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ABSTRACT

A’commonly studied problem in the field of cryptography'
is rhe Discrete Logarithm Problem. This problem is also
referred to as the “distance” problem. Basically, one would
like‘fo know where a particular binary n—ruple is in a list
combining all of tnem, represented as .powersb of’ scme
primitive element, or equivalently what is the distance
between a . given pair of n-tuples in a \similar
representation. A de Bruijn sequence is a well—known
periodic binary sequence in which every n-tuple from Oitc
2"-1 appears. Our goal is to betrer understand the “prefer-
ones” de Bruijn sequence. ‘Ultimately, we wish to understand
:where each of the binary n-tuples appears in that sequence,
Using the Necklace Algorithm,»the sequence of n-tuples can
‘be generated. This list has some special properties that
ailomr us to perfqrnl the required analysis to locate the
n-tuples by an association into‘classes. We partition‘the
binary n—tuples into necklace classes according to ’the
"longest substring of ones appearing on the n-tuple. We cnen
ccunt how many n-tuples appear in the sequence for the first’
time as members of a necklace class containing no 1longer

strings of ones.
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I. INTRODUCTION

A. BINARY N-TUPLES

The set of binary n—tupleS'is the set of all strings of

" 0’'s énd 1’s of length n. Usually these are ordered from

00..0 to 11..1. These n-tuples can be found on necklaceé

defihed, by cyclic rotation. These hécklaces ére Lyndon
words of‘length d, where din. Example for n = 4:

o (O)(0001)(0011)(01)(0001)(1)
These are the.Lyndon words (0) and (1) of length one, (01)

of leﬁgth two, and_(OOOl),(OOll) and (0001) of length four.

B. NECKLACE ALGORITHM
| 1. Defiﬁition of Nécklace Algorithm
The Necklace Algorithm is an algorithm for generating
the ne¢kléﬁes of beads of'iength n in two colors, i.e.,jthe

binary necklaces. Fundamental to the Necklace Algorithm is
the operation, @:V] —>V}),, defined as:

0 (a1, @2/ wwp@n) = (bllb2l°"lbn) H

~where b; = a; for i = 1,2,..,j-1 and j is determined as the

largest subscript such that @>O and ar = 0 for all kﬁ. Then

b; = a~1, and by = by for t=ﬂ,2,m,n1ﬂ




Necklace Algorithm (for necklaces of length n).

Step 0. The initial necklace, V', is 11..1 = 1%

n

Step 1. O-step: Form O(F,) to find V,,;
Step 2.  J-check: The resulting string 'is the next
necklace if and only if j|n.

Step 3. If we have not found the last necklace, 07,

by steps 1 and 2 above, return to step 1. [1]

- Figure 1. Necklace Algorithm

NQte:~If step 2bis omitted, we produce all prenecklaces
(defined later). If step 2 is modified such that j =vn, we
produce a list of all Lyndon words of length n.

The following output of the Neckléce Algorithm using

thé three options for the>J¥check is provided for n = 4:

No J-check jln - Jj=n

1111 1111
1110 1110 . 1110

1101 .
1100 1100 1100
1010 1010
1001 | ‘
1000 1000 1000
0000 0000

Table 1. Necklace Algorithm Output (n = 4)

Thus the Necklace Algorithm produces a listing of the

n-tuples appearing from the largest to the smallest and with

d of the n-tuples appearing on each Lyndon word of length d.
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Additionaliy, the Lyndon woxrds that.fdrm the necklacesjcanv
be ju#taposed. in order to create the de Bruijn “prefer—
one’ s” sequencé as follows: 1-1110.1100+10+1000-0. ([2] |

2; Properties of therNecklace Algorithm

The Necklace Algorithm output is the 1list of n—iong
necklaces, where the largest n—tuple on each necklace
- represents the necklace and ‘all the ”necklaces appear in
lexicographic order from largesﬁ to smallest. Other authors
order necklacésv and their respéctive Lyndon wdrds from
smallest to largest and represent a nécklace by its léast
_fepresentative. - The resuits are eqﬁivaient gnd_it'is easy
to traﬁslate -between them. Inherent in this list, xthe‘
n-tuples are partitioned into classes defined according tb}
the length of the initial strlng of 1’s in the n—tuple."We

“make some clarlfylng deflnltlons.

Definition 1. An n-tuple of length n has length
n ,
— n is even

parameter I, where I= . Ty
barameter | n-1 .
—— n is odd

and is a member of the

class, m. These parameters also indicate the number of
leading 1's as there are I-m leading 1’s before the first 0.
Each class then has the general form with the respective

parameters as follows:




. .DOF ,
1...10¢, ., ...a¢, such that I-n < m < I.

. Note: The extreme special cases are the n-tuple,'lﬁ
where m=[l-n since there is no zero following'the'lead
string of ones, and 0", where m = ! since no ones preceding

the first zero.v

I-m
- p——

..The leading substring is defined as 1...10,7 and is

common to all members of a respective m class for a given [.

To consider the number of members of a class, we also

consider the degrees of freedom (DOF), i.e., those bits

that are unspecified by the characteristics of the class.

