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The Magnetic Dipole Moment of 
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J. Watermann 

Executive Summary: 

In September 1998, a four-hour experiment was conducted in order to measure 
the magnetic signature of the NATO research vessel Alliance. DGPS naviga- 
tion data were recorded with 1 s sampling rate while she sailed along several 
predefined tracks across an array of tri-axial ocean bottom magnetometers. 
The magnetic field time series, recorded during the experiment and decimated 
to 1 s sampling rate, were purged of natural magnetic field variations with the 
help of a reference magnetometer. A magnetic dipole model was fitted to the 
data in a least squares sense. As a result, a quantitative model of the horizon- 
tal permanent, and induced and the vertical total magnetic dipole moments 
was derived. The permanent horizontal and the total vertical dipole moments 
remained constant over the duration of the experiment, but the induced hor- 
izontal dipole moment increased steadily and significantly. Instrument effects 
can be excluded. The induced magnetic dipole moment of the Alliance may 
require a relaxation time of at least several hours in order to adjust to new 
navigation conditions. If this is valid for other ships, it may have implications 
for the efficiency of degaussing devices. Further systematic magnetic signature 
measurements over a longer time interval are needed in order to resolve the 
problem. 

in SACLANTCEN SR-312? 
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The Magnetic Dipole Moment of 
RV Alliance 

J. Watermann 

Abstract: 

A SACLANTCEN magnetometry sea trial was performed in September 1998 
in the northern Tyrrhenian Sea in the vicinity of the Formiche di Grosseto 
islands. One of the trial objectives concerned the measurement of the mag- 
netic dipole moment of the NATO research vessel Alliance with an array of 
fixed Ocean Bottom Magnetometers. The Alliance sailed with constant ve- 
locity along three specified tracks in reciprocating directions. The magnetic 
signature of the Alliance was subsequently extracted from the magnetic field 
data recorded during the experiment. From the magnetic signatures taken 
from six successive runs, quantitative magnetic dipole models were derived. A 
comparison between the magnetic signatures obtained from northwestward and 
southeastward runs yields estimates of the permanent and induced magnetic 
dipole moments in the horizontal plane. In the vertical direction, only the to- 
tal magnetic dipole moment can be determined. The positions of the OBMs, 
uncertain to some extent, were fictitiously varied such that the horizontal com- 
ponents of the permanent magnetic dipole moment and the vertical component 
of the total dipole moment remained constant during the experiment. The in- 
duced horizontal dipole moment tended to increase steadily and monotonically 
in a northward direction. Explanations of this phenomenon are discussed. 
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Introduction 

The RV Alliance, a NATO research ship, bears, like all steel ships, a certain quasi- 
static magnetization. She has never undergone deperming treatment and does not 
possess onboard devices for magnetostatic compensation. As her magnetostatic 
moment, which has never been measured, is expected to be significant, measurements 
were made during a magnetometry sea trial. As the Alliance magnetic signature 
measurements were not the primary objective of the sea trial, only a few hours were 
scheduled for the test. 

The experiment was unique in the sense that the Alliance was not brought into a 
magnetic ranging facility. Instead, her magnetic signature was observedd under real 
operating conditions. 

The magnetic signature, recorded with an array of fixed Ocean Bottom Magneto- 
meters (OBMs) revealed that the permanent magnetic dipole moment is largely 
as expected, in direction as well as in strength. The induced magnetic moment, 
however, appears to not react instantaneously to the geomagnetic field but gradually, 
with a relaxation time of at least several hours. No straightforward explanation for 
that effect can be offered. 
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2 
Experimental Setup 

During the month of September, 1998, SACLANTCEN operated a two-dimensional 
array of up to six OBMs northwest of the island of Formica Grande di Grosseto. 
The island is usually uninhabited and provides for an environment which is free 
of anthropogenic magnetic noise. From 7-10 September, four of the OBMs were 
operating simultaneously in a fully autonomous mode. Deployed at bottom depths 
between 105 and 111 metres, their horizontal spacing ranged from 400 to 1600 m. 
The OBM's acquired vector time series of the natural ambient magnetic field and of 
the Alliance magnetostatic field when cruising in the test area during the morning 
of September 8. 

