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FOREWORD. 

This publication was prepared under contract 

'by the UNITED STATES JOINT PUBLICATIONS RE- 

SEARCH SERVICE,, a federal government organi- 

zation established to service the translation 

and research needs of the various government 

departments. 



OPTIMUSf-RATB FBBCB8.BB8   *£*?» I©»»»»®- »®8** 

£Tollowing  1*  tit« tran«la*i®a •*-•« «ert4*Jt# 
by  8.V.   Ga»kreli«2s*  la j^g^Ä^Ä^^UI^fc     ' 
gg&B  (Seportar  of  tfc* WSSB ämtätmy #f «^i#a&^**-l* 
Vol  125,   No-  5»   m»«**,   lfc»$*   PHP*  419*4N%&. 

(Presented  by Atta*«»*«*«»  L*S%. tfcstrf*«*» &®  tt**«***fr 

1.  She.JfcyeijaaäjU^ I#£«r*a«*s X*« ®®sta*H 
the results of studies *& t&« i&»»rF ©# «frtfj»* yawcwMM ; 
being ©ondueted with*» tf&* frmmMis&T'k. mt X««&» ltmttwf#m%m*® \ 
seminar en osoillati&tt «ad amt«m«iti« «ontrot ihe«&3?y* $&# 
final stage in these #*«s«S«s ##SM»i**<Nr ft« tie ps>©»f «f **•; 
general »a^iaua prlavlpl« C*»*> ff***»« «&» »«#e.ss*3rr ««**" j 
ditioa satisfied by *Wj m*&MLim 9t tfc» t*l2««tac ®I*%S»äSlL .; 
problem. * i 

£et   the  veet»» «MMti«* §(««#>  Mä^äMfcS#**#tl*€«*«?> 
in variables  x and« to» <i#t»»«$«@si.  «Ml «WM^iKBi^ß' •»«•' «i#i 
direot   product   Cxg«>63H**A » »€»**   »#£&*   «■•*•  2?1  &* fit* 
»-dimensional  phas» ftfaft«- #C  *&# gtN*l«Mf *(V   .Ü  aft •*%•*«*' : 

rary   Hattsdorf f  tOf»»««t*e4 »g*w*« •*  ###**§*»$*  #■&«**   t»* tftt 
control  parameter m? JU» «Adtltft*« *# tlff|  •* im MMtWIf'tMl 
that  function*  f1!»^*!»  * » &**•»#** •»• «•«tia»«iMilf «JLffff* 
entiable at  all  v*ta*c <*»*> «££tt§ips&& ■•••»■»■«*«• «C  **•«?%*» 
x  a   (llIM#lX

tt). 
The equation m* awrfeSom «4? %Jtat tfs«ff# put»* » fca» tft» 

form 

# « *<*•«>• €**'■ 

Two  points  '? ^ and    ^gji^*t«St*a t» J^V *tof **»* if ...$MLl$ 



selecting from a claas of permissible control functions 
(for example, the class of measurable limited or pieeewise 
continuous controls) a function uCt), T3 ^t^T2 (T^ and 
T2 arbitrary) for which the corresponding locus x<t> 
of equation <1) connects points£ 1§|? 2 and the integral 

X,(x<t),u(t>) dt assumes a minimum value. I. *2 
At L(x,u) s I» the problem stated above becomes an 

optimum-rate problem (1,4). 
In this oase, the Maximum Principle is formulated 

in the following manner. 
If x(t>, tj^t^tjj is the rate-optimal locus of equa- 

tion (1), and u<t), tI4&t'.^t2 is the corresponting optimal 
control, then there will bo a continuous, non-vanishing 
covariant vector function 4^t) = O^Ct),.««,^(t)>, t14^t4t2 
such that the following Hamiltonian system will hold on the 
interval t^t^t^ 

K(x(t)»&tt), u(t)> * M(x(t),f(t)) - oonst^O, <S> 

where the Hamiltonian H(x, f tu> a^*f<a6,u> »^ f*<x,u), 
K<x,f> -  sup H(x, «^,u). * 

The space of possible values SV   for the control para- 
meter can, in one instance, be the closed domain of an r- 
dlmensional linear space. The «et of "possible values for ': 
the phase point xt moreover, saust correspond with the entire 
Xn space; in the contrary ©as«, the üftximum Principle ceases 
to hold true. However, tie case wherein the we.tfcf       : 
possible phase point value« comprises a closed region .3^* 
with plecewlse smooth' beunds hst» extremely important appli- 
cations« 

The present brief paper contains a formulation of 
the results obtained by the author on optimum-rate prooesses 
with bounded phase coordinates as part of his wofck in L.S. 
Pontryaginfs seminar. For the sake of simplicity, the case 
•xamined here is one for which the region of possible phase 
point values has smooth bounds. The case of the piecewise- 



continuous; bounds is treated in an aiiaio .;cuo aaaaar, The 
transition fron the part i cular case «Sjrani.; ned In the pj-esant 
to the •;oner;.a integral rtiniuization problas is ainilaf to 
the transition ?nthe i-roblem treated in (5,6), 

2* Xii^JllaJ^jn^S^ be a bounded 
region i'i   the r~chi >;;eno lor-al linear space Er3u - Cu1 f . , „ tu

r) , 
i^ucisled by a flyute,, o/ Inequalities q(u)<rO, i ~ l,#..,n>. 

