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ON THE THEORY OF SELECTION

‘1l, Introduction,

The present paper is the third of a series of papers
on the classification problem, The first paper ié concerned
with the classification of individuals. The second paper, not
yet completgd, will deél with the classification of populations.

| In this third paper we shall consider a special class
of classification probiems with no standards given. Again each
| of s populations 771, Tty T is to be classified into
one of two categories ("good" and "bad"), However, what con-
stitutes a good or bad pcpulation is not defined absolutely but
in terms of the quality of the populations at hand;

Prbblems of this kind arise frequently and have re-
cently been treated by a number of authors (Mosteller [1],
Paulson [2], Stein [3], Bahadur E4]). We assume that we have
a sample Xij(j =1, e°-, ni) from each of the populations

ﬂi and that the distribution of the Xij depends on an un-
known parameter vei. The populations are rTanked according to
the values of the O's. (For example, if the ©'s are real
~valued, that one of two populations may be the better that has
the higher ©-value,)

This work was done at Columbia University and supported
in part by the USAF School of Aviation Medicine. The first
paper of this series, referred to above, is Report No. 6 of
Project No. 21-49-004 ("On the Simultaneous Classification
of Several Individuals"), USAF School of Aviation Medicine.
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As has been pointed out by Bahadur, it is frequently
desirable to go beyond classifying the porulations as good or
bad, If, for example, one is looking for good varieties of
wheat to plant, one must decide 1n what proportions to plant
them, However, this more detailed aralysis is not always re-
quired. When 1t does apply, the solution tends to be that pro-
cedure which is apprdpriate when, rather than selecting a number
of good populations, one is interested only in the best of them.

We shall here follow essentially the formulation of
Paulson who considered this problem for normal populations,

To be specific, let us assume that the @'s are real valued
and that quality 1lmproves with increasing €. Let us assume
further that there is given a function g(6, 8') increasing
in the second variable and decreasing in the first, such that

the populatien ™ is considered good provided
max
| g(ey, 3 ej)-<zs

where A 1s some fixed positive number, If the variables are

normally distributed with mean © and variance arz, we may

' -
for example take g(o, 9') =6 -6 or g(e, ') = 9;_9

.

In the Poisson case we might take g(o, e') = é'/b and in

binomlal case

8
g(s, o) = ——r—i—;‘@ ’

DEFENSE--SAN ANTONIO
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where in both cases © 1indicates the mean of the variables,
| ds before we shall adbpt the point of view of the

Neyman-Pearson theory and ask that

(1.1) the exrected number of bad populations classified
be
as gopd‘A*< ¥ .

Subject to (1.1) we wish to maximize the expected number of
good populationé classﬁfied éorrectly;

Condition (1,1) has one consequence that may seem
undesirable, It follows from the definition just given, that
there is always at least one good population, that with the
maximum O, However, if we impose (1.1) we may sometimes have
to classify all of the populations as bad., This will ocCur;
roughly speaking, when the observations indicate a situatlon
in which the sample size 1s too small to make the selection
of the good populations with the desired degree of accuracy,
There are two ways of avoiding this difficulty. If one knows
the order of magnitude of the parameters involved, one can de-
termine a sample sizé which makes 1t very probable that one
will be able to perform the classification. A&lternatively,
of course, the situation points to the use of sequential pro-
cedures., Such procedures also have the advantége for problems
of the kind con51dered here that they permit classifying the

populations gradually. 4 decision will be reached early on

those that are either very good or very poor, while for the '

3
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intermediate ones one may take a larger number of observations,

A procedure of this kind was discussed by Stein [3].

Although it is easy to develop a general theory of
minimax procedures for the classification problem described
here, the application of such a theory to particular cases runs
into difficulties which the author so far has not been able to

surmount, We shall 1llustrate the situation with an example,

2., 4an examgle.

Perhaps the simplest example, and one which was con-
sidered by Paulson, assumes that the xij’ i=1,°¢+,8;5 J=1,°°*,n
are samples from normal distributions with means Oi and common

variance 0-2 = 1, Since the ii = h]‘ %’,xij form a set of suf-

ficient statistics we assume wlthout loss of generality that

n = 1 and denote our variables by Xi’ ces XS. We take

?
g(G, 8') = 9'-9, so that 1, is considered good if

91>m?x93 -A .
In order to obtain the minimax procedure we must
guess two least favorable diQtributions: one that maxi-
mizes on the average the number of good populations that are
classified as bad, and one that maximizes the number of bad

populations that are classified as good, One conjectures that

both are concentrated on the set

n
©

s =1 of the ©'s are equal, say

the remaining mean

o+ A .



TR g W

| | PROJECT NUMBER 21-49-004, REPORT NUMBER 7
It turns out that 1t 1is immaterial what value of © we take, '

Let us put © =0, and let us assume that the g priory distri-
bution assigns probability % to each of the possible parameter
sets (A, 0, +++, 0), (O,A, O, +=+, 0), +++(0, ==+, O, A).

