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'THEORY CF OPTIMAL PROCESSES 

■•.-ÜSSB-   '      ''-■'. 

[Following is the translation of an.article by V. G. . 
Bc2 tyisn'skly, R. V. Oamkrelidze, ..ind L. S. Pontry^in, 
Corresponding Member of the Aeadwuv of Schice«" USSR 
-~> ^iä«rfxJJl^^li^uLJSSR (Reoortf? of the Lade™ 
of Sciences USSR),  Vol 310,  He'1,'Moscow,  10*6,  Dp ?;10.- 

In recent times» in the theory of automatic control    special 
attention, is paid to ensure very fast control, which led to i.he appear-: 

ar*ce of a number of worts devoted to the study of the so-called optimal 
processes-(of (1), wbare one may find the bibliograohy of the subject)' 
Here we give a general approach to the study of optimal processes.     ' .* 

1.    Formulation of the preblea.    Let us consider a representa-'' 
tior of a point x * M,   ....xn) m an n-dimensionai phase space 
wnose equations of notion are stated in the usual manner 

''''  ~:r /   x' v'; ;/..... .»■')    =/'(.v,;/).      /=!....,„. ,-jj        ' 

Here, u •,  ..-.,  u
r arc control parameters,    If the control mode is 

known,  i.e., a variable vector u(t) = (u^t),   ...,ur(t))  is known 

^ticn^f^S'^t SPaCB' tbe" thS SySt6m U) uniquely de^ribe2 the 

We irtioae the natural conditions of piecewise continuity and 
L^'K!      "?othnJ?? f «* veeto1- *<t). and therefore assume that the 
vtriahiL^       U(   }riS *" ? f,n8t?nt closed domainJlof the space of 
variables f,,„., ur, which is called the closure of the open do- 

f^ni     ,   ^Sf^136 SIROOth <r "* i^i-enslonai boundary.    for example 
the donateJM^, be an r-dimensional cube such that  UU<)    i = 1 
;:*'  f' * half.fPfe u^O.  etc.    The control vector u(t), 'satisfying 
the statad commons shall be called an admissible one        sazlst*lnZ 

ftafoment of the general prohT«*m.    jn the phase space »l xn 
there e/cist two points |0, ^.    An admissible controlling vector um      * 
is to fee chosen in such a way that the point from position £- should 
arrive at position ?o  after a minimum of time. 

The desired control vector u(t) shall be called the optimal 
-ontrol,   uie corresponding trajectory x(t) = (x^t),   . .„, xn(t)) of 
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system (1) is called the optimal trajectory. 
2.    The necessary conditions for ontimality.    let us assume that 

there exist the optimal directions u(t) and corresponding to it, the 
optlnaj  trajectory x(t).    The trajectory x(t) satisfies the boundary 
conditions x(t0) *\t x(tx) > £x.    LfJt us assume initially that the 
directing vector u(t) for tQ4t^t1 iß. properly contained in the open 
domainal.    It follows that for arbitrary perturbations of sufficiently 
small modulus §u(t) = (Su-Kt),   ..... 5ur(t)) of the vector u(t), the 
direction u(t) + Su(t) shall be in the domain-A..    We shall denote 
x +»x the  "perturbed" (i.e.,  corresponding to the direction   u(t) + 
5tt(t)), the trajectory of a point with a previously stated initial:con- 
dition x(t0) + &c(t0) - §0 i.e., ax(t0) « 0.    The linear approximation 
equations IjX = (SjX1,   ...,£ixft) for the perturbations^x * &xx,  ..... 
Hxn) have the form 

a,.V? == ^4 '>ix° + ;4 ^    OIA-(/0) = ü;    /=) ii. (2) 
Ox dir- 

ks the consequence of the linearity of system (2), the points 
x(t1) + (S-rxCtT) corresponding to all,  for a sufficiently .small modulus, 
perturbations dTti(t) fill the domain of some linear manifold    P» which 
iaasi5ei;:ithrough the point x^).    It follows easily from the optimality 
".';&-the trajectory x(t), that the dimensionality of the manifold P» is 
'ii most n - 1, and P», generally speaking,  is not tangent to the tra- 
jectory x(t).    Let P(ti) be some (n - l)-dimensional plane which con- 
tains JP» and which is not tangent to the trajectory x(t).    The cövariant 
coordinates of the (n - l)-dimensionai plane P^) are denoted by 
£-.„  ..., an, and tnen «w<ST x^t-,) - 0.. ., 

Assume that H\(t) = Oft(t),   ....fj (t)),  j = 1,  ;..,  n is the 
fundamental system of solutions of the homogeneous system corresponding 
to', system (2), and i|f3r(t))i is a matrix Which is the inverse of the 
jH^t) matrix.    The. solution of system (2) may be expressed by   ■ 

• .' •* iuir • ■ >■ ■ 

TJalns the equality ■..■o,a|X«(/,) = p,        ws hsire 

Let us denote °.*& (*i> ~ V be%{t) "* ^ <<>• 

.then a^i^^l^^d^b: " 

Since Su(t) - ($u (t),   ...,<§ur(t)) is an arbiträr-/, of sufficiently 
small modulus, perturbation,  it follows from the last equation that the 

system of equations is    .ii(/)V"«b,    /.,</<i,". ■■»■-I r. . <4> 

The vector f"(t) = (^(t),  ...»^(t)) has a simple geometrical 
interpretation.    The point x(t) +<5jX(t) lies in the (n - l)-dimen~ 
sional plane P(t),  in which lies the point x(t) and which has the 



eovariant coordinate system:    *f'i(t),  .... tnd)«    In particular 
(4'l(tl),  .... Tn^l)) ■ (ai,  .... a,v).    Using the functionfiCt) * 
Mf(t), i * 1,  .... n. we obtain the system Öjf differential equations 
forYd)» Ti *</>—£*., .--« *• <5> Ox 

Combining the systems (1), (4) and (5). we have 
,V' ss /' (.v. K).  / — I. ■ • • • "'< I 

dx' ■ I 

The system"(6) represents the totality of the necessary condi- 
tions which the optimal direction u(t) must satisfy.    u(t) is properly 
contained in the open domain-Aand with it are associated the optimal 
trajectory x(t) and the vector^(t). 

