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FOREWORD

This publication was prepared under contract
by the UNITED STATES JOINT ..PUBL."[CATIONS RE-
SEARCH SERVICE, a federal government organi-
zation established to service the translation

and research needs of the various government
departments.
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THE MAXTMUM PRINCIPLE IN THE THEORY
OF OPTIMAL PROCESSES

cliowing is the translation of &n article by V. G.
Ytyanskiy in Doklady Aksdewii Hauk SSSR (Beports of
e dcademy of Seiences USSR}, Vol 119, HNo 6, Moscow,
58, pages 1070-10773. ] '
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{Presentes by Acadamicisn P. S. Aleksandrov, 19 December 1987.)

This paper borders on our joint work 11 en the thsory of
optimal processes, The investigations of the secondary varistlons
by R. V. Camkrelidze led to Pentryagin's hypothesis of the maximum
principle. Here, complete proof of the maximun pflﬂ?lp*9 25 8 Necet-
sary condition of optimum is presented. To obtaln this resuli the
whole work is repested with different exeltations {variations).

Here is considered a point. of motlon x = (xl,.u.,xn) in &
n-dimensional ochase space X described by a laws

T L P R T Gy L e S Y ) NS | (1)

vhere u 15 & control parameter which varies within the boundries of a
sertsin domain U. The domain U way be any topologieal space, for
instance, any arbitrary bounded set of the r-dimensionzl spasce of the
varisble u = (ul,...,uf), the functions fi are z2ssumed to be contine
vously dependent on two variables x, u and continuously differentiable
with rsspeet to xl,i.,,x” If the law of the cénirol is ¥nown, i.e.,
if it is given the variable uft)tﬂU then the system (1) unig juely
deseribes the law of motion of this variable point; the control u{4)
mist he piece-wise continuous. Similarly with earller work [17 the
problem 1s stated: '
"Find 2 control u(t} which secures the minimal time for the
process of transfer of a peint x from a given initial coordinate
%€ X"e The control defined asbove and the trajectory corresponding
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ta it arz called optimal control and Optima,trajectory Let u{4),

to &t St1, be a certain contrel within the domsin U. We will choose
the instants of time T y,..., Ty, where el B3 e ol Ty Kty and let

8ty 40 § = 1,eesy51, 1 = 1,000k, be arbitrary non-negative numbers

¥ o f ‘";
and vy, 4 be arbitrary points of the domain U, We will denote by I3 5
3 ‘ 1,3
a segment
ki -z ("\'I.'l | : '(3)',,‘...,) ‘\~! =, "I’ % (Bll,l x) e ! 81, 'l

and assume _

iyt A€

el 4f ¢ doss not belong to any segment Iy i

Here £ is a positive guantity which affests the control W (B
Subsequently we will consider £ as a variable of the ripst order of
*nf*ntnaimality, the quantities of higher order of infinitesimality
will be deonoted by & row of dots and ignored. We will note that the
gortrol T (t) is derived by variations of control u (L) in the neighbore
hood of the instants of time Ty,..., Tpe We will denote by X (t) a
trajectory originzted at the same coordinate x, and corresponding to
varied con+ro} i Ct)and we will consider a vector

Xty e dl) — x(01), (2)

where is 2 nen-negative number.
The 11near with respect to £ part of the vector (2) we will denote by
A | Xty —edl) = X ({) 4+ < AY )

f we consider now all poaslble control u(t) resulting from
varlation of the contrcl u(t) and independently from this we varyst
giving it all peossible non-negative values, then the vectorsax,
originated in the point x; = x(t;}, form a certain cone with its vertex
- in the point x3. By means of fglrly simple logic the following state-
ment could be proven: Iemma. "The come of attainability is a convexX
cone®. Subsequently the theorem presnnted is an intensification of
the theorem in [1], which states that dimension of a linesr meumileld
P! constimicbed fhers ia not grester than v - 1,

Theorem 1. "If a cone of ataalnablllty K fulfills the whole
space X of the variables xT, S x : then the trajectory x(t) and
the corresponding control a(t)ﬁ £ are not optimal,"

Thus, if x(t) and u(t) are ootlma than a convex cope K cannot
occupy the whole space X and therefore ihe whole cone K lies in one
half-space descrlbable by & certain hyperplane pa331ng through a
point x,. let a{(x~ - x7%) = 0 be the equation of this hyperplane.

We assume that the whole cone K lies in a negative half-space _
a,(x™ -~ x7 *)£.0; we may change the algebraic signs of all coefficients .
a,, if necessary.

" 1If we assume, just as in [1],

-"."”; “l) S bl';, bﬁ‘l’{f (.f) s ({gY (f)‘




then we receive T (tj) = ay and the equation of a nesgative h?lfmcpace
will have a mode () (e xF) <2 O
b)) ( g 0.

