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In recent times, in the theory of automaisc centrol, special
attention is paid. to ernsure very fast controli, which led to the appeara.-
ance of a number of werks devoted to the study of the sowcalled optimal
processes -(ef (1), whsre one may find the bibliography of the subject).
Here we give a generil approach to the study of optimal processes. L

: 1. Formulation of the problem. Let us consider a representa.
tion of a point x = xt, ..., XM} in an nedimensional phase space,’
whose equations of mytion are stated in the usual manner :
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Here, ul, ..., vl are courrol parameters, If the control mode is
knewn, i.e., a vsriable vector u(t) = (ui(t), eeeuf(t)) is known

in ar r-dimensional space, then the system (1) uniquely describes the
moticn of the point. : ' :

We Impose Lhe natural conditions of piecewise continuity and
plecewise smdothness of the vector u(t), and therefore assume that the
variable vestor u(t) is in a constant closed domain-/Lof the space of
variables v*, ..., u', which is called the closure of the open do-
main £L wizh pige~ ise smooth (r - 1)-dimensional boundary. For example,
the domajn-@CA; be an r-dimensional cube such that fuiled, i =1,
esss , 2 half space u'l) 0, etc. The control vector u(t), satisfying
the stated conditicns shall be called an admissiblie one, o o

jtatement of the general problem. .In the phase space xt, ..., xn,
thers exist two points § o, §1: An admissible controlling vector u(t)
is to be chosen in such a way that the point from position £ sheulid
arrive at position Z, after a minimm of time. o -

The desired centrol vector u(t) shall be_called the optimal
wontrol, the correspionding trajectory x(t) = (xl(t), veny XB(£)) of

}
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system (1) is called the optimal trajectory.

2, The necessary conditions for optimality. Let us assume that
there exist the optimal directions u(t) and corresponding to it, the
optimal trajectory x(t). ~The trajectory %x(t) satisfies the boundary
conditions x(tg) = 54, x(ty) = 21. let us assume initidlly that the
directing vector u(t) for t & tgty is properly contained in the open
domainil. It follows that for Arbitrary perturbaticns of sufficiently
small modulus Su(t) = Gul(t), ...e JuF(t)) of the vector u(t), the
direction u(t) +Su(t) shall be in the domain {L. We shall denote
x +%x the “perturbed" (i.e., corresponding to the direction u(t) +
Su(t)), the trajectory of a point with a previously stated initial con-
gition x{ty) *+%(ts} = % i.e.{lu x(te) = 0. The linear approximation
equations dyx = QX+ ey 81X for the perturbationsy x = xt, aee,
Gon .
$x") have the form ‘ o : : :

n i 8ft o a ’ t\f» N .
Yy = 5-;-; nX (371}: f,llf.‘ ox {fy=0; = boo.., {;.‘ o (2)

As the consequence of the linearity of system (2), the points
«(tq) +e§lx(t } corresponding to all, for a suffieciently small modulus,
per%ur,batlo;ns% w(t) £i1l the domain of some linear manifold P' which
passed  through %he point x(ty). It follows easily from the optimality

the trajectory x(t), that the dimensionality of the manifold P' is
i most n - 1, and P', generally speaking, is not tangent to the tra-
“sectory x(t)., Let P(ti) be some (n - 1l)-dimensional plane which con-
tains P' and which is not tangent to the ‘trajectory x{(t). The cevariant
coordinates of the (n - 1)-dimensional plane P(t;) are denoted by
21v sese 3p, and tnen agdy Bty =04, -

-Assume that ‘f’-(% = (‘fl(%), eeefB(t))y 31, ves, n is the
*undamérital system of solutiofls of the hdmogeneous system corresponding
to,system (2), and iy ( t)ll is a matrix which is the inverse of the
.2]“f:5(t) matrix. The salut:}on of system (2) may be expressed by

ef
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() =70 \w ‘;{};auvm, R (3)
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Using the equsdily et () =0, we have
¢ o .
Dox®l Ve s (YN VEZ By de =
a, Bt (1) =u, %, (tl)g WS de = 0.
1,
. .3 I Y "_1 N \
Tet us denots a5 (1) = by, bE (1) =2, (f).
. t
] . LY
1 oy . ; ovk — \ o f},f__? B e == 0
When ‘ a,mx* () ”'S Ya e = U

» Since'-Su(t) = gul(t),' ...,é'ur(t))“is an arbitrary, of sufficiently
small modulus, perturbation, it follows from the last equation that the
system of equations is B ' '

are .
WL =0 it 4)

The vector ‘P(t) = (*}f‘l(ﬁ). cee () jh'as a simple. geometrical
interpretation, The point X(t) +§Ix(t) lies in the (n - 1)-dimen-
sional plane P(t), in which lies the point x(t) and whi¢h has the
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covariant coordinate system: ‘%1(1;), ooy ‘}n(t) In parti cular
(tl), ..., n(t1)) = (a3, «.ey 8y). Using the funetion¥ i(t) =
~l} (t), 1 =1, «sey n, we obtaln ’rhe gystém of di“"erential equations
fOI‘ i(t) P ’
.pl(ng_-:_.’:f. Yay ,‘,»,~.7}...../1. Lo » (D)

Combining the systems (1), (&) and (5), we have
Xomjiieu), d=ldoolm
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The system (6) represents the. totality of the necessary condi-
tions which the cptimal direction u(t) must satisfy. wu(t) is properly
contained in the open domain.land with it are associated the optimal
trajectory x(t) and the vectorV (t).