Figure 1 shows the Formica Grande sea area with the location of the OBMs and the 
tracks which were followed by the Alliance in reciprocating directions, northwest- 
bound and southeast bound. It was considered unlikely that the magnetic dipole 
signature would be measurable beyond a range of some 800 m. It was thus expected 
that OBM 19 would observe the Alliance magnetic field only during the runs along 
A-B while OBMs 03, 04 and 06 remained free of such signals, and OBMs 03, 04 and 
06 would observe the Alliance magnetic field (with time overlap) during the runs 
along G-H and R-S while OBM 19 would remain signal-free. The experiment proved 
this assumption to be correct. 

During the two runs along track A-B, the Alliance sailed with nominally 5 kt, and 
during the other four runs, along the tracks G-H and R-S, with nominally 8 kt. It 
was possible to reconstruct the navigation of the Alliance accurately from a DGPS 
navigation data acquisition system with 1-s time resolution. 

The magnetometers used in the test are of the tri-axial linear core fluxgate type with 
integrated AC coupling which acts as a highpass filter. They sample variations of 
the ambient magnetic field at a rate of 2 Hz and store the measurements, accurately 
time-stamped, in non-volatile solid-state memory. A more comprehensive technical 
description of the OBMs is given in [1]. 

SACLANTCEN SR-312 - 2 - 



SACLANTCEN SR-312 

Data processing 

The magnetic field vector time series were low-pass filtered and decimated to a 
sampling rate of 1 Hz and subsequently transformed into a coordinate system with 
its z-axis pointing northwest, its t/-axis northeast, and its z-axis vertically down- 
ward. The Formica Grande lighthouse (projected down to the sea level) was defined 
as its origin. In this system, the Alliance tracks run parallel to the z-axis. The 
transformation algorithm is described in Annex A of [1]. 

For a refined inter-sensor alignment, OBM 19 was selected as the reference and 
the other three OBMs, 03, 04 and 06, were subjected to a further linear time- 
domain transformation via a 3x3 transformation matrix. The matrix coefficients 
were determined from a trivariate regression analysis between OBM 19 and each of 
the three other OBMs, using only time intervals undisturbed by human interference. 
They were selected mainly from the three nights, September 7/8, 8/9 and 9/10. 

The regression scheme fits the magnetic field variation, BNN, observed by OBM NN 
(NN e {03, 04, 06}), to the magnetic field variation B19, recorded by OBM 19, 
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The residual vector, SB, is that part of the magnetic field that can not be explained 
through linear regression between the two magnetometers. The coefficients of the 
regression matrix, (A%N), are found by minimizing the sum of the squared error 
residuals (the elements of the right-most vector on the right hand side of Eq. (1)). 
This procedure results in magnetic field vectors which we call optimally aligned and 
scaled. The mathematical procedure for computing the coefficients is described in 
Annex B of [1]. 

Once a set of matrix coefficients has been determined from each undisturbed time 
interval, the coefficients are averaged in order to obtain one mean transformation 
matrix for each of the three magnetometers considered. This matrix is then applied 
to all data collected by OBM NN during the experiment, including those from 
disturbed intervals. During undisturbed time intervals, the residuals rarely exceeded 
0.25 nT which indicates that the ambient magnetic field was relatively uniform. 
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Once the regression algorithm has been applied, the magnetic field residuals contain 
only those signals which are not linearly correlated between the magnetometers. In 
principle, one can then extract the magnetic signature of the Alliance from the runs 
A-*B and B-f A by comparing the data from OBM 19 with reference measurements 
from the three other OBMs, and similarly from the runs G-»H, H->G, R-»S and 
S-»R by using OBM 19 as reference. 

The magnetic field of a ship, expected to be recorded by a sensor at a range r, 
ß(e)(r), can be written in the form 

B(e)(r) = £ 
Ait 

3(M-r)r-M (I 
r + oi- (2) 

M denotes the dipole moment, r the distance from the vessel's magnetic centre 
to the magnetometer (f the corresponding unit length vector), and 0(f) means 
that the rest of the series, which contains the contribution of higher multipoles, is 
asymptotically limited by the function / times a constant factor. Obviously, the 
effect of the higher multipoles decreases rapidly with increasing distance between 
the ship and the magnetometer. We therefore only attempt to determine the dipole 
moment of the Alliance. Higher multipoles are neglected. 

A comparison between the actually measured magnetic signature of the Alliance and 
a signature that would be expected from a moving dipole revealed that the filter 
effect of the sensor-inherent AC-coupling plays a significant role at the low-frequency 
end of the passband so that the magnetic field observations differ from the signature 
of a moving dipole. This necessitated a correction of the observed signals for the 
sensor frequency response. 