Consequently we will get the following necessary condilion for optimum:

where Ax is determined by equatiun 3) for any varied control @ (t) and
anv-\t, .

This condition we may regard as a generalization of the condi-
tions (6) and (?) of [1]. In the work presented in [ 1] the variations
of Su(t) also produced a certain cone of attainability, which however
may be smaller than the cone X discussed here. Consequently it is
possible to have a case when quantities ay and functions 4;\t) would
satisfy all the condisticns imposed in the [1] and would not conform
with the condition (4). In other words, the condition (4) is more
strict than the conditions () and (7) of [11.

From (4) it is easy to deduce tmu Io]lowﬁpa 1ne&uailty

P ), (i)

or,. we may say the function H(x, ¥, u) = ? Y x,u) w¢31 have 4 none-
negative value at the point (x (t3), Ur(y 3), u (t1)). L. S. Pontryagin
pointed out that the function H(x,Y, u) plays an important role in

the theory of optimal processes. 1In parbticular, the relations (1)

and (5) of [1] may be written in the form

. al oAl
Pm g wEm T = ek {5
Theorem 2. (L. 3. Pontryagin's Maximum Princiffle 8Tor
optimal trajectory x(t) and control u(t), ty4t« "y, it 1s n“cessany

to have such variable vector ${(t), that th° relations (5) will be
satisfied and besides with any t, t, ’Tt< %y, the follOW1n condition
will be also satisfied

Hix () (D uit)) = m’kx H (x {#), zp(z), uy 2>
A sketehy procf of this theor@m follows. We w1ll checose a vec
tor‘f(t) as outlined above. We assume that for a certain'y, tg .. <ty,
and a certain vEU we will have
H (x =l (), w () < H (% (), $(2), v

We Wlll vary the control u{t) on the single interval 1,1 of the dura-
tion £3t ,1. Which starts at't’, and we will assume Vi 3 "=, fhen we
will have:  %(t) = x(t) with tef‘téffand

X = 5t = ] (5 (2), 0) ~ F (2 2), 2 ()} (=) - .

with 1<Cl{redl,.
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‘articularly, '
X (5 e 8y = 7 (5 o € By = (] (x(5), 0) == F e (=), (D)) 2o +- 1,
from which it follows, in accordance with definition of H, that
a8 % (o e Blyy) — 2% (v R g8y ) s A b L L, {£Y
vhaare ARD, : '
Since on the interval T+ (St 1<tsty the control fi{t) coincides with .
u{t), then on this interval we will have: T
ORI ORI (D) IRPRFEES REE

O e, w ()
i

By () =
) gt

by, i=1,...,n
Thus, with T+ £8t; &bty dn accordance with the second part of
[ % s s ‘
(5) we will have: o C o
a (B (1) 2 (1)) == ¢, (1) GEA() 4 Py (£) 86X (£) =

o8 N e
= =l g e (1) 0. (- bk (1) = 0
dx ‘ b :

Therefore on the whole intervallﬁ4&§tl 14;4;1 it holds the
relation B (1) 25 (1) = B (= -+ 2.8y VAR (5 b 23, 1) oo Ao

see (6}, and conSequently- _ |

PG ) e (] e () [e B () L = A

Hence, the vector Ax = dx (ty), derived according to formulas
(2) and (3) with §t = 0, what is permissible, satisfies the condition
Py (01 AX* = A>0; but this contradicts the condition (4).

Closely related to the Maximum Principle is the following im-
portant property of the function H, which states that along the optimal
trajectory HZ0, i.e. the maximum, the existance of which was proven, is’
non-negative. : : . ‘

Theorem 3. If x(t) is an optimal trajectory, u(t) to< b <ty is
an optimal control, and 4 (t) is a variable vector, the existence of
whicn is confirmed in theorem 2, then the function H maintains along
x{t}, §(t), u(t) & constant non~negative value:

H (x(£), ¢ {1), s (£))} == const.

This relation is proven first for every segment of piece-wise
continuous control u(t). Subsequently it is proven that at every point
of discontinuity of the control u(t) the function H is not changing
its value. .

These resulis are obtained in a seminar on the theory of oscile
lations and automatic conmtrol personally conducted by L. S. Pontryagin.
L. S. Pontryagin pointed out to me one possible simplification in my
derivation of the Maximum Principle proof. Owing to that suggestion
my preof, as it is now, holds for any arbitrary topolegical space U;
when my original variant had a redundant construction not used for any
useful purpcse yet limiting the proof to the case of U being bounded
domain of the vector space with piece-wisce-smootih frontier and convex
interior angles at the joints.
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