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good asymptotic property. As a special case, taking a(x) = 1 leads to a result obtained 
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§ 1 Introduction 

Let X denote a random variable having density function 

f(x\e) = -^ä\h<*<^ (1.1) 

where a(x) is a function on [0, oo), and continuous, positive for x > 0, A{6) = /0 a(x)dx < 
oo for every 8 > 0, 6 is the parameter, which is distributed according to an unknown 
prior distribution G on [0,oo). 

We consider the problem of testing the hypotheses Ho : 6 < 6Q verses Hi : 6 > 60, 
where 60 > 0, is a known constant. 

Let a = i be the action in favor of #,-. For the parameter 6 and action a, we use the 
loss function 

1(6, a) = a(60 - 6)I[e<9o] + (1 - a)(0 - 60)I[e>9o]. (1.2) 

Assume that 
/ 6dG(6) < oo. (1.3) 
Ja 

Define 

and 

By Fubini Theorem, 

and 

f aG{x) = I 
J X 

r 

r°°    1 

W) 
oo      0 

dG(8), 

dG(6). 

/•OO 

/    a(x)aG(x)dx 
Jo 

(1.4) 

roo     ^ roo ro 

= L a{x)L w)dG{e)dx 
roo    roo  (i(nr\ 

=   I.   I   -^'^<^aG(0) = l 

roo 

/    a(x)il>G(%)dx (1.5) 
Jo 

* c «z) r w)do{(,)dx 
rOO rOO  fiff} 

roo 

=    /    ödG(ö) 
JO 

< oo. 



Let W(x) = 6oaG(x) — fpG(x). Using (1.4) and (1.5), we have 
/•oo 

/    \W{x)\a(x)dx (1.6) 
Jo 

/•oo 

<    /   [8o&G{x) + ipG(x)]a(x)dx < oo. 
Jo 

A test 8(x) is defined to be a measurable mapping from (0, oo) into [0,1] so that 
S(x) = P{ accepting Hi\X = x}, i.e., S(x) is the probability of accepting Hi when 
X = x is observed. 

Let R(G, S) denote the Bayes risk of the test S when G is the prior distribution. Then 
R(G, 8) can be expressed as 

/■OO     /-OO 

R(G,5)   =   CG +       /    6(x)(0o-6)f(x\6)dxdG(O) (1.7) 
Jo   Jo 

/•oo /-oo 1 

=   CG + JQ   6(x)[jx   (6Q-e)—dG(9))a(x)dx 

/•oo 

=   CG+ /    5(x)[60aG(x) - ißG(x)]a(x)dx 
Jo 

/•oo 

=   CG+       S(x)W(x)a(x)dx 
Jo 

/•oo 

=   CG+       5(x)[60 - (fiG(x)]aG(x)a(x)dx, 
Jo 

/•oo 

CG = jo  (9-60)I[9>eo]dG(6), 

<j>G{x) = E[0\X = x} = ^f\. 

Here, (f>G(x) is the posterior mean of 0 given X = x. <j)G{x) is continuous and increasing 
in x. 

From (1.7), we see that a Bayes test SG is determined by 

x       ,      y. j     1 if W(X)    <   0 f.     -> 
*G^ = { 0   if    W(x) > 0 <L8) 

f 1   if    <M*) > 0o 
\ 0   if    0G(x) < 0O. 

The minimum Bayes risk is 
/•OO 

R{G, SG) = CG+       SG(x)W(x)a(x)dx. (1.9) 
JO 

To exclude trivial cases, we assume that 

{ ^(0) < *» (1 10) 1 G(90) ? 1 ^-1Uj 

where 

and 



Prom (1.10), we see that <J>G{X) is strictly increasing and there exists a unique point 
bG < 60 such that (f>G{bG) = #o- ^G(^) < #o for x < bG, and (J>G(X) > 60 for x > bG- 
Therefore, the Bayes test 5G can be represented as 

, .      j 1   if    x > bG 
SG
^ = { 0   if    x < bG. 

We assume that, for some constant B > 0, 

sup    \4\x)\<B, (1.11) 
O<x<0o+1 

where i = 0,1, • • • , r and r > 1. Note that (l.ll) implies that G'(x) exists for 0 < x < 
9Q + 1. Furthermore, we assume that 

G'(bG) + 0. (1.12) 

We will deal with this testing problem via the empirical Bayes approach. The empir- 
ical Bayes approach was introduced first by Robbins (1956, 1964). Let X\,Xi, • • -,Xn 

denote the observations from n independent past experiences. Let X be the present ob- 
servation. Denote Xn = (Xi,X2, • • •, Xn). An empirical Bayes test Sn(X, Xn) is defined 
to be the probability of accepting Hi when^X" and Xn are observed. Let R(G,Sn\Xn) 
denote the Bayes risk of 6n conditioning on Xn and R(G, S) = E[R(G, S\Xn)] the overall 
(unconditional) Bayes risk of ön.   