Then the Bayes problem becomes

Maximize

(1.2) %Z}E[cbl(x) *oeer v b (e =4, 6 =0 if J# 1] |

subject to the ‘condition
1.3 2 gE j}_s_._;,(bj(x) -9;X)e; =A, 65 =01 § # 1] =Y

This problem is Solved by means of a lemma to be

proved in the paper on the classification of populétions. The

Bayes solution sets ¢l(x) =1 if

-..’ - 2 2.000 2 | - 2 2 2 - 2
. Bx;-4) -0+ ") . 5lxmpm A) Jlaexgeeeoix)

- Yo hee i)

> kile

Hrs- 212 HBe )

_ + e ‘cee
that is, if
AX A A , | A | AX
el+ex2+---.+exs>k' [ex2+---v+es]

5

DEFENSE--SAN ANTONIO




 PROJECT NUMBER 21-49-004, REPORT NUMBER 7

and hence if

A AX A
e 2 + eeete “<Ce xl.

The solution for the remaining ¢'s is obtained by symmetry,
To complete the solution we must now show that for
this procedure
(a) the expected number of zood populations classified as
bad takes on its maximum when Gs =A, 91 = eee = gs-l = O+
(b) the expected number of poor populations classified as good

takes on its maximum when Gs =4, 91 = eee = gs-l =0 .

We need to prove (b) not only to show that the pro=-
cedure is minimax but also to show that the correct determina-
tion of C 1is

A Vi9.4 AX
(1.4’) P(e x2+ ooo+e S<Ce 1'91": aon=e

A= =X =
s-1 =8 -4 0) = § =a
The difficulty referred to in the beginning of the

last section consists in the proof of (a) and (b)., We shall

now present certain partial results on this problem,

Let us first consider what happens for large A .
Let us set C = el and determine it by means of (1.4)., If we
put ¥y = Xy - &, (1.4) becomes

AY, AY,

A(TgHd) AN +T
P(e + ec0 + @

-3 + e <e )=o¢
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Dividing both sides by eA , We see that for large A this

becomes essentially

AYg  AYG+T A2
P(e <e ) =

i
=]

, 5 |
Therefore I—Z:A_ —-> k. (k>0) as A —>o00.

We shall first consider problem (a); As A —c0,
the expected number of good populations classified as good

. wheg 0y = e+ =86,_,=0_, 6, =A tends to 1,

‘ It is clear that if s-1 of the populations are bad,
and only one good, the probability of élassifyihg the good one
correctly is minimized when 91 = ses = es-l = 0;‘ i.e. when ﬁé are
. in the situation which we believe .to be the minimizing one,
Wé need'to compare this situation with those in which

there are more than one good population Suppose

Qs =A ’91 _>_ O+’ 92’ 0‘0’ Os_l SA.

Let

A(X+6,) (Y. +6.) (Y,+6,)
P = B(s 2 '2+---+eA's s) _ A1 +7

and let Pa, coey, Ps be defined analogously. The expectation

we are concerned with is the sum of those P's corresponding

to good populations and hence is 3z P + Pg.

7
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We shall now show that uniformly for

Ps ->1

P,z M (A)

1im
where Ao My (A) > 0,

AY,+6.) AY. .46 .) A(Y +8_)+72
P = P(e 1 ™1 + eeo + @ s=-1 “s-1 < e s s

AY AY_ _ AY .+ T (A)
> P(e Liiive 571 gs

) =

since v =A2 - k(A) + 0(4A).

On the other hand

AY,+4) A(Y+8)  AY +4%-kato(a)
+

P. > P(e cee + @ < e

1

AY AY AY- -kito(A)
=Ple 2+ +vte S<e

AY AY AYZ"' o '+YS
e 2+ seote s s=1

1> P{(s=-1) e <e

Y +000+Y
= 2 S 4 1og (s=1) c v . k4 o(A)
s-1 A 1 )

N
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Y2+00.+Y

Unfortunately we have not been able to show as much
for the even more important problem (b), and in fact it seems

doubtful that the result (b) holds exactly, even for large A
A ~

What we can show here is that the value 91, coe, gs-l that

maximize the expected number of bad populations classified as

good are such that for i = 1, -Q-, s=1

N

6;—0_ asA ->w.

The proof of this is in fact quite simple, It is obvious that
61, see, 63-1 are all < O, The expectation we are concerned
with 1s thus Pqt---+Pg 4. o

Consider now a sequence of values Gl tending

to a limiting value 6 Then it is seen that regardless of

1'

the values of Oy ***y 8,120 (but not necessarily uni-

formly in these variables)

1im _ -
A= o Pl—P(YS<Y1+91 k)

Thus in the limit P, 1is maximized for 91 = 0 regardless

1

of the other ©6's, and similarly for 92, cee, © Hence

| s=-1°
the result follows.
This proves that at least asymptotically the pro-

cedure has the correct size.

9

DEFENSE--SAN ANTONIO




PROJECT NUMBER 21-49-004, REPORT NUMBER 7

10

References

—

[1] F. Mosteller, "A k-sample slippage test for an extreme
population," 4nnals of Math, Stat., Vol. 19 (1948),
p. 58. |

[2] E. Paulson, "A multiple decision procedure for certain

problems in the analysis of variance," Annals of

Math, Stat., Vol, 20 (1949), p. 95.

31 c. Stein, "On the selection of the largest of a set of
means," Annals of Math; Stat., Vol, 19 (1948),
P. 429, B

[4] R. Bahadur, "On a problem in the theory of k popula- {
tions," Annals of Math. Stat., Vol. 21 (1950), p.

362,

. DEFENSE--SAN ANTONIO

\



1

’ Distributed by
USAF School of Aviation Medicine
Distribution Number 1680
August 1951

i ‘ s

DEFENSE—SAN ANTONIO