Calibration measurements of the sensor response function had been made with two 
OBMs, covering the frequency range from 1 mHz through 200 mHz (Fig. 2). Based 
on the results from the calibration measurements, we consider the sensors identical 
and use a single response function for all sensors and all vector components. The 
calibration measurements were extrapolated to 0.5 mHz, where an artificial node 
with half the amplitude and twice the phase of the 1-mHz point was inserted. The 
calibration data were then converted from amplitude and phase to complex values 
and polynomials of degree 5, with the decadic logarithm of the frequency as inde- 
pendent variable, were fitted independently to the real and the imaginary parts of 
the calibration data points. 

For each run and each OBM, the time of the nominal Closest Point of Approach 
(CPA) between the Alliance and the respective OBM was determined from the 
navigation parameter files. More precisely, we determined the CPA time between 
the positions of the GPS reference onboard Alliance and the position of the GPS 
antenna onboard Manning at that moment when the magnetometer module was 
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deployed and hit the sea bottom. We do not expect that the magnetic dipole centre 
of the Alliance coincides with the position of its GPS reference point nor do we expect 
that the position of the GPS antenna on Manning coincided with the position of 
the OBM once it had settled on the sea bottom. 

After having decimated the magnetic field data to a sampling rate of 1 Hz, we 
formed intervals of 2048 s, roughly centred on the nominal CPA of OBM 19 (for the 
track A-B) and OBM 03 (for the tracks G-H and R-S), transformed them into the 
frequency domain, applied the inverse bandpass response function, and transformed 
them back into the time domain. Figure 3 gives an example of the magnetic field 
time series collected during the last run of the Alliance, R-»S, and treated this way. 
We subsequently extracted intervals of 540 s for the first two runs (at 5 kt speed), 
and intervals of 320 s for the last four runs (at 8 kt), respectively, all centred on the 
nominal CPA for each individual OBM. For each interval, we determined a mean 
speed of the Alliance and the distance from the nominal position of the OBM at the 
corresponding CPA, using the DGPS navigation data (Table 1). 

Table 1   RV Alliance Run Parameters 

Run ID OBM Bottom Depth CPA Time (UTC) CPA Distance Speed 

B->A M19 111 m 09:43:09 143 m 2.42 m/s 

A->B M19 111 m 10:28:22 144 m -2.47 m/s 

H-s-G M04 105 m 11:04:59 -228 m 4.14 m/s 

M03 105 m 11:06:35 -231 m 4.14 m/s 

M06 106 m 11:08:12 -225 m 4.12 m/s 

G->H M06 106 m 11:36:46 -222 m -4.06 m/s 

M03 105 m 11:38:25 -221 m -4.05 m/s 

M04 105 m 11:40:04 -221 m -4.08 m/s 

S->-R M04 105 m 12:07:59 -112 m 4.05 m/s 

M03 105 m 12:09:37 -113 m 4.05 m/s 

M06 106 m 12:11:16 -114 m 4.05 m/s 

R-*S M06 106 m 12:41:57 -107 m -4.08 m/s 

M03 105 m 12:43:34 -116 m -4.07 m/s 

M04 105 m 12:45:12 -105 m -4.09 m/s 
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Estimation of the Alliance's 
Magnetic Dipole Moment 

Assuming that the Alliance was sailing at constant speed along a straight line parallel 
to the line connecting the OBMs, 03, 04, and 06,we attempted to fit, in a least 
squares sense, a magnetic dipole, moving with the Alliance, to the observations. 
The mathematical formalism is described in Annex A. 

In order to account for possible discrepancies between the nominal and actual posi- 
tions of the OBMs, and between the magnetic centre and the GPS reference point 
of the Alliance, we shifted the measured against the modelled magnetic field in 1 
s steps up to ±30 s (first two runs) and ±15 s (last four runs) from the nominal 
CPA and repeated the fitting procedure at each step. After each fit, we computed 
the difference between the measured magnetic field and the field that would result 
from the fitted magnetic dipole, for each vector component individually as well as 
for the total field. From the sum of squared differences between the expected and 
the observed absolute field we determined the root-mean-square (rms) errors. 