Since R(G,6G) is the minimum Bayes risk, R(G,Sn\Xn) — R(G,SG) > 0 for all Xn 

and for all n. Thus, the regret R(G, SG)—R(G, SG) > 0 for all n. The nonnegative regret 
R(G, ön) — R(G, 5G) is often used as a measure of performance of the empirical Bayes 
test of Sn. 

Empirical Bayes problem for the Uniform (0,6), a special case of (1.1), was studied by 
a number of authors: Fox (1978), Van Houwelingen (1987), Nogami (1988), Liang (1990) 
and Karunamuni (1999). For the distribution family having density (1.1), Gupta and 
Hsiao (1983) considered the empirical Bayes rules in the selection problem formulation, 
Datta (1991) studied the empirical Bayes rule in the estimation problem formulation. 

In this paper, we consider the empirical Bayes rule in the testing problem formulation. 
For clarity, we consider the different cases of a(x): 

Case 1 : a(x) —> a0, where 0 < ao < oo, as x I 0, 

Case 2 : a(x) I 0 as x I 0, 

Case 3 : a(x) t oo as x I 0, 

Case 4 : a(x) —>■ 0 as x I 0, 



Case 5 : a(x) —> oo as x 4- 0, 

where f ( or .1) stands for "goes to increasingly" (or "goes to decreasingly", respec- 
tively). 

Although Case 2 is the special case of Case 4 and Case 3 is the special case of Case 
5, our approach (or result) is a little different between Case 2 and Case 4. Also our 
approach is different between Case 3 and Case 5. So we treat Case 2 and Case 3 as the 
separate cases. 

Define 
G\ = {G : G satisfies (1.10), (1.11) and (1.12)}. 

For some f > 0, L > 0 and b0 > 0 in Cases 2, 3, 4, 5, b0 = 0 in case 1, define 

02 = {G:G satisfies (1.10) and (1.11), bG>b0,   min   \W'(x)\ > L}, 

where Nba(£) — {x : 0 V (bG - £) < x < (bG + £) A 60}. Then we can construct a Bayes 
test 6n such that its regret has a convergence rate of order 0(n_^+T) or 0(n~^+ie~1) 
(different rates in different cases) for any G G <?i, where en is any prespecified (large) 
positive sequence such that en —> 0 as n —> oo. And we can also construct another 
empirical Bayes test Sn such that its regret has a uniform convergence rate of order 
0(n-27+r) over the class Q2- Taking a(x) = 1, we would get that supGeÖ2 R(G, S) - 

R(G, 5) = (^(n-^+i), which is a result obtained by Karunamuni (1999). But we exclude 
the condition that bG falls in some known interval [0, po], where p0 < Oo is a known 
constant. 

The paper is organized as follows: §1 gives the introduction; §2 constructs the em- 
pirical Bayes test Sn; §3 proves that the empirical Bayes test has a good asymptotic 
property. §4 proves the lemmas stated in §3. 

§ 2 Construction of Empirical Bayes Tests 

We use the kernel method to construct the empirical Bayes tests.  Let K0(y) be a 
Borel-measurable, bounded function vanishing outside the interval [0,1] such that 

£•*.<»)*={ J £ j:?;2,...,r-i,    <«> 
and let 

K1{y)= fyKQ(s)ds. (2.2) 
J o 

We may let Bx be a positive constant such that |/^o(y)| < Bx for all y e [0,1]. Let en 

be any (large) positive sequence such that en ->• 0. Without loss of generality, assume 



en > logn' Let un be a positive sequence such that un < 1 and un —> 0 as n —> oo. For 
any x G (0, oo), define, for Case 1, Case 2 and Case 4, 

, x _   1  ^ *o( **?) 

WJ     nu£    a(^)        n£    «(*i)    ' 

(2.3.1) 

(2.3.2) 

and for Case 3 and Case 5, 

an{X}-    nu£    a{X-)    ' (2-4.1) 

(2.4.2) 

Let Wn(x) = ö0an(a;) — V'n(^). We shall show later that Wn(x) is an asymptotically 
unbiased and consistent estimators of W(x) (Lemma 3.1). For any G € Q\, we propose 
an empirical Bayes test Sn(x,Xn) by 

x   _ f 1   if    (x>e0) or (d„ < x < e0 and Wn(a;) < 0), .     . 
71     \ 0   if    (a; < dn) or (dn < a; < 90 and WB(a;) > 0), K     ] 

where 

dn 

0 for Case 1, 
max{a;: a(x) < rjn} for Case 2 and Case 4 , (2.6) 
max{i: a(x) > ^,a(x) > ^} + u    for Case 3 and Case 5 , 

2r+l 
and f]n = en

2r . Since r\n —> 0 as n —> oo, we know that dn —> 0 as n —> oo. Suppose iV0 

is the smallest positive integer such that bo > dx0. Then be > dn for n > N0. When we 
discuss 8n, we always assume that n > N0 without further mention in this paper. 