Multiplying he vector Y (t) by a suitable constant (which does
not change the traj2ctory x(t) nor é’\che direction u(t)), we may obtain
the following condition: Yy (to)f™(x(tg)), u(to))>0. As the plane
P(t) is not the tangent plane to the trajectory x(t), i.e. Y f‘*#: 0
for any t, then at any time the inequality ¥y ;"? 0 shall be satisfied.

Now, if one should assume that the opb:unal d:iection is in the
closed domain Ay and we consider the ineg uality t = 0”0 then
the system (4) of the necessary conditions shall become a more general
condition as below are, \

';)1 '1,-6’:1(?' 0, to tl' . - (7)
. (_‘} - - . . . -
for arbitrary perturba sons Su®(t), on which we_‘have "natural con-'
straints®, which follow from the condition that u(t) +Su(t)e L.

3. The sufficient conditions of ogtimalit% §locally_z At this
point we again assume thal the direction vector u(t) is properly con- -
tained In the domain.land satisfies the necessary conditions (6)., The
equations of the second approximationSIIx for the perturbation <§x have
the form - :

TN afl
B! , :3:, CITEa _*-f—{ allﬁ_}. B (t)

1
3" ¢t
Al = 6'79

" o R
Bpx 7o xs 4 2. = G 2a b &y r‘iu*"uﬁ] "
1 + ) ? (,”# + ou»" . 4 .

3"

The point whose coordinates are. s O Y S
| | | JURY ! (1) = (z) ;o,x« )+ 4] (1)54 B"a«
‘ : . " .
no longer lies in the plane P(t). ‘1 the movmg point has passed the
plane P{t) when the motion was perturbed at time t then the scalar
produst is positive, . e : o
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Howsver, if the po:mt has not yet raached the pmne ) them

0 !
: ~~nu'nu" {of
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7.
th: variables: * ul. eesy U ), at the point (x(tm,, u(Lo) to), is neganive
1-flaite, Then the scalar product lS ‘ o
~ R
R (z) \,‘(i’-—\a/f d'«‘
for arbltrary, sufflciently small modules of pev'*“ruatzonb vu(t) and
sui'ficiently small difference t = to. ‘In this 2ase the direction u(t)
ard the trajectory x{t) are’ locally optimal i.e., the poind x(tg) may
be contained in such a’ small néighborhood 'V, such that 1f x(t') and
xoMy, (for t'< th),-are two arbitrary points on the trajectory be-
longing - to V, ‘then .or no direction, sufficiently cleose to u(t), one

_way reach the pomt x(t") from fhe point x(t’) darmp time which is

less ‘than t" = t', s _ , :
I ‘the form 4, -———‘%—-—ou‘ ouk ‘ at the poin: {s{%.%, ':;{t,i}.}, 2a)
is indefinite. then (for some sufficlently gersrs’ =iditioral condia
tions) no direction u(t) being close to the time t = to, bemg proper.y
contained in the’ domain.[l,m&y be optimal ‘even locally. " If, however,
there exist optimal trajectories tlirough the point x(ty), then the
corresponding direction vectors u{t) in the neig hborhood of t = b,
should lie on the boundary of the ‘olosed -domain -
4, The Maximum Pr ncigle. Fron system (6) and the fact that S
the bilinear form - ag 1o is negative definite; we have thalthe -

Al aut ou*

expression ‘k,g(t) f"‘(x(t), u(t)) raaches the-resnectlve maximum for
constant vectors x(t), (t) and the variable ve{.tor u(t); for sufficiently
small (with respect to modulus) perturbations su(t) we have this inequal=-

v GO E@ u@)SLOF O, s +mO)

Sor all times, provided that the equatmns (6) are satisfied and tie
btlinear form is negative definite.

The above is a special case of ths discussed general princl.:»w, -
whe principle which we call the Maxm Frineiple (this principle nas
veen proved by us only for some speg cuses vp till now): ‘

Assume that the function’ H(x,ﬁ) B%f"(x @) has a maximum with
reapect to u for arbitrary constant'x and ', provided that the vecior u
varies in the closed domain J1. This maximum we denote by M{x,%}: ' 1f
the 2n-dimensional vector (x,Y) is 3 solutien of the hamiltonian systen

-3yl au"
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where tn pieewiao esntimous veator u(t) utiariss the conditinn o
B(x(E), Y(t), u{s)) = M(x(t), J(t)) >0 for all t, then u(t) is defined '
to be tse optimal direstion and x(t) the: eorresponrlmg optimal (hoally)
. trajectory of system (1). v
‘ We shall assume a constant initial eondition x(to) = Z and as
" . gmach a possible shzil endeavor to.specify the initial cendition '
" Y(to) “Ro. Then, the system (8) together with these initial condi-
tions wmnd the condition H(x(t), ¥(t}, n(t)) & ¥(x{t), ¥ ()70 define
_the set of all optimal (locaily} trajectories passing through the
apo:ml; xi’to) = Za and eptinal directions u(t) corroaponding to thue
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