We consider a particular n-tuple class as an example:

V=111 00L50L60L70g o0l 00l 1

I: o 5

n(0dd): 11 »('e.g. 2l+1 = 2(5)+1 = 11)

m: 2 (e.g. I-(l-m) = 5-3 = 2)

DOF: 7 (e.g. 2l+1-[ (I-m) +1] = 1i—[(5-2)+1] = 7)

A subtle point is to be noted. The leading 1’s in a
class m will increase in number with I/, and thus with n,

while m remains fixed. iSo an l1ll-tuple in class 3 has two

leading 1’s, while a i3—tuple in class 3 has three leading




w7, The 11—-‘tuple has 8 degrees of freédom while the
13-tup1e‘h§s 9 degrees of freedom. v

The Vgeneral form of the output pf ther Necklaéé’
Algorithm is refined to represent' the out?ut ‘into the
respective m classes. The‘first output in class m'appéars
by applying ® to the last output of the class m-1.  The

last element of the class m-1 is denoted as [[-m+1] andbthe

first element of the class m is then denoted as O[l-m+1],
where

I-%—){nﬂ-'

" tem I-m 1-m “n(mod(1-m+1))

®[/-m+1]=11...1011...1011...10... 111... ,

" and the last output of the Necklace Algorithm for the class)
m, referenced as [I-m], has the form:

I-m

111000...0 .
3.. Prenecklace Generation
‘A.’prenecklace ‘appearing by 'step i of ‘the Neckiace
'Algorithm is'aefined as follows:

Definition 2. An n-vector, V', is a prenecklace if

‘there exists some k-vector * such that V™ = £(17, 7¥), where
V" is a necklace of length n+k. (Note: f() denotes the

operation of concatenation between V" and ) [3].




Theorem i. The vector V' = n.V, is a prenecklace if
and only if Vi.. Vapr > WV, for all k& such that lgkgh; [31

The Lyndon words of length d for dln,bwhen eétended fo
-length n, form ali the necklaces of length =n. The‘Lyndon
words of length d for d < n, when extended to length n, form

all the prenecklaces of 1length n. [4] We describe the

relationship between the prenecklaces, necklaces and the

Lyndon words in the Table 2 and Figure 2 below for n = 4.

Prenecklaces | Lyndon Words | Necklaces
1111 1 _ 1
1110 ' 1110 1110
1101 110 ‘
1100 1100 ' 1100
1010 10 10
1001 100 ,

1000 1000 1000
0000 0 0

Table 2. Comparison of Type of Words

There is a bijective mapping of tﬁe set of all Lyndon
words of ‘lengths one ‘thrbugh n onfo the set of -all”
prenecklaces of length » by taking each of thé Lyndon words
of length, d < n and exténding them to length m.  These are
then‘ the outputs, as defiﬁed by O, to make the n-long

prenecklaces. [4]




- Ruskey shows that to count PF(n), the Dbinary
prenecklaces of length », we need only sum L,(7) where

1<i<n, all of the Lyndon Words of smaller or equal length:

Rm=>La. _ 13

i=l

Equation 1
_ Likewise there is a bijection from the set of all
Lyndon words of length d; such that d|mn, onto the hecklaﬁes
of length n. fo‘count N,(n), the necklaces of léngth n; Qe
need oniy to sum all of the Lyndon ﬁords of length d éuch

that d|n:

No=YL@. 151

din
Equation 2
These relationships imply that the necklaces are a'
subset of the prenecklaces{ This is illustrated in the

following figure:



Figure 2. Necklace Algorithm’s Reduction of Search Space

Prior to the publication of the Necklace Algorithm (1],
genefétion of the necklaces was aécomplishéd by selecting an
n-tuple and performing » cyclic shifts to determine the
representative of the ‘necklace class. ‘Graphically, this
would be similar to picking a point in the Space'bm, and
moving from point to point n: times until one poiﬁt» was
determined that is the.representative of the necklace class,

N'. By step 0, the Necklace Algorithm begins the search for
neckléces in N'. By (L the search for the next necklace

continues in the set of‘,prenééklaces, P,  [3] By
constraining our search to this subset of all n-tuples, we
?ealize a savings 1in the number of strings that arev
considered as a possible hecklace. Then the J-check removes
the need to perform the cyclic fotationvto'test whether the

n-tuple represents the necklace.




“Table 3 demonstrates two alternative - methods ofb

counting the prenecklaces of length m. First the partitibn '

based on the number of Lyndon words of length i, L(i), is
given. [6] Meanwhile, the Necklace Algorithm partitions the -
pfenecklaces'into their respective m classes} Table 3 is

provided for the case n = 11.

i Ly (i) m [©(11,m) |

- - -6 1

1. 2 -5 7 1

2 1 -4 2

3 2 -3 4

4 3 -2 8

5 6 -1 16

6 9 0 32

7 18 1 61

8 30 2 105

9 56 3 128

10 99 4 53

11 186 : 5 1
P5(11) 412 1@ (11) | 4le

Table 3. Comparison of Counting Prenecklaces

A particular prenecklace will appear in different

locations in the two tables. (e.g., 1'' is located in the
rows i = 1 and m = -6, while 0" appears in row i = 1 and
nz#S.) ~ The discussion of how to count the prenecklaces

~with respect to thé class m appears later and is the major
contribution of this thesis. By carefully cdunting “the
savings in the Necklace Algorithm listing we determine the

location of any particular n-tuple in the prefer—oneé de




Bruijn sequence. The savings ﬁeasure for each m class and
its difference from‘ the power of 2 described kby the
respective degrees of freedom is the numbgr of nécklaces
appearing as enumerated in the secoﬁd part of Table 3.