Note that W(x) < 0 if x e (0,6G]; W(x) > 0 if x e [bG,00]. Then the conditional 
regret of 6n can be expressed as 

R{G,Sn\Xn)-R(G,6)   =    /   (Sn - 8)W(x)a(x)dx 
Jo 

=    /     I[Wn(x)<o]W(x)a(x)dx 
Jdn 

+ /    I[Wn{z)>o]\W(x)\a(x)dx 

(2.7) 



and the unconditional regret of Sn becomes 

ArbG 

dn 

+ 

R(G, Sn) - R{G, Ö)   =   f ° P{Wn{x) < 0)W{x)a(x)dx (2.8) 
Jdn 

f ° P(Wn(x) > 0)\W{x)\a(x)dx. 
Jbn 

For G G G2, we also propose another empirical Bayes procedure Sn by 

f 1   if    (x>60) or (60 < x < 0o and Wn(x) < 0), .     . 
n     1  0   if    (a; < 60) or (b0 < x < 60 and Wn(x) > 0). { *> 

Then the unconditional regret of 5n becomes 

I bo 
R(G, 6n) - R(G, Ö)   =    f ° P(Wn(x) < 0)W(x)a(x)dx        (2.10) 

Jbo 

+ f° P(Wn{x) > 0)\W(x)\a(x)dx. 
Jbn 

In the following section, the convergence rate of unconditional regret of Sn for every 
G e Qi and the uniform convergence rate of unconditional regret of 6n over Q2 are 
considered. 

§3 Asymptotic Optimality of Sn and Sn 

The convergence rates of Sn and ön depend on the properties of W(x) and Wn(x). The 
more information about W(x) and Wn(x) (including a(x)) is used, the more accurate 
rate we will get. So firstly, we dig out a few properties of Wn(x) and W(x). That is a 
few lemmas, whose proofs are left to §4. Then we state a well-known fact. Following 
that, two theorems about asymptotic optomalities of Sn and Sn are given. 

Note that 

Wn(x) = e0an(x) - 7pn(x) = - £ V(Xj,x, n), (3.1) 

where, for Case 1, Case 2 and Case 4, 

V(A„x,n)-     n     x    ^ a(x^   , (3.2) 

and for Case 3 and Case 5, 

V(JL„x,n) u     x    a{x^    +    a{^   . (3.3) 

A 



Let W(x, n) — E[V(Xj,x,n)] and Zjn = V(Xj,x, n) - W(x,n). Then we have 

Lemma 3.1 W(x, n) can be expressed as 

W(x, n) = W(x) + urW{x, n), (3.4) 

where W(x, n) is some function such that for all x e [dn A bo, 9o], 

\W(x,n)\<2-^^BB^B2. (3.5) 

Lemma 3.2 For x G [O,0O], \W(x)\ < 260B. 

Lemma 3.3 For any fixed n, Zjn are i.i.d., and for x G [dn A &o, Qo]> EZjn = 0, 

and 
mi<2eoB+B2+?m±iit (3.7) 

a£ ua*(x) 

where Bz = (20Q + l)B1\/B) and 

*( \ _ / niin{o(s) : x < s < x + u}    for Cases 1, 2, 4, /~ s\ 
^ '     1  min{a(s) : x — u < s < x}    for Cases 3, 5. \ • J 

From Lemma 3.3, we see that 

P(Wn(x) > 0) = P{r-r^= £Zin > -Jn~o^W(x,n)), (3.9) 
y/nEZ]n i=i 

and 

P(Wn(x) < 0) = P(   J— £ Zjn < -yfc*W{x> n)). (3.10) 
y/nEZjn i=i 

Based on Lemma 3.1, we obtain the following useful result: 

Lemma 3.4 For x G [dn A b0,00], 

W(x) > 2B2u
r => W(x, n) > 0 and J?}X\ < 2, (3.11) 

W{x, n) 



and 

W(x) < -2B2u
r => W(x, n) < 0 and \^,      A ^ 2- (3-12) 

W (x, n) 

Lemma 3.4 allows us to replace W(x,n) with W(x) in (3.9) and (3.10). That makes 
things a little easier since we will see that W(x) does not depend on n and has a few 
good properties. 

The above four hold for any G G Q\ or Q2. Note the bounds in above lemmas do not 
depend on G. So they are the uniform bounds over Qi and Q2. Next two lemmas give 
the results related to some G G Q\, which will be used only when we consider Sn. 

Lemma 3.5 For any G G Q\, there exist cG\ and cG2 such that 0 < cat < &G < CG2 < 
6Q, and for all x G [CQI, CG2], 

\W,(x)\^^)(eo-bo)^Bäl (3.13) 

for all x G [0, cGi] U [cG2,00], 

\W(x)\ > W(cG1) A \W(cG2)\ = BG2. (3.14) 

Lemma 3.6 For any G G Q\, let UG = max{a(x) : cGi < x < cG2}.   Then there 
exists an integer Ni(> N0) such that for n > Ni, 

/    I[\w(x)\<2Bau*]a(x)dx < AB2BG1UGur'. (3.15) 
Jdn 

Let LG = min{a(:c) : ^ < x < cG2 + g°~2
Cg2}.  Then there exists an integer N2(> Ni) 

such that for n > Ni, 

• /r)i >
L

G    forxe [cG1, cG2], 
K '{ > Vn      forx G [dn, dn V cG1] U [cG2,60]. ^LX>) 

When we consider the uniform rate of convergence of [R(G, 6n) — R(G, 5)], we need 
the following two lemmas. 

