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A Three-Dimensional Finite-Difference Time-Domain Formulation 
For Nonlinear Materials with the Frequency-Dependent Electric Conductivity and Polarization 

S. Joe Yakura and David Dietz 
Air Force Research Laboratory, Directed Energy Directorate 

Kirtland AFB, NM 87117-5776 

Abstract 
In this paper, we present a three-dimensional finite-difference time-domain (FDTD) algorithm that is used to 
evaluate the propagation of electromagnetic waves in conductive and dispersive materials that exhibit the 
frequency-dependent electric conductivity and polarization. We consider a case where the electric conductivity has 
the linear property, specifically through the first-order (linear) electric conductivity function, and the electric 
polarization has both linear and nonlinear properties, specifically through the first-order (linear) and third-order 
(nonlinear) electric susceptibility functions. The resulting FDTD algorithm shows that the nonlinear dispersive 
material with a third-order susceptibility function results in coupled nonlinear cubic equations for the three 
components of the electric field vector, relating the next-time-step electric field vector to the previous-time-step 
electric field vector. This contrasts the usual algorithm of the linear conductive and dispersive material, which has a 
simple linear relationship between the next-time-step electric field and the previous-time-step electric field. 
Consequently, the coupled nonlinear cubic equations must be solved at each time step to simulate the behavior of 
the electric field vector in the nonlinear dispersive material that contains both frequency-dependent electric 
conductivity and polarization. 

I.   INTRODUCTION 

There has been considerable interest in understanding the transient behavior of an ultrafast laser pulse that 
interacts with a nonlinear dispersive material. In the last several years many experimentalists have made use of 
newly developed Kerr lens mode-locked titanium-sapphire lasers to perform well-controlled experiments to obtain 
accurate measurements of the transient behavior of .ultrafast laser pulses in simple molecular liquids and solids 
which are known to exhibit nonlinear optical behavior [1]. To better understand the details of nonlinear processes 
that are observed in the experiments, numerical simulations have been used extensively to reproduce observed 
nonlinear effects. Until recently most computer simulation has been performed by solving an approximation to 
Maxwell's equations, known as the generalized nonlinear Schrödinger (GNLS) equation [2], to get information 
about the time evolution of the envelope of the propagating oscillating wave packet so that one can obtain the 
overall shape of the propagating optical pulse. Because a GNLS equation-based computer simulation does not 
provide any information about the details of the oscillating waves inside the envelope of the optical pulse, there is a 
renewed interest in solving Maxwell's equations directly without having to rely on any approximations. 

With the advent of present day computers which provide very fast execution times and great quantities of 
computer memory, we are at the point where we have enough computational power to solve Maxwell's equations 
directly for nonlinear dispersive materials. Among recently investigated numerical techniques that show great 
promise in achieving this goal is the well-known finite-difference time-domain (FDTD) method [3]. It is based on 
using a simple differencing scheme in both time and space to calculate the transient behavior of electromagnetic 
field quantities. Because of the simplicity of the FDTD method, recent researchers have focused their attention on 
the numerical evaluation of the linear and nonlinear convolution integral terms which appear in one of Maxwell's 
equations (Ampere's Law). By properly evaluating these terms, many people have successfully modeled the 
response of linear and nonlinear dispersive effects [4-10]. 

In this paper we consider the isotropic materials that exhibit both linear and nonlinear polarization properties, 
specifically through the first-order (linear) and third-order (nonlinear) electric susceptibility functions, Xj°(t-T) and 
Xp

(3>(t, ttht2), respectively. For such materials the relationship between D(t;x) and E(t;x) can be expressed as [ 11 ] 
oo 

