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FOREWORD

This publication was prepared under contract
by the UNITEL STATES JOINT PUBLICATIONS RE~
SEARCH SERVICE, a federal government organi-
zation established to service the translation

and research needs of the wvarious govermment

departments.
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[ Following is the translatioa oi’ &3 m“%ﬁa&a
by R.V., Gamkrellidse in Pekiacy. Sdl .~ £

S3%R (Heports of the USER xwad@uy o2 Wimmh
Vol 125, No 3, Nessew, 1869, mgm uw '

(Presented by Acadenieiarn L.3, Peatrysgla ﬂ*ﬁ mem«w
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- M£armus Iné eontali _
the resultz of studnzs um tka %nmnrg of gptimzi proeSaes
being conducted withim the framewtrk ef L.%. Penizysgists |
seminar on oscillation and suiwmefie eentvol theewy. The
final stage in thess studles egumwisted & the proel af the
general maxzinum primeipls {(6,48) giving the nyvesnary o@h>

" dition satisfiad by ety selutien o2 the foxlowimg a%%iﬂﬁkl

problen,

Let the vecter Pametien #{m, 4} ﬁw{xmh“"ﬁ"ﬂ'&w?}
in variabies x and m Be dsternised 3¢ eonitwneus dver and
direct product (x,m)E 3Befl , wfkﬁ‘, znd €0y whore X° fu ks

n=-dimensionzl phase SPuwe d@ the grablof, v i3 al erdit~

rary Hausdorff topsbugiert spadé 6f pesdible values For the

control parameter w3 din sdditien ¢ this; 5% 12 smavmdd Cthal

that funotions £i(mm}, & = x....gm, e ovmtinveusly dAiffep-
Lpgrall ssesdinntes o veutew

x = (x ’oqocxn).
' The equatiesn af mosion ef wWhe Mae mw % bag tha
form

Two points £ y and T g ews taken Sm X*. The tosk i ems ef

;8




gselecting from a claws of permissible control functiocas
(for exanmple, the class of mneasurable limited or plecewise
continuous controls) a funotion ult), T3 % t < Ty (Ty and
TZ arbitrary) for which the correspanding locus x(t)
of equation (1) connects points 1,2,3 and the iategral
Xy .
j’ L{x{t),u(t)) dt assumes = mininum value,
Tz .
At L(x,u) = 1, the problem stated above beccmes an
optimum-rate problem (1,4).
In this case, the Maximum Principle ia formulated
in the following manner. : : '
It ®x(t), t;«t<£t, is the rat.e-u-cptmal_ locus of efgua-
tion (1), and u(t), tyj< t4&t, 1s the corresponting optimal
control, then thare will be a continuous, non~vanishing
covariant veotor fumetion Y (t) = (Y (t),..ﬁ.Q(t)), e tst,

such that the following Hamiltnnian sywten will hold on the

£
interval 1:1‘ t 4.1:2

BGx(E),0E), ul)) = MCx(t), P (2)) = oomet20, (2)

where the Hﬁmilionian~n(x,7),n$'=\?wz(m,u) =9§ £ ¢x,u),
. H(x,‘/J) = i\é% K(x’ K/‘)’u)t )

The spaea.of peasible values {V for the control para=-

meter ean, in one instance, be the closed doemain of an r-
dimansional linesr space,. The set ofipossible values for -
the phaee point x, moreover, must correspond with the entirs
%" gpace; in the centrary case, the Haximum Principle ceages
to hold true, However, 1.8 case wherein the wet of
possible phase point values comprisesea closed rcgion b B
with piecewise smooth’ bounds has. oxtremely 1mpartant applii=
cat 1°n8‘ ’

~ The present brief paper contalns a formulation af
- the results obtained by the author on optimum~rate processes
with bounded phase coordinates as part of his work in L.S.
Pontryagin's seminar, For the sake of simplicity, the case
exanined here is one for which the .#egion of possible phase
point values has smooth bounds. The case of the piecewise~




continuous Lo i trenited in an AUUfﬂJCﬁﬁ T
sransition Ivon the particanlar case eman ned in {he

G the conerul intecral miniunization VTObT ] is ginm
the transition 3n the ,roblem treateqd in (5

tement of thne Tyroblem.,
rasion 1 Uhe r=~givensional linaar STNG e

f‘} tery b
PR L [...p‘g.-,—.