Lemma 3.7 For all G G Q2 and all x G [0 V (bG - £), (bG + 0 A d0], 

\W'(x)\ > L, (3.17) 

-J 



for all GtQ2 and all x e [0,0 V {bG - £)] U [(bG + 0 A 0O)0O] 

\W{x)\ > L£. (3.18) 

Lemma 3.8 Let Ua = max{o(a;) : bo < x < 80}.   Then there exists an integer Ni 
such that for all n > Ni, 

/    I[\w(x)\<2B2w]a{x)dx < —\—-ur. (3.19) 
Jbo -L/ 

Let La — min{a(a;) : ^ < x < 9Q + 1}.  Then there exists an integer N2 > iVx such 
that for all n > N2 and x G [b0,60] 

a*(x)>La>0. (3.20) 

Next we state a general well-known result. It is about the non-uniform estimate of 
the distance between the distribution of a sum of i.i.d. random variables and the normal 
distribution. 

Result Let Xi,X2, • • • ,Xn be i.i.d random variables, EXi = 0, EX\ = a2 > 0, 
E|Xi|3 < 00. Then for all x 

iF„w-ttWi<^(1;M)3. 

Here ^(x) is the c.d.f. of iV(0,1), Fn(x) and p are given by 

K(*) = P(^±Xi<*),       , = &£-. 

Remark The above result can be found in Petrov (1975, ppl25 Theorem 14) or 
Michel (1981). Here A is independent of n. Michel proved A < 30.54. 

Prom the above result, we see that, for any fixed n, 
if x > 0, 

P(^t,Xi>x) (3.21) 

=   l-Fn(x) 

<   1 - $(x) + A 
Vn(l + |:r|)3 

£|*i|3 

<   l-*(x) + A 3, \Jn\x\a6 

10 



if x < 0, 

Pi^±X*<*) (3-22) 

=   Fn{x) 

<   ${x) + A 

<   ty(x) + A 

Vn(l + \x\)3 

\/n|a;|c73' 

Now, we prove our main results. The first one is related to 8n: 

 L_  L_ L 
Theorem 3.9 Let u = u(n) = n 2^+i for Cases 1, 2, 3, 5 and n ^+^en

2r for Case 
4- Then we have, for every G G Q\, as n -» oo, for Case 1, Case 2, Case 3, Case 5, 

hm n^+i [R(G, 8n) - R(G, S)] < 16B2BGlUG + 2BG < oo, (3.23.1) 

and for Case 4, 

lim n^ien[R{G, 6n) - R(G, 6)] < 16BlBG1UG + 2BG < oo, (3.23.2) 
n—>oo 

where 

BG = < 

2e0BA(9Q) + 2B°lB$u° + 2A(260B + B2 + 2^±1)A{$0) for Cases 1, 5, 

20oBA(eo) + 2BalYG + 2A[{290B + B2)A(e0) + (290B1 + 1)0O]    for Cases 2, 3, 

260BA(e0) + 2BG
I

B
J
UG

 + 2A(260B + B2 + 20o#i + 1)A(90) for Case 4, 

and amin = min{a(a;) : 0 < x < 0O} > 0 in Cases 1, 5. 

Proof. From (2.8), 

R(G,6n)-R{G,6)   =    fbG Pn(Wn(x) <0)W(x)a(x)I[0<w(x)<2B2Ur]dx (3.24) 
Jdn 

f0O 
+ /    Pn(Wn(x) > 0)\W(x)\a(x)I[_2B2u'-<w(x)<o]dx 

Jba 

fba 
+ /    Pn(Wn(x) < 0)W(x)a(x)I[W(x)>2B2w]dx 

Jdn 

/•Ö0 
+ /    Pn(Wn(x) > Q)\W{x)\a{x)I[w^)<_2B2Ur]dx 

Jba tba 

=   I + II + III + IV. 

Part I and Part II are easy to handle, since we have Lemma 3.6. Using (3.15), we have, 
as n > Ni, 

I < 2B2u
r f ° I[o<w(x)<2B2ur]a{x)dx < 8B2BG1UGu2r, (3.25) 

Jdn 

11 

_J 



and 

// < 2B2u
r f ° I[-2B2ur<w(x)<o]a(x)dx < 8B2BG1UGu2r. (3.26) 

JbG 

Part III and Part IV are a little more complicated. We treat Part III first. Using (3.9), 
(3.11) and (3.22), we have 

///   <    jG P(-]==itZJn<-\/^W(x:n))Imx)>2B2Ur]W(x)a(x)dx (3.27) 
Jdn       yfnEZjn i=i 

fbG l n 1    /  
< /     P{  r-^T^Zjn ^ --\Jna-2W{x))Imx)>2B2u']W(x)a{x)dx 

Jdn       ^JnEZ]nj=i 2 

fba T ,   1  / Tr,,/ „„„ x  / x,       fba       AE\Zin\3W(x)a(x)dx < I n—2^
2w{x))w{x)a{x)dx+ ■ 71  \> y  

< / ty{--Jna-2W{x))W(x)a(x)dx 
Jdn 2i 

+ I °     y(-ljna-2W(x))W(x)a{x)dx 
JcQlVdn 2  V 

fbc 2A     E\Zjn\3   . , , 
+ /     — x     '  f   a(x)dx 

Jdn    n al 
=   V + VI + VII. 