The time shift which resulted in the minimum rms error for any given run and 
magnetometer was considered as marking the best-fit CPA (as opposed to the nom- 
inal CPA), of that particular OBM position. Applying a time shift is equivalent 
to displacing all OBMs by the same distance along a line parallel to the Alliance 
tracks. 

In order to compensate for possible discrepancies between the nominal and actual 
OBM positions along a line perpendicular to the Alliance tracks, we repeated the 
procedure for the entire sequence of runs but with the OBMs displaced in steps of 
4 m, toward as well as away from the Alliance tracks. We believe that the current 
drag on the modules during deployment is the main reason for their deviation from 
Manning's GPS position. We chose to use identical displacements for the three 
OBMs, 03, 04 and 06, because they were deployed in less than one hour, and we 
assumed that the current pattern did not change significantly during that time 
interval. 

We found the expected overall change in magnitude of the magnetic moment, corre- 
sponding to the fictitious change of OBM positions, but also a systematic difference 
between the minimum rms estimates obtained from different runs but using the 
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same OBM positions. We therefore imposed the constraint that we accept only so- 
lutions for which the total vertical and the permanent horizontal magnetic dipole 
moment do not vary systematically between runs made along different tracks. This 
constraint seems to be reasonable because, (i) the vertical axis of the Alliance had 
remained practically fixed with respect to the geomagnetic field for a long time 
before the test and (ii) the permanent magnetic moment remains constant by defi- 
nition over time intervals of hours to days. We do not require that each of the two 
components of the horizontal permanent moment, along and perpendicular to the 
track, remain constant. Changing wind and current patterns can force the Alliance 
to sail with different yaw angles. This can result in an apparent variation of the 
longitudinal and perpendicular components of the permanent magnetic moments on 
purely geometrical grounds. 

We initially applied the estimation procedure to the data from the last four runs 
only because they are not independent with respect to the OBM positions. Each 
OBM displacement affects on the estimates from all four runs. A northeastward 
displacement of the OBMs 03, 04 and 06 by 12 m (away from the Alliance tracks) 
results in a solution with minimum rms error which fulfills the constraints. We then 
applied a stepwise 4-m displacement of OBM 19 to the analysis of the first two runs 
and found that a southwestward displacement of OBM 19 by 12 m (i.e. also away 
from the Alliance track) results in a good match between the permanent horizontal 
and total vertical magnetic moments from the first two and the last four runs. 

The minimum rms error varied vary little between the last four runs, it spanned 
7% to 9% of the peak amplitude of the absolute magnetic field. For the first two 
runs, the rms error was larger, about 12% of the magnetic field peak amplitude. 
This might be due to the reduced speed of the Alliance, resulting in longer duration 
of the magnetic field distortion and possibly poorer low-frequency compensation for 
the effect of the sensor frequency response. 

Figure 4 shows the rms errors for the last four runs after having applied a fictitious 
displacement to the OBMs 03, 04 and 06 of 12 m toward northeast. Figure 5 
shows the results from the fitting procedure for the three OBMs for each of the last 
four runs. The top panel displays the results for the z-component of the magnetic 
moment, the center panel the y-component and the bottom panel the z-component. 
The circles mark those estimates which coincide with the smallest rms errors for each 
run and each OBM. They were considered representative for the Alliance magnetic 
dipole moment and are listed in Table 2 which includes the results from the first 
two runs not shown in Figs. 4 and 5. 

The dipole moments obtained from reciprocating runs along parallel tracks permit 
differentiation between permanent and induced moments, at least in the horizon- 
tal plane. The permanent moment, fixed to the orientation of the ship, changes 
sign when the ship reverses her direction, while the induced magnetic moment re- 
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mains controlled by the geomagnetic field and thus fixed in direction. The following 

relations thus hold: 

(3) 

with ie{x,y}. M^ and M-~^ denote magnetic moments obtained from runs in 
the positive and negative x directions, i.e. northwestward (e.g. B->A) and south- 
eastward (e.g. A-»B), respectively. No distinction between permanent and induced 
magnetic moment is possible in the vertical component as it is not practical to make 
a test run with the Alliance turned upside down. 