D(t;x) = G0e. E(t;x)+e0 ]T ^E(r;x)X(J)(t-r)dr 
P _«, 

+€»X j \\Mt2;x)[E(tI;x)»E(T;x)]X{
p
3>(t,T,t„t2)dt2dtIdT, (1.1) 



where €0 is the electric permittivity of free space, e» is the medium permittivity at infinite frequency, and Xp
U)(t-z) 

is the /Xh term of the collection consisting of pmm time dependent, first-order electric susceptibility functions, where 
pm„ is the maximum number of terms which we choose to consider for a particular formulation of Eq. (1.1), 
Xp (t,T,t,,t2) is the pth term of the four-time dependent third-order susceptibility function which contributes to the 
nonlinear behavior of the material and • is the notation used for the dot product of vectors. When Xp'

3>(t,T,tht2) is 
reduced to the single-time dependent susceptibility function, zj3>(trt2), by making use of the following Born- 
Oppenheimer approximation [11]: 

X<p >(t,r,t„t2 ) = S(t-t, )S(t-t2 )[X
(
p
3)(t2 -t, ) + S(t2 -t) of0

3J], (1.2) 

where c$ is a constant and S(t) is the Dirac delta function, we can show that Eq. (1.1) reduces to an expression that 

consists of sums of convolution integrals of linear and nonlinear terms; namely, 

D(t;x) = €„€M E(t;x)+e0 £ JE(T;x)Xp
n(t-T)dT 

P    _oo 

+ e„ K(t;x)[E(t;x).E(t;x)]^a% +e0 E(t;xj£ j [ E(T;X)*E(T;X)] Z
(
p

3>(t-r)dt.    (1.3) 
P P     -oc 

We also consider in this paper the case where the current vector, J(t;x), which appears in Ampere's Law, is 
represented by two contributions: the first term is directly proportional to the electric field vector, E(t,x), with the 
constant conductivity coefficient, cf0), and the second term is expressed in the linear convolution integral of E(t;x) 
and the first-order time dependent conductivity function, 6%). Hence, we express the current vector in the form as 
shown below. 

l(t;x) = cr(0>E(t;x)+ JE(T; x)a<n(t~t )dz. (L4) 

Based on the above expressions, we provide a general FDTD formulation for evaluating the linear and nonlinear 
convolution integrals that appear in Ampere's Law. We investigate, in particular, the case in which the first-order 
electric susceptibility function, the third-order electric susceptibility function, and the first-order time dependent 
conductivity function are all expressed in the following complex exponential forms that contain complex constant 
coefficients: 

X<J>(t) = Re{aL
pexp(-7

L
pt)}U(t), (] 5) 

Z(
p

3>(t) = Re{aN
p
Lexp(-rft)JU(t),  and (1.6) 

v<n(t) = Re{ßLexp(-eLt)}U(t).      . (17) 

where Ref jMs used^to represent the real part of a complex function, U(t) is the unit step function, and ap
L , ap

NL , 
ß ,Yp ,yp and 8 are complex constant coefficients; superscripts L and NL are used to distinguish between linear 
and nonlinear coefficients. By making the proper choices of complex constant coefficients and performing Fourier 
transforms, we can readily obtain the familiar Debye and Lorentz forms of the complex conductivity and 
permittivity in the frequency domain. 

II.    FDTD FORMULATION 

In light of Eqs. (1.3) and (1.4), we write Maxwell's equations inside the dispersive material as 
d[MH(t;x)] 
 =-YxE(t;x), (2]) 

dD(t;x) 
~d[~   = lxH(t;x) -al0>E(t;x)-lL(t;x), (2.2) 

with 



D(t;x)=e0e„ E(t;x)+e0 ^PL
p(t;x) 

p 

+ e0 E(t;xj£pN
p
L(t;x) + e0 E(t;x)[ E(t;x)*E(t;x)]^0

3J. (2-3) 
P P 

oo 

EL
p(t;x)= JE(r;x)x'P

n(t-T)dT, (2.4) 

Pf(t;x) s J[E(T;X)*E(T;X)]Z
(
P
3)
( t-z)dx, (2.5) 

—oo 

OO 

y^C^i) = \E(T;x)a(,)(t-r)dr, (2.6) 

where M';=£) is the magnetic field vector, p is the magnetic permeability, Pp
L(t;x) and [E(t;x)Pp

NL(t;x)] are related to 
the pth terms of linear and nonlinear polarization field vectors, respectively, and J L(t;x) is the first-order time 
dependent conductivity. Using an FDTD algorithm, the above equations can be solved numerically at each time step 
provided we can handle J L(t;x), Pp(t;x) and Pp

NL(t;x) numerically. Therefore, the whole solution rests on the 
question of how to carry out the numerical evaluation of JL(t;x), Pp

L(t;x) and Pp
NL(t;x) at each successive time step. 