4. Necklaces

By stgp 2, the J-check removes those prenecklaces that
are not necklaces. Froﬁ; our statements in the previous
section (section 3), step 2 therefore removeé the Lyndon
words of length jln. This results in additional savings to
those observed for step 1; The following theorem verifies
the claim thét steb 2 produces only‘ne¢klaces: | |

Theorem 2: A vector, V', satisfying step 1 of the
Necklace Algorithm, is a necklace if and only if jln.
Proof: - Given the vector, V' = v, ».V, suppose n= fj.-

then v; vy, = (wwqu)ﬁ Clearly this is a necklace only
when v..v ,0>v,...v_ ,0v..v, W¢0:

Now let m=¢+s with k1£55;j, and assume without loss of
generality that v,...vj_10>vi...?j_10v,...v,._l Vi#0, as before.
Then vrumﬂ.uw40>vpndequ@, since dropping the first s
bits in eéch string yields VeV 0> vy 0y, aﬁd the

prenecklace is not a necklaceg

10




- Alternative to Equation 2 above, we also have
MacMahon’s formula for the number N(n,2)of binary necklacés:

N@2)=— T g S

din

Equation 3

Here @d) is Euler’s totient function and the summation is

over all divisors of the necklace length,‘n.

As mentioned in the diécussion of prenecklaces gbdve,
thé formula doés not partition the necklacés’into c1asseé‘aé
doeS‘ the Necklace Algorithm. However, the Neéklacé
‘Algorithm does ndt'enumerate the necklaces in classes as-we
would like. (Note: sée Appendix Af

_We perform some elementary analysis to compute the size
 of the classes for this parameter. From the definition 6f
the‘élassés, eﬁidently.ohly one necklace class has a 1 in
the lasf'position, namely 1" Any other prenéCklacékthét’
eﬁds in a 1 can simply be cyclically rotated to the’righﬁ to
place the 1 in the first position, making the resﬁlting
vector bigger than the original vector. e.g., 1101 —9~1110
- and 1116 >'1101. |

From the previdus statements, an elementary upper bound
for the number Of-nmmberé in a class Can‘ﬁebdetermiﬁed.

Since the last positiqn of a necklace must be a 0, an uppér—

11




bound is 2P, The savings described above shows how far

below this power of 2 the number of necklaces actually is.
By careful analysis of the Necklace Algorithm, this upper

bound can be tightened.

12




"strings that are missing from the m-class of size 2

- II. COUNTING THE NECKLACE ALGORITHM

A. PRENECKLACE COUNT

1. Table of Data for Missed n-tuples

our ultimate goal is to better understand the “prefer—

- ones” de Bruijn sequence. We wish to show where each of the

binary n-tuples appears in'the sequence.v The first step is
to detefmine tcvwhich necklace‘the n-tuple belcngs. iFor‘
each necklace it is possible to determine its class, as the
bina;y n-tuples have been partitionediinto classes according

to the longest leading substrihg of ones by the Necklace

‘ Algorithm. If we can count how many necklaces‘appeaf in the

sequence for the first timekas members of a necklace class
containing no‘longer strings of ones we will have found the
location of the thuple. We choose, in fact, to count how
many necklaces fail to appear in this way (i.e., thOse

necklaces that appear earlief in the sequence as members of

- other necklace classes containing longer strings of ones as

well). That is, our analysis proceeds as we count the

I-m+1

(Note: see Table 3 and subsequent discussion).
The computer code used to implement the Necklace

Algorithm is modified to count the number of n-tuples

13




omitted (in the above sense) from inclusion in the
respective m class in the list of prenecklaces. For the

respective m classes the number of possible n-tuples with

n-(I-m-1) degrees ofvfreedom is 2™ ' Not all of these
appear employiné the Necklace Algorithm as we have nofed.
The number of omiSsioﬁs is used as a performance measure for
the efficiency of the algorithm as stated above and in
Ruskey. [3] The enﬁire ﬁable of data is included in
Appendix A. These tables in Appendix A,‘as presentéd; are
segregated by odd and evén values for the leﬁgth of the

n-tuples. Our anaiysis will be for the case in which n is

odd. When » is even the analysis is similar. The data in

Table 4 and Table 5 is extracted from Appendix A. This data

specifies the number of n-tuples missing from the list of

prenecklaces of length » in the class m.

n=2 +1

Iem | 7 9 | 11 | 13 | 15

-2 0 0 0 0 0
I-1 3 3 3 3 3
I-2 | 21| 23] 23] 23] 23
-3 63| 104| 128 136 138
I-a | —— | 255 459 628 704
I-5 | —— | -- | 1023| 1930] 2871
I-6 | —— | —— | -- | 4095 7926
=7 | == | == | == | -= [16383

Table 4. Number of Missing n-tuples (0dd)

14




I-m | 6 8 10 | 12 | 14
I-0 0 of o 0 0
I-1 1 1 1 1 1
-2 S 9 9 9 9
I-3 31| 48] 56| 58| 58
I-4 | —- 127 221| 288] 314
-5 | — | -- 511| 946| 1353
I-6 | —— | —= | —- | 2047] 3920
-7 | == | == | == | -= | 8191

Table 5. Number of Missing n-tuples (Even)

Table 4 and Table 5 provide several'insights for;our
further analysis. .Firét, there are no missing n-tuples when
the number of leading ones is greater than or equal té l,
that is, when m <’1.v Second, when there are'ho leading
ones,~i;e., m = I, the only appearing n-tuple is CO”.O = 0",
Thus, there ére 2"'-1 n-tuples missing that have the initiél
string of one’s being Zero-long. For example for n =:6,
I=3, the last n-tuple from the Necklace Algbrithmﬁbelonging
to the class m = 3 is 000000, which has l—n7=[—3=3—3%0,
i.e., the léading number of ones is zero long,'the degrees
of freedom (DOF) is fivé and 31 n-tuples are omitted in

this class. The dashed lines in the tables indicate that no
value is defined for the given parameters as the numbers are
not meaningful. A third observation is that the numbers in

the table seem to increase to a value and remain'at that

15




value. We call this.the steady state number for that m
class. The values when steady‘state‘has been reached are
indicated in bold. This sfeady state number feflects the
maximum savings afforded by performing the Necklace
Algorithm for that class. Implicitly, the first sub-problem
we face is to count the size of the'steady state set of

missing n-tuples for a given class m. Further, we show for

which value of » the steady state occurs for a given class

m.