Table 2    Vector Components of the Magnetic Dipole Moment of RV Alliance 

Run ID OBM Mx [Am
2] My [Am

2] Mz [Am
2] Mabs [Am

2] 

B->A M19 130 • 104 9-104 87 104 157 104 

A-»B M19 -77 104 11 104 88 104 117 104 

H-»G M04 148 104 32 104 91 104 176 104 

M03 144 104 30 104 87 104 171 104 

M06 142 104 30 104 83 104 167 104 

G-^H M06 -66 104 39 104 78 104 109 104 

M03 -61 104 38 104 84 104 111 104 

M04 -70 104 44 104 84 104 119 104 

S-s-R M04 151 104 61 104 85 104 183 104 

M03 142 104 55 104 87 104 175 104 

M06 144 104 55 104 81 104 174 104 

R-s-S M06 -63 104 59 104 86 104 122 104 

M03 -60 104 54 104 90 104 121 104 

M04 -72 104 67 104 90 104 134 104 

The magnetic dipole moments in Table 2 are plotted in Fig. 6. The time elapsed 
since 09:00 UTC on the day of the experiment serves as abscissa. Each estimate 
of the three components of the magnetic dipole moment is represented by three 
points at the corresponding time, red for the x-, blue for the y- and green for the 
z-component. Linear regression fits to the magnetic moments were computed sepa- 
rately for the northwestbound and the southeastbound runs, and a single regression 
line was fitted to the vertical moments. 
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A systematic variation over time of the horizontal components of the magnetic dipole 
moment (red and blue) is obvious while the vertical component (green) remains 
virtually constant over time. It is therefore not advisable to apply Eq. (3) to 
individual pairs of runs, such as the pair A->B abd B-»A, which were performed at 
different times. We rather compute the permanent and induced magnetic moments 
directly from the regression lines, using the same equation, Eq. (3). The dashed 
lines represent the permanent magnetic moments and the dotted lines the induced 

moments. 

The permanent horizontal magnetic moments remain constant over time. The per- 
manent moment in starboard-port direction is close to zero, which is consistent with 
our expectations. The induced moments, however, increase monotonically over time. 
If we consider that the x- and j/-axes of our coordinate system have a declination of 
-45° and +45°, respectively, we find that the induced horizontal magnetic moment 
tends to increase with time. It is interesting to note that the induced perpendicular 
component (blue) increases at a higher rate than the induced longitudinal moment 
(red), irrespective of the shape of the Alliance which would favour the longitudi- 
nal direction because of its larger demagnetization factor, which is basically a form 

factor [2]. 

A further result can be obtained from the fitting procedure. The average time delay 
between passing the nominal CPAs and assuming the best fit is about 11.5 s for the 
northwestbound runs and some 4.5 s for the southeastbound runs (see also Fig. 4). 
It means that the Alliance, moving at a speed of 4.1 m/s, passed the actual CPAs 
some 19 m southeastward and some 47 m northeastward, respectively, of the nominal 
CPAs. The distance between the actual CPAs on opposite legs, (47+19)m=66m, 
suggests that the magnetic dipole moment of the Alliance is centred some 33 m 
astern of her GPS reference point. 

The difference of about 7 s in the delays between up and down runs suggests that the 
actual OBM positions were about 15 m northwestward of the position of Manning's 
GPS antenna during deployment. We thus conclude that the OBMs 03, 04 and 
06 resided at a point about 15 m northwest and 12 m northeast of their nominal 
position, yielding a total positioning error of some 20 m. 

When the same argument is applied to the first two runs we obtain best fits when 
the Alliance was past the nominal CPA by 8.5 s at the run B-»A and short of 
the nominal CPA by 5.5 s at the run A-»B. At speeds of 2.42 m/s and 2.57 m/s, 
respectively, this results in best fits for 21 m and 14 m, respectively, northwest of 
the nominal CPAs. We therefore suggest that the actual position of OBM 19 was 
17-18 m northwest of its nominal position, in addition to the 12 m toward southwest 
derived before. However, in contradiction to our findings from above, these numbers 
are consistent with a distance of 3-4 m between the GPS reference point and the 
magnetic dipole centre of the Alliance. 
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We feel that OBM positioning errors of the order of 20 m, in a sea with a bottom 
depth of more than 100 m, mean a very precise deployment operation. 
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Conclusion 

Figure 6 shows that the permanent magnetic dipole moment of the Alliance amounts 
to some 1,050,000 Am2 along the stern-bow line and -30,000 Am2 in starboard 
direction (i.e. it vanishes approximately) and has an undetermined contribution 
in vertical direction, up to a maximum of some 850,000 Am2 (the latter number 
being valid if no induced vertical magnetic dipole moment existed). Thus the total 
permanent magnetic dipole moment of the Alliance lies between 1,050,000 Am2 and 
1,350,000 Am2. One would expect a magnetic moment of some 1,200,000 Am2 from 
a 3000-ton untreated ship, such as the Alliance. 