For that reason, the rest of this section is devoted to the discussion of numerical formulation that treats J L(t;x), 
PP(t;x) and Pp

LU;x). 
To obtain second-order accuracy in time in evaluating the convolution integrals, E(t;x) is approximated by a 

piecewise continuous function over the entire temporal integration range so that E(t;x) changes linearly with respect 
to time over a given discrete time interval [mAt, (m+l)At], where m=0,I,...,n, with nAt being the current time step 
[12,13]. Thus, the mathematical expression for E(t;x) takes the following form which can be expressed in terms of 
the electric field values, Ejjk

m and Ejjk
m*1, respectively, evaluated at discrete time steps t=mAt and t=(m+l)At where 

these two successive times are obtained at the same,discrete spatial location x=(iAx,jAy,kAz) with Ax, Ay and Az 
being the spatial grid sizes in the x, y and z directions, respectively (we use a superscript to designate the discrete 
time step and a subscript for the discrete spatial location): 

-m+l (E      -E    ) 
Mf>*)s*Ux.j**At) = (E7jk +-=i^ =s^-(t-mAt) } for    0<mAt<t<(m + l)At<(n + l)At;ma 

mt;xhHiAx,iAy,k*)= 0 for     t<0. (2.7) 
For three-dimensional FDTD calculations in Cartesian coordinates, we need to solve the following discrete forms 

of Maxwell's equations which are obtained from Eqs. (2.1) and (2.2) by finite differencing in both time and space 
using the usual Yee algorithm [3]: 

M(H?jk   )x ~M(Hjjk'*)x=(—[(Eti(k+<A))y ~(Etj{k-<h)K J ——[(E!<j+M k -(E"<j-w k il» (2.8) 
AZ ' '       Ay 

i"( H"jk  2 )y - M( H"fl     )y = { — [( E(tti+i/2)jk )z -( E"i->/,)jk )zJ -~rl( E?j(k+-A) )x -( E"j(k-'A) )x If > (2-9) 

M( H"jk  2)z-& Hijk    k=l~^L( E"ü+'/i)k )x~( E?(j-W ^J~~2^l( E"i+'A)jk h ~ ( E"i-'/2)jk )y J/ ' (2.10) 

( Dijk    h ~( Dyk )x = / ~l ( Htfj+'m K ~(^i(j->A)k )ZJ~7~L( Hijfk+tt) K- ~( H ij(k-K) )y JJ 

(n+l)At (n+l)At 

-a(0>{    \(E(t;x)^iM,jAy,kAZ))xdt}-{    liJ'-iUx^te.&junOx*}.        (2-11) 
nAt nAt 



<*>$' K -(Dfr K ={%[<H%»» )x -(H^ ),]-%[ <H?™j> )z _(Hn^k )z ]} 

("+')At (n+l)At 

-Oi0){    j(E(t;x)x=(iAtJAykAz))ydt }-{    \(JL(t;x)xjHiÄxjAykAz))ydt},        (2.1 
nAt nAt 

<*>£' h -W K = (%[<»?&>* )y -(C K 7-^ [(H^)k )x -<H$% )x ]} Ay 
(n+l)At (n+/)Al - '— ( ti-ri jut 

-a(0>{    J (E(t;x)x=<iAxJAyMAz))z dt }-{    j(JL(t;x)x=(iAxJAykAz))zdt}. (2.13) 
"A nAt 

To evaluate the right-hand side of Eqs. (2.11-2.13), we first begin by substituting Eq. (1.5) into Eq. (2.4) and 
Eq. (1.6) into Eq. (2.5) and then differentiating these integrals with respect to time to obtain the following first-order 
differential equations for complex functions Qp

L(t;x) and Qp
Nl(t;x): 

 yt +rpQp(t;x) = aL
pE(t;x), (2.i4) 

dQN
p
L(t;x) 

—~J-t +7
N

P
L
Q"

L
 (f,x) = af [E(t;x).E(t;x)]. (2.15) 

From these equations, the linear and nonlinear polarization vectors, Pp
L(t;x) and [E(t;x)Pp

NL(t;x)], can be obtained 
simply by taking the real parts of Qp

L(t;x) and [E(t;x)Qp
NL(t;x)], respectively. Now, solving these two equations 

exactly by using integrating factors exp(yp
Lt) and exp(yp

NLt), respectively, and then performing the time integration 
from nAt to (n+l)At, we have 

nAt+At . nnt+nj 

Qp(nAt + At;x) = exp(-yL
pAt)QL

p(nAt;x) + aL
pexp(-r

L
pAt)   \E(Z; x)exp[-yL

p(nAt-T)]dr, (2.16) 
nAt 

and 

Qp
L(nAt + At;x) = exp(-yN

p
LAt)QN

p
L(nAt;x) 

nAt+At 

+ aN
P
Lexp(-r

N
p
LAt)   j[E(T;x)*E(T;x)]exp[-yN

p
L(nAt-T)]dT. (2.17) 

nAt 

Based on the piecewise linear approximation which we have considered for the temporal behavior of E(t;x), we can 
substitute Eq. (2.7) into the right-hand side (i.e., the inhomogeneous part) of Eqs. (2.16) and (2.17) for E(r;x). 
Evaluating at spatial location x=(iAx,jAy,kAz), these equations result in the following recursive relationships for 
(Qj-hjT' and (ß/V+/ in terms of (Qp%k» , (Qp»%k" . £/*" and Em"*': 

Q^^ + ^rtAxJAy^AzMQ^'^expi-Y^AtH^ (2.18) 

and 

Qp (nAt + At;iAxJAy,kAzMQN
p
L)£i = exp( - yf At)(Q>^ %k + [(E^k .£», )]{vfß) 

:£' ~En
ljk )»(E'!J:1 -En

ijk ,]{ Vp2 
where 

(n+l )At ^ 

+ I(^'-^M&'-!&)l<V%i). (2.19) 

f— ** L 

(Vpß)sap    jexp[-yL
p(nAt + At-T)]dT = aL

pjexp(-yL
pT)dT = ^-[l-exp(-r

I
pAt)], (2.20) 

nAt 0 Yp 

L At I 

(^'^\(^-r^P(^)dT = ^{l--±-[1-exp(-yL
pAt)]}, (2.21) 

o Yp YP t>      rL
0& 



Al NL 

(¥N
p
L^ccN

p
Ljexp(-^LT)dT=^I-[l-exp(-rN

p
LAt)], (2.22) 

o lp 

NL & NL 

(^,)^](At-r)eXp(^T)dT=^fl-^-[l-eXp(-r^At)]}, (2.23) 
o Yp Yp & 

NL    At #£ 

(At)2{ fp
e yfAt fp

LAt 
When Eqs. (2.18) and (2.19) are used in Eq. (2.3) to obtain discrete forms of Eq. (2.3) at two successive times 

t=nAt and t=(n+l)At and at specific spatial location x=(iAxJAy,kAz), we can express Dp" and Dp"+/, respectively, 
in the following forms: 

Dp =e0e„ E»jk+e0 ^Re{(Q% /f e„ ^Ref (Qp* %k }+e0 E^k[E^k • g^ jj^c^. (2-25) 
p p P 

and 

D^;' ^<^E^;,
+ ^Re{[exp(-rL

pAtH(QL^J + E^jk(¥^ 
p 

+ €„ ^Re{E%>exp(-rN
p
LAt)<QN

p
L)»jk + £%'[( ^ .^ )](Wf0 ) 

p 

+ 2E^'[E"vt .<E$' -£p Wvfj )+£»;>[(E$ -En,k ).(£$' -En,k )](W
N

p
L

2 )} 

+ <£$'[££'.££']%„$. (2.26) 
p 

Subtracting Eq. (2.25) from Eq. (2.26), we obtain the following expression for the left-hand side of Eqs. (2.11-2.13) 
in terms of (Qp

L)iJk
n, (Qp

NL)ijk
n, Eijk

n and Eijk
n+': 

D^'-D^k=s^(E^'-E^k) 

+ ^J,Re{lexp(-yL
pA)-lU(Q%l + E^jk(V

L
pßM^;,-^k)(¥

L
pJ)} 

p 

+ e„ J^Refl^'exfH-y^At) -E^k](Q^^k +E$[(E»jk .^ )](¥%) 
p 

+*o [EgHEg .*£' )7-Ip/(Ip «Ip )/7X<" <2-27> 
p 

To  evaluate  the  second  term  of the  right-hand   side  of Eqs. (2.11-2.13),   we   substitute  Eq. (2.7)   for 
E(t;x)i=(iAxjAyikAz) and obtain the following expression: 

(n+DAt 

<T<0>{    J mUx.Uito.iAy.^dt } = O(0>*(Ei;'+E!jk ) . (2.28) 
n/lt 

To evaluate the third term of the right-hand side of Eqs. (2.11-2.13), we first substitute Eq. (1.7) into Eq. (2.6) 
and then differentiate the integral with respect to time to obtain the following first-order differential equation for 
complex function JL(t;x): 

dL{t:-} +dLlL(t;x) = ßLE(t;x). (2.29) 
at 

As in the case of linear and nonlinear polarization vectors, the current vector, J L(t;x), can be obtained simply by 
taking the real part of JL(t;x) in the above equation. Once again, we solve the above differential equation exactly by 
using integrating factor exp(6L t) and then performing the time integration from nAt to t to get the following 
expression for complex function JL(t;x): 



lL(t;x) = exp[0L(nAt-t)]JL(nAt;x) + ßLexp(-9Lt)jexp(0LT)E(T;x)dT (2.30) 
nAt 

Again, we substitute Eq. (2.7) into the above equation for E(r,x) based on the piecewise linear approximation. Then 
we integrate Eq. (2.30) from nAt to nAt+At, evaluated at spatial iocation x=(iAx,jAy,kAz), to obtain the following 
expression for the third term of the right-hand side of Eqs. (2.11-2.13): 

(n+l)Al (n+l)Al 

jlL(t;x)£=(iAxjAy,kAz)dt = Re{    jlL(t;x)i=(iAxjAykAz) dt} 
nAt nAl 

(n+I)At 

= Re{ exp( 0LnAt)/L( nAt; iAx, jAy, kAz)     f exp( -GLt)dt 

nAt 
(n+l)At   r 

+ ßL    J     jexp[ßL(T-t)] E(z;x)x=(iAxJAykdz)dTdt} 
nAt     nAt 

(n+l)At 

■Re{ exp(6LnAt)(iL )?jk    jexp(-0L t)dt 
nAt 

(n+l)At   t ( Rn+! -F"    ) 

+ ßL     f      f exp[0L(T-t)][E"+
{-ijk     ~ijk   (r-nAt)JdzdtJ 

A      . At nAt     nAt 

:Re{-L[J-exp(-0LAt)](/L)!k+Elk(ti)+(Ei;i-E>;ik)(tf)},       (2.31) 

where 
(n+l)At   t 

(to) = ßL    J     jexP[0L(T-t)]dTdt = ^{l-J—[l-exP(-0LAt)]J, (2.32) 
0 0 At nAt     nAt 

}L (n+l)Al   t 

{^]M      J     \(T-nAOexp[0L(z-t)1dTdt=l-^{L-^—+ 1 [l-exp(-0LAt)]}.   (2.33) 
nAt     nAt 0 ^       0   At     (ßL At )2 

The (lL)iJk
n expression, which appears in Eq. (2.31), can be obtained in the recursive form when we solve Eq. (2.29) 

exactly for LL(t;x) using integrating factor exp(6L t) and then performing the time integration from t=(n-l)At to 
t=nAt while making use of the piecewise linear approximation for E(t;x) to evaluate the integral, which arises from 
the right-hand side of Eq. (2.29). The result is that we obtain the following recursive relationship for (/%k

n which is 
expressed in terms of the previous time step values of(JL)Uk"'', Eljk~' and Eijk: 

(lL^=exp(^LAt)(JL^ + E^'(^) + (E^k-E^')(C'f)}, (2.34) 
where 

(Co) = ßL    jexp[-0L(nAt-T)]dT = ßL jexp(-0LT)dT = £T[l-exp(-£)LAt)], (2.35) 
(n-l)At " @ 

At 

= ß"i,M_^^,^L„\^ßL (^^Rr\(At-T)exP(-0^)dr = ^T{]-^—[l-exp(-^LAt)]j 
At J aL aL At ' 

0 0L 0LAt 
(2.36) 

Finally, when Eqs. (2.27), (2.28) and (2.31) are substituted into Eqs. (2.11-2.13), we obtain the following three 
coupled nonlinear cubic equations which we need to solve for EiJk

n+' [i.e., (Eijk
n+I)x , (Eijk

n+,)y and (Eijk
n+I),} in terms 

of known quantities (Qp%
n, (Qp

HL)m
n, (/%", £/ and &/+ii which are calculated at previous time steps t=nAt 

and t=(n+%)At: 

a0x +a,(E$' )x +(££' )Ja2x(Eft' )x +a2y(E$' )y +a2t(E$' )z } 

+ °3<E£' )J l(E$> )x ]
2 +[(E£'.)y f +[(E£' )J2} = 0, (2.37) 



a0y + al(E$l )y +(E£'),{a2x(E$> )x + a2y(Eg' )y+a2z(E%' )z } 

+ a3(E£' )J l(E$)x]
2 +[(Eg' )y]

2 + [(£$' )z f } = 0, (2.38) 

a0z +a1(Eg' )z +(E£' )Ja2x(E$' )x +a2y(E$' )y +a2t(E$' )z } 

+ a3(Eg' )J [(£$' )x ]
2 +[(E£> )y ]

2 +[<E£' )z ]
2} = 0, (2.39) 

where a0x, ao> ,aoz,a/, a2x, a2v, a2z and a3 are given by 

a0x-{ — [( H"j(klti) h ~ ( H"j(k-'A) )>]-—[( H"o+m h~( HHHM )zJ/ + cr""—( E"jk )x 

+ Re{-L[l-exp(-eLAt)][(JL % ]x }+(E?jk )x Ref(^L
0)-(^)} 

0 

~ e,.e~ (Efc )x+e„ ^Ref [exp(- yL
pAt)-l][(Q% ]x }+e0 (E^ )x^Re{(Wp.o)-(¥pj)} 

p p 

-e„ (E& )x^Re{(QN
p
L)j}k J-eJEfc )x[[(E%k )x]

2+[(Eh )yl
2+[(E^k )zf /£ «$, (2-40) 

p p 

a0\ ~i ~L(H(i+tt)jk )z ~( H(i-i/2)jk )ZJ~~I ( Hij(k+'A) )x~( ^ijfk-'/i) )xJ/ + CT     ~z(Eft )y 

+ Re{-t-[l-exp(-eLAt)][(JL )?k 7, }+(E?k )y Re{($)-(&)} 
& 

- e„e„ (Efr )y+e0 ^Re{[exp(-yL
pAt)-lH(Q%ly }+e0 (E?k )^Re{(V

L
pß)-(V

L
pJ)} 

P p 

-e„ (E^k )yY,Re{(Qffjk}-*n (E?k )y[[(E?k )x]
2+[(Eh )y f + [(E% )z f ]% «$, (2.41) 

p p 

a0z-l ~l( HHMz)k )x ~ ( Hy-M» )xJ ' — [( H"i+'/2)jk K ~ ( H(t-V2)jk h J/ + cr'">—( E"jk )z 

+ Re{^r[]-exP(-e
LAt)][(JL)h ]z }+(Eh )z Re{(tf )-<#)} 

~ G„e. (Eh )z+e„ ^Reflexp(-r^At)-l][(QL
p^k]z}+e0 (Eh )z^Re{(Wp,o)-(¥p,i)} 

p p 

-e0 (Eh )z^Re{(QN
p
L)h J-eJE^ )Jl(Eh )x]

2+[(Eh )yf+[(Eh )zf 7^ «(#, (2-42) 
p p 

a, =e„e„ +a"»f+Re{(^) }+e0 ^Re{(¥
L

p,, )}+e„ ^RefexP(-y
N

p
LAt)(QN

p
L)h } 

p p 

+ e„ [[(Eh )x l
2 +t(Eh )y ]

2 +[(Eh )t ]
2 T^ReUw^o )-2(Vpj HWpj )}* (2.43) 

p 

^2x^B0( Eh )x^Re{(Wpj )~(¥pL2 )L (2-44) 
p 

a2y =2e„ (Eh K^Re{(^j )~(¥pL
2 )}, (2-45) 

p 

a2z =2*o(Eh ^ReffVp, )-(WpL
2)} . (2-42) 

p 

aj^Stoftl^ + X«^- (2-43) 
p p 

Eqs. (2.37), (2.38) and (2.39) can be solved, respectively, for (EiJk
n+')x , (Eijk"+')y and (Erf*1), by using any standard 

root-finding numerical technique for a set of nonlinear equations [14]. One technique that is suitable for our problem 



is the iterative nonlinear Newton-Raphson method using (Em")x , (Eijk
n )v and (Em

n )z as the initial guess for the start 
ot the iterative procedure. 

In the above formulation, we only need to consider updating Eqs. (2.8-2.11) (2 18) (2 19) (2 34) and 
(2.37-2 39), respectively, for H^, (QP%r', (QP

N%n+l, (£%" and £/+' at each time step in order to carry out 
a complete three-dimensional computer simulation of the electric field response in nonlinear dispersive materials 
that contain both frequency-dependent electric conductivity and polarization terms. 

For the purely linear dispersive case, a2x, a2,, a2z and a3 , as well as some terms appearing in a0x, a*, a0z and a, 
turn out to be zero. In this case we can solve for Eijk

n+I directly without having to rely on the numerical root finding 
technique as discussed in greater detail in the published literature [15-20]. 

III.   CONCLUSIONS 

Based on the FDTD approach we presented here, we can solve Maxwell's equations directly for the propagation 
of electromagnetic waves in linear and nonlinear dispersive media that exhibit the frequency-dependent electric 
conductivity and polarization. Because of the piecewise linear approximation we used for the time dependent part of 
the electric field vector, our approach provides second order accuracy in time. In addition, our approach retains all 
the advantages of the usual first-order discrete recursive convolution approach, such as fast computational speed and 
efficient use of the computer memory. 

We have shown that it is critical to express the first-order (linear) conductivity, the first-order (linear) 
susceptibility, and the third-order (nonlinear) susceptibility functions in the exponential forms in the time domain in 
order toobtain the recursive feature in our FDTD algorithm. The most important result we have shown in this paper 
is that FDTD formulation for nonlinear dispersive materials results in having to solve three coupled nonlinear cubic 
equations for the three components of the electric field vector at each time step as compared to just solving the linear 
equations in the case of linear dispersive materials. 
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