The c1a as   of pe ru1ssjb1e c o nt r o1s cons i sts o £ a11 
piecev/iee-contlnuous, piecowiae-swooth vector functions 

>*/».«». fu
r(t ) ) with fir.ut-oi'der discontinuities 

on an arbitrary interval ti ct^t-, and wUh 

u(t> -= (u'- 
uoi o :■:;;> j nod 
valuer; in.f 

o 
at 

'-1 
any xns'cant in time. In the phase spaoe X 

tnc ^emulated problem, let thorn bo given a closed region 
with snooth boundo dfef-ern;.ned by the inequality GCX1, . „ tx") 
y<r) -0, where the function g<x) 

socon» iiorivat ives in 
s continuous partial 

the region of the boundary g<x> ~  0 and 
*ho vector arad e(x) ■- fcs/;**,... 
;'oss   not   no   to   zero, 

,  JEAX«)  =  <fj:i{s),,..,gnCx>) 

The   function 
i3   f;i ven   in   t erns   o . 
r ia.l   eouat3 onn : 

e p o i n t x ~ { x 1 ,n )'-X n t * » • * 
ho following normal system of differ»» 

■e l(:rfu)f o; 
vector Junction .Ux,u> = (^(x.u) t . . . ,fn<x,u>) 
on th3 direct product G* •*')#, where G* eadJV* 

spaces Ku   and Sr containing O and (l- 
d ± :f .i.' o r e a t i a. b I e therein o v o r 

are 
is 

SO 

w a r> T e the 
■'eteriräiwf 
arc open sets in the 
respectively and contj. nucu 
all x and u vector courdinatss, 

33i£üäSJEEäIi^^ In phase apace Xn 

aiven points \: ^   and a 2 lying in the closed region   G; it 
necessary to select a possible control ouch that the »has 
point aiovinrr aloii-T the locus of systss (3) lying entirely 
vithin the closed re/rion G will isovc from position V. to 
position*., in the niniiauw time, 

Let us call this control the Q^J.rj^^^j^^j^oX  and the 
corror-poaalinr: locus» the o^Mj^<^,Jj>ous,. 

8. Cptina.I loci on   the boundary of region 0. Let us 
introduce the designations p(x,u) ~  arad ixOO»f (x, vO ~ 
K, <x)f:><x,u)f end ar:-d nCnpu) = i^/'u1,,.., :;p/:u>f). In 
order for the locus x(t) of the syston (3)t ■corrocpondiu- 
tot h c cont rol u (t} , t x -"' t a t,,, 
= 0 of the region G It xs nee ess; 

lie on the boundary fKx) 
■ air" sufficient that 



p(x(t),U<t)> SO, t0-^t^t2, gU(tl)) a 0. 

Let us call point x  on the boundary gCx) » 0 a 
regular point relative to point u6£V which satisfies the 
conditions 

^ix
Cu) "*.••• ~ «i <tt> ~ ö» qj<ti>  0, J 3« lIt.».lf U> 

if p(xtu) « 0 and vectors grad p<x,tt), grad qin (u)t«*#v«t 
grad QigC«) are independent» Let us denote by means of tö <x) 
the set of those u£& relative to which the point x is re- 
gular. The locus x<t)t tL&t<tfl of system (3), corresponding 
to control u<t) and lying entirely on the boundary g(x) = 0 
is to be called regular if u(t) ^CxCt)), t^^t^ta» Bv »«ans 
öf \y  =Ct^,###f tj>n) lot us denote the covar'iant vector of 

the space Xa, Let x lie on the boundary g(x) =? 0# The upper 
bound of the function H(x, y tu> 

s ^ **<x,u) =lP,\*f ^Cx,«) with 
fixed x,f i« and variable u> <x) will be denoted by m<xt^>« 
m(x,ty > - sup K(x,vL> ,ti). (We »hall be interested only in 

those points x on the boundary g(x) «= 0 for which cO(x> is 
not empty). 