Multiplying the vector ^'(t) by a suitable constant (which does 
not change the trajectory x(t) nor .the direction u(t)), we may obtain 
the following condition:     ^(t0)f   (x(t0)), u(to))>0.    As the plane 
P(t) is not the tangent plane to the trajectoryx(t), i.e. Y^f *^ 0 
for any t, then at any time the inequality Tct'JvO shall be satisfied. 

Now, if_bne should assume that the optimal direction is in the 
closed domains and we consider the inequality i^f    It» to^° then 

the system (4) of the   necessary conditions, shall become a more general 
condition as below       ,,,» 

du 

for arbitrary perturbations 4»u^(t), on which we have 'fnatural con- 
straints'', which follow from the condition that u(i) +<£u(t)£ JL. 

3« The sufficient conditions of ootimalitv (.locally). At this 
point we again assume that the direction vector u(t) is properly con- 
tainedlnthe domain~A.and satisfies the necessary conditions (6). The 
equations of the second approximation SJJX for the perturbation <£x have 
the form 

as dw        . 

"' <" - TIÄ W + ->■&# ***» + £fc >•>»■"].■ 

The point whose coordinates are./.-. ■. ■      ■ . i-   '        ■ 
. *'</>-f 'V (0- jf(t) 4o,jr' co +>;(/) )%B*dx 

no longer lies in the plane P(t). If the moving point has passed the 
plane P(t) when the motion was perturbed at time tf then the scalar 
product is positive, 
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'•■':..'     • ■;■ :■■'" ' I ' ■ ' • ■  ••  >'"  '  ' ' ' 

'.'.,! ."' '"' '■' '■'•'•    '«      ■ *'  '•      :", 

Ho«wer, if the-point has not yet preached:the plane P(t)y then 
■ * . I 

. / ■■ ■ .   . ■■    '  . ■        i .-■»     : 

v(,,^<')-\v,«"^<0- •:...■' The bilinear, form ■.V,^^(;f
,'"'ÄM* {öS 

',• -i   •   r  ■ ■ 
tfc variables: .'u , • •*», u ), at the point. ..(x(t0), u(t0),töA 

5s negative 
d-finite. Then the scalar product is " 

for arbitrary, sufficiently small modules of perturbations"&u(t) and 
sufficiently small difference t -t0. "In this 'case the direction'u(t) 
and the trajectory.x(t) are locally optimal,; i.e. ,'the point x(t0) may 
bti  contained in such "a small neighborhood "V, such that if x(t') and 
XU"), (fPr 't'i<t")',''■ .are two arbitrary points on"the'trajectory be- 
long ihg to V,' then;:• ;or no directioh, sufficiently close to u(t), one 
«ay reach the point x('t'*:); from the point x(t') during time which is 
less;than t" '- t'.  '' /  . .' ' .' 

If "the form *' JO*. ou«Su
fe  at tbe P03^ (*£*<':.''« ^it0i,  tc) 

du' duk 

is indefinite, then (for some sufficiently gea^r-sl Zitier«--»! cor.oi- 
tions) no direction u(t) being close to the time t = tot being property 
contained in the domain 'JV,may^ beoptimal, even locally. If, however, 
there exist optimal trajectories through the point x(t0), then the 
corresponding directionvectors u(t) in the neighborhood of t = t0 
should lie on the boundary of the closed domain  . 

4." The Maximum Principle. From system (6) and the fact that 
the bilinear form   ". t(* ' is negative definite$ we have that the 

expression %(t) fH(x(t), u(t)) reaches the-respective maximum for 
constant vectors x(t), (t) and the variable vector u(t); for sufficiently 
small (with respect to modulus) perturbations <su(t) we have this inequal- 
ity       *B (<) f* (*(0. «(<))>*. (t)fm(x(th ».<<) + *«(0)     v 

?or all times, provided that the equation» (6) are satisfied and the 
bilinear form is negative definite. 

The above is a special case of Ih* 4i«eassed general principle, 
th<i principle which we call the Max^jss» J-rinciple (this principle has 
been proved by us only for some special ease» ftp till now): 

Assume that the function H(x,%tt) *%fn[x ü) has a maximum with 
respect to u for arbitrary constant'x and f't provided that the vector u 
varies in the closed domain Si..    Th^s maximum we denote by M(x,H).    If 
the 2n-dimensional vector (x.f) is a solution of the hamiltonian system 
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*-ft* 10-Jg. 
*■»**** /*» (8) 

where tJ* pifecewlse continuous vector u(t) satisfies the condition 
H(x(t), »ft*)» tt(t)) *M(x(t), f(t»^0 for oil t, then u(t) ia defined 
to be tae cptiaal direction and x(t) the coi^espoadäng ©ptlsal (locally) 
trajectory of system (1). r 

Wo «ball asstxoa a constant initial cojidition x(t0) ■ 50 and as 
wich a; possible stell endeavor to specify the initial condition. 
t(*o) B1o*   Than» tho systea (8) together with these initial condi- 
tions ind the condition H(x(t), t(t)+ n(t)) * K(x<t),«J> (t))>0 define 
the a«t of all optical (locaiifcr) trajectories passing through the 
point x(t0) ■la, and eptiaal directions u(t) corresponding to these 
trajectories. 

7m A. Steklov/Hathaaatieal 
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