity, i.e. jui|g4. The ensuing solution

(t) of eguation (17) is an absolutely continucus vector fumetlon, and .
the equation (17) is almost everywhere satisfied. - . .« . .. ..

" The necessary conditicns (19) remain valid,  for such an extens
sion,of-thejdlqsg‘af'admise;blé‘conﬁrolq.tirione assumes that the
equations (19) are satisfied almost evemywhere. . . . . . . ...

... In other words if (ul(t), s.sy 0F(t)) 15 an optimal control '
which belongs to the class of measurable controls, which satisfy almost
everywhere the inequalities luilzi, 1 =1, oy re and which deseribe
the motion of the phase point X(t) of equation (17) from position &4
°ﬂt°‘§§”. along an optimal trajsctory, then there exists such & solue
‘tion :.‘!’j%t:) +0 of the "‘&Quntiqn%ﬁ < A' 7, vhich almost everywhere

. o - \ui(t)n szgn?(t) »ﬁ: | lz#z '1,{.?., r | (20)
This may be proven by an obv oue adaptation of the proof from para l.
o (£), woor WE(E)s k= 1y 2y weoy @ 88=

Let thers be given (w; : . -
quence of admissible (mﬁaaurﬁ le control , ‘which gdescribe the equation
“of motion of the phase point X(t) from ‘onto %., along the tra- ,
jectory_ofﬂequgtiap'(lz) and which miniggze the llps@ of time of travel
betwesn those points. Such a sequence shall be called the minimizing
..sequence. P " , 1- .
' v The time of travel, which corresponds to the control (u(t)e eses
;uk(t)). we shall denote by %), the lower bound of the?tiavel t%me from
5, to Eq. shall be d@natqﬁ,by T. As the sequence (uk(t),~..., '
uk(g)) becomes the minizing sequence, so [ - EREI o

S . S e A
The corresponding trajectories of equation (17), (of. formula
(7)), have the following form: . . ... . , o
| FACET A0LE MEK s by} e T’f“zf BT . (e1)
IR T G S oo
| A b, ~»T when k=5 and 2T, thepolnt’ o e s

(e (- G o B T

R e IR ERPE AR N N TR S o
is defined far‘gglagbitrgry kAaﬂd ﬁi(T)iyEZ for k—>w, becouse ... .
% The proof given hers, is considerably simpler than the proof. offersd
previously. It was A. F. Filippov who pointed out” té wme the possibility
_of such a simplification = oo o

[Ro=RoE
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L3, ) = 3‘3 for an arbitravy k.
.* H’w aﬁ&l} now, that there exisis an adrmwbm -control (ul(t},

oy uW¥{t)) (in the class of meagurable cont rgls), yhich describes the

pation of motion of the phase point from o b0 during time T.
s proves the existence theorem, as in agmem&nt w&t
20), almosteverywhere v

sy ¢ u‘(r)~51gn¥’(t) 4 im?-i, ey 0T,
1 thamfore the relay eontrol - . .. -
L {mgﬂ@a7 ’E,, o szgn;s’ 1:r 0{:

wes thn haze point along the tra;j&ctory of aquation {1?) from the
ssition &, to after & lapse of time T.

1et U8 consider functions ud(t), 04t& é 2 1, aery Ty k=1,

, sees to b8 the elements of the Hilbert space I~, of all square
stagmble fanctions, defined on the interval 0£& té’l‘. Rach function

‘g(t) is contained in a sphere of r&dius AT, which lies in this space,

§u*2(t)dt Sdm T

“As a sphere 16 8 Hilbert apace is wegkly compact. there exists
Eah a weasurable vector fumction ut) = (£)s eevy @ (t)). where
(), L =1, .i., r, belongs to & sphere of radius ¥ T, such that

 » have & subsequence of a sequence of cortrols (ug(t), «oes uk(t))
hich converges waakly to that veclor function. 1et this subsequence
]
: A\ *’(t)’ . v’"(i)), fw—i 2,. "
?rem the dei‘ini.t:im of wﬂak camergenee we have' i

: W(z) Erf )+ +ﬁv(t»dz~
o / :
) ! -»W*(z) (bgﬂ(f)»r +h,u"(t))dt, Wiz l,an,

‘pp kv 00 T ’ :

- Moreover, for k{-wo oy '
@(T)(&« Sif ("b’la=+ +’§ La)dt-»-:gl

ad thamfum S ¢
' EAIG +W Tt ot b u)dtmﬁ

It follows hure that the measurable control (ul(t.). PP (t}}"

pscribes the equation of motion of the phase peint from the position
4 o te the pasition E in time T {cf formula (21)}).

i In order to comp} @te the proof we have yet to show, that for
£Lt<T, we have jutlgl, 1 =1, ..., r. 1al us assume that this

. asertion is false, . let ui{t)>1 on the set &, whose weasure is
 ositive.  Then on & the following inequality is satistied: |

f uﬂ(t)—-u‘ (z) ui(t)~1'>0

26
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Let f(t) be the characteristic function of the set (5', where

£(t) =1 for t¢ G:M and f£(t) = 0 for t'rg L. 1t follows then, that:

lim {700 0) ~ @ 10 @ 0 == |
-2 b i _
= @ (1) — 1) dt >0,

which contradicts the assertion of weak convergence of the sequences |
V&(t) and uf;(t). : : ‘
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