There is no clear explanation of the steady increase of the induced horizontal mag- 
netic moment. 

Fluxgate magnetometers are known to be temperature-sensitive. However, temper- 
ature sensors in the magnetometer modules revealed that the temperature varied 
only by a small fraction of a degree over the duration of the experiment so that a 
change in sensitivity due to a change in ambient temperature can be excluded. 

The four magnetometers used in the experiment were fully autonomous, neither 
connected to land nor to each other. All magnetometers showed unequivocally the 
variation of the induced horizontal magnetic dipole moment. An instrument degrad- 
ation or failure can therefore be excluded. The fact that the horizontal components 
of M(perm^ were constant supports the view that the instruments worked correctly. 

A systematic change of orientation (yaw) of the Alliance between consecutive runs, 
necessitated for instance, by changing winds or water currents, can be excluded. 
Differences in deviation of the longitudinal axis from the -45°-line (changing yaw) 
should have been noticed as apparent changes of the permanent magnetic moment. 
An increase of one horizontal component of the magnetic moment as a result of a 
change in attitude of the Alliance should take place at the expense of the other 
horizontal component, whereas both horizontal components increased. 

One could speculate that the induced magnetic moment of the Alliance has a 
medium-term memory, with the effect that it would build up over the four hours 
she was sailing predominantly in the same direction, namely along a -45°-line. This 
is consistent with the fact that the vertical moment did not change.   We suggest 
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that both the permanent and the induced vertical moments, remained constant be- 
cause the attitude of the Alliance with respect to its vertical axis remains constant 
irrespective of course. 

The "misbehaviour" of the induced horizontal magnetic moment was unexpected, 
and the experiment was therefore not designed to study this effect. It would be 
desirable to perform a more systematic sea trial, covering a longer time interval, in 
order to investigate this effect. 
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Annex A 

Least-squares Solution for the 
Magnetic Dipole Moment 

Let us assume that a ship (which may be a surface vessel or a submarine) sails with 
constant speed along a straight horizontal line. A coordinate system is defined such 
that its origin coincides with the position of a vector magnetometer fixed on the sea 
bottom. Its z-axis runs parallel to the track of the ship, its z-axis points vertically 
down, and its j/-axis completes an orthogonal right-handed coordinate system. 

Let h denote the vertical distance from the magnetometer to the ship and b the 
horizontal distance at its Point of Closest Approach (CPA). Let r0 = \/{h2 + b2) 
be the corresponding range. Let v0 denote the speed of the ship. These parameters 
are assumed to be known. We form a dimensionless time parameter, r = t • vo/r0, 
and we introduce the so-called "Anderson functions" (see [3]) 

Mr) 
Mr) 
M{T) 

(l + r2)"5/2 

r(l + r2)"5/2 

r2 (l + r2)-5/2 

(Al) 

The three vector components of the magnetic field expected to be recorded by the 

magnetometer, Bx
e\r), By

e\r) and B\e
'(T), can be expressed as 

Mo 

2 Mx A2(r) + — {bMy + hMz) AI(T) - Mx A0(T) 
ro 

Mo      y 

-MyA2(T) + —MxA1(T) + 
ro 

±^B(-)(r) = 
Mo 

-MZA2(T) + —MXA1(T) + 
ro 

Sb2       \_,   , 3W».- 

-i-My +[ — -UMz 

A0(T)       (A2) 

AO(T) 
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These three equations are identical to Eq. (2.7a-c) of [3], with the only difference 
that the coordinate system has been changed and the terms reorganized. The change 
of the coordinate system requires proper consideration of the signs (i.e. h will always 
be negative). For a more detailed discussion on how to derive Eq. (A2) see [3]. 