The notion of a class -reaching stéady state His
demonstrated in Table 6. Consider the following.n—tuples
from the class m = 2, which are missing from the list of

prenecklaces for the lengths of n: 7,‘9,'and 11. We do not
incluqe the value of m = 5, which for the class m=2 has

zero leading 1’s. Thus there are 15 missing members in the

class, namely the non-zero 5-tuples with a leading 0.

16




n=7 n=29 . n =11 Count
1011111 = 110111111 11101111111 1
1011110 = 110111110 11101111110 2
1011101 = 110111101 11101111101 3
1011100 = 110111100 | 11101111100 4
1011011 = 110111011 11101111011 5
; = 110110111 11101101111 .~ 6
1011010 = 110111010 11101111010 7

11011001 = 110111001 11101111001 8 -
1011000 = 110111000 11101111000 9
1010111 = 110101111 11101011111 10
1010110 = 110101110 11101011110 11
1010011 = 110100111 - 11101001111 12
1001111 = 110011111 11100111111 13
~1001110 = 110011110 11000111110 14
1001101 = 110011101 11100111101 15
= 110011011 11100111011 ¢ 16
1001100 = 110011100 11100111100 17
1001011 = 110010111 11100101111 18
1001010 = 110011010 11100111010 19
1000111 = 110001111 11100011111 20
1000110 = 110001110 11100011110 21
1000101 = 110001101 11100011101 22
1000011 = 110000111 11100001111 23

21 23 23 ’

Table 6. Increasing Missing n-tuples to Steady State

At n = 7 the m = 2 dlass is not yet at éteady state;
n=9 1is the first value of n that the class m = 2 is at

steady state. At n = 11, the Necklace Algorithm produces a

list of neckléces that remains at steady state ahd‘thereuare

‘ twenty-three h—tuples omitted for the class m = 2 for each

succeeding value of n. Comparing the three columns, we see
that each missing n-tuple can be mapped (=) to an n-tuple
in the successive column by adding a 1 to the leading

substring (this is required for to  maintain the class

17




structure), and adding an additional 1 to the longest string
of 1’s in the trailing substring. Proceeding froﬁ n =7 to
h = 9, there occasionally are two opportuhities to add'the
second 1. It is interesting to note that from » = 9 to
n=11 each missing'n—tuple maps toione and only one n-tuple
in the next column. For example, 1011011 produces 'both‘
110111011 and 11011011. In_seCtien 3 we show when such
possibilities for two succeseors end and steady steﬁe is
therefore achieved;

2. Plot of Missing n-tuples Relative to m

An approximation fo the maximum number of missing
n-tuples is made by analyzing the data in Appendix A. We
extract from the data the first length » for each class m
at which steady sfate is reached. dur enalysis includes the
values for the parameter n (2/+1 for odd and 2/ for even), I,
m, l-m, the degrees of freedom and the nmximmn number of

missed n—tuples. ' The number of ‘n-tuples missed is
transformed using the logarithm base two to aid in the
scaling on the graph. (Base 2 seems a‘natural choice since

we are concerned with a binary alphabet:)
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21+1| 1 m | I-m | DOF | #missed | log: ()

| 3 1 1 0 2 3 1.585
o] 4] 2 2] 6 23| 4.524
15 7 3 4 10 138 7.109
21| 10 4 6 14 740 9.531
27 13 5 8 18 3720 11.861
33| 16]. 6 10 22 17936 14.131

Table 7. Steady state for odd values of n

21 | 1 m | I-m | DOF | #missed | log; ()
6 3 2 1 4] 9 3.170
12 6 3 3 8 58 5.858
18 9 4 5 12 324 8.340
24 12 5 7 16 1672 10.707
301 15 7 8 21 8208| 13.003
36/ 18 8 10 25 38944 15.249

Table 8. Steady state for even values of n

‘There is evidéntly a strong‘relafionéhip beﬁweén I and
the number of missing n—tuplés.kThe following graéhs'éf‘l
vs. log;(#missing h—tuples) iilustrates this neatly iinear
.relatioﬁship{ For reference, a line of the form y = x is

- plotted in dashed lines as well.
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This linearity is checked with a linear regression of
the data where the expected sum of squares yieldé a

correlation of determination (R?) of 0.99790 for 4the ‘bdd

‘length n-tuples and 0.9989 for the even n-tuples. This
leads us to propose 2l » steady state value. However, it is

also eﬁident‘that this is only a loose upper bound as ! (and .
therefore n) grows. Our further analysis will also serve to
tighten this bouﬁd.