Using (3.6), (3.16) and (3.14), we have 

V   <    riVd" ^-lv^^BG2)W(x)a(x)dx 
Jdn I Dz 

BQ2 /-CGlVdn 
=   ^(-7T5~VnuVn) / W(x)a(x)dx 

Zn3 Jdn 

<   H-^wV^h) fbG W(x)a(x)dx 
lt>z Jo 

< H-^V^h)x2eoBA(eQ). 
Itiz 

Since y/nur)n > logn, there exists an integer N3(> N2) such that for n > iV3, $(—§§^^nwqn) < 

v < 29OBA(0O) < 2fl0£,4(flo) 
~ n —        n« 

As for Part VI, using (3.6) and (3.16), and making change of variable y = ^y/nuLGW(x), 
we obtain 

VI   <    [°     $(--^-Jnua*(x)W(x))W(x)a(x)dx (3.29) 
JcaiVdn 2B3 

V 
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< fbG     UG^-^Jn~u~LG'w(x))W(x)dx 
JcG1ydn z±$3 

< -BG1UG f
bG     ${-^-JnuLGW(x))W(x)W'{x)dx 

ABG1BlUG      1   f^V^Lc-w(cGivdn) 
<    r^— x — / $(-y)ydy 

LG nu Jo 
^   ABG1BlUG       1    roo 
<    p-2— x — /    $(-y)ydy 

LG nu Jo 
2BGxBzUG      1 

LG nu 

We consider VII in different cases. For Case 1 and Case 5, 

vn   <    2A{2S0B + B2)A(Oo) + 2A^200B1 + l 

nu n Jdn     ua*(x) 

< 2A{260B + B2)A(60)  | 2A(260B1 + l)A(60) 
~ nu aminnu 

For Case 2 and Case 3, 

vn   <   2A(2e0B + B2)A{eo)+2A^2^ + i 
nu n Jdn      ua(x) 

< 2A(260B + B2)A(e0)     2A(260 + l)B160 

~ nu nu 

For Case 4, 

vn   <   2A(2ft,B + B,)AW + 2d^M,B1 + l 
nw n Jd„        urjn 

Combining (3.28), (3.29) and (3.30), we get that when n > N3, 

III <{BR
GX^      ?r ?SeS/' 2' 3' 5' (3.31) ~ I B

G x ^    for Case 4. V       J 

Now we deal with IV. Similar to III, we get 

IV ^    L ° P(  A^r E 3f» ^ -\fn~^W{x, n))I[w{x)<_2B2Ur]\W(x)\a(x)dx    (3.32) 
1/60       VnjBZi" ^'=1 

f9° 1        n 1   /  
-    /,   P(  /  r^2 E

Zin > -xVnorn2^(^))Vw<-2B2^]|^(a;)|a(a;)da; 
Jba      y/nEZ]n j=i ^ 
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Jba * Jbc y/nx i Jna-2\W(x)\ x o\ 

<    [e°[l-nl\f^2\W(x)\)W(x)\a(x)dx 
JCG2 4 

fcG2 1     /  + Jb     \l-n-^\f^2\W{x)\)]\W{x)\a{x)dx 
ba 

«o 2A     £|Zin|3 

/    — x        •     a(x)dx 
Jbn   n oi 

+ 
lba    n ~n 

=   WJ7 + /X + X 

Using (3.6), (3.16) and (3.14), we have 

VIII   <    I'0[1-^(1^^-BG2)]\W(x)\a(x)dx 
JcG2 * r>z 

=   [1 - *(^>/™<h)\ r \W(xMx)dx 
An 3 JcG2 

<   [1 - H^V^h)} r \W(x)\a(x)dx 
zn3 JbG 

z±s3 

By the symmetric property of ^(x), for n > N$, 1 — ^(fg2-y/nwqn) < £ and 

VIII < 29°BA^ < ^>. (3.33) 
n nw 

Similar to VII, we obtain 

r°G2 l     i  
IX   <    /     [l-${-—-Jnua*(x)W{x))]\W(x)\a(x)dx (3.34) 

fCG2 I /  

< /      UG[l-$(- — y/nuLGW{x))]\W(x)\dx 
JbG AÜZ 

< -BGlUG [
CG2[l - ^-^fiu~LG~W(x))]\W(x)\W'(x)dx 

JbG Itiz 

^   ABGlB
2

3UG      1   f^V^r^\w(cG2)\ 
< r 

3     x — / [i-*(y)]ydy 
LG           nu Jo 

1    f°° 
x — /    [1 - $(y))ydy 

nu Jo 
>±±JG1±J3 

LG 

2BGiB3UG       1 
— r X . LG nu 

We consider Part VII in different cases. Obviously, for Case 1 and Case 5, 

x   <   2A(2^ + g,MW +2^-2^ + 1 
nu n JbG     ua*(x) 
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< 2A(260B + B2)A(e0) | 2A{290B1 + l)A(e0) 
~ nu aminnu 

where amin = min{a(x) :0<x< 9Q}. For Case 2 and Case 3, 

2A(260B + B2)A(60) , 2A ^2^ + 1  , w A    <   — —-—- H /     7-7—a(x)dx (3.35.2) 
nu n JbG     ua(x) 