be o bounded
(U« ko&t:ur)g

cpecavied Dy o Gysten of inedualiibies Gidud S0, 1= 1,,..,n,
The class of peruissible controls congsists of all

petcewiga- ~continveus, plecewise~onooth wector functions

udt) = (n'{t ),.e..,ur{ 33 with firsteorder scuntinuities

detorviiined on an arblirary intervvol ﬁlxgtwiiz and with

vazlues in’h at any instoant in time, In the phoage srace »F

l.vb

.on
rternined by ithe dnoqual ity g{xlzv,’x~}
=g ﬁﬁ'ﬁﬂ, Wh@r@ the Tunction g{x) hrs contiruoug rartial

: the boundary gi{x) = 0 and

‘ 2103 e w e 8y (323)

=3

the Sormulisted problem, let there bhe given a closed reg
 with soooth bounds

¢

does not se to zeyo,

o n
e x(xls,,.,ﬂn}’

13 ziven din terms of the i&liawinﬂ normal aysien of 24freren-—
‘ .4
L

pnetion of motion o7 nhase nein
1

x4 = rdin,ud, (33

where the vector functs
iire

n o ilxyuy = (Afl(xs?l)tcocsf Yxeudd ds
cetvermined on tha dire [

io
ot nreduct GFell¥, whove G* sun

.

‘The Formaleti f the Froplem, In phase space £ are
ziven polnts b4 and . ., lying in the closed replon Gp i
nacessary to scelect 2 posoible control such that the phase
point movine alon~ the locus of systen (3) Iying entirely
within the elooned ragion G will nove fron pasiti&n'fl e
positien . in the minimum tinme,

g

¢all this control the optinal conbtrol and

iocug, the opiimal lecusn,

Lvimal locl on the boundary of vegion 7, Lel us
¢ designations pl,ul) = e slzyeilx,u) =

= (X}f“(x ul, aontd cr-d p{x,u) = fﬁpﬁ'ml,,..g Sedhu¥), in

erder for the locus z(t} o’ the svsten (3}, ecorvespondinr

to tihe conteol uldl, ty< t ¢, te : the boundary g{x)

= O pf the repgion G 1t iz npnec sary ant guflicient tihnt

1

by S

2

Lo

€

LG




p(x(E),u(t)) & 0, tg< t<t,, glx(t1)) = 0,

Let us call point x on the boundary g(x) = 0 a
regular point relative to pozut wf ) which satisfies the
conditions

LY F eee =ay () =0, qy(u) 0, 7 43,08, (4

1f p(x,u) = 0 and vestors grad p(x,n), grad 61, (u),0evvar
grad qg4 {(u) are independent, Let us denote by means of o (x)
the set of those ufl} relative to whioh the point x is re-
gular, The ldecus x(t), t; & t<t, of system (3), correaponding
to control u(t) and lying entirely on the bounéa*y gi{x) =

is to be called regular if u(t)€-2(x(t)), ty <t &«ts, By means
of i ~(Qi,..¢.l¥n) let us denote the covariant vector of

the space XB, Let. x lie oa the boundary g(x) = 0, Tha upper
bound of the funetion H(x, VY ,u) = § *£(x,u) ={xef ¥(x,u) with
fixed x,Y ,u and variable W (x) will be denoted by n(x,y )i
m(x,w ) = sup H(x,¥ ,u), (We shall be interesisd only in

WE colx)
thoso points x on the boundary g(x) = 0 for which io{x) is
not empty),
‘ If x 48 a regular point on the boundazry g(x) =0 re=
lative to u, where u satisfies the conditions (4) and H(x,{¥,u)
= m(x,yi, then according to the Lagrange multiplior ruls,

. grad H(x, ¥ ,u) "(b H%u ,...%H/Z)ur) “;\\grad p(x,u) +

.,.E_}Akgraa q, (u). (5)
k=X

The regular locus %(t), tlfatﬂétz of systenm (3),
corresponding to the permissible control ul{t), t34 t‘-tz
and lying eatirely on the boundary g(x) = 0 of region G,
lot us designate by the term extremsl loocus; ult) will then

be called the corresponding extrenal ocoatrol if there exiagts
a non—vaniahing continuous piecewiss amooth veetor funciion

Peed ((tzct)....-.'.%ctn. ty 4 t4tys such that the following
syatam equations is satisfied on the interval tleéteéﬁzt