3. Finding Steady State

The Necklace. Algorithm proceeded wusing m as a
parameter.  The above argument establishes [ as a
determining factor for the number of missing n-tuples (which
is also in a linear relationship with n). For the odd vaiﬁes
of nm, steady state is reached for an = 3,9,15,21,27,33,m .
Evidently.steady sFate is reached when ns3(modulo o). ; We'
iconsidér the structure of the n-tuples when the steady state‘ 
is reached. The predecessor and the first n-tuple in‘ﬁhe
class where steady state is reached exhibit a“similar

property among the classes.
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m I | 2l+1 [l-m+1] ®[l-m+1]
; | B
1] 1 3 0(100) | = 000
A, Lz
2| 4 9 ©(111000000) | = 110110110
1-2 1-3 ,
S : p—t—y
37 15 ©(111110000000000) | = 111101111011110
-3 1-4 .
4 110 | 21 | @(111111100000000000000) | => | 111111011111101111110

Table 9. Examples of First Member of Steady State Class

is complemented produc_ing I-m1 ones and a zero.

By the Necklace Algorithm, the last one in an n-tuple

It 1is

apparent that the- length, /m, of this substring pattern

divides n with a cofactor of 3.

We also consider larger

values for m to ensure that steady state is maintained.

Table 10 illustrates the first output of the Necklace

Algorithm for the class m =

2 for various lengths of n.

n [I-m+1] O [l-m+1)
‘ 'I:_l‘ lA-;IZ

7 ©(1100000) | = 1010101

5L L2 -

9 @(111000000) | = 110110110
-1 -2

—t— oy -

11 5 ©(11110000000) | = |. 11101110111
I-1 -2
A . ) ——

13 6 ©(1111100000000) | = ‘1111011110111

Table 10. Examples of First Member of Class m = 2
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~It'can be cénfirmed from the data in Table 4, forqthe
class -2, stéady state is reached at Zhl =9, ahd conﬁinues
for all largéf ‘values of L’ The .first outpuf of the
Necklace Algorithm for the class m = 2, and for the value
of n for which‘steady state 1s reached has the following‘

form (R is used to abbreviate the remainder);

=2 =2 R
Lt B et W e ]

1.:.10’1---1011:;,, .

The term‘remaindér in&icates that part of the leading
substring that is not completely copied. Evidently, this
shows fhat if I is large enough'.to allow the( leaéiﬁg
substring to be_coﬁied two "times and leave a remainder of
lepgth three br greatér then steady‘state‘will bé reaéhed
for the class m = 2. .The classes of largér_values of m
also exhibit a distinct relationship with l‘énd m. For
n=21+1¥31, and the classes of m =‘l,2,m,6 the following

similar characteristics appear (seé Table 11).
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m I Last output ‘First output Length of
‘ "~ class -1 class I-2 Remainder
| NN L L
1 15 0(1...100000) | = 1...101...101 : 1
A 1 = =
2 15 0(1...100000) | = 1...101...10111 3
2 J<NC-}
3 15 : ©(1...100000) | = 1;..101...1011111 5
| e T | )
-4 15 0(1...100000) | = | 1...101...101111111 . 7
, e R
5 15 ®(1...100000) | = | 1...101...101111111 9
2 B B8 B
6 15 0(1...100000) | = | 1...101...101...11 1

Table 11. Examples of First Output for Classes (/ = 15)

(Note: for m = 6, steady state has not been reached for
n = 31.) '

This suggests the following theorem:
Theorem 3:
Steady state for the ®-step of The Necklace Algorithm

will be ,reached for thev class of m at n = 2I+1 , when

1+223m.

Proof: From Table 10, we see that thé éubstring “110”
'is copied three times fo# 21 4 1 = 9. For lafger n and.v the
same m, the initial string 170 will only be copied twice
plus the first 2m-1 bits.‘ This establishes the following

inequality:
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3(0-m+1)=2l+1=n
3/-3m+322l+1=n
[+22>3m

To illustrate Theorem 3, we verify the result for thé

n-tuple of length 31, shbwing‘that the class of m = 6 and

the number of leading ones (l-m = 15-6) is not at steady

state:
m l [+2 " 3m
1 15 17 -3
2 15 17 6
3 15 17 )
4 15 17 12
5 15 17 15
(3 15 17 18

Table 12. Verification of Theorem 3

(Note: Steady state is achieved at ZHJ = 33.)

By the theorem, steady state is obtainabié. bBecause
this is not a priori apparent weﬁnote this specifically in
the following coroilaries.

Corollary 1:

" For a-given class, m, fhe Necklace Algorithm will feach
steady étaté for some I > I.

Proof: m is a fixed quantity. SﬁppoSe that l+2<3m.

Let L = 3m. Increase [ such that I/ > L. 0O.
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Corollary 2:

Steady State is reached for class m if and only if:
n - : ‘ . _
,/6‘"P+D 2 w1th a remainder of Zm 1.

It is helpful to consider an example of Corollary 2.

Let / = 15, then n = 31. From Table 12, we can compare the

results for the <classes m = 1,2,3,4,5,6 using the
corollary.
o-men] | meymo

m om-1 (-m+1) (I-m+1)mod (n)

1 1 2 1

2 3 2 3

.3 5 2 5

4 7 2 7

5 9 2 °]

6 11 3 1

Table 13. Compare Results of m and Steady State

(Note: Steady state is reached for all cases but m = 6.)

B. NECKLACE COUNT

1. Table of Data for omitted Necklaces and’n—tubles

For the fsavings” realized by tﬁe J;check, -we first
examine the difference between the prenecklaces and ‘the
necklaces of length n. ' EQuation 1‘ and Equation 2
respectively compute’the values of P" and N',” respectively.

These values are presented in Table 14.
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n P N P'-N"
1 2 2 0

2 3 3 0

3 5 4 1

4 8 6 2
S 14 8 6

6 23 14 9

7 41 20 21

8 71 36 35

9 127 60 67

Table 14. Prenecklaces, Necklaces, and the Difference

The number P" is approximately twice the nﬁmber Aﬁ.:But
more information can be obtained by compéring.the number of
prenecklaces and necklaces for each of the m-classes for a
fixed ﬁ. - In particuiar, steady state becomes apparent
again. Table=15 gives values partitionéd by nrclass3fdr

the case n = 31.