< 2A(260B + B2)A(0o)     2A(260B1 + l)g0 
— nu nu 

For Case 4, 

2A(2fl0g + £?2),4(flo)     2A /-«o 200B1 + 1 
A   <   —- —-—- H /     a(x)dx (3.35.3) 

nu n JbG       urjn 

< M(M,B + ft)AW + +    x x J__ 

Combining (3.33), (3.34) and (3.35), we get that when n > N3, 

BG x -i-       for Cases 1, 2, 3, 5, 

nU77n 

From (3.25), (3.26), (3.31) and (3.36), we get, for n > N3 

IV^\BGx
n^r    for Case 4.'   '   '   ' <3-36) 

R(r x\   Mr x\ < / 16B
2
B

GIUG X u2r + 2BGx±       for Cases 1, 2, 3, 5, 
Ä(G, ä»)-Ä(G, 6) < | 16B2BGIUG X M2r + 2£G x ^_    for Case 4, <3-37) 

nUT]n 

1 _ „ , 2r 
For Cases 1, 2, 3, 5, w = n 2/+1. So tt2r = — = n ^+1   and 

lim n5^r[Ä(G, 5n) - R(G, 6)] < IQBJBG1UG + 2BG < 00. 

For Case 4, we have u = n 2r+1€n 2r, ??„ = en
2r . So «2r = —— = n  2r+1e~1, and 

lim nwen[R{G,5n) - R(G,5)] < 16B%BG1UG + 2BG < 00. 
ft—^OO 

The proof is completed. 

Next, we consider the uniform rate of convergence of R{G, 8n) — R(G, S). 

Theorem 3.10 Take un = n_2f+r.  Then we have, as n -» 00, for Case 1, Case 2, 
Case 3, Case 4, Case 5, 

Jim nw sup [R(G, Sn) - R(G, S)] < —f^ + 2Ba < 00. (3.38) 
2r 

Geg2' 
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Proof. In this proof, let cGl = 0 V (bG - f), cG2 = (bG + f) A 90. For any G € Q, like 
(3.24), we have 

R(G,Sn)-R(G,S)   =    lG Pn{Wn(x)<0)W(x)a(x)I[Q<wix)<2B2Ur]dx (3.39) 
Jbo 

+ /    Pn(Wn(x) > 0)\W(x)\a(x)I[-.2B2w<w(x)<o]dx 

rbü 
+ /     Pn(Wn(x) < 0)W(x)a(x)I[w^x)>2B2ur]dx 

Jbo 

+ /    Pn{Wn{x) > 0)\W(x)\a(x)I[Wix)<„2B2W]dx 
Jbn I bG 

=   I + II + III + IV. 

Using (3.19), we have, as n > JVi, 

rbo , , , .     . SB2U, 
I bo 

and 

lbG 

Similar to (3.27) 

roc X hi 11 
I < 2B2u

r /    /[o<w(rE)<2B2«'-]a(^)rf3; < —2—^u2r, (3.40) 

rOo RB2U 
II < 2B2u

T /    I[-2B2ur<w(x)<o}a{x)dx < —f-Vr. (3.41) 

fCGlVbo 1      /  

///   <    / ^(--Jna-2W(:r))W(a;)a(:E)<£r 
./fco ■" 

+ / °     y{-\\lna-2W{x))W{x)a(x)dx 
JcaiVbo 2 V 

+ /     — x        ^     a(rr)cfa 
•/&o     n cr^ '6o     .- ~n 

V + y/ + VII. 

Consider Part V first. If b0 < cGi, 

/•CGlVfco 1 x/llTj 
V   <    / ${~yfcy^L£)W{x)a{x)dx 

Jbo 2 B3 

=   ®(-7TET<J™La) / W(x)a(x)dx 

<   $(-J£</^) fe° W(x)a{x)dx 
2B3 

v Jo 
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Since y/nuLa > logn, there exists an integer iV3(> N2) such that for n> Ns, ^(—■^-y/nuLa) < 

n an(^ 

V < ^£/(«b). (3.42) 

Now consider VI. 