For simplicity we introduce i the parameter 

k     4?rr° 
Mo 

and the variables 

ax 
  IMX 

ßx ~{bMy + hMz) 
r0 

lx = -Mx 

ay -My 

3&   , 
ßy -Mx 

r/362       \    ,      Sbh      1 
7y — ^-l)^ + T^j 
Otz -Mz 

ßz =    - -Mx 

(A3) 

(A4) 

ro 

Zbh 3h2 

-2-Ms+    -T--1    M, 

in order to write Eq. (A2) in the more convenient form 

kB^(r) = axA2(T)+ßxA1(r) + lxAo(T) 

kBy
e\r) = cxyA2(T) + ßyA1{T)+lyA0{T) 

kB^{r)   =   azA2{T)+ßzAl{r) + lzA0{T) 

(A5) 

Let Bx , By and Bz denote the three vector components of the observed magnetic 
field. It is our objective to fit the variables, ax, • • • ,yz, such that the expectations 
match the observations in a least squares sense. It means that we attempt to find 
numbers for the magnetic dipole moment components, Mx, My and Mz, such that 
the sum of squared differences between the expected and the actually observed 
magnetic field is minimal. The sum of squared differences, Q2, (also termed the 
"residual sum of squares") reads 

SACLANTCEN SR-312 16- 
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Q2 = 5>5<°> - kB?)2 + J2(kBiv0) ~ kBv])2 + D*B*0) " kB^2       (A6) 

Minimization of Q2 means finding that set of nine variables, ax, ■ ■ ■, yz, which fulfills 
the conditions for making Q2 a minimum. The latter, however, are not fully indepen- 
dent of each other because they are linear combinations of only three independent 
paremeters, Mx, My and Mz. Consequently, we have to find six relations which 
reduce the set of nine variables to three. A possible set of constraints, 51, ••• ,ge, 

can be obtained from Eq. (A4) 

0 = 5!   =   ax + 27* 

0 = g2   =   —ax - 2ßy 
ro 

3h 
0 = 53   =   —otx - 2ßz 

r0 

36 Zh ,.,, 
0 = ff4    =   ßx + —ay + —az (A7) 

fzb2       \ Zbh 
0 = 95   =   7» +   TT - ! )ay + -jTa* 

Zbh fzh2      \ 
0 = 56   =   lz + -jfoty + \-j- - II az 

We now reformulate the minimization problem using Lagrange's method of multi- 
pliers [4], 

6 

P = Q2 + J2*i9i = min (A8) 
j=i 

which treats the 15 variables, ax, ••• ,yz, Ai, ••• ,A6, as independent, and solve 
the minimization problem with respect to these 15 variables. That means we solve 
the rank-15 system of linear equations 

-^ = o, ... |^ = o 
dax        ' djz 

dP__ dP 

d\i ~    '   '"'   dX6 
4£ = 0,   ...   #=0 (A», 
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The partial derivatives are obtained from Eq.   (A6) in connection with Eq.  (A7), 
and read 

£- =   -2TiA2(kB^-axA2-ßxAl-7xAo) + X1 + —X2 + —X3 dax T r0 r0 

|^ =   -2y£/Al(kB^-axA2-ßxA1-lxA0) + X4 

|£ =   -2'£A0(kB^-axA2-ßxA1-lxAo) + 2\1 
"lx T 

-2rA2(fcß()!-a!/i2-^A1-Ts>lo) + -A4+   -j-1   Asf-jAe 

-2Y,M{kB^ - ayA2 - ßyAi - jyA0) - 2A2 
T 

-2 J2 MkBy
o) - ayA2 - ßyAx - 7yA0) + A5 

T 

-2j)A2{kB^ - azA2 - ßzAx - lzA0) + — A4 + -5-A5 +    -5- - 1 U, 
r? ro »0 \r^        J 

dP 
day 

ÖP 

8ßy 

dp 

dp 
daz 

|f   =   -2TiA1(kB^-azA2-ßzAl-lzA0)-2X3 
Oßz r 
ap 
j£-   =   -2Y/A0(kB^-azA2-ßzA1-lzAo) + Xe 

9P 

dP 3b 
7T7-     =     — ax-2ßy o\2 ro 

dP 3h 
ÖA3 r0 

OF .      3b         3h 
8X4 r0          r0 

—<*x - 2ßz 

dP (3b2       \ 3bh 

ÖP 36Ä /3/i2 

dx, 6 
7, + -r%+ -3--1 K (A1°) 
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The system of 15 linear equations in the 15 variables, ax, • ■ • ,yz, Ai, • • • , Aß, is 
solved using standard methods of numerical mathematics. The first terms of the 
left-hand side of Eq. (A10), J2TA{kBj with ie{0,1,2} and je{x,y,z} represent the 
inhomogenous terms of the system of equations. 