27




P(m)-N(m)

Table

m P(m) N(m)
-16 1 1 0
-15 1 1 0
-14 2 1 1
-13 4 2 2
-12 8 4 4
-11 i6 8 8
-10 32 16 16
-9 64 32 32
-8 128 64 64
-7 256 128 128
-6 512 256 256
-5 1024 512 512
-4 2048 1024 1024
-3 4096 2048 2048
-2 8192 4096 4096
-1 16384 8192 8192
0 32768 16384 16384
1 65533 32766 32767
2 131049 65522 65527
3 262006 130992 131014
4 523548 261728 261820
5| 1044856| 522240 522616
6] 2079218| 1038850 1040368
7] 4110418| 2052174 2058244
8 8005876] 3990960 4014916
9/15076085] 7492056 7584029
10{26279377|12974378| 13304999
11(38218348{18604412] 19613936
12|35857846/16913378] 18944468
13111532736| 5064334 6468402
141 - 269684 97108 172576
15 1 ' 1 0
15. Count of Step Outputs (n =

31)

it apparent that Pﬁn}dw%v grows by a factor of 2 until

m > 1.

Then when the NeCklace Algorithm is performed, a

necklace representative is found without performing the =»n

rotations and comparisons. But the cost of the algorithm is

still about twice the number of necklaces found, since the

28



prenecklaces have to be determined first. Reviewing Figure

2, the number of prenecklaces that are not necklaces,
Pm)-Nf), is evidently on the order of the number of

necklaces [1]. Thus the work to determine the necklaces is

cut down from the 2" rotations and comparisons - to

OUV00)=CK2;£) as a function of utilizing the Lyndon words.

C. DEFINING STEADY STATE

Steady state has been shown to occur for particular
m—classés of prenecklaces”ih Theorem 3. | In‘thebprevious
section; the prenecklaces are determined to ’bei n—long
extensions of thevLyndon words of léngth d, for 1 < d S n.
Similarly, the necklaces are determined by extending 'to
length h the Lyndon words of length d, where d|n. We now
consider partitioning the Lyndon. words into in—élasses’ to
verify this notioa of steady state. | |

'Frbm the 'partitigning into m-classes of the
prenecklaces for a giVen. n, we can ’Count the number"of

prenecklaces for a given length of =n ~using Equation 2.

‘Since the prenecklaces are d-long Lyndon words extended to

length », we can count the number of prehecklaces‘in a given

class by counting the number of d-long Lyndon words that
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begin with the substring 1-70. Thus we can enumerate the

Lyndon words for each m-class and for any value of n.
Table 16 lists the humber'ofbprenecklaces of length nine

determined by Lyndon words of length d < 9 and partitioned

by the number J-m of leading 1’s:

T
3

WIEN Rl ol ol N

6
10
18

| | o] o] of of o o 0 <
| =] k| o] o] of o] of o] &
o] ] | = ol o of o o]l »n
oo»&'ml—-»—'oohoo-h

el o] - =l o] o of W
OOU'I;!:-[\)I\)I—-‘I.—';—-‘OI—‘
ol o ¢ o] o] of o} o} | o

=
U

W INOA[WIN| -] Q
ol oj o]l o]l o] o o] o] ~|
Hlo|lololojololol ol m

Table 16. Partitioning Lyndon Words

(Note: The decreasing values for /-m represent the
lexicographic order imposed by the Necklace Algorithm. The
Necklace Algorithm proceeds by columns, from left to right

in the table, producing each n-long extended Lyndon word

(prenecklace) .

From the table it is evident that the number of
prenecklaces in the class m = 2 is (1+1+2+3+6+10+18 =) 41.
In Table 4,‘stéady’state for the class m = 2 is 23 missing

n-tuples. We verify that 2°"-PHm) = 64 - 41 = 23. The
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reader can easily check that steady state is reached for the

‘ciass m = 1 (i.ei, missing 3 n-tuples ‘in‘ the column
.l—m=3).[

Not only.can it be determined how many prenecklsces are’
missing for a particular class, but it can be determined:how
many are missing - for a particular value of d. j By
‘precalsulating the size of the set of missing n—tuples at
_steady sfate for each mfclass, it is possible to pieéisely
‘determine the position for a given nscklace. A necklacs in
a class for which steady state has been achieﬁed can easily
be calculatéd using the known value for a precise position.
For other classes, not at steady state, this infofmation can
be helpful in establishing‘a tight upperbound for the'nuﬁber
of necklaces in a given class before initiating a‘sequenfial

search in .the list of necklaces.

