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FOREWORD 

This publication was prepared under contract 

by the UNITED STATES JOINT PUBLICATIONS RE- 

SEARCH SERVICE, a federal government organi- 

zation established to service Hie  translation 

and research needs of the various government 

departments. 
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['Following-  is   the   translation   of   an   article 
by   R,V«.   Gamkrelidze   in jjo_kla d,y, Akademl.lr Kau k 
SSa_H   (Reports   of   the   US 3 P.  Academy   of   Sciences), 
Vol.   116,   No 1937s    pages ■113 

presented 'by   Academician   P.fi»   Aleksandrov 
on   ö  April   105?) 

On   the   basis   of   the  nethods   developed   in   reference 
(15,   the   present   paper   is   concerned   with   the   problem   of 
finding   optimal   processes   for   s yet eras   with  a   single   con- 
trol   parameter. 

tion_j_  V/e   ar;?   «riven   a   linear   differentia!   vector   equation 
with   one   control   (scalar)   -ar^ater   u: 

A 3< + \o \A. <0 

v/h ere 
a I r-h 
an Ü    A 

Tli e   c 
CO n t i 
po int 
to m 

aiia i 
the a 

x is a (vectoxial) representat ive point in n-dintension* 
ace spa.ee X; b 1 s a fixed vector in the same space, 
is a time-independent linear transform of spa.ee X, 

ontrol function u is chosen from, a class of piecev/ise 
nuous functions (with a -finite munber of junction 
s) not exceeding 1 in absolute value: |u| £l ;t we will 
such functions "permissible". 

We are given two points ^„yE^i» phase space X;   our 
s to select a permissible control u " uCt) such that 
oint x(t), novins along: the locus" of equation (1), 

*The results presented in the present papor were obtained 
in L.£. Pontryagin'e sominar on'tho mathematical p r o b 1 ens 
of oscillation theory and automatic control« 



•will   pan;.,   fron   uoijit %, to   point   |c:
;n   the.   KänUial   time. 

flv: s   v,*o   will   -ü   opttaaal   control,   and   the 'corroswnd- 
ilju?   locu;:   -~   an   oy^tiuö,1 .„locus«, • 

I et   us   denote   by ^COt•" » *f*Ct) a   s ec;u.Gnce   of   contra- 
variant   f ursctionc   hiriny   values   in   Zi(   which  forms   the   funda- 
menta."..   oy^'icu   o".   solutions   of   the   equation   £   -  A?:,   hy 

*V*Ct^.i » yj*UtV,VSj   doaote   the   covariant   vector   functions   in   one- 

to-one   correspondence   to   the   functions    ifc&k  il«^)-^^;8^' 
We   then   Ii;--;vo: 

where  A*   is   a   linear   trancforn   conjugate   to   A.   let   us   intro- 
duce   n  functions   h1 Ct}   = ^ l (,t) * k> 5 t- - ^.••>'*i.    Tae   solution 
x<t.)   of   equation   CD   with  the   initial   condition   x(0)   ~ V   ~ 
= ^f&l^J^.     is   written   In  the   forts 

1 »a ' 

^»   il£*Lf4.LiLiil^i^ i&t   ^IS   call   equation 
(1)   non-doaenerate   if   vector T?  dose   not   lie   in   any   invariant 
subapace   oi'   d i?.<ensiomal ity ' ^ n™l   of   trancforta  A. 

I£   equation   (1)   io   degenerate,   then   either   the   time 
of   paoriayc:   fron fe    to   £.%  is   Independent   of   the   choice   of 
control   f«action   u,   or   the   prob Ion   i.c   reduced   to   the   analo- 
crouo   one   for   lover-order   equations» 

Henceforth,    it   is   a.acxxned   that   equation   (1)   is   non- 
clepenoratc.    la   thic   cane   vectors %,   Ab", , „ , ,   A11"1^ are   in- 
dependents   so   thst   the   functions   2rl(t) , . ,. 9h

n (t)   are   linearly 
5 nslo.-.endent. 