If x is a regular point on the boundary g(x) = 0 re- 
lative to u, where u satisfies the conditions <4) and ECx,^,u) 
=* »(x,yj, then according to the Lagrange multiplier rule, 

grad H(x,V,u) e8)BK)ttrt...Q>Hydtt*>' =^g*a4 p(x,u) + 
s 

k=X 

The regular locus x(t>» tj/4t<£>t2 of system (3>, 
corresponding to the permissible control u(t>» ti<t4t2 
and lying entirely on the boundary g<x) =s 0 of region G, 
let us designate hy  the term extremal locust  u(t) will then 
be called the corresponding extremal control if pfcere exists 
a non-vanishing continuous piecewlse smooth vector function 
»f(t> a <fi<t ),♦..., %Ct)')t t14.t4t2s such that the following 
system of equations is satisfied on the interval tj^t^tg« 

p<x,u> a 0... &1 » -X1 »t*  B'-5-P +^<*>3jet 
Dvp4  *      ox*.'.   ox1 

H(X,U> ,u) a'm<Xiu; >>0 
<0> 



where vÄetor W'Ct^) is .not e®ll±a©asr with :the veotof • -.•■■■'• . 
gr&d gCxCt^)} and the pleeewis-e saoatb function X|(t>' is j 
givea at e&eh Instant of tiae by f<mrol*.-(5>. In addition ! 
to this» *ktr««B}itf «1«» re«s«Ire© .that *•*• •*•* *' ia th& s 
interval t^t^rt-, the vector dV/dt B*«< gCaeCt)} to® diskette«! 
into the interior of region S, or «1®« go to gsiero* 

It is not diff ieult to prove that along any: extreasO. 
locus H(*<t>,ü) (t>,u(t>) >-»<-xft}t<i;<«)) «.oontt^ö* 

3^2ÄJESS~i« ***? **gnla# optiasl' loots® *f system (3) ■ 
lying entirely ©a the boundary of region <? and the' ©orre»-j 
ponding optiaal control are ess« renal«' 

4, fta», condition«. Lot atttV, t^t^ta. ba aa ©ptiaal 
locus lying in (closed) region 0, Let it be regular in every 
segaent lying on the boundary of the region, IFhe p^int |ef<^> 
of the locus lying on the boundary of the region will be 
celled a: Junction poiat provided that tg&T&t^  and there 
is an £>© such that at least one. of the Xoews x(t) segments. 
lies in the opea kernel of region «■■ for • T*~£ ■*-  t'^T or 
J'-i. t-i.tr •+■£• Sor the sake of coneretenesa» lot a» aaaws* 
that a portion of the loeus belongs to the ope», kernel ©f 
the region for' y>- £- <t <X Let us »all *y the junction time« 
Let x(T"> be the only junction point of the optiaal loeus 
x<t>» t, '4-t ^tgj nCt> is the corresponding optiaal. oontrolj» 
For t,*£t«£;r t  a. »©gaeat of the ' loeus lie» ia the open kernel 
©f region a. In the case where'T'< i< t^t the segment either 
lies entirely on the boundary of the region or the segaent; 
T-Ct^t« is also included in the open kerael of the region; 
and the*p©iat x<t> is' the only poist of th® loeus lyiag on, 
th» boundary of the region Caith the possible exceptioa. ©f; 
the end points). ^ 

Consequently, the sagaeat x(t>» t^t-s^ satisfies-. 
the Maxlnun Principle (paragraph #!>-. the vector function . 
vU(t) which corresponds to this segaeat' is continuous ®a  i 
the iaterval t^t^Tt and the fuaetion B(xCt)ty<t>, v(t^t - 
* const « c>e for t-^-KTi- 'S*0 segaent'of 3t(t) f©rT^*4t 
likewise satisfies either systea (©) or C3.>}«ha vector fuaitioa 
Tp<t> corresponding to this segment is fcSao eontiaaeas over 
the segaent T^t-^t^t and the function H(a(t), *f (t),aC'*?> ; 

»= coast a e^O for T^t^tg* 
We will say that at an isolated junction poiat x<T } 

of the regular optimal trajectory x(t), tj^-. *4 tg* the äump 
conäitioa is satisfied» provided that there exists a.-.segaeat 
of x(t), tj^t^t. such that the interval t3^tz*^ represent® 



the maximum interval of the segment t^ t ^t£ which con» 
tains the single junction instant 7"% &n&  the vector functions 
t3^t -feT* defined aboyej "f (t)»^* ^*4- oaö b® chosen in a 
way such that on« of the following pair of relationships is 
satisfied! > 

"^<T)-^C3->  = |^grad-ff(x<vn),  c  « "c;    (7) 

<pC7~) a .j^grad g<x(T)),  c = 0,       €8) 

where iA is a real number. 
1 Theorem 11.Let the regular optimal locus lying id 

the closed region Q contain a finite »umber of Junction 
points. Then the jump condition will be satisfied *t every 
junction point» 

5. General rule for the determination of regular 
optimal loci. Combining; the Maximum Principle (paragraph #1) 
with theorems I and II, we arrive at the following general 
rule for determining regular optimal loci« 

Let the optimal locus x(t) lie entirely within the 
closed region G, containing a finite number of junction 
poi&ts» and with every segment lying on the boundary of the 
region regular. Then any segment of the locus lying entirely 
within the open kernel of region G (\vith the possible excep- 
tion of the end points) satisfies the maximum condition 
(paragraph #l>j any of its segments lying on the boundary of 
region G is an extremum (In the. sense of paragraph 3)j the 
jump condition is satisfied at each junction point. 
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