31



THIS PAGE INTENTIONALLY LEFT BLANK

32




-

III. CONCLUSIbNS AND SUGGESTIONS FOR ADDITIONAL RESEARéH '
The Necklace Aigérithm ~has been shown" to  be
siénificantly more efficientb than a naive algorithm‘
producing‘ all of the necklaces of a given léngth 'ih
lexicographic order. - The aigorithm also has been showﬂ to
produée all of the_Lyndon words of lengths one through h'ih
lexicogréphic order as preneckiaces. By developing ‘the
notion of steady state, it is shown to be pbssible to find
,thev exact position of the necklace repreéentatiVe of any
particular n-tuple given that the leading substring hés at
least [ ones. If the representative necklace ’hés féWer
leading l's; a table ,is available to count the misSing
necklaces for the given class m. The class must bé at
| steady staté‘to ensure that the table éize ié feasible. 1Thel
~condition for steady state is shown to be l+2<3m.
Additional methods nust be employea when steady state has
not been achieved. | | | |
To demonstraté the application of our 'results,f ah
example is given. We choose an n-tuple: | |
| 7’ = 000110111110101.
First,vvwe determine the n—tuple;s parameters using

 Definition 1. The longest substring of 1’s is 11111; and

/
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'since I = 7 we find m = 2. Now, we check for the‘steady
state condition:
7+2 > 3(2) —9‘9 > 6 = Class m = 2 is et‘steady etate.
From Appendix A; the steady state values er odd values
of n are 3, 23, 138 in the classes m = 1, 2, and 3! The
representative of the‘necklace class is; 111110101000110.

This representative has no internal periodicity so the -
J-check would have shown that this n-tuple is'e_Lyndon word
of length d = 15. There are 242 Lyndon words of length 15

and with I-m = 5. To'locate the exact'necklace then we

would enter--the string U—Hle ( = 111111000000000). . We
then apply the Necklace Aigorithm and count how vmany
necklaces are preduced, until the correct one is foundl

From this example and our discussion in the previous
section, it ie clear that.vak.better understanding of the
Lyndon words and the development of an efficient counting
technique for a partitioning by class would result in an
improved solution for this versien of the distance problem.
With the‘knowledge of the location of a necklace telative to
an initial position in the “prefer-ones” de Bruijn sequence
a distance can be determined [5] and refined quickiy in euch ,
a manner that it would be computationally efficient. f&]

This could result in the development of a new cryptographic'
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scheme. Our methods and results may also have application
-in data compression. Certainly, it can be said the solution
to this problem is valuable for both academic and practical

reasons.

35




THIS PAGE INTENTIONAi,LY LEFT BLANK

36




APPENDIX A. TABLE OF MISSING N-TUPLES COUNTS

7194111 |13 15 17 19 21 23 25 27 29 31 -
L0 0 0 0 0 0 0 0 0 0 0 0 0 0
k1 3/ 3 3 3 3 3 3 3 -3 3 3 3 -3
|2 21 23] 23} 23 23 23 23 23 23 23 23 23 23
L3 63| 104] 128| 136 138 138 138 138 138 138 138 138 ‘138
-4 255] 459 628 704 730 738 740 740 740 740 740 740
-5 1023| 1930| 2871) 3392| 3606 3684 3710 3718 3720 3720 3720
-6 . 4095| 7926] 12584{ 15631 17038 17606 17822 17900 17926 17934
7 16383 32157] 53717 69872{ 78079 81646f 83100 83670 83886
-8 . 65535]129653| 225253 305619| 349970| 370379 379118 382732
-9 262143 520955| 932995| 1315402 1542563 1652306 1701131
-10 1048575| 2089242] 3830876| 5592057| 6710766 7275055
11 4194303| 8369683|15630420( 23543815 28890516
12 16777215{33508823| 63477929 98359882
13 : 67108863 134107119| 256902720
14 268435455| 536601228
15 . : ; 1073741823

Table 17. Missing n-tuples (n odd)

719111 } 13 15 17 19 21 23 25 27 29 31
-0 0 0 0 0 0 0 0 0 0 0 0
-1 0 0 0 0 0 0 0 0 0 0 0 0
12 2 0 0 0 0 0 0 0 0 0 0 0
-3 41 24 8 2 0 0 0 0 0 0 0 0
-4 204| 169 76 26 8 2 0 0 0 0 0
-5 907 941 521 214 78 26 8 2 0 0
-6 3831 4658 3047 1407 568 216 78 26 8
-7 4 15774] 21560 16155 8207 3567 1454 370 216
-8 64118| 95600 80366] 44351 20409 8739 3614
9 258812| 412040 382407| 227161 109743 48825
10 1040667] 1741634| 1761181 1118709 564289
111 4175380| 7260737 7913395 5346701
l-12 16731608} 29969106 34881953
13 66998256] 122795601
l-14 268165773
15

Table 18. Forward Difference (nodd)
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. 12 14 | 16 | 18 20 22 24 26 28 30
10 0 o 0 0 0 0 0 0 0 0 0
L1 1 1 1 1 1 1], 1 1 1 1 1
1-2 9 9 9 9 9 9 9 9 9 9 9
13 1 58 58| 58 58 58 58 58 58 58 58
4 288] 314| 322| 324 324 324 324 324 324 324
1.5 946] 1353| 1558| 1636] 1662|1670  1672| 1672 1672 1672
1-6 2047| 3920] 6038] 7319|  7878|  8094| ~ 8172|  8198] 8206 8208
L7 8101| 15983| 26075] 33160] 36599] 38044 38614 38830 38908
18 32767| 64609] 110209 146483| 165716| 174327| 177932 179388
19 131071| 259975| 459035 635182 736127| 783764 804579
110 524287| 1043452 1892322 2715891| 3222158 3472217
11 2097151 4182089] 7743350] 11486697] 13940496
12 8388607|16747871] 31514779 48164396
113 33554431]  67037905| 127749326
114 134217727] 268262880
1-15 536870911
Table 19. Missing n-tuples (neven)
12 [ 14 | 16 | 18 20 22 24 26 28 30