3*   .Q£L£Jj2iLL^3^ equations . 
let   u(t)   fcc   an   oatraai   control,   an;«   x(t)   the   corresponding 
optical _loc«e   connect in-   uointr;   'f 0 r-.n? %x;   ;;(0)   = f^, 
"(tj   ~   t^ia   Then   thro tr/h   every   ;;ciat   of   the   locus   x(t), 

0^t^.t1   it   will.be   po.-j.Jble   to   draw  an   <n~l )-thseasi oaai 
hypcr^laae   which  satisfies   the   following   cor dl ti on . 

let   as   denote   by   *f(,*ja   covariant   vector   which   is   ortho- 
gonal   to   the   hyperplane   drav/n   through . point   x{t)   of   the   locus 
and   uniquely.defines   th;s   hyperplane.    It   turns   out   that   for 
any   p<: rnic r-lblo   control   u<t) p-  fuCt)   ani   the   corresponding 
locun   ::(t)   +  $x<t),    v/fcero ?Jt(ö}*(^   we   have   satisfied   the   con- 
dition -A « . 



while tho vector function y (O can be chosen so that it will 
satisfy the following differential equation 

Consequently» "if l^*^^^', and we have t 

Since the functions h*U\ *B V»"v A are linearly in- 
dependent , Tf ttV"C f.ß a nonao'r'o solution of the linear n h- 
ortler differential equation,-and fron the fact that *u(t> 
is an arbitrary pernissible variation of tho 'optinal equa- 

tion u(t)t there follov/s 'the equation 

We have yet another condition which is satisfied: 

Co-abining; the equations (1)* C3) - C5), we obtain 

the theorems: 
All of the optimal controls u(t> and the correspond- 

ing optimal loci %{t) which cta-rt out froia the point | at 
t = 0 are contained, in  tho controls and corresponding loci 
obtained fron the solution of the following systen of 

equations:     •   ^ -f-  ._* .    ^ ->- •£ f, \ 

The Initial value"ipUM of the solution f0)i3 subject 
to a single 'condition: 

The system of equations <6> precisely expresses the  . 
Maxi mil» Principle formulated in reference (1).  <- 

4. rife6 nrpblein „of o^tiaal .s,y,g.t&ag, s.ynthesis,,.. The 
theory of automatic control its   concerned with optimal' 
passage along the locus of equation (1) from an arbitrary 
initial point x to the origin of the coordinate system. 
The set U  of points x  in  phase space X frosa which it is 
possible to reach the origin by means of a -permissible, 
and consequently, an optimal controls is an open convex set. 
If the transform-A 'has stable proper values, the set'M 

J 



corresponds to the entire space X, 
There is not more   than one locus of equation (1). 

fro® aa arbitrary point it to the origin of the coordinate 
systeia which satisfies the Max'iiaua Principle (6), 

Consequently',, we have a uniquely-determined real 
function u(x) of the yeetorial argument x  which has the 
•property that in moving; along the--locus of the equation 

£ * A %  -*-• b *A (x^ 

we will reach' the origin of coordinates from any given 
initial position in the minimum length of time» provided 
that the origin can be reached from- this point by means of 
any permissible control. 

The calculation of a function u(x) is called the ■ 
synthesis of an optimal system (1). This calculation can be 
performed on the basis' of formulas (6>. Having set an arbit- 
rary value «f (°^for"^ and the initial value x(0> = 0,' it is 
necessary to solve the system (6) along the serai-axis-*b 4fcr£ O. 
.Since the function"u(x> takes on the three values 1,0,-1, 
it iß sufficient for its determination to know the set of • 
"transformation" points of the control u(x>, i.e., the set 
of values of x which satisfy the equation u(x), as well the 
regions into., which this set divides the space X, 

In ease of a second-order equation» transformation 
lines are forms, in the phase plane whose determination on 
thm  basis of equation €6) constitutes a perfectly elementary 
problem. These lines were first obtained by Bushow (see ref. 
(2)). 

If the transform-..A takes on real proper values, then 
the set of transformation points of the control function 
u<x) represents a hypersurface» The method of constructing 
this hypersurface was first indicated by A »A.. Fel'db&um (ref. 
3), On the ba.sis. of equations (6) it is .easy to obtain a ' " 
parametric representation of this hypersurface. Let tltt2i 
• •»t*n«.X 

be Para-meters subject to the single condition 

O.Sb t ^ fc^-ttfe^*". ^-^*v»ti ; then the parametric representation 
of the transformation hypersp&ce will be 

This hypersurface divides the space into two adjoint regions; 
in one of these the function takes on the value +1, and a 



value   of   -1   iß   the   other« 
In  the  general   case  involving  complex roots,   the  set 

of  transformation points'of  the  control  function u  is   a 
pseudomanlfold,   and   its   parametric   representation»   which 
is   analogous   to  (?},   is   impossible  to  obtain.   It   can»   how- 
ever,   be  calculated   on  the   basis   of•equations   (6>   to   any 
degree  of  accuracy. 

Mathaat&tlOB. Institute  imeni "V.A.   Stelelov Received 
of'the  USSR. Academy ■    4 April   1S5? 
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