VI   <    [G     §(--^-Jnua*(x)W(x))W(x)a{x)dx (3.43) 

< C/a/
6G     ^{--^-yfn~u~LaW{x))W(x)dx 

< -L^Uaf"0    ^-^Jn~uTaW(x))W(x)W'(x)dx 
JcGX\/bo Z±>3 

BJUa 1     f^V^W(cGiVb0) 
< —— x — / $(-y)ydy 

LLa      nu Jo 
ABZU        1    r°° 

LLa       ntt JO 

< 2B|^xJ_ 

For VII, using (3.7) and (3.20), we have 

K/7 < —(260B + B2)A(6Q) x - +   /   v 0J x —. (3.44) 
n n La nu v       ' 

Combining (3.42), (3.43) and (3.44), we get that when n > N3, 

III <Bax—, 
nu 

where 

Ba = 260BA(e0) + ^ + 2A(280B + B2)A(60) + AM^A^\ 

Similarly, we have 

IV < Ba x —. (3.45) 
nu 

From (3.40), (3.41), (3.44) and (3.45), we get, for n > N3, 

R(G, Sn) - R(G, 5) < UB}Ua x u2r + 2Bax — 
L nu 

Since u = n~2F+r  u
2r = — = n-sr+r. When n > N*, 

n*rr sup [Ä(Gj «y _ Ä(G) 5)] < 16^ + 2ßa 
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This completes the proof. 

Remark For Case 1, b0 = 0. Since (1.10) implies be > bo = 0, we have 

02 = {G:G satisfies (1.10) and (1.11),   min    \W/{x)\ > L}. 
*eJV(,G(o 

Theorem 3.10 tells us that 

lim n^Ti sup [R(G, 6n) - R{G, 6)} <       T
2  a + 2Ba, 

n^°° G€G2 L 

which is a result obtained by Karunamuni(1999).  But we do not require in Q2 that bo 
falls in [0, po]> where po < 60 is a known constant. 

§ 4 Proofs of Lemmas 

Proof of Lemma 3.1 From their definitions, ota{x) and ipG(x) are monotone func- 
tions. Thus aG(x) < 00 and ipG(x) < 00 for x > 0 by (1.4) and (1.5). Since aG (0) < B 
from (1.11), aG(0) < 00, and ^c(0) < /o ^ + /i°° jfcdG{e) < aG(0) + VG(1) < 00. 
So we have aG(x) < 00 and ipG(x) < 00 for all x > 0. Note that 

r°° dG(0) , 
ds 

roo roo roo 

L ao{s)ds = L Wo /[*>^(0) 
- Tr     (ft   r)dG^ - Jo   i^-^-Mß) 
=  r{e-x)dG^ 

Jx A(6) 
=   ipG(x)-xaG(x). 

Then roo 
W(x) = (60-x)aG(x)- J    aG(s)ds. (4.1) 

In Cases 1, 2, 4. Using Taylor's Theorem, (2.1) and (2.2), a straight-forward computation 
shows that 

El-^rf^] (4-2) ua{Xj) 

- f f ^^w,W) ua(y)   A(ey 

]A{6Y 
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=    /    -KQ( )aG(y)dy 
Jo    u u 

=    f K0(t)aG(x + ut)dt 
Jo 

=    f K0(t)aG{x)dt + f K0(t)utaG-\x)dt + ---+ f K0(t)^—-a{
G
]\x + ut\)dt 

Jo Jo Jo v\ 

=   aG{x) +ur x- f K0(t)t
ra{

G\x + ut{)dt, 

where 0 < t{ < 1. Also, 

rXi-Xs 

E'ik) ■ (43) 

roo    roo öl   o» 

=    /     /    Kx^-^)otQ{y)dy 
Jo   Jo u 

=   -[tfi(^) raG(s)dS]\~x + I riraG(s)ds}K0(
y-^)dy 

U        Jy * U JO      Jy U 
roo roo 

=    /    K0(t)[        aG(s)ds]dt 
JO Jx+ut 

roo     roo roo 

=    /    [/    aG(s)ds]dt+       K0(t)aG(t)utdt + ■ • • 
Jo     Jx Jo 

roo ..r+lfr+1 

+ Jo   KoW-^^c&iz + vQdt 

roo tf£r+1        f°° I  \ 
=    /    aG(s)ds + uT x — /    K0(t)a

(
G'(x + utl)dt, 

Jx (r + lj! Jo 

where 0 < t*2 < 1. Let 

W(x,n)   =   ^° ~ ^ f1 f+1K0(t)ofc\x + ut\)dt (4.4) 
r!      JO 

"FTl)! T f+lK°Wao(x + Odt. 

By (3.2), (4.1), (4.3) and (4.4), we have 

W(x, n) = W(x) + urW(x, n). 

Since a%\x) < B for x <E [0,6Q+1], x+ut\ < 80+l and x+ut*2 < 00+1 for x G [rfnA60, #o], 
cya DD 
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for x € [dn A 60,0o]- F°r Cases 3, 5, the similar computation shows that 

W(x, n) = W(x) + urW(x, n), 

and |W(:r, n)| < B2 for a; G [dn A 60, #o]- 

Proof of Lemma 3.2 By (1.10), VG(0) < o0aG(0) < ö0ß. Thus ipG(x) < 60B for 
x € [0,#o]- Then we have 

\W(x)\   = \e0aG(x)-Mx)\ 
< 60aG(x) + ipG(x) 

< 60aG(0) + V'G(O) 

< 260B. 