1-0 o o o 0 0 0 0 0 0 0 0

L1 o o o 0 0 0 0 0 0 0 0 0
12 o _o o 0 0 0 0 0 0 0 0 0
13 17] 8 2 0 0 0 0 0 0 0 0 0
14 467 26 8 2 0 0 0 0 0 0
L5 435 407| _205| 78 26 8 2 0 0 0
16 1873] 2118 1281 559 216 78 26 8 2
7 7792] 10092 7085|3439 1445 570 216 78
18 31842]  45600] 36274 19233] 8611 3605 1456
19 128904] _199060| 176147| 100945 47637 20815
110 519165 848870] 823569] 506267 250059
111 2084938] 3561261 3743347 2453799
112 8359264] 14766908] 16649617
113 33483474 60711421
114 134045153
1-15

Table 20. Forward Difference (neven)
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APPENDIX B. CODE FOR NECKLACE ALGORITHM
The follow1ng code is a Java program that 1mplements

the Necklace Algorithm:

import java.util.*;

import java.lang.*;

import java.io.*;

public class Theta { '

’ publlc static void main (String args[l) {

int length = 31;
int k = 1;
int sequence [] = new int[length];
int j = length-1;

int counter = 0;
int numNeck = 0;
int numType = 0;

int flag = 1;

int group [] = new int[length+l];

int sum = 0;

System.out.printin("Finding all binary necklaces of length "+
length + "."); ~

// Sets the necklace of all 1's.

for (int a = 0; a < length; a++) {
‘sequencefal=k;
System.out.print (sequencefal);

P o

System.out.println(™ “);

// Find last non zero element and decrement it

while (sequence[0] != O) {
- j = length-1; _
while (sequence[j] == 0){
i=3-1;

} ' .
// Change last one-bit and fill register.
sequence[j] = sequence([j]l-1;
if (j !'= length-1) {

for (int i = counter+l; i < length-j; i++){

sequence[j+i] = sequenceli-1];
} . '
} | _
- if (length $%$(j+1) == 0) { // J-check
for (int a = counter; a < length; a++) { : : .

. ' System.out.print (sequencela]);

}
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APPENDIX C. TABLE OF LYNDON WORD COUNTED BY PARTITIONS

Im
4| 14 13 12 1] 10 9 3 7 3 5 3 3 2 0
1 0 0 0 0 0 0 0 0 0 0 0 0 o o1
7| 0 0 0 0 0 0 0 0 0 0 0 0 0 1o
3 o o 0 0 0 0 0 0 0 0 0 0 1 )
3 0 ) 0 0 0 0 0 0 0 0 0 1 1 10
5 0 0 0 0 0 0 0 0 0 0 1 1 230
6 o] o o0 0 0 0 0 0 0 1 1 2 3 2] 0
7 0 o o 0 0 0 0 0 1 1 2 3 6 40
3 0 o 0 o o 0 0 1 1 2 3 7 10 5[0
9 0 0 0 0 0 0 1 1 2 3 g 14 18 8|0
10 0 0 0 0 0 1 1 2 3 3 15 26| 31| 110
1 0 0 0 0 1 1 2 2 8 16 30 50 56| 18] 0
12 0 0 0 1 1 2 3 3 16 31 58 93 56| 25| 0
3] 0 0 1 1 2 " 3 16 32 3) 114 78] 172]  40[ 0
14 0 1 1 2 4 3 16 32 &3 122 221 334]  299] 58| 0
15 1 i 2 3 g 16 32 64| 126] 242 32 34| 530|900
16 1 7] 7 g 16 2 ga| 127|250 77 840 1194|929 135 0
17 2 4 g 6] 32 ga| 128|254 498 9a4|  1640]  2262] 1646| 210] 0
13 a8 16| 32| 64| 128] 255| 06| . 989  1862|  3150|  4265| 2893] 316| 0
19] 8 16| 32 ga]  128] 256|  510| 1010] 1968 _ 3682|  6222| 8072 5126] 492| 0
30| 16| 32| 64| 128] 256 SIi| 1018| 2013] 3910]  7268| 12112 15239 9044] 750] 0
21| 32| 64| 128]  256] S12| 1022] 2034] 4016| 7776 14362| 23608| 28824] 16028| 1164 0|
22| 64 128] 256 512| 1023| 2042| 4061| 8006| 15454| 28358 45575| 54461| 28362 1791] 0
(35 128 256|512 1024 2046] 4082 8112| 15968| 30728 56024| 89592| 103008 50328| 2786] 0
24| 256| 512| 1024] 2047] 4090] 8157| 16198| 31836 61074 110634| 174507 194725 89249| 4305| 0
25| S12| 1024] 2048| 4094 8178| 16304 32352 63490| 121422 218542 340034| 368356] 158598 6710] 0
26 | 1024] 2048| 4095| 8186| 16345] 32582| 64604| 126592| 241352| 431607 662419| 696663| 281830| 10420] 0
27| 2048| 4006| SI90| 16370] 32688| 65120| 129024| 252442| 479802| 852524| 1290716| 1318138| S01538| 16264] 0
28 | 4096 €191] 16378| 32733| 65350| 130140| 257658| 503358| 953744| 1683767 2514709| 2493968| 892857] 25350] 0
29| 8192| 16382| 32754| 65456] 130656] 260096] 514568|1003736|1895966| 3325762| 4900000| 4720098|1591282] 39650] 0
30 | 16383 32762| 65501 130886| 261212 519800|1027594|2001434|3768843| 6568697| 9547486| 8933851|2837467| 61967] 0
31 | 32766 65522(130952| 261728 522240|1038850|2052174|3990960|7492056| 1.30E+07| 1.68E+07] 1.68E+07]5064334| 97108| 0

Table 21. n = 31 (part I)
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