The solution of the system yields immediately the three components of magnetic 
dipole moment (see Eq. (A4)): 

Mx   =   -7s 

M„   =   -a,. 

Mz   =   -az 

(AH) 
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42°37 

42°36' 

42°35' 

42°34' 
10°52' 10°53' 10°54' 10°55' 10°56' 

Figure 1: Map of the test site northwest of Formica Grande di Grosseto. M03, M04, M06 and Ml 9 
denote the Ocean Bottom Magnetometers in operation during the test. The dots mark their positions. 
The lines A-B, G-H and R-S mark the tracks followed by the Alliance during the test runs. 
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OBM sensor frequency response 
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Figure 2: Measurements of the sensor requency response and best-fitting polynomials of order 5 
(markers and dotted lines, respectively), from two different magnetometers. Each marker represents 
the measurement from one vector component of one OBM. The amplitudes were normalized to 15 
mHz (where the phase shift becomes zero). The amplitude scaling factor at 15 mHz is ±100 nTfor the 
full range of the ADC. 
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Formiche di Grosseto - Alliance magnetic signature 
OBM06-OBM19 OBM 03-OBM 19 OBM04-OBM19 

H 1 1 : 1 H 

12:30 

08/09/1998 

12:40 
time (UTC) 

12:50 
08/09/1998 

Figure 3: Magnetic signature of RV Alliance recorded by M03, M04 and 
M06 during a run from R to S (see Fig. 1), corrected for the sensor 
frequency response and compensated for spatially uniform magnetic field 
variations using M19 as reference. From top to bottom: magnetic field 
components in vertical, northeast and northwest direction. For better 
graphical distinction, different vertical offsets were applied to the 
individual curves 

Magnetic Dipole Model: Goodness-of-Fit 
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Figure 4: Root-mean-square 
differences between measured 
magnetic fields and those expected 
from a magnetic dipole moving with 

■ the Alliance. Starting from the nominal 
closest point of approach, a sequence 
of dipoles was fitted to the 
observations, delaying and advancing 
the nominal closest point of approach 
by 1 s at each step. Results from runs 
3-6, computed for a fictitious 
northeastward displacement of the 
OBMs by 12 m, are shown here. 
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Best Fitting Magnetic Dipole Models 

15 

E   10 * 
E 

*    5 
CO c 

c 
o 

0- 

-5- 

-10 

(0 10 
3 
Ü 
TJ 
C 
CD 5 
e- 
(D 
Q. 

0 
10 

"(5 
Ü 
tr 
CD 5 
> 

0 

X     *    X   * 
* V     *     * 

"      «     * X 
X v x 

X X x 

X  "  j,  X 

OBM 03 run 3 
OBM 04 run 3 
OBM 06 run 3 
OBM 03 run 4 
OBM 04 run 4 
OBM 06 run 4 

xOBM 
X OBM 
x OBM 
+ OBM 
+ OBM 
+ OBM 

03 run 5 
04 run 5 
06 run 5 
03 run 6 
04 run 6 
06 run 6 

fei?t ©I* 

H £-£- 

x x x 

it t 

xxxxxxxxxx 

fott 

MtMf??!¥!!ff!!!lf«fyi!ff)f|| 

-15 -10 0 
—r— 

5 10 15 

time lag [s] 

Figure 5: Magnetic dipole moments along the fore and aft line (top panel), athwartships (centre 
panel) and vertical (bottom panel) for the same runs and magnetometers and the same time steps and 
displacement as in Fig. 4. The advanced or delayed closest points of approach which resulted in the 
minimum rms errors are emphasized by circles. 

"F-N-- SACLANTCEN SR-312 



SACLANTCEN SR-312 

Alliance magnetic moment 

red: fore and aft line, blue: athwartships, green: up and down 

100 150 200 250 

elapsed time [min] since 08/09/98,09:00 UTC 

Figure 6: Estimated magnetic dipole moments over elapsed experiment time. The dots correspond to 
the circles in Figure 5. Orientations are colour-coded, red: longitudinal, blue: perpendicular, green: 
vertical. Solid lines: linear regression of the horizontal dipole moments, separately for northwestbound 
and southeastbound runs, and of the combined vertical dipole moments. Dashed lines: permanent 
part of the horizontal dipole moments; dotted lines: induced part of the horizontal dipole moments. 
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