Proof of Lemma 3.3 Obviously, Zjn are i.i.d.  for fixed n.  A few computations 
show that, for Cases 1, 2, 4, 

2       _        IP ryl 
1 

2 

<   =   EZjn 

< E[V(Xj,x,n)Y 
_    r re0-xK0(^)      Kx{^)    a(y) 

~   Jo   Jo   [~u Tjy) aW~]W)[0<y<9]y     {) 

=    /       *    ,    A(e0-x)Ko(t)-uKl(t)]2aG(x + ut)dt 
Jo  ua(x + ut) 

< -^—A26QBl + Bl)
2. 

Then (3.6) is proved. And also, 

|Z„, . M|^fMS_M2+j%B)| 
1  J ' y>o '    M        o(y) a(y)        '    v      /! 

ua*(x) 

For Cases 3, 5, the proof is similar. We omit it here. 

Proof of Lemma 3.4 From Lemma 3.1, \W(x, n)\ < B2 for all x G [dn A b0,80]. If 
W(x) > 2B2u

r, 

u~rW(x, n) = u-r{W(x) + urW(x, n)] = u~rW(x) + W(x, n) > 2B2 - B2 = B2 > 0 
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and 

W(x)     _ u-rW(x) 
W(x,n)    ~   u~rW(x) + urW(x, n) 

u-rW(x) - 2B2 + 2B2 

~    u~rW{x) - 2B2 + B2 

<   2. 

Then (3.14) is proved. (3.15) can be proved in a similar way. 

Proof of Lemma 3.5 From (1.11), we know G'(x) = g(x) exists. Then 

«"(*> = |Ü<*-«.>- 
Thus we have W'(x) < 0 for x < 0„. By (1.12), we know W'(bG) < 0. Since W'{x) is 
continuous by (1.11), we can choose cGi and cG2 such that cGi < 6G < CQ2 < &o and for 
all re e [cGi,cG2], 

_H,(X) > =^M s B-. 

On the other side, let BG2 = mm{W(cGi), \W(cG2)\}. We have 

\W(x)\ > BG2. 

Proof of Lemma 3.6 Since ur -¥ 0 as n -> oo. There exists an integer Nx{> N0) 
such that for all n> Nx, 

2B2u
r < BG2. 

Then |W(rc)| < 2B2u
r implies x e [cGi, cG2\. So, using change of variable y = ^f^, we 

have 

roo [CG2 

\    I[\w(x)\<2B2w]a(x)dx   =    /      I[\w(x)\<2B2w]a(x)dx 
JO JCGI 

< UGBGi /      I[\w(x)\<2B2w][-W(x)]dx 
JCG1 

< 2UGBG1B2u
rj^ I[mi]dy 

2B2vT 

<   4B2BG1UGur. 

(3.11) is proved. As for (3.12), we take N2(> iVi) such that u < ^ A e°~2
C(72 and 

7]n < min{a(a;) : 0 < x < 60} for cases 1, 3, 5. For x > dn, by our definition of dn, 
a*(x) > r]n for Cases 2, 4 and a*(x) > min{a(a;) : 0 < x < 00} > r)n for Cases 1, 3, 5. 
For x e [Car, CG2], we have ^<x-u<x + u<CG2 + e-^=^. Thus a*(x) > LG. 
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Proof of Lemma 3.7 (3.17) is from the definition of Q2. We prove (3.18) here. If 
bG — £ > 0, for x G [0, bG — £], by the mean value theorem 

W{bG-Z)-W{bG) = -W'{x*% 

where re* € [bG - f,6G]. Note that W(6G) = 0 and \W'{x)\ > L. Thus \W(bG - 01 > L£- 
If 6G + £ < 0o, ^(6G + 0 - w(ba) = W"(a;**)& where z** € [6G,6G + 0-   Thus 

\W(bG + 01 > ££• So for a; e [0,0 V (bG - 0] U [(6G + 0 A 00,0O], \W(x)\ > L£. 

Proof of Lemma 3.8 
Since ur —>■ 0 as n —¥ oo. There exists an integer Ni such that for all n > N\, 

2B2u
r < L£. 

Then |W(a;)| < 2B2u
r implies x E [0 V(6G —0) (&G+0 A0o]- So, using change of variable 

^ = S> we have 

/•fO flOG+UAI/o 

/       J[|W(z)|<2B2u
r]a0C)Ckr     =      / ■f[|W(a;)|<2B2Kr]0(:r)^a:; 

<   UaL     / J[|w(*)l<2Bau'][-W (rr)]«te 
J0V(6G_f) 

lUaD2U       f 2B2W 

-      1  JwUbg+tWa) HM^rV 
2B2«

r 

.   4B2f/a  r 

We prove (3.20) for different cases. For Case 1, &o = 0, a*(x) > La. For Cases 2, 3, 4, 5, 
we can find iV2(> TVi) such that u < \ A1. For x E [60,0o], ^ < z - « < z + « < 0o +1- 
Thus a*(a;) > La. 
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