= = = .y (t) O
pixy) = 0, & = W £ S5 MR

' acx,'\f‘ Jud ='m<:-;,kf> YZo

4

(8)




unere wastor ’{t ) is nn% @@ﬁiiuanﬂ wr?x Mha v&e%@? patta g
grag g(x(ty)) ang the plecewise smoeth funetica ALY &8 |
given at esch Instamt of time by forsulz (53, In aﬁdit&on%
to this, ektremzlity alse requires that for eash ¢ in the |
interval t; £t &t,, the vector dh/dt grad glx{t)) be direeted
ints the intarior of region G, er else go to =B¥O,

It is not diZficult teé prove that aldng any extram&l
1lecus H{x(%), Wl(t).u(ﬁ)) = m{x{t), ) (€)) = const 20,

Theorem I, Any regulas optimai locus of systen (33v
lying sntirely on the boundary of regien G amd the corresd
ponding optinal control are oxtronsl, ‘

' 4, Juap o . Lot x(t), t3.L£t4Lt2 be &n eptimal
locus iying 1n (ciased) regian G, Lot it be ragula# in every
ssgment lying on the boundary of the region, The pbint ®{T)
of the loeus lying on the boundary ef the region will be
called &’ junction poimt provided ithat t,<T=t, and there
is an £2>0 such that at lesast one ¢f the locus x{t} segnents.
jies in the open kermel of region G for T—E£< t<T oer
T21t¢L?”¥£. Por the pake of concreteness, let ux aweuns
that a portion of ths loous belongs to the opey: kernel of
the region fer J~—& Lt <7T, Let uz call 7Y the jJjunetion tine,
Let x(7) be the emiy junetion poink of the optimel loeus

Cx(td, tlfht*ﬁ?ag u(t) ig ithe corresponding optimal control,
For tlﬁit <Y ¢ a sogment of the locus Xdez 40 the open kernal
ef region G, In the cape where”T ¢ t<%,, the megment elthér
lies entirely on the boundary of the rasgica or the segment:

4(t-<t iz alse sincluded inm the cpen kernel of the regiom
and the poirt %(t) iz the only posint of the locus lying on .
the boundary of the regism (with the possible exceptican eof
the end points), ' :

Consequently, the segment x(i), ﬁxégtﬂ&?: satigfies.
tho Maximum Prineiple (paragraph #1}, The vector function

(t) which corresponds to this segment iz eontinuous en i
the fnterval t; <t £, and the funetion H(x(t), ’{fh, wltd? .
™ const = ¢c>€ for t. < ¢ 47 The segment of x(t) for J“Atét
iikevise satisfies aither systen (6) or (2);the vecter fanetion
(t) esrresponding te this segment iz &lazo continacus pver

he s%gmant'r’ét“tz, and the functien H{x(t), ‘?(t},ul*‘)
= eonst = ¢ =0 for T4t <6y,

¥e will may that at an isolated junctzon point x(?’&
of the regular optimal trajectory x(¢), t;4% t& t,, the juap
condition is satisfied, provided that there exists a segment
of x(t}, 3&“;4; such that the interval taLt 41:4 represents

L SFA L.
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the maxzimum interval of the segment tl ﬁ,Ltz which cone
tains the sinpgle junction 1natant5 s and the vector funetions
tggt 27 defined aboves \i/(ﬁ)'éﬁt <%t , can be chosen in a
way such that one of the following pair of relationships 13
satigfied? A

P =9T) = perad g, o )

i
Q‘
-e

fl(i“) = pgrad g(x(3)), e = 0; (8)

where rk ig a reasal number,

Theoreg 1i.Let. the regular optimal locus lying ia
the cleged regioen G contain a fintte number of junction
points., Thenrn the jump condition will be satisfied &t every
1unction point,

5, General rule for the determi £ re
ogtiga; ; ci. Combining the Maximum Principle (paragraph #1)
with theorems I and XII, we arrive at the folliowing general '
rule for determining regular optimal loccl,

" .Let the optimal locus X{t) 1ie entirely within the

closed reglon G, containing a finite number of junction
points, and with every segument iyihg on the boundary of the
region regular,., Then any segment o0f the locus lying entirely
within the open kernel of region G (with the possible excep-
tion of the end points) satisfies the maximum condition
(paragraph #1); any of its segments lying on the boundary of
. region G is an extremum (4in the sense of paragraph 3); the
 Junmp condition is satisfied